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Stochastic inflation resolves primordial perturbations nonlinearly, probing their probability distribution
deep into its non-Gaussian tail. The strongest perturbations collapse into primordial black holes. In typical
black-hole-producing single-field inflation, the strongest stochastic kicks occur during a period of constant
roll. In this paper, I solve the stochastic constant-roll system, drawing the stochastic kicks from a
numerically computed power spectrum, beyond the usual de Sitter approximation. The perturbation

probability distribution is an analytical function of the integrated curvature power spectrum o7 and the
second slow-roll parameter €,. With a large ¢,, stochastic effects can reduce the height of the curvature
power spectrum required to form asteroid mass black holes from 1072 to 1073, T compare these results to

studies with the nonstochastic AN formalism.
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I. INTRODUCTION

During cosmic inflation, quantum vacuum fluctuations
stretch and grow, forming the seeds of the classical structure
of the late Universe. Studying these fluctuations provides a
glimpse into the quantum nature of gravity and offers insight
into the interplay between quantum and classical physics.
This interplay is made manifest in stochastic inflation [1],
where a classically evolving coarse-grained Friedmann—
Lemaitre—Robertson—Walker (FLRW) universe receives ran-
dom kicks from short-wavelength quantum fluctuations.

Combined with the AN formalism [2-5], stochastic
inflation describes the super-Hubble fluctuations nonper-
turbatively [6,7]. This is important for primordial black
holes (PBHs) [8,9], a dark matter candidate [10-12]
forming from the rarest, strongest perturbations. Many
recent works [13—40] study the stochastic system, employ-
ing simplifying assumptions to make the computation
manageable or relying on heavy-duty numerics. They show
that the stochastic effects enhance PBH abundance over the
usual Gaussian approximation.

The black-hole-forming inflationary models typically
contain a phase of ultraslow-roll inflation, where the inflaton
field climbs up toward a local maximum in its potential, and
its perturbations grow (see, e.g., [41-44]), followed by a dual
phase of constant-roll inflation when the field rolls down the
other side. The importance of the constant-roll phase was
recently emphasized in [45]. In [46], it was pointed out that
the coarse-grained field experiences the strongest stochastic
motion precisely during constant roll, when the perturbations
amplified by ultraslow roll provide their kicks. It was also
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shown that in such a setup, the inflaton’s stochastic motion is
constrained on its classical trajectory and that the stochastic
kicks can be drawn from a precomputed power spectrum
Pr(k), computed beyond the de Sitter approximation. This
improves the computation’s accuracy compared with pre-
vious studies.

In this paper, I refine the analysis of [46], solving the
stochastic equations exactly in the pure constant-roll limit.
I present an analytical expression for the probability
distribution of the perturbations, interpolating between a
central Gaussian and an exponential tail, and study the
stochastic trajectories corresponding to a given perturbation
strength. Finally, I discuss the consequences for PBH
formation and compare the results to previous studies.

II. STOCHASTIC INFLATION

I study an inflaton field ¢ with the canonical action

S:/d4x\/—_gBR—%6"godﬂgo—V(go) . (1)

where ¢ is the metric determinant, R is the curvature scalar,
V is the inflaton potential, and the reduced Planck mass has
been set to 1. In the stochastic formalism, we divide the field
into long and short wavelength parts, ¢ = ¢ + d¢, separated
by the coarse-graining scale with Fourier wave number k,:

&k —ik%
¢ = ek W%(N)e w1,
&k —ik%
P Js
ky, = oaH,. (2)
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In each super-Hubble patch, the long-wavelength part
behaves like a local FLRW universe. Above, a is the scale
factor of this universe, H is the Hubble parameter and H| its
initial Value,1 and 6 < 1 is a constant.

The long-wavelength part is classical, while the short-
wavelength perturbations are quantum. If we neglect the
latter, the former would follow the standard Friedmann
equations

G +3Hp+V'(p) =0, 3H? = %(1»2 +V(p)., (3)

where dot denotes a derivative with respect to the cosmic
time. However, the evolution of ¢ is also affected by the
short-wavelength modes through the time-dependent k,:
the short modes are stretched by the expansion of the
universe, and when they outgrow the coarse-graining scale,
they join the background, changing it in a random quantum
kick. The resulting stochastic equations for ¢ read as
(see, e.g., [19,31,46])

V()
V()

P— n’=—<3—el>(n+ )+s,,, )

where we have eliminated H, separated the second-order
equation in (3) into two first-order equations by introducing
the field momentum 7, and adopted the number of e-folds
of expansion N =1Ina as the new time variable. Prime
denotes a derivative with respect to N, and ¢; = %7[2 is the
first slow-roll parameter. The &, and &, terms provide the
stochastic kicks.

The short-wavelength perturbations live in the local
background, and we evolve them linearly, Fourier mode
by Fourier mode, using the Sasaki—-Mukhanov equation.
Owing to linearity, the perturbations are Gaussian. The
mode that is exiting the coarse-graining scale gives the two-

point correlators of the stochastic kicks,

<§(/)(N)§7Z(N/)> = P()H(N’ kﬁ)a(N_N/)’ (5)

where Pyy are the power spectra of the field and momen-
tum perturbations in the spatially flat gauge,

'Some previous studies used k, = ocaH (see, e.g., [19,31,46]).
I use a constant Hy instead of a time-dependent H so that k, is a
function of the number of e-folds N = In a only. This makes the
treatment simpler and more consistent and removes a factor of
(1 —€;) from the noise correlators (5). Since H changes little
during inflation, the practical effect is small.

k3

Py(N, k) = 2_”2|5¢k(N) :

’

2
)

k?a
Po(N.K) =5 516(N)

PyulN.K) =5 500 NSH;(N). (0

Despite appearances, there is only one independent kick at
each time step: the quantum state of the short-wavelength
perturbations is highly squeezed, leading to the strong

%5{/, [23]. Moreover, the kicks are
aligned in a very specific way. To see this, consider the
ratio of the comoving curvature perturbation R, = ¢, /7

and its derivative in the nonstochastic limit:

correlation &, =

Ri _o¢ 7
Re opy @ 7)

At super-Hubble scales, R, freezes to a time-independent
value: R /Ry — 0. In this limit, &,/&; = 6¢)/o¢, =
#'/¢'. The momentum and field kicks are proportional
to the momentum and field time derivatives, respectively. In
other words, the stochastic kicks induce only adiabatic
fluctuations along the classical, nonstochastic background
trajectory [46]. This single-clock trajectory determines 7 as
a function of ¢, and the second equation in (4) becomes
redundant.

To describe motion along the classical trajectory, I define
the function ¢ as the field value on this trajectory at a given
time N. Let N be the inverse of q;ﬁ, that is, the time when a
particular field value is reached, and let # = ¢’ be the
derivative of ¢. Below I will abuse the notation so that, by
default, q;ﬁ is evaluated at the current clock time N, but 7 is
evaluated at N, and N is evaluated at the current field
value ¢, so that 7 is indeed a function of ¢, as alluded to
above. Switching z to 7 in the first equation in (4)
corresponds to constraining the stochastic motion onto
the classical trajectory. The equation becomes, term by

term,
dp = 7dN + |/ P4(N, k,)dNEy, (8)

where I switched to finite time steps of length dN and
renormed the noises to have unit variance, (Ey&y/) = Sy
I will switch between discrete and continuous time when-
ever it is beneficial for clarity.

Before solving Eq. (8), one must first solve # from the
classical trajectory. I emphasize that even though we are left
with a single first-order differential equation (8), the full
nonlinear dynamics of (4) are included through the pre-
solved 7; the current procedure simply separates the
problem into a classical part for 7 and a stochastic part
for ¢. One must also solve Py(N, k,) before using (8).
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I will discuss solving both 7 and P, (N, k,) in the next
section.

The stochastic process (8) is related to cosmological
perturbations through the AN formalism [2-5]. We evolve
¢ starting from its classical value at N;,; up to a fixed
time N. The final field value corresponds to a classical e-
fold number N, now a stochastic variable. The initial and
final times correspond to two coarse-graining scales, k;,; =
ks(Niy) and k = k,(N). The comoving curvature pertur-
bation R, coarse-grained at k, equals the difference
between N and N [46]:

Rau=AN=N-N. 9)

Indeed, through the noise in (8), R ., collects contributions
from all perturbations with wave numbers from k;,; to k, but
not beyond. Repeating the stochastic evolution generates
statistics for R _;.

III. AN DISTRIBUTION WITH CONSTANT ROLL

Equation (8) was solved numerically in [46]. I will now
solve it analytically for constant-roll inflation [47,48],
defined by

—_

& =—-=const., where & =-7><1. (10)

L’}l| me

Note that these slow-roll parameters are computed on
the classical trajectory, as the tildes indicate. Below I will
drop the tilde over the constant €, to lighten the notation.
I demand ¢, > —3 to ensure that super-Hubble perturba-
tions freeze [46].> From (10), we get

~_2~
n'fzqﬁ

= B =g = ZVEW), ()

2

where I integrated repeatedly. In the first step, I omitted the
integration constant, corresponding to a shift in ¢; in the
second step, I introduced the constant ¢, absorbed into
the first slow-roll parameter. On the last line, I evaluated
everything at N, but relations (11) apply generically for the
functions ¢, %, and &, at any parameter value.

As (11) shows, 7 is linear in ¢ during constant roll.?
Also, as shown in [46], the stochasticity of the background
does not affect the evolution of the short-wavelength
perturbations during constant roll, and P, can be precom-
puted in a nonstochastic background. It is then a known

“This excludes, in particular, ultra-slow-roll inflation with
€, = —6. As discussed in Sec. V, it is positive e, values that
are important for PBH formation. _ o

*In our abused notation, 7 = #(N(¢)) = 2 (N (¢)) = S .

function of time, and we can write it as P,(N,k,) =
2¢,(N)Pr(k,), where I dropped the time dependency of
‘P, which we assume to be frozen. Then (8) is a first-order
linear differential equation and can be solved via standard
methods. The homogeneous equation with £y = 0 is solved
by ¢ = ¢(N), so the general solution is ¢p = $(N) x f(N).
Substituting this into (8) and using (11) yields

o) = b0 1-Sxa|. a2

o

ky(N)
X(N)==Y_ /Prlk)dInké,. (13)

—Kini

I delegated the solution’s stochastic part to an auxiliary
variable X, which follows the equation4

dX = —\/Pg(k)dIn k&, (14)

and used the coarse-graining scale k, as a time variable
indexing the steps, with dN =dInk and (&) = &p.
Note that all ¢ dependency is lost; from now on, I drop the
subscript ¢ for brevity.

The integrated X is a sum of independent Gaussian
random variables, itself a Gaussian with mean zero and
variance equal to the sum of the component variances. Its
probability density is

2
1 _X2(k) k
PXE) = e L o= A Pr(k)dInk, (15)
k ini

where [ again passed to the continuum limit. Writing
H(N)=p(N) =poer¥ and G(N)=goe? from (11), and
using (9), we get a relationship between X and AN:

2

X =2 (1-e38N), (16)
€2

The probability density of AN is then

- AN(k)} . (17)

I explicitly wrote out the k& dependence to emphasize that
AN (k) gives R, coarse grained over a specific scale &,

“Since the expectation value of dX vanishes, this stochastic
process is a martingale. Many rigorous mathematical results exist
for such processes; see, e.g., [49].
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FIG. 1. The probability distribution p[AN(k)], solved numeri-

cally from (8) (107 points in bins of width 0.05) for an example
model (upper blue line; see Appendix A) and its pure-constant-
roll version (lower red line), the corresponding analytical
result (17) (middle black line), and a Gaussian approximation
with variance o7 and mean matched to the distribution’s peak
(dashed line). Dotted lines, from left to right, correspond to
&AN(k) =02, 2In2, 2In 2, and 41n 2.

[T

adjustable by changing the upper limit of integration
for o} in (15).

In Fig. 1, I compare (17) to a numerical solution of (8)
for an example model from [46] with a dominant constant-
roll phase; see Appendix A for details. The power spectrum
Pr (k) is peaked at scales that exit the coarse-graining scale
during the constant roll; see Fig. 2. I make a second
comparison to a matching numerically solved pure con-
stant-roll case, where (11) applies exactly, but with the
power spectrum from the above model. For small AN, the
match is excellent. In the AN — O limit, the distribution
is Gaussian, with variance o7 and a slightly shifted mean.
For large AN, the distributions start to deviate. We see a

1 j\ T T T T \i
_ o - 7 7
= \ 2 y |
10 § = § s

, \E § |

10712 b L N \ | L
10° 1010 101 1020

k (Mpc™1)

FIG. 2. The power spectrum of the example model. The region
between k;,; and kppy is shaded. The parameter values are deduced
from o7 = f,fr“’ﬂ“ Pr(k)dInkand e, = —dIn Py (kpgy)/d In k (for
the latter, see Sec. V).

non-Gaussian, exponential tail, familiar from previous
studies of stochastic inflation [13,18,20,26-28,32,34,35].

To understand the large AN behavior, note that X has a
boundary value 2/¢, at e,AN — oo [see (16)], correspond-
ing to ¢ =0 in the convention of (11). This is an
asymptotic limit of the classical trajectory: in constant-roll
inflation, the field can only travel a finite distance.
However, extreme Ek fluctuations in (14) can take X beyond
this point.5 For such fluctuations, results (15) and (17)
become unreliable. I want these problems to take place in
the tail of the probability distribution, at least one sigma
away from the mean; to this end, I require o, < |2/¢,|, or
orle2| < 2. In addition, for the results to be valid at a given
X (k), I demand the distance to 2/e, to be at least oy, that is,
€2X<k) ,S 2— 6k|€2 , Or

&AN <21n (18)

5k|€2"

Beyond this, the stochastic motion of our example model
starts to probe dynamics beyond the constant-roll phase,
and the results become unreliable since the precomputed
P, can no longer be trusted. In the pure constant-roll
case, trajectories beyond (18) diverge. In the numerics, this
happened to three points in a thousand; these were
discarded from Fig. 1, making the pure constant-roll result
also unreliable beyond (18). Note also that because of the
€,X < 2 limitation, the distributions (15), (17) are not
properly normalized; however, in our limit of small o;|e,|,
the correction is negligible.

The transition to the exponential tail starts approximately
when the exponent shifts from concave to convex behavior,
that is 03y In p = 0, and completes when % dominates the
exponent’s derivative dyy In p. Solving these conditions
from (17) we get the following hierarchy:

(1) |e,AN(k)| Z 0.1 x 2: Gaussianity of AN fails,

(2) eAN(k)~2In2: transition to exponential tail

starts,

(3) & AN(k) Z21n lezq‘

(15), (17) fail,

4) e, AN(k) 2 4lnﬁ

complete.

The exponential tail never comes to fully dominate since
the limit (18) is reached first and our single-clock stochastic
description fails.

For completeness, I compute the expectation value of
AN(k) by inverting (16):

: X too close to 2/e,; results

: transition to exponential tail is

€

Wimp_gx@ﬂmmmwn@

AN (k) z—/

—00 €2

2n ,2n—1
r €

_ZDO:(ZH—I)!G 2
- — n! 23n-1

(19)

>Similar behavior was studied in a simplified setup in [20].
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where I Taylor expanded the logarithm around X (k) = 0.
The sum diverges as the factorial in the numerator grows;
this is due to the improper bounds I used in the integral,
going beyond X = 2/e,. However, for small o;e,|, keep-
ing only the first terms in the sum provides an excellent
approximation for the properly bounded integral. The result
is negligibly small. This is good: in (9), AN was defined as
the difference between the elapsed time and the non-
stochastic background time, while technically, R_; is
better given by the difference between the elapsed time
and its mean, equivalent to AN — AN. The difference is
not significant and will be neglected in this paper.
Note also that e,AN(k) is positive due to the heavy tail
at e,AN > 0, but the peak of the distribution (17) actually
has €,AN ey < 0, given by

2 1
ANsz——m%<l+ 1+ﬁéﬂ. (20)

€

IV. STOCHASTIC TRAJECTORIES

Let us study more closely the stochastic trajectories that
end at a fixed X(k), and thus a fixed AN(k). At an
intermediary scale K/, ki,; < k' < k, the conditional prob-
ability density of X is

The division by p[X (k)] ensures the correct normalization,
% PIX(K)|X (KX (K) = 1. Using (15) and (22), (21)
becomes

1 T2
PX(K)X(k)] =—=—e ¥r |
V 2ﬂ0k'|k
2 oy 2 2 o1 oy
Kk = 2 (o —op), XK= 2 X (k). (23)
[ k

Stochastic trajectories ending at X(k) cluster around the
“most probable path” given by the conditional expectation
values X (K') ;.

The corresponding expectation values for AN (k') are

(5]

m(k/>|k = _/

—00

Zin[1 = 20| X)X (R)0X 1)

:_Emp—%me}

€
00 2n 2n—1
(2n—-1)!  opp€
+ n— Y n’ (24)
; 2 ll’l! [2 - €2X(k/)|k]2

analogously to (19), where this time I expanded around
X(K') = X(K') ;. Again, the first terms in the formally
divergent sum give a good approximation.

In [46], W(kmk was approximated by minimizing an
exponent in the probability density of the stochastic noise.
In constant roll, (24) is a strict improvement over the
method of [46] since it also takes into account the
integration volume and reproduces the expectation value
accurately. Indeed, in Appendix B I show that [46] only
reproduces the oy, — 0 limit of (24). In [46], the most
probable paths in AN were used as an ideal bias for
importance sampling (see also [36]), allowing efficient
numerical studies of the far tail of the probability
distribution. For numerical studies in constant roll, I
recommend working in X and converting to AN only in
the end to access R ;. With (23), the ideal bias for the noise

term sz’ is

o= 2O pmamit® )

PR(kl)dll’lk Oy

which is the largest for the modes with the strongest
Pr(k).

With the typical trajectories (23)—(24) at hand, we may
take a second look at the region of applicability of the
original probability distributions (15), (17). The distribu-
tions are reliable for a given X(k) as long as the typical
paths do not go too close to the boundary value X = 2/¢,.
From (23), the variances on the paths are of order oy, so
good paths have ¢,X(k) <2 — oy]e,|. This excludes the
same AN region as above in (18); applying the requirement
at the distribution mean X =~ 0 reproduces our old limit
olea] < 2. Knowledge of the most probable paths has
allowed us to better understand these limits.

We may also ask what dominates the typical evolution: the
classical drift or the stochastic kicks. These correspond to the
first and second terms on the right-hand side of Eq. (8),
respectively, with the typical noise given by (25). For the
classical drift to dominate, the ratio of the terms should
be larger than 1 in magnitude. After some algebra involving
(11), (16), and (23), this condition can be expressed as
|57 AN(K') x| < 1, where AN(K'),, is the leading order
expression from (24); in other words, the evolution is
classical if AN grows slower than N (remember that

043502-5
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dInk = dN). Expanding (16) in different AN (k) regimes,
we can also estimate the condition as

(1) |e,AN(k)|< 1: Trajectories are classical for P (k') <
SING]

(2) e2AN(k) < —1: Trajectories
Pr(K') < les|oy /2.

(3) & AN(k) > 1: The stochastic evolution takes X
beyond the classical trajectory, and the current analy-
sis breaks down. Trajectories are never classical.

These improve the approximate condition Pr (k') < 1

commonly used in the literature; see, e.g., [7] for a
discussion.

are classical for

V. IMPLICATIONS FOR PRIMORDIAL
BLACK HOLE PRODUCTION

As discussed above, a typical single-field, PBH-
producing model of inflation proceeds through two phases:
first an ultraslow-roll phase with ¢, < —6, and then a dual
constant-roll phase with €, = 0 [45]. The power spectrum
Pr(k) is enhanced for scales that exit the Hubble radius
during ultraslow roll. However, the coarse-graining param-
eter ¢ introduces a delay between the Hubble and coarse-
graining exits of a given mode. The most enhanced modes
get coarse grained only during the constant-roll phase, so
that is when the stochastic effects are strongest and the
PBH-producing nonlinear perturbations develop [46].
Thus, the constant-roll formalism derived above is the
right tool to compute PBH statistics.

For simplicity, I assume that all patches exceeding a
collapse threshold of R. = AN_. =1 collapse into PBHs
[50-52] when the corresponding scale k re-enters the
Hubble radius after inflation. The PBH is formed from
all mass within the Hubble radius, with approximate mass’

k >_2. (26)

Mi~68x109 g~
REHEx g(0.05 Mpc!

The PBH mass fraction today is
M\ —1/2
Qppy ~ 6.2 x 1054 <?’<> , (27)

where f is their mass fraction when they form. The
enhancement is a result of PBH density diluting slower
than the radiation energy density during radiation domi-
nation. To compute f3, the probability density p(AN) is
typically assumed to be Gaussian, leading to’ [50]

°I assume standard expansion history, where PBHs form early
in the radiation-dominated era, and the Hubble parameter today is
Hy ~ 70 km/s/Mpc.
The prefactor of 2 is a common correction employed in the
Press—Schechter formalism [50].

© JAN 4% AN
Pr=2 e M= erfc{ < ] . (28)
AN, V270, V20,
With our more careful analysis, (15)-(17) give
2/e,
Bi=2 dX (k) p[X (k)]
Xc 2/(:'2 :|
= erfc — erfc
R e
_ 2 _ ,—2AN.\2
~ Oy€2 exp[ "ie% (1 € ) j| (29)

V2 1 — e 34N, ’

where X, is related to AN, by (16). I approximated the
second complementary error function as 0, correspond-
ing to sending the upper integration limit to infinity,
and I used a large-argument approximation for the first
error function. The result merges with the Gaussian
approximation (28) in the e, — 0 limit. As discussed
around (18), this result is reliable for e,o, <2,
AN, < Zln é These are comfortably satisfied for
AN, =~ 1, small o, and ¢, at most of order 1. PBH
production typically takes place in the transition region
between the Gaussian middle and the large-AN expo-
nential tail of the probability distribution.

Let us next find the parameter space that produces a
desired PBH abundance . From (16) and (29), we have

2 €
V2 (1 —e22Ne) merfc™! (B) = E, (30)
0162

linking o, and e, together. Equation (18) limits their
variation to

2
] (1 ZE),
I +V2

C

€y =0...

AN, AN,
(V2E+1)In(v2E+1) " V2E’

Ok = (31)

The ¢, =0 and high o, values correspond to slow-roll
inflation with Gaussian statistics; the high €, and low o,
values correspond to a maximal stochastic effect still
reliably captured by our method. For example, if PBHs
of mass 10!° g—in the asteroid mass window [11,12]—
constitute all dark matter, Qpgy ~ 0.27, then by (27)
p~14x10"" and E~6.0. With AN~ 1, (31) gives
€, =0...4.5, 0, = 0.05...0.12. Introducing a nonzero e,
allows us to decrease o, by 60%, corresponding to a drop of
84% in Pg, say, from Pp ~0.01 to 0.0016. This way,
stochastic effects slightly alleviate the fine-tuning needed to
produce PBHs from a high Py peak.
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To provide another point of view, fixing ¢, = 0.05 in the
above scenario, the slow-roll parameter is allowed to vary
as e, =0...3.3, giving (naively) Qpgy = 0.27...10'.
A model that is tuned correctly in the Gaussian approxi-
mation can severely overproduce PBHs when stochastic
effects are taken into account.

In (29), the PBH abundance is given in terms of two
parameters, o; and €,. The first of these is an integral over
the power spectrum peak; see (15). However, the second
one can also be deduced from the power spectrum. As
shown in [45], in the standard setup of ultraslow roll
followed by constant roll, the power spectrum decays like
Pr(k) x k= after the peak. Computing the stochastic
abundance (29) is then no more demanding than computing
the Gaussian estimate: for both, knowledge of the power
spectrum is enough. Figure 2 demonstrates this for the
example model. I have here focused on PBHs of a fixed
mass; to get the PBH statistics in different mass bins, it is
enough to vary the k in oy.

In Appendix C, I compare results (17) and (29), starting
from the power spectrum, to heavy-duty numerical com-
putations of the full stochastic system (4) of modified
Higgs potentials from [31]. The match is excellent.

VI. COMPARISON TO NONSTOCHASTIC
AN COMPUTATIONS

PBH formation with constant roll was considered earlier
in [29,53-59], with the AN formalism but without sto-
chasticity. These studies start with an initial Gaussian field
perturbation A¢ and let the nonlinear, classical background
dynamics turn it into a final AN. Using this strategy, [58]
derived a probability distribution® identical to (17). In this
paper’s notation,

AG(N) = ¢(N) = p(N) = ~(N)X(N)
2

= VRN (1= ) (32)

where I used (11), (12), and (16). Since the stochastic
equation (8) is linear in ¢ during constant roll, A¢ separates
into the stochastic X and a nonstochastic prefactor, and is,
indeed, Gaussian, inheriting this feature from X. It does not
matter when the stochastic kicks in X are applied: an initial,
macroscopic kick of sufficient strength produces the same
result as microscopic kicks distributed over time. The
former, the method of [29,53-59], successfully reproduces
the exponential AN tail in constant roll.

I have provided a stochastic interpretation for this
method and clarified the time and scale dependence of
the process. In particular, the later constant-roll phase turns

8perturbations active during ultraslow roll, ¢, = —6, follow a
dual distribution with p ~ ¢34V [56,58].

out to be dynamically more important than the earlier
ultraslow-roll phase. It was already pointed out in [29,56]
that PBHs form from the transition region between the
Gaussian part and the exponential tail of the probability
distribution; I confirmed this and pointed out that the tail is,
in fact, not reliably resolved by current methods.” Finally,
the approach of [29,53-59] breaks down outside of con-
stant roll (potentially even if multiple regions of constant
roll are combined, such as in [58]), where the stochastic
Eq. (8) is no longer linear. Outside of constant roll, there is
no reason to assume Ag to be fully Gaussian, or the method
of a strong initial kick to reproduce a more accurate
stochastic result.

VII. CONCLUSIONS

In this paper, I used the stochastic AN formalism to
compute the probability distribution of the coarse-grained
curvature perturbation R in constant-roll inflation, starting
from the linear power spectrum Pgx. I then studied the
formation probability of primordial black holes. PBH
production is controlled by a transition region between
the probability distribution’s Gaussian center and expo-
nential tail.

The results apply very generally to all PBH-producing
models of single-field inflation where the field rolls over a
local maximum of its potential, or, equivalently, where an
ultraslow-roll phase is followed by a dual constant-roll
phase. The perturbation probability distribution is an
analytical function of quantities derived from the power
spectrum only, and thus using the improved, stochastic
result (29) is not computationally any more expensive
than the Gaussian approximation (28). The power spec-
trum can be precomputed (beyond the de Sitter approxi-
mation) and used as an input for the stochastic evolution
since there is no backreaction between the short-
wavelength perturbations and the stochastic background
during constant roll.

Recently, a series of papers [60-63] have suggested
that a high power spectrum Pz ~ 107> may produce
strong loop corrections that ruin the model’s cosmic
microwave background (CMB) predictions, ruling out
inflationary PBHs (see [59,64—66] for a critical take).
I have demonstrated that stochastic effects can lower the
Px required for PBH production, down to ~1072 in an
example case of constant-roll inflation. This helps alle-
viate the reported tension and demonstrates that one
needs to go beyond traditional perturbation theory to
make definitive claims about the compatibility of the
CMB and inflationary PBHs.

The PBH mass and abundance formulas (26), (27) are
approximations commonly used in the literature. In truth,

°I thank Andrew Gow for discussions on the properties of the
far tail of the distribution and its relevance for PBH formation.
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the masses follow a distribution around (26), and the
abundance is better computed from the compaction
function [32,67-71], a quantity related but not identical
to R;. I leave a compaction-function-based treatment for
future work.
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APPENDIX A: EXAMPLE MODEL

The example model of Figs. 1 and 2 is lifted from [46]
(the “Hubble-tailored model”). It is built starting from an
analytical form of the first slow-roll parameter as a function
of the number of e-folds N,

cosh?[A(N, = N)]
cosh?[A(N, — N,)]

3(N-Ny)

€] = €]’t0p X e

2 2/6‘L‘ul
X |:1 + e_gcul(ﬂ“"?’/z)(N_Nl >:|

{ 1+ \/a(fg} In2)P/ ]2 (
1+ /a(Ogh In[1 + e e N=NIP#/2 |-

Al)

The different parts set €| to describe slow roll at early times,
to shift to ultraslow roll with e, ~ —3 — 21 around N, and
to shift to the dual constant roll with ¢, & —3 + 24 around
N,. Behavior (A1) determines everything about the model,
including the underlying inflationary potential and the
ensuing perturbation power spectrum Pr(k), up to an
overall energy scale that is fixed by CMB observations. |
solve the power spectrum numerically from the Sasaki—
Mukhanov equation, beyond the de Sitter approximation

Pr ~ #; For more details, see Appendix A in [46].
I use the same parameter values as [46],

€10p = 0.01,
a = 50,

Nl - 32,
B =128,

N, = 35.04,
O =1, Osg =5,

A= 2.308,
(A2)

where the e-folds are counted from the CMB scale and
inflation ends (¢; = 1) at N = 50. The model is compatible
with the latest CMB bounds [72,73] and produces a power
spectrum peak giving PBHs around the asteroid mass
window [11,12]. For easier numerics, the model is tuned
to have strong stochastic effects—the power spectrum
peak is Pg(kpea) ~ 0.1, and I evaluate p[AN(kpgy)| for

kpgr > kpeax to include stochastic kicks over a wide range
of scales; see Fig. 2. The relevant parameter values are

kini = 7.725 x 101,
07y & 0.1769,

kPBH =8.472 x 1014,

€, ~ 1.616. (A3)
The ensuing probability distribution in Fig. 1 overproduces
PBHs but clearly shows the Gaussian, exponential, and
transition regions described in the text.

APPENDIX B: MOST PROBABLE PATHS

In [46], Eq. (8) was rewritten in terms of the classical
e-fold number N, a proxy for ¢, as

_ Py(N. k,

2%, (N) NN

(B1)

(up to the slightly different k, convention; see footnote 1
above). Working in N is appealing since it makes accessing
AN = N — N easy. However, (B1) is slightly inaccurate: it
neglects a term arising from the nonlinear relation between
¢ and N and the stochastic nature of the differential
equation. The correct form, given by It0’s lemma [7,74],
can be arranged into

P4(N.k,)&(N) Py(N.ky) . -
sz dN—,/T(NN)dN(gN. (B2)

The smallness of the power spectrum suppresses the first,
extra term, at least for small perturbations. When com-
puting the probability distribution up to AN ~ 1, the
difference between (B1) and (B2) is negligible for the
modified Higgs model of [46], but noticeable for
the Hubble-tailored one.

The N equation can be used to estimate the most
probable path for a fixed final AN. Following [46], we

start from the probability distribution of the noises EN:

dAN =

p(B) = tDuE, (B3)

9

Using (B2) and going to the continuum limit, the exponent
becomes

e . [(W=1+D)
3= [mmm ™
D= P‘/’ég )(jégN) : (BS)
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Probability distributions p[AN (k)] in the three models considered in [23,31] for asteroid mass, solar mass, and supermassive

black holes: the numerical results from [31] (blue dots), exponential fits to their tails (red dashed lines), analytical results (17) (solid
black lines), and Gaussian approximations (dashed black lines). The dotted lines mark the collapse threshold AN, = 1.

where the k,(N) argument of P, is implied and D is the
additional contribution from It6’s lemma. Minimizing this
with respect to N(N) gives the differential equation

Bl PN
N'——=——(1-N?*-D*)+ > (1-N

+&(N)D(1-D) =0, (B6)
where &;(N) = &(N)/&(N). This is Eq. (3.22) from [46],
up to the different k, convention and the extra D terms.
For a direct comparison to [46], I will now approximate
D ~0. Going from N to AN with (9) and rearranging,
we then get

AN" _EWN) o PyN) _EW)
av ~ 2w N T Taw P

In constant roll, &(N)/&(N) = e, is a constant, and we can
integrate (B7) twice to get

. Py(N)
SINAN' = L = CPR(N B8
e ) PR (BS)

K oy dAN
= x) = [ et S ank = ot (89)

where I followed the conventions for &;(N), X, oy, and
dN = dIn k from above. Setting the constant of integration
C = X(k)/o? to fix the final value X(k) (and thus AN) at
k' = k, this is the exact result (23) for the conditional
expectation value X (K’ )i the method of [46] correctly

produces the most probable X paths in constant roll.
However, the mean AN paths slightly differ from these
due to the nonlinear relationship between X and AN
[see (24)]; taking the result (B9) and converting to AN
by inverting (16) only reproduces (24) in the oy — 0
limit. In (B3), the difference can be attributed to the
different volumes in the fA:N space one has to integrate
over to catch all the paths in an X bin versus a AN bin.

APPENDIX C: MODIFIED HIGGS MODELS

In [23,31], three inflection point models of modified
Higgs inflation were studied. A supercomputer was used to
numerically solve the probability distributions p[AN (k)] at
a scale k = kpgy somewhat past the power spectrum peak,
from the full equations (4), together with simultaneously
evolved short-wavelength perturbations to provide the
stochastic noise. All the example models follow the dual
ultraslow-roll-constant-roll behavior, with power spectra
similar to Fig. 2. Starting from the power spectra, I have
re-estimated p[AN(k)] and the PBH abundance by the
methods of this paper and compared them to the numerical
results™ of [23,31]. 1 present the results in Fig. 3. The
matches are excellent.

To estimate the PBH abundance, [31] extrapolated
P[AN (k)] beyond the collapse threshold with an exponential
fit eA~BN The fit soon starts to deviate from the curve (17)
which turns further down. As a consequence, the fit over-
estimates the PBH abundance in all but the solar mass case,
where the tail was resolved reliably beyond the collapse
threshold. Table I lists key figures for the three models.

"1 thank Sami Raatikainen for providing the data of [31] in its
original accuracy.
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TABLE I.  Various parameters for the three models considered in [23,31]; see Table 1 of [31]. Note that the formula [31] used to relate
the black hole mass M to the wave number k differs slightly from (26). My ~ 2.0 x 103* g s the solar mass. The variables ¢, and o} were
computed from the power spectrum, giving ficg by the constant-roll result (29). The collapse fraction f,,, was computed from the
exponential fit to the tail of the numerical distribution. ANy, is the validity limit of the constant-roll approach from (18), well over the

collapse threshold in all cases.

M kppn oy € Poum Per ANjim
Asteroid 1.4 % 10" g 2.0 x 10" Mpc™! 0.1232 0.799 3.7 x 107! 2.2 x 1071 7.5
Solar 4.7M¢ 8.0 x 105 Mpc~! 0.1748 0.284 9.0 x 107% 9.6 x 1078 26.0
Supermassive 1.8 x 10°M,, 3.9 x 10* Mpc~! 0.11877 0.292 9.7 x 1071 0.5x 1071 27.7
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