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In this work we calculate the decay widths of ¢(2170) to ¢n and ¢#’ by considering ¢(2170) as a pKK
state, with KK clustering as f,(980). These decay widths have been recently determined by the BESIII,
BABAR, and Belle collaborations with the aim of unraveling the nature of ¢(2170). By analyzing the data
on the cross sections of the process eTe™ — ¢n, two solutions were found by the BESIII collaboration with
the same y* per number of degrees of freedom (n.d.f.), mass and width for ¢(2170). However, different

values for 84’ 217O)F¢(2170) were obtained, where B(/’ (2170) i the branching fraction of ¢(2170) — ¢#n and
172170 s the decay width for ¢p(2170) — e*e~: 0.24j3_572 eV (solution I) and 10.1173%7 eV (solution II).

In case of B¢ 217O>F¢<2170 ,avalue of 7.1 £ 0.7 £ 0.7 was determined by the BESIII collaboration from fits

to the data on the cross section of e™ e~ — ¢n. The Belle collaboration has also determined B(/’ (2170) F¢(2170)

more recently, although the statistical significance related to the signal of ¢(2170) in the data is low. We
calculate the decay widths of ¢(2170) to ¢n and ¢#', and compare their ratio anzm / anzm)
determined by using the above mentioned experimental data. Considering the theoretical and experimental
uncertainties, the lower limit of our theoretical result (~2.6) is close to the upper value obtained (~2) by

using the solution II of BESII for B¢ (2170) F¢(2170), as well as to the upper limit found (~2.8) when

with the one

considering the solutions III and IV of the Belle collaboration for
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I. INTRODUCTION

From the perspective of the Okubo-Zweig-lizuka (OZI)
rule [1,2], the ¢»(2170) meson [3-5], as an excited state of
$(1020), is expected to have non suppressed decay modes
to the ¢pn7 and ¢y’ channels. Determining the decay width of
$(2170) to these channels can thus provide valuable
information on the nature of ¢(2170), in view of the broad
spectrum of interpretations suggested since its discovery:
a s5 state, a tetraquark, a hybrid state, a bound AA state, a
three meson state [6-27].

With this motivation, the BESIII collaboration has studied
the processes eTe™ — ¢ [28] and eTe™ — ¢’ [29], where
a signal for ¢(2170) was observed in both cases (with a
statistical significance of 6.9¢ in the first case and larger than
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B¢ (2170) F¢(217o)

100 in the second). By fitting the data, two solutions with
the same y?/n.d.f., mass and width for ¢(2170), but

different value for the product B¢ (2170) F¢(2170) were found

in Ref. [28]: 0.2470/% eV (solutlon D) and 10.11735%7 eV
(solution II), respectively. The first solution is compatlble
with the result earlier obtained by the BABAR collaboration,
due to the large uncertainty in the latter, 1.7 +0.7 £ 1.3 [30].
Recently, the Belle collaboration [31] has also determined
the value for 8321(72170)1“;/’%1_70) from fits to the data on

ete™ — ¢n, finding four possible solutions with the same

% /n.d.f.: 0.09 £ 0.05 (solution I), 0.06 £ 0.02 (solution

II), 16.7 & 1.2 (solution III), 17.0 4= 1.2 (solution IV). The
results (solutions I and III) are compatible with those of
BESIII within uncertainties. In the fitting procedure of the
Belle collaboration the mass and width of ¢(2170) are fixed
to the central values obtained by the BESIII collaboration
when studying ete”™ — ¢n in Ref. [28]. Based on their

results, the Belle collaboration estimated an upper limit for

B2 with 90% confident level, being 0.17 eV (for

two of the fits) or 18.6 eV (for the remaining two fits).
However, the estimated statistical significance for the
signal of ¢(2170) in the data of Ref. [31] is low, 1.96, and
fits to the data without considering ¢(2170) did not seem

Published by the American Physical Society
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to produce a difference in the quality of the line shape of
the ete™ — ¢y cross section.

In view of the different solutions obtained by the
experimental collaborations, a large uncertainty in the
determination of the ratio of the decay widths of ¢(2170)

to ¢n, F¢ (2170) , and ¢, F¢ @170 i clearly expected. This

could be related to the fact that the cross section for the
ete™ — ¢ process in the region of ~2 GeV is dominated
by the signal of ¢(1680) and its large width (~369 MeV
[28]): as can be seen in the data of Ref. [28] (which below
2 GeV correspond to that of Ref. [30]), the signal for
$(2170) looks like a small bump on top of a background,
which is dominated by the tail of the ¢(1680) resonance.
This certainly can lead to difficulties in determining
the decay width of ¢(2170) — ¢ with precision from fits
to the data.

In the last years, several model calculations on the partial
decay widths of ¢(2170) have been done by considering
different inner structures for the state, producing a broad

range of results for the ratio R, —F¢ (2170) /F¢ (2170)

[6-13,15-21]. The same models predlcted ratlos of the
partial decay widths of ¢(2170) to KKz, where Kpg
represents a kaonic resonance, like K(1460), K(1270),
K,(1400), etc., which are not compatible with the

values determined by using the recent results for

B(/’ (2170) F¢ @170) [32] In this way, practically all the models

descnbmg ¢(2170) as a s§ state, or as a hybrid, or as a
tetraquark state have been challenged. It is then important
to discuss whether such models provide, or not, a reliable
prediction for R, ;. As we will argue, calculating such ratio
might not help in distinguishing between some of the
different inner structures proposed for ¢(2170), but it can
certainly serve to question some of them.

Inspired by the growing interest in the experimental
determination of the decay widths of ¢(2170) to ¢# and
¢n, in this work we calculate such widths by considering
$(2170) as a $KK state obtained when KK generates
f0(980) [27]. Within such a description, not only the mass
and width of ¢(2170) are obtained, with results which are
compatible within uncertainties with the experimental ones,
but also the cross section data on eTe™ — ¢f((980) are
well reproduced [33]. Ratios of decay widths of ¢(2170)
to KKy have also been showing to be compatible
with those found by using the available data [33], including
the suppression of the decay mode ¢(2170) —
K*(892)K*(892). Such an agreement between theory
and experiment is highly nontrivial which implies that
our result for R, ,, must be considered as being reliably
determined.

II. FORMALISM

Once ¢(2170) is interpreted as a state generated from the
interactions in the KK system, with KK forming f,(980),

we need to devise the mechanisms through which a state
with such an intrinsic nature could decay to ¢n and ¢#'. As
can be seen in Ref. [34] (see the review on “Scalars mesons
below 1 GeV”), there seems to accumulate evidence on
the molecular nature of f,(980). We follow Refs. [35,36],
where f((980) is generated mainly from the two-body
dynamics involved in the KK, 7z coupled channel system,
in isospin 0, and in the s-wave. Although the coupled
channel space has been sometimes enlarged by adding the
nn channel due to the proximity of its threshold to the
nominal mass of f(980) [37], channels like " and 1y’ are
typically desconsidered for the opposite reason. However,
such channels can be incorporated within the formalism of
Refs. [35,36] by considering 7 and 7' as mixtures of a
singlet 77; and an octet g of SU(3) [38,39], with

ln) = cos flng) — sin Bln).
') = sin Blng) + cos flm), (1)

where f is a mixing angle whose value is in the range
~—15° to —22° [40-43]. Within this mixing scheme,
f0(980) couples, besides KK and zz, to channels like
n, n', n'y’. This allows mechanisms for the decay of
$(2170) to ¢n and ¢y’ via triangular loops, as shown
in Fig. 1.

In this way, knowing the couplings constants of ¢(2170)
to ¢f(980), and of f,(980) to nn, ny', and #'y/, we can
determine the contributions from the diagrams in Fig. 1 and
calculate the decay width of ¢»(2170) to ¢y and ¢'. Calling
Iy.—qp o the amplitude for the process ¢r — ¢P, where
¢ is a shorthand notation for ¢(2170) and P = n,#/, the
decay width Iy _,,p is given by

|P¢/7>|
Fz/)ww:/dg% 20 D Ntpemgrl- (2)

In Eq. (2), | py/p| is the modulus of the linear momentum of
the ¢ (or P) in the rest frame of the decaying particle, m,,
represents the mass of ¢(2170), [dQ represents the
integration on the solid angle, and ) indicates the
sum over the polarizations of the particles in the initial
and final states. A factor 1/3 is included from the average
over the polarizations of the initial state.

0
P-k—q) n(p

FIG. 1. Mechanisms for the decay of ¢p = $(2170) as a
molecular ¢f(980) state to the channels ¢y and ¢r'.
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Using the Feynman rules, the amplitude 7, _,4p can be
written as

. dq .
~ilpmgp = ) (2n)* (=t
P
i

X
(P—k—q)*—mj +ie

y i i
(k+q)* = mg + ie q* —my, + ie

X (—l'l{/,_,{/,p/)(—i[fnp’—»?)» (3)

where P' =n,1', ty _4s0s tp—gps tr,p—p are the ampli-
tudes describing the transitions ¢(2170) — ¢f,(980),
¢ — ¢P', and fyP — P, respectively, and my, my, and
mp represent the masses of ¢, f,(980) and P, respec-
tively. Considering ¢(2170) as a state obtained from
the interaction of a ¢ with a f,(980) in the s-wave, the
amplitude 74 _,,; can be written as

tpu—irfo = I fo€n(P) - €p(k + @), (4)

where g, .47, is the coupling constant of $(2170) to
@ f0(980). This coupling constant can be obtained from the
model of Ref. [27] by considering that, for energies around
the mass of ¢(2170) and invariant masses of the KK
system around the mass of f((980), the three-body 7-
matrix for ¢(KK), — ¢(KK),, where the subscript 0 in
KK represents isospin, is proportional to the two-body
r-matrix of ¢f((980) = ¢f(980). This proportionality
factor can be determined by imposing the unitarity
relation for the two-body f-matrix, i.e., Im[t;}wzﬁfo] =

Py, |/ (87\/5), with s being the Mandelstam variable

of the system and |53} | the modulus of the linear
momentum of ¢ (or f() in the center-of-mass frame
[27,33]. The partial decay width of ¢(2170) — ¢P
depends on |g¢R_>¢f0 , whose value, using the model of
Ref. [27], as given in Ref. [33] is

19pemps,] = 3123 £561 MeV. (5)

Using this result, a good reproduction of the ete™ —
@f0(980) data was achieved, as shown in Ref. [33].

In case of t,p_p, since f((980) can be generated from
the s-wave interaction of two pseudoscalars, we can write
the amplitude 7, p_p simply as the coupling constant of

£0(980) to the PP’ system, i.e.,

TfyP'~P = PP’ (6)

This coupling constant is obtained from the residue of
the corresponding two-body PP’ t-matrix in the complex
energy plane. The latter -matrix is determined by solving
the Bethe-Salpeter equation in its on-shell factorization
form [36,44,45],

t=(1-VG)V. (7)

In Eq. (7), V and G are matrices (the latter being diagonal) in
the coupled channel space and their elements are, respec-
tively, the amplitudes V;; for the process P;P’; - P,;P'; and
the loop functions G for the two pseudoscalar mesons being
propagated in the intermediate channel k [36],

Omax
Gi(vi) = [ do

0

0? wp, + Op,
(27)* wp,@p, [s — (wp, + wp, ) + i€]’

(8)

with wp 1 (Q) = /O + m%k /.- This G; can be regu-

larized through the dimensional regularization scheme or
with a cutoff Q. for the center of mass momentum
0= |é| Values of Q.. ~ 1000 MeV lead to a good
reproduction of the zz phase-shift in isospin 0, among
other observables, up to /s =~ 1200 MeV [35,36].

The V;; amplitudes mentioned above are determined
from the lowest-order chiral Lagrangian Lpp, considering
the 7 — i’ mixing [38,39,44],

1
Lopp = W ((0,PP —P9,P)* + MP*). 9)

In Eq. (9), f, is the weak decay constant of a pion,
fr=~93 MeV, P is a matrix containing the fields related to
the pseudoscalar mesons,

Ap)n+ BB + 75 i K*
P = " AP+ B(P — 25 K ’ (10)
K~ K° C(Pn+ D)
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where
sinff cosp
A(p) = - + ,
() N Y
sinff  cosp
B(f) =—=+ ,
() %t A
sin 2
C(f) = ——=—1/zcosp,
(5) = =5 = \[5e0ss
2 . cos f
D(p) = - \/: sinff 4+ —=—, 11
5 =[5+ = (11)
and M is a matrix having as elements
m2 0 0
M=| 0 m 0 , (12)
0 0 2my—m2

where m,, my represent the masses of the pion and of the
kaon, respectively. The convention —iV = iL has been
followed when applying the Feynman rules.

When solving Eq. (7), we include the pseudoscalar-
pseudoscalar channels KK, zz, ny, ni', n'n’ as coupled
channels and consider 7 — 7 mixing angles 3 between —15°
to —22°, instead of assuming ideal mixing (sinff = —1/3,
thus f ~ —19.47°) [45]. The elements of V in Eq. (7) are
projected on the s-wave, producing a function of the
Mandelstam variable s of the system, the weak decay
constants of the pseudoscalars and the masses of the
particles involved in the process. When calculating the
pseudoscalar-pseudoscalar -matrix, we consider two cases:
(D) V determined with different weak decay constants for
the pseudoscalars, with f, =93 MeV, fx =113MeV, f, =
fy =111 MeV, and G obtained with Q,,, = 1020 MeV
[36]; (II) V determined with f,=fx=f,=f, =93 MeV
and G calculated with Q.. = 700 MeV [44,46]. As
shown in the Appendix, these two cases enfold the
experimental results, including the error bars, on the
s-wave zz phase shift in isospin 0, where f(980) is
observed. Note that for the case (I), the factor f2 appearing

in V;; needs to be replaced by , /fpifp,ifpjfﬁ// [36]. In

Table I we give the pole positions and coupling constants
of £4(980) to the nn, ny', 'y’ channels for three different
mixing angles and refer the reader to the Appendix for more
details.

Next, we need to determine 7,_ 4. This amplitude,
which involves two vector and a pseudoscalar mesons, can
be obtained by using the Lagrangian [47—49]

(13)

9 va
‘CVVP = \V/VEP et ﬂ(@,,V,,%V,;[F"),

where P is given by Eq. (10), gyyp = 3m?/(162%f3), with
my =~ m,,, fr=~93 MeV, and

TABLE I.  Pole position and coupling constant g; of f(980) to
the channel i for three mixing angles, including ideal mixing,
f ~—19.47°. The notation M — il'/2, with M being the mass of
the resonance and I its width, is used to denote the pole obtained.
The first (second) row in each entry represents the result obtained

for case (I) [(ID)].

p (Degrees) -15 —19.47 =22
Pole MeV) 979.7—-i11.0 984.10-i10.3  986.3 —i9.7
971.6 — i9.8 975.3 - 9.6 9774 —i9.4
Gy (MeV) —3529 —i261  -3169 —i346  —2966 — i405
—3972 —i142  -3615-i178 —3413 —i201
Gy (MeV) 1534 +i101 1490 + i145 1443 +i177
1677 + i45 1628 + i61 1588 +i72
Gyy (MeV)  =2057 —i187  —2127 —i261 —2152—-i318
—2270 —i118  —-2369 —i149 —-2412-1i170
otp® *ot
n K
V=1 p w&go K*° (14)
K* I‘(*O ¢

Considering Eq. (13) and the Feynman rules, we get the
following 7,4_,4p amplitude,

Ly = 20p—gp € P q ko€ (k4 q)egp(k), (15)

with g(/,_,(/,p/ = —‘(]V%Cp/, where

—\/igsinﬂ— \/%cosﬁ, for P’ =n,

Cpl -
—\/%sinﬁ%—%cosﬂ, for P =y

(16)

To obtain Eq. (15) we have made used of the antisymmetric
properties of the Levi-Civita tensor e**%,
Using the above amplitudes, we can write Eq. (3) as

il ppsgp = —quﬁR—»qsfogpragqs—»qu’d;,R(P )
7)/

my, (P—k—q)*—m} +ie
1 1

(17)

X 9
(k+q)?* = mg, +ieq* — my, + ie

036010-4
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where a sum over the polarizations of the internal vector
meson has been carried out. Using the antisymmetric
properties of the Levi-Civita tensor, Eq. (17) can be
written as

ppsgp = Zzg(/)R—’4).fogf0—>P7_3/g'/)—>'/)P/
P/
x e Pe, (P)kyeyp(k)l,, (18)

where [, represents the tensor integral

I, = / d'q el
g J 2n)* [(P —k = q)* — m7 + ie]

1
(k+q)* - mé + ie][q* — m%, + i€]

x (19)

[

To calculate 1, we proceed as follows: from Eq. (19),
after integrating on d*g, the integral [ 4 can depend on two
quadrimomenta, k, and P,. Using the Lorentz covariance,
we can write then 1, as

Iﬂ = aP/kM + b'P’P;u (20)

where ap and bp are unknown coefficients to be deter-
mined. These coefficients can be expressed in terms of two
scalar integrals and they depend on the mass of P’ (besides

koqo_,‘c’,a

other quantities). Indeed, by multiplying Eq. (20) by k*
and P*, respectively, we obtain a system of two coupled
equations which permits to express the coefficients ap
and bp as

P(k-1)—(k-P)(P-I)

ap = k2P2_(k'P)2 s
(k-P)(k-1)=k*(P-1)
bP! = - k2P2 _ (k A P)2 5 (21)
with
k-I= / d'q k-q
) @) [(P—k=q) —m} +ie]
% 1
[(k+ q)* = mg, + ie]lq> — m}, + ie]’
Q) [(P =k —q)* —m} + ie]
1
(22)

X - — .
[(k+q)* - mé + ie][q* — m3, + ie]
Next, we must mention that we work in the rest frame of the

decaying particle, thus, P* = (PO, 6) with PO = mg,. In
this way, we can write the preceding integrals as

1

d*q
(27)?

d*q 7 dq°
2 ] AP k=g —mi, el [+ a3+ iella® — i + e

(KO (myg,, my, mp) =k - GLo(my,, my, mpr)],

po—p [ L4 /dqo < !
J (2r)3 J (27)[(P—k—q)* - m%o +ie] [(k+ q)* - mi + i€][q? — m3, + ie]
&S d3q
=P | T sy g, ), (23)
where we have introduced
™ d 0 0\n 1
L, myms) = [ 4 ) (24)

—0o0

@n) [(P— k= q) = + el [(k + q)° = ni3 + iel[q? — mi3. +ie]

with n = 0, 1. The integral in Eq. (24) can be obtained by separating explicitly the ¢° dependence in the denominator and by

using Cauchy’s theorem, finding

In(ml’mme) ==

~Nn(m17m2’m3)

D(my, my, my) ’ (23)

036010-5
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where

D(my, my, m3) = 2E|E,E5(P° + E, 4+ E,)(k® + E, + E3)(P° — E, — E, + ie)(P° — k" — E| — E; + ie)

x (=P*+k° — E, — E; + i) (k° —

No(my,my, my) = (Ey + Ey)[(Ey + E3)(Ey + E3)(E) + E; + E3) — E5(k°)?] = (P°)?E(E, + E3) + 2E E3k°P°,

E2 — E3 + ie),

(26)

(27)

Ny(my,my,my) = —E5[K°(Ey + E2){E|(E| 4+ Ey + 2E3) + (Ey + E3)? = (K°)} + PY{(k°)?(2E, + E,)

— Ey(Ey + E3)(2E| + Ey + E3)} — (P°)?k°Ey],

with  Ey = /(K+ 32 +md,  Ey=\/(k+3?2+mi,
E; = \/q* + m3. The integral in &g in Eq. (23) can be
obtained as

0 1

d’q d|qllq? > o

Ok () > / (2n)? /dcosHF(A, |k + q|)
0 ~1

§ 38

x F(A,

L), (29)

where we choose k = [k|2, and § = |g|sin6(cos @i +
singj) + || cos Ok, such that k - § = |k||g| cos@ and the
integral in d¢ is trivial. In Eq. (29), F is a form-factor
introduced for the vertices ¢ — ¢fo and foP — Pand A,
A are cutoffs for the center-of-mass momentum of the
particles forming these states. It is important to mention
here that although the integrals are convergent, form factors
at the vertices of ¢ — ¢f, and fy = PP’ are introduced
to take into account the finite size of ¢»(2170) and f(,(980).
In case of the vertex ¢(2170) — ¢ £ a value of A ~m +
mg, o 2000 MeV is considered, while for the vertex
f0(980)P" — P the value of A is related to the cutoff
used to regularize G in Eq. (7) when generating f(980)
from the interaction of two pseudoscalar mesons in
s-wave, i.e., A ~ 1000 MeV. Note that the modulus of
the linear momentum of P (or 7’) in the rest frame of
£0(980), |Z]’7C31>"7,, |, is related to k and g through a boost from
a frame where f,(980) has linear momentum —(k + §) to

the one in which f,(980) is at rest. Typical expressions
for the form factors in Eq. (29) are Lorentz [50],

> A2
FA|Q|) = ———=—, 30
(10D =575 (30)
or Gaussian functions,
> _loZ
F(A,|Q]) = e 2. (31)

(28)

For a better comparison of the results obtained by using
different form factors, the latter are normalized in such a
way that [50]

Qmax = = 2
/0 d|Q|®(Qmax - ‘QD@(Qmax - |Q|)
Ay - >
o LA

Ag > N
- / d10IF2(10). Ac).

7AL)

(32)

where Q,..x coincides with the cut-off of Eq. (8). The
subscripts L, G in Eq. (32) represent the Lorentz and
Gaussian functional form of the form factors.

Once we have established how to calculate the
integrals appearing in the coefficients ap and by, by
using Egs. (18) and (20), we can write

P = Zzg¢k—>¢fogfo—>735'g¢—>¢7y
P/

X €”Uaﬁ€¢ky(P)kaé‘q;ﬁ(k)Pﬂb'p/. (33)
Note that in Eq. (33) the term of /, related to ap does not
contribute as a consequence of the antisymmetric properties
of the Levi-Civita tensor.

To determine the decay width F¢R_>¢p, we need to

calculate Y 75, 4p|*. Using Eq. (33), we have

Z|t¢k*¢7’|2 - Z Hpemisol 9y-rP,
pol PP,

* / * /ll/(lﬁ iy )/
X 9t~pPP, I9=0Ppgp, € Cuvdp

. pUPp .
x <—gz +—2”> ke (—g,‘j + 2ﬁ>
my my

x P,bp b, k% P
HZPL P,

(34)

where P, P, = 5, 1. Once again, using the antisymmetric
properties of the Levi-Civita tensor, we obtain

036010-6
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D Ntgemgpl = Y Mg 9525 o
pol PP,

X Gt Gy, & st kP
x PV by b, . (35)
b

Next, considering the property of the Levi-Civita tensor

& oo b
9y 9y 9v 9y
€ﬂyaﬂ€ﬂ’v’a’ﬂ’ :—gZ g:t g(; gij > (36)
W i p I
£d 4o

the product of the tensors appearing in Eq. (35) can be
written as

€”mﬁ€”/ya/ﬂ - 2(%,93/ - Qﬁ;g&). (37)

Using Eq. (37) we obtain the following expression for
2 pol |t g

2 2 _
D Ntpemgpl = > 8l9pimiso 9125} o
pol Pu.P,

x 9¢—>¢P;9;5_>¢7>;[(k - P)? - ksz]bP;b;:'b-
(38)

Expanding explicitly the sum in the preceding equation,
we obtain

D Nl = 819gumigs PG 0=pn Pl 9pin P14
pol

+ 2Re{gf0—>7jl7.g;0_)p”/g(ﬁ_,(ﬁng:;}_)dml bnb:’/}
195,21 9gg P10y P11k - P = 12P?).
(39)

This is the expression which is used for calculating the
decay width of ¢(2170) — ¢n, ¢n' through Eq. (2). Since
in the rest frame of the decaying particle k - P = k%P, with
P’ =my,_ and

me: 4+ m? — m>
K — Pr ¢ P ’ (40)
2m,/,R

the expression in Eq. (39) does not depend on the solid
angle present in Eq. (2). In this way, we can carry the
integral on dQ explicitly and write

2

|ﬁ(/)/7"
r = g t , 41
el 24ﬂm5)R 1 g9 (“41)

with Y o [£4,-4p|* given by Eq. (39).

III. RESULTS AND DISCUSSIONS

Let us now discuss the results of our calculations. In
Table II we show the decay widths of ¢(2170) to ¢n and
¢’ obtained by using different # — 1’ mixing angles and
form factors, as mentioned in Sec. II. In particular, we
consider Lorentz and Gaussian form factors. As can be
seen, the values found with different mixing angles as well
as different form factors are compatible within error bars.
The central value and the uncertainty in the results shown in
Table II represent, respectively, the mean and standard
deviation obtained for the widths when generating random
numbers for the coupling of ¢(2170) to ¢f, within the
interval established by Eq. (5).

The results of Table II show several interesting facts. For
instance, the decay width obtained for the process
$(2170) — ¢n is relatively small when compared to the
total width of ¢(2170) (~50-100 MeV), in spite of the
large phase space available (m, + m, ~ 1547 MeV). At the
same time, the decay mode of the state to the ¢’ channel,
for which there is less phase space available for decaying
(my + m, ~ 1978 MeV), although having a smaller decay
width than that for ¢#, is not very much suppressed. We
also find that the decay widths reduce when increasing the
modulus value of the 7 — 5’ mixing angle. These properties
are a direct consequence of the nature of ¢(2170) as a
@ f0(980) molecular state, of f,(980) as a state generated
from the interaction of two pseudoscalars and of the vector-
vector-pseudoscalar vertices, which altogether establish
the decay mechanisms of ¢(2170) to ¢n and ¢n’ shown
in Fig. 1.

TABLE II. Decay widths (in MeV) of ¢(2170) to ¢n and ¢’
for different # — ' mixing angles, f3, and different form factors.
The labels L and G indicate the consideration of a Lorentz (L) or
Gaussian (G) form factors, while the numbers I and II refer to the
model used to calculate the PP’ t-matrix.

f (Degree) -15 —-19.47 =22
#2170 LI  430£093 327+0.71 2.76+£0.60
o GI 514+£1.11 391+£085 329+0.71
LII  338£0.73 259+£0.56 220+048
GII 4.17+091 320£0.69 2.71£0.59
#(2170) LI  084+0.18 0.83+0.18 0.81£0.18
¢ GI 094+020 093£020 091%£0.20
LII 080+0.18 080=£0.17 0.79+0.17
GII 095+021 094+020 0.93+0.20
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(2170)

TABLE III.  Values for the ratio R,,, between qu and

Fiff”o) for different 7 — 7 mixing angles, 3, and form factors.

The meaning of the labels is the same as in Table II.

P (Degree) -15 —-19.47 =22

Ry LI 5124157 393+121 339+£1.04
Gl 547+£168 421+£129 3.63+1.11
LII 421+£129 325£1.00 2.8040.86
GIIT 4414+135 340+1.04 293+0.90

Using the results of Table II, we list in Table III the

F¢ (2170) /F"’ 2170)

values found for the ratio R,y = consid-

ering different mixing angles and form factors A comment
is here in order before continuing further with the dis-
cussions. Within the theoretical approach developed, it is
not expected that R, ,,, depends on the coupling constant
9pe—af,- Lhis is so because the latter coupling, as can be
seen in Fig. 1, is involved in the primary vertex of the decay
mechanisms represented in Fig. 1 and, thus, it should
cancel when calculating R, . However, for a better
comparison of our result for R,/ with the value obtained

experimental data as sz,(]z”o)F 52170) /

e

by using

3321(1/2170)Fre/1£2;70) we consider the results given in Table II
for F¢(2170) nd F¢<2]70) as being independent from each

other. This is 1n11ne with the fact that the values of
Bﬁf,znmf’e”f?jo) and BZ;1(1’2]70)FZ)£21‘70)
fits to the data on the cross section of the processes
ete™ — ¢n [28,31] and of eTe™ — ¢y’ [29], respectively,
finding different nominal values for the mass and width of
¢(2170). In view of this, and since g, ., depends on the
mass and width of ¢(2170), we find it reasonable to
implement the propagation of errors when calculating R, /,
from the results of Table II.

Calculating the average and standard deviation of the
values of R, shown in Table III, we get

were extracted from

n/n
R,,/n/ =39+1.3. (42)

We can compare this result with the ratio R;’/‘E, =

B¢ (2170) F¢ (2170) / B¢ (2170) Fffi”o) obtained by using the

(2170)

values Bd’ 2170) found in Refs. [28,29]:

0.03470018 solution I,
exp _{ —0.011 (43)

1 1.425038 solution I,

and with the results obtained for R

n/n v
BIETOTYCI the value found in Ref. [31], which gives

by using for

0.013 + 0.007 solution I,
0.009 + 0.003 solution II, (44)
2.4 £+ 0.4 solutions III, IV.

Rexp —
n/n

As can be seen, we get, in general, values of R, ;,» which are
higher than those extracted from the experimental data.
However, our lower limit of 2.6 for R, in Eq. (42) is close
to the upper limit of 2 for solution Il in Eq. (43) as well as to
the upper limit of 2.8 for solutions III and IV of Eq. (44).
Such an agreement alone is not trivial to find, but together
with the results obtained in Ref. [33] is remarkable.

At this point, it is important to emphasize that the
properties of ¢(2170) obtained from the independent fits
to the data on Ref. [28] and to that of Ref. [29] are not very
compatible. In these fits, it is considered that the line shapes
of the cross sections ete™ — ¢n, ete™ — ¢ are repre-
sented by a coherent sum of phase space and a Breit-
Wigner, the latter depending on the mass and width of

¢(2170) as well as of the product I*C" 81270 with P

being n or 7. In Ref. [28], the mass and width extracted
for ¢(2170) from fits to data on the cross section
of eTe” — ¢n are of 2163.5+62+3MeV and
3117714 £ 1.1 MeV, respectively. But in Ref. [29], the
corresponding mass and width obtained from fits to the
data on the cross section of ete™ — ¢y are, respectively,
2177.5 £4.8 £ 19.5 MeV and 149.0 + 15.6 = 8.9. While
the masses obtained in Refs. [28] and [29] are compatible
within uncertainties, the widths differ significantly, even
when considering the corresponding uncertainties. The
reason for such large deviations is still unclear, but it could
affect the determination of R,  with the present data.
Further, in Ref. [31], where the Belle collaboration studied
the process e"e™ — ¢, the mass and width for ¢(2170) in
the fits is fixed to the values found in Ref. [28].

In view of such discrepancies on the properties of

$(2170), dividing the value of Bd’ (2170) p(2170)

N obtained
in Ref. [28] with the one for B¢ 2170 F¢

Ref. [29] may not be the best way of predlctlng the ratio

(2170)
(/}”2170 / Fiﬂmo In spite of that, it is worth stressing once

more that our lowest value for R, is close to the highest
values found with some of the solutions of Refs. [28,29,31].
Determination of experimental data with higher precision is
necessary to deduce a precise value of R, /,

found in

A. Comparison with other models

It is also important to compare our result for R, with
the results found in other theoretical models trying to
understand the properties and nature of ¢(2170).

1. ¢(2170) as a ss state

In Ref. [6], using the 3P, decay model with simple
harmonic oscillator g wave functions, a 3°S; s5 vector
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state, also denoted as ¢(3S), with an estimated mass of
2050 MeV and a width of ~380 MeV was predicted (here
the spectroscopic notation n>*! L is used to denote the nth
state with spin s, orbital angular momentum L and total
angular momentum J for a quark-antiquark system, with
L =0,1,2,... being represented by the letters S, P, D,
etc.). Such a state has a decay width to ¢ of 21 MeV, while
its decay width to ¢’ is 11 MeV, leading to a ratio of the
two to be ~1.91 MeV. Although the value obtained for
R,y within the model of Ref. [6] is of similar order to ours,
the individual widths found are much larger. Interestingly,
the value of R,/ obtained within the model of Ref. [6] is
close to the upper (lower) limit found for solution II
(solutions III and IV) in Eq. (43) [Eq. (44)]. However,
in view of the discrepancy of the mass and width obtained
for the 3°S; s5 state in Ref. [6] with those of ¢(2170),
associating the ratio R, ,, found for such state with that for
¢(2170) is not very meaningful.

In Ref. [7], the possibility of ¢(2170) being a 23D, s5
meson [also denoted as ¢(2D)] and its decay modes
were studied by considering the P, and the flux tube
models. Although the decay widths of ¢(2170) to differ-
ent channels, like KK(1460), K*(892)K*(892), depend
strongly on the parameters of the model, it is concluded
that such state can either decay strongly to KK(1460),
KK*(1410), KK,(1270), K*(892)K*(892), and KK or to
KK, (1400), nh,(1380), K*(892)K*(892), KK,(1270).
Both situations are ruled out by the experimental findings
of Ref. [32], where the decay mode of ¢(2170) to
K**(892)K*~(892) is suppressed and the corresponding
partial decay widths to K™K (1400) and K=K (1270)
are comparable. These facts, however, can be understood
within the a ¢f, description for ¢(2170), as shown in
Ref. [33]. Besides, with the chosen model parameters,
the decay width to ¢# is found to be zero, while for ¢/
is ~3 MeV.

In Ref. [8], by using a modified version of the Godfrey-
Isgur model [51], a 3351 ss state, with a mass of 2149 MeV,
and a2’ D, s5 state, with a mass of 2276 MeV, are obtained.
In this way, ¢(2170) lies between these two states. The
decay widths found for the ¢(3S) state to ¢n and ¢n’
by considering a mass of 2188 MeV for the state are,
respectively, 6.66 and 0.0862 MeV, thus R, ;,» ~ 77. In case
of the ¢(2D) state, a decay width of 0.879 MeV
(0.0887 MeV) is obtained for the ¢pn (¢pn) channel, having
then R,y ~9.9. The values found for R, for the ¢(35)
and ¢(2D) states are not compatible with those of Egs. (43)
and (44). As already mentioned by the authors of Ref. [8],
the width found for the ¢(3S) state is of 217 MeV, which is
not compatible with that of ¢(2170), while for the ¢(2D)
state, the width obtained is of 186 MeV, with a significant
fraction (18%) of this value corresponding to its decay to
K*(892)K*(892). This latter finding is not supported by the
results obtained by the BESIII collaboration in Ref. [32],

where the decay of ¢(2170) — K*(892)K*(892) is found
to be suppressed.

In Ref. [9], the 55 mass spectrum is determined within a
nonrelativistic linear potential quark model and strong
decay widths are evaluated using the 3P, model. A 33S, s5
vector state with a mass of 2198 MeV and a width of
~240-270 MeV is obtained, with K*(892)K*(892) and
KK*(1410) being the main decay modes. Such properties
are not compatible with those observed in Ref. [32]. In any
case, considering a mass of 2175 MeV for the 33, s5
state, its decay width to ¢n is ~8.9 MeV, while to ¢ the
value obtained is 0.36 MeV. In this way, R, ~ 25, which
is not compatible with the results inferred from
Refs. [28,29,31]. Assigning lower masses to ¢(3S) (in
the range 2079-2135 MeV) leads to R, > 100.

In Ref. [9], a ¢(2D) with mass in the interval
2050-2200 MeV is also considered. In case of the mass
being ~2175 MeV, the width of the ¢(2D) state is too
broad (~300 MeV) to associate such a state with ¢(2170).
Besides this, the main decay modes are KK*(1410) and
K*(892)K*(892), findings which are not compatible with
those of Ref. [32]. The value obtained for R,/ is the same
as in case of the ¢(3S) state. If, however, the mass of
the ¢(2D) state is considered to be in the range 2079-
2135 MeV, a smaller width is found (~175-225 MeV), but
the partial decay width to K*(892)K*(892) is still large,
comparable with that to the KK;(1400) channel. Also,
#(2170) — K*(892)K*(892) is still one of the main
decay modes, which is not compatible with the properties
obtained in Ref. [32]. For completeness, it is worth
mentioning that in the latter case the decay width to ¢n
is 0.34 (0.64) MeV and to ¢n' is of 0.3 (0.23) MeV
for a mass of the state of 2079 (2135) MeV, thus, R, Iy =
1.13 (2.8). Since the masses and widths of the ¢(3S) and
¢(2D) states are in the same range, and both states have
similar strong decay properties, the authors of Ref. [9]
argue about the possibility that the experimental signal
observed for ¢»(2170) could be a superposition of the ¢(3.5)
and ¢(2D) states. In spite of this, the authors of Ref. [9]
assert that such mixing should not reduce the decay width
of the state to K*(892)K*(892), and the strong suppression
of the decay mode of ¢(2170) to K*(892)K*(892)
observed in Ref. [32] would remain a mystery within
the formalism of Ref. [9].

In Ref. [10] the mass spectrum and decay behavior of
excited states of p, @ and ¢ mesons above 2 GeV are
determined by using an unquenched potential model. A
¢(3S) state with a mass of 2103 MeV and a width of
156 MeV is found, as well as a ¢»(2D) state with 2236 MeV
of mass and 265 MeV of width. None of these results match
the nominal mass and width of ¢(2170). However, by using
some effective Lagrangians and by fixing the coupling
constants of the p, @ and ¢ states obtained to KK from
experimental data, the authors of Ref. [10] can describe the

036010-9



MALABARBA, KHEMCHANDANI, and TORRES

PHYS. REV. D 108, 036010 (2023)

experimental data on the cross sections of eTe™ — KTK™,
KK3(1430) +cc, K-K{(1270), K**(892)K*~(892)
obtained by the BABAR and BESIII collaborations. Note,
however, that to do that, the mass and width of the ¢(35)
and ¢(2D) states are considered as free parameters in the
fitting procedure. The values of mass and width found for
these ¢ states from the fits are my i35 = 2183 £ 1 MeV,
F¢<3s) =185+4 MeV, M¢(2D) :2290i3MeV, F¢(2D) =
312 4+ 6 MeV. As can be seen, the masses, as well as the
widths, of the ¢(3S) and ¢(2D) states obtained from
the fit differ significantly from their theoretical results. The
authors of Ref. [10] interpret the disagreement between
the nominal mass and width of ¢(2170) extracted from the
data and those of the ¢(3S) and ¢(2D) states obtained
within their model in terms of the interference between the
latter states. However, in view of the discrepancy between
the theoretical results obtained for the masses and widths of
these states and those needed to explain the data consid-
ered, it is not clear if such interference is responsible for the
signal observed for ¢(2170).

2. ¢(2170) as a s5g hybrid

The state ¢(2170) has also been interpreted as a s3g
hybrid, with a mass between 2100-2200 MeV and a width
of ~120-170 MeV [11-13]. In Ref. [12], the ratio R, for
a 177 s5 hybrid with mass ~2000-2200 MeV changes
significantly with the parameters of the model, ranging
from 9.5-200. These values are not compatible with those
found in Egs. (43) and (44). In case of the model of
Ref. [11], the decay widths of the state to ¢5 and ¢’ are 1.2
and 0.4 MeV, respectively. In this way, a value of 3 is
obtained for R, s inline with our result. However, in the
models of Refs. [11,12], the decay mode of such a hybrid
state to KK(1460) is highly suppressed. This fact is in
contradiction with the experimental result of Ref. [32] as
well as with the one obtained by considering ¢(2170) as a
¢f, state [33]. We can conclude then that simply measuring
the ratio R, ;,; might not be enough to distinguish between a
ssg and a ¢ f, inner structures for ¢(2170).

In Ref. [14], the formation of s5g hybrids has been
investigated from lattice QCD in the quenched approxi-
mation by considering spatially extended s5 and s3g
operators and no conclusive information could be obtained
for the state ¢(2170). The authors of Ref. [14], however,
argue that, independently of whether ¢(2170) is a s5 meson
or a s5g hybrid, the ratio R, ,; is expected to be the same in
both cases since the same decay dynamics of the state to ¢
and ¢y’ can be presumed. In this way, the ratio R, is
determined by the flavor-octet-singlet mixing angle, pro-
ducing the physical 5 and #’ particles, and the correspond-
ing phase space kinematical factors. By considering mixing
angles between —10° and —20°, values of R, /,; ~ 0.14-0.58
are obtained. These values are compatible with the result
0.23 +0.10 £ 0.18, which is obtained by dividing the

value of B(£5’2170)1—‘(e/)+(i£70)
laboration [3] by the value for Bi F’f< -
collaboration [29]. The value R, ~0.14-0.58, however,
is not compatible with the ratios shown in Egs. (43)
and (44), determined using the data from the BESIII/
Belle collaboration. Nevertheless, the authors of Ref. [14]
conclude that the ratio R, ,, may not be the most useful
quantity to distinguish a s3 nature for ¢(2170) from a
hybrid ssg¢.

available from the BABAR col-
CHOrCI0 of the BESII

3. ¢(2170) as a tetraquark state

In Ref. [15] a QCD sum rule analysis is made to study
the possible tetraquark ss35 nature of ¢(2170). By con-
sidering the standard sum rule convergence criteria, and a
rather small Borel window, a mass of 2460 + 160 MeV
was found, which is larger than the nominal value of
¢(2170). The author of Ref. [15] considers then a more
phenomenological approach and a mass of 2210+
90 MeV is obtained. Neither the full width nor the partial
decay widths of ¢(2170) were obtained in Ref. [15]. Such
information is essential to know if the state obtained can be,
or not, related to ¢(2170).

In Ref. [16] a QCD sum rule analysis of the nature of
¢(2170) by considering diquark-antidiquark (ss)(55) and
meson-meson (5s)(5s) currents is done. Two independent
interpolating currents where found and a mass of 2300 £+
400 MeV is obtained for ¢(2170). Note that the central
value for the mass of ¢(2170) is about 130 MeV higher
than the nominal one, although as a consequence of the
large uncertainty obtained in the mass sum rule, their result
could be compatible. Neither the full width nor the partial
decay widths of ¢(2170) were determined in Ref. [16].

By considering a flux tube model, the possible sss5
tetraquark nature of ¢(2170) was investigated in Ref. [17]
by solving the four-body Schrodinger equation. Based on
the symmetry of the wave function of the tetraquark system
under the exchange of two identical quarks, two possible
rearrangements for the quarks were obtained in Ref. [17].
In one of this configuration, a mass of 2290 MeV was
determined for ¢(2170), while for the other configuration
a mass of 2188 MeV was found. Considering this latter
result, the authors of Ref. [17] associated a tetraquark
nature with ¢(2170). However, apart from the mass, no
other observables which could be compared with the
experimental data to support such an assignment were
determined in Ref. [17].

In Ref. [18], the calculation done in Ref. [16] was
improved by considering two different mixtures between
two interpolating currents. For one of the mixtures con-
sidered, a mass of 2410 4= 250 MeV is obtained, while for
the other mixture, a mass of 2340 4+ 170 MeV is found.
The authors associate the latter result with ¢(2170) and use
the former one to suggest the existence of a partner for
¢(2170). Note, however, that it is basically the lower limit
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of the mass obtained for ¢(2170) in Ref. [18] the value
which is compatible with the experimental result and the
central value found in Ref. [18] is still far from the nominal
mass of ¢(2170). Also, no other observables, like full
width, partial decay widths, etc., were determined in
Ref. [18]. Thus it is not clear if the tetraquark state obtained
in Ref. [18] with mass 2340 4+ 170 MeV can be related
to ¢(2170).

By assuming a tetraquark nature for ¢(2170), the authors
of Ref. [19] studied the decay modes of ¢(2170) in terms
of the so-called fall-apart mechanism [52]. By considering
a ss55 nature for ¢$(2170), the authors arrived to the
conclusion that the decay widths of ¢(2170) to
KK(1270) and KK,(1400) should be similar, while the
decay to K*(892)K*(892) should be suppressed. These
facts seem to be compatible with those observed by the
BESIII collaboration in Ref. [32]. The ratios of the widths
of ¢(2170) to ¢n, ¢n', dfo(980) are determined to be

$(2170) , ~¢(2170) , ~¢(2170) . .
Fqﬁn 'Fzﬁn’ 'F(/)fo(980) ~0.015:0.025:1, thus a value

of ~0.6 is obtained for R, . Such a value is close to the
lower limit of 0.94 of the solution II of Eq. (43). Similarly,
the authors of Ref. [19] also estimated the ratios between
some partial decay widths for ¢(2170) by assuming a ggss
nature for ¢(2170), with ¢ = u, d, and by considering
f0(980) to be a tetraquark state.

Continuing with the discussion on the studies inves-
tigating the tetraquark nature of ¢(2170), a QCD sum rule
analysis performed in Ref. [20] for a vector ss5§ current
produces a mass of 3080 & 110 MeV. This mass lies well
above the nominal mass of ¢(2170), disfavoring such
internal structure for the state.

In Ref. [21], the possible ss55 nature of $(2170) was
investigated within a framework based on a nonrelativistic
potential quark model by considering that the four quarks
rearrange themselves in a diquark-antidiquark configura-
tion. Masses in the range of ~2440-2990 MeV are
obtained for JP¢ = 17~ tetraquark states. These masses
are much higher than the nominal value for ¢(2170) and
the authors of Ref. [21] reached the conclusion that
¢(2170) might not be a good candidate for a ss55 state.

4. ¢$(2170) as a AA state and an estimation
of the ¢n, ¢n' partial decay widths

The ¢(2170) state has also been interpreted as a AA
bound state [25,26]. In Ref. [25], using a one-boson
exchange model, where ¢, ®, o, n and 1 exchange
was considered, the authors studied the AA system by
solving the Schrodinger equation. Two states were found
in Ref. [25]: a 35, state, with a binding energy of
~50-83 MeV, and a 'S, state, whose binding energy is
in the range ~8—13 MeV. The former was associated with
¢(2170) while the latter was related to 7(2225). In
Ref. [26], considering the model of Ref. [25], the com-
positeness condition [53] was used to determine the

A é )
q

P—=k—q) n7n (p)

FIG.2. $(2170) decaying to ¢, ¢ within the AA description.

coupling of ¢(2170) and 7(2225) to AA and several partial
decay widths to meson-meson final states were evaluated.
In particular, the authors found that ¢(2170) would decay
dominantly to KK, with a decay width of ~74-88 MeV.
However, the authors of Ref. [26] did not determine the
partial decay widths of ¢(2170) to ¢n, ¢n'.

Since the decay mechanism of ¢(2170) to ¢ and ¢n’ as
a AA state (see Fig. 2) proceeds through a triangular loop,
as in case of the ¢fy(980) description, it would be
interesting' to estimate the corresponding decay widths
within the model of Ref. [26]. In this way we can compare
the ratio R,,, with the result extracted from the exper-
imental data, as well as with the value obtained within
our model.

Before continuing with further discussions, some
remarks are here in order. The authors of Ref. [26] consider
an effective Lagrangian of the type gpaaPaysPacpp to
describe the PAA vertex, with W, and ¢p being the
corresponding fields. Such a vertex structure coincides
with that determined from chiral symmetry [54], i.e.,
Fran®ar,rs¥a0"¢p, for on-shell baryons, with the cou-
pling fpan being related to the previous one through
gpan = 2mpfpan [25]. Obtaining fppp by considering
the  — ' mixing of Eq. (10) (as in Ref. [55]), results in the
following relations:

Soan = \/EJIC) <Sinﬂ+ci)/siﬁ>,
Soan = \/EJIC) <Sl\/n§ - cosﬂ), (45)

with D ~0.75-0.8 [56]. In this way,

Soan _ Gian _ _cosﬁ+\/§sinﬂ
\/fcosﬁ—sinﬂ’

= 46
f WAA Gy AA ( )
instead of —(cosf+sinf3)/(cosp—sinf3), used in Ref. [25].
We will estimate the partial decay widths of ¢(2170)
within the AA description using the couplings gpa, of

'"We thank the referee for such a suggestion.
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Refs. [25,26] as well as the values arising from Eq. (46) for
different # — 1/ mixing angles /.

Considering the effective Lagrangians of Ref. [26] to
describe the contributions of the vertices involved in Fig. 2,
we find the following amplitude for ¢(2170) — ¢P, with
P=n.1,

—itg,gp = 194, ARIprrIPANEY, (P)es (k)

< a4
x / (;’T;Trww+mAm<P—k—¢1—mA)

oo
1
P—k—q)?—m3 +ie
1 1

X(k+q)2—m§\+ieq2—m,2\+ie’

X ys(q+mp)y,] (

(47)

where m, is the mass of the A (A) particle and gpy, 9pAA
and g,, . are the coupling constants of the vertices

involved. Using the properties of the y-matrices, we can
calculate the trace present in Eq. (47) to obtain

—ilygp = HNNG o ARIGANIPANE wapk P €l (P)

[Se]

d*q 1
L (k
<€l )/(271)4(P—k—q)2—m3\+i€

—0o0

1 1
X :
(k+q)* —m3 +ieq* —m3 + ie

(48)

Using Egs. (24) and (25), we can write Eq. (48) as

_it¢R_’¢P = 4mAg(/)R—>A]\g¢AAgPAA
X €uapk®PPely (Pley(k)Ip,  (49)

where

= / Ty (. mp.my). (50)

The integral in Eq. (50) can be calculated numerically, as
explained earlier. In this way, summing over the polar-
izations of the vector mesons and using Eq. (37), we find

Z|t¢g—>¢7?|2 = 32m3\|g¢R—>A/§|2|g¢AA|2|gPAA|2
pol

x [I8*[(k - P)* — k*P?]. (51)

Using Egs. (41) and (51) we can determine the decay width
of ¢(2170) to ¢n and ¢y’ within the AA description for
the state. Considering the values for the coupling constants
involved in Eq. (51) as given in Refs. [25,26], we find
the decay widths of ¢(2170) — ¢y, ¢y’ to be ~17 and

15.5 MeV, respectively, leading to a ratio R,/ ~ 1.1. It can
be readily deduced that the couplings of Refs. [25,26]
correspond to an x —# mixing angle of f~-—11°
However, as mentioned earlier, f ~ —15° to ~ —22° are
extracted from the experimental data [40—43]. It is not
clear to us if such values are admissible in the formalism
of Ref. [25], but if we use them, the decay width of
¢(2170) — ¢n is found to be in the interval ~10-21 MeV,
while for ¢(2170) — ¢’ we obtain 18-33 MeV, leading to
a ratio R,y ~0.43-0.86. In this way, with the coupling
constants of Refs. [25,26] the value obtained for R, is
compatible with the result of Eq. (43) (solution II). But
considering f ~ —15° ~ —22° in the model of Refs. [25,26],
R,y = 0.43-0.86, which could be close to the lower limit
of Eq. (43) (solution II). Here, it is also important to recall
that since the A’s in the decay mechanism depicted in Fig. 2
are not on-shell, the use of a PAA vertex structure different
to that considered in Ref. [26] could produce a different off-
shell behavior for the decay process. This could change the
results obtained for the decay widths and the R, ratio.
We, however, stick to the formalism of Ref. [26] in order to
estimate the partial widths in their model.

Further, it is also relevant to mention that there exists
a controversy on the possible AA nature of ¢(2170). In
Ref. [57] the AA interaction was studied by using the same
one-boson-exchange model of Ref. [25] and by solving a
3-dimensional reduction of the 4-dimensional Bethe-
Salpeter equation. As in case of Ref. [25], JF =1-, 0~
states are found, but the mass obtained for the 1~ state lies
close to the AA threshold. The authors of Ref. [57] related
then the 1~ state found to X(2239), which was observed by
the BESIII collaboration in the cross-sectional data of
ete” — KTK™ [58], and not to ¢(2170). Since the authors
of Ref. [57] consider the same input Lagrangians as those
of Ref. [25], the former authors attributed the discrepancies
between the two models to different treatments, such as
different method to solve the dynamical equations, rela-
tivistic effects considered, etc.

The formation of baryon-antibaryon states has also
been studied within QCD sum rules [59]. In case of the
AA system, in Ref. [59] a vector state with mass 2340 £
120 MeV is obtained and the authors concluded that the
state found is above the AA threshold.

IV. CONCLUSIONS

In this work we have studied the decay modes of
¢(2170) to ¢n and ¢n'. To do this, we consider ¢(2170)
to be a state generated from the dynamics involved in the
@f0(980) system, with f((980) being generated from the
interaction of two pseudoscalars in the s-wave. Such
internal structures for ¢(2170) and f,(980) produces
mechanisms for decaying to ¢ and ¢’ involving triangu-
lar loops. The results obtained for the decay widths of
$(2170) to ¢y and ¢’ indicate that the former is larger by a
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factor R, ,, ~2.6-5.2. Comparing this answer with the
one obtained using the BESIII and Belle results for the
branching fractions of ¢(2170), we find that our lower
limit of 2.6 is close to the upper limit obtained for R, by
using the solutions II of the BESIII or III, IV of the Belle
collaborations. We also find that models with different
inner structures for ¢(2170) may produce similar values
for R, ,, even if the predictions for other observables are
different. Data with higher precision are necessary to
understand the nature of ¢(2170).

ACKNOWLEDGMENTS

This work is supported by the Fundacdo de Amparo a
Pesquisa do Estado de Sao Paulo (FAPESP), processos n°
2023/01182-7, 2022/08347-9 and 2020/00676-8, and by
the Conselho Nacional de Desenvolvimento Cientifico e
Tecnolégico (CNPq), Grants No. 305526/2019-7 and
No. 303945/2019-2.

APPENDIX: AMPLITUDES FOR THE
PSEUDOSCALAR-PSEUDOSCALAR
INTERACTION

In this appendix we provide the amplitudes for the
processes P;P: — 77]75} projected on total isospin 0 and in
the s-wave, with P;, P (Pj, 75}) being the pseudoscalars
constituting the channel i (j). In our approach, we consider
the following coupled channels in the isospin base: KK
(channel number 1), zz (2), nn (3), ny’ 4), 7'y’ (5). We
also follow the isospin phase convention |z7) = —|I =1,
Iy =+1), |Kt) =—|=1/2,1; = 1/2), where I repre-
sents the isospin of the particle and /5 its third projection
[35]. Using the Clebsch-Gordan coefficients, for total
isospin Z = 0 of the two-pseudoscalar system, we have
the following combinations:

1
lzm; T = 0,73 =0) = —7§Hﬂ+ﬂ'_> + |77y + |2°70)],

|KK;Z =0,75; =0) = ———=[|K*K~) + |K°K?)],

1
V2
T = 0,75 = 0) = [n°n°),
s T = 0,25 = 0) = "),

s =0,Z5 =0) = [7y".) (A1)

The isospin 0 projected amplitudes, V;
tions, G;, are then obtained as

s and loop func-
Vii=(P/P:1=0,13=0|V|P;P;:I =0,1;=0),

G; = (P;P;:1=0,1; =0|G|P;P;;I =013 =0). (A2)

Equation (A2) provides V;; and G; in terms of the
corresponding ones in the charge basis. The amplitudes

in the charge basis are obtained from the Lagrangian in
Eq. (9) by using the Feynman rules. To calculate G;, as well
as V;;, we consider an average mass for the members of the
same isospin multiplet.

When solving Eq. (7) in the center-of-mass frame of the
system, the function G;/2 needs to be used whenever i is
a channel constituted by two identical pseudoscalars. By
doing this, double counting is avoided when integrating on
d*q the terms in the series, obtained by iteration, of Eq. (7).

Such a procedure is equivalent to adding a factor 1/+/2 in
those isospin states [35] of Eq. (Al) involving identical
particles in the isospin basis. This latter normalization of
the states is sometimes referred to as the unitary normali-
zation [35,45]. The only difference is that in the latter case,
the #-matrix element 7;; obtained by solving Eq. (7) needs
to be multiplied by a factor V2" where n; (n))is 1 if
channel i (j) is constituted by two identical pseudoscalars,
otherwise it is 0.

In the following, we list the results obtained for V;; in
terms of the # — 1/ mixing angle . To simplify the notation,
we define the factors Cy = cosf and Sz = sin f, with
being the mixing angle of Eq. (1):

3s
V-3 A3
T (A3)
1 /3 s
_ L3 s Ad
Via 2 \/;fle 7 (A
1
Vis = —=——[88,(V2C, + $,)m}
5oV, [ VRCE Sim
Y-
(AS)
1
Vig = m [—4(\/§(C/2)‘ - S/ZJ) +2CySp)mi
+2(V2(C} — $3) — CySp)m?
+3C;Sy(3s —m? - mi/)} , (48)
VIS = # |:8C (C - \/ES})mz
6V2f1fs e e
+ 849585 +2(2V2C; = Sp)m? ~ 6Sﬂm5’)}
(A7)
—2s +m?
Vyp=—7F7—. (A8)
/3
C2 + 252 = 2/2C4S,)m?2
Vo, (Cp p #5p) (A9)
V3fafs
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2C; —285)(2C 285)m2
Vo = (V2C) ~28)(2C) +v2 pmn (A10)
2V3faf4
(14 C} +2v2C;S5)m
25 = (Al1)
V3fafs
1 4 2 Q2 3
Vs =g [-4(4C) + 126383 + 8v2C)s,
+4V2C,S} + S})m% + (1C + 12C3S3
+20V2C)S, + 16V2C,S) - 28hm2],  (A12)
Vi = 324f3f |(v6C, 238, (2V3Cy + V6Sy)m?
+24V3(V2C, + Sp)°
X (—V/3Cy + V/6S) (2m3 — m,z,)} : (A13)
1 4 2
Vis=~g5 7 [(20 ~3C28% - 2v2C}
+2V2C, 83 + 28%) (4md, - mg)} , (A14)
1
V=55 [(2c4 30283 - 2v/2C3 s,
+2v/2CS3 + 253) (4m?: m,%)} : (A15)

V45 = 324f4f5 |:(\/_Cﬁ - 2\/7Sﬂ)(2\/_C/} + \/_S/;) m,,
+8V3(V2C; + )

X (=V/3Cy + V6S,)} (2m3 - m,%)} , (A16)
1 4 2 Q2 3
Vs =5 [4(ch + 126383 - 4v2Cs,
— 8V2C; S} + 4S})m%
+(2C} - 12C38% + 16V2C3S,
+20v2C,85 - 7s;)m,2,] (A17)
Note that V;; =V, with i,j=1,2,...5, and f;=

VIp e With P; and P, being the pseudoscalars con-
stituting the channel i.

When solving Eq. (7), we have considered two cases: (I)
different values for the pseudoscalar weak decay coupling
constants in Egs. (A3)-(A17), with f, =93 MeV,
fx =113 MeV, f, = f, =111 MeV [36], and Q. =
1020 MeV in Eq. 8); () f, = fx = f, = fy = 93 MeV

and Q.x = 700 MeV [44.,46]. Note that different values

of these pseudoscalar coupling constants are related to

breaking of the SU(3) symmetry and the changes produced

in V can be reabsorbed in the model by readjusting the

cutoff Q.. while considering f, = fx = f, = [}
Using the matrices

Vi Vis
Vo Vs
V - )
Vsi Vss
G, 0 0
0 G2 0
G= . (A1)
0 0 Gss/2

we solve Eq. (7) and search for poles of ;; in the complex
energy plane. To do this the loop functlon needs to be
analytically continued to the complex energy plane. This
can be done by changing G; to G; — 2ilm{G,} whenever
we are above the threshold of the channel i, with G; being
determined in the first Riemann sheet [35].

In Fig. 3 we show, for the case of ideal mixing, |f;;]
as a function of Ey and E;, with E, (E;) being the real
(imaginary) part of the complex energy /s = Eg + iE,
and the corresponding contour plot. As shown in the figure,
a pole at /s, = 984.0 — i10.3 MeV is obtained, character-
izing an isospin O state with mass of 984 MeV and half-
width of 10.3 MeV. This state can be related to f,(980), as
can be seen in Fig. 4, where the zz phase shift obtained in
isospin O is represented and a good agreement with the
experimental data is found.

Once the pole position is found and identified with
f0(980), we can determine the couplings constants of f to
the channels considered to generate the state. To do this,
we consider that close to the pole position, the matrix
element #;; can be written as

tii(s) = %, (A19)
where g; (g;) is the coupling constant of f,(980) to the
channel i (j) and s, is the corresponding pole position
(in the Mandelstam variable s). In this way, the product
gig; can be interpreted as the residue of 7;; at s = s.
Considering a closed contour around the pole position
/s and Cauchy’s theorem, we can determine the product

g9ig; as
1
pr dEEt,-j(E),

1
9i9; = 2—7”?{ dst;;(s) = (A20)
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E/(MeV)

970 975 980 985 990
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FIG. 3. Top: pole related to f,(980) generated as a conse-
quence of the two-pseudoscalar dynamics in the s-wave. In the
figure, the modulus squared of the f-matrix element for the
transition KK — KK in isospin 0 is represented as a function of
the real (E) and imaginary (E;) parts of \/s. Ideal  — 1’ mixing
has been considered in this case. Bottom: contour plot for |¢;,|>.

with E = /s. Equation (A20) determines the couplings g;,
i=1,2,...,5, up to a phase. In our case, we fix the phase
by calculating g; by means of Eq. (A20) and calculate
the other couplings by using Eq. (A20) for the product
glgj’ J = 2,3, ,5

A remark about the g; couplings, obtained with the
prescription G; — G;/2 whenever channel i is formed
by two identical particles, is here in order. A process
f0(980) — PP can be described in terms of an effective
Lagrangian given by

L = gbs.rdr. (A21)

where ¢y, ¢p are, respectively, fields related to the
f0(980) and the pseudoscalar P particles. In Eq. (A21),
g is a coupling which reproduces the partial decay width of
fo to the PP channel, considering the latter to be an open
channel for decay. The Lagrangian in Eq. (A21) produces
an amplitude for the process f, — PP given by

lfy—PP = 29, (A22)

30(}"""""""
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FIG. 4. Phase shift for zz — zz in the s-wave and isospin 0.
The light shaded region corresponds to the boundaries
obtained by considering the extremities of the error bars on
the data [60-64]. The dark shaded region represents the un-
certainty in our model.

where the factor 2 is a consequence of the different ways
the two pseudoscalar fields in Eq. (A21) can create the
corresponding pseudoscalars particles in the final state.
Using Eq. (A22) and considering the nature (scalar and
pseudoscalar) of the particles involved, the decay width of
fo = PP can be written as

Pl
Cppapp = 5 |15l
0

A23
16zm T ( )

In Eq. (A23), | pp| is the modulus of the linear momentum
of P in the rest frame of the decaying particle, my, is the
mass of f, and a factor of 1/2! has been included as a
consequence of the presence of two identical particles in
the final state. Using Eq. (A22), the preceding equation can
be written as

(A24)

In terms of the coupling constant gpp determined by
solving Eq. (7) with the above mentioned prescription
for the loop function, the partial decay width of f, — PP
can be obtained as

|Ppl

Ty _pp= 2,
fo=PP 16nm}0 |97>P|

(A25)

By comparing Eqgs. (A24) and (A25), we get that
lgpp| = 2|g|- We can then conclude that using Eq. (6)
already implements the factor 2 present in Eq. (A22).
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