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Boson stars are, at present, hypothetical compact stellar objects whose existence, however, could resolve
several enigmas of current astrophysics. If they exist, either as independent astrophysical entities or as a
matter admixture of more standard compact stars, then their imprints can probably be observed in the not-
too-distant future from the gravitational signal of coalescing binaries in current and future GW detectors.
Here we show that the multipole moments of rotating boson stars obey certain universal relations, valid for
a broad set of models and various states in terms of the harmonic indices. These universal relations are
equivalent to a kind of no-hair theorem for this exotic matter, allowing to map these universal (i.e., model
independent) multipoles to an equally universal gravitational field around the stellar object. Further, the
multipole moments can be related to observable astrophysical quantities.
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I. INTRODUCTION

The modeling of particles or other, more macroscopic
compact matter objects by smooth, stable lumps of field
energy bound together by their self-interaction is a very
attractive theoretical idea, which has stimulated intense
research activities over many decades. In the particular case
of scalar fields where at least part of the binding is
provided by gravitation, the resulting objects are known
as boson stars (BS). The (electromagnetic) “geons” of
Wheeler [1] probably constitute the first case of gravita-
tionally bound field lumps, and also the investigation of
proper BS started already more than five decades ago [2–4]
and grew steadily ever since. More recently, the discovery
of the Higgs boson at CERN [5,6] demonstrated that
fundamental scalar fields are not only interesting theoreti-
cally, but do exist in nature. As a result, the interest in the
topic of BS has increased even further.
BS arise in simple field theoretical models like massive

complex bosonic fields, both for scalars [2–4] and vectors
(Proca stars) [7]. Both the phenomenology and the proper-
ties of these compact objects (for reviews see [8–10]) and
the dynamical mechanisms by which the BS are formed
[11–15] and their stability [7,16–20] have been extensively
studied. BS properties strongly depend on the Lagrangian,
and various types of potentials encode different self-
interactions among the fields, allowing to model several
astrophysical systems, from neutron-star like objects to
dark matter galaxy haloes [21], without forgetting their
prominent role as black hole (BH) mimickers [22,23] and

intermediate-mass astrophysical objects. Interest in BS is
also related to the possible existence of dark-matter ultra-
light scalar bosons [24], or extensions of the Standard
Model such as the axion [25,26].
The formation of astrophysical objects is almost always

accompanied by a nonzero angular momentum and, there-
fore, rotation is fundamental from an astrophysical point of
view. The resulting more general and realistic models of
rotating BS have been developed and studied both for the
scalar [27,28] and vectorial cases [7,29]. These axisym-
metric spinning BS (SBS) have also been studied from a
phenomenological point of view [30], and their stability
and dynamical properties are explored in [15,19]. Other,
more exotic, generalizations take into account, e.g., gen-
eralized models of gravity like Palatini gravity [31],
Einstein-Gauss-Bonnet theory, scalar-tensor models [32],
or the semiclassical gravity framework [33]. Some more
exotic BS models like multistate boson stars [34], l-boson
stars [35], scalaroca stars [36], or even the Proca-Higgs
stars [37] have been considered in the last years, among
other cases.
Since the LIGO-VIRGO collaboration reported the first

event [38], gravitational wave (GW) astronomy has become
one of the most powerful tools for the study of the
Universe. Nowadays, advanced LIGO and Virgo, or
KAGRA have reported a multitude of events [39,40],
involving binary BH, binary neutron stars (NS) [41],
NS-BH mergers, and even events where the merging
objects are not well identified yet. One of the last
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mentioned events, measured in 2020 by advanced
LIGO-VIRGO, could be potentially explained as a head-
on collision of two Proca stars [42]. The dynamical
situation where two BS are orbiting each other has been
studied with the aim of extracting the waveforms [43,44],
and the merger scenario is nowadays a vibrant field of
research [43–46]. The possibility that BS are compact
astrophysical sources different from BH and NS is one of
the main lines of research in the GW community [47–50].
Other kinds of emissions, like axion electric emission [51],
are also studied when considering some very specific
models.
For the case of NS, in the last decade certain universal

relations have been established, i.e., relations between
different observables which do not depend on the particular
equation of state (EOS) used for the description of the NS.
The most famous of these relations is the so-called I-Love-
Q relation, proposed by Yagi and Yunes in [52], which
relates the moment of inertia I, the tidal deformability
(Love number) [53,54] and the quadrupolar moment Q.
These relations are important for several reasons. First of
all, if their validity is assumed, they allow to extract
observable quantities that are difficult to measure.
Further, they are useful for the breaking of certain degen-
eracies between the NS spin parameter and the quadrupolar
moment in binary systems [52,55].
These relations have been completed [56], well

tested [57] and extended to high spin and magnetic
NS [58], and also to modified gravity theories [59–61].
Other quasiuniversal relations, involving higher multipoles
and Love numbers [62,63], the compactness, gravitational
binding energies [64], and oscillation frequencies of (quasi)
normal modes [65] have been studied [61,66]. For the case
of BS, some first universal relations have been shown
recently in [67,68].
An observational confirmation of these relations is quite

challenging because of the technical difficulties when
measuring the involved properties even for NS. Still, this
field of observational astrophysics has accumulated more
than forty years of development, and there exist many
promising proposals for the measurement of the spins,
moments of inertia [69–78], multipole moments and
sizes [70,79,80] using NICER and GW data.
In addition to their astrophysical relevance, the mere

existence of universal relations is essential from a purely
theoretical point of view. The understanding of the uni-
versal behavior as an effective no-hair theorem is tran-
scendental in what follows. The no-hair theorems [81–86]
formulate that stationary axisymmetric BHs are fully
described by their mass, spin, angular momentum, and
charge. A Kerr BH exterior gravitational field can be
reconstructed as an infinite series of multipoles, depending
only on the mass-monopole and the current-dipole [87,88].
The importance of the multipoles lies not only in their link
with the gravitational field created by an object but also in

their direct relation with astrophysical observables [89–91].
For NS and quark stars, the BH no-hair theorems
do not apply, as they are nonvacuum sources, but universal
and quasiuniversal relations do. The way of understanding
them like effective no-hair theorems for fermionic compact
objects was fully treated in several works [52,55,61,92,93].
A similar treatment for BS for the first two multipoles was
presented in [67,68].
The present paper extends and generalizes the results

of [67], investigating the existence of approximately
model-independent, effective no-hair relations among the
multipole moments up to the hexadecapole order for
rapidly rotating BS. Further, we analyze BS for the first
three and most representative harmonic indices.
To do so, we solve the Einstein equations for complex

scalar rotating BS with the FIDISOL-CADSOL code [94–96].
As BS are infinitely extended objects without any particular
surface [8], we identify radii with the perimetral radius R99

that contains 99% of the BS mass M99 [97]. We use units
where ℏ ¼ c ¼ 1.
The structure of the paper is the following. In Sec. II we

introduce the theoretical setup. We present the numerical
scheme in Sec. III. In Sec. IV we show how to obtain the
multipolar expansion for our stationary and axisymmetric
space-time systems and other observables of interest
like the moment of inertia I. In Sec. V we present our
results concerning the discovered universal relations and
compare with NS results. Finally, Sec. VI contains our
conclusions.

II. THEORETICAL SETUP

As in our previous work [67], the system is described by
the Einstein-Klein-Gordon (EKG) action, where a massive
complex scalar fieldΦ is minimally coupled to the Einstein
gravity [8],

S ¼
Z �

1

16πG
Rþ LΦ

� ffiffiffiffiffiffi
−g

p
d4x: ð1Þ

Here g is the metric determinant, R the Ricci scalar, and the
Lagrangian that governs the field dynamics reads,

LΦ ¼ −
1

2
½gαβ∇αΦ�∇βΦþ VðjΦj2Þ�: ð2Þ

The potential VðjΦj2Þ depends only on the absolute value
of the scalar field, and respects the global Uð1Þ invariance
of the model. All potentials we consider contain the
quadratic mass term μ2jΦj2, and various self-interactions.
The scalar potential for the BS plays an analogous role to
the EOS in the NS case. In this work, we use the same
models as in [67], but we expand the range of the coupling
constants for some of them, allowing to reach higher
masses and second branches of solutions in some
cases. Despite the use of some higher values for the quartic
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self-interaction constant, we leave the complete analysis of
that regime for future work. All details about the different
potentials are shown in Appendix A and in Table I.
By varying the action (1), we find the EKG equations

Rαβ −
1

2
Rgαβ ¼ 8πTαβ;

gαβ∇α∇βΦ ¼ dV
djΦj2 Φ; ð3Þ

where Rαβ is the Ricci tensor and Tαβ is the canonical
stress-energy tensor of the scalar field,

Tαβ ¼ 2∇ðαΦ�∇βÞΦ − gαβ½∇μΦ�∇μΦþ VðjΦj2Þ�: ð4Þ

For the above stress-energy tensor to satisfy stationarity and
axial symmetry, the scalar field ansatz takes the form

Φðt; r; θ;ψÞ ¼ ϕðr; θÞe−iðwtþnψÞ; ð5Þ

where w ∈ R is the angular frequency of the field, and
n ∈ Z (also called m or s in the literature [68,98]) is the
azimutal harmonic index, also called azimutal winding
number. This parameter enters the problem as an integer
related to the star’s angular momentum. Finally, ϕðr; θÞ is
the profile of the star. We assume the following ansatz for
the metric, describing the stationary and axisymmetric
space-time [99,100],

ds2 ¼ −e2νdt2 þ e2Br2sin2θ

�
dψ −

W
r
dt

�
2

þ e2Aðdr2 þ r2dθ2Þ: ð6Þ

Here, ν, A, B, and W are functions which depend only on
r, θ.
The universal I-love-Q relation has been discovered in

the context of NS. To verify its existence for BS, one has
to underline two crucial differences. First, BS are derived
in a full field theoretical framework, where the matter
forming BS follows its field equation. On the contrary, NS
are typically obtained by assuming a given equation of
state (stress-energy tensor) describing nuclear matter at a
specific range of densities. However, field theoretical
models have also been proposed. Second, BS do not
allow for a smooth transition from rapid to slow rotation,
at least using our ansatz [9] due to the discretized angular
momentum, which, together with discrete on-axis regu-
larity conditions, do not allow for a perturbative transition
as Kobayashi, Kasai, and Futamase first proved [101]. On
the other hand, such a limit is the main ingredient of the
Hartle-Thorne formalism [102,103], which provides the
most straightforward approach for deriving quadrupole
moment Q and love numbers for rotating NS, and there-
fore, to establish the I-Love-Q relation for slowly rotating
NS. In our approach, we have to work in a full rotation

context, where we first solve the system and then,
as we will see in Sec. IV, we obtain the multipolar
expansion.

III. NUMERICAL IMPLEMENTATION

To perform the numerical integration of the EKG system,
we first rescale the radial distance and angular frequency by
the mass μ of the boson field, r → rμ; w → w=μ. This
redefinition of the length removes the explicit μ depend-
ence from the field equations but changes the coupling
constant definitions for the different potentials. We also
rescale the field ϕ → ϕ

ffiffiffiffiffiffi
4π

p
for simplicity.

The mathematical problem we have to solve is a set of
five coupled, nonlinear partial differential equations for the
metric functions and the scalar field, which follows from
Eq. (3). We also take into account the constraints,
Er
θ ¼ 0; Er

r − Eθ
θ ¼ 0, where Eμ

ν ¼ Rμ
ν − 1

2
Rgμν − 2Tμ

ν . To
perform the numerical integration, we use the FIDISOL/

CADSOL package [94–96], a Newton-Raphson-based code
with an arbitrary grid and consistency order. It also
provides an error estimate for each unknown function.
We use the EKG system in the following form:

−e2A
r2

2
sin2ðθÞð−Et

t þ Er
r þ Eθ

θ − Eϕ
ϕÞ ¼ 0

e2A
r2

2
sin2ðθÞ

�
Et
t þ Er

r þ Eθ
θ − Eϕ

ϕ þ
2WEt

ϕ

r

�
¼ 0

e2A
r2

2
sin2ðθÞ

�
−Et

t þ Er
r þ Eθ

θ − Eϕ
ϕ −

2WEt
ϕ

r

�
¼ 0

2re2νþ2A−2BEt
ϕ ¼ 0

e2Ar2sin2ðθÞ
ϕ

Φ�
�
□ −

dV
djϕj2

�
Φ ¼ 0: ð7Þ

We compactify the radial coordinate by the following
definition x≡ r=ð1þ rÞmoving from r ∈ ½0;∞Þ to a finite
segment x ∈ ½0; 1�. After discretizing the equations on a
ð401 × 40Þ, ðx; θÞ grid, where 0 ≤ x ≤ 1 and 0 ≤ θ ≤ π=2,
we impose boundary conditions on the field profile and the
metric functions. Asymptotic flatness reads,

lim
r→∞

A ¼ lim
r→∞

B ¼ lim
r→∞

ν ¼ lim
r→∞

W ¼ lim
r→∞

ϕ ¼ 0: ð8Þ

Reflection on the rotation axis and axial symmetry implies
that at θ ¼ 0 and θ ¼ π,

∂θA ¼ ∂θB ¼ ∂θν ¼ ∂θW ¼ ϕ ¼ 0: ð9Þ

Since the solutions have to be symmetric with respect
to a reflection along the equatorial plane, this condition
is also obeyed on the equatorial plane, θ ¼ π=2 together
with ∂θϕjθ¼π=2 ¼ 0. Eventually, regularity at the origin
requires ∂rA ¼ ∂rB ¼ ∂rν ¼ W ¼ ϕ ¼ 0 when r → 0, and
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regularity in the symmetry axis further imposes A ¼ Bjθ¼0;π

[99]. Further details about the solver are explained in
[67,104]. After performing the numerical integration of
the EKG equations, we can appreciate how the BS presents
a toroidal field distribution. In Fig. 1 we show a solution for
the w ¼ 0.9, n ¼ 1 star, for the quartic self-interaction
potential with λ ¼ 50.
We have used considerable data, using all the potentials

in Appendix A. The resulting mass vs field frequency
plots are shown in Fig. 2 in agreement with [20,97,99]. As
can be seen, we find stars ranging from ∼0.2 Mμ
in the limit w → 1 to very massive stars with ∼6 Mμ
for some potentials. This implies that for values of μ
ranging from 10−9 eV to 10−12 eVwe could model objects
with masses between 0.001M⊙ and 10M⊙. An in-depth
study of the most massive BS models was developed
in [105].

IV. MULTIPOLAR STRUCTURE AND GLOBAL
PROPERTIES

In general relativity, multipoles result from two sources,
the energy density and the current density [106,107]. They
play a fundamental role both from the theoretical and the
astrophysical point of view. The basics of the metric-
multipole-expansion were developed in [87,88,108],
where the last approach was used in the NS framework
in [109,110]. We follow this approach, but adapted to our
bosonic scenario.

A. Multipole moments

We reparametrize our metric functions as ω ¼ W
r ,

b ¼ eνþB. The following expressions provide a consistent
asymptotic multipolar expansion of the metric functions
(see [110,111]),

ν¼
X∞
l¼0

ν̄2lðrÞP2lðcosθÞ; ν̄2lðrÞ ¼
X∞
k¼0

ν2l;k
r2lþ1þk ;

ω¼
X∞
l¼0

ω̄2l−1ðrÞ
dP2l−1ðcosθÞ

d cosθ
; ω̄2l−1ðrÞ ¼

X∞
k¼0

ω2l−1;k

r2lþ1þk

b¼ 1þ
X∞
l¼0

b̄2lðrÞT
1
2

2lðcosθÞ; b̄2lðrÞ ¼
b2l
r2lþ2

; ð10Þ

where Plðcos θÞ and T
1
2

lðcos θÞ are the Legendre and
Gegenbauer polynomials, respectively. As these coeffi-
cients are crucial in our analysis, let us explain how we
obtain them. Instead of the full source integration (see,
e.g., [61,100]), we use the fact that we already solved the
EKG system numerically and, hence, know the functions ν,
ω and b. The multipole coefficients are then found by
integrating over the angles after projecting on the appro-
priate polynomial and taking the corresponding radial
limits.
Indeed, ν2l;0 ¼ limr→∞ ðr2lþ1ν2lÞ, where ν2l can be

found by an appropriate projection on the Legendre
polynomial. Hence,

ν2l;0 ¼ N2l lim
r→∞

r2lþ1

Z
1

−1
νðr; θÞP2lðcos θÞd cos θ; ð11Þ

FIG. 1. SBS for a quartic interaction potential with λ ¼ 50. The
field density is shown in the 3D space in the upper plot. Different
colors represent the field phase ψ . In the lower plot, for the same
star, we show the field density in three different layers with
respect to the axis of symmetry. Each layer was taken at a
different distance from the equator, being the first one the farthest,
then we have a second slice closer to the equator, and the third
slice cuts through the equatorial plane, where the field density is
highest.

FIG. 2. Mass frequency curves for the different models we have
employed. Also, for different harmonic indexes. The legend
shows that red dots are n ¼ 3 stars, green dots are n ¼ 2, and blue
dots are n ¼ 1. The different potentials for obtaining those
representative curves are shown in Appendix A. As can be
appreciated from the plot, we have some secondary branches and
also very different curves, making our set very wide-ranging.
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where N2l is the normalization constant. Following the
same procedure, we obtain the expressions for B2l and
ω2l−1;0. We explicitly find, to order l ¼ 2,

ν0;0 ¼
1

2
lim
r→∞

r
Z

1

−1
νðr; θÞdy;

ν2;0 ¼
5

2
lim
r→∞

r3
Z

1

−1
νðr; θÞ ð3y

2 − 1Þ
2

dy;

ν4;0 ¼
9

2
lim
r→∞

r5
Z

1

−1
νðr; θÞ 1

8
ð35y4 − 30y2 þ 3Þdy;

ω1;0 ¼
3

4
lim
r→∞

r3
Z

1

−1
ωðr; θÞð1 − y2Þdy;

ω3;0 ¼
7

24
lim
r→∞

r5
Z

1

−1
ωðr; θÞð1 − y2Þ 3

2
ð5y2 − 1Þdy;

b0 ¼ lim
r→∞

r2
Z

1

−1
ðbðr; θÞ − 1Þ sin θ

ffiffiffi
2

π

r
dy;

b2 ¼ lim
r→∞

r4
Z

1

−1
ðbðr; θÞ − 1Þ sin θ

ffiffiffi
2

π

r
ð4y2 − 1Þdy; ð12Þ

where we have redefined y ¼ cos θ. We show the ortho-
gonality relations between the polynomials and a list with a
few of them in Appendix B. Now, the multipoles can
be obtained as combinations of the expansion coefficients
in (10), see [112] for details. Specifically, one can show that
the multipoles up to l ¼ 2 are,

M0 ¼ M ¼ −ν0;0;

S1 ¼ J ¼ ω1;0

2
;

M2 ¼ Q ¼ 4

3
b0ν0;0 þ

ν30;0
3

− ν2;0;

S3 ¼ −
6

5
b0ω1;0 −

3

10
ν20;0ω1;0 þ

3

2
ω3;0;

M4 ¼ −
32

21
b0ν30;0 −

16

5
b20ν0;0 þ

64

35
b2ν0;0 þ

24

7
b0ν2;0

þ 3

70
ν0;0ω

2
1;0 −

19

105
ν50;0 þ

8

7
ν2;0ν

2
0;0 − ν4;0: ð13Þ

B. Numerical tools for the calculation

In comparison to our previous work [67], we have
developed an improved technique when extracting the
different coefficients from the numerical simulations.
This fact is reflected in our new fittings and allows us to
have a better accuracy when obtaining the I, χ,Q, making it
also possible to obtain S3 and M4. The new calculations
were done with a bigger number of grid points for each star.
But we also have to take into account that for each model
the size of the star varies, so the limit when r → ∞ must be
taken carefully, looking for an equilibrium between the
distance to the matter region and the number of points in

order to have a good fit. We also found that the fittings for
the higher coefficients in the metric expansions, i.e. ν4;0 or
ω3;0, were polluted by the lower order ones, even after
projecting with the corresponding polynomial. As a result,
the numerical results for high-order coefficients did not
show the correct r power law. We resolved this issue by
subtracting the lower-order contributions from the appro-
priate metric function, and then projected with the suitable
polynomial and fitted the radial part. For instance, instead
of using the analytically correct expression

ν4;0 ∼ lim
r→∞

r5
Z

1

−1
νðr; θÞP4ðcos θÞd cos θ; ð14Þ

we performed the following calculation,

ν4;0 ∼ lim
r→∞

r5
Z

1

−1
ν̃ðr; θÞP4ðcos θÞd cos θ; ð15Þ

where

ν̃ðr; θÞ ¼ νðr; θÞ − ν2ðrÞP2ðcos θÞ − ν0ðrÞP0ðcos θÞ: ð16Þ

This procedure deletes the pollution in the coefficient, and
allows for a proper radial power law fitting.

C. Moments of inertia and differential rotation

In contrast to stars that can be described as perfect fluids,
rotating BS are very different from their static counterparts.
As it is impossible to obtain slowly rotating BS as
perturbations of the static solution, at least for the cases
and the numerical methods used in the present paper [101],
we require a full-rotating treatment [113,114]. BS cannot
be understood as rigidly rotating systems, and in our
previous work [67] we showed how to obtain the moment
of inertia from the Noether current. This general procedure
was also used in [115] and does not rely on any approxi-
mation, taking advantage of the fact that there is a natural
four-vector associated with the global Uð1Þ symmetry of
the Lagrangian, i.e., the corresponding Noether current,

jμ ¼ i
2

ffiffiffiffiffi
jgj

p
gμν½Φ�∇νΦ −Φ∇νΦ��; ð17Þ

which gives rise to the conserved particle number
N ¼ R j0 ffiffiffiffiffiffi−gp

d3x. Now, we define the differential angular
velocity as,

Ω ¼ jψ

jt
¼ wgψt − ngψψ

wgtt − ngtψ
¼ W

r
þ ne2ðν−BÞ

r2
�
w − nW

r

�
sin2θ

: ð18Þ

Remarkably, the expression in Eq. (18) agrees with that
obtained by Ryan in [100] in the strong coupling approxi-
mation. As Ω is a function of r and θ, this must be
taken into account when we compute the inertia tensor.
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Therefore, for a differentially rotating system, we use the
following generalized expression,

I ¼
Z

π

0

Z
∞

0

jðr; θÞ
Ωðr; θÞ r

2 sin θeνþ2AþBdrdθ; ð19Þ

where jðr; θÞ ¼ Tt
ψ is the angular momentum density.

V. ANALYSIS

First of all, we introduce the standard definitions for the
reduced multipoles [92,116],

m2n ≡ ð−1Þn M2n

χ2nM2nþ1
0

s2n−1 ≡ ð−1Þnþ1
S2n−1

χ2n−1M2n
0

: ð20Þ

In our case, as we want to work with the massM99, which is
99% of the total mass, we have to perform the change
jM0j → jM99j and we recall that the dimensionless spin
parameter is given by χ ≡ S1=M2

99. As a result, our reduced
multipole moments are

Ī ¼ I
M3

99

; Q̄ ¼ m2 ¼
M2

M3
99χ

2
; χ ¼ S1

M2
99

;

s3 ¼ −
S3

M4
99χ

4
; m4 ¼

M4

M5
99χ

4
: ð21Þ

As we did in our previous work [67], for the Ī; χ; Q̄,
n ¼ 1 data, we represent our simulations in 3D spaces
where the different multipole moments will play the role of
the dimensions. As we will see below, we can find a given
surface in each triad of moments. We also fit the surfaces
finding a direct relationship between the three involved
quantities. This means that having two of them, the third is
determined within some error. Concretely, for the different
quantities and harmonic indexes, our relations are fulfilled
with an error of ∼7% for the worst case and less than 2% in
general. For the sake of clarity, we discuss each quasiu-
niversal behavior separately.

A. Completeness for the I-χ -Q relations

In comparison to [67], in the present paper we improved
the coefficient fitting, added some models which
reach secondary branches in the mass-frequency curves,
and used much higher self-interaction constants for the
quartic potential (all the used models are shown in
Appendix A). We have obtained the moment of inertia
as a function of the spin parameter and the quadrupole
moment. Still, this time we found a better surface fitting
using the expression

β ¼ A0 þ Am
s χ

mðα −DÞs; ð22Þ

where

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
log10Ī

3

q
;

α ¼ log10Q̄: ð23Þ

Further, s ¼ 1, 2, 3,m ¼ 0, 1, 2. The fitting coefficients for
all the fitting surfaces are shown in Appendix C, Tables II–
XIII. This strategy to take some roots of the logarithm was
also used in [117]. The difference between the fitted surface
and the real data is always less than 1% for n ¼ 1. Let us
compare the shapes of that surface with the one obtained in
our previous work. It is clear how the additional BS models
with second branches have increased the range of points in
the 3D space, making the low quadrupolar momentum
region quite bent. Nevertheless, all data points lie on a
smooth and easy-to-fit surface, see Fig. 3, with an error
below 1%, which allows us to reinforce our previous
results.
For harmonic index n ¼ 2 and the same self-interaction

models, we find that they behave similarly to the previous
case. Applying the previous techniques and the same fitting
function, we find that, again, all the points lie on a smooth
surface. Of course, although we use the same fitting
function Eq. (22), the coefficients and the shape itself
are different. As we can read from Fig. 6, the highest
deviation between the simulated data and the surface is
∼1% at the maximum. It is also clear that the n ¼ 1 and
n ¼ 2 stars lie on two distinct surfaces.
We also did the simulation for the harmonic index n ¼ 3

and applied the same analysis. We read from Fig. 6 that the
errors in the fitting are always below 1.5%, so we can
ensure that our stars fulfill a universal behavior, and our
results given in [67] can be expanded for higher harmonic
indexes.
We also have observed that for higher the winding

number n the distance between neighboring surfaces gets

FIG. 3. Universal β − χ − α surface for n ¼ 1 spinning BS
fitting the data points.
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closer. So n ¼ 2 and n ¼ 3 stars could be treated in a
unique surface, and the distance between the surface and
points would correspond to an error of less than 5%, which
is still a good precision in astrophysical terms. Doing so,
some points can belong to any of the surfaces, because in
the small region where the moment of inertia, the quad-
rupolar, and the angular moment are low, the three surfaces
tend to join. This is more noticeable for n ¼ 2 (Fig. 4) and
n ¼ 3 (Fig. 5), for which the degenerated region is larger. It
is also predictable that for n > 3, the subsequent surfaces
will be closer and closer. But we have two arguments for
justifying the separated fits. The first is that by doing so the
errors are much lower. The second concerns the range in the
dimensionless spin each model can reach. We can read
from the data that the bigger the winding number, the
bigger the spins. As we cannot reach a BS with χ > 2.6
with n ¼ 1, but it is relatively easy for n ¼ 2 stars, splitting
the fitting functions by the winding numbers makes sense.
As a conclusion to this section, we have found a

universal relation for each winding number in such a

way that the quadrupolar moment and the angular and
mass moments determine the moment of inertia with very
high precision in a model-independent fashion.

B. Spin octupole relations

The higher-order multipoles for rotating BS were studied
in the seminal paper by Ryan [98] and recently by [68] for
the quartic potential within the strong coupling constant
approximation. We are not using data in that regime for the
quartic potential, because we will study the high-coupling
constant regime in a future publication. Also, some
comparisons are not straightforward due to our different
numerical approaches. But still, we did compare our current
data with [68], with positive conclusions. Even for different
models and coupling constants, the comparable regions
behave similarly in tendency and values for the spin
octupole s3 against χ. We have found that a rescaling of
this multipole with the dimensionless quadrupole moment
leads to a better fit. We will, therefore, use the following
redefinition of the spin octupole,

s̄3 ¼
s3
Q̄

ð24Þ

Following previous work about the universal behavior
for spinning NS [92], we studied the possible existence of
some 2D relations for s̄3 in our BS framework. We have
found that this is not the case. For some well-posed
potentials included in the analysis, it was impossible to
adjust any 2D curve with a reasonable precision, so we treat
s̄ in the same fashion as before. We plot our stars in a
s̄3 − χ − Q̄ space, and again they form smooth surfaces.
First, in Fig. 7 all n ¼ 1, 2, 3 cases are plotted in one

error plot. We see that all the stars can be fitted by a unique
surface but in a nonsatisfactory manner, with errors of the
order 10%. The fittings can be significantly improved by
splitting in winding number. Doing so, for each n, we have
a different surface. That time we use the following function,

ffiffiffiffiffi
s̄33

p ¼ A0 þ Am
s χ

mðQ̄ −DÞs10−2sþ1; ð25Þ

FIG. 4. Universal β − χ − α surface for n ¼ 2 spinning BS.
The relation holds with an error of less than 1%.

FIG. 5. β − χ − α surface for n ¼ 3 spinning BS. The relation
holds with an error of less than 1.5%.

FIG. 6. Errors between the data and the surfaces for n ¼ 1, 2, 3
in blue, green, and red respectively. As mentioned, the maximum
errors are less than 1%, 1%, and 1.5% for each case.
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where we now have s ¼ 1, 2, 3, 4 and m ¼ 0, 1, 2. Further,
here and in the following we extract some s-dependent
powers of 10, such that the resulting fitting constants Am

s
are of the same order of magnitude.
Starting with n ¼ 1, it can be clearly seen in Fig. 8 that

the stars define a smooth surface with a fitting error of less
than 3.5%, which is sufficiently precise to assure the
existence of a new kind of universal behavior in terms
of the above quantities. We have also checked that in the
region of very compact stars, where the quadrupolar

moment is small, we find a limiting value for s3 ¼ Q̄s̄3
equal to the Kerr-black-hole limit sKBH3 ¼ 1, as expected.
The same analysis for n ¼ 2 leads to a fitting function

that is even better, allowing for a maximum error of less
than 1% and maintaining the universality for this harmonic
index. For n ¼ 3, the errors are lower than 2%. So we could
extract s3 just by knowing χ, Q and guessing n in terms of
χ. Both error analyses are presented in Fig. 9.

C. Mass hexadecapole relations

For the highest multipole we study in this work, the mass
hexadecapole m4, again, we could not find 2D relations.
But as in the previous cases, we could find a new effective
no-hair relation between the three magnitudes m4 − χ − Q̄.
Our fitting function for them is

ffiffiffiffiffiffi
m4

4
p ¼ A0 þ Am

s χ
mðQ̄ −DÞs10−2sþ2; ð26Þ

where s ¼ 1, 2, 3, 4 and m ¼ 0, 1, 2, 3. This means that
more coefficients are needed to have a good fitting. For
n ¼ 1, see Fig. 10, our precision is lower than the previous
cases; we have found that some stars have an error ∼7% in
the worst scenario. Surprisingly, for n ¼ 2 and n ¼ 3, the
highest errors are smaller, namely 1.4% and 1%, respec-
tively, see Fig. 11.

D. Compactness

Historically, one of the first quantities participating in
universal relations was compactness. Compactness is
defined as

FIG. 7. Errors between the data and the
ffiffiffiffiffi
s̄33

p
surface fitting for

n ¼ 1, 2, 3 stars together.

FIG. 8.
ffiffiffiffiffi
s̄33

p
− χ − Q̄ surface for n ¼ 1 spinning BS fitting the

data points (upper panel) and the relative difference between data
and fitted value (lower panel).

FIG. 9. Differences between data and fittings for n ¼ 2 (upper
panel) and n ¼ 3 (lower panel).
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C ¼ M
R
; ð27Þ

where M and R are the mass and radius of a star, and their
precise definition may slightly vary, depending on the
astrophysical object under consideration. The first universal
behavior for compact stars was found during the
1990s [118], linking the binding energy of NS with their
compactness.
Also, some studies found relations between the

f −mode and w −mode frequencies, and the compactness
C [119,120]. Some relations were even found between the
damping time for both modes and, again, the compactness.
More recently, in the 2000s, relations between C

and the NS moments of inertia have been found and
studied [77,121,122] Further, relations between the com-
pactness and the quadrupole moments were found in [123].
The discovery that the compactness was directly

related both to the moment of inertia and the quadru-
polar moment, led to the study of the relations between
these two quantities. Then the field increased further,
leading to a large number of neutron and quark star
universal relations [52,55,61,92].
Within the BS paradigm, the universal relations and

effective no-hair properties were not studied as widely,
because these stars are more exotic objects. But apart from
our previous work, the topic was discussed in [68,98,124].
Focusing on the compactness, we can compare our data
with [68], and we see that despite the differences between
models and regimes, our results seem to agree. We expected
and eventually found a new relation linking compactness
and different multipoles. In Fig. 12, we show our BS in a
C − log χ̄ − log Q̄ parameter space, and it is clearly visible
that all data form a smooth surface with a less than 2.5%
error deviation, for n ¼ 1 stars, Fig. 12. Again, we can fit
our data with a lower than 3% deviation for higher
harmonic indexes, n ¼ 2 and n ¼ 3, see Fig. 13. This
clearly demonstrates the universal behavior for compact-
ness. Like in the previous cases, we could fit all n ¼ 1, 2, 3
stars together, but the results would lose accuracy. The
fitting procedure was done using the function

ffiffiffiffi
C2

p
¼ A0 þ Am

s log10χmðlog10Q̄ −DÞs; ð28Þ

with s ¼ 1, 2, 3, 4 and m ¼ 0, 1, 2, 3.
An interesting observation is that contrary to the NS

case, we could not fit to a proper smooth surface with any
other triplet of observables, consisting of the compactness
and two more (m4; s3; I…, or even the field frequency w).
More concretely, some low-frequency stars which we could
include in the previous sections, make impossible other
quasiuniversal relations, even for the most common poten-
tials or regimes. As we want to be as general as possible,
we, therefore, cannot show any other universal or quasi-
universal behavior. It is also interesting that, although we

FIG. 10.
ffiffiffiffiffiffi
m4

4
p − χ − Q̄ surface for n ¼ 1 spinning BSs fitting

the data points (upper panel) and the relative difference between
data and fitted value (lower panel).

FIG. 11. Differences between data and fittings for n ¼ 2 (upper
panel) and n ¼ 3 (lower panel).
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use a slightly different compactness definition in compari-
son to [68]—since we are using the radius R99 that encloses
the mass M99—we found approximately the same limit for
the maximum compactness value, that is, Cmax ∼ 0.4 in our
current dataset.
The impossibility to find a larger number of universal

relations involving the compactness might be related
to the fact that, for BS without a well-defined surface,
“compactness” by itself is a much less universal
observable than others. It is possible that different defi-
nitions of compactness allow us to find different universal
relations between the so-defined compactness and some
further observables. This possibility will be studied in
future work.

E. Comparison and comments concerning NS and BS

It is worth pointing out that in the NS framework, we
have enough freedom to fix the mass and χ independently,
while for BS, one of the two fixes the other. This means that
the moments of inertia of NS solutions span a ðχ; Q̄Þ
surface for a given model, while for BS, they follow curves.
So universality comes from the fact that all data lie on the
same surface, independent both of the model and the
coupling constants.
An interesting comparison can be made between our

fitted surface for rotating BS and a similar result for rapidly
rotating NS. As shown in [92,117], the NS moments of
inertia, spin parameter, and quadrupole moments fulfill
some universal relations. We plot NS and BS data together
in the same parameter space β − χ − α, being β ¼ ffiffiffiffiffiffiffiffiffiffi

log103
p

Ī
and α ¼ log10Q̄. Rapidly rotating NS data were obtained
using the RNS package [125]. In Fig. 14, black dots are

FIG. 12.
ffiffiffiffi
C2

p
− log10χ − log10Q̄ surface for n ¼ 1 spinning BS

fitting the data points (upper panel) and the relative difference
between data and fitted value (lower panel).

FIG. 13. Differences between data and fittings for n ¼ 2 (upper
plot) and n ¼ 3 (lower one).

FIG. 14. Green dots correspond to n ¼ 1, 2, 3 BS data. Black
points are NS for different frequencies and several EOS, namely
BCPM [126], AGHV [127], BPAL [128], RNS-FPS [129], RNS-
A [130], and SLy [131].

CHRISTOPH ADAM et al. PHYS. REV. D 108, 043015 (2023)

043015-10



rotating NS for various EOS, ranging from low to mass
shedding velocities, while green dots are n ¼ 1, 2, 3
spinning BS. The space covered by NS and BS, although
being close and having a border region between them,
is different. For similar α (i.e., quadrupolar moments),
β (the moment of inertia) is always larger for a BS than a
NS. Interestingly, there is a region of the plot where the BS
branches are closer to the NS ones. This corresponds
to BS models with large quartic self-interaction, which
implies that the corresponding energy-momentum tensor
approaches a perfect fluid form. Since NS emerge as
gravitating solutions where matter is given by a perfect
fluid energy-momentum tensor, it is not surprising that the
two surfaces tend to meet in this limit. We may equivalently
say that difference between the BS and NS surfaces could
be originated in a nonperfect fluid nature of BS. From the
spin parameter point of view, in general, we have higher
values for BS. This is by construction; for NS, we can
smoothly go from low to high rotation velocities, while for
BS this is impossible in our approach. It is clear that since
both NS and BS regions are different, the fitting surfaces
allow to break the possible degeneracy between two
astrophysical objects through an I − χ −Q study.

VI. CONCLUSIONS

We investigated the existence of approximate, model-
independent, universal, no-hair-like relations between low
and high-order multipole moments for various winding
number BS. First of all, we reaffirmed and extended our
previous results for the I − χ −Q relations, achieving a
better accuracy and confirming the universal behavior with
a better than 1.5% precision also for n ¼ 2, 3. We also
found effective no-hair relations for the spin octopolar
moment, χ and Q for n ¼ 1, 2, 3 with a 3.5%, 1% and 2%
precision, respectively, and for the mass hexadecapolar
moment, χ and Q with a precision of 7%; 1.4%; 1% for
n ¼ 1, 2, 3. Finally, we found universal behavior
in the space C − χ −Q with a precision of 2.5%;
3%; 3%, even for stars which are sufficiently compact to
possess ergoregions. We also compared our FIDISOL/

CADSOL package calculations with the results of other
groups—both those who used the same code and those
using other methods—and found agreement whenever a
comparison was possible.
For horizonless objects, such universal or effective no-

hair relations allow us to determine the external gravita-
tional field with high precision from a finite number of
multipole moments, analogously to the exact no-hair
theorems for black holes. This means that even in the
presence of matter, it is not necessary to use an infinite
number of multipoles to describe the gravitating system
within a good approximation.
Right now, the simultaneous measurements of the spin,

quadrupole moments, and moment of inertia, or even the
radii of astrophysical objects with high precision, are still

difficult challenges. But keeping the substantial recent
progress in GW observations in mind, the universal
relations investigated here could play a relevant role in
an astrophysical context in the not-too-distant future.
Independent measurements for two of the quantities linked
by any of the relations would allow to obtain the third
parameter directly. Alternatively, any measurement of all
three quantities related by an universal relation would
contain valuable information about the nature of the
astrophysical object under observation.
An interesting extension of our results would be to

study universal relations in the limit in which a
horizon has formed inside the rotating BS—hairy Kerr
black holes—or the investigation of universal relations for
the vectorial boson case, the Proca Stars, or some other
mixed or exotic compact objects. But the more significant
step would be to obtain the tidal and rotational Love
numbers within the rapid rotation framework. This is quite
interesting from the GW astronomy point of view, but
extremely involved since the formalism is based on a
perturbation of the full-rotating metric as a base. As for
their NS counterparts, we expect that these universal
relations may become helpful in the analysis of gravita-
tional waveforms of future binary merger events, the
search for possible bosonic self-coupling terms for dark
matter candidates, and in the further understanding of the
strong gravity regime of general relativity.
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APPENDIX A: POTENTIALS AND NUMERICAL
PARAMETERS USED

In this paper, we have selected a set of physically well-
motivated potentials, fitting various astrophysical scenar-
ios, like dark matter haloes, [132,133], BH and NS-like
objects [68,97,124,134,135]. All of them have been con-
sidered in the literature and support different qualitative
properties of BS.
Here we give the different numerical sets of values for

the parameters that we have used for our simulations. The
numerical values are given in rescaled units.

VQuartic ¼ ϕ2 þ λ

2
ϕ4

8>>>>>>>>>>>><
>>>>>>>>>>>>:

λ ¼ 1

λ ¼ 10

λ ¼ 40

λ ¼ 50

λ ¼ 60

λ ¼ 70

λ ¼ 80

ðA1Þ

VHalo ¼ ϕ2 − αϕ4

�
α ¼ 1;

α ¼ 12:
ðA2Þ

VHKG ¼ ϕ2 − αϕ4 þ βϕ6

�
α ¼ 80; β ¼ 0.01

α ¼ 2; β ¼ 1.8
ðA3Þ

VSant ¼ ϕ2

�
1 −

�
ϕ4

ϕ2
0

��
2

8>>>>>><
>>>>>>:

ϕ0 ¼ 1.5;

ϕ0 ¼ 0.7;

ϕ0 ¼ 0.3;

ϕ0 ¼ 0.1;

ϕ0 ¼ 0.05:

ðA4Þ

VSol ¼ ϕ2

�
1 −

�
ϕ2

ϕ2
0

��
2

fϕ0 ¼ 1.5; ðA5Þ

VAxion ¼
2f2

B

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Bsin2

�
ϕ

2f

�s !

×
�
f ¼ 0.1; B ¼ 0.22:

f ¼ 0.05; B ¼ 0.22:
ðA6Þ

VLog ¼ f2 ln ðϕ2=f2 þ 1Þ
�
f ¼ 0.7;

f ¼ 0.5:
ðA7Þ

VLiouville ¼ f2ðe
ϕ2

f2 − 1Þff ¼ 0.8: ðA8Þ

APPENDIX B: POLYNOMIAL BASES AND
INTEGRALS

As shown in Sec. IVA, each metric function has an
expansion in different polynomial bases and coefficients,
which can be expanded in radial powers. When we obtain
the ν2l;k coefficients, we have to integrate νðr; θÞ with the
corresponding Legendre polynomial and normalization
factor. We use the polynomials orthogonality, ensuring
that the radial function after the integration, has precisely
the correct radial power. After that, we fit with a radial
power law extracting the desired coefficient. We show
below the orthogonality relations, the normalization fac-
tors, and also the first polynomials of each kind:
Legendre:Z

1

−1
PnðxÞPmðxÞdx ¼ 2

2nþ 1
δnm: ðB1Þ

(i) P0ðxÞ ¼ 1, N0 ¼ 1
2
.

(ii) P1ðxÞ ¼ x, N1 ¼ 3
2
.

(iii) P2ðxÞ ¼ 1
2
ð3x2 − 1Þ, N2 ¼ 5

2
.

(iv) P3ðxÞ ¼ 1
2
ð5x3 − 3xÞ, N3 ¼ 7

2
.

(v) P4ðxÞ ¼ 1
8
ð35x4 − 30x2 þ 3Þ, N4 ¼ 9

2
.

Legendre derivatives:Z
1

−1
ð1 − x2Þ dPnðxÞ

dx
dPmðxÞ

dx
dx ¼ 2nðnþ 1Þ

2nþ 1
δnm: ðB2Þ

(i) dP0ðxÞ
dx ¼ 0, A0 ¼ 0,

(ii) dP1ðxÞ
dx ¼ 1, A1 ¼ 3

4
,

(iii) dP2ðxÞ
dx ¼ 3x, A2 ¼ 5

12
,

(iv) dP3ðxÞ
dx ¼ 3

2
ð5x2 − 1Þ, A3 ¼ 7

24
, and

(v) dP4ðxÞ
dx ¼ 5

2
ð7x3 − 3Þ, A4 ¼ 9

40
.

TABLE I. BS potentials analyzed in the current work have been
previously considered in the case of spherical, nonrotating BSs,
and some cases, further generalized to rotating solutions [20].
Ranging from the so-called Mini-boson star potential, through the
inclusion of higher order self-interaction terms, e.g. jΦj4 and jΦj6
[10,124,136]. Also potentials based on the logarithm, exponential,
sine functions and the axion potential [97,134,135].

Name VðϕÞ
Mini-BS, BSMass VMass ¼ μ2ϕ2

BSQuartic VQuartic ¼ μ2ϕ2 þ jλj=2ϕ4

BSHalo VHalo ¼ μ2ϕ2 − jαjϕ4

BSHKG VHKG ¼ μ2ϕ2 − αϕ4 þ βϕ6

BSSol VSol ¼ μ2ϕ2ð1 − ðϕ2=ϕ2
0ÞÞ2

BSSant VSol ¼ μ2ϕ2ð1 − ðϕ4=ϕ2
0ÞÞ2

BSLog VLog ¼ f2μ2 ln ðϕ2=f2 þ 1Þ
BSLiouville VLiouville ¼ f2μ2ðexpfϕ2=f2g − 1Þ
BSAxion VAxion ¼ 2μ2f2

B ð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4B sin2ðϕ=2fÞ

p
Þ
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Gegenbauer polynomials:Z
1

−1
ð1 − x2Þ12T1

2
nðxÞT

1
2
mðxÞdx ¼ δnm: ðB3Þ

And the normalization factors are always C ¼ 1. Being:

T
1
2
nðxÞ ¼ ð−1ÞnΓðnþ 2Þ

2nþ1
2n!Γðnþ 3

2
Þ ð1 − x2Þ−1

2
dn

dxn
ð1 − x2Þnþ1

2 ðB4Þ

(i) T
1
2

0ðxÞ ¼
ffiffi
2
π

q
,

(ii) T
1
2

1ðxÞ ¼ 2x
ffiffi
2
π

q
,

(iii) T
1
2

2ðxÞ ¼ ð4x2 − 1Þ
ffiffi
2
π

q
,

(iv) T
1
2

3ðxÞ ¼ 4xð2x2 − 1Þ
ffiffi
2
π

q
,

(v) T
1
2

4ðxÞ ¼ ð16x4 − 12x2 þ 1Þ
ffiffi
2
π

q
,

APPENDIX C: FITTING COEFFICIENTS

TABLE II. Numerical values of the coefficients that fit the
universal β − χ − α surface for n ¼ 1.

Coefficients A0 ¼ 0.1675 D ¼ 3.9567

A0
1 ¼ −1.6579 A1

1 ¼ 0.0937 A2
1 ¼ −0.1431

A0
2 ¼ −0.7643 A1

2 ¼ 0.1706 A2
2 ¼ −0.1357

A0
3 ¼ 0.0382 A1

3 ¼ −0.0281 A2
3 ¼ −0.1030

TABLE III. Numerical values of the coefficients that fit the
universal β − χ − α surface for n ¼ 2.

Coefficients A0 ¼ 1.4443 D ¼ 1.7376

A0
1 ¼ 1.1444 A1

1 ¼ −0.8881 A2
1 ¼ 0.2219

A0
2 ¼ 1.0449 A1

2 ¼ −0.9546 A2
2 ¼ 0.2547

A0
3 ¼ −0.2661 A1

3 ¼ 0.0643 A2
3 ¼ 0.3415

TABLE IV. Numerical values of the coefficients that fit the
universal β − χ − α surface for n ¼ 3.

Coefficients A0 ¼ 1.4724 D ¼ 1.6139

A0
1 ¼ 1.4724 A1

1 ¼ −1.1080 A2
1 ¼ 0.2458

A0
2 ¼ 1.6913 A1

2 ¼ −1.4560 A2
2 ¼ 0.3196

A0
3 ¼ −0.5509 A1

3 ¼ 0.1169 A2
3 ¼ 0.6692

TABLE VI. Numerical values of the coefficients that fit the
universal

ffiffiffiffiffi
s̄33

p
− χ − Q̄ surface for n ¼ 2.

Coefficients A0 ¼ 1.0370 D ¼ 3.3126

A0
1 ¼ −0.3622 A1

1 ¼ 0.8047 A2
1 ¼ −0.4139

A0
2 ¼ −5.0622 A1

2 ¼ 3.4735 A2
2 ¼ 0.2927

A0
3 ¼ 47.3622 A1

3 ¼ −51.4001 A2
3 ¼ 12.1754

A0
4 ¼ −89.6563 A1

4 ¼ 103.1442 A2
4 ¼ −28.1142

TABLE VII. Numerical values of the coefficients that fit the
universal

ffiffiffiffiffi
s̄33

p
− χ − Q̄ surface for n ¼ 3.

Coefficients A0 ¼ 1.0462 D ¼ 2.5451

A0
1 ¼ −0.4942 A1

1 ¼ 1.1952 A2
1 ¼ −0.6359

A0
2 ¼ −3.5220 A1

2 ¼ −1.237 A2
2 ¼ 3.5191

A0
3 ¼ 41.0614 A1

3 ¼ −44.7257 A2
3 ¼ 4.2756

A0
4 ¼ 13.7087 A1

4 ¼ 23.0641 A2
4 ¼ −5.2694

TABLE VIII. Numerical values of the coefficients that fit the
universal

ffiffiffiffiffiffi
m̄4

4
p

− χ − Q̄ surface for n ¼ 1.

Coefficients A0 ¼ −1.3490 D ¼ −9.6286 ∼

A0
1 ¼ −0.3302 A1

1 ¼ 2.0855 A2
1 ¼ −2.0064 A3

1 ¼ 0.5953
A0
2 ¼ 1.1406 A1

2 ¼ −9.1543 A2
2 ¼ 9.3758 A3

2 ¼ −2.6856
A0
3 ¼ 0.9853 A1

3 ¼ 12.6495 A2
3 ¼ −16.6059 A3

3 ¼ 5.2729
A0
4 ¼ −7.7049 A1

4 ¼ 6.5678 A2
4 ¼ 0.9884 A3

4 ¼ −1.3193

TABLE IX. Numerical values of the coefficients that fit the
universal

ffiffiffiffiffiffi
m̄4

4
p

− χ − Q̄ surface for n ¼ 2.

Coefficients A0 ¼ 1.1219 D ¼ 1.4261 ∼

A0
1 ¼ −0.5964 A1

1 ¼ 2.3931 A2
1 ¼ −2.3414 A3

1 ¼ 0.7396
A0
2 ¼ −8.0427 A1

2 ¼ 7.8986 A2
2 ¼ −0.9397 A3

2 ¼ −1.0319
A0
3 ¼ 72.8292 A1

3 ¼ −104.9515 A2
3 ¼ 53.0559 A3

3 ¼ −8.3977
A0
4 ¼ −225.0507 A1

4 ¼ 349.2477 A2
4 ¼ −187.1246 A3

4 ¼ 33.8346

TABLE V. Numerical values of the coefficients that fit the
universal

ffiffiffiffiffi
s̄33

p
− χ − Q̄ surface for n ¼ 1.

Coefficients A0 ¼ 1.1182 D ¼ −6.8583

A0
1 ¼ −1.0416 A1

1 ¼ 1.6527 A2
1 ¼ −0.7404

A0
2 ¼ 3.2635 A1

2 ¼ −5.6762 A2
2 ¼ 2.5947

A0
3 ¼ −4.2039 A1

3 ¼ 7.5973 A2
3 ¼ −3.4679

A0
4 ¼ 1.5036 A1

4 ¼ −3.0087 A2
4 ¼ 1.4358
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