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We study fermion zero-modes in magnetized T6=ZN orbifold models. In particular, we focus on
nonfactorizable orbifolds, i.e., T6=Z7 and T6=Z12 corresponding to SUð7Þ and E6 Lie lattices, respectively.
The number of degenerated zero-modes corresponds to the generation number of low-energy effective
theory in four-dimensional (4D) spacetime. We find that three-generation models preserving 4D N ¼ 1

supersymmetry can be realized by magnetized T6=Z12, but not by T6=Z7. We use Spð6;ZÞ modular
transformation for the analyses.
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I. INTRODUCTION

Higher dimensional theory such as superstring theory is
interesting as a candidate for unified theory of particle
physics. When we start with higher dimensional theory, we
need compactification of extra dimensions. In particular,
compactifications leading to four-dimensional (4D) chiral
theory are important, because the standard model is a chiral
theory.
Inspired by superstring theory, we start with six-dimen-

sional (6D) compact space. One of the simplest compacti-
fications is the toroidal compactification T6. However, that
leads to 4D nonchiral theory. One way to derive a 4D chiral
theory is orbifolding T6=ZN [1,2]. The 4D supersymmetry
(SUSY) must be broken toN ¼ 1 or 0 to realize a 4D chiral
theory. The ZN twists to preserve 4D N ¼ 1 SUSY were
classified [1,2]. In addition, six-dimensional lattices with
those ZN twist symmetries were studied in Refs. [3–8].
Another way to lead to a 4D chiral theory is the

introduction of magnetic fluxes in compact space [9–12].
The degeneracy number of zero-modes, which corresponds
to the generation number of 4D massless chiral fermions, is
determined by the size of magnetic fluxes. Yukawa
couplings in 4D low-energy effective field theory are
computed by overlap integrals of zero-mode wave func-
tions [13,14]. They can lead to suppressed Yukawa cou-
plings as well as Oð1Þ of couplings depending on moduli
values.

One can combine the above geometrical background and
gauge background and study the orbifold compactification
with a magnetic flux background [15,16]. Adjoint matter
fields can be projected out in magnetized orbifold models,
and that corresponds to stabilization of Wilson line moduli,
i.e., open string moduli in intersecting D-brane models on
orbifolds [17], which are T-dual to magnetized D-brane
models on orbifolds. Magnetized orbifold models have
richer flavor structure. Three-generation models can be
derived by various setups on the T2=ZN orbifold with
magnetic flux [18,19]. Furthermore, realization of quark
and lepton mass matrices were studied [20–26].
So far, the six-dimensional space, which can be factor-

izable to three two-dimensional spaces, was mainly stud-
ied, although some nonfactorizable T4=ZN orbifolds were
studied [27,28]. Our purpose is to study nonfactorizable
cases. Here, we study T6=ZN orbifold models with mag-
netic fluxes, whose T4 or T6 parts are nonfactorizable. We
examine their zero-mode numbers. In particular, we show
three-generation models. Such studies were done in mag-
netized T2=ZN orbifold models by several methods
[15,16,29–31]. Among them, one way to analyze zero-
mode numbers in magnetized T2=ZN orbifold models is
to use the SLð2;ZÞ modular symmetry of wave functions
on T2 [32]. (See also Ref. [28].) We extend such analysis
to T6=ZN orbifolds as well as T4=ZN orbifolds. Higher
dimensional compact spaces such as T6 have several moduli
and have larger Spð2g;ZÞ symplectic modular symmetries.
(See for mathematical reviews, e.g., Refs. [33,34].) These
large Spð2g;ZÞ symplectic modular symmetries appear in
string compacitification. (See, e.g., Refs. [35–40].) Also,
they were used in flavor model building [41,42]. Here, we
construct the orbifold twists as elements of Spð2g;ZÞ
and modular transformation behavior of wave functions.
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Then, we study zero-modes in T6=ZN orbifolds as well as
T4=ZN orbifolds.
The rest of our paper is organized as follows. In Sec. II,

we review massless spinor modes on T6 and bosonic
spectra. In Sec. III, we give a brief review of 6D
lattices leading to T6=ZN with 4D N ¼ 1 SUSY. We
study magnetized T6=Z7 and T6=Z12 models in Sec. IV. In
Sec. V, we discuss the tachyon-free condition in each
orbifold model. Section VI is our conclusion. In
Appendix A, we present results in magnetized T4=ZN
orbifold models with SOð8Þ Lie lattice. In Appendix B, we
derive the transformations of zero-mode wave functions
under Spð6;ZÞ.

II. MAGNETIZED T6 MODEL

First we consider magnetized D-brane models with T6

compactification. We review the Dirac operator and the
Dirac equation to introduce fermion zero-modes on mag-
netized T6 [13,14].

A. The Dirac operator on magnetized T6

To find wave functions on magnetized T6, we construct
the Dirac operator on the six-dimensional torus T6 ≃ C3=Λ,
where Λ is a lattice spanned by six basis vectors e0i (i ¼ 1,
2, 3, 4, 5, 6) defined by

e01 ¼ 2πRe⃗1 ¼ 2πR

2
64
1

0

0

3
75; e02 ¼ 2πRe⃗2 ¼ 2πR

2
64
0

1

0

3
75;

e03 ¼ 2πRe⃗3 ¼ 2πR

2
64
0

0

1

3
75;

e04 ¼ 2πRe⃗4 ¼ 2πR

2
64
ω1

ω4

ω6

3
75; e05 ¼ 2πRe⃗5 ¼ 2πR

2
64
ω4

ω2

ω5

3
75;

e06 ¼ 2πRe⃗6 ¼ 2πR

2
64
ω6

ω5

ω3

3
75: ð1Þ

Here, Rð> 0Þ denotes the scale factor and ωi ∈ C charac-
terize the shape of Λ. By factoring out R, we defined
vectors e⃗i. Here we focus on the six basis vectors
corresponding to simply laced root lattices.
Also, we define real coordinates xi, yi (i ¼ 1, 2, 3) along

the lattice vectors on T6. They are related to complex
coordinates Z⃗ ¼ ðZ1; Z2; Z3Þ of C3 by

Z⃗ ¼

2
64
Z1

Z2

Z3

3
75 ¼ 2πR

0
B@
2
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x2

x3

3
75þ

2
64
ω1 ω4 ω6

ω4 ω2 ω5

ω6 ω5 ω3

3
75
2
64
y1

y2

y3

3
75
1
CA

¼ 2πRðx⃗þ Ωy⃗Þ ¼ 2πRz⃗; ð2Þ

where we identify z⃗ ¼ x⃗þ Ωy⃗ as complex coordinates on
T6 and

Ω ¼

2
64
ω1 ω4 ω6

ω4 ω2 ω5

ω6 ω5 ω3

3
75 ð3Þ

is complex structure moduli. We are interested in sym-
metric moduli ΩT ¼ Ω; thus the actions of the Spð6;ZÞ
modular group can be consistently seen. Then we will
discuss how to realize some models with generation
structure in magnetized T6=Z7 and T6=Z12 orbifold
models.
Here,Ω is not necessarily an element of the Siegel upper-

half plane H3 defined as [33]

H3 ¼ fΩ ∈ GLð3;CÞjΩT ¼ Ω; ImΩ > 0g: ð4Þ

We will see that zero-modes of all positive chirality
ðþ;þ;þÞ are well-defined if NΩ ∈ H3, where N is a 3 ×
3 integer matrix called flux and we will define later.
Then, we define the Dirac operator to write down the

Dirac equation on magnetized T6. The Kähler metric on C3

is defined as

ds2 ¼ 2Hij̄dZ
idZ̄j̄; ð5Þ

where Hij̄ ¼ 1
2
δi;j̄ and i, j ¼ 1, 2, 3.

The Gamma matrices on C3 are defined as

ΓZ1 ¼ σZ ⊗ σ3 ⊗ σ3; ΓZ̄1̄ ¼ σZ̄ ⊗ σ3 ⊗ σ3;

ΓZ2 ¼ 12 ⊗ σZ ⊗ σ3; ΓZ̄2̄ ¼ 12 ⊗ σZ̄ ⊗ σ3;

ΓZ3 ¼ 12 ⊗ 12 ⊗ σZ; ΓZ̄3̄ ¼ 12 ⊗ 12 ⊗ σZ̄; ð6Þ

where 12 is the 2 × 2 unit matrix and σi are Pauli matrices,

12 ¼
�
1 0

0 1

�
; σ1 ¼

�
0 1

1 0

�
;

σ2 ¼
�
0 −i
i 0

�
; σ3 ¼

�
1 0

0 −1

�
; ð7Þ

σZ ¼ σ1 þ iσ2 ¼
�
0 2

0 0

�
; σZ̄ ¼ σ1 − iσ2 ¼

�
0 0

2 0

�
:

ð8Þ
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Then one can find the Kähler metric on T6

ds2 ¼ 2hij̄dz
idz̄j̄; hij̄ ¼ ð2πRÞ2Hij̄: ð9Þ

On the other hand, the Gamma matrices Γzi ;Γz̄ī on complex
coordinates of T6 are as follows:

Γzi ¼ 1

2πR
ΓZi

; Γz̄ī ¼ 1

2πR
ΓZ̄ī

; ð10Þ

where i ¼ 1, 2, 3. Then we obtain the following anti-
commutative relations called the Dirac algebra (or Clifford
algebra):

fΓzi ;Γzjg ¼ fΓz̄ī ;Γz̄j̄g ¼ 0;

fΓzi ;Γz̄j̄g ¼ 2hij̄: ð11Þ

We define the chirality operator Γ5 by

Γ5 ¼ σ3 ⊗ σ3 ⊗ σ3 ¼ diag½þ;−;−;þ;−;þ;þ;−�: ð12Þ

We can write the Dirac operator on T6 by the Gamma
matrices

i=D≡ iðΓzjDzj þ Γz̄j̄ D̄z̄j̄Þ

¼ i
πR

�
D2;3 D1

D̄1̄ D2;3

�
; ð13Þ

where Dzj and D̄z̄j̄ are covariant derivatives and fermions
are coupled to the Uð1Þ gauge field with unit charge
(q ¼ 1),

Dzj ¼ ∂zj − iAzj ;

D̄z̄j̄ ¼ ∂z̄j̄ − iAz̄j̄ : ð14Þ

Operators D2;3 and D1 are written by Dzi and D̄z̄ī ,

D2;3 ¼

2
6664

0 Dz3 Dz2 0

D̄z̄3̄ 0 0 −Dz2

D̄z̄2̄ 0 0 Dz3

0 −D̄z̄2̄ D̄z̄3̄ 0

3
7775;

D1 ¼

2
6664
Dz1 0 0 0

0 −Dz1 0 0

0 0 −Dz1 0

0 0 0 Dz1

3
7775: ð15Þ

B. Background magnetic flux and the F-term condition

In this subsection, we introduce background magnetic
flux F on T6 [14],

F ¼ 1

2
ðpxxÞijdxi ∧ dxj þ 1

2
ðpyyÞijdyi ∧ dyj

þ ðpxyÞijdxi ∧ dyj: ð16Þ

In terms of complex coordinates zi we get

F ¼ 1

2
ðFzzÞijdzi ∧ dzj þ 1

2
ðFz̄ z̄Þijdz̄i ∧ dz̄j

þ ðFzz̄Þijðidzi ∧ dz̄jÞ; ð17Þ

where

ðFzzÞij ¼ ðΩ̄ −ΩÞ−1ðΩ̄pxxΩ̄þ pyy þ pT
xyΩ̄ − Ω̄pxyÞ

× ðΩ̄ −ΩÞ−1;
ðFz̄ z̄Þij ¼ ðΩ̄ −ΩÞ−1ðΩpxxΩþ pyy þ pT

xyΩ −ΩpxyÞ
× ðΩ̄ −ΩÞ−1;

ðFzz̄Þij ¼ iðΩ̄ − ΩÞ−1ðΩ̄pxxΩþ pyy þ pT
xyΩ − Ω̄pxyÞ

× ðΩ̄ −ΩÞ−1: ð18Þ

We consider 10D N ¼ 1 supersymmetric Yang-Mills
theory. The Hermitian Yang-Mills equation [13] to con-
serve SUSY imposes an F-flat condition. That is, the
magnetic flux has to be (1,1)-form, and thus
Fzz ¼ Fz̄ z̄ ¼ 0. We will call it the F-term condition, and
it is equivalent to

ΩpxxΩþ pyy þ pT
xyΩ − Ωpxy ¼ 0: ð19Þ

We can rewrite the magnetic flux as follows:

F ¼ ðFzz̄Þijðidzi ∧ dz̄jÞ
¼ iðpxxΩ − pxyÞðΩ̄ −ΩÞ−1ðidzi ∧ dz̄jÞ: ð20Þ

For simplicity, we assume pxx ¼ pyy ¼ 0. Then we find

ðFzz̄Þij ¼ −iðpxyðΩ̄ −ΩÞ−1Þij: ð21Þ

From the F-term condition and the symmetry (ΩT ¼ Ω),
one obtains

pT
xyΩ ¼ Ωpxy ¼ ðpT

xyΩÞT: ð22Þ

From the Dirac quantization condition, the flux is written
by an integer matrix N as

pxy ¼ 2πNT: ð23Þ

We just call N as flux. In summary, background magnetic
flux F is given by
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F ¼ πðNTðImΩÞ−1Þijðidzi ∧ dz̄jÞ; ð24Þ

and the F-term condition is given by ðNΩÞT ¼ NΩ.

1. Gauge potential

We find the gauge potential that corresponds to F in
Eq. (24) as

Aðz⃗; ⃗z̄Þ ¼ πIm

�
Nð ⃗z̄þ ⃗ζ̄ÞðImΩÞ−1Þdz⃗

�

¼ −
iπ
2

�
Nð ⃗z̄þ ⃗ζ̄ÞðImΩÞ−1

�
i
dzi

þ iπ
2

�
Nðz⃗þ ζ⃗ÞðImΩÞ−1

�
i
dz̄i

≡ Azidz
i þ Az̄īdz̄

i; ð25Þ

where ζ⃗ is the Wilson line. The boundary conditions of the
gauge potential on T6 are

Aðz⃗þ e⃗kÞ ¼ Aðz⃗Þ þ dξe⃗kðz⃗Þ;
Aðz⃗þΩe⃗kÞ ¼ Aðz⃗Þ þ dξΩe⃗kðz⃗Þ; ð26Þ

where e⃗k (k ¼ 1, 2, 3) are three-dimensional standard
Euclidean unit vectors and

ξe⃗kðz⃗Þ ¼ πðNTðImΩÞ−1Imðz⃗þ ζ⃗ÞÞk;
ξΩe⃗kðz⃗Þ ¼ πImðNΩ̄ðImΩÞ−1ðz⃗þ ζ⃗ÞÞk: ð27Þ

In this paper, we assume that the Wilson line is vanish-
ing, ζ⃗ ¼ 0⃗.

C. The Dirac equation

We introduce fermion massless modes (zero-modes) on
magnetized T6 which satisfy the following Dirac equation:

i=DΨðz⃗; ⃗z̄Þ ¼ 0; ð28Þ

where Ψðz⃗; ⃗z̄Þ is an eight components spinor,

Ψðz⃗; ⃗z̄Þ ¼ ½ψ 0
1þ;ψ3−;ψ2−;ψ1þ;ψ1−;ψ2þ;ψ3þ;ψ 0

1−�T:
ð29Þ

ψ jþ and ψ j− denote the positive and negative chirality
components, respectively. In particular, ψ 0

1þ denotes that all
chiralities on 2D spinors are positive. That is, when we
define a Majorana-Weyl spinor on each complex plane as
ðþ;−Þ, Ψðz⃗; ⃗z̄Þ is given by

Ψðz⃗; ⃗z̄Þ≡
�þ
−

�
⊗

�þ
−

�
⊗

�þ
−

�
; ð30Þ

where ðþ;þ;þÞ, ðþ;−;−Þ, ð−;þ;−Þ, ð−;−;þÞ corre-
spond to ψ 0

1þ, ψ1þ, ψ2þ, and ψ3þ.
From the definition of the Dirac operator =D, we obtain

the Dirac equation on each ψ i as follows:

Dz3ψ3− þDz2ψ2− þDz1ψ1− ¼ 0;

D̄z̄3̄ψ
0
1þ −Dz2ψ1þ −Dz1ψ2þ ¼ 0;

D̄z̄2̄ψ
0
1þ þDz3ψ1þ −Dz1ψ3þ ¼ 0;

−D̄z̄2̄ψ3− þ D̄z̄3̄ψ2− þDz1ψ
0
1− ¼ 0;

D̄z̄1̄ψ
0
1þ þDz3ψ2þ þDz2ψ3þ ¼ 0;

−D̄z̄1̄ψ3− þ D̄z̄3̄ψ1− −Dz2ψ
0
1− ¼ 0;

−D̄z̄1̄ψ2− þ D̄z̄2̄ψ1− þDz3ψ
0
1− ¼ 0;

D̄z̄1̄ψ1þ − D̄z̄2̄ψ2þ þ D̄z̄3̄ψ3þ ¼ 0; ð31Þ

where

Dzj ¼ ∂zj −
π

2
ðN ⃗z̄ðImΩÞ−1Þj;

D̄z̄j̄ ¼ ∂z̄j̄ þ
π

2
ðNz⃗ðImΩÞ−1Þj̄: ð32Þ

Boundary conditions of Ψ consistent with Eq. (26) are

Ψðz⃗þ e⃗kÞ ¼ eiξe⃗k ðz⃗ÞΨðz⃗Þ;
Ψðz⃗þ Ωe⃗kÞ ¼ eiξΩe⃗k ðz⃗ÞΨðz⃗Þ; ð33Þ

where k ¼ 1, 2, 3.

D. Zero-modes on magnetized T6

We concentrate on zero-modes when the chirality
ðþ;þ;þÞ, satisfying D̄z̄īψ

0
1þ ¼ 0, and hence Eqs. (31)

are solved when other spinor components are vanishing.
We also require the boundary conditions Eq. (33). The
solution is given by [13]

ψ J⃗
Nðz⃗;ΩÞ ¼N · eiπðNz⃗ÞT ðNImΩÞ−1·ImðNz⃗Þ · θ

�
J⃗N−1

0

�
ðNz⃗;NΩÞ

¼N · eiπðNz⃗ÞT ðImΩÞ−1·Imðz⃗Þ · θ
�
J⃗N−1

0

�
ðNz⃗;NΩÞ;

ð34Þ

where the Riemann-theta function with characteristics

θ½J⃗N−1

0
�ðNz⃗; NΩÞ is defined by

θ

�
a⃗

b⃗

�
ðz⃗;Ω0Þ ¼

X
m⃗∈Z3

eπiðm⃗þa⃗ÞTΩ0ðm⃗þa⃗Þe2πiðm⃗þa⃗ÞTðz⃗þb⃗Þ;

Ω0 ∈ H3; a⃗; b⃗ ∈ R3: ð35Þ
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The indices of three components J⃗ ∈ Z3 label the degen-
eracy of zero-modes. One can check the periodicity in the
indices J⃗,

ψ J⃗þNTe⃗n
N ¼ ψ J⃗

N; ð36Þ

where e⃗n (n ¼ 1, 2, 3) are three-dimensional standard unit
vectors. Thus, there are only j det Nj of independent indices
J⃗, and they lie inside the lattice ΛN spanned by

NTe⃗n ðn ¼ 1; 2; 3Þ: ð37Þ

Here, note that zero-modes in Eq. (34) are well-defined if
Ω0 ¼ NΩ is an element of Siegel upper-half plane H3

defined in Eq. (4). We stress here that Ω is not necessarily
an element of H3. We take the following normalization
condition of wave functions:

Z
T6

d3zd3z̄ψ J⃗
Nðψ K⃗

NÞ� ¼ ð23 detðImΩÞÞ−1=2δJ⃗;K⃗ : ð38Þ

Then the constant N is given by

N ¼ ½VolðT6Þ�−1=2ðdet NÞ1=4;
VolðT6Þ ∝ detðImΩÞ; ð39Þ

where VolðT6Þ represents the volume of T6 and is propor-
tional to detðImΩÞ.
Since ImΩ0 is positive-definite, we have

detðNImΩÞ ¼ det N · detðImΩÞ > 0: ð40Þ

In the following, we will consider the case when det N > 0
and detðImΩÞ > 0 are satisfied.

1. Laplace operator

Here, we confirm that the zero-mode wave functions in
Eq. (34) are eigenfunctions of the Laplace operator on
magnetized T6. The Laplace operator is defined as follows:

Δ ¼ −
2

ð2πRÞ2
X

j¼1;2;3

fDzj; D̄z̄j̄g: ð41Þ

We focus on the spinor components that have positive
chirality in the entire 6D compact space. When we use the
Laplace operator Δ on ψ 0

1þ, we find the following eigen-
value equation:

Δψ 0
1þ ¼ 2ðFz1 z̄1̄ þ Fz2 z̄2̄ þ Fz3 z̄3̄Þψ 0

1þ; ð42Þ

where we used the following commutation relations that are
valid under the F-term condition:

½Dzi; Dzj � ¼ Fzizj ¼ 0;

½D̄z̄ī ; D̄z̄j̄ � ¼ Fz̄īz̄j̄ ¼ 0;

½Dzi; D̄z̄j̄ � ¼ Fziz̄j̄ : ð43Þ

Equation (42) shows that the eigenvalue is proportional to
the trace of F. One can check that the Laplacian Δ on a
compact manifold is positive semidefinite; that is, ψ 0

1þ is
nonzero only if Fz1 z̄1̄ þ Fz2 z̄2̄ þ Fz3 z̄3̄ ≥ 0.

E. Spectrum in the bosonic sector

In this subsection, we show the mass spectrum of the 4D
scalar fields which comes from dimensional reduction of
the 10D gauge boson. We will later use the obtained mass
formula to discuss the stability andD-term SUSY condition
of our magnetized orbifold models.

1. Dimensional reduction of 10D SYM

Here, we briefly review the dimensional reduction of
10D supersymmetric Yang-Mills theory (SYM). For sim-
plicity, we consider theUð2Þ gauge group. The extension to
UðNÞ is straightforward. Our discussion is based on
Ref. [43] and the appendix of Ref. [13]. We assume
compact space with no curvature such as T6.
The bosonic part of the action is

SYM ¼ −
1

4g2

Z
d10wTrfFMNFMNg; ð44Þ

where M and N are the indices of ten-dimensional
spacetime, that is, M;N ∈ f0; 1;…; 9g. We take the real
orthogonal coordinate system wM with the following
metric:

ηMN ¼ diagð−;þ;þ; � � � ;þ;þÞ: ð45Þ

FMN is written as

FMN ¼ ∂MAN − ∂NAM − i½AM; AN �: ð46Þ

Gauge boson AM is written as

AM ¼ BM þWM ¼ Ba
MUa þWab

M eab; ð47Þ

where the elements of the Lie algebra of Uð2Þ are taken as
ðUaÞij ¼ δaiδaj and ðeabÞij ¼ δaiδbj (a ≠ b). By noting

A†
M ¼ AM, we see that Ba

M is real and ðWab
M Þ� ¼ Wba

M . After
the expansion, we obtain

LYM ¼ −
1

2g2
TrðDMWNDMWN −DMWNDNWM

− iGMN ½WM;WN �Þ þ � � � ; ð48Þ
where we have only shown quadratic terms of Wab

M
explicitly, because we focus on mass terms. Three- and
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four-point interactions are not relevant. Here, we denote the
field strength of the Abelian direction by

GMN ¼ ∂MBN − ∂NBM: ð49Þ

We also defined the covariant derivative by

DMWN ¼ ∂MWN − i½BM;WN �: ð50Þ

Then we consider vacuum expectation values of Abelian
constant magnetic fluxes,

Ba
i ðwÞ ¼ hBa

i iðηÞ þ Ca
i ðwÞ;

Wab
i ðwÞ ¼ 0þΦab

i ðwÞ: ð51Þ

We consider hB1
i i ≠ hB2

i i, and then Uð2Þ gauge symmetry
is broken to Uð1Þ ×Uð1Þ. We take w ¼ ðξ; ηÞ where ξ
denotes the real orthogonal coordinates of 4D spacetime
and η denotes that of the compact space. Spacetime indices
are also decomposed as M ¼ ðμ; iÞ where μ ¼ 0;…; 3
and i ¼ 4;…; 9.
By substituting Eq. (51) into Eq. (48), one obtains

LYM ¼ i
4g2

ðGa
ij − Gb

ijÞðΦi;abΦj;ba −Φj;abΦi;baÞ

−
1

2g2
½ðDμΦba

i DμΦi;abÞ þ ðD̃iΦba
j D̃iΦj;abÞ

− 2ðD̃iWba
μ ÞðDμΦi;abÞ − ðD̃iΦba

j ÞðD̃jΦi;abÞ� þ � � � ;
ð52Þ

where

D̃iWab
j ¼ ∂iWab

j − iðBa
i − Bb

j ÞWab
j : ð53Þ

If one takes the gauge fixing condition D̃iΦab
i ¼ 0, Eq. (52)

can be rewritten as

LYM ¼ 2i
2g2

Φj;bahGiabij Φi;ab þ 1

2g2
½Φba

i ðDμDμΦi;abÞ

þΦba
j ðD̃iD̃iΦj;abÞ� þ � � � ; ð54Þ

where hGiabij ¼ hGiaij − hGibij.

2. 4D scalar mass

Now, we consider the Kaluza-Klein decomposition,

Φab
i ðwÞ ¼

X
n

φab
n;iðξÞ ⊗ ϕab

n;iðηÞ; ð55Þ

where the wave functions in the compact space satisfy

Δϕab
n;iðηÞ ¼ κ2nϕ

ab
n;iðηÞ: ð56Þ

Here, κ2n ≥ 0 denotes the eigenvalue of the Laplace operator
Δ ¼ −D̃iD̃i. The index nð¼ 0; 1;…Þ denotes the excitation
number, and we set κ2nþ1 > κ2n. Substituting Eq. (55) into
Eq. (54) and integrating with respect to the internal
coordinates η yield

S4D ¼ Skinetic þ Smass þ � � � ; ð57Þ

where

Skinetic ¼
X
n

Z
d4ξδijφ

i;ba
n ðDμDμÞφj;ab

n ða > bÞ; ð58Þ

Smass ¼
X
n

Z
d4ξφj;ba

n ð2ihGiabij − κ2nδijÞφi;ab
n ða > bÞ:

ð59Þ

Note that we have used the normalization condition

g−2
Z

d6ηϕi;ab
m ðηÞ�ϕi;cd

n ðηÞ ¼ δmnδacδbd: ð60Þ

Next, we consider the coordinate transformation to the
complex basis. We define complex coordinates z⃗ as zj ¼
ð2πRÞ−1ðη2jþ2 þ iη2jþ3Þ where j ¼ 1, 2, 3. Note that
complex coordinates defined here are identified as those
defined on the right-hand side of Eq. (2). Then we have

φzj;abðz⃗Þ ¼ 1

2πR
ðφ2jþ2;abðηÞ þ iφ2jþ3;abðηÞÞ;

φz̄j̄;abðz⃗Þ ¼ 1

2πR
ðφ2jþ2;abðηÞ − iφ2jþ3;abðηÞÞ: ð61Þ

Rewriting Eq. (58) in the new basis, we obtain

Skinetic ¼
X
n

Z
d4ξ½hij̄φzi;ba

n ðDμDμÞφz̄j̄;ab
n

þ hījφ
z̄ī ;ba
n ðDμDμÞφzj;ab

n �

¼ ð2πRÞ2
2

X
n

Z
d4ξ½φzj;ba

n ðDμDμÞφz̄j̄;ab
n

þ φz̄j̄ ;ba
n ðDμDμÞφzj;ab

n �; ð62Þ

where we used a metric of the form Eq. (9). To get the
canonical kinetic term, we redefine the 4D scalar field as

φ̂zj;ab ¼ 2πRffiffiffi
2

p φzj;ab; φ̂z̄j̄ ;ab ¼ 2πRffiffiffi
2

p φz̄j̄;ab: ð63Þ

Then we obtain the 4D scalar mass term as
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Smass ¼
X
n

Z
d4ξ

�
φ̂zj;ba
n

�
4i

ð2πRÞ2 hGi
ab
z̄j̄zj

− κ2n

�
φ̂z̄j̄;ab
n

þ φ̂z̄j̄;ba
n

�
4i

ð2πRÞ2 hGi
ab
zjz̄j̄

− κ2n

�
φ̂zj;ab
n

�
: ð64Þ

If we assume hGb¼2i ¼ 0, scalar modes have only a
Uð1Þa¼1 charge and we obtain a 4D scalar mass formula
in the Uð1Þ gauge theory on which we have been focusing.
Equation (64) realizes the results presented in Ref. [13] in
the case of T2 compactification.

III. T6=ZN ORBIFOLDS

A. 6D lattices

Here, we give a brief review on the T6=ZN orbifolds. The
ZN twists preserving 4D N ¼ 1 SUSY were studied in
Refs. [1,2], and they are also shown in the second column
of Table I, where eigenvalues of the orbifold twist are
written by e2πiki=N (i ¼ 1, 2, 3). The SUSY condition
requires

k1 þ k2 þ k3 ¼ 0 ðmod NÞ: ð65Þ

We divide the 6D flat space by a 6D lattice Λ6 to construct
the torus T6. We divide T6 by the ZN twist so as to obtain
the T6=ZN orbifold. Hence, the 6D lattice must have theZN
symmetry. We use Lie lattices with dimensions D ≤ 6 and
combine them to construct the 6D lattice Λ6. The ZN twist
corresponds to the Coxeter element C of the Lie root lattice
[3–8]. For example, the Coxeter element C of the SUðNÞ
root lattice has the ZN symmetry, i.e., CN ¼ 1. In particu-
lar, we use Lie root lattices with even dimensions, where we
define complex coordinates and introduce magnetic fluxes.
We also use the SUð2Þ2 lattice, but they are not always
orthogonal to each other. To represent T2=Z2, we denote its
lattice by SUð2Þ2, because the product of their Coxeter
elements is the Z2 twist in two dimensions. These root
lattices are shown in Table I. In the table, SUð3Þ½2� and
SOð8Þ½2� denote the use of generalized Coxeter elements
includingZ2 outer automorphisms of SUð3Þ and SOð8Þ Lie

algebras, respectively. In addition, SOð8Þ½3� denotes the use
of the generalized Coxeter element of SOð8Þ including Z3

outer automorphism.
The flavor structure originated from T2=ZN has been

studied already in Refs. [18,19]. Thus, here we study
nonfactorizable T4=ZN and T6=ZN orbifolds in Table I, in
particular the numbers of zero-modes on these orbifolds
with magnetic fluxes.
Nonfactorizable T6=ZN orbifolds include the T6=Z7

orbifold with the SUð7Þ root lattice and the T6=Z12−I
orbifold with the E6 root lattice. The zero-modes on such
magnetized orbifolds are studied in the next sections. We
reconstruct the orbifold twists as elements of Spð6;ZÞ. We
study zero-modes by analyzing Spð6;ZÞ modular trans-
formation behaviors of wave functions. Similar analysis
was carried out in magnetized T2=ZN orbifold models [32].
Our analysis extends to T6=ZN orbifolds as well as T4=ZN
orbifolds. (See also Ref. [28].)
Nonfactorizable T4=ZN orbifolds include T4=Z6 in

T6=Z6−II , T4=Z8 in T6=Z8−I and T6=Z8−II, and T4=Z12

in T6=Z12−II. All of them use the SOð8Þ root lattice.
However, we cannot introduce magnetic fluxes on T4=Z6

and T4=Z12. Its reason is explained in Appendix A. Also
Appendix A shows zero-modes on a magnetized T4=Z8

orbifold model.

B. ZN twists for T6=ZN

The 6D lattices have the modular symmetry, that is,
the basis transformation of the basis vectors. We find
some of the aforementioned Coxeter and generalized
Coxeter elements can be expressed as Spð6;ZÞ modular
transformation.
The symplectic modular group Spð6;ZÞ is given by the

set of 6 × 6 integer matrices,

γ ¼
�
A B

C D

�
; ð66Þ

satisfying

TABLE I. T6=ZN orbifolds and torus lattices.

Orbifold Twists ðk1; k2; k3Þ=N Lattice

T6=Z3 ð1; 1;−2Þ=3 SUð3Þ3
T6=Z4 ð1; 1;−2Þ=4 ðSOð4Þ½2�Þ2 × SUð2Þ2
T6=Z6−I ð1; 1;−2Þ=6 ðSUð3Þ½2�Þ2 × SUð3Þ
T6=Z6−II ð1; 2;−3Þ=6 SUð3Þ½2� × SUð3Þ × SUð2Þ2, SOð8Þ × SUð3Þ
T6=Z7 ð1; 2;−3Þ=7 SUð7Þ
T6=Z8−I ð1; 2;−3Þ=8 ðSOð8Þ½2�Þ × SOð4Þ½2�
T6=Z8−II ð1; 3;−4Þ=8 ðSOð8Þ½2�Þ × SUð2Þ2
T6=Z12−I ð1; 4;−5Þ=12 E6

T6=Z12−II ð1; 5 − 6Þ=12 ðSOð8Þ½3�Þ × SUð2Þ2
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γJγT ¼ J; J ¼
�

0 13
−13 0

�
: ð67Þ

A, B, C, and D are 3 × 3 integer matrices. The modular
transformation of the complex coordinates z⃗ and the
complex structure moduli Ω under γ are given by

Ω → ðAΩþ BÞðCΩþDÞ−1; ð68Þ

z⃗ → ðCΩþDÞ−1Tz⃗: ð69Þ

Generators S, Ti (i ¼ 1; 2;…; 5; 6) are given by

S ¼
�

O 13
−13 O

�
; Ti ¼

�
13 Bi

O 13

�
; ð70Þ

where Bi are symmetric matrices given by

B1 ¼

2
64
1 0 0

0 0 0

0 0 0

3
75; B2 ¼

2
64
0 0 0

0 1 0

0 0 0

3
75; B3 ¼

2
64
0 0 0

0 0 0

0 0 1

3
75; ð71Þ

B4 ¼

2
64
0 1 0

1 0 0

0 0 0

3
75; B5 ¼

2
64
0 0 0

0 0 1

0 1 0

3
75; B6 ¼

2
64
0 0 1

0 0 0

1 0 0

3
75: ð72Þ

We will consider modular S and Ti transformations of zero-modes on magnetized T6.
As we will see in the next section, the Z7 twist on the SUð7Þ lattice can be written by ST3T4T5 satisfying

ðST3T4T5Þ7 ¼ 16. The Z12 twist on the E6 lattice can be written by ST1T2T−1
3 T5T6 satisfying ðST1T2T−1

3 T5T6Þ12 ¼ 16.
In the Spð6;ZÞmodular group, we suppose symmetric moduli Ω, and one can see that the lattice of T6=ZN can be found

by Ω.
In the following section, we represent lattice vectors e⃗i as following Euclidean basis representation

e⃗1 ¼

2
666666664

1

0

0

0

0

0

3
777777775
; e⃗2 ¼

2
666666664

0

1

0

0

0

0

3
777777775
; e⃗3 ¼

2
666666664

0

0

1

0

0

0

3
777777775
; e⃗4 ¼

2
666666664

Reω1

Reω4

Reω6

Imω1

Imω4

Imω6

3
777777775
; e⃗5 ¼

2
666666664

Reω4

Reω2

Reω5

Imω4

Imω2

Imω5

3
777777775
; e⃗6 ¼

2
666666664

Reω6

Reω5

Reω3

Imω6

Imω5

Imω3

3
777777775
: ð73Þ

Then we can find what lattices of T6=ZN correspond to root
lattices of Lie algebra.

IV. NONFACTORIZABLE ORBIFOLDS

Here we perform counting of the zero-modes in mag-
netized T6=Z7 and T6=Z12 orbifold models.

A. Magnetized T6=Z7 orbifold

First, we study zero-modes on the magnetized T6=Z7

orbifold. To realize the orbifold, we focus on the following
algebraic relation:

ðST3T4T5Þ7 ¼ 16: ð74Þ

This shows that ST3T4T5 transformation can be identified
as the Z7 twist. Thus, it is useful for constructing the
T6=Z7 orbifold. Under the transformation ST3T4T5, the

complex structure moduli Ω and complex coordinates z⃗
transform as

Ω → −ðΩþ B3 þ B4 þ B5Þ−1;
z⃗ → −ðΩþ B3 þ B4 þ B5Þ−1z⃗: ð75Þ

Then one can verify that ST3T4T5 invariant moduli Ω7 are
given by

Ω7 ¼

2
64
ω1 ω4 ω6

ω4 ω2 ω5

ω6 ω5 ω3

3
75¼

2
6664

− 2ffiffi
7

p i −1
2
þ

ffiffi
7

p
14
i iffiffi

7
p

−1
2
þ

ffiffi
7

p
14
i − iffiffi

7
p −1

2
þ 3

ffiffi
7

p
14

i

iffiffi
7

p −1
2
þ 3

ffiffi
7

p
14

i −1
2
−

ffiffi
7

p
14
i

3
7775;

ð76Þ

where we take the case when detðImΩ7Þ > 0. This corre-
sponds to the SUð7Þ root lattice as shown in Fig. 1.
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We note that the shape of flux N is constrained as
follows. First, from the F-term condition ðNΩ7ÞT ¼ NΩ7,
N is symmetric and parametrized as

N ¼

2
64

n11 n33 − n22 n22 − n11
n33 − n22 n22 n33 − n11
n22 − n11 n33 − n11 n33

3
75; ð77Þ

where n11, n22, and n33 are integers and we can see them as
independent parameters.
Second, we consider the consistency with the T trans-

formation. As we study in Appendix B 2, the matrix NB
must be symmetric and all of its diagonal components are
even. From

NðB3 þ B4 þ B5Þ

¼

2
64
n33 − n22 n22 n33 − n11

n22 2n33 − n11 − n22 n33 þ n22 − n11
n33 − n11 n33 þ n22 − n11 2n33 − n11

3
75;
ð78Þ

it is immediate that

n11 ≡ n22 ≡ n33 ≡ 0 ðmod 2Þ ð79Þ

must be satisfied. As a result, we find that the background
magnetic flux F is invariant under theZ7 twist, and det N is
always a multiple of eight.
We will analyze how many zero-modes with Z7 charges

exist under the flux N.

1. The number of zero-modes

Here we analyze the number of zero-modes on magnet-
ized T6=Z7 with modular transformation. Noting that
Ω7 satisfies Ω7 ¼ −ðΩ7 þ B3 þ B4 þ B5Þ−1, zero-modes
behave under the ST3T4T5 transformation as

ψ J⃗
NðΩ7z⃗;Ω7Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det½−iðΩ7 þ B3 þ B4 þ B5Þ�

p
ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p

×
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗eπiK⃗

TN−1ðB3þB4þB5ÞK⃗ψ K⃗
Nðz⃗;Ω7Þ; ð80Þ

where ΛN is defined in Eq. (37). We take a branch
ffiffi
t

p
> 0

for t > 0. Then, it is found that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det½−iðΩ7 þ B3 þ B4 þ B5Þ�

p
¼ e−πi=4: ð81Þ

Then we find the trace of ρðST3T4T5Þ as follows:

trρðST3T4T5Þ ¼
e−πi=4ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p
X
K⃗∈ΛN

e2πiK⃗
TN−1ð13þ1

2
ðB3þB4þB5ÞÞK⃗:

ð82Þ

From numerical calculation in the region jniij ≤ 400, we
obtained only three values of trρ,

trρ ¼ −1;þ1;−
ffiffiffi
7

p
i: ð83Þ

On the other hand, trρ can be expressed as

trρ ¼
X6
k¼0

nkγk; γ ¼ e2πi=7; ð84Þ

where nk denotes the number of zero-modes which
corresponds to the Z7 eigenvalue γk. Note that we also
have

P
6
k¼0 nk ¼ det N ¼ 8l. In the simple case, the

modes with γ0 correspond to the ZN invariant states.
However, we may embed the geometrical twist into the
gauge sector. Then, which state with γk can survive through
the ZN projection depends on such gauge embedding.
First, we discuss the case when trρ ¼ −

ffiffiffi
7

p
i. One can

find that ½n0; n1;…; n5; n6� ¼ ½1; 0; 0; 2; 0; 2; 2� reproduces
trρ ¼ −

ffiffiffi
7

p
i. Other possibilities are given by increasing

each nk by m ∈ Zþ because
P

6
k¼0 γ

k ¼ 0 holds. That is,
½n0; n1;…; n5; n6� ¼ ½1þm;m;m;2þm;m;2þm;2þm�.
As a result, det N is increased by 7m and we also observe
that the minimal degeneracy number is given by n1, n2, and
n4 which are equal to m. Now, recall the fact that det N is a
multiple of eight. We have the following equation:

8l ¼ 7þ 7m ¼ 7ðmþ 1Þ: ð85Þ

Since 7 and 8 are coprime, mþ 1 must be a multiple of
eight. Thus we obtain possible values of m as

m ¼ 7; 15;…: ð86Þ

One can see that there are at least seven generations
when trρ ¼ −

ffiffiffi
7

p
i.

Next we discuss the case tr ρ ¼ þ1. The first candidate is
clearly ½n0; n1;…; n5; n6� ¼ ½1; 0; 0; 0; 0; 0; 0� and the next
one is ½n0; n1;…; n5; n6� ¼ ½2; 1; 1; 1; 1; 1; 1�. By a similar
discussion as for the case trρ ¼ −

ffiffiffi
7

p
i, we find

det N ¼ 8l ¼ 1þ 7m ¼ 7ðm − 1Þ þ 8: ð87Þ

Then m − 1 must be a multiple of eight,

FIG. 1. The lattice of T6=Z7.
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m ¼ 1; 9;…: ð88Þ

We can see that the minimal generation numbers are 1, 9,
and so on. Therefore, we cannot obtain three-generation
models in the case of trρ ¼ þ1.
Similarly, we cannot find three-generation models

when trρ ¼ −1.
In conclusion, there is no three-generation model on

magnetized T6=Z7 in the absence of Wilson lines and
Scherk-Schwarz phases.

B. Magnetized T6=Z12 orbifold

In this subsection, we focus on magnetized T6=Z12

orbifold, whose twist is constructed by the following
algebraic relation:

ðST1T2T−1
3 T5T6Þ12 ¼ 16: ð89Þ

In the following, we denote ST1T2T−1
3 T5T6 asG. We adopt

the following complex structure moduliΩ ¼ Ω12 which are
invariant under the G transformation

Ω12 ¼

2
6664
− 1

2
−

ffiffi
3

p
6
i

ffiffi
3

p
3
i − 1

2
þ

ffiffi
3

p
6
iffiffi

3
p
3
i − 1

2
−

ffiffi
3

p
6
i − 1

2
þ

ffiffi
3

p
6
i

− 1
2
þ

ffiffi
3

p
6
i − 1

2
þ

ffiffi
3

p
6
i 1

2
−

ffiffi
3

p
6
i

3
7775: ð90Þ

One can verify that this T6=Z12 lattice corresponds to the
E6 root lattice as shown in Fig. 2.
The shape of the flux N is constrained. First, the F-term

condition imposes a constraint, ðNΩ12ÞT ¼ NΩ12. We also
require the invariance of the flux under G since the flux
should be invariant for the Z12 twist. Then the flux is
symmetric. Also this includes the consistency with T ¼
T1T2T−1

3 T5T6 which demands that NðB1 þ B2 − B3 þ
B5 þ B6Þ is symmetric and all of its diagonal elements
are even. One can find that fluxes of the form

N ¼

2
64
n11 n12 n13
n12 n11 n13
n13 n13 n11 þ n12 − 2n13

3
75 ð91Þ

satisfy all requirements provided n11≡n12≡n13 ðmod 2Þ.
It is obvious that G2 can be regarded as a Z6 twist. Also

we have

G12 ¼ ðG2Þ6 ¼ ðG3Þ4 ¼ ðG4Þ3 ¼ ðG6Þ2 ¼ 16: ð92Þ

We will use this fact to count the number of zero-modes.

1. Representation of modular transformation
of zero-modes

Modular transformation of the wave function on mag-
netized T6=Z12 is written as

ψ J⃗
NðΩ12z⃗;Ω12Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det½−iðΩ12 þ BÞ�p

ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p

×
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗eπiK⃗

TN−1BK⃗ψ K⃗
Nðz⃗;Ω12Þ;

ð93Þ

where B ¼ B1 þ B2 − B3 þ B5 þ B6. Here the representa-
tion itself is written by indices K⃗1 and K⃗2,

ρK⃗1K⃗2
ðGÞ ¼ e−

π
4
iffiffiffiffiffiffiffiffiffiffiffiffi

det N
p e2πiK⃗

T
1N

−1K⃗2eiπðK⃗
T
1N

−1BK⃗1Þ: ð94Þ

Thus, a trace of the representation ρðGÞ is given by

trρðGÞ ¼ e−
πi
4ffiffiffiffiffiffiffiffiffiffiffiffi

det N
p

X
K⃗∈ΛN

e2πiK⃗
TN−1ð13þB=2ÞK⃗: ð95Þ

Then we immediately see the following relation of tr
ρðGnÞ from the property of modular transformation:

trρðGnÞ ¼ e−
πi
4
n

ðdet NÞn=2
×

X
K⃗1;K⃗2;…K⃗n∈ΛN

e2πiðK⃗
T
1N

−1K⃗2þK⃗T
2N

−1K⃗3þ���þK⃗T
nN−1K⃗1Þ

· eπiðK⃗
T
1N

−1BK⃗1þ���þK⃗T
nN−1BK⃗nÞ: ð96Þ

2. Zero-modes on magnetized T6=Z12

We show how to count zero-modes withZ12 charges. We
denote the number of degenerated zero-modes correspond-
ing to the Z12 eigenvalues e

kπ
6
i (k ¼ 0; 1;…; 11 by nk. Note

that the summation of all the degeneracy numbers is equal
to det N,FIG. 2. The lattice of T6=Z12.
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det N ¼
X11
k¼0

nk: ð97Þ

Next we consider relations between trρðGnÞ and coeffi-
cients nk. Since G12 ¼ 16 and trρðGÞ is the summation of
ρðGÞ’s eigenvalues, we find

trρðGÞ ¼
X11
k¼0

nke
kπ
6
i: ð98Þ

We can represent trρðGnÞ as linear combinations of nk as

trρðG2Þ ¼
X

k≡0ðmod 6Þ
nkþ e

π
3
i

X
k≡1ðmod 6Þ

nkþ e
2π
3
i

X
k≡2ðmod 6Þ

nk

−
X

k≡3ðmod 6Þ
nkþ e

4π
3
i

X
k≡4ðmod 6Þ

nkþ e
5π
3
i

X
k≡5ðmod 6Þ

nk;

ð99Þ

trρðG3Þ ¼
X

k≡0ðmod 4Þ
nk þ i

X
k≡1ðmod 4Þ

nk

−
X

k≡2ðmod 4Þ
nk − i

X
k≡3ðmod 4Þ

nk; ð100Þ

TABLE II. The number of zero-modes on magnetized T6=Z12.

det N 4 8 12 16 20 24 24 28 32 32 36 36 40 � � �
trρðGÞ −1 1 −

ffiffiffi
3

p
i −1 1 −

ffiffiffi
3

p
i −1 −1 1 1 −

ffiffiffi
3

p
i −1 −1

trρðG2Þ 1 −1 −
ffiffiffi
3

p
i 1 −1 −

ffiffiffi
3

p
i 1 1 −1 −1 −

ffiffiffi
3

p
i 1 1

trρðG3Þ 2 4 6 8 10 12 2 14 16 4 18 2 20
trρðG4Þ 1 −1

ffiffiffi
3

p
i 1 −1

ffiffiffi
3

p
i −3 1 −1 −1

ffiffiffi
3

p
i −3 1

trρðG6Þ 4 8 12 16 20 24 4 28 32 8 36 4 40

n0 1 2 3 4 5 6 2 7 8 4 9 3 10
n1 0 0 0 0 0 0 2 0 0 2 0 3 0
n2 0 1 0 1 2 1 2 2 3 3 2 3 3
n3 0 0 0 0 0 0 1 0 0 2 0 2 0
n4 1 2 3 4 5 6 3 7 8 4 9 4 10
n5 0 0 0 0 0 0 2 0 0 2 0 3 0
n6 1 0 1 2 1 2 2 3 2 2 3 3 4
n7 0 0 0 0 0 0 2 0 0 2 0 3 0
n8 1 2 3 4 5 6 3 7 8 4 9 4 10
n9 0 0 0 0 0 0 1 0 0 2 0 2 0
n10 0 1 2 1 2 3 2 2 3 3 4 3 3
n11 0 0 0 0 0 0 2 0 0 2 0 3 0

TABLE III. Continuation of Table II.

det N 44 48 52 52 56 60 64 64 68 72 72 72 � � �
trρðGÞ 1 −

ffiffiffi
3

p
i −1 −1 1 −

ffiffiffi
3

p
i −1 −1 1 −

ffiffiffi
3

p
i 1 −

ffiffiffi
3

p
i

trρðG2Þ −1 −
ffiffiffi
3

p
i 1 1 −1 −

ffiffiffi
3

p
i 1 1 −1 −

ffiffiffi
3

p
i −1 −

ffiffiffi
3

p
i

trρðG3Þ 22 24 26 2 28 30 32 8 34 36 4 6
trρðG4Þ −1

ffiffiffi
3

p
i 1 1 −1

ffiffiffi
3

p
i 1 1 −1

ffiffiffi
3

p
i 3 −3

ffiffiffi
3

p
i

trρðG6Þ 44 48 52 4 56 60 64 16 68 72 8 12

n0 11 12 13 5 14 15 16 8 17 18 8 8
n1 0 0 0 4 0 0 0 4 0 0 5 4
n2 4 3 4 4 5 4 5 5 6 5 6 6
n3 0 0 0 4 0 0 0 4 0 0 6 5
n4 11 12 13 5 14 15 16 8 17 18 7 7
n5 0 0 0 4 0 0 0 4 0 0 5 6
n6 3 4 5 5 4 5 6 6 5 6 6 6
n7 0 0 0 4 0 0 0 4 0 0 5 4
n8 11 12 13 5 14 15 16 8 17 18 7 9
n9 0 0 0 4 0 0 0 4 0 0 6 5
n10 4 5 4 4 5 6 5 5 6 7 6 6
n11 0 0 0 4 0 0 0 4 0 0 5 6
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trρðG4Þ ¼
X

k≡0ðmod 3Þ
nk þ e

2π
3
i

X
k≡1ðmod 3Þ

nk

þ e
4π
3
i

X
k≡2ðmod 3Þ

nk; ð101Þ

trρðG6Þ ¼
X

k≡0ðmod 2Þ
nk −

X
k≡1ðmod 2Þ

nk: ð102Þ

Then one can obtain the number of zero-modes on
magnetized T6=Z12. Here we conduct numerical calcula-
tions in the region jn1ij ≤ 400, and Tables II and III show
the results with the F-term condition.

V. THE D-TERM CONDITION

In this section, we study the D-term condition by
computing 4D scalar mass spectrum. Three-generation
models satisfying the F-term condition were discussed
in Sec. IV. However, if tachyonic-modes appeared in the
models, we would treat the unstable vacuum. If the model
satisfies the D-term condition, it is stable and phenomeno-
logically attractive.
We have introduced 3 × 3 integer flux N satisfying the

F-term condition ðNΩÞT ¼ NΩ. Thus, we have the follow-
ing background flux F:

F ¼ π½NTðImΩÞ−1�ijðidzi ∧ dz̄jÞ ¼ Fziz̄jðidzi ∧ dz̄jÞ;
ð103Þ

where Fziz̄j ¼ Fzjz̄i .
We analyze the mass spectrum of 4D scalar modes

resulting from the magnetized T6 compactification. When
NImΩ > 0, we have confirmed that the wave functions in
Eq. (34) are eigenstates of the Laplacian on T6. Their
eigenvalue is equal to a trace of 2π

ð2πRÞ2 ½NTðImΩÞ−1� which
corresponds to the lowest energy, i.e., κ20 in Eq. (56). Hence,
the lightest 4D scalar mode is given by their linear
combination. We have shown the mass squared matrix
of the 4D scalar modes in Eq. (64) where hGiab

ziz̄j̄
¼

iFab
ziz̄jð¼ iFziz̄jÞ. We find that the lightest scalar mode

corresponds to the eigenvector of the following mass
squared matrix M2 with the smallest eigenvalue,

M2 ¼ Δþ 4π

ð2πRÞ2
�−A O

O A

�
: ð104Þ

Here, O is 3 × 3 zero matrix and A is 3 × 3 real-symmetric
matrix defined as

A¼

2
64
½NTðImΩÞ−1�11 ½NTðImΩÞ−1�12 ½NTðImΩÞ−1�13
½NTðImΩÞ−1�12 ½NTðImΩÞ−1�22 ½NTðImΩÞ−1�23
½NTðImΩÞ−1�13 ½NTðImΩÞ−1�23 ½NTðImΩÞ−1�33

3
75;

ð105Þ

and Δ ¼ 2π
ð2πRÞ2

P
3
j¼1½NTðImΩÞ−1�jj.

We therefore obtain the D-term condition from eigen-
values of the above matrix. Since real symmetric matrices
have real eigenvalues and are diagonalizable using orthogo-
nal matrices, one can diagonalize mass matrix M2 as
follows:

M2 ¼ 2π

ð2πRÞ2 ðλ1 þ λ2 þ λ3Þ

þ 4π

ð2πRÞ2

2
66666666664

−λ1
−λ2

−λ3
λ1

λ2

λ3

3
77777777775
:

ð106Þ

We note that λi > 0 (i ¼ 1, 2, 3) is satisfied because of the
positive definite condition NTðImΩÞ−1 > 0. The D-term
condition is that the smallest eigenvalue of M2 is zero.
That is, if the largest eigenvalue λi is equal to the
summation of the rest eigenvalues λj, λk, or λi ¼ λj þ λk,
the lightest mode is identified as the superpartner of the
chiral fermion zero-modes. If the eigenvalue is negative
corresponding to a tachyonic-mode, the system is unstable
and there is no supersymmetry.
On the factorizable T6 ¼ T2

1 × T2
2 × T2

3, the D-term
condition can be satisfied by tuning ratios of areas of T2

i
[20,44]. However, we have no such free parameter in
nonfactorizable T6. That leads to severe constraints in
models.
In the next subsection, we discuss three-generation

models in magnetized T6=Z7 and T6=Z12 satisfying both
the F- and D-term conditions, hence phenomenologically
attractive.

A. 4D N = 1 SUSY and magnetized T6=Z7

We perform numerical calculations to check whether
there exists a model such that the D-term condition is
satisfied. In the region jniij ≤ 400 and jdet Nj≤ 1.0× 1010,
we find there are no such models except for the uninterest-
ing case N ¼ O, where O denotes the 3 × 3 zero matrix.
Therefore, the magnetized T6=Z7 model seems not suitable
for the realization of realistic models not only because it
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cannot reproduce three generations, but we do not find any
D-flat models.

B. 4D N = 1 SUSY and magnetized T6=Z12

We obtain three-generation models satisfying both the
F- and D-term conditions.
When flux N takes the following values:

N ¼

2
64
−5 13 3

13 −5 3

3 3 2

3
75; ð107Þ

the D-term condition is satisfied. We find that det N ¼ 36,
trρðGÞ ¼ trρðG2Þ ¼ −

ffiffiffi
3

p
i, trρðG3Þ ¼ 18, trρðG4Þ ¼ ffiffiffi

3
p

i,
trρðG6Þ ¼ 36, and the numbers of zero-modes are
½n0; n1;…; n11� ¼ ½9; 0; 2; 0; 9; 0; 3; 0; 9; 0; 4; 0�.
Also when the flux is

N ¼

2
64
−3 3 1

3 −3 1

1 1 −2

3
75; ð108Þ

the D-term condition is satisfied. We find that det N ¼ 12,
trρðGÞ ¼ trρðG2Þ ¼ −

ffiffiffi
3

p
i, trρðG3Þ ¼ 6, trρðG4Þ ¼ ffiffiffi

3
p

i,
trρðG6Þ ¼ 12, and the numbers of zero-modes are
½n0; n1;…; n11� ¼ ½3; 0; 0; 0; 3; 0; 1; 0; 3; 0; 2; 0�.

VI. CONCLUSION

We have studied the zero-modes of nonfactorizable
T6=ZN orbifold models with background magnetic flux.
We have classified zero-modes with ZN charges in magnet-
ized T6=ZN models by Spð6;ZÞ modular transformation.
We have focused on degenerated fermion zero-modes

with the chirality ðþ;þ;þÞ. Corresponding zero-mode
wave functions are normalizable, if NImΩ is positive-
definite where N and Ω are symmetric fluxes and complex
structure moduli, respectively.
Our results are important to check whether three-gen-

eration models in the effective field theory exist or not
systematically. We have constructed magnetized T6=ZN
twisted orbifolds by generators of Spð6;ZÞ and symmetric
flux N. By modular transformation of zero-modes and its
representation, we can classify how many zero-modes with
ZN charges exist on each sector.
For T6=Z7, we have not found any three-generation

models when tr ρ is equal to either one ofþ1, −1, or −
ffiffiffi
7

p
i.

This result can be proved by properties of number theory.
Therefore, if tr ρ could take no other values than the
above ones, it implies that the magnetized T6=Z7 model is
not suitable for realizing three-generation models in four-
dimensional effective field theory. In addition, we have
never found any solutions when the models have no
tachyonic-modes.

For T6=Z12, on the other hand, we have found some
three-generation models. The F-term condition is satisfied
in three-generation models when a determinant of flux N is
from 12 to 48. However, the D-term SUSY condition is
satisfied when det N is only 12 or 36 and N are particular
values. It means that there are three-generation models
without tachyonic-modes.
In conclusion, we have seen that a few three-generation

models can be realized on magnetized nonfactorizable
T6=ZN orbifolds. We have only used zero-modes with
the chirality ðþ;þ;þÞ, but there are zero-modes with other
chiralities such as ðþ;−;−Þ. Zero-modes with other chir-
alities have different wave functions, and such analysis is
nontrivial. We need those wave functions to write Yukawa
couplings in 4D low-energy effective field theory. Such
studies on other chiralities are beyond our scope, and we
would study them elsewhere including realization of
fermion masses and mixing angles.
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APPENDIX A: T4=ZN

In this appendix, we study nonfactorizable T4=ZN
orbifolds with background magnetic flux.

1. ZN twists for T4=ZN

The 4D lattices have the modular symmetry, Spð4;ZÞ.
Some of the Coxeter and generalized Coxeter elements can
be realized by Spð4;ZÞ transformation.
Generators of Spð4;ZÞ are given by

S ¼
�

O I2
−I2 O

�
; Ti ¼

�
I2 Bi

O I2

�
ði ¼ 1; 2; 3Þ; ðA1Þ

where Bi are 2 × 2 symmetric matrices defined by

B1 ¼
�
1 0

0 0

�
; B2 ¼

�
0 0

0 1

�
; B3 ¼

�
0 1

1 0

�
: ðA2Þ

Referring to Table I, we may expect to realize theZ6,Z8,
and Z12 orbifolds with the SOð8Þ Lie root lattice. However,
we succeed in describing only the Z8 in terms of Spð4;ZÞ
as discussed in the following subsections.

2. T4=Z8 orbifold

We consider the number of zero-modes on magnetized
T4=Z8 [28] by the following algebraic relation

ðST1T−1
2 T−1

3 Þ8 ¼ 14: ðA3Þ
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The invariant moduli Ω8 under the transformation
ST1T−1

2 T−1
3 satisfy

−ðΩ8 þ B1 − B2 − B3Þ−1 ¼ Ω8: ðA4Þ

One of the solutions Ω8 ∈ H2 is given by

Ω8 ¼
"
− 1

2
þ iffiffi

2
p 1

2

1
2

1
2
þ iffiffi

2
p

#
: ðA5Þ

Flux N is constrained by the F-term condition to
the form

N ¼
�

n1
n2−n1

2
n2−n1

2
n2

�
; n1 ≡ n2 ðmod 2Þ: ðA6Þ

Therefore, N is ST1T−1
2 T−1

3 invariant. Furthermore, for the
consistent transformation of zero-mode wave functions
under T1T−1

2 T−1
3 , additional constraints are imposed.

That is, NðB1 − B2 − B3Þ is symmetric, and its diagonal
elements are all even. This leads to

n1 ≡ n2 ≡ 0 or n1 ≡ n2 ≡ 2 ðmod 4Þ: ðA7Þ

Then, det N is always a multiple of 4. We obtain the
following ST1T−1

2 T−1
3 transformation of zero-modes:

ψ J⃗
NðΩ8z⃗;Ω8Þ¼

1ffiffiffiffiffiffiffiffiffiffiffi
detN

p
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗eπiK⃗

TN−1BK⃗ψ K⃗
Nðz⃗;Ω8Þ;

ðA8Þ

where B1 − B2 − B3 is denoted by B. We define ΛN as a
lattice spanned by Ne⃗i. The representation of the algebraic
structure G ¼ ST1T−1

2 T−1
3 is given by

ρK⃗1 K⃗2
ðGÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

det N
p e2πiK⃗1

TN−1K⃗2eπiK⃗1
TN−1BK⃗1 : ðA9Þ

Trace of the representation ρ is

trρ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p
X
K⃗∈ΛN

e2πiK⃗
TN−1K⃗eπiK⃗

TN−1BK⃗: ðA10Þ

Thus, we can obtain the zero-modes on magnetized
T4=Z8 that have ZN charges from βn ¼ trρðGnÞ, and
n ¼ 1, 2, 4. Table IV shows the zero-modes with det N,
trρðGnÞ, the number of zero-modes in ZN sector nk. We see
that there are three-generation models in the range
of 16 ≤ det N ≤ 32.

3. T4=Z12 orbifold

The generalized Coxeter element Z12 on SOð8Þ has the
negative determinant. That is, such an element is not
included in Spð4;ZÞ. Any nonvanishing magnetic fluxes
are not consistent with the Z12 twist. Thus, one cannot
describe the Z12 twist by the Spð4;ZÞ transformation.

4. T4=Z6 orbifold

Here we consider the T4=Z6 orbifold defined by the
Coxeter element Z6 on SOð8Þ. We have not succeeded in
finding the corresponding Spð4;ZÞ generator. We discuss
possible reasons behind this.
First, note that classifications of the fixed points of

Spð4;ZÞ were studied [45]. There are six independent
zero-dimensional fixed points Ωf ∈ H2 being invariant
under the actions of certain subgroups (stabilizer)
of Spð4;ZÞ.
One of the fixed points is given by

Ωf ¼
�

η 1
2
ðη − 1Þ

1
2
ðη − 1Þ η

�
∈ H2; ðA11Þ

where η ¼ 1
3
ð1þ 2

ffiffiffi
2

p
iÞ. The corresponding stabilizer

group is generated by [40,41]

h1 ¼

2
6664
0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

3
7775; h2 ¼

2
6664
−1 1 1 0

1 0 0 1

−1 0 0 0

1 −1 0 1

3
7775:

ðA12Þ
They form a finite group of order 48 known as GLð2; 3Þ.
One can find that Ωf in Eq. (A11) is equivalent to Ω8 in
Eq. (A5) corresponding to the SOð8Þ lattice. They are
related by the following Spð4;ZÞ transformation:

γΩ8 ¼ Ωf; γ ¼

2
6664
1 0 0 0

0 −1 0 0

1 0 1 0

0 0 0 −1

3
7775 ∈ Spð4;ZÞ:

ðA13Þ

TABLE IV. The number of zero-modes on magnetized T4=Z8.

D β1 β2 β4 n0 n1 n2 n3 n4 n5 n6 n7

4 0 0 4 1 0 1 0 1 0 1 0
8

ffiffiffi
2

p
i 2 4 2 1 1 1 2 0 1 0

16
ffiffiffi
2

p
i 2 4 3 2 2 2 3 1 2 1

28 0 0 4 4 3 4 3 4 3 4 3
32

ffiffiffi
2

p
i 2 4 5 4 4 4 5 3 4 3

36 0 0 4 5 4 5 4 5 4 5 4
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This shows that Ωf also corresponds to the same
SOð8Þ lattice, but with a different basis choice related
by Spð4;ZÞ.
Then the stabilizer of Ω8 is also GLð2; 3Þ, and its

representation matrices are given by the matrix con-
jugation γ−1hiγ (i ¼ 1, 2). The Z6 generator of the
Coxeter element should be included in this stabilizer group
if it is describable by Spð4;ZÞ generators. However, by the
following argument we conclude that there is no such
element.
One can compute the values of trace of all 48 elements in

GLð2; 3Þ generated by hi (i ¼ 1, 2) in Eq. (A12). One
obtains only even numbers.
On the other hand, the Z6 Coxeter element of SOð8Þ is

given by [6]

θZ6
¼

2
6664

0 1 0 0

1 1 1 1

−1 −1 −1 0

−1 −1 0 −1

3
7775; ðA14Þ

and its trace is odd, trθZ6
¼ −1. Note that the above matrix

representation Eq. (A14) assumes a different basis choice
compared with Eq. (A11) although they span the same
SOð8Þ Lie lattice. If θZ6

has an expression in terms of
Spð4;ZÞ, there exists L ∈ GLð4;ZÞ such that

θZ6
→ θ0Z6

¼ L−1θZ6
L; L ∈ GLð4;ZÞ; ðA15Þ

which corresponds to a possible change of basis vectors.
Since the trace is independent of the basis choice, we
suspect that the Z6 Coxeter element of SOð8Þ cannot be
realized by the Spð4;ZÞ transformation.

APPENDIX B: MODULAR TRANSFORMATION

We consider modular transformation γ ∈ Spð6;ZÞ. It is
defined as the basis transformation of the lattice Λ defining
T6 ≃ C3=Λ. The symplectic modular group Spð6;ZÞ is
composed of 6 × 6 integer matrices γ,

γ ¼
�
A B

C D

�
∈ Spð6;ZÞ; ðB1Þ

satisfying

γJγT ¼ J; J ¼
�

0 13
−13 0

�
: ðB2Þ

We introduce the modular transformation γ for the complex
coordinates z⃗ and the complex structure moduli Ω under γ
as follows:

Ω → ðAΩþ BÞðCΩþDÞ−1;
z⃗ → ðCΩþDÞ−1Tz⃗; ðB3Þ

where A, B, C, and D are 3 × 3 integer matrices and the
generators S, Ti (i ¼ 1; 2;…; 5; 6) are given by

S ¼
�

O 13
−13 O

�
; Ti ¼

�
13 Bi

O 13

�
: ðB4Þ

The symmetric matrices Bi are given by

B1 ¼

2
64
1 0 0

0 0 0

0 0 0

3
75; B2 ¼

2
64
0 0 0

0 1 0

0 0 0

3
75; B3 ¼

2
64
0 0 0

0 0 0

0 0 1

3
75;

B4 ¼

2
64
0 1 0

1 0 0

0 0 0

3
75; B5 ¼

2
64
0 0 0

0 0 1

0 1 0

3
75; B6 ¼

2
64
0 0 1

0 0 0

1 0 0

3
75:

ðB5Þ

Wewill consider modular S and Ti transformations of zero-
modes on magnetized T6.

1. The S transformation

Under the S transformation, z⃗ ¼ x⃗þ Ωy⃗ and Ω
behave as

S∶ ðz⃗;ΩÞ → ðz⃗S;ΩSÞ ¼ ð−Ω−1z⃗;−Ω−1Þ: ðB6Þ

We see that the complex coordinates, the moduli after the S
transformation, are given by z⃗S ¼ −Ω−1z⃗ ¼ x⃗S −Ω−1y⃗S
and ΩS ¼ −Ω−1. Also we obtain the transformation of real
coordinates x⃗S and y⃗S as

x⃗S ¼ −y⃗;

y⃗S ¼ x⃗: ðB7Þ

a. Magnetic flux and the F-term condition
in the S transformation

Magnetic flux on T6 is defined by

F ¼ 1

2
pIJdXI ∧ dXJ

¼ 1

2
ðpxxÞijdxi ∧ dxj þ 1

2
ðpyyÞijdyi ∧ dyj

þ ðpxyÞijdxi ∧ dyj; ðB8Þ

where XI ¼ ðxi; yiÞ, i ¼ 1, 2, 3 is the real coordinate along
the lattice. Therefore the magnetic flux F after the S
transformation is written by x⃗S ¼ −y⃗ and y⃗S ¼ x⃗:
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F ¼ 1

2
ðpS

xxÞijdxiS ∧ dxjS þ
1

2
ðpS

yyÞijdyiS ∧ dyjS

þ ðpS
xyÞijdxiS ∧ dyjS

¼ 1

2
ðpS

xxÞijdyi ∧ dyj þ 1

2
ðpS

yyÞijdxi ∧ dxj

þ ðpS
xyÞTijdxi ∧ dyj: ðB9Þ

We therefore find that

pS
xx ¼ pyy;

pS
yy ¼ pxx;

pS
xy ¼ ðpxyÞT: ðB10Þ

When we impose the condition pxx ¼ pyy ¼ 0, it is clear
that the magnetic flux is consistent with the S trans-

formation. Thus the flux N ¼ pT
xy

2π is transformed under S as

S∶ N → NT; ðB11Þ

and the F-term condition ðNΩÞT ¼ NΩ in the S trans-
formation is given by

ðNSΩSÞT ¼ ðNTð−Ω−1ÞÞT
¼ ððΩTÞ−1NΩð−Ω−1ÞÞT
¼ NSΩS; ðB12Þ

where we use ðNΩÞT ¼ NΩ and the condition that Ω is
symmetric. Therefore, we find that the F-term condition
as well as the magnetic flux is consistent with the S
transformation.

b. The S transformation of zero-modes

Zero-mode with the chirality ðþ;þ;þÞ is introduced by
the Riemann-theta function with characteristics

ψ J⃗
N ðz⃗;ΩÞ ¼ N · eiπðNz⃗ÞT ðImΩÞ−1·Imðz⃗Þ · θ

�
J⃗N−1

0

�
ðNz⃗; NΩÞ:

ðB13Þ

Since fluxes N in our magnetized orbifold models are
constrained to be symmetric, we consider the S trans-
formation under the condition N ¼ NT .
To come to the point, the S transformation of zero-modes

ψ J⃗
N ðz⃗;ΩÞ is written as

ψ J⃗
Nð−Ω−1z⃗;−Ω−1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðN−1Ω=iÞ

q
×

X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗ψ K⃗

Nðz⃗;ΩÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð−iΩÞp
ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗ψ K⃗

Nðz⃗;ΩÞ;

ðB14Þ

where ΛN is a lattice spanned by Ne⃗i and e⃗i are unit
vectors.
In the following, we present a derivation of Eq. (B14).

From the literature in mathematics [34], it is known that

θð−Ω−1z⃗;−Ω−1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðΩ=iÞ

p
eπiz⃗

TΩ−1 z⃗ · θðz⃗;ΩÞ ðB15Þ

holds where z⃗ ∈ C3;Ω ∈ H3. Note that we must take a
branch of the square root which returns a positive number if
Ω is purely imaginary.
When we replace z⃗ with z⃗þ N−1J⃗ in Eq. (B15), we

obtain

θ

�
J⃗TN−1

0⃗

�
ð−Ω−1z⃗;−Ω−1Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðΩ=iÞ

p
· eiπz⃗

TΩ−1 z⃗ · θ
�

0⃗

J⃗TN−1

�
ðz⃗;ΩÞ: ðB16Þ

The following relations were used:

θ

�
a⃗

b⃗þ b⃗0

�
ðz⃗;ΩÞ ¼ θ

�
a⃗

b⃗

�
ðz⃗þ b⃗0;ΩÞ;

θ

�
a⃗þ a⃗0

b⃗

�
ðz⃗;ΩÞ ¼ eiπa⃗

0TΩa⃗0þ2πia⃗0T ðz⃗þb⃗Þθ
�
a⃗

b⃗

�
ðz⃗þΩa⃗0;ΩÞ;

ðB17Þ

where a⃗0; b⃗0 ∈ R3.
Now we replace Ω ∈ H3 with N−1ΩI where N is to be

identified as the flux in magnetized D-brane models. Even
if ΩI is not an element of Siegel upper-half plane H3, our
replacement is consistent if N−1ΩI ∈ H3. In the following,
since we denote ΩI by Ω, we have

θ

�
J⃗TN−1

0⃗

�
ð−Ω−1Nz⃗;−Ω−1NÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðN−1Ω=iÞ

q
· eiπz⃗

T ðN−1ΩÞ−1 z⃗ · θ
�

0⃗

J⃗TN−1

�
ðz⃗; N−1ΩÞ:

ðB18Þ
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The right-hand side of Eq. (B18) can be rewritten as

θ

�
0⃗

J⃗TN−1

�
ðz⃗; N−1ΩÞ

¼
X
l⃗∈Z3

eπil⃗
TN−1Ωl⃗e2πil⃗

T ðz⃗þN−1J⃗Þ

¼
X
K⃗∈ΛN

X
a⃗∈Z3

eπiðNa⃗þK⃗ÞTN−1ΩðNa⃗þK⃗Þe2πiðNa⃗þK⃗ÞT ðz⃗þN−1J⃗Þ

¼
X
K⃗∈ΛN

e2πiK⃗
TN−1J⃗

X
a⃗∈Z3

eπiðNa⃗þK⃗ÞTN−1ΩðNa⃗þK⃗Þe2πiðNa⃗þK⃗ÞT z⃗

¼
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗θ

�
K⃗TN−1

0⃗

�
ðNz⃗; NΩÞ; ðB19Þ

where the summation variable ⃗l is decomposed into two
variables a⃗ ∈ Z3 and K⃗ ∈ Z3 as ⃗l ¼ Na⃗þ K⃗. Note that K⃗
are integer points inside the lattice ΛN .
Also since we know the F-term condition ðNΩÞT ¼ NΩ

as well as the symmetries NT ¼ N, ΩT ¼ Ω, we find the
relation ½N;Ω� ¼ 0. From this relation, Ω−1½N;Ω�Ω−1 ¼ 0,
and thus N and Ω−1 are also commutative.
We therefore find that Eq. (B18) can be expressed as

θ

�
J⃗TN−1

0⃗

�
ðNð−Ω−1z⃗Þ; Nð−Ω−1ÞÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðN−1Ω=iÞ

q
· eiπz⃗

T ðN−1ΩÞ−1 z⃗ X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗

· θ

�
K⃗TN−1

0⃗

�
ðNz⃗; NΩÞ: ðB20Þ

Next, when we focus on the S transformation on the
phase of zero-modes, we find

S∶ eiπðNz⃗ÞT ·ðImΩÞ−1Imðz⃗Þ → eπið−NΩ−1 z⃗ÞTðImð−Ω−1ÞÞ−1Imð−Ω−1 z⃗Þ:

ðB21Þ

Then, when this is multiplied by the exponential factor
eiπz⃗

TðN−1ΩÞ−1 z⃗ in the right-hand side of Eq. (B20), we get

eπið−NΩ−1 z⃗ÞT ðImð−Ω−1ÞÞ−1Imð−Ω−1 z⃗Þeiπz⃗T ðN−1ΩÞ−1 z⃗

¼ eiπðNz⃗ÞTðImΩÞ−1Imz⃗: ðB22Þ

Finally, we find the S transformation of zero-modes as
follows:

ψ J⃗
Nð−Ω−1z⃗;−Ω−1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð−iΩÞp
ffiffiffiffiffiffiffiffiffiffiffiffi
det N

p
X
K⃗∈ΛN

e2πiJ⃗
TN−1K⃗ψ K⃗

Nðz⃗;ΩÞ:

ðB23Þ

2. The T transformation of zero-modes

Under the Ti ði ¼ 1; 2;…; 5; 6Þ transformation, complex
coordinates z⃗ and complex structure moduli Ω are trans-
formed as

T∶ ðz⃗;ΩÞ → ðz⃗T ;ΩTÞ ¼ ðz⃗;Ωþ BiÞ: ðB24Þ

Let z⃗T represent complex coordinates after the T trans-
formation, and we omit the index i in this subsection. We
obtain transformation of real coordinates,

z⃗ ¼ x⃗þΩy⃗ → z⃗T ¼ x⃗T þ ðΩþ BÞy⃗T ¼ z⃗ ¼ x⃗þΩy⃗

↔ x⃗T ¼ x⃗ − By⃗; y⃗T ¼ y⃗: ðB25Þ

Therefore, the magnetic flux F after the T transformation is

F ¼ 1

2
ðpðTÞ

xx ÞijdxiT ∧ dxjT þ 1

2
ðpðTÞ

yy ÞijdyiT ∧ dyjT

þ ðpðTÞ
xy ÞijdxiT ∧ dyjT

¼ 1

2
ðpðTÞ

xx Þijdxi ∧ dxj þ 1

2
½pðTÞ

yy þ BpðTÞ
xx B − ðBpðTÞ

xy Þ

þ ðBpðTÞ
xy ÞT �ijdyi ∧ dyj þ ½ðpðTÞ

xy Þ − ðpðTÞ
xx BÞ�ijdxi

∧ dyj: ðB26Þ

From Eq. (B26), we can see the following transformation
of the components pxx; pyy, and pxy:

pðTÞ
xx ¼ pxx;

pðTÞ
yy ¼ pyy þ BpxxBþ ðBpxy − ðBpðTÞ

xy ÞTÞ;
pðTÞ
xy ¼ pxy − ðpxxBÞ: ðB27Þ

Thus, we find that the following constraint is required for
the condition pxx ¼ pyy ¼ 0 to be consistent with the T
transformation,

ðBpxyÞT ¼ Bpxy: ðB28Þ

Noting Dirac’s quantization condition pxy ¼ 2πNT , and
the fact that matrices B in Spð6;ZÞ are symmetric, we can
write Eq. (B28) as

ðNBÞT ¼ NB: ðB29Þ

Then it follows that the F-term condition is consistent with
the T transformation
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ðNTΩTÞT ¼ ðΩþ BÞTNT

¼ ðNΩÞT þ ðNBÞT
¼ NΩþ NB

¼ NTΩT: ðB30Þ

Next we consider the T transformation of zero-modes. In
the following, we require that all diagonal components of
NB are even, and then we obtain

θðNz⃗; NðΩþ BÞÞ
¼

X
m⃗∈Z3

expðπim⃗TNðΩþ BÞm⃗þ 2πim⃗TNz⃗Þ

¼
X
m⃗∈Z3

eπim⃗
TNΩm⃗þ2πim⃗TNz⃗eπim⃗

TNBm⃗

¼
X
m⃗∈Z3

eπim⃗
TNΩm⃗þ2πim⃗TNz⃗ · 1

¼ θðNz⃗; NΩÞ: ðB31Þ

Here, when we replace complex coordinates z⃗ with
z⃗þ ðΩþ BÞN−1TJ⃗, we obtain the following formula:

θðNðz⃗þ ðΩþ BÞN−1TJ⃗Þ; NðΩþ BÞÞ
¼ θðNðz⃗þ ðΩþ BÞN−1TJ⃗Þ; NΩÞ: ðB32Þ

Then, by the use of Eq. (B17), we can express it as

θ

�
J⃗TN−1

0⃗

�
ðNz⃗; NðΩþ BÞÞ

¼ e−πiJ⃗
TN−1BJ⃗θ

�
J⃗TN−1

0⃗

�
ðNz⃗þ BJ⃗; NΩÞ

¼ e−πiJ⃗
TN−1BJ⃗θ

�
J⃗TN−1

J⃗TB

�
ðNz⃗; NΩÞ

¼ eπiJ⃗
TN−1BJ⃗θ

�
J⃗TN−1

0⃗

�
ðNz⃗; NΩÞ: ðB33Þ

The phase factor eπiðNz⃗ÞT ðImΩÞ−1Imz⃗ of zero-modes is
clearly invariant under the T transformation. Therefore,
we find the T transformation of zero-modes as follows:

ψ J⃗
Nðz⃗;Ωþ BÞ ¼ eπiJ⃗

TN−1BJ⃗ψ J⃗
Nðz⃗;ΩÞ: ðB34Þ
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