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Although the hybrid natural inflation is a successful inflation model, the symmetry breaking scale in the
model should be large for a negative value of the running of the scalar spectral index. This study proposed a
generalized hybrid natural inflation model that can realize a low-scale inflation with a negative value of the

running of the scalar spectral index.
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I. INTRODUCTION

The inflationary paradigm [I-4] constitutes a major
portion of standard cosmology, and several inflation
models have been developed, which are consistent with
observations [5].

In particular, the natural inflation (NI) model [6-9] is
attractive because the origin of the inflaton potential is well-
motivated. The inflaton potential in the NI model is
expressed as

V(p) = A* [1 +cos<?>], (1)

where ¢ denotes the inflaton (a pseudo-Goldstone boson),
A indicates the inflation scale, and f represents the
symmetry breaking scale associated with a spontaneously
symmetry breaking of a global symmetry of the inflaton.
Unfavorably, the NI model is inconsistent with the recent
measurement of the scalar spectral index and tensor-to-
scalar ratio [10,11]. Moreover, apart from this inconsis-
tency, a large symmetry breaking scale f 2 5.4M is
required in the NI model, where M = 1/v/872G ~2.435 x
10'® GeV is the reduced Planck mass (G denotes the
gravitational constant). The large symmetry breaking
scale is theoretically undesired because it may cause
large gravitational corrections to the potential. Therefore,
new inflation models have been proposed based on the
NI model.

The hybrid natural inflation (HNI) model [12-21] is one
of the extended versions of the NI model, and its inflaton
potential is expressed as
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V(g) = A* {1 + acos (?)} , (2)

where a represents the model parameter (0 < a < 1). The
HNI is classified as a hybrid model in which a second field
is responsible for terminating the inflation. Utilizing this
hybrid feature, a low-scale inflation at f~M can be
realized if the value of the running of the scalar spectral
index is not restricted. However, to ensure a negative value
of the running of the scalar spectral index, the symmetry
breaking scale should be f > 3.83M in the HNI model.
Although a positive value of the running of the scalar
spectral index is permissible in the observations, its
negative value is favored.

In this paper, a new extended NI model, generalized
hybrid natural inflation (GHNI) model is proposed with an
inflaton potential of

V() = A% [1 + acos (?)] § (3)

where n denotes the model parameter. Although the
theoretical origin of n is a critical consideration, this study
disregarded it as a norm in generalized model build-
ing [22,23]. Objectively, the GHNI model aims to realize
a low-scale inflation at f ~ 0.05M, which is consistent with
the observed scalar spectral index and tensor-to-scalar ratio
as well as the negative value of the running of the scalar
spectral index.

The rest of this paper is organized as follows. In Sec. II,
we present a review of slow-roll parameters and the
observables related to the inflation. In Sec. III, the new
inflation model, GHNI, is proposed. Herein, we establish
the requirement of a large symmetry breaking scale in the
HNI model to achieve a negative value of the running of the
scalar spectral index. Interestingly, this negative running
value of the scalar spectral index can be achieved even with
a small symmetry breaking scale using the GHNI model.
Finally, the present findings are summarized in Sec. IV.
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II. SLOW-ROLL PARAMETERS
AND OBSERVABLES

Herein, we perform the slow-roll approximation of the
inflation potential. The consistency of inflation models can
be estimated by slow-roll parameters, which are relevant for
this study and are defined as [24]
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where the prime sign denotes the derivative with respect

to ¢.
The observables are related to the slow-roll parameters as
follows:
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where n, denotes the scalar spectral index, ny indicates
the running of the scalar spectral index (k denotes wave
number), ngy, represents the running of running of the
scalar spectral index, Ay denotes the scalar power spectrum
amplitude, n, indicates the tensor spectral index, ny
represents the running of the tensor spectral index,
and r indicates the tensor-to-scalar ratio, respectively.
Accordingly, the parameter was defined as

Sps = 1 — ng. (15)

In principle, the correct inflation models should be
consistent with the observation. The scalar spectral index,
running scalar spectral index, scalar power spectrum
amplitude, and tensor-to-scalar ratio were constrained from
the observation as n, = 0.9658 + 0.0040, ny = —0.0066 +
0.0070, A, ~e*® x10719~22x 107, and r < 0.068
with Planck TT, TE, EE + lowE + lenging + BK15 +
BAO [10]. In addition, the tensor-to-scalar ratio may be
constrained to r < 0.035 [11].

For the proposed inflation model, the constraints ng, ng,
and r are required.

n, =0.966 (5, = 0.034),
—0.0136 < ng < 0.0004,
r < 0.06. (16)

Although a positive ng, is still permissible in the Planck
data, a negative ng is favored. Thus, we estimate the
allowed model parameters for ng < 0.0004 as well as
Ny S 0.

III. GENERALIZED HYBRID
NATURAL INFLATION
A. Slow-roll parameters

The slow-roll parameters for the GHNI model defined by
the potential in Eq. (3) are stated as follows:

1 m\2an(1 - c)
65(7) (1 +acy)? (17
(M 2anfa + ¢y + an(cy —1)]
= <f> (1+acy)? ' (18)
and
M\ 2
a==2(7)
Xl—2a2+a2n(3—n)+a(3121—1)c¢+a2n265)’ (19)
(1+acy)
(M2 cp+a(a®x; +acyx, +x3)
= 2(f) T+ acyPla+ep+an(3-1)] (20)
where
c,y = COS (?), (21)
and
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xp = (n=3)(n=2)(n~- 1)+ cyn’

= 2cj(n—1)(n(n-2)+2),
Xy = 6(ci = )n* +2(5=2ch)n +cj — 4,
x3=4—dn+cy(Tn—4). (22)

From Egs. (14) and (17), ¢, can be derived as

2\ 2
—f2r + 8M2an?y/1 = U= r
8M2a2n (23)

o= a(f*r + 8M?*n?) ’

and from Egs. (18) and (23), we obtained

{—;<¥>2n+]g<2—,i>r (a=1) e
n= 2, ’
(%)2 I 0<a<l)
where
1— 2\ £2 -1 1 1— 2\ £2
A=y U=l _U=a)IT s
8M~an a 8M~<an
The symmetry breaking scale is expressed as
2Mn —
o @
f= 2, . (26)
\/r—uz(n+2)r+8a2n5"s+\/§ (0 sas= 1)
from Eqgs. (8), (14), (15), and (24), where
B = (1+a*n(n+2))r* —16a*n(n + 1)rd,,
+ 64a*n*8%,. (27)

Note that, for n = 1, the equations of the GHNI model
reduce to those of the HNI model. Thus, the HNI model is a
specific case of the GHNI model (both are hybrid inflation
models).

We comment about the generalized natural inflation
(GNI) model [22,23] with the inflaton potential of

V() = 2177 A% [1 + cos @)] y (28)

The equations of the GHNI model obtained with a = 1 are
identical to those of the GNI model; however, similar to the
NI model, the GNI model is regarded as a single-field
inflation model in which the inflation and the end of inflation
are controlled by the same inflaton. In contrast, the GHNI
model is a hybrid model, a second field is responsible for the
end of inflation. Thus, the GNI (single-field model) is not a
specific case of the GHNI (hybrid inflation model).
Moreover, the equations of the GHNI model obtained
with n = 1 and a = 1 are identical to those of the NI model

in case a positive sign “+” is selected for the second term in
the numerator in Eq. (23) and negative sign “—” for the
third term in the Eq. (25). However, the NI (single-field
model) is not a specific case of GHNI (hybrid infla-
tion model).

B. Lower limit of the symmetry breaking scale

We show that the lower limit of the symmetry breaking
scale in the HNI model should be f ~ 3.83M for a negative
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FIG. 1. Running of scalar spectral index ngy (solid curves) and

symmetry breaking scale f (dashed curves) as a function of
parameter a for r = 0.01, 0.03, 0.06. Upper and lower horizontal
dotted lines in each panels correspond to ng = 0.0004 and
ng = 0, respectively; middle panel (n = 1) represents to HNI
model; top and bottom panels exhibit the example of GHNI
model for n = 1.5 and n = 0.5, respectively.
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ng. In contrast, smaller scale f ~0.05M is enabled with
negative ng in GHNI model.

The running of the scalar spectral index ng, (solid curves)
and the symmetry breaking scale f (dashed curves) is
displayed in Fig. 1 as a function of parameter a for
r=0.01, 0.03, 0.06. In each panel, the upper horizontal
dotted line denotes the observed upper limit ng = 0.0004,
the lower horizontal dotted line exhibits ng = 0, and the
middle panel (n = 1) corresponds to the HNI model. The
top and bottom panels display the example of GHNI model
for n = 1.5 and n = 0.5, respectively.

The lower limit of the symmetry breaking scale can be
estimated from Fig. 1. For instance, the red curve
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(r = 0.06) in the top panel (rn = 1.5) intersected the dotted
ng = 0.0004 line at a = 0.27. Thus, the symmetry break-
ing scale should be f > 3.99M for nyg < 0.0004. Similarly,
the red curve crossed the dotted ngy = 0 line at a = 0.40.
and the symmetry breaking scale should be f > 5.25M, if
ng < 0 is required rather than nyg < 0.0004.

The lower limit of the symmetry breaking scale f is
exhibited in Fig. 2 as a function of the tensor-to-scalar ratio
r for n=1,13,...,1.9 (top panel), n=0.1,1.2,...,1
(middle panel), and for extremely small n and r (bottom
panel). The three panels on the left (right) display the
minimum values of the symmetry breaking scale, f ., for
ng < 0.0004 (ng < 0). Notably, the symmetry breaking
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FIG. 2. Lower limit of symmetry breaking scale f as a function of tensor-to-scalar ratio r for n =1,1.3,...,1.9 (top panel),

n=0.1,1.2, ..., 1 (middle panel), and for extremely small n and r (bottom panel). Three panels on left (right) display the minimum
value of the symmetry breaking scale, f;,, for ng < 0.0004 (ngy < 0).
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scale f decreased with the parameter n and the tensor-to-
scalar ratio r.

Although a small breaking scale f ~ M was enabled in
the HNI model (n = 1) for nyg < 0.0004 (left panels in
Fig. 2), we require the condition of ng < 0 (right panels),
and thus, the lower limit of the symmetry breaking scale in
the HNI model should be f ~ 3.83M. In contrast, the small
symmetry breaking scale, such as f ~ 1.38M for n = 0.1
and f ~0.051M for n = 0.0001, was enabled with negative
ng in the GHNI model. If the positive ng is excluded in
future observations, the validity of the GHNI model would
increase.

Herein, we discuss the overproduction of the primordial
black holes in the early Universe. As reported earlier, a
large positive value of the running of the scalar spectrum
index ny may possibly cause overproduction of primordial
black holes at the end of inflation [25,26]. The scalar power
spectrum at the first order in the slow-roll parameters is
expressed as

1 \% kO (ng=1)+3ng I (k/kyy )4+
= = e ’ 29
in terms of wave number k, where ky denotes the wave
number at the horizon crossing. The Taylor expansion of
the power spectrum around its value at the horizon crossing
is constrained by

In [ PP(](\?M = (ng— 1)Ny + %nSkN,Q{ <14, (30)

where Ny ~50-60 denotes the e-folding number. The
undesired amplitude for perturbations at which the
primordial black holes could be overproduced was
P,(0) =~ 1073. This amplitude P,(0) evolved from the
initial value P,(Ny) ~ 1077, thereby yielding the upper
bound ngy < 1072,

Accordingly, we require the condition of ngy < 0.0004
(and ng < 0), and this study resolved the issue related to
the overproduction of the primordial black holes.

C. ngy, ny, and A

Although the running of running of the scalar spectral
index ng,, the running of the tensor spectral index n, and
the energy scale of inflation A are not useful for con-
straining the parameters in the GHNI model, these quan-
tities were estimated for the completeness of this study.

The running of running of the scalar spectral index ngy
(solid curves) and the symmetry breaking scale f (dashed
curves) are depicted in Fig. 3 as a function of parameter a
for r = 0.01, 0.03, 0.06, wherein the horizontal dotted lines
indicate ngy = 0 as a reference. The middle panel (n = 1)
corresponds to the HNI model; the top and bottom panels
display examples of GHNI model for n = 1.5 and n = 0.5,
respectively.
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FIG. 3. Running of running of scalar spectral index ngy (solid
curves) and symmetry breaking scale f (dashed curves) as a
function of parameter a for r = 0.01, 0.03, 0.06. For reference,
horizontal dotted lines denote ngyy = 0; middle panel (n = 1)
corresponds the HNI model; top and bottom panels display
examples of the GHNI model for n=1.5 and n=0.5,
respectively.

The running of the tensor spectral index was estimated as
ng = r(r —88,,)/64. For example, we obtained ny =
—1.99 x 107 for r = 0.06 and §,, = 0.034.

The energy scale of inflation A can be investigated using
the relation between the scalar power spectrum amplitude
A, and the inflation potential in Eq. (11), with the GHNI
potential in Eq. (3) expressed as

A =3.89x 10'[2"2r(1 + acy)™"]V/* GeV. (31)
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For instance, we derived

155-1.71 (n=1)
— = —0145-153 (n=05), (32
1016 GeV (m ). (32)
138-139 (n=0.1)

fora=0.2, r=0.06,and -1 < ¢, < 1.

IV. SUMMARY

Although the NI model is attractive because the origin of
the inflaton potential is well-motivated, this model is
inconsistent with the recent measurements of the scalar
spectral index and tensor-to-scalar ratio. Moreover, apart
from this inconsistency, a large symmetry breaking scale is
required in the NI model, which may cause large gravita-
tional corrections to the potential. Thus, the NI model
should be extended. To this end, the HNI model is an
inflation model based on NI. In the HNI model, a low-scale

inflation at f ~ M can be realized by exceeding the value
of the running of the scalar spectral index. However, as
demonstrated in this study, the symmetry breaking scale
should be f > 3.83M in such a model when a negative
value of the running of the scalar spectral index is required.
Although the positive value of the running of the scalar
spectral index is still permissible in the observation, its
negative value is favored.

Overall, this study proposed a generalized HNI model
that can realize a low-scale inflation at f ~ 0.05M. We have
shown that the new model is consistent with the observed
scalar spectral index and tensor-to-scalar ratio as well as the
negative value of the running of the scalar spectral index. If
the positive value of the running of the scalar spectral index
is excluded from future observations, the validity of the
new model would increase. Furthermore, for the complete-
ness of this study, we estimated the running of running of
the scalar spectral index, the running of the tensor spectral
index, and the energy scale of inflation in the new model.
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