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I consider the frame dependence of QCD bound states in the presence of a confining, spatially constant
gluon field energy density. The states are quantized at equal time in A’ = 0 (temporal) gauge. I derive the
frame dependence of the wave functions, and demonstrate the Lorentz covariance of the electromagnetic
(transition) form factors for states of any spin. The wave functions of J’¢ = 0" states with CM
momentum P # 0 are considered in some detail, verifying their local normalizability and the expected

frame dependence of the bound state energy.
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I. REMARKS ON BOUND STATES

Atoms and hadrons are our primary examples of physical
bound states. Their field theory (QED and QCD) descrip-
tion complements the methods of scattering amplitudes, but
is not part of the standard QFT curriculum. Bound states are
challenging, but the omission even of their general prin-
ciples seems unwarranted.

Analytic evaluations of Standard Model dynamics
mainly rely on expansions in powers of the coupling.
The lowest order term should provide an adequate first
approximation of the full result. Scattering amplitudes
reduce to free propagators at vanishing coupling, which
defines the lowest order of the perturbative S-matrix.

Bound state constituents interact at all times. Bound
states are typically expanded around solutions of the
Schrodinger or Bethe-Salpeter type equations. The choice
of initial (nonperturbative) state affects its higher order
perturbative corrections such that the full series (for
physical quantities) is formally independent of the initial
choice [1,2].

Each order of a perturbative expansion must have
Poincaré symmetry. The explicit covariance of Feynman
diagrams is enabled by their free propagators. Bound states
are eigenstates of the Hamiltonian, which is frame depen-
dent. Consequently bound state covariance is not fully
explicit (kinetic), but is realized dynamically (through
interactions). For example, time translation invariance is
ensured for eigenstates of the Hamiltonian, which includes
interactions.
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In equal-time quantization the Hamiltonian commutes
with space translations and rotations, but not with boosts.
Bound state masses and quantum numbers can be deter-
mined in the rest frame [3-6], whereas bound state
scattering involves moving states. The frame dependence
of atoms is dynamic and nontrivial [7-9].

Hamiltonians quantized at equal light-front (LF) time
xT =r+ z commute with boosts [10,11]. Photons propa-
gating in the negative z direction interact at equal x¥,
making LF wave functions advantageous for describing
form factors. Rotation symmetry is realized dynamically on
the LF since x™ depends on z. This complicates the
determination of angular momentum (except J*), and raises
some delicate issues [12,13].

In the following I consider equal-time quantization,
which is well established and allows one to determine
the JP¢ quantum numbers in the rest frame. The dynamic
realization of boost covariance is the main topic of this
paper, and serves as a nontrivial check of the method.

The equal-time wave function of positronium in motion
was determined in [14] (see also [15]). The |eTe™) Fock
state Lorentz contracts as expected. The increase of the
Coulomb potential due to the contraction is canceled by the
lete~y) Fock contribution, which (at leading order) van-
ishes in the rest frame.

The physical hadron scale Agep ~ 1 fm™ is not a param-
eter of the QCD Lagrangian. The scale appears in renorm-
alization and determines long-distance features such as hadron
radii. Color confinement is not apparent even in formally
exact methods such as Dyson-Schwinger equations [16] and
NRQCD [17]. Expansions based on initially unconfined quark
and gluon states may not recover confinement.

Iintroduce the QCD scale through a boundary condition,
which preserves the equations of motion. Temporal
(A% = 0) gauge fixing imposes Gauss’s law on the classical
longitudinal electric field. For (globally) color singlet states
a specific homogenous solution of Gauss’s law can be
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included [15]. This gives rise to a spatially constant gluon
field energy density, characterized by a universal scale
parameter A. Setting A = 0 gives the standard Coulomb
potential, whereas A > 0 adds an instantaneous potential,
which is linear for gg states.

The confining potential provides a rich dynamics for the
color singlet bound states even at a, = 0. This may serve as
the lowest order of a perturbative expansion in a, provided
it respects the exact symmetries of QCD, including
Poincaré invariance. Here I verify that the bound states
and form factors have the correct frame dependence. These
properties are dynamically realized in equal-time quanti-
zation and have not been demonstrated before.

In Sec. Il I recall the bound state method and some results
presented in [15]. Section III considers how the bound states
transform under infinitesimal boosts and verifies the Lorentz
covariance of their form factors. Section IV presents a
general Dirac basis for the wave functions, which allows
one to express the bound state equation as a set of coupled
partial differential equations. As a specific example, Sec. V
considers properties of the /¢ = 0~* wave functions, using
both analytic and numerical methods. Summary remarks are
given in Sec. VL.

II. THE BOUND STATE METHOD [15]
A. Temporal gauge

Gauge theory actions have no 0,A° nor V-A terms.
Hence the A and longitudinal A, fields do not propagate in
space-time. For scattering amplitudes it is convenient to
add the missing terms through a covariant gauge fixing
Lagrangian  (d,A* )2, achieving explicit Poincaré invari-
ance. For bound states the instantaneous gauge interactions
due to A° and A; actually are welcome.

Bound state calculations commonly use Coulomb gauge
(V-A = 0). The absence of a field conjugate to A® causes
well-known complications [18,19]. Here I choose temporal
gauge (A° = 0) [20-23], in which canonical quantization is
straightforward. To my knowledge there are no previous
bound state calculations in temporal gauge.

The condition A% = 0 does not exclude time independent
gauge transformations, which are generated by Gauss
operator G, (t,x) = 8Sqcp/8AY(t,x). In temporal gauge
G, = 01is not an operator equation of motion but is imposed
as a constraint on physical states: G,(t,x)|phys) = 0. This
ensures the invariance of the physical states under the
remaining gauge degrees of freedom. The constraint is
invariant under time evolution since G, commutes with
the Hamiltonian. It requires the longitudinal electric field
E; = —0,A; of a physical state to satisfy

V- E{|phys) = g[—fupAp - E. + y' T%]|phys)

= g&,|phys) (2.1)

where f,;,. are the structure constants and 7¢ the gene-
rators in the fundamental representation of the color
SU(3) group.

The standard boundary condition in solving (2.1) is
Ef(t,x > o) =0, giving the instantaneous Coulomb
potential. For (globally) color singlet states in QCD I
include a homogeneous [V - E¢ (z,x) = 0] solution,

E{ (t,x)|phys) = —Vx/dy {Kx Y+

x &,(t.y)|phys)

where £, is defined in (2.1) and the normalization « of
the homogeneous solution is independent of x and y. E
contributes an instantaneous interaction Hy (¢) to the QCD
Hamiltonian acting on |phys),

g
4z |x —yl]
(2.2)

o) = [ ax(Eg)?

1 1
:/dydz[y-z(—lcz/dx—i—gk)—k— % ]
2 2]y —7|

X Eq(t,y)E4(1,2).

(2.3)

B. The instantaneous potential

A globally color singlet gg state of rest mass M and
momentum P can at time ¢ be expressed as

1 .
dxdx —A tx ezP~(x1+x2)/25AB
\/ITZ Z 14X2Y o 1

C'AB af

M.P) =

x @) (1 —x2)y (1.%,)0) (2.4)
where N- = 3 for QCD, A, B are color, and a, 8 Dirac
indices. The y field creates a quark at (¢,x;) and
simultaneously an antiquark at (¢,x,). The plane wave
phase exp[iP - (x; + x,)/2] ensures the correct translation
dependence of the entire bound state, while the c-numbered

wave function (D(I;) (x; —x;) determines the relative dis-

Q
tribution of the (single flavored) quarks. Each component

|q(x1)q(x2)) = 24 Walt,x)yj(1,x,)[0) is a physical
state in temporal gauge, whose instantaneous field E; is
determined by (2.2). The state is gauge dependent, and
defines observables such as four-momenta, form factors,
and scattering amplitudes which must be gauge invariant.

The term o x> f dx in (2.3) shows that the homogeneous
solution brings an x-independent field energy density.
The total energy (« the volume of space) is irrelevant
only if it is universal, i.e., the same for all physical states.
The normalization x depends on the state and is determined
by the requirement that the field energy density be
universal.

For the component |g(x;)g(x,)) the O(x*) and O(g«)
terms in Hy(¢) (2.3) give contributions proportional to
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/ dydzy - 2E.(1.)E4(1.2)|a(01)3(x2)) = Crx, =122 (x1)7 (x2)-

(2.5)

Universality of the energy density requires k> « 1/(x; — x,)? for |g(x;)g(x,)). The O(gk) contribution is then  |x; — x,|.
Denoting the field energy density as E, = A*/(2¢°Cr) and omitting its universal (infinite) contribution,

Ho(0)]g(x1)a(x2)) = (A2|x1 Cnl-Cp

where Cr = (N2 —1)/2N, = 4/3forQCD. V 4 (|x; — x,])
agrees with the phenomenologically determined ““Cornell
potential” for quarkonia [24,25]. It is applicable also to
relativistic light quark states, being independent of the quark
masses and momenta. Confining potentials analogous to
(2.6) are found for any color singlet quark and gluon state.
The full QCD Hamiltonian acting on the |¢g) state (2.4)
can create a transversely polarized gluon. Similarly
Hocp|qqg) contains |¢ggg) and |ggqq). Higher Fock states
are suppressed by powers of the coupling g. This defines a
formally exact “bound Fock expansion” for mesons,

Meson) = Cyz1qq); + Cyz4lqq9); + - - -

+ Cqéqr?'qzlqzl>[ + (2.7)
where C,; is O(¢"), Cygq is O(9), Cyaqq is O(g%), and so
on. The subscript / indicates that the Fock constituents
interact through their instantaneous potential, e.g., (2.6) for
|

Hoep(t =0) = Hy + Hy.

A
e —x;

Ho = / ey (0.)Hoyr (0, ),

|) 90)a0) = Vol —xDlgCr)ate)). (2.6)

l
|g(x1)g(x,)). The number of Fock states is limited by the
orders of ¢ included in the perturbative expansion.
Annihilations between the constituents, e.g., |¢gg); —
|¢g), contribute higher order corrections to Fock states with
fewer constituents.

C. O(a?) bound states at rest

In a perturbative approach already the lowest O(a?)
bound states should provide a reasonable approximation of
physical hadrons. With the valence |¢g), (2.4) chosen as
initial state, the coefficients of all other bound Fock
components in (2.7) vanish at @, = 0, and the potential
in (2.6) is linear,

Vaa(lxy —x3)|p o =V(r) = ANr=V'r. (2.8)
Including the free quark Hamiltonian,
Hy = —ia-V + my° (2.9)

the eigenstate condition Hocp|M, P = 0) = M|M,P = 0) imposes a bound state equation (BSE) on the rest frame wave

function ®©) = @,

(i ¥ + mp)(x) + D(x)(ia- ¥ = my®) = [M = V()| (x)

(2.10)

where x = x; —x, and r = |x|. Rotation symmetry allows one to classify the states according to their eigenvalues j(j + 1)
and A of the angular momentum operators J2 and 77, where (suppressing color and ¢ = 0)

J = /dxyﬂ(x)]y/(x), J=L+S=xx(-iV) +%y5a,

TIMP=0) = [ dridsile) 0Oy~ 2)[0). @) = D TYFY ),

The Y ;(x/r) are standard spherical harmonics, F;(r) are
(j-dependent) radial functions, and the Ffll/), are 16 Dirac
structures. A convenient choice for the Dirac structures is
l,a-x,a-L and a - x x L, each multiplied by 1,4°, ys, or
¥7s. The parity 17, and charge conjugation 7. of the state
restricts the allowed Dirac structures.

(2.11)

In the nonrelativistic quark model 7p = (—=1)L*! and
ne = (=1)ES, which  excludes states with 7p =
—n¢ = (=1)/. These values of np and 3¢ are compatible
only with the structures y° and ysa-L, which do not
contribute to the BSE (2.10). Hence the quark model
exotics are absent also in the present relativistic framework.
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The wave function of physical states with 7 = —5jc = (=1)/*! and J* = A can be expressed as

®/A(x) = [F,(r) +ia-xF,(r) + @ -x x LF5(r) + yOF4(r)]y5Y.M(fc). (2.12)

Substituting this into the BSE (2.10) relates the radial functions F;(r) and imposes a radial equation on F(r),
2 2 2m
Fz(r):marﬂ(”)’ F3(r):mFl(r), F4(”)=M_VF1(”),
2.V 1 JG+1)

The wave function may be expressed in terms of F(r) as
and its normalizing integral is

/ dxTr[®/' (x) D7 (x)] = 8 / " arrFin 1= —2Y o |F (. (2.15)

0 (M=-V)

The behavior of F(r — o) given by the radial equa-
tion (2.13) is, up to a phase convention and normalization N,

Fy(r = o0) = Nri=im*/V expli(M — V)2/4V']  (2.16)
which satisfies the radial equation at O(r~2) [or O(r~3) for
m = 0]. Hence the integrand in (2.15) approaches a constant
as r — oo. This is a feature also of the Dirac equation with a
linear potential [26], and is suggestive of pair production
(string breaking). A gg state |A) defined as in (2.4) has a
nonvanishing overlap with a pair of gg states B, C:
(BC|A) # 0, much as depicted in dual diagrams [27-29].
The feature where an earlier stage of a process |A) averages a
later stage |BC) is observed in et e~ — hadrons and referred
to as quark-hadron duality [30].

The normalizability of nonrelativistic Schrodinger wave
functions determines their discrete energy eigenvalues. Here
the analogous requirement for relativistic wave functions is
that they should be locally normalizable. In (2.13) F,(r —
0) <’ with p=j or p=—j—1. The radial equation
determines the regular (# = j) solution for all r, up to its
overall normalization. As seen from (2.14) ®/*(x) is singular
at V(r) =M unless F{(r=M/V')=0. Imposing this
determines the allowed bound state masses M. For small
quark masses m the bound states lie on nearly linear Regge
trajectories with evenly spaced daughters (see Fig. 21 of [15]).

III. FRAME DEPENDENCE

The frame dependence of physical observables is deter-
mined by Poincaré symmetry. The symmetry is realized
dynamically, as the generators of boosts do not commute
with the Hamiltonian. The Poincaré Lie algebra ensures

that the boosted states of mass M and three-momentum P
are eigenstates of the Hamiltonian with eigenvalue

E = VP?> + M?, i.e., they satisfy their bound state equa-
tion. This allows one to determine the P dependence of the
wave function from the BSE, instead of boosting.

Boosting equal-time |ff) states such as (2.4) causes
unequal time shifts of the constituents [see (3.4) below].
The constituents may be returned to equal time through
time translations generated by the Hamiltonian. It is
straightforward to determine the boost generators of free
fermions [see (3.3) and (3.5) below, with V = 0]. In the
absence of interactions the |ff) wave function Lorentz
contracts as in classical relativity, see Eq. (8.101) of [15].

The interactions between bound state constituents affect
their time translations. Unless the Hamiltonian is deter-
mined by a Poincaré invariant field theory, its energy
eigenvalues need not have the required momentum depend-
ence, see [31] for an example. Poincaré covariance should
be ensured for the interaction Hamiltonian Hy (2.3), since
it is derived from the QCD action in temporal gauge,
including a homogeneous solution of Gauss’s constraint.
The state (2.4) is an eigenstate of the O(a?) Hamiltonian
(2.9) if its wave function satisfies the BSE

iV - {a,®P)(x)} - % [P, ®P) (x)] + m[y°, ®P)(x)]

= [E = V(k])]@®)(x) (3.1)
where V(|x|) = V’|x| (2.8). The term o P breaks full
rotational invariance but preserves rotational symmetry
around P. Hence the helicity 1 of the state can be taken
to be independent of P (and is suppressed in the following).
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The transformation of states under boosts depends on
the gauge, and boosts generally must be combined with
a gauge transformation to maintain the original gauge
(see [32] for an example). Poincaré covariance is required
for physical observables, e.g., in (3.1) we must have
E = VP> + M?. The electromagnetic (transition) form
factor for y*A — B is also an observable,

Fiap(y) = (Mg, Pp|j*(9)[Ma, Pa),  j*(y) = ()r"w(y).
(3.2)

time translation: Uy, (1) (0,x)Us, (1) = y(1,x),
boost in zdirection: Uy (&)y(0,x,,2) Uy (&) = e5/2y(z sinh &, x ., zcosh &).

The form factor was shown [33] to be gauge invariant for
states with wave functions which satisfy (3.1). Here I shall
demonstrate that F,;(y) behaves as a four-vector under
Lorentz boosts. This is a stringent test of Poincaré sym-
metry for strongly bound states, recalling the discussion of
atomic form factors in [7-9].

A. Infinitesimal boost

A fermion field at + =0 is transformed by unitary
operators under time translations and boosts,

Uy (8t) = 1+ istH + O(51%);
(3.3)

An infinitesimal boost Uy (5) along the z axis of the state |M, P) (2.4) shifts the fermion fields to unequal times,

Uy (88)|M, P) = / dxdx, (882, x, ) %0/ 2P 1+ 2P) (x) — x))e =%/ 2y (6625, x,)[0) + O(582).  (3.4)

The fields can be shifted back to equal times using time translations (3.3) generated by the Hamiltonian. For a; = 0 with

Hqcp given by (2.9),

" . 1
(3521.31) = Un52 (0.3 U (0520) = w(0,0) |1+ (<%0 g 43 )i |

_ |
w(68z2,%;) = UH(‘S&Zz)W(O’xz)UM&sz) = {1 + 6625 <iV2 ca—my° + EVHW(OJZ)-

(3.5)

By symmetry, the potential at the quark position (due to the antiquark) is taken to be %V(r) in the quark Hamiltonian, and
analogously in the antiquark Hamiltonian." The O(8£) change in the potential due to the O(5¢) shifts in position is a

negligible O(6£%) correction.

To simplify the notation I shall label the state using its momentum and wave function, i.e., in (2.4) |M,P) =

Using (3.5) in (3.4) gives after partial integrations

Ui (88)|P, @)y =

The derivatives acting on the coefficients i6z; and i6&z, give

P,®P),
v 1 0,1 ; istats /2 (P —idas/2
P, |1+ lVl'a—EP'a—me +3V i68z, | %50 2DWP) (x; — x,) 0/
, - 1 . 1
x |1+ idéz, —sz-a—i—EP-a—my +§V . (3.6)
1— i(i882,)Vs - @ = 1 + Say ~ 5. (3.7)

1 + lel . a(lﬁézl) =1-= 55(13 ~ 6_550‘3’

This reverses the sign in the exponents of (3.6): e

802

e¥%a = ¢¥98a/2 Since the derivatives now operate only on

®(x; —x;) we have V, - -V, = —V, and it is convenient to define

- E |
H(()P>Eia-V—§P-a+my0,

The wave function ®®) is assumed to satisfy the BSE (3.1),

< < 1
H(()P)E—ia-V—EP-a—i—myO.

(3.8)

'"The equal time framework does not specify the potential for unequal time states. This assumption is motivated by continuity.
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-

A oP) (x) — 0P (x) A" + VOP) (x) = EDP)(x), (3.9)

where x = x| —x, and E = VP? + M?. We may express z; and z, as

1
(71 +Z2)—§Z, =7 — 2. (3.10)

| =

1
(Zl +Zz)+§Z, i =

| =

{1 =
The term « z; + z, in the wave function of (3.6) gives, using the BSE (3.9),
1 _ - .
) 42 idE(z + L) HP DP) — P AT + VOP) ~ ¢idEa+2)20P), (3.11)

This combines with the plane wave factor in [P, ®P)) (2.4) to exp[i(P + 5¢EZ) - (x; + x,)/2], where £ is a unit vector in the
z direction. Hence the momentum of the boosted state is P 4+ 6£EZ as expected. Its wave function, i.e., the dependence on
X| — X,, remains to be determined.

The potential V cancels in the term o« z; — z, = z of (3.6). To first order in 6 we have, with P’ = P + 5¢FZ,

Ui (88)|P, @) = [P, @P)) = |P', ®P) + |P, 560,0F))

1 _ -
= |P. o) + 2 5¢|P, iz(H ®P) + o® ALY - [ay, DP)]). (3.12)

Comparing the two expressions gives

OP) (x) = P (x) + 5£0,0P) (x),

1 - - 1 1 - 1 -
00" = iz(H o®) + oP ) - Slas. o) =2 i7" (zo®) + 3 i(zd®) AL (3.13)
The BSE (3.9) implies (see Eq. 8.100 of [15]),
7P0P) 1+ oPFP — — 2 p.yo® g vV. 0P
H, ' ® OVWH = P-Vo Vv, o], 3.14
0 + 0 E_V TECZv [ox ] (3.14)
Hence (3.13) may be equivalently written, with ®) = ®P)(x),
1
007 = _p.voP - * (4. VV,0P)] - [a;, dP)]. 3.15

B. The electromagnetic form factor

Gauges defined by a noncovariant condition such as A° = 0 generally change under boosts (see [32] for an example).
Thus we may expect that ®F) given by (3.13) differs by a gauge transformation of O(8¢) from the wave function which
satisfies (3.9) with P — P + 6£EZ. However, the form factor (3.2) was previously shown to be gauge invariant [33]. We can
thus check the correctness of the boost by considering the frame dependence of the form factor.

Eliminating FIéP)Q(P) in 0,®") (3.13) using the BSE (3.9) gives

_ 1 1 — 1 1 1
0.0 = O + 2 (E = V)liz = s ) = OP[i¥ - a+ 2P a =y =2 (E = V))(=iz) = 5 s, &P

N 1 1 1
000" = iz[~i¥ @+ 2P a—my =3 (E= V)]0 4 fas, &P, (3.16)

The electromagnetic current in (3.2) may be shifted to the origin using the generator of translations (four-momentum) P,

) =gy (y) = e j#(0)e . (3.17)
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Since the # = 0 bound states (2.4) are eigenstates of P, the form factor and its Fourier transform become

Fig(y) = (B.Pg|j*(y) ) = e!PsPaY (B, Py| j#(0)|A. Py),

Fio(@) = [ dve 0Py (0) = 205 (Py - Pa = )Gy, (3.18)
The states A and B may be different, with no constraints on their masses M, momenta P, or spins. We have explicitly
Ghp = /(de dy) P tx2) =P 0132) 12 (0l (0, 3, )@ (1 — ¥2)7°w (0.31)ip (0. 0)y"y (0, 0)

X (0,304 (x, — ) (0,%,)]0). (3.19)

The contractions {y(0,y;),%(0,0)} = y°5(y;) and {w(0,0),%(0,x;)} =y°5(x;) correspond to the virtual photon
interacting with the fermion, whereas the antifermion is untouched, {y(0,y,),w(0,x,)} = 8(y, — x,). For our present
purposes it is sufficient to consider this contribution to the form factor. Denoting x = —x, = —y, we get

Gy = / dxe! PP 2T (@ (x) 700, (x) ). (3.20)
An infinitesimal boost in the z direction transforms the three-momenta as d:P = (0,0, E). Hence
: 1
0:Ghp = /dxe’("’lf‘PA)"‘/2 {(EB —Ey) 3 izTr{d)Adﬁgy”yo} + agTr{d>Ad)Ly"y°}} . (3.21)
Using (3.16) we find
tou0 = 1 0 1 . 1 T ,,0
0§Tr{<I)A¢)By V4 }:Tr q)A lV'a+§PA’a—m]/ —E(EA—V) (—lZ)—E[a3,(I)A] CDBJ/ V4
. . = 1 0 1 T 1 + 0

+ @, iz —ta-V+§PB-a—my _E(EB_V) (I)B+§[a3,¢33] Ve (3.22)

The my” and V terms cancel in (3.22), while the E, and E contributions cancel the first term in (3.21). The a - V terms
combine into

/ dxe'Ps—P0)*/22V . Tr{® ,a®fy#y0}
= / dxe!Ps=Pa)x/2 {—Tr{@Aa3<D;y"y0} —%izTr{d)A(PB —P,)-adiyO) . (3.23)
The second term cancels the P,, Py contributions to (3.22). The commutators in (3.22) are
%Tr{(q)A [z, @] — (a3, D4 )7} = Tr{ D43y } — %Tr((DAq);{“aa "7’} (3.24)
The first terms of (3.23) and (3.24) cancel. The only remaining contribution is — 1 Tr(®,®}{a3,77°}). For u = 0 we have

—H{as, 1} = y*°, which gives G}p. For =3 similarly —1{as,7*y°} =1, giving GY;. For y =1 and u =2 the
anticommutator vanishes. Thus,

angB = G?AB’ aéfo\B = G%B’ OCGi\B = de:GfxB =0 (3.25)

showing that G, transforms as a four-vector under infinitesimal boosts in the z direction. This is the first such
demonstration for equal-time states and supports the boost dependence (3.13) of the wave function.
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C. Bound state equation in temporal gauge

The gauge field A* transforms as a four-vector only up to a gauge transformation (e.g., Sec. 8.1 of [19]). The gauge
transformation required to maintain axial gauge under boosts in D = 1 4 1 dimensions was demonstrated in [32]. Here the
O(8¢) shifts of x| and x, in (3.5) can change the potential and gauge. Let us see whether the boosted wave function given by
(3.13) satisfies the (temporal gauge) bound state equation (3.9) with momentum P’ = P + 6¢EZ and energy E' = E + 6P,
i.e., whether BSE(6¢) = 6£0:BSE(0) = 0, where

- 1 , - 1 ,
BSE(5¢) = <Hg’> - 56§Ea3> P (x) — ®P) (x) (H(()P) - §5§Ea3) + (Vx| = E—8£P5)®®)(x).  (3.26)
Given that BSE(0) = 0 and ®*)(x) = (1 + 8£0;)®P)(x), we have
_ . 1
0:BSE(0) = HY (0:0P)) — (0,0®) A" — 5 Elas @] — (£~ V)o,0) — PP, (3.27)
The first two terms on the right-hand side give, using the second expression for 05(13(” ) in (3.13),

1 - 1 - 1 [/= 1.\2 | 1 \2
5 iH? (z0P)) - 5 i(z@PHP? = 5 Kiv - —P) + mz] (@) ~ 5 i(z® ") Kiv + EP) + mﬂ

2
=P -V(z0P) = zP - VO + p:oP). (3.28)
From (3.15) we have
1 1
—(E-V)0:0P) = 5z[oc -V, oP)] + 3 (E—=V)[az,®P)] — zP - VO P, (3.29)

Using (3.28) and (3.29) in (3.27) we find
1 1
0:BSE(0) = 3 [ - VV, ®P)] — 3 V]az, ®P)]. (3.30)

Thus 0;BSE(0) # 0 in general, showing that the boost must be combined with a gauge transformation to keep the state in

temporal gauge. In Sec. III E below I determine the BSE that ®®) does satisfy, indicating the new gauge brought by
the boost.
In the “aligned” quark configuration, where x = x; —x, = (0,0, z) is along the boost direction,

za- VV'|z| = za3V'e(z) = V'|z]az = Vas. (3.31)
Then d:BSE(0) = 0 in (3.30), so the boost maintains temporal gauge. I next discuss some consequences of this.

D. The aligned configuration

Consider the BSE (3.1) with P = (0,0, P) and x = (0, 0, z) along the z axis, so that d;BSE(0) = 0 in (3.30). According
to (3.15),

zP
E-V

2.0 = 9.0P) — [a3. ®P)]  (x, =0), (3.32)

2(E-V)

where E = M coshé, P = M sinh &, and V = V'z (I take z > 0). In the aligned configuration the boost implies the frame
dependence (see Sec. VIIIL. C. 4 of [15]),

®P)[z(1p). x| = 0] = exp (‘%CP%)@(O) [20(70), %1 = O exp (%CP%) (3.33)
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E-V P
COSh gp(z) = W s Sinh gp(z) = W . (334)
' P

The rest frame wave function ®©) (z,x, = 0) is readily found using rotational symmetry as described in Sec. I C. The z
dependence of ®*)(z,x, = 0) is determined by the square of the kinematical momentum IT = (E — V, P),

tp(z) = [(E—=V)? = P2/V' = (M* —2EV + V2)/V". (3.35)

To determine @) (z,x, = 0) at some z we need to find the corresponding rest frame coordinate z, of o) (z9,x, =0)
through the condition’

7p(2) = 70(20) = (M = V'20)*/ V". (3.36)

Let us verify” that the frame dependence (3.33) of the wave function is consistent with (3.32). The rest frame wave
function @) (zo.x, = 0) is frame independent if we take d:zy = 0. The frame independence of 7p(z) in (3.36) then implies
a correlated change of £ and z. The combination of partial derivatives d; and d, in (3.32) (taken at fixed z and &, respectively)
indeed leaves 7p(z) invariant,

7P , B 2VP o

The partial derivatives acting on {p(z) [defined in (3.34)] give

M?*—-EV P P E
0:Cp(2) = v 0.8p(2) =_ (aé_E_Vaz)CP(Z) ~E_v (3.38)
Hence
zP 1 1 E
(0,5 TE_ V0Z> 2 <_§CPG3>CD(O>(TOaXJ_ = 0)exp (§CP0‘3) + m (a3, ‘I)<P)] =0 (3.39)

which verifies the consistency of (3.33) with (3.32).

The bound state mass M was determined by the requirement of a regular wave function in the rest frame (Sec. Il C). The
same mass should ensure the regularity of the wave function in any frame. Consider the J*¢ = 0~ state, whose rest frame
wave function is given in (2.14) (with Yy = 1/+/4x). The explicit expression (3.33) for ®*)(z,x, = 0) allows a check of
regularity at x; = 0.

In the rest frame (with z, > 0, and absorbing Y, = 1/v/4x into the normalization of F,),

®(0>(Zo,xl = 0) = [m(idj,@zO -+ myo) + 1:| ]/5F1 (Zo). (340)
Using (3.36) gives d,, = —2(M — V'z()0,,, so that
2
(D(P>(Z,xl = O) = <—4ia3afp + "//’;l y0€a3gp + ]>7’5Fl [(M — 1/ V/Tp)/v/]. (341)
p

Rest frame regularity imposes F;(r = M/V’) = 0, which with the radial equation (2.13) implies d,F(r = M/V') = 0.
These conditions ensure the regularity of ®(” )(z,x 1 =0)atzp =0.

“Since 7,(zo) > 0 this condition does not always give a real z. Here I assume 0 < z < (E — P)/V’, for which 7(z) > 0.

“The derivation in [15] was based on the BSE, which required that (3.33) hold also for its first transverse derivative. This is not
generally true, as there can be O(x ) contributions to ®*)[z(zp),x ]. Here I derive the same result using the boost, which does not
require a transverse derivative. Hence the relation (3.33) (but not its d; derivative) always holds at x; = 0.
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The origin (= 0,x =0) should be boost invariant, imply-
ing z(z9=0)=0. Then V'zp(z=0)=V'zy(z9=0) =M.
According to (3.35) V'zp(z =0) = E? — P?, imposing

= VP> + M.

At z =17y =0 the potential vanishes and in (3.34)
{p(z=0) reduces to the standard boost parameter &.
Then ®*)(x =0)=exp(—Eaz/2)@ (xy,=0)exp(£as/2)
as for a free boost of Dirac spinors. This shows that the
relative normalization of the right-hand side and left-hand
side is correct in (3.33).

For weak potentials, V < M, we have V'zp~M? —
2EV'z and V'zy~M? —2MV'z,. Their equality (3.36)
implies z ~ zoM/E, i.e., standard Lorentz contraction.

E. Bound state equation of the boosted state

In Sec. IIT A we saw (3.5) that an infinitesimal boost 6 in
the z direction shifts the fermion positions at ¢t = 0,

- 1
w(6Ez1,x1) =w(0,x;) {1 + <—iV1 o+ my° +§V> i&le] )

_ 1
w(6E25,%5) {1 +i6&z, (in-a—my0+§V>]y/(O,x2).
(3.42)

This was separated into an equal and an opposite shift:
212 =% (21 + 22) =4 (21 — 22). The equal shift « z; + 25
gave via the BSE rise to P - P =P+ 6EEZ. In the
opposite shift « z; — z, the potential canceled at lowest
order, and the O(5¢) change in V could be ignored for the
O(8&) shift, giving the expressions (3.13) and (3.15)
for 0,®®)(x).

In considering the O(5¢) BSE for the boosted wave
function the change 6V = V'§|x| — x,| of the potential due
to the shifts (3.42) is relevant. Moreover, the boost should
be combined with a gauge transformation in order to
maintain temporal gauge. It is thus surprising that the
BSE is nevertheless satisfied at O(6¢) when the quarks are
aligned with the boost, x =x; —x, = (0,0,z) and the
potential is linear, as seen from (3.30) and (3.31).

It is instructive to determine the BSE satisfied by the
boosted wave function for general x when the gauge
transformation and 6V are taken into account. The
Lorentz structure of V in the BSE (3.1) is the same as
for E, i.e., it is the zeroth component of a 4-vector,
V(1,0,0,0). The boost turns this into V(1,0,0,5&), gen-
erating an O(5¢) third component which appears as an A*
field. With the quark and antiquark potentials each being
1V, the A3 potential adds 6&1 V]as, @] to the BSE (3.26),
which cancels the second term in (3.30).

Since only opposite shifts change the BSE, let z; —
%(Zl —7) = %Z and z, — ——z in (3.42). The quark is then

shifted by (0, x; )61 - @} z8€. For the zeroth component of

1V(1,0,0,5¢) to be boost invariant at O(5¢) the potential
must counteract the shift, 6§V, = —6¢3za- VV(x). The
same reasoning for the antiquark gives 6V, = —6V,.

Altogether we should then add —5&1zar- VV(x), @)
to the BSE (3.26), which cancels the first term in (3.30).

These arguments indicate that the boosted wave function
satisfies the expected BSE at all x. The fact that the two
terms in (3.30) cancel when x = (0,0,z) appears here
“accidental.” In D = 1 + 1 dimensions this is required for
the closure of the Lie algebra [32]. The terms added to the
BSE (3.26) should be related to the gauge transformation
which keeps the wave function in temporal gauge. I leave
these considerations for further work.

IV. GENERAL ASPECTS OF THE P # 0
WAVE FUNCTIONS

In D=1+41 dimensions the BSE corresponding to
(3.1) can be solved analytically, and the wave functions in
different frames are explicitly related (see Sec. VII A 4 of
[15]). This holds for equal-time, color singlet states with a
linear potential. No loop corrections are included, nor is the
N¢ — oo limit taken as in the 't Hooft model [34].

Solving (3.1) in D =3 + 1 dimensions is challenging
since P breaks rotational symmetry. In this Sec. I note some
general aspects and then focus on the simplest case of
JPC =0~ states in Sec. V.

The BSE (3.1) remains invariant under rotations around

= (0,0, P), i.e., around the z axis. The solutions may
be characterized by their eigenvalue 1 of J* = %y5a3 -
i(x x V)%, by their parity 7 p, and their charge conjugation 7,

(72, ®P) (x)] = 10P) (x), (4.1)
PP (—x)y? = np® ) (x), (4.2)
az[q’(m(—x)]Taz = ﬂcq)(P) (x). (4.3)

The symmetry under J° motivates using cylindrical coordi-
nates x = (z, x , @), related to the Cartesian x = (x, y, z) as

—x=(—z,x,¢+7).
(4.4)

=27, X=X, COSQ, y=x,sing,

Some useful relations are collected in the Appendix A 1.
Instead of the rest frame expansion in (2.11) we may
expand in the eigenfunctions exp(idp) of L* = —id,,

®ylx ZF“”# (zoxe.  (45)

The wave function ®* and its 16 components ¢ refer to the
frame with CM momentum P = (0,0, P). A Dirac basis
I';...I'jg that is independent of z and x| and commutes with
J* =1ysay —id,, is given by (a; = y°y")
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ri=1, I =ias, I3 =iay,

s =i Te=i'a;, T7=iylal,
Ly =7s, Dy =iysas, Ty =iysay,
I3 = 707’5» Iy = }’075053a I'js = y0y5al,

F4 - a(p,
Iy = Y%, @, = cos ga; + sin pa,, (46)
Ty = 7rsa,, a, = —singa, + cos pa, '

L6 = ir'ysa,.

Using the expansion (4.5) in the BSE (3.1) gives 16 relations between the components gbi(z,x 1) of ®*(x). These are

collected in the Appendix A 2.

Charge conjugation relates ®*(x) to ®*(—x) according to (4.3), whereas parity (4.2) also reverses the CM momentum.
Noting that a, (¢ + 7) = —a, (@) and similarly a,(¢ + 7) = —a,(p) we have

T+ 2] T () nk=+1 fork=1,3,4,7,8911,12,13, 14, (4.7)
a o)|tay = , .
20 2=t B pk=—1 for k=2.5.6,10.15. 16,
Together with (4.3) and (4.5) this gives

Pi(=z.x1) = nene(=1) ¢z, x1). (4.8)

It is thus sufficient to calculate the ¢} (z,x,) for z > 0, with (4.8) giving the boundary condition at z = 0.

V. CASE STUDY: THE J*¢=0-* STATE

I illustrate the properties of the bound state wave functions using the 0~ state. The rest frame (P = 0) wave function is
given in (2.14), where F(r) satisfies the radial equation in (2.13) (with j = 0). The expansions (2.12) and (4.5) define the

relation between the P = 0 wave functions® gb,(CP:O) (z,x,) and the radial functions F;(r),

0y (. x) = Fi(r), W (z.x1) = 2F5(r),

where r = /7% 4+ x3 and Y = 1/+/4x was absorbed into
the normalization of the radial functions.

A. Component equations
The BSE relations (A.4) couple eight of the J¢ =
0~" component wave functions ¢,((P)(z,x 1). Six of them

may be expressed in terms of qbgp) and ¢ép), reducing
the system to two coupled partial differential equations

(PDEs) of second order. With V = V'r, E = VP> + M?
and 7p of (3.35) now viewed as a function of

r=vZi .,
V'ep(r) = (E=V)? = P> =M?>-2EV + V?

(5.2)

we get

“In the following I replace the 1 = 0 superscript by the CM
momentum: ¢} °(z,x,) - ¢§(P>(z,xL).

$Y(@x) =x Fa(r). Y (x) =Fulr).  (5.)
[
0 = Py + m(E = V).
Tp
P 2 P
Mo =5y 045
2
W = (E= V). + mPay”)
Tp
P p P P
h = [m(E VIt + -0 >>] :
P p  E-V P
45(14> = Vit [de)é )+ X fh(xﬁbé ))]
P 2 P
5 = “T-v Vazrﬁ(g . (5.3)
The PDEs for qbép) and qﬁgp) are coupled,
1
014\ 0.5 —mdl” + S (E= V)" =o.
1 1
O d) + 09 = mai + 5 (- Vg =0
(5.4)
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At P = 0 these relations allow ¢,<{0) =0 for k =4, 8, 14,
15, and agree with (5.1) and (2.13) for k=9, 10, 11,
13. For m = 0 at general P we have ¢,(CP> =0 for k=8,
13, 14, 15, and

P 2P P P P
¢4(¥>ZvlTPaJ_¢g>:E_V¢§l)7
P 2 P
¢(10> - E_ Vaz¢g )’
n 2E-V) . »p
¢(11> = V/TP aifﬁg >’

1 1
0.0 + Zﬂ(naﬁ(ﬁ)) +5 (B~ V)l =0 (m=0).

(5.5)

B. Boundary conditions
1. Boundaries at z=0 and x, =0
For a JP€ = 0~ state (4.7) and (4.8) give
¢ (z.x1) for k=4.8,9.11,13,14,
0 (—zx1) = =9 (z.x0) (5.6)

=
=

n

N

-

'7

N—
I

for k =10, 15.

The limit z — 0 may be studied by assuming (/’)ép)(z -
0,x,) « z* and q’)ép)(z — 0,x,) o z%. The terms of lowest
power of z in (5.4) arise from 02 and are o a(a —1)z%72
and  B(f — 1)z#~2, respectively. For these to vanish a and
p can take the values 0 or 1. The symmetries (5.6)
fixa=p=0.

Similarly, for x;, — 0 at general z we may assume
¢ép)(z,xL - 0) « x| and ¢ép) (z,x; = 0) & x5 . The low-
est powers x’fz and x72 in (5.4) arise from two transverse
derivatives: alqsﬁi) xd,[0, (xlgi)ép))/xL] x (y+1)(y -

_ P P _
D77 and 9, (xy ) /x o0y (x10087) /x) o 272,
The regular solutions have y = 1 and 6 = 0 (excluding the
singular log x| behavior of gbép)). This is consistent with the
general requirement

o (z.x, =0)=0 fork=4,811,15 (5.7)

which ensures that the wave function is independent of ¢ at
x, = 0. The above relations serve as boundary conditions
at (z=0,x,) and (z,x; = 0) for the PDE (5.3) and (5.4).

2. Regions and singularities
The denominators in (5.3) vanish at V'zp = (V'r — E +

P)(V'r—E-P)=0andatV'r = E, with r = \/z* + x3.
Local normalizability requires that the corresponding

numerators also vanish. The regularity of the rest frame

solutions (/5,((0) (z,x1) together with Poincaré invariance
should ensure regularity at all P. I can here present only
partial results. Regularity at x; = 0 was already verified
in (3.41). The Taylor expansion of the BSE at »r =0 in
Sec. V C below has a nonsingular solution. In Sec. VD a
numerical study of the m = 0 wave function at P = 5v/V’
is consistent with regularity for V'r < E — P.

The function 7p(r) (5.2) can be negative when P > 0.
Based on the sign of 7p we may distinguish three regions
of r,

A:0L<Vr<E-P (tp>0),
B:E-PL<VFr<E+P (tp<£0),

C:E+P<Vr<o (1p20). (5.8)
Region A is the standard “valence quark,” contracting
part of the wave function. Region C is dominated by the
negative energy components of the quarks (see Sec. VIII D 2
of [15]), tentatively associated with pair production
(“string breaking”). The wave function is exponentially
suppressed at large transverse coordinates x, in region B
(see Appendix B 2). This region grows with P and may be
related to tunneling: The production of pairs with CM
momenta of O(P) requires the potential energy V'r to be of
the same order.

3. Conditions at r=0, V'r=E £ P, and V'r=E

The constraint (5.7) requires (,béP) to vanish at r = 0,

while the value of qﬁép) defines the overall normalization,

P (z=0,x, =0)=1.
(5.9)

¢ (z=0,x, =0) =0,

The regularity of ¢,(<P) (z,x,) at V'zp = (V—E+ P) X

(V—E—-P)=0 for k=4, 11, 13, 14 in (5.3) requires
(P) (P)

0, + mp =0,

B at r = (E5 P)/V'
Emey " + -0 (x5 ") = 0.

(5.10)

Similarly at V'r = E the regularity of qﬁgg) and (]5(1?) requires

2.0 =0, =0 atr=E/V.  (5.11)

C. Taylor expansion at r=0

The Taylor expansion of the rest frame radial function
Fi(r) in (2.12) and (5.1) is given by the radial equa-
tion (2.13),
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—4m? , TM? —4m?
2w T T aam
2(M? — 4m?)? — 6V (5M? + 4m?)

1920M?

Fi(r)=1- V'3

e

+ O(r). (5.12)
The neglected O(7°) terms leave a residue of O(7?) in the
radial equation. The O(7?) term in (5.12) is independent
of V' because the radial equation is independent of the
potential for V'r < M.

2
= V1=2) hgi(t)r + O(),
j=1

The remaining six components ¢,({P>

For P > 0 it is convenient to switch from cylindrical to
spherical coordinates, x = r(sin 6 cos ¢, sin @ sin ¢, cos 0).
Instead of the polar angle 0 I shall use = cos 6 = z/r, with
0 <t < 1. The derivatives are related as in (A2). The wave
functions are obviously different functions of the spherical
coordinates but will for conciseness nevertheless be sim-

ilarly denoted ¢,(CP)(r, t). The arguments will be clear from
the context or written out explicitly.
In accordance with (5.7) and (5.9) I express the power

series in r for gl)f(f) and gbém

2
B (1) =1+ > ho(1)r + O(r). (5.13)

J=1

are given in terms of these by (5.3). The BSE conditions (5.4) determine second order

differential equations for the coefficient functions g;(¢) and hg;(t), which may be solved analytically. Imposing ¢ — —¢
symmetry (5.6) and regularity for ¢t — 1(x, — 0) the BSE at O(r°) implies

2mV'E E>— (3E? -2P?)(1 -2 Et  [Et+ VM?* + P?f
—Vi-p e B = F)) | Bl g Er VM P+ o),
P \3M M? + P72 P M(1+1)
P (M?* = 4m?)(M? + P?1%) M? —4m?* [ E?
o () =1- o PO =1 == (2 ) + 00, (5.14)
where E = vVM? + P2, (/)ém is at O(r?) independent of the potential, and given by the radial function F,(r) (5.12) with a

Lorentz contracted z coordinate. On the other hand, ¢ép>
as well as for m = 0,

In the r — 1 limit,

JiZp mV’

E 1—1¢
2| p2 _ o2 L N
YTE {E [ 2M log(M)] 5

o V' arises only due to the interaction. It vanishes in the rest frame

mV'P
1-#
2

o OP ), (5.15)

[PZ‘(E2 +M?) —4M?E?log (5)} }r2 +0O((1=1)2,7).

(5.16)
The corresponding Taylor expansions of the qb,((P) in (5.3) are, with y = VM? + P12,
P
¢4(LP)(r5 t) - _m(MZ —4m )WF‘I‘ O( )
E
P
¢§0)<”J>=—l‘(M2—4m >Wr+0< )
¢y (r.0) = =V1 = 2(M? 4m2)—r—|—(9( 2),
2mE  2mV'’ Et+u
¢13 ( ) M2 M2P2 {PZ +4Eu — 4E? [1 + tlog <(1+t))] }r + (9(,2)’
(P) 2mP 4mEV’ +ﬂ
Py (r:1) = 2 T MRP P? +2Eu —2E? |1 +tlog m r+ O(r),
(P) 4mEV’ 5 ) Et+u ,
) =———F—<ENE—pu)—M=(1—-1t")log| ——— . 5.17
P15 (1) N (E—p) ( ) log MO+ 1) r+O(r?) (5.17)

The behavior of the wave functions at large r is considered in Appendices B 1 and B 2.
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D. Numerical study of the ground J*¢=0-* state
for0<r<E-Vand m=0

The wave function of any state at O(a?) is found by
solving the bound state equation (3.1) with the linear
potential (2.8). The Dirac expansion (4.5) gives 16 coupled
partial differential equations (A.4). The JF¢ = 0=+ states
have the boundary conditions of Sec. V B 1, as well as the
conditions of regularity in Sec. V B 3. In the rest (P = 0)
frame the mass M of the bound state is determined by
regularity at r =0 and r = M/V’.

Poincaré symmetry should ensure the regularity of the
wave function for P#0 and energy E = VM? + P’
According to (5.1) the radial function F(r) of (2.12)

equals the rest frame y5 component ¢g0), so (3.33) implies

(M = V'2)? = P2)/V

(5.18)

¢ (z.x, = 0) = Fy[(M -

where P = (0,0, P). This ensures (3.41) the regularity of
the full wave function ®* >(z x, =0).

To test the regularity of ®*)(x) for x, > 0 I numerically
solve the JP€ = 0~ ground state wave function. Choosing

quark mass m = 0 sets q’)k =0 for k=28, 13, 14, 15,
simplifying the PDE’s to (5.5). The range 0 < r < (E —
P)/V’ allows one to verify the regularity condition (5.10),

0,68 (z.x ) =0at r=(E—P)/V".

1. Rest frame: Radial function Fy(r)

The radial function F(r) satisfies (2.13), which for a
JPC = 0=F state with m = 0 becomes

2 V! 1
F’l’(r) + <;+M_7W>F’l(r) +Z(M_ V’r)ZFl(r) =0.

(5.19)
I expand F;(r) in terms of Chebyshev polynomials’
T,(2V'r/M — 1), whose argument spans the range [—1, 1]

for 0 < r < M/V' [35]. The parametrization imposes the
boundary conditions F,(r =0) = land F;(r=M/V') =0

Fi(r) —1——+Z{c2n[un<£—1> —1]

2V'r 2V'r
+ conr1 | Tonta M’ -1)= M + 1.

(5.20)

The parameters M and ¢, (n = 2, ..., 2ny + 1) are fit’ to the
“data” that the left-hand side of the radial equation (5.19)

>Some relations for the Chebyshev polynomials are given in
Apé)endlx B3.
1 used the Mathematica program FINDFIT.

vanish at n,,
M/ V' interval. Using ng =

values of r, evenly distributed in the 0 < r <
10 and n,, = 500 gave

M = 3.79588V'V' (5.21)

and parameters c,, such that F;(r) (5.20) satisfies the radial
equation (5.19) at O(107!1).

2. Wave function at P=5\'V’

I numerically solve the BSE (5.5) for the gi),(cm (r,t=2z/r)

at P=5VV' for 0<r<(E-P)/V =127746/\V’,
i.e., in region A of (5.8). The derivatives 0, and 9, are
expressed in terms of d, and d, in (A2).

According to (5.6) ¢((;P) (r, 1) is symmetric under t - —t
and is thus expanded in even Chebyshev polynomials
Ty (1). ¢ép)(r =0,7) = 1 asin (5.14), whereas qﬁgp)(r, t=
1) is given by the rest frame radial function F; (5.18). This
implies the Taylor expansion of z/)gP) (r,t=1) at
r=(E-P)/V,

W= 1) = pron v [ (50 )

4y/2P3/? <E—P >3/2
+ -r

3MVV

co((557-))

where F|(M/V') = 0.0572986V’. We can anticipate that

¢gp) will not be accurately described by low order poly-
nomials close to its branch point at r = (E — P)/V', 1 = 1.
I used the parametrization

¢ (r,t —1+§m:§m: n2f|: <—§‘j;—l>

n=1 =0

(5.22)

- (—1)”} Top(1). (5.23)
The first five coefficients a, o were constrained by impos-

ing (5.18) at five values r = r;,

Wt =1) = B [(M= J(E= V)= P2) v/
=(E-P)j/5V' (j=1,...,5).
(5.24)

for ri

The remaining a, ,, were determined by a fit to the BSE
(5.5), similarly as for F(r) in (5.20).

With n,, = 20, n, = 10 and 100 equidistant data points
in0<r<(E-P)/V and 50 points in 0 <7 <1 the fit
returned parameters a,,, for which the parametrization
(5.23) satisfied the BSE at O(107®). The relation (5.18) was
fulfilled at O(10~3), with a maximum deviation of 3 x 1073
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FIG. 1. The wave function g/)(()P) (r.1) at P =5v/V' shown for
0<r<(E-P)/V' at three values of t = z/r.

close to the branch point » = (E — P)/V'. The regularity
condition (5.10), 6L¢gp>(r =(E-P)/V',t) =0 was ful-
filled at O(10~!") for all values of z. Plots of gbép)(r, t) are
shown in Fig. 1.

The quality of the fit indicates that there is a regular wave
function which satisfies the BSE (5.5) in region A of (5.8).
The extension to regions B and C, as well as solutions with
m # 0 and for states with other quantum numbers, is left for
future work.

VI. SUMMARY

Poincaré covariance for bound states is dynamic
(involves interactions). Any formally exact framework
should have Poincaré symmetry, and this requires that
the structure of the theory is maintained. QCD poses a
special challenge since its confinement scale Agcp is not a
parameter of the action. I have argued that Agcp may be
introduced via a boundary condition, which leaves the
equations of motion intact. To test the specific approach
[15] T here studied the frame dependence of the bound
states and their gauge invariant form factors.

Atoms are bound by the classical Coulomb potential
—a/r, to which higher order quantum corrections are added
perturbatively. Heavy quarkonia are well described in a
similar approach, when a phenomenological linear term
A’r is added to the Coulomb potential. The “Cornell
potential” [24,25] first determined by quarkonium data
agrees with lattice calculations. Confinement may then be
described by a classical field, in analogy to atoms.

The gg and ggq quantum numbers of relativistically
bound hadrons indicates that the potential is instantaneous
in time. The gauge-dependent A° and longitudinal A fields
generate instantaneous potentials when the gauge fixing
condition is independent of time. The Coulomb (V - A = 0)
and temporal (A° = 0) gauges are primary alternatives
since they preserve explicit (kinetic) translation and rota-
tion symmetry.

In Coulomb gauge Gauss’s law G = 6S/6A° = 0 is an
operator equation of motion, which expresses A? in terms
of the dynamical (propagating) quark and gluon fields.
The absence of the conjugate field 9,A° in the action
requires one to implement canonical quantization with
constraints [18,19].

In temporal gauge Gauss’s law (G = 0) is not an equation
of motion, and the electric field E; is conjugate to A;.
However, the A’ = 0 condition does not fully fix the gauge. It
allows time-independent gauge transformations, which are
generated by Gauss’s operator G. Gauss’s law is imple-
mented as a constraint on physical states, G|phys) = 0,
ensuring the full gauge fixing of |phys) [20-23]. Gauss’s
constraint determines, for each physical state, a classical
longitudinal electric field E; , to which quantum corrections
can then be added.

States such as 3°, |q5(#,%1)g;(t, %)), which are sin-
glets under global color transformations, have a vanishing
classical electric field, E¢(t,x) =0 for all x. This is
specific to non-Abelian theories, as it results from the
sum over quark colors A. In QED an |e (7, x,)e; (1, %,))
state does have a classical electric dipole field.

In [15] I introduced a new boundary condition to the
gauge constraint G|phys) = 0. This involves a scale A and
gives rise to a confining instantaneous potential. We may
then set @, = 0 and consider whether the hadron dynamics
at O(a?) can serve as the lowest order term of a perturbative
expansion. The resulting bound states have some intriguing
and promising properties discussed in [15]. Here I focussed
on their boost covariance.

The bound state momentum P # O prevents the separa-
tion of radial and angular variables in the bound state
equation, which must then be solved as a set of coupled
partial differential equations. Boost covariance requires that
the wave function, satisfying specific boundary conditions

and having eigenvalue E = VM? + P?, is everywhere
regular (locally normalizable). This is not evident from
the BSE. However, in all cases I studied the requirements of
Poincaré covariance turned out to be fulfilled.

A boost transforms states with constituents at equal time
into unequal-time states. Time equality can be restored
through time translations of each constituent. The boost
changes the gauge and shifts the spatial coordinates of the
constituents by unequal amounts.

Remarkably, the (transition) electromagnetic form factors
of gg states with any mass, spin, and momentum transform
covariantly under infinitesimal boosts. Hence physical
(gauge invariant) quantities might be evaluated using states
in gauges which transform simply under boosts [36].

The present results suggest that the O(a?) sector can
serve as the lowest order term in a “bound Fock expansion”
[15]. This would open up hadron physics to perturbative
analyses, with the terms of higher orders in a; being
determined as in (2.7).
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APPENDIX A: EXPRESSIONS RELATED TO SEC. IV
1. Coordinates and Dirac matrices
The cylindrical coordinates x = (z,x, @) are related to the Cartesian x = (x, y, x) as
z2=2z, X = X COS @, y =x, sing, —x = (-z,x.,¢+7),

1 1
ax:cosgodl—x—sinq)dw, 0y = singa | +x—cos¢a ,
il il

1
0, = cos o, + sin o, — 0, = —sin @0, + cos @0, (A1)
X1

The spherical coordinates x = (r, 1, @) are related to the cylindrical ones as

z
r=1/22+x%, t=cosf =2, Q= 0,
r

t2

1 - t
0, =10, +——a, aL:\/l—ﬂ(a,——at),
r r

1 t
_ Y B, _
9, = Z2+x2l(zaz+xl(h), 0, =1/2 +xl<(3Z mﬂ). (A2)
The following relations are useful:
a) = cos@a; + sin ga,, a, = —singa; + cos pa,
X, @) =Xxa+ya =Xx,a], (xy Xay)" =xm—ya =x,0a,,
{ai, a1} ={a,.a,t =2, {az. a1} = {a3.0,} ={a,.a,} =0,
oz, a,] = 2iayys, [as, Ol(p} = —2iayys, la,, a(/)] = 2iazys,
[al? aj_] - [al’ a(p} =0, [a(p’ aj_] =y, [a(/)’ acp] = —ay,
R S - - -1
0y + 0, = a0, +—a,0, = <al +)al +—0,a, =0,a, +9,—a,. (A3)
X1 X1 X1 X1
|
2. Relations between the 16 component wave functions P 1
Using the expansion (4.5) in the BSE (3.1) with P = §¢6 - E(E_ V)gs, (Ade)
(0,0, P) gives the following 16 relations between the 1 p 1
components ¢, = ¢} (z,x1) of @*(x): 0116+ o (16 — A1s) + 5455 + mep, = 5 (E—=V)gs,
L
1 1 Adf
0= 0uds—— (dy +ib) =5 (E=V)r, (Ad (A40)
A 1
| — 0,16+ 24514 + mep; = 3 (E-V)p7,  (Adg)
0.1 + meps = 5 (E=V)py,  (Adb) |
» | 0.¢p15 — 01p1a + mepy = 5 (E=V)ps,  (Adh)
d.1¢, +§¢12+m¢7 :E(E—V)qﬁ% (Adc) | |
; » . —0. 10— 01411 — X (P11 +2912) +mep13 = 5 (E=V)o,
- Zd’l + 54511 + meg = 3 (E=V)¢s,  (A4d) (A4i)
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0,09 = (E V)b,  (A4))
P 1
01¢9 + 5454 =5 (E=V)pn, (Adk)
A P 1
—Z¢9 + §¢3 =3 (E=V)p,,  (Ad])
P 1
54714 + m¢y = 5 (E=V)pi3, (Adm)
1
d1 ¢ + (¢8 + A7) + = 4’13 =3 (E=V)ps,  (Adn)
0 A = ! E A4
- z¢8—z¢6—§( = V)s, (Ado)
1
0.7 — 01 ¢hg = 3 (E=V)pis. (Adp)

APPENDIX B: EXPRESSIONS RELATED
TO SEC. V

1. Asymptotic behavior of the JP¢=0-+
wave function for r - oo at fixed P

The leading behavior of the radial function F(r) in the
limit of r — oo is given in (2.16). The term « P in the BSE
(3.1), which breaks rotational invariance, is suppressed by
one power of r compared to the potential term o V'r.
Hence we may expect rotational symmetry to be restored at

|

large r. Assuming d, « r > 9, the BSE (5.3) and (5.4)
indeed reduce at leading order in r to

1
G (r) + V2 (r1) =0 (k=8.9:r > o).

(B1)

Thus the bound state conditions for qﬁép) (r,t) and q/)gP) (r,1)
decouple at large r, and agree with that for F(r) in the
radial equation (2.13). With zp(r) given by (5.2) the
expressions

Ly 1
qbép)(r, 1) =NgV1—12r1"" exp {4@0)},

. 1
00) = Nor™t=" exp 10 (B2)
satisfy the BSE (5.3) and (5.4) at O(r‘z) for r — oo with no

condition on Ng/No. The agreement improves to O(r~3)
at r = 1(XJ_:0)

2. Asymptotic behavior of the J/C=0-* wave
function for x|, — oo in region B

Taking r — oo at fixed P means 7p(r) = M?> —2EV+
V2 ~V? >0, ie., the limit is defined in region C (5.8).
To enable large r in region B, where E— P < V'r < E + P,
I first take P — oo at fixed x; with z « 1/P (Lorentz
contraction). Thus r — x; and 7p ~—2EV'x; < 0. The
BSE (5.3) and (5.4) become

P P 1 P P P P P
=g 2=y 0u” + may). ¢$3>z¢§4>———(¢9 Zm(mé))),

2 P
;0

(E=-V)p{ - 0.8 = mp” — 0,91

N =

P 2 P
)

1
—<E V) + 0.0 —m¢$’?—zm<xl¢ﬁ?)-

(B3)

(B4)

All wave functions are of O(P°) since 9, « P. It is convenient to introduce the uncontracted, O(P°) coordinate z,

_E-V ()z_U _E-V
iy = —M 2, 0z —M
P 2 P p) 2(E-=V) P
P zMazucbé Lo = ey
P P 2(E-V) P
Y T (BS)

On the left-hand side of (B4) the O(P) term must cancel. This motivates one to consider

#oxs) = cos(3Mzy ) 1uxs) (k= 8.9

(B6)
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for which gb,ip) + (4/M 2)63{/ qSI(CP) = 0, requiring the right-hand side of Egs. (B4) to vanish. At leading order for x;, — oo the
0, derivatives operate only on f;(x, ), not on the powers of x;, multiplying it. Consequently,
—V(mg" = 0,)) = ma, ¢ + me) —mo ¢ — R g = m2e” - R =0,
—V|mg\%) - ial (i) | 2m2ps” +moi g - A —mard” = mel” - A" =o0. (B7)
It follows that the wave functions behave exponentially for x|, — oo,
fi(xy) =exp(£mx;) (k=8,9) forx, — oo. (B8)
The physical solution is exponentially suppressed, suggestive of a tunneling behavior.
3. Chebyshev polynomials
The nth order Chebyshev polynomials 7', (x) are for —1 < x < 1 defined by
T,(cos@) = cos(nd). (B9)

Consequently T(x) =

1,T,(x) = x, Ty (x) = 2x> — 1, T3(x) = 4x> — 3x, and

Ty(=x) = (=1)"T,(x),
T,()=1 T,(=1)=(-1)",
T2n (0) ( 1) T2n+1 (0) 0,

0,7, (x)] =y = n*,

1
AT, (x)|,—; = =n*(n*> = 1),

x=1 —

Ty 0lms = 3720 = D(=1)"

0,1, (x)] =y = n(=1)"*,

(B10)
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