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We continue to study the properties of the light pseudoscalar nonet within the combined framework of
Nambu-Jona-Lasinio model and 1/N. expansion, assuming that current quark masses count of order
O(1/N,). The masses, mixing angles and decay constants of the z°, 7 and " are calculated. The role of the
U(1), anomaly is emphasized. It is shown that the gluon anomaly suppresses the leading order effects that
might otherwise be substantial for the # — 3z amplitude. A detailed comparison with the known results of

1/N, chiral perturbation theory is made.
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I. INTRODUCTION

In the world of massless up, down and strange quarks,
the Lagrangian of quantum chromodynamics (QCD) is
symmetric under U(3), x U(3)g chiral transformations.
This symmetry, however, is violated spontaneously by the
nonzero quark condensate, and by the axial U(1),
anomaly. The response of the quark-gluon vacuum to the
spontaneous symmetry breaking is the excitation of eight
Goldstone modes 7, K and 7, while the ninth Goldstone
mode 7’ receives a large mass due to the U(1), anomaly. In
the real world, the z, K and # mesons acquire their masses
because chiral SU(3), x SU(3); symmetry is broken
explicitly by the nonzero quark masses m, # m, # m.
As a consequence, the physics of the pseudo Goldstone
bosons is based on three pillars: the value of the quark
condensate, the strong U(1), anomaly, and the pattern of
the light quark masses.

These three essential elements of pseudoscalars dynamics
are deeply correlated. Indeed, if U(1), were a good sym-
metry in nature, one would have a light isoscalar particle L
with the mass m? <3m2 [1]. Moreover, if the ratio
(mg —my,)/(my +m,) ~0.3 were appreciable, i.e., if it
were not hidden by the peculiar features of chiral dynamics
indicated above, the isotopic spin symmetry would be
substantially violated so that the mass eigenstates of neutral
pseudoscalar mesons would be pure, each containing only
one quark flavor pair: itu, dd, and 5s [2]. Another manifes-
tation of the correlation is the surprisingly large mass of
pseudoscalars compared with the light quark masses. As we
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learned from current algebra, the masses of pseudoscalars
are proportional to the current quark masses. In the case of
the pion, the formula reads m2 = B(m,, + m,), where the
constant B is nonzero in the chiral limit By = —(gq),/F>.
The quark condensate and the pion decay constant imply a
very large factor By ~ 2.5 GeV (we give here the estimate
obtained in the framework of the Nambu—Jona-Lasinio
(NJL) model, chiral perturbation theory gives a relatively
smaller, but still pretty large value By~ 1.4 GeV) which
significantly enhances the effect of light quark masses.

The consequences of explicit and spontaneous violation
of chiral symmetry are most interestingly reflected in the
physical properties of neutral pseudoscalars z°, 5 and 7'. It
is this aspect of chiral dynamics that this article is devoted
to. The #* and K mesons were considered in our previous
work [3]. The study is based on the effective meson
Lagrangian originated from the effective U(3); x U(3)g
symmetric four-quark interactions of the NJL type [4,5],
where we, following Leutwyler’s idea [6,7], count the light
quark masses to be of order O(1/N,.).

To succeed in the quantitative description of effects
related to the explicit chiral symmetry breaking, we use the
asymptotic expansion of the quark determinant [8-—10],
which is based on the Fock-Schwinger proper time method
and the Volterra series. This powerful tool allows not
only to isolate divergent parts of quark loop diagrams, but
also accurately reproduce their flavor structure. The latter
circumstance is fundamental in studying the explicit
violation of chiral symmetry in the NJL model.

A huge number of papers have been devoted to the study
of the properties of the neutral pseudo Goldstone particles.
Therefore, we consider it necessary at the beginning of
our presentation to answer the question of what is the
novelty of the results presented here in comparison with the
already well-known achievements in this actively devel-
oped area [11].
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In answering this question one should stress that the NJL
model has not previously been used for the theoretical
study of neutral pseudoscalar states under the assumption
that m; = O(1/N.) (except for a short letter [12]). We
think that the implementation of this idea may allow us to
look at the results of 1/N, chiral perturbation theory
(1/NyPT) [6,7,13-16] from a new angle, since the
prospect opens up to directly relate the low-energy con-
stants of 1/N_yPT with the parameters of the NJL model,
1.e., with the main characteristics of the hadronic vacuum.

The hypothesis m; = O(1/N,) should not be taken
literally, i.e., as a direct use of the Taylor expansion in
powers of quark masses. It is well known that the chiral
series is not of the Taylor type. It contains nonanalytic
terms, so-called chiral logarithms. The assumption to count
the light quark masses of order 1/N,. shifts the contribu-
tions of chiral logarithms to the next-to-next-to leading
order (NNLO). Correspondingly, at the next, NNNLO,
step, it is necessary to take into account the contribution of
two-loop meson diagrams, and so on. Thus, a full account
of current quark masses by the naive summation of the
Taylor series is a misleading procedure, because it does not
account for essential contributions of chiral logarithms
arising at higher powers of light quark masses. Hence only
the leading order (LO) result and the first 1/N, correction
(NLO) to it has a polynomial form in the current quark
masses. It is this approximation that is used here to study
the 7°-n-1' system.

Our paper also reports on some progress in describing
explicit chiral symmetry breaking in comparison with
previous schemes developed on the basis of the NJL
model [17-23]. In particular, we show a deep connection
between the results obtained here and similar results known
from the 1/N_yPT (previous NJL approaches have been
less successful in this).

But there are also differences. In the NJL model, the
kinetic term of the free meson Lagrangian is the result of
calculating the self-energy meson diagram with a quark
loop. We show that this leads to a redefinition of the
original meson fields collected in the matrix U=e?€U(3).
As a result, the neutral states in the octet-singlet basis ¢,
(a =0, 3, 8) are not pure, namely ¢, = >, F}¢F is a
superposition of rescaled eigenfunctions ¢® for which the
kinetic part of the Lagrangian is diagonal. The appearance
of such impurities in ¢, is the result of the explicit violation
of chiral symmetry. This has physical consequences: the
U(1), anomaly contributes at the next-to-leading order
(NLO) to the masses of z°, 77, and 1’ mesons suppressing
effects of flavor and isospin symmetry breaking [24].

One example of such suppression is found in the calcu-
lation of the »-7° mixing angle e. It is known that the
interference with #/, in the LO of the 1/N. expansion,
strongly affects the amplitude of the  — 3z decay which is
proportional to . This effect was discussed by Leutwyler [7],
who pointed out on its similarity with the other effect

occurring in the mass spectrum of #-#'. He has found that
chiral symmetry implies that the same combination of
effective coupling constants which determines the small
deviation from the Gell-Mann-Okubo formula also specifies
the symmetry breaking effects in the decay amplitude and
thus ensures that these are small. Indeed, below we show that
the NLO correction significantly suppresses the isospin
symmetry breaking effect observed at the LO. As a result,
one can not only obtain the phenomenological values of the 5
and 7’ masses, but also reduce the isospin breaking angle € to
the value established early in [2].

We find a second example of the suppression effect of
the gluon anomaly calculating the #-7’ mixing angle. It is
known that in 1/N_xPT this angle is dramatically reduced
to about —10° from its LO value of —18.6° [15]. We show
that in the 1/N,. NJL model the magnitude of the NLO
corrections is rather small: its LO value —15° is corrected to
—15.8° after the NLO contributions are taken into account.

We also consider the scheme with two mixing angles,
which is widely discussed in the literature [25-29], and
demonstrate that in the NJL model it arises, as an
approximation, after the NLO corrections are included.
Unfortunately, within the framework of 1/N, NJL model,
we fail to find a rigorous theoretical justification for
this mixing scheme. The latter is possible only in the
presence of off-diagonal terms in the kinetic part of the
free meson Lagrangian, which explicitly violates Zweig’s
rule [25]. Since quark loop diagrams contributing to the
self-energy meson graph satisfy this rule, off-diagonal
vertices do not arise in the NJL model. Nonetheless, we
show that the scheme with one mixing angle guarantees the
fulfillment of the well-known relations between weak
decay constants [30].

The article is organized as follows. In Sec. II, we present
the form of the free Lagrangian for the n-1/-z° fields, which
arises as a result of the asymptotic expansion of the quark
determinant. Additionally, the contributions of the gluon
anomaly and the interaction that violates the Okubo-Zweig-
lizuka (OZI) rule are considered. In Sec. III, we calculate
the coupling constants f(, f3 and fg of neutral pseudo-
scalars and discuss their connection with already known
results. In Sec. IV, the masses and mixing angles are
calculated. In Sec. V, we consider the octet-singlet basis
and calculate the weak decay constants. In particular, it is
detailed here how the NLO corrections effectively lead to
the well-known scheme with two mixing angles. The
physical content of the initial fields ¢, is discussed in
Sec. VL. In Sec. VII, we shortly discuss the strange-
nonstrange mixing scheme. The comments about regulari-
zation dependence of our results are given in Sec. VIIL
The latter may be useful in order to have some idea of the
theoretical uncertainties behind the results presented in the
paper. Our conclusions are collected in Sec. IX. In order not
to clutter up the text with technical details, we put them in
three Appendixes.
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I1. BASIC ELEMENTS

Let us first make a remark regarding the original form of
four-quark interactions considered in this and our previous
paper [3]. They include the U(3), x U(3) chiral invariant
terms describing the scalar, pseudoscalar, vector, and axial-
vector nonets. This reflects the symmetry of QCD at
N. — oo. Actually this set of four-quark interaction chan-
nels is not complete in the spirit of Fierz transformations.
The symmetry of massless QCD allows the Fierz-invariant
terms, describing the singlet vector and axial-vector four-
quark couplings [31]. We neglect them here as it has also
been done in [31] when describing the meson spectrum.
The reason is that singlet-octet degeneracy is quite well
realized in the empirical mass data on spin-1 mesons.
Theoretically, it can be understood as an indication that
corresponding couplings are 1/N, suppressed in compari-
son with the channels considered in our paper.

To study the main characteristics of the neutral pseudo-
scalars (masses, mixing angles and decay constants) we
need only a part of the effective Lagrangian describing
noninteracting z°, 5, and #’ fields. Recall that in the NJL
model the effective meson Lagrangian results from the
evaluation of the one-loop quark diagrams. On the one
hand, this requires a redefinition of the initial field
functions, and on the other hand, it allows one to calculate
the meson coupling constants appearing as a result of such
a redefinition. The details of the one-loop calculations have
been presented in our previous work [3], so let us write out
only the final result arising for the diagonal pure flavor
states of the pseudoscalar nonet, ¢; (i = u, d, s),

Kaii 2 M;m, 5
= —(0,¢;)" — il I8 1
L(ﬁ izuzds |:16GV( [4¢l) 4GS ¢l ( )

Here the coupling constants Gg and Gy characterize the
strength of the U(3), x U(3)g chiral symmetric four-quark
interactions with spin zero and one correspondingly. Their
dimension is (mass)~2, and at large N, they are of order
O(1/N,). M; is the mass of the constituent i-quark. The
heavy constituent masses arise through the dynamic break-
ing of chiral symmetry and are related to the masses of light
quarks m; by the gap equation. The diagonal elements of
the matrix x, is obtained in the result of eliminating
the mixing between pseudoscalar and axial-vector states.

TABLE L

They can be expressed through the main parameters of the
NJL model

7[2

k)i =1, 2
i N.GyM3Ji(M)) )

where

A? A?

Here, A is the cutoff characterizing the scale of spontaneous
symmetry breaking. The values of the parameters were
fixed in [3]. We collect them in Table 1.

As one can see from (1), the quark one-loop diagrams
generating the kinetic part of the free Lagrangian lead to a
diagonal quadratic form in the flavor basis, which, after
redefining the fields

R
IS hi =—- (4)
takes the conventional form

10 =3 Y G )

i=u.d.s a=0,3.8

The new field ¢F has the dimension of mass because the
coupling constant f; has this dimension and the initial field
¢; is a dimensionless quantity. The transition from the
flavor components ¢f to the octet-singlet ones @F is
described by the matrix O given by Eq. (A4). Due to this
transformation, the transition to the octet-singlet basis ¢~
does not destroy the diagonal form of Eq. (5). As a
consequence, the unscaled field ¢, has admixture of scaled
components ¢¥, with b#a and vice versa ¢f =
> » Fappy, (see Appendix A for details). The nondiagonal
elements of the symmetric matrix F;, given by Eq. (A10)
violate flavor symmetry. Both the SU(3) breaking term Fg
and isospin breaking terms F3, Fsg are 1/N -suppressed.
A bit later we will dwell on the connection of the elements
F,, with the decay constants of pseudoscalars.

The six parameters of the model A, Gy, Gy, m,,, my, and m, are fixed by using the meson masses m0,

Mg+, Mgo, Mg+, the pion decay constant f, and the cutoff A as an input. The electromagnetic corrections to the
masses of charged mesons are estimated taking into account the violation of Dashen’s theorem at next to leading
orderin 1/N.. To do this, we additionally used the value of f and the phenomenological data on the # — 37z decay

rate. All units, except dimensionless quantities &y, a, [A] =

GeV, and [Ggy] = GeV~2, are given in MeV.

_\1/3
A Gs Gy m, my mg M, —<‘IQ>(1)/

M, M; M F f=  Jfx  Om a

1.1 66 74 26 46 84 274 275

283 290 567 905 922 111 0.67 3.50
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For the mass term in Eq. (1) we find

Mim‘(¢R)2 1
o= S M LS e gE (o)
¢ i;,s 4G5f12 2a:02,8

where M? is a symmetric matrix with the elements

(Mo = 56+ 18+ ),

(M3)gg = 6_G5(u5 + uy + 4u3),

(Mi)ss = 550+ ),

(MP)og = 3\/15Gs (up + uj —2u?),

(M2)gs = f%(;swz — ),

(M = 5 (0 16, g

Here and below, for the convenience of writing formulas,
we use the notation

M.m.
Gy = ®

Now it is necessary to take into account two important
points—the U(1), anomaly and the violation of the OZI
rule—both explained within the 1/N_. expansion [32-37].
The U(1), anomaly contributes to pseudoscalar masses
given by Egs. (7) already at leading order [notice that we
count m; to be of order O(1/N,.)]. The OZI-violating
interactions are responsible for the 1/N, correction to the
leading order result. The Lagrangians corresponding to
these processes have the form of the product of two traces.
At the quark-gluon level, such a contribution comes from
diagrams with quark loops coupled through the pure gluon
exchange.

The Lagrangian breaking the U(1), symmetry was
obtained in [37-40]. Using this result, we set

A A
Lo = ZglrnU=mUNR ==Tg5 (9)

where U =¢?, and ¢ =5, ¢, r=0,1,....8, the
matrix Ay = \/2/_3 and A,...,4g are the eight Gell-
Mann matrices of SU(3). The dimensional constant
Ay = O(N?) is the topological susceptibility of the purely
gluonic theory, [1y] = M*.

This Lagrangian implies the following contributions to
the matrix elements of the #-n-7° mass matrix

A
M) =3,
(M3)0o 7
V2Ay < 1 1 )
2y o — —
(MZ)OS - 3f[) 5 fs ’
M (L _ i)

where the couplings f; and f5 are given in Eqgs. (Al4).
Notice that, because of the Eq. (A13), an additional
mixing is induced between the rescaled neutral compo-
nents, which is associated with violations of the isospin and
SU(3), symmetries beyond the leading order. Here only
the terms which are responsible for leading and next-to-
leading order contributions (in 1/N,. counting) are retained.
The Lagrangian violating the OZI rule has the form [6]

Lom = %u(«b)trmw ~v)). (11)

where 1, = O(N?) is a dimensional constant [1,] = M?
and y is given by the diagonal matrix

1
£ = g ding(ud 1618, (12)

As we will see, the counting rule 1, ~N? leads to a
coherent picture for the masses and decay constants of the
pseudoscalar nonet.

The quadratic part of the Lagrangian (11) is

22
Loy — G—SZ¢0 Z u; i (13)

i=u,d,s

and contributes only at next to leading order 1/N? in the
matrix elements

42
M2 = - z u?’
(M3)oo V3Gsfo L,
22
M = g7, )
, 2z 3 3
(Mioy = =G 1 = 1), (9

which interfere with the next-to-leading order contribution
of the gluon anomaly.

III. DECAY CONSTANTS f;

Our next task is to isolate the leading order contribution
together with the first 1 /N correction to it in the formulas
above. Here we realize this plan for the decay couplings of
neutral states
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[ Kaii
fi=1fige (15)

For that we need the nontrivial solution of the gap equation
M ;(m;). The latter, in the considered approximation, can be
written as a sum [3]

Mi(m;) = My + M'(O)m; + O(n?).  (16)

where M|, is the mass of the constituent quark in the chiral
limit m; — 0, and

”2

~ N.GsM3J, (M)

M(0) a. (17)

Then, from Eq. (15), Eqs. (A14) and (A10) we find

. a—=o6
f() = F<1 + (2m + ms) 6M0M> = FOO»

. a—=o6
fSZF(1+(m+2ms)6TOZW) :F887

a—=~6
f3= F(l + 2M0M> = fr=Fa, (18)

where m = (m, + my)/2 and

A (M)

— 6y =2a(l - l—————5=]. 19
a M a( KAO) |: (A2 I M(Q)')Z ( )
Here F and x4 are the values of the pion decay constant f,
and Kaiji at m; = 0.

Further, according to Leutwyler [30], 1 /N yPT provides
the relation among the decay constants:

fi=3rk =3/ (20)

which is valid to first nonleading order. It can easily be
verified that, on using Eq. (18) and expressions for the
kaons decay couplings obtained in [3]

Sfrr + fxo

o o N a—5M
fx = 5 _F<1 + (i + my) M, ) (21)

relation (20) is also satisfied in our approach.
The other relation which is a direct consequence of the
approach developed here is

2 1
f%zgf%‘i‘gf%r (22)

This result is known from [27], where the authors used a
different method to obtain it.

For the constants f, and f§, in addition to the above
quadratic relations, one can establish the following linear
relations with the constants f, and fg

1

Jfo= 5 =3

W =

In contrast to the formulas (20) and (22), there are no
higher-order terms in these relations which must be
systematically discarded.

The nondiagonal elements of the matrix F,, in the
considered approximation are

_F(mu_md) a— __1 0 — n
38*44\/@”0 (a—0oy) = _\/g(fK fr+)s

_F(mu—m) B 2
Fm—zvamf<a—mn——vgvm—fpx

_F(ﬁi—ms) B __2\/5 3
F08*73\/§M0 (a—oy)= 3 (fx = fa)- (24)

They are negative. The first two are associated with the
isospin symmetry breaking, and the last one with the

violation of SU(3) symmetry: Fg/Fo3 = 2R/+/3, where
R = (m, — i)/ (my = m,).

IV. MASSES AND MIXING ANGLES

Let us now consider meson mass relations. For that
we expand the elements of the resulting mass matrix
M? = Zi:l.Z,B /\/ll2 [see Egs. (7), (10), and (14)] in powers
of 1/N. retaining only the first two terms.

M2, =2, + AuZ, + O(1/N3). (25)

The leading 1/N.-order result is

[SSEIN S

ﬂ(2)0 = _BO(Zﬁ’l + ms) + }“%7

Hig = §Bo(ﬁ1 +2my),

V2 N
Hos = —z?Bo(ms — i),
2
Hoz = — §BO(md mu)’
1
Hig _%Bo(md —-m,), (26)
where 12 = 1,/ F?, and
2GyM, M, (@q)o
By = = = — . 27
0 GSKAU 2G5F2 F2 ( )
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It coincides with the formulas obtained by Leutwyler [6],
but in the case under consideration, all parameters (except
for Ay) are related to the main parameters of the four-quark
dynamics.

It is clear from (26), that mixing of ¢¥ with ¢& and ¢ is
due to the breaking of isospin symmetry. In the first order in
the mass difference m, — m,,, this mixing is removed by
rotating to small angles €' and e, respectively. The ¢&-p&
mixing is due to the breaking of SU(3) symmetry and can
be removed by rotating to the angle #. With an accuracy to
the first order in the breaking of isospin symmetry, the
transformation of the neutral components to the physical
7°, n, and #' states has the form

¢R = 7°(¢' cos @ — esin@) — ysin O + i’ cos 6,
¢% = 7%(ecos O+ €' sin@) +ncos @ + i sin 6,
R=n—en—ern'. (28)

This orthogonal transformation diagonalizes the mass
matrix M?, giving the eigenvalues (the mass squares)
and eigenvectors of physical states (for more details see
Appendix B).

The result of the diagonalization of the mass-matrix (26)
is well known: The predicted mass of the # meson m, =
494 MeV is much smaller than its phenomenological value
m, = 548 MeV and the angle 0 is & ~ —20°. The numerical
values of the parameters used are given in Table II [see
set (a)].

Recall that the difference between the masses of the
charged and neutral pions is due primarily to the electro-
magnetic interaction. The contribution of the strong inter-
action is proportional to (m,;—m,)?> and is thereby
negligibly small. The model estimate is

2 _ -
m2, = m2, + 9 (my

25 > 29
g (ma = m )8 = (29

ﬂ

Here, the overline indicates that the masses were obtained
without taking into account electromagnetic corrections.
Now, we do the next step and calculate the first correction
Ap?, to the leading term. This correction includes the
contributions from Egs. (7), (10), and (14). Note that when
calculating these corrections, we systematically neglect the

TABLE IL.

terms (my — m,)?, replacing, for example, the sum m? +
m% =2 + (my — m,)*/2 only by its first term. This is
also in agreement with the accuracy with which the rotation
matrix (28) is defined. As a result, we find

2B 5
Audy = TO [(mﬂ + m?) VAZ —2AN (2 + ms)} :

Augg = 23£Bo(ms — i) |:AN (mg + );Z]
Ap2g = 325[(; (M2 4 2m?)5y,
Apzy = %B;) >y,
Aus = \@Bo(md —m,) (AN ~ 2 ]‘;—MO)
Apiy = —%Z—Z(mi — my)Su, (30)
where
Ay = 2f 4z - + AyGs 2M‘32 (31)

Here it is appropriate to make a few remarks about
formula (30). Let us first comment on the origin of different
contributions. Corrections caused by Eq. (7) are the terms
that remain after we put Ay = 0. In fact, they coincide up to
a common factor with the known result of 1/N_yPT [15].
The correspondence between factors is

[

i 16—(2L’ —LI). (32)

Next, the corrections proportional to Ay in (30) are
related with the U(1), anomaly: The corresponding con-
tribution to Apj, arises due to the NLO correction to the
coupling fj in (10). The other two contributions to ApZg
and ApZ; are the result of an admixture of rescaled neutral
octet components in the singlet field ¢, described by the
Eq. (Al13). Both account for the symmetry breaking
corrections due to the U(1), anomaly. Such corrections
interfere with the OZI violating contributions of
Lagrangian (11) and, as a result, the effective coupling

In the first row, set (a), we show the leading order result for mixing angles 6, € and ¢’. Quark masses are

given in MeV, 0 in degrees, small angles € and ¢’ in radians. The numerical value of /15 (in GeV?) is extracted from
the experimental value of m,. Set (b) describes a fit which takes into account the first 1/N -correction. In this case
the light quark masses are given up to NLO corrections included. The two input parameters /1,% and Ay, are fixed by

the phenomenological masses of m,, m,.

Set m, my; my /1% Ay 0 6o AO

€ € Ae € € Ae

(a) 2.6 46 93 0.671 -19.7°
(b) 2.6 46 84 0.805 0.36 —15.76° —14.97°

0.0187 0.0033

—0.79° 0.0114 0.0177 —0.0063 0.0021 0.0033 -0.0012
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constant Ay arises. If we compare the formulas for AuZ,
Ay, with the analogous expressions obtained in [15], one
can establish a correspondence

AN<—>—p/2:A1/2—A2—|—4L5M(2)/F2, (33)

where on the right-hand side we have retained the notation of
work [15], so one should not confuse the notation M, (singlet
mass) adopted there with the constituent quark mass M, used
here. The only difference between the NJL approach con-
sidered here and the 1/N .y PT is the absence of the NLO term
—M3A, in our expression for AuZ, Probably it is this
circumstance that leads to different estimates for the mixing
angle @ in the compared approaches.

The representation of the mass matrix M? as the sum of
the leading contribution and the 1/N, correction to it
implies a similar representation for all parameters of the
transformation that is used to diagonalize the mass matrix:
0=0y+ A0, ¢ =¢)+ Ae, € =¢)+ Ac’. Accordingly,
the eigenvalues obtained should have a similar form (see
Appendix B for details).

To obtain numerical values, we fix the main parameters
of the model as it was in the case of the charged particles
(see the Table I). Additionally, the phenomenological
values of the masses of 7 and 1 mesons are used to fix
the topological susceptibility A; and the OZI-violating
coupling constant 4,. As a result, we obtain the values of
the mixing angles 0, ¢ and ¢’ (see set (b) in Table II).

Numerically, the # — 7’ mixing angle @ = —15.8° pre-
dicted by the model is consistent with a recent result from
lattice QCD 6 = (—15.172)° [41], and phenomenology:
(@) 0 = (=154 +1.0)° [27]; (b) 6 = (—16.9 = 1.7)° (this
value was deduced from the rich set of J/y decays into
a vector and a pseudoscalar meson) [42]; (c) 0=
(—15.5 £ 1.3)° (this is a result of thorough analysis of
many different decay channels in which the authors took
into account the flavor SU(3)-breaking corrections due to
constituent quark mass differences) [43].

It should be also noted that the angle 0 obtained here
differs noticeably from the estimate 6 ~ —10° worked out in
the framework of 1/N_yPT [15]. We have already pointed
out the reason for this discrepancy above. Here we note that
the 1/N. NJL model does not lead to a huge effect from
taking into account NLO contributions observed in [15]. As
one can see from the Table II, the LO result 8, receives only
a 5% NLO correction.

Numerical estimates show that the mixing angles ¢ and ¢’
are substantially modified at NLO. The corrections account
for around 35% of the LO result. In particular, the mixing
angle ¢ is found to be ¢ = 0.65° while the LO result is
€y = 1.0°. This result can be compared with the estimate
€ = 0.56° that arises in yPT when only octet degrees of
freedom are included [44]. The similar behavior is found
for the angle ¢’ = 0.12° which is equal ¢;, = 0.19° at LO.

Since the NJL model in the LO reproduces analytically
the mixing angles ¢ and ¢’ known from [7]

cos By — /2 sin 6,
cos 0y + sin 6y /2
sin @y + /2 cos
sin@y — cos 6/ V2"

€y = éO COS 90

€, = € sin by (34)

where the angle €, has been obtained by Gross, Treiman,
and Wilczek [2] disregarding the # — 5 mixing

g = ﬁw — 0011, (35)

4 my—m

we observe the known effect: The mixing with the #
increases significantly the value of the angle ¢, compared to
€o- The LO estimate €, = 0.018 we found is consistent with
the estimates ¢ ~ 2€,, for 6, ~ —22° made in [7], and € =
0.017 +0.002 in [28], both obtained under the same
assumptions: The use of Daschen’s theorem and 7 —#/
mixing. This is frustrating because € enters the amplitude
n — 3z, making the width unacceptably large. This effect
was considered in [7], where it was indicated that the
problem lies in the accuracy of the LO result. Deviations
of order 20-30% are to be expected and this does not
indicate that the 1/N. expansion fails. It was claimed
that the effect can be resolved by taking into account the
higher order corrections. Our calculations show that this is
exactly what happens. The 1/N, correction Ae leads to
complete agreement of our result ¢ = 0.011, both with the
result of the current algebra and with the result of yPT.
From this we conclude that the LO effect of 5 —#
mixing on the angle ¢ is completely offset by the NLO
corrections.

Equation (31) must be discussed in a little more detail due
to its relation to the low energy constants of 1/N_yPT given
by Eq. (33). Recall that Ay, is treated as a small parameter,
because it represents a term of order 1/N.. Indeed, it is
reasonably small, our estimate is Ay =—0.46+0.82=0.36.
It can be seen that the contribution of the gluon anomaly (the
second term) differs in sign from the OZI-rule violating
contribution (the first term) and dominates. This way the
gluon anomaly suppresses the effects of SU(3) and isospin
symmetry breaking in Audy and Ap;. Of course, the
opposite can also be said: the OZI rule violating interaction
(11) reduces the effect of the gluon anomaly in these
channels.

Further, since the following relations hold

iz N
2\/6ﬁ <> 7 - Az,

5 M3
AUGSa—M <> 4L5—0

— : 36
2M3 F} (36)
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we obtain the following estimates for the couplings on the
right-hand side of these relations, namely, A;/2 — A, =
—0.46 and 4LsM3/F} = 0.82. These values are noticeably
lower than the estimates obtained in [15], where, for
instance, set (NLO No. 1) gives the values —0.65 and
1.12 correspondingly. In this case, however, it would
be naive to expect complete agreement between the
approaches, since the A; is also responsible for NLO
correction to A,u%o in 1/N _yPT, which, as we have already
noted above, is not the case in the 1/N, NJL model.

V. WEAK-DECAY COUPLING CONSTANTS
IN THE OCTET-SINGLET BASIS

To find the decay constants of pseudoscalars we should
relate the fields ¢, (@ = 0, 8, 3) to the physical eigenstates
P=1n, 0. As we have already learned, a transition to the
physical fields P is carried out in two steps

oLgr L p. (37)

At the first step, the dimensionless field ¢ = > ¢ 4,
arising in the effective meson Lagrangian through the
exponential parametrization U = &> = exp(i¢) is replaced
by the dimensional variable ¢ given in the same basis [see
Eq. (A7)]. The symmetric matrix F'y (A9) is worked out in
such a way that the kinetic part of the free Lagrangian takes
the standard form. Then, at the second step, diagonalizing
the mass part of the free Lagrangian by the rotation Uy [for
definition of matrix U, see Eq. (B2)], we come to the
physical fields P = 5,5, n°.

The first step of the described procedure generalizes the
standard construction of the effective Lagrangian of pseudo
Goldstone fields to the case of explicitly broken flavor
symmetry. Here [7], the pseudo Goldstone field ¢ is also
represented by the exponent U = exp(i¢p), and the pion
decay constant F appears in the kinetic part of the effective
Lagrangian

1
1 Ftr(0,U0*U")

to make the field ¢ dimensional by redefining F¢p = ¢~.

In the NJL model the factor at the kinetic part of the
Lagrangian arises from a direct calculation of the quark
one-loop diagrams. In the case of broken flavor symmetry
m, # mg # my, the place of the factor F is taken by the
matrix F'y. As aresult, to redefine the field ¢, it is necessary
to use the matrix Fy, i.e., Fpp = @R, and not a simple
factor F. Obviously, in the chiral limit F; is a diagonal
matrix F, = Fdiag(1,1,1).

After these general remarks, we find a matrix containing
the constants F% in their projection onto the octet-singlet
basis a = 0, 8, 3. This can be achieved by using the product
of two transformations UyF;. As a result we have

0 8 3
L N bo
FO F¥ F} ¢s |, (38)

P- 3 Fih -
tl:0,8,3 F?ro F80 Fi_o ¢3

where [F4] = M, and

Fg, = Fyycosf+ Fpgsinf,
F,Sv, = Fgpcos6 + Fggsinf,

Fz, = F3pc080 + Fgsin@ — ¢'F3,

Fj) = —Fgsinf + Fg cos 6,
F§ = —Fgsinf + Fgg cos 6,
F;; = —F3osin9+ F380089—€F33,

FO = Fo3 + Foo (€' cos 0 — esin@) + Fg (€ sinf + ecos 0),
F8, = Fg3 + Fy (€ cos — esin0) + Fyg(¢/sinf + e cos ),
F3, = Fa;. (39)

Some useful relations between these constants are collected
in Appendix C.

To lowest order in 1 /N, we have Fog = F(3 = F3g3 =0
and then in (38) we arrive to the standard pattern with one
mixing angle 6.

In the formulas above, it is necessary to take into account
only the terms that do not exceed the accuracy of our
calculations here. Hence, expanding in powers of 1/N, and
retaining only the first two terms, we find

Fg, = focosOy— FAH, sinf,,
F)=—f,sinfy— FAO, cos,,
FE, = fgsinf, + FAO_cosb,,
F8 = fgcosfy— FAO_sing,,

freo—fks .
F3, =25 K" (in@y+v/2cosby) — €} f, — A€'F,
7 \/g ( 0 ()) Of
Fi= I (o500~ VasinG AeF
n——T<COS 0— Sin 0)_€0fn'_ er,

2 ,
Fgo = —\/;(fKo —fx=)+ folehcosy—eysiny)
—F[A0, (e,sinfy +€ycosby) — A€’ cosOy + Aesinby),

1 .
Fio = —\/;(fKo —fx+)+ fs(eysindy+egcosby)
+ F[AO_(ejcos0y —€ysinby) + A€’ sinfy + Aecosby),
F?ZO :f;w (40)

where
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2v/2

AGi:Aej:—(fK—f,,). (41)

To obtain the numerical values of weak decay constants
we use parameter set (b) given in Table II. As a result,
we find

1.16 —0.54 —0.0054
Fe=F| 012 120 —0016 (42)
—0.001 0011  1.02

The numerical estimations show that the 7/-meson contains
a noticeable (~50%) admixture of the octet component ¢yg.
On the contrary, the 7 meson is nearly a pure octet: The
admixture of ¢ is an order of magnitude lower than ¢g.
Note, that the analysis done in the work [30] led to the
same conclusion. The neutral pion is a pure ¢s-state, the
admixture of which in the # meson is three times greater
than in the 7 state.
We also get the following estimates for ratios

f8 _ —12
fo —_— —_—

which perfectly agrees with the values f5 = 1.27(2)f, and
fo = 1.14(5) f, obtained exclusively on the transition form
factors of # and 7/, reanalyzed in view of the BESIII
observation of the Dalitz decay ' — ye™e™ in both space-
and timelike regions [45].

The 1/N_-corrections to the leading order result allows
one to distinguish two mixing angles 95 and 9,, which are
often used in the phenomenological analysis of -7/
data [27]. Indeed, from Eq. (40) one infers

F
F8 = fq (sin 0y +— AfO_ cos 00>
1 /s

= fgsin(0y + FAO_/fg) = fgsindg,

F
F2 = —f() <sin 60 +f—A9+ COS 90)
0

= —fosin(6y + FAO,/fo) = —fosindy.  (45)

That gives 85 =0y + FAO_/fy = —-24.2°, and 9, =
Oy + FAO, /fq = —6.0°. Further, if we restrict ourselves
only to the first correction, we get

9 = 0y + AG_ = —26.9°,
1.90 == 90 + A9+ == —4.60,

4f

80— = < (fx = fa). (46)

This result agrees with a low energy theorem [30], which
states that the difference between the two angles 9, — 9z is
determined by fx — f,. The numerical values of the angles
again can be compared with the result of [45]: 95 =
—21.2(1.9)° and 9y = —6.9(2.4)°.

VI. PHYSICAL CONTENT OF ¢,

Let us establish a connection between the octet-singlet
components ¢, ¢g, and ¢3 and the physical eigenstates
P =n',n, 2°. For that one needs to know the matrix 7 in
the inverse to the (38) relation

/ ]TO
Fo Fo FGN\ (o
b= D Fab=|F F oA || 0] @D
P=n'n.x fg/ fg’ fg.o 71-0

Its dimension is [FF] = M~!'. The entries of the matrix
FP=F, 11U, 9‘1 can be found with the use of formulas (A13)
and (28).

It is not difficult to establish that the matrix elements F%
have the form (39), where one should substitute F§ — F P,
and F; — Fy/;. Then, expanding the result in the 1/N,
series, we find to first nonleading order

b AG_
F} =—cosfy———

f sinGo,
0
1
]—"g:—]?sineo——_cos%,
0
o1 A0
Fi= f851n90—|— F+00590,
1
Fl'=_—cosfy——rsind,,
5= 7 0 0
8
F =L T (/3 060y + sindy) - 0 - B
cos sinfy) ——> — —
\/§ 2 0 0 f3 F 5
fro—fxs . € Ae
Fl ="K 1K (0080, —v2sinf)) —— ——,
’ V3F? (cosb o) fi F
D foy—
= \/;fKOszKi +f0 (eh,cos8y — €gsinby)

A0
- T_ (€(sinfy + €y cosby)

! Ae
+——cos 6y —7sim90,

F
fg" = fK\O/_;zKi +— 7 (€(sinby + €y cosby)
A0 Aé' Ae
+ T+ (€f,cos by — g sinby) + 7 —sinfy +— 7 Cos 0,.
=fz'. (48)
where
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L1 (pode 20s)

fo F 3F
L_ L[, 4fx—fs
fs F 3F )’
1 1
1 _1( 1) (49)
f3 F F
The elements of matrix F© numerically are
. 0.76 0.42 0.011
FP = 7 —0.0074 0.73 0.01 |. (50)
0.0012  —0.0071 0.98

Thus, we see that the singlet component, in addition to the
leading contribution of #’, has a noticeable admixture of 7.
The latter dominates in the octet component ¢g, while the
neutral pion dominates in ¢;.

Since matrices F¢ and F7 are mutually inverse, one
would expect that the numerical result (50) should be
reasonably close (up to the approximations made) to the
result obtained by the direct inversion of matrix (42). This

is indeed the case for all elements of matrix (50) except F g/.
The latter turns out to be an order of magnitude smaller than

such a qualitative estimate gives: JF g/ = —0.082/F. Here
there is a significant compensation between two terms:

FI = (0.175-0.182)/F. The first term is the SU(3)
breaking contribution with cosine, the second one is
(F/fg)sin6,. In the limit of exact SU(3) symmetry this
term gives —0.258. The SU(3)-breaking correction in fg
makes it to be equal —0.182. This combined effect of
mixing angle 6, and SU(3) breaking pushes #' out of
the octet.

VII. THE STRANGE-NONSTRANGE
MIXING SCHEME

Instead of a flavor octet-singlet basis, one could choose a
scheme with a mixture of strange and nonstrange compo-
nents. It is also often used in the literature (the so-called
Feldmann-Kroll-Stech scheme [27]). Therefore, we will
briefly focus on it here. To do this, just as we did in
Appendix A, let us represent the field ¢¥ by its components
in the orthogonal basis 1, = (4s.4,.43)

Pr =D Prh,. (51)

a=S,9,3

where tr(4,43) = 26,4, and

by = (V2o + ),
ds = V22, = % (Ao — V22g). (52)

It follows then

1

WE=5 > i) = D Uzl (0,4.0.005.  (53)
2 a=0,8,3 a=0,83
or
% cos@;; —sinf;,; O P§
&R = ¢§ = sin gid COS Qid 0 ¢§ s (54)
o 0 0 1) \g%

where the ideal mixing angle 6, = arctan v/2 ~ 54.7°.
Now, it is easy to establish from (28) that the physical
states P = (1,1, n°) are the linear combinations of states

PF = (¢%. pR. %), namely
P=U(0,¢€)U04,0,009% = U(p.e.e )R,  (55)

where the angle ¢ = 0 + 6,;, or numerically ¢ = 39.0°
and the matrix U is defined in (B2). This result agrees with
phenomenological estimates ¢ = 39.3°+ 1.0° in [27],
and lattice data obtained by ETM Collaboration [46]
@ = 38.8°+2.2°+2.4°, where the second errors refer to
uncertainties induced by chiral extrapolations to the physi-
cal point. The anomaly sum rule approach to the transition
form factors with a systematic account of the 7-#' mixing
and quark-hadron duality gives a bit smaller result:
@ = (38.1 £0.5)° [47].

VIII. DEPENDENCE ON THE
REGULARIZATION SCHEME

The results presented above are based on a well-defined
regularization scheme, proper-time regularization. In this
case, two integrals with quadratic J,(M;) and logarithmic
J(M;) divergences are regulated by subtracting off suit-
able counterterms

ot
Jo(M;) :A tz—_o,ﬂz,/\e_tM'2 (56)

at the scale A, p, o = 1 — (1 4 tA?)e™»’. The choice of
the regularizing kernel is made in such a way that the
expressions for regularized integrals coincide with the
one obtained in the covariant four-dimensional Euclidean
regularization scheme. This implies, in particular, the
following form of the gap equation

N c GS
272

f(M;,A) EMi(l - JO(Mi)) =m;. (57)

Let us recall that the choice of regularization essentially
determines the NJL model. A reasonable regularization
must satisfy two main criteria: the minimum effective
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potential condition should lead to a gap equation, and the
vacuum corresponding to the nontrivial solution should
possess the Goldstone modes. It is also desirable that the
regularization does not break the symmetry of the model.
All these requirements are met by the Fock-Schwinger
method used here. It is one of the standard regularization
prescriptions often used in the literature [48,49].

The gap equation for m; = 0 and a fixed value of Gg,

272

G A% >
5 N

= 6.58, (58)

Cc

has a solution My(A) that changes drastically with A.
Figure 1 shows three curves corresponding to the values of
A deviating from the value chosen in our work A =
1.1 GeV by 10%. Such behavior is associated with the
original quadratic divergence of the integral Jy(M,), and is
typical for any of the regularization schemes commonly
used in the NJL model. In particular, one can obtain that
My(1.0 GeV) = 19.7 MeV, My(1.1 GeV) =274 MeV,
My(1.2 GeV) = 468 MeV for G5 = 6.6 GeV~2. It shows
that M, changes a lot with A, and it does make sense to
consider only 1% (or less) deviations in the value of A. This
case is shown in Fig. 2. It can be seen that the correspond-
ing solutions of the gap equation differ only marginally

A =1.10£0.01 GeV, My =274 £20 MeV, (59)

i.e., a 1% change in the value of the cutoff A leads to about
7% changes in the value of M. This can be a source of
theoretical uncertainties associated with the regularization
scheme used.

Since all other vacuum characteristics are expressed in
terms of these two parameters (and Gy = 7.4 GeV~2), it is
easy to establish that

— -0.28
a = 3.507433,

F =90.541312 MeV,

Sy = 0677519,

(Gq)i’| = 2757 MeV. (60)
0 7

(M, A)
0.30+

0.25F
0.20F
0.15F
0.10F

0.05F

-0.05F

FIG. 1. The left side of the equation (57) as a function of M;
(both in GeV) is shown for the three cutoff values: A = 1.0 GeV,
A =1.1GeV, and A = 1.2 GeV (top down).

FIG. 2. The same as in Fig. 1, but with the 1% deviation
in values of A, namely A =1.09 GeV, A =1.10 GeV, and
A =1.11 GeV (top down).

Note that a 1% change in the value of A leads to a 3%
change in the value of the constant F, i.e., the physical
constant f, coincides with F' within the error. Indeed, our
estimates give

fr=192227331 (61)

It should be noted that current knowledge about the constant
fz=92.277(95) MeV [50] imposes such a strict bounda-
ries on the range of values admissible for the cutoff A (or
alternatively on the coupling of four-quark interactions Gy),
that one could reach such accuracy in the NJL model only by
the precise tuning of A = 1100.00703 MeV.

It is also interesting to check how successful the NJL
model predictions are for the low-energy constants Ls and
Lg of the 1/N .xPT which are scale independent at the order
considered. Here the 1/N, NJL model gives

a—>o
Ly =l GoF = 110
LSZLGSF4:(1,3:|:O.1)IO‘3. (62)
16M3

The values of these constants are consistent with their
phenomenological estimates made in yPT: Ls=
(22+£0.5)1073, Lg=(1.14£0.3)1073 [44], however
these values have to be redetermined using the logic of
the mixed expansion scheme adopted in the 1/N_yPT.
Such calculations were made, for example, in [15].
Neglecting the contributions of chiral logarithms, the
authors obtained the following estimates: 2Ls+ Lg =
(5.26 +0.01)1073, 2Lg — L5 = (0.8 +0.9)107>. Our result
(62) for these combinations leads to the values
2Ls+Lg=(5477973)1073, 2Ly — Ls = (0.50106)107>.
The NLO analysis of the #-' mixing in [51] gives
Ls=(1.86+0.06)1073, and Lg = (0.784+0.05)107.
As pointed out in [52], Lg cannot be determined on purely
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phenomenological grounds. As a consequence, the sign of
the difference 2Lg — L is fixed only in the framework of a
specific model. We see that in the 1/N, NJL model the sign
is positive

5
2%—L5:§%GJ4>Q (63)
0

in contrast to the estimates in [51]. It is clear that inequality
(63) is ensured by a positive value of §,; = 0.67 (with a
15% theoretical uncertainty).

This analysis can be extended to all the estimates we
obtained above. This will be done a little later, when we
have accumulated enough theoretical material on various
physical properties and processes involving pseudoscalar
mesons.

IX. CONCLUSIONS

We continued studying the properties of the nonet of
pseudoscalar mesons in the NJL model, where we changed
the counting rule for the masses of current quarks. In the
recent work [3] the charged states were considered, and in
this work the same tool has been applied to calculate the
main characteristics of the neutral members of the nonet.

The realistic description of neutral modes is impossible
without the use of Lagrangians responsible for breaking the
axial U(1), symmetry and OZI rule. They are well known,
so we did not set ourselves the goal of obtaining them on
the basis of corresponding multiquark interactions.

Four-quark interactions generate the kinetic part of the
free Lagrangian and make a major contribution to the
particle masses. We calculated these one-loop diagrams and
demonstrated that the singlet component ¢, (as well as
other two ¢3 and ¢g) is a superposition of three eigenvec-
tors ¢k, a = 0, 3, 8 which diagonalize the kinetic part of
free Lagrangian in the octet-singlet basis. We have shown
that this is a direct result of explicit symmetry breaking in
the superconducting model.

Since the singlet field ¢, acquires a mass term due to the
gluon anomaly, the following transition to the eigenstates
@% induces contributions to the off-diagonal elements ApZg
and A3, of the mass matrix already in the next order of the
1/N,. expansion. We have shown that due to this mecha-
nism, the gluon anomaly substantially weakens the effects
of explicit chiral symmetry breaking observed in the
leading order.

It is interesting to note that this mechanism copes with
the problem that Leutwyler pointed out at the time: The
value of the 7%-7 mixing angle e turns out to be too large if
we restrict ourselves to only the LO contribution. This will
have a catastrophic effect on the width of the  — 3z decay.
We have shown that taking into account the NLO correction
eliminates this difficulty.

The mass matrix of neutral states is diagonalized by a
rotation parameterized by three mixing angles 6, ¢ and ¢'.

In particular, rotation through the angle 0 eliminates the
n-n’ mixing. However, when considering the decay con-
stants of # and 1’ mesons, one angle 6 is not enough.
Therefore, a picture with two mixing angles is often used.
We have shown that NLO corrections effectively lead to a
two-angle pattern, but unfortunately could not give its full
theoretical justification.

It should be emphasized that the above results would be
more complete if calculations of electromagnetic decays of
pseudoscalar mesons were carried out. We are currently
working on this issue.
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APPENDIX A: RESCALING
OF NEUTRAL FIELDS

In this appendix we obtain some useful relations between
the neutral fields before and after rescaling.

Recall that the neutral field ¢ can be represented by its
components taking values in the algebra of the U(3) group
or more specifically in the subset of the diagonal hermitian
generators A, or their linear combination

b= > buda= Y ik

a=0,8,3 i=u,d,s

(A1)

In what follows, we will use either a octet-singlet basis
(Ao, Ag, 43), or the flavor one (1, 44, ;) which are related in
a standard way

_/L3+\/§/10+/18:

A, = ~=0 8 — diag(1,0,0),
5 Wi g( )
b N2+
Ay =—= 4+~ 8 — djag(0, 1,0),
do— V224 .
Ay = 28 — diag(0,0, 1). A2
NG g( ) (A2)

Obviously that trp? = 23" @2 = > ¢?. As a consequence
we also have

bi =

Z Oia¢a’

a=0,8,3

b= Ol

i=u,d.s

(A3)

where ¢i = (¢u7 ¢dv ¢s)’ ¢a = (¢O’ ¢87 ¢3)’ and

036012-12



1/N, NAMBU-JONA-LASINIO MODEL: 7°,

PHYS. REV. D 108, 036012 (2023)

1 Va3 1
0= 7 V2 1 =3 |, ol'=-0". (A4
V2 =2 0

It yields the property >, 0,,0;, = 25;;.
The kinetic part of the free Lagrangian takes the standard
form if one rescaled the flavor components

fii = oF.

The rescaled field ¢® can also be characterized by its
components in any of A-matrix bases

o= BRa= D

i=u,d,s a=0,8,3

(AS)

(A6)

Our task here is to find out how rescaling (A5) modifies
the octet-singlet components ¢,. As we will show, in octet-
singlet components rescaling (A5) has a nondiagonal form.
Thus, we need to find the matrix F and its inverse one F~!
in the relations

OF = Fupty.
b

Given that 4; = >, 0,,4,/2, we find from the left-hand
side of Egs. (A6) and (A3)

Zf bii —Zf, ipli = 2Zflo,b0m¢b

i,b,a

1)ab¢§'

bo =Y (F"

b

(A7)

(A8)

Comparing the result with the right-hand side of Eq. (A6)
we conclude that

ub - Z Ol(lolhfl (Ag)
l u,d,s
It follows then
1
00:§(fu+fd+fs)’
1
Fog = Fy :Wj(fu'i_fd_zfs)’
1
FO3:F30:%(fu_fd)’
1
Fgg :g(fu+fd+4fs)’
1
Fig = Fg3 _W—(fu_fd)’
Fss—i(fﬁrfd) (A10)

Starting from equation (A1) and acting in a similar way,
we find

oF oF
Z—’_&szib =2 = Zo,bow “da- (A11)
i t i.b l

tha

That gives

Z OI(IOIb

l u,d,s

(Al12)

It follows that the elements of the inverse matrix
are obtained from the formulas (A10) by replacing
fi — 1/f;. Formally, if the notation of matrix F explicitly
specifies its dependence on f;, namely F, then for the
inverse matrix F~! we can use the shorthand F, /f

In particular, the second equation in (A7) takes the form

¢t ( >¢R < L__> gE
b= 5T ) Ve T\ T T ) e
¥ <_> s < 1_) b5
o ) EW il Ul p ) Ew, ¢

=g () R A
where the following notations are used

fo' = %(fgl 1+,

fit = Ui + 7+ 477

ft =5+ 1) (A14)

APPENDIX B: DIAGONALIZATION OF THE
MASS MATRIX AND PHYSICAL STATES

Let us recall some useful details of the diagonalization
procedure of the mass matrix (25). For that we use the
transformation

0 "
R | =U"0,e€)| n (B1)
o5 n’
where U~! is a matrix defined by
cosd —sinf €' cosf—esind
“1(0,e,¢)= | sinf cosh ¢'sinf+ecosd (B2)

- —c 1
The matrix is an element of SO(3) which is parametrized
by three angles 6, e, €. The first arises from the mass
difference of the strange and nonstrange quarks and breaks
SU(3), i.e., in the limit of exact SU(3) symmetry € — 0.
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The other two angles describe the isospin breaking effects.
They are proportional to the difference m,; — m,. This
factor is small, thus we systematically neglect the higher
powers of € and €.

The considered orthogonal transformation diagonalizes
the mass matrix M? if the mixing angles satisfy the
conditions

€ = (MG sin @ — Mg cos 0)/ (my —m2,),
¢ = —(Mg; cos 0 + Mg sin0)/ (my, — m?),
tan 20 = 2 M2,/ (M3, — M3y), (B3)

where the masses of neutral states are

1
m = 5 (M(z)o + Mg F \/(Mgo - M) + 4M38)v

nn

m2, = M3;. (B4)

Since the mass matrix (25) is the sum of the leading
contribution and the first correction to it, then the angles
should be sought in a similar form, namely 0 = 6, + A#,
€ = ¢y + Ac, and ¢’ = ¢, + A€’. The angles 6, ¢, and ¢,
are of order NV. They are responsible for diagonalizing the
leading contribution. The extra terms A#, Ae, and Ae’ are
of order 1/N,. They are responsible for diagonalizing the
mass matrix with corrections included.

tan 26, = %,
Héo - ﬂ%s
1. Apde  AuZ, — Aud
AH:ZSIH490( 208— (2)0_ 288 s
Hog Hoo — Hgg

€0 = (g3 sin Oy — u3g cos 0y) / (uy = 1),

Ae — AQ 5 €08 By + 13 sin b

My = M3
N Apds sin 0y — Ap3g cos 0
My = M

/,4%3 sin @ — ﬂ%g cos
(ﬂ% - ﬂ§3>2
ch = (B cos By + 3y sin )/ (3 = 22),

(Apty = Apizs),

5 8in 6 — pdg cos 6

2
A¢ = AgHBTR0 TS
Hy — H33

Apy cos 0y + Apdg sin 6
- /4,%/ — 3

Ji5 €08 B + p3g sin 6
(Mi/ —u33)’

The eigenvalues are the squares of the 7, 1/, 7° masses

2 _ .2 A2
M '“n,n’—'_ Hon's

mio = U35 + Au;, (B6)

where

» 1], 2 ) 22 4

Faor = 5 |Foo + Hes F (Mo — Hig)™ + 4ups |

» 1 2 2

Ay =75 | BHoo + Mg
- (o — H3s) (Dudy — Auds) + 4M38Aﬂ%s>
V (o — Hig)® + 4y

It is these formulas that are used to fix the model parameters
by masses of # and #' mesons.

APPENDIX C: SOME USEFUL RELATIONS

Equations (39) imply a number of linear and quadratic
relations between coupling constants.
The linear relations are

Fjycos@ — F)sing = Fy,

F}sin0 + Fj cos 0 = Fg.

Ffj, cos — F§sin® = Fg,

FY sin@ + Fj cos 6 = Fgg,

F??, cosf — Fj sin@ = Fo3 + Fa3(esin6 — € cos 0),
Fy,sin@ + Fj c080 = F33 — Fy;(ecos @ +¢€'sind).  (Cl)

The second order relations are

(F3)? + (F3)? = (Fgg)* + (Fog)*,
(F))* + (F)? = (Foo)* + (Fos)*,

FyFy) + F3F) = FggFog + FooFog.

(€2)

From Egs. (40) we obtain the analog of the Gell-Mann-
Okubo formula

1
(FP+ (F? = fi =3 (k-1 ()
and other well-known relation
2V2
FyF) + FyFy = V2(f5 = f3) === (fa = f})- (C4)

Both of them are valid to first nonleading order.
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If in these formulas we put

F8 = fycos 9. FY = fgsin g, (C5)

F§ = —f,sin 8y, F), = focos 8, (C6)
then the relation (C3) is identically satisfied, and the

formula (C4) takes the form

. 2v2
fofssin(ds — 8) :T(fizz—f%()- (C7)
Taking here into account that
0 N a— 5M %
fofs = F* |1+ (i +my) =/fx (C8)

2M,

we arrive to the modified Leutwyler formula [30]

2V2(f% - f3)

Sin(190 - 198) = 3f%<

(€9)

from which it is possible to determine the value of the
difference 9, — 93 = 25°.

The problem with using the formulas (C5) and (C6) is
that when they are substituted into the linear relations (20)
we are forced to conclude that 9, = 9g = 6.

The reason is clear. Both linear (C1) and quadratic (C2)
relations, when used, imply the rejection of higher-order
terms. This means that the formulas (C5) and (C6) also
need to be limited to terms of the required precision. In the
main text of the paper, we showed how this can be realized.
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