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I consider the frame dependence of QCD bound states in the presence of a confining, spatially constant
gluon field energy density. The states are quantized at equal time in A0 ¼ 0 (temporal) gauge. I derive the
frame dependence of the wave functions, and demonstrate the Lorentz covariance of the electromagnetic
(transition) form factors for states of any spin. The wave functions of JPC ¼ 0−þ states with CM
momentum P ≠ 0 are considered in some detail, verifying their local normalizability and the expected
frame dependence of the bound state energy.
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I. REMARKS ON BOUND STATES

Atoms and hadrons are our primary examples of physical
bound states. Their field theory (QED and QCD) descrip-
tion complements the methods of scattering amplitudes, but
is not part of the standard QFT curriculum. Bound states are
challenging, but the omission even of their general prin-
ciples seems unwarranted.
Analytic evaluations of Standard Model dynamics

mainly rely on expansions in powers of the coupling.
The lowest order term should provide an adequate first
approximation of the full result. Scattering amplitudes
reduce to free propagators at vanishing coupling, which
defines the lowest order of the perturbative S-matrix.
Bound state constituents interact at all times. Bound

states are typically expanded around solutions of the
Schrödinger or Bethe-Salpeter type equations. The choice
of initial (nonperturbative) state affects its higher order
perturbative corrections such that the full series (for
physical quantities) is formally independent of the initial
choice [1,2].
Each order of a perturbative expansion must have

Poincaré symmetry. The explicit covariance of Feynman
diagrams is enabled by their free propagators. Bound states
are eigenstates of the Hamiltonian, which is frame depen-
dent. Consequently bound state covariance is not fully
explicit (kinetic), but is realized dynamically (through
interactions). For example, time translation invariance is
ensured for eigenstates of the Hamiltonian, which includes
interactions.

In equal-time quantization the Hamiltonian commutes
with space translations and rotations, but not with boosts.
Bound state masses and quantum numbers can be deter-
mined in the rest frame [3–6], whereas bound state
scattering involves moving states. The frame dependence
of atoms is dynamic and nontrivial [7–9].
Hamiltonians quantized at equal light-front (LF) time

xþ ≡ tþ z commute with boosts [10,11]. Photons propa-
gating in the negative z direction interact at equal xþ,
making LF wave functions advantageous for describing
form factors. Rotation symmetry is realized dynamically on
the LF since xþ depends on z. This complicates the
determination of angular momentum (except Jz), and raises
some delicate issues [12,13].
In the following I consider equal-time quantization,

which is well established and allows one to determine
the JPC quantum numbers in the rest frame. The dynamic
realization of boost covariance is the main topic of this
paper, and serves as a nontrivial check of the method.
The equal-time wave function of positronium in motion

was determined in [14] (see also [15]). The jeþe−i Fock
state Lorentz contracts as expected. The increase of the
Coulomb potential due to the contraction is canceled by the
jeþe−γi Fock contribution, which (at leading order) van-
ishes in the rest frame.
The physical hadron scale ΛQCD ≃ 1 fm−1 is not a param-

eter of the QCD Lagrangian. The scale appears in renorm-
alization and determines long-distance features such as hadron
radii. Color confinement is not apparent even in formally
exact methods such as Dyson-Schwinger equations [16] and
NRQCD[17]. Expansions basedon initially unconfined quark
and gluon states may not recover confinement.
I introduce the QCD scale through a boundary condition,

which preserves the equations of motion. Temporal
ðA0

a ¼ 0Þ gauge fixing imposes Gauss’s law on the classical
longitudinal electric field. For (globally) color singlet states
a specific homogenous solution of Gauss’s law can be
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included [15]. This gives rise to a spatially constant gluon
field energy density, characterized by a universal scale
parameter Λ. Setting Λ ¼ 0 gives the standard Coulomb
potential, whereas Λ > 0 adds an instantaneous potential,
which is linear for qq̄ states.
The confining potential provides a rich dynamics for the

color singlet bound states even at αs ¼ 0. This may serve as
the lowest order of a perturbative expansion in αs provided
it respects the exact symmetries of QCD, including
Poincaré invariance. Here I verify that the bound states
and form factors have the correct frame dependence. These
properties are dynamically realized in equal-time quanti-
zation and have not been demonstrated before.
In Sec. II I recall the bound state method and some results

presented in [15]. Section III considers how the bound states
transform under infinitesimal boosts and verifies the Lorentz
covariance of their form factors. Section IV presents a
general Dirac basis for the wave functions, which allows
one to express the bound state equation as a set of coupled
partial differential equations. As a specific example, Sec. V
considers properties of the JPC ¼ 0−þwave functions, using
both analytic and numerical methods. Summary remarks are
given in Sec. VI.

II. THE BOUND STATE METHOD [15]

A. Temporal gauge

Gauge theory actions have no ∂tA0 nor ∇ · A terms.
Hence the A0 and longitudinal AL fields do not propagate in
space-time. For scattering amplitudes it is convenient to
add the missing terms through a covariant gauge fixing
Lagrangian ∝ ð∂μAμÞ2, achieving explicit Poincaré invari-
ance. For bound states the instantaneous gauge interactions
due to A0 and AL actually are welcome.
Bound state calculations commonly use Coulomb gauge

(∇ · A ¼ 0). The absence of a field conjugate to A0 causes
well-known complications [18,19]. Here I choose temporal
gauge (A0 ¼ 0) [20–23], in which canonical quantization is
straightforward. To my knowledge there are no previous
bound state calculations in temporal gauge.
The condition A0

a ¼ 0 does not exclude time independent
gauge transformations, which are generated by Gauss
operator Gaðt; xÞ≡ δSQCD=δA0

aðt; xÞ. In temporal gauge
Ga ¼ 0 is not an operator equation of motion but is imposed
as a constraint on physical states: Gaðt; xÞjphysi ¼ 0. This
ensures the invariance of the physical states under the
remaining gauge degrees of freedom. The constraint is
invariant under time evolution since Ga commutes with
the Hamiltonian. It requires the longitudinal electric field
EL ¼ −∂tAL of a physical state to satisfy

∇ · Ea
Ljphysi ¼ g½−fabcAb · Ec þ ψ†Taψ �jphysi

≡ gEajphysi ð2:1Þ

where fabc are the structure constants and Ta the gene-
rators in the fundamental representation of the color
SU(3) group.
The standard boundary condition in solving (2.1) is

Ea
Lðt; x → ∞Þ ¼ 0, giving the instantaneous Coulomb

potential. For (globally) color singlet states in QCD I
include a homogeneous [∇ · Ea

Lðt; xÞ ¼ 0] solution,

Ea
Lðt; xÞjphysi ¼ −∇x

Z
dy

�
κx · yþ g

4πjx − yj
�

× Eaðt; yÞjphysi ð2:2Þ
where Ea is defined in (2.1) and the normalization κ of
the homogeneous solution is independent of x and y. Ea

L
contributes an instantaneous interaction HVðtÞ to the QCD
Hamiltonian acting on jphysi,

HVðtÞ≡ 1

2

Z
dxðEa

LÞ2

¼
Z

dydz

�
y · z

�
1

2
κ2

Z
dxþ gκ

�
þ 1

2

αs
jy − zj

�

× Eaðt; yÞEaðt; zÞ: ð2:3Þ

B. The instantaneous potential

A globally color singlet qq̄ state of rest mass M and
momentum P can at time t be expressed as

jM;Pi ¼ 1ffiffiffiffiffiffi
Nc

p
X
A;B

X
α;β

Z
dx1dx2ψ̄A

αðt; x1ÞeiP·ðx1þx2Þ=2δAB

×ΦðPÞ
αβ ðx1 − x2ÞψB

β ðt; x2Þj0i ð2:4Þ

where NC ¼ 3 for QCD, A, B are color, and α, β Dirac
indices. The ψ̄ field creates a quark at ðt; x1Þ and ψ
simultaneously an antiquark at ðt; x2Þ. The plane wave
phase exp½iP · ðx1 þ x2Þ=2� ensures the correct translation
dependence of the entire bound state, while the c-numbered

wave function ΦðPÞ
αβ ðx1 − x2Þ determines the relative dis-

tribution of the (single flavored) quarks. Each component
jqðx1Þq̄ðx2Þi≡P

A ψ̄
A
αðt; x1ÞψA

β ðt; x2Þj0i is a physical
state in temporal gauge, whose instantaneous field EL is
determined by (2.2). The state is gauge dependent, and
defines observables such as four-momenta, form factors,
and scattering amplitudes which must be gauge invariant.
The term ∝ κ2

R
dx in (2.3) shows that the homogeneous

solution brings an x-independent field energy density.
The total energy (∝ the volume of space) is irrelevant
only if it is universal, i.e., the same for all physical states.
The normalization κ depends on the state and is determined
by the requirement that the field energy density be
universal.
For the component jqðx1Þq̄ðx2Þi the Oðκ2Þ and OðgκÞ

terms in HVðtÞ (2.3) give contributions proportional to
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Z
dydzy · zEaðt; yÞEaðt; zÞjqðx1Þq̄ðx2Þi ¼ CFðx1 − x2Þ2jqðx1Þq̄ðx2Þi: ð2:5Þ

Universality of the energy density requires κ2 ∝ 1=ðx1 − x2Þ2 for jqðx1Þq̄ðx2Þi. TheOðgκÞ contribution is then ∝ jx1 − x2j.
Denoting the field energy density as EΛ ¼ Λ4=ð2g2CFÞ and omitting its universal (infinite) contribution,

HVðtÞjqðx1Þq̄ðx2Þi ¼
�
Λ2jx1 − x2j − CF

αs
jx1 − x2j

�
jqðx1Þq̄ðx2Þi≡ Vqq̄ðjx1 − x2jÞjqðx1Þq̄ðx2Þi; ð2:6Þ

whereCF ¼ ðN2
c − 1Þ=2Nc ¼ 4=3 for QCD.Vqq̄ðjx1 − x2jÞ

agrees with the phenomenologically determined “Cornell
potential” for quarkonia [24,25]. It is applicable also to
relativistic light quark states, being independent of the quark
masses and momenta. Confining potentials analogous to
(2.6) are found for any color singlet quark and gluon state.
The full QCD Hamiltonian acting on the jqq̄i state (2.4)

can create a transversely polarized gluon. Similarly
HQCDjqq̄gi contains jqq̄ggi and jqq̄qq̄i. Higher Fock states
are suppressed by powers of the coupling g. This defines a
formally exact “bound Fock expansion” for mesons,

jMesoni ¼ Cqq̄jqq̄iI þ Cqq̄gjqq̄giI þ � � �
þ Cqq̄qq̄jqq̄qq̄iI þ � � � ð2:7Þ

where Cqq̄ is Oðg0Þ, Cqq̄g is OðgÞ, Cqq̄qq̄ is Oðg2Þ, and so
on. The subscript I indicates that the Fock constituents
interact through their instantaneous potential, e.g., (2.6) for

jqðx1Þq̄ðx2Þi. The number of Fock states is limited by the
orders of g included in the perturbative expansion.
Annihilations between the constituents, e.g., jqq̄giI →
jqq̄iI contribute higher order corrections to Fock states with
fewer constituents.

C. Oðα0
s Þ bound states at rest

In a perturbative approach already the lowest Oðα0sÞ
bound states should provide a reasonable approximation of
physical hadrons. With the valence jqq̄iI (2.4) chosen as
initial state, the coefficients of all other bound Fock
components in (2.7) vanish at αs ¼ 0, and the potential
in (2.6) is linear,

Vqq̄ðjx1 − x2jÞjαs¼0 ≡ VðrÞ ¼ Λ2r≡ V 0r: ð2:8Þ

Including the free quark Hamiltonian,

HQCDðt ¼ 0Þ ¼ H0 þHV; H0 ¼
Z

dxψ†ð0; xÞH0ψð0; xÞ; H0 ¼ −iα · ∇⃗þmγ0 ð2:9Þ

the eigenstate condition HQCDjM;P ¼ 0i ¼ MjM;P ¼ 0i imposes a bound state equation (BSE) on the rest frame wave
function Φð0Þ ≡Φ,

ðiα · ∇⃗þmγ0ÞΦðxÞ þΦðxÞðiα · ∇⃖ −mγ0Þ ¼ ½M − VðrÞ�ΦðxÞ ð2:10Þ
where x ¼ x1 − x2 and r ¼ jxj. Rotation symmetry allows one to classify the states according to their eigenvalues jðjþ 1Þ
and λ of the angular momentum operators J 2 and J z, where (suppressing color and t ¼ 0)

J ¼
Z

dxψ†ðxÞJψðxÞ; J ¼ Lþ S ¼ x × ð−i∇Þ þ 1

2
γ5α;

J jM;P ¼ 0i ¼
Z

dx1dx2ψ̄ðx1Þ½J;Φjλðx1 − x2Þ�ψðx2Þj0i; Φjλ
αβðxÞ ¼

X16
i¼1

ΓðiÞ
αβFiðrÞYjλðx̂Þ: ð2:11Þ

The Yjλðx=rÞ are standard spherical harmonics, FiðrÞ are
(j-dependent) radial functions, and the ΓðiÞ

αβ are 16 Dirac
structures. A convenient choice for the Dirac structures is
1;α · x;α · L and α · x × L, each multiplied by 1,γ0, γ5, or
γ0γ5. The parity ηP and charge conjugation ηC of the state
restricts the allowed Dirac structures.

In the nonrelativistic quark model ηP ¼ ð−1ÞLþ1 and
ηC ¼ ð−1ÞLþS, which excludes states with ηP ¼
−ηC ¼ ð−1Þj. These values of ηP and ηC are compatible
only with the structures γ0 and γ5α · L, which do not
contribute to the BSE (2.10). Hence the quark model
exotics are absent also in the present relativistic framework.
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The wave function of physical states with ηP ¼ −ηC ¼ ð−1Þjþ1 and Jz ¼ λ can be expressed as

ΦjλðxÞ ¼ ½F1ðrÞ þ iα · xF2ðrÞ þ α · x × LF3ðrÞ þ γ0F4ðrÞ�γ5Yjλðx̂Þ: ð2:12Þ

Substituting this into the BSE (2.10) relates the radial functions FiðrÞ and imposes a radial equation on F1ðrÞ,

F2ðrÞ ¼
2

rðM − VÞ ∂rF1ðrÞ; F3ðrÞ ¼
2

r2ðM − VÞF1ðrÞ; F4ðrÞ ¼
2m

M − V
F1ðrÞ;

F00
1 þ

�
2

r
þ V0

M − V

�
F0
1 þ

�
1

4
ðM − VÞ2 −m2 −

jðjþ 1Þ
r2

�
F1 ¼ 0: ð2:13Þ

The wave function may be expressed in terms of F1ðrÞ as

ΦjλðxÞ ¼
�

2

M − V
ðiα · ∇⃗þmγ0Þ þ 1

�
γ5F1ðrÞYjλðx̂Þ ð2:14Þ

and its normalizing integral is

Z
dxTr½Φjλ†ðxÞΦjλðxÞ� ¼ 8

Z
∞

0

drr2F�
1ðrÞ

�
1 −

2V 0

ðM − VÞ3 ∂r
�
F1ðrÞ: ð2:15Þ

The behavior of F1ðr → ∞Þ given by the radial equa-
tion (2.13) is, up to a phase convention and normalizationN,

F1ðr → ∞Þ ≃ Nr−1−im
2=V 0

exp½iðM − VÞ2=4V 0� ð2:16Þ

which satisfies the radial equation at Oðr−2Þ [or Oðr−3Þ for
m ¼ 0]. Hence the integrand in (2.15) approaches a constant
as r → ∞. This is a feature also of the Dirac equation with a
linear potential [26], and is suggestive of pair production
(string breaking). A qq̄ state jAi defined as in (2.4) has a
nonvanishing overlap with a pair of qq̄ states B, C:
hBCjAi ≠ 0, much as depicted in dual diagrams [27–29].
The featurewhere an earlier stage of a process jAi averages a
later stage jBCi is observed in eþe− → hadrons and referred
to as quark-hadron duality [30].
The normalizability of nonrelativistic Schrödinger wave

functions determines their discrete energy eigenvalues. Here
the analogous requirement for relativistic wave functions is
that they should be locally normalizable. In (2.13) F1ðr →
0Þ ∝ rβ with β ¼ j or β ¼ −j − 1. The radial equation
determines the regular (β ¼ j) solution for all r, up to its
overall normalization. As seen from (2.14)ΦjλðxÞ is singular
at VðrÞ ¼ M unless F1ðr ¼ M=V 0Þ ¼ 0. Imposing this
determines the allowed bound state masses M. For small
quark masses m the bound states lie on nearly linear Regge
trajectories with evenly spaced daughters (see Fig. 21 of [15]).

III. FRAME DEPENDENCE

The frame dependence of physical observables is deter-
mined by Poincaré symmetry. The symmetry is realized
dynamically, as the generators of boosts do not commute
with the Hamiltonian. The Poincaré Lie algebra ensures

that the boosted states of mass M and three-momentum P
are eigenstates of the Hamiltonian with eigenvalue
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

p
, i.e., they satisfy their bound state equa-

tion. This allows one to determine the P dependence of the
wave function from the BSE, instead of boosting.
Boosting equal-time jff̄i states such as (2.4) causes

unequal time shifts of the constituents [see (3.4) below].
The constituents may be returned to equal time through
time translations generated by the Hamiltonian. It is
straightforward to determine the boost generators of free
fermions [see (3.3) and (3.5) below, with V ¼ 0]. In the
absence of interactions the jff̄i wave function Lorentz
contracts as in classical relativity, see Eq. (8.101) of [15].
The interactions between bound state constituents affect

their time translations. Unless the Hamiltonian is deter-
mined by a Poincaré invariant field theory, its energy
eigenvalues need not have the required momentum depend-
ence, see [31] for an example. Poincaré covariance should
be ensured for the interaction Hamiltonian HV (2.3), since
it is derived from the QCD action in temporal gauge,
including a homogeneous solution of Gauss’s constraint.
The state (2.4) is an eigenstate of the Oðα0sÞ Hamiltonian
(2.9) if its wave function satisfies the BSE

i∇ · fα;ΦðPÞðxÞg − 1

2
½α · P;ΦðPÞðxÞ� þm½γ0;ΦðPÞðxÞ�

¼ ½E − VðjxjÞ�ΦðPÞðxÞ ð3:1Þ

where VðjxjÞ ¼ V 0jxj (2.8). The term ∝ P breaks full
rotational invariance but preserves rotational symmetry
around P. Hence the helicity λ of the state can be taken
to be independent of P (and is suppressed in the following).
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The transformation of states under boosts depends on
the gauge, and boosts generally must be combined with
a gauge transformation to maintain the original gauge
(see [32] for an example). Poincaré covariance is required
for physical observables, e.g., in (3.1) we must have
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

p
. The electromagnetic (transition) form

factor for γ�A → B is also an observable,

Fμ
ABðyÞ ¼ hMB;PBjjμðyÞjMA;PAi; jμðyÞ ¼ ψ̄ðyÞγμψðyÞ:

ð3:2Þ

The form factor was shown [33] to be gauge invariant for
states with wave functions which satisfy (3.1). Here I shall
demonstrate that Fμ

ABðyÞ behaves as a four-vector under
Lorentz boosts. This is a stringent test of Poincaré sym-
metry for strongly bound states, recalling the discussion of
atomic form factors in [7–9].

A. Infinitesimal boost

A fermion field at t ¼ 0 is transformed by unitary
operators under time translations and boosts,

time translation∶ UHðtÞψð0; xÞU†
HðtÞ ¼ ψðt; xÞ; UHðδtÞ ¼ 1þ iδtHþOðδt2Þ;

boost in z direction∶ UKðξÞψð0; x⊥; zÞU†
KðξÞ ¼ e−ξα3=2ψðz sinh ξ; x⊥; z cosh ξÞ: ð3:3Þ

An infinitesimal boost UKðδξÞ along the z axis of the state jM;Pi (2.4) shifts the fermion fields to unequal times,

UKðδξÞjM;Pi ¼
Z

dx1dx2ψ̄ðδξz1; x1Þeδξα3=2eiP·ðx1þx2Þ=2ΦðPÞðx1 − x2Þe−δξα3=2ψðδξz2; x2Þj0i þOðδξ2Þ: ð3:4Þ

The fields can be shifted back to equal times using time translations (3.3) generated by the Hamiltonian. For αs ¼ 0 with
HQCD given by (2.9),

ψ̄ðδξz1; x1Þ ¼ UHðδξz1Þψ̄ð0; x1ÞU†
Hðδξz1Þ ¼ ψ̄ð0; x1Þ

�
1þ

�
−i∇⃖1 · αþmγ0 þ 1

2
V

�
iδξz1

�
;

ψðδξz2; x2Þ ¼ UHðδξz2Þψð0; x2ÞU†
Hðδξz2Þ ¼

�
1þ iδξz2

�
i∇⃗2 · α −mγ0 þ 1

2
V

��
ψð0; x2Þ: ð3:5Þ

By symmetry, the potential at the quark position (due to the antiquark) is taken to be 1
2
VðrÞ in the quark Hamiltonian, and

analogously in the antiquark Hamiltonian.1 The OðδξÞ change in the potential due to the OðδξÞ shifts in position is a
negligible Oðδξ2Þ correction.
To simplify the notation I shall label the state using its momentum and wave function, i.e., in (2.4) jM;Pi≡ jP;ΦðPÞi.

Using (3.5) in (3.4) gives after partial integrations

UKðδξÞjP;ΦðPÞi ¼ jP;
�
1þ

�
i∇⃗1 · α −

1

2
P · αþmγ0 þ 1

2
V

�
iδξz1

�
eiδξα3=2ΦðPÞðx1 − x2Þe−iδξα3=2

×

�
1þ iδξz2

�
−i∇⃖2 · αþ 1

2
P · α −mγ0 þ 1

2
V

���
: ð3:6Þ

The derivatives acting on the coefficients iδξz1 and iδξz2 give

1þ i∇⃗1 · αðiδξz1Þ ¼ 1 − δξα3 ≃ e−δξα3 ; 1 − iðiδξz2Þ∇⃖2 · α ¼ 1þ δξα3 ≃ eþδξα3 : ð3:7Þ

This reverses the sign in the exponents of (3.6): e�δξα3=2e∓δξα3 ¼ e∓δξα3=2. Since the derivatives now operate only on
Φðx1 − x2Þ we have ∇⃖2 → −∇⃖1 ≡ −∇⃖, and it is convenient to define

H⃗ðPÞ
0 ≡ iα · ∇⃗ −

1

2
P · αþmγ0; H⃖ðPÞ

0 ≡ −iα · ∇⃖ −
1

2
P · αþmγ0: ð3:8Þ

The wave function ΦðPÞ is assumed to satisfy the BSE (3.1),

1The equal time framework does not specify the potential for unequal time states. This assumption is motivated by continuity.
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H⃗ðPÞ
0 ΦðPÞðxÞ −ΦðPÞðxÞH⃖ðPÞ

0 þ VΦðPÞðxÞ ¼ EΦðPÞðxÞ; ð3:9Þ

where x ¼ x1 − x2 and E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

p
. We may express z1 and z2 as

z1 ¼
1

2
ðz1 þ z2Þ þ

1

2
z; z2 ¼

1

2
ðz1 þ z2Þ −

1

2
z; z≡ z1 − z2: ð3:10Þ

The term ∝ z1 þ z2 in the wave function of (3.6) gives, using the BSE (3.9),

ΦðPÞ þ 1

2
iδξðz1 þ z2ÞðH⃗ðPÞ

0 ΦðPÞ −ΦðPÞH⃖ðPÞ
0 þ VΦðPÞÞ ≃ eiδξEðz1þz2Þ=2ΦðPÞ: ð3:11Þ

This combines with the plane wave factor in jP;ΦðPÞi (2.4) to exp½iðPþ δξEẑÞ · ðx1 þ x2Þ=2�, where ẑ is a unit vector in the
z direction. Hence the momentum of the boosted state is Pþ δξEẑ as expected. Its wave function, i.e., the dependence on
x1 − x2, remains to be determined.
The potential V cancels in the term ∝ z1 − z2 ¼ z of (3.6). To first order in δξ we have, with P0 ≡ Pþ δξEẑ,

UKðδξÞjP;ΦðPÞi≡ jP0;ΦðP0Þi ¼ jP0;ΦðPÞi þ jP; δξ∂ξΦðPÞi

¼ jP0;ΦðPÞi þ 1

2
δξjP; izðH⃗ðPÞ

0 ΦðPÞ þΦðPÞH⃖ðPÞ
0 Þ − ½α3;ΦðPÞ�i: ð3:12Þ

Comparing the two expressions gives

ΦðP0ÞðxÞ≡ΦðPÞðxÞ þ δξ∂ξΦðPÞðxÞ;

∂ξΦðPÞ ¼ 1

2
izðH⃗ðPÞ

0 ΦðPÞ þΦðPÞH⃖ðPÞ
0 Þ − 1

2
½α3;ΦðPÞ� ¼ 1

2
iH⃗ðPÞ

0 ðzΦðPÞÞ þ 1

2
iðzΦðPÞÞH⃖ðPÞ

0 : ð3:13Þ

The BSE (3.9) implies (see Eq. 8.100 of [15]),

H⃗ðPÞ
0 ΦðPÞ þΦðPÞH⃖ðPÞ

0 ¼ −
2i

E − V
P · ∇ΦðPÞ þ i

E − V
½α ·∇V;ΦðPÞ�: ð3:14Þ

Hence (3.13) may be equivalently written, with ΦðPÞ ≡ΦðPÞðxÞ,

∂ξΦðPÞ ¼ z
E − V

P · ∇ΦðPÞ −
z

2ðE − VÞ ½α · ∇V;ΦðPÞ� − 1

2
½α3;ΦðPÞ�: ð3:15Þ

B. The electromagnetic form factor

Gauges defined by a noncovariant condition such as A0 ¼ 0 generally change under boosts (see [32] for an example).
Thus we may expect that ΦðP0Þ given by (3.13) differs by a gauge transformation of OðδξÞ from the wave function which
satisfies (3.9) with P → Pþ δξEẑ. However, the form factor (3.2) was previously shown to be gauge invariant [33]. We can
thus check the correctness of the boost by considering the frame dependence of the form factor.

Eliminating H⃗ðPÞ
0 ΦðPÞ in ∂ξΦðPÞ (3.13) using the BSE (3.9) gives

∂ξΦðPÞ ¼ ΦðPÞ½H⃖ðPÞ
0 þ 1

2
ðE − VÞ�iz − 1

2
½α3;ΦðPÞ� ¼ ΦðPÞ½i∇⃖ · αþ 1

2
P · α −mγ0 −

1

2
ðE − VÞ�ð−izÞ − 1

2
½α3;ΦðPÞ�;

∂ξΦðPÞ† ¼ iz½−i∇⃗ · αþ 1

2
P · α −mγ0 −

1

2
ðE − VÞ�ΦðPÞ† þ 1

2
½α3;ΦðPÞ†�: ð3:16Þ

The electromagnetic current in (3.2) may be shifted to the origin using the generator of translations (four-momentum) P̂,

jμðyÞ ¼ ψ̄ðyÞγμψðyÞ ¼ eiP̂·yjμð0Þe−iP̂·y: ð3:17Þ
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Since the t ¼ 0 bound states (2.4) are eigenstates of P̂, the form factor and its Fourier transform become

Fμ
ABðyÞ ¼ hB;PBjjμðyÞjA;PAi ¼ eiðPB−PAÞ·yhB;PBjjμð0ÞjA;PAi;

Fμ
ABðqÞ ¼

Z
d4ye−iq·yFμ

ABðyÞ≡ ð2πÞ4δ4ðPB − PA − qÞGμ
ABðqÞ: ð3:18Þ

The states A and B may be different, with no constraints on their masses M, momenta P, or spins. We have explicitly

Gμ
AB ¼

Z �Y2
i¼1

dxidyi

�
eiPA·ðx1þx2Þ=2−iPB·ðy1þy2Þ=2h0jψ†ð0; y2ÞΦ†

Bðy1 − y2Þγ0ψð0; y1Þψ̄ð0; 0Þγμψð0; 0Þ

× ψ̄ð0; x1ÞΦAðx1 − x2Þψð0; x2Þj0i: ð3:19Þ

The contractions fψð0; y1Þ; ψ̄ð0; 0Þg ¼ γ0δðy1Þ and fψð0; 0Þ; ψ̄ð0; x1Þg ¼ γ0δðx1Þ correspond to the virtual photon
interacting with the fermion, whereas the antifermion is untouched, fψ†ð0; y2Þ;ψð0; x2Þg ¼ δðy2 − x2Þ. For our present
purposes it is sufficient to consider this contribution to the form factor. Denoting x≡ −x2 ¼ −y2 we get

Gμ
AB ¼

Z
dxeiðPB−PAÞ·x=2TrfΦ†

BðxÞγμγ0ΦAðxÞg: ð3:20Þ

An infinitesimal boost in the z direction transforms the three-momenta as ∂ξP ¼ ð0; 0; EÞ. Hence

∂ξG
μ
AB ¼

Z
dxeiðPB−PAÞ·x=2

�
ðEB − EAÞ

1

2
izTrfΦAΦ

†
Bγ

μγ0g þ ∂ξTrfΦAΦ
†
Bγ

μγ0g
�
: ð3:21Þ

Using (3.16) we find

∂ξTrfΦAΦ
†
Bγ

μγ0g ¼ Tr
��

ΦA

�
i∇⃖ · αþ 1

2
PA · α −mγ0 −

1

2
ðEA − VÞ

�
ð−izÞ − 1

2
½α3;ΦA�

�
Φ†

Bγ
μγ0

þΦA

�
iz

�
−iα · ∇⃗þ 1

2
PB · α −mγ0 −

1

2
ðEB − VÞ

�
Φ†

B þ 1

2
½α3;Φ†

B�
�
γμγ0

	
: ð3:22Þ

The mγ0 and V terms cancel in (3.22), while the EA and EB contributions cancel the first term in (3.21). The α ·∇ terms
combine into

Z
dxeiðPB−PAÞ·x=2z∇⃗ · TrfΦAαΦ

†
Bγ

μγ0g

¼
Z

dxeiðPB−PAÞ·x=2
�
−TrfΦAα3Φ

†
Bγ

μγ0g − 1

2
izTrfΦAðPB − PAÞ · αΦ†

Bγ
μγ0g

�
: ð3:23Þ

The second term cancels the PA, PB contributions to (3.22). The commutators in (3.22) are

1

2
TrfðΦA½α3;Φ†

B� − ½α3;ΦA�Φ†
BÞγμγ0g ¼ TrfΦAα3Φ

†
Bγ

μγ0g − 1

2
TrðΦAΦ

†
Bfα3; γμγ0gÞ: ð3:24Þ

The first terms of (3.23) and (3.24) cancel. The only remaining contribution is − 1
2
TrðΦAΦ

†
Bfα3; γμγ0gÞ. For μ ¼ 0 we have

− 1
2
fα3; 1g ¼ γ3γ0, which gives G3

AB. For μ ¼ 3 similarly − 1
2
fα3; γ3γ0g ¼ 1, giving G0

AB. For μ ¼ 1 and μ ¼ 2 the
anticommutator vanishes. Thus,

∂ξG0
AB ¼ G3

AB; ∂ξG3
AB ¼ G0

AB; ∂ξG1
AB ¼ ∂ξG2

AB ¼ 0 ð3:25Þ

showing that Gμ
AB transforms as a four-vector under infinitesimal boosts in the z direction. This is the first such

demonstration for equal-time states and supports the boost dependence (3.13) of the wave function.
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C. Bound state equation in temporal gauge

The gauge field Aμ transforms as a four-vector only up to a gauge transformation (e.g., Sec. 8.1 of [19]). The gauge
transformation required to maintain axial gauge under boosts in D ¼ 1þ 1 dimensions was demonstrated in [32]. Here the
OðδξÞ shifts of x1 and x2 in (3.5) can change the potential and gauge. Let us see whether the boosted wave function given by
(3.13) satisfies the (temporal gauge) bound state equation (3.9) with momentum P0 ¼ Pþ δξEẑ and energy E0 ¼ Eþ δξPz,
i.e., whether BSEðδξÞ ¼ δξ∂ξBSEð0Þ ¼ 0, where

BSEðδξÞ≡
�
H⃗ðPÞ

0 −
1

2
δξEα3

�
ΦðP0ÞðxÞ −ΦðP0ÞðxÞ

�
H⃖ðPÞ

0 −
1

2
δξEα3

�
þ ðV 0jxj − E − δξPzÞΦðP0ÞðxÞ: ð3:26Þ

Given that BSEð0Þ ¼ 0 and ΦðP0ÞðxÞ ¼ ð1þ δξ∂ξÞΦðPÞðxÞ, we have

∂ξBSEð0Þ ¼ H⃗ðPÞ
0 ð∂ξΦðPÞÞ − ð∂ξΦðPÞÞH⃖ðPÞ

0 −
1

2
E½α3;ΦðPÞ� − ðE − VÞ∂ξΦðPÞ − PzΦðPÞ: ð3:27Þ

The first two terms on the right-hand side give, using the second expression for ∂ξΦðPÞ in (3.13),

1

2
iH⃗ðPÞ

0

2ðzΦðPÞÞ − 1

2
iðzΦðPÞÞH⃖ðPÞ

0

2 ¼ 1

2
i

��
i∇⃗ −

1

2
P

�
2

þm2

�
ðzΦðPÞÞ − 1

2
iðzΦðPÞÞ

��
i∇⃖þ 1

2
P

�
2

þm2

�

¼ P · ∇ðzΦðPÞÞ ¼ zP ·∇ΦðPÞ þ PzΦðPÞ: ð3:28Þ

From (3.15) we have

−ðE − VÞ∂ξΦðPÞ ¼ 1

2
z½α ·∇V;ΦðPÞ� þ 1

2
ðE − VÞ½α3;ΦðPÞ� − zP ·∇ΦðPÞ: ð3:29Þ

Using (3.28) and (3.29) in (3.27) we find

∂ξBSEð0Þ ¼
1

2
z½α · ∇V;ΦðPÞ� − 1

2
V½α3;ΦðPÞ�: ð3:30Þ

Thus ∂ξBSEð0Þ ≠ 0 in general, showing that the boost must be combined with a gauge transformation to keep the state in
temporal gauge. In Sec. III E below I determine the BSE that ΦðP0Þ does satisfy, indicating the new gauge brought by
the boost.
In the “aligned” quark configuration, where x ¼ x1 − x2 ¼ ð0; 0; zÞ is along the boost direction,

zα · ∇V 0jzj ¼ zα3V 0εðzÞ ¼ V 0jzjα3 ¼ Vα3: ð3:31Þ

Then ∂ξBSEð0Þ ¼ 0 in (3.30), so the boost maintains temporal gauge. I next discuss some consequences of this.

D. The aligned configuration

Consider the BSE (3.1) with P ¼ ð0; 0; PÞ and x ¼ ð0; 0; zÞ along the z axis, so that ∂ξBSEð0Þ ¼ 0 in (3.30). According
to (3.15),

∂ξΦðPÞ ¼ zP
E − V

∂zΦðPÞ −
E

2ðE − VÞ ½α3;Φ
ðPÞ� ðx⊥ ¼ 0Þ; ð3:32Þ

where E ¼ M cosh ξ, P ¼ M sinh ξ, and V ¼ V 0z (I take z ≥ 0). In the aligned configuration the boost implies the frame
dependence (see Sec. VIII. C. 4 of [15]),

ΦðPÞ½zðτPÞ; x⊥ ¼ 0� ¼ exp

�
−
1

2
ζPα3

�
Φð0Þ½z0ðτ0Þ; x⊥ ¼ 0� exp

�
1

2
ζPα3

�
ð3:33Þ
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cosh ζPðzÞ≡ E − Vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 0τPðzÞ

p ; sinh ζPðzÞ≡ Pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 0τPðzÞ

p : ð3:34Þ

The rest frame wave function Φð0Þðz0; x⊥ ¼ 0Þ is readily found using rotational symmetry as described in Sec. II C. The z
dependence of ΦðPÞðz; x⊥ ¼ 0Þ is determined by the square of the kinematical momentum Π ¼ ðE − V;PÞ,

τPðzÞ≡ ½ðE − VÞ2 − P2�=V 0 ¼ ðM2 − 2EV þ V2Þ=V 0: ð3:35Þ

To determine ΦðPÞðz; x⊥ ¼ 0Þ at some z we need to find the corresponding rest frame coordinate z0 of Φð0Þðz0; x⊥ ¼ 0Þ
through the condition2

τPðzÞ ¼ τ0ðz0Þ ¼ ðM − V 0z0Þ2=V 0: ð3:36Þ

Let us verify3 that the frame dependence (3.33) of the wave function is consistent with (3.32). The rest frame wave
functionΦð0Þðz0; x⊥ ¼ 0Þ is frame independent if we take ∂ξz0 ¼ 0. The frame independence of τPðzÞ in (3.36) then implies
a correlated change of ξ and z. The combination of partial derivatives ∂ξ and ∂z in (3.32) (taken at fixed z and ξ, respectively)
indeed leaves τPðzÞ invariant,

�
∂ξ −

zP
E − V

∂z

�
V 0τPðzÞ ¼ −2PV þ 2VP

E − V
ðE − VÞ ¼ 0: ð3:37Þ

The partial derivatives acting on ζPðzÞ [defined in (3.34)] give

∂ξζPðzÞ ¼
M2 − EV

V 0τ
; ∂zζPðzÞ ¼

P
τ
;

�
∂ξ −

zP
E − V

∂z

�
ζPðzÞ ¼

E
E − V

: ð3:38Þ

Hence

�
∂ξ −

zP
E − V

∂z

�
exp

�
−
1

2
ζPα3

�
Φð0Þðτ0; x⊥ ¼ 0Þ exp

�
1

2
ζPα3

�
þ E
2ðE − VÞ ½α3;Φ

ðPÞ� ¼ 0 ð3:39Þ

which verifies the consistency of (3.33) with (3.32).
The bound state massM was determined by the requirement of a regular wave function in the rest frame (Sec. II C). The

same mass should ensure the regularity of the wave function in any frame. Consider the JPC ¼ 0−þ state, whose rest frame
wave function is given in (2.14) (with Y00 ¼ 1=

ffiffiffiffiffiffi
4π

p
). The explicit expression (3.33) for ΦðPÞðz; x⊥ ¼ 0Þ allows a check of

regularity at x⊥ ¼ 0.
In the rest frame (with z0 > 0, and absorbing Y00 ¼ 1=

ffiffiffiffiffiffi
4π

p
into the normalization of F1),

Φð0Þðz0; x⊥ ¼ 0Þ ¼
�

2

M − V 0z0
ðiα3∂z0 þmγ0Þ þ 1

�
γ5F1ðz0Þ: ð3:40Þ

Using (3.36) gives ∂z0 ¼ −2ðM − V 0z0Þ∂τP , so that

ΦðPÞðz; x⊥ ¼ 0Þ ¼
�
−4iα3∂τP þ

2mffiffiffiffiffiffiffiffiffi
V 0τP

p γ0eα3ζP þ 1

�
γ5F1½ðM −

ffiffiffiffiffiffiffiffiffi
V 0τP

p
Þ=V 0�: ð3:41Þ

Rest frame regularity imposes F1ðr ¼ M=V 0Þ ¼ 0, which with the radial equation (2.13) implies ∂rF1ðr ¼ M=V 0Þ ¼ 0.
These conditions ensure the regularity of ΦðPÞðz; x⊥ ¼ 0Þ at τP ¼ 0.

2Since τ0ðz0Þ ≥ 0 this condition does not always give a real z. Here I assume 0 ≤ z ≤ ðE − PÞ=V 0, for which τPðzÞ ≥ 0.
3The derivation in [15] was based on the BSE, which required that (3.33) hold also for its first transverse derivative. This is not

generally true, as there can be Oðx⊥Þ contributions to ΦðPÞ½zðτPÞ; x⊥�. Here I derive the same result using the boost, which does not
require a transverse derivative. Hence the relation (3.33) (but not its ∂⊥ derivative) always holds at x⊥ ¼ 0.
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The origin ðt¼0;x¼0Þ should be boost invariant, imply-
ing zðz0¼0Þ¼0. Then V 0τPðz¼0Þ¼V 0τ0ðz0¼0Þ¼M2.
According to (3.35) V0τPðz ¼ 0Þ ¼ E2 − P2, imposing
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

p
.

At z ¼ z0 ¼ 0 the potential vanishes and in (3.34)
ζPðz ¼ 0Þ reduces to the standard boost parameter ξ.
Then ΦðPÞðx¼0Þ¼ expð−ξα3=2ÞΦð0Þðx0¼0Þexpðξα3=2Þ
as for a free boost of Dirac spinors. This shows that the
relative normalization of the right-hand side and left-hand
side is correct in (3.33).
For weak potentials, V ≪ M, we have V 0τP ≃M2 −

2EV 0z and V 0τ0 ≃M2 − 2MV 0z0. Their equality (3.36)
implies z ≃ z0M=E, i.e., standard Lorentz contraction.

E. Bound state equation of the boosted state

In Sec. III Awe saw (3.5) that an infinitesimal boost δξ in
the z direction shifts the fermion positions at t ¼ 0,

ψ̄ðδξz1;x1Þ¼ ψ̄ð0;x1Þ
�
1þ

�
−i∇⃖1 ·αþmγ0þ1

2
V

�
iδξz1

�
;

ψðδξz2;x2Þ¼
�
1þ iδξz2

�
i∇⃗2 ·α−mγ0þ1

2
V

��
ψð0;x2Þ:

ð3:42Þ

This was separated into an equal and an opposite shift:
z1;2 ¼ 1

2
ðz1 þ z2Þ � 1

2
ðz1 − z2Þ. The equal shift ∝ z1 þ z2

gave via the BSE rise to P → P0 ¼ Pþ δξEẑ. In the
opposite shift ∝ z1 − z2 the potential canceled at lowest
order, and the OðδξÞ change in V could be ignored for the
OðδξÞ shift, giving the expressions (3.13) and (3.15)
for ∂ξΦðPÞðxÞ.
In considering the OðδξÞ BSE for the boosted wave

function the change δV ¼ V0δjx1 − x2j of the potential due
to the shifts (3.42) is relevant. Moreover, the boost should
be combined with a gauge transformation in order to
maintain temporal gauge. It is thus surprising that the
BSE is nevertheless satisfied at OðδξÞ when the quarks are
aligned with the boost, x ¼ x1 − x2 ¼ ð0; 0; zÞ and the
potential is linear, as seen from (3.30) and (3.31).
It is instructive to determine the BSE satisfied by the

boosted wave function for general x when the gauge
transformation and δV are taken into account. The
Lorentz structure of V in the BSE (3.1) is the same as
for E, i.e., it is the zeroth component of a 4-vector,
Vð1; 0; 0; 0Þ. The boost turns this into Vð1; 0; 0; δξÞ, gen-
erating an OðδξÞ third component which appears as an A3

field. With the quark and antiquark potentials each being
1
2
V, the A3 potential adds δξ 1

2
V½α3;ΦðPÞ� to the BSE (3.26),

which cancels the second term in (3.30).
Since only opposite shifts change the BSE, let z1 →

1
2
ðz1 − z2Þ≡ 1

2
z and z2 → − 1

2
z in (3.42). The quark is then

shifted by ψ̄ð0; x1Þ∇⃖1 · α
1
2
zδξ. For the zeroth component of

1
2
Vð1; 0; 0; δξÞ to be boost invariant at OðδξÞ the potential

must counteract the shift, δVq ¼ −δξ 1
2
zα ·∇VðxÞ. The

same reasoning for the antiquark gives δVq̄ ¼ −δVq.
Altogether we should then add −δξ 1

2
z½α · ∇VðxÞ;ΦðPÞ�

to the BSE (3.26), which cancels the first term in (3.30).
These arguments indicate that the boosted wave function

satisfies the expected BSE at all x. The fact that the two
terms in (3.30) cancel when x ¼ ð0; 0; zÞ appears here
“accidental.” In D ¼ 1þ 1 dimensions this is required for
the closure of the Lie algebra [32]. The terms added to the
BSE (3.26) should be related to the gauge transformation
which keeps the wave function in temporal gauge. I leave
these considerations for further work.

IV. GENERAL ASPECTS OF THE P ≠ 0
WAVE FUNCTIONS

In D ¼ 1þ 1 dimensions the BSE corresponding to
(3.1) can be solved analytically, and the wave functions in
different frames are explicitly related (see Sec. VII A 4 of
[15]). This holds for equal-time, color singlet states with a
linear potential. No loop corrections are included, nor is the
NC → ∞ limit taken as in the ’t Hooft model [34].
Solving (3.1) in D ¼ 3þ 1 dimensions is challenging

since P breaks rotational symmetry. In this Sec. I note some
general aspects and then focus on the simplest case of
JPC ¼ 0−þ states in Sec. V.
The BSE (3.1) remains invariant under rotations around

P ¼ ð0; 0; PÞ, i.e., around the z axis. The solutions may
be characterized by their eigenvalue λ of Jz ¼ 1

2
γ5α3 −

iðx ×∇Þz, by their parity ηP, and their charge conjugationηC,

½Jz;ΦðPÞðxÞ� ¼ λΦðPÞðxÞ; ð4:1Þ

γ0ΦðPÞð−xÞγ0 ¼ ηPΦð−PÞðxÞ; ð4:2Þ

α2½ΦðPÞð−xÞ�Tα2 ¼ ηCΦðPÞðxÞ: ð4:3Þ

The symmetry under Jz motivates using cylindrical coordi-
nates x ¼ ðz; x⊥;φÞ, related to the Cartesian x ¼ ðx; y; zÞ as
z¼ z; x¼ x⊥ cosφ; y¼ x⊥ sinφ; −x¼ð−z;x⊥;φþπÞ:

ð4:4Þ
Some useful relations are collected in the Appendix A 1.
Instead of the rest frame expansion in (2.11) we may

expand in the eigenfunctions expðiλφÞ of Lz ¼ −i∂φ,

Φλ
αβðxÞ ¼

X16
k¼1

Γαβ
k ϕλ

kðz; x⊥Þeiλφ: ð4:5Þ

The wave functionΦλ and its 16 components ϕλ
k refer to the

frame with CM momentum P ¼ ð0; 0; PÞ. A Dirac basis
Γ1…Γ16 that is independent of z and x⊥ and commutes with
Jz ¼ 1

2
γ5α3 − i∂φ is given by (αi ¼ γ0γi)
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Γ1 ¼ 1; Γ2 ¼ iα3; Γ3 ¼ iα⊥; Γ4 ¼ αφ;

Γ5 ¼ iγ0; Γ6 ¼ iγ0α3; Γ7 ¼ iγ0α⊥; Γ8 ¼ γ0αφ;

Γ9 ¼ γ5; Γ10 ¼ iγ5α3; Γ11 ¼ iγ5α⊥; Γ12 ¼ γ5αφ;

Γ13 ¼ γ0γ5; Γ14 ¼ γ0γ5α3; Γ15 ¼ γ0γ5α⊥; Γ16 ¼ iγ0γ5αφ:

α⊥ ≡ cosφα1 þ sinφα2;

αφ ≡ − sinφα1 þ cosφα2;
ð4:6Þ

Using the expansion (4.5) in the BSE (3.1) gives 16 relations between the components ϕλ
kðz; x⊥Þ of ΦλðxÞ. These are

collected in the Appendix A 2.
Charge conjugation relates ΦλðxÞ to Φλð−xÞ according to (4.3), whereas parity (4.2) also reverses the CM momentum.

Noting that α⊥ðφþ πÞ ¼ −α⊥ðφÞ and similarly αφðφþ πÞ ¼ −αφðφÞ we have

α2½Γkðφþ πÞ�Tα2 ¼ ηkCΓkðφÞ;
ηkC ¼ þ1 for k ¼ 1; 3; 4; 7; 8; 9; 11; 12; 13; 14;

ηkC ¼ −1 for k ¼ 2; 5; 6; 10; 15; 16:
ð4:7Þ

Together with (4.3) and (4.5) this gives

ϕλ
kð−z; x⊥Þ ¼ ηCη

k
Cð−1Þλϕλ

kðz; x⊥Þ: ð4:8Þ

It is thus sufficient to calculate the ϕλ
kðz; x⊥Þ for z ≥ 0, with (4.8) giving the boundary condition at z ¼ 0.

V. CASE STUDY: THE JPC = 0− + STATE

I illustrate the properties of the bound state wave functions using the 0−þ state. The rest frame (P ¼ 0) wave function is
given in (2.14), where F1ðrÞ satisfies the radial equation in (2.13) (with j ¼ 0). The expansions (2.12) and (4.5) define the

relation between the P ¼ 0 wave functions4 ϕðP¼0Þ
k ðz; x⊥Þ and the radial functions FiðrÞ,

ϕð0Þ
9 ðz; x⊥Þ ¼ F1ðrÞ; ϕð0Þ

10 ðz; x⊥Þ ¼ zF2ðrÞ; ϕð0Þ
11 ðz; x⊥Þ ¼ x⊥F2ðrÞ; ϕð0Þ

13 ðz; x⊥Þ ¼ F4ðrÞ; ð5:1Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ x2⊥

p
and Y00 ¼ 1=

ffiffiffiffiffiffi
4π

p
was absorbed into

the normalization of the radial functions.

A. Component equations

The BSE relations (A. 4) couple eight of the JPC ¼
0−þ component wave functions ϕðPÞ

k ðz; x⊥Þ. Six of them

may be expressed in terms of ϕðPÞ
8 and ϕðPÞ

9 , reducing
the system to two coupled partial differential equations
(PDEs) of second order. With V ≡ V 0r, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

p
and τP of (3.35) now viewed as a function of
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ x2⊥

p
,

V 0τPðrÞ ¼ ðE − VÞ2 − P2 ¼ M2 − 2EV þ V2 ð5:2Þ

we get

ϕðPÞ
4 ¼ 2

V 0τP
½P∂⊥ϕðPÞ

9 þmðE − VÞϕðPÞ
8 �;

ϕðPÞ
10 ¼ 2

E − V
∂zϕ

ðPÞ
9 ;

ϕðPÞ
11 ¼ 2

V 0τP
½ðE − VÞ∂⊥ϕðPÞ

9 þmPϕðPÞ
8 �;

ϕðPÞ
13 ¼ 2

V 0τP

�
mðE − VÞϕðPÞ

9 þ P
x⊥

∂⊥ðx⊥ϕðPÞ
8 Þ

�
;

ϕðPÞ
14 ¼ 2

V 0τP

�
mPϕðPÞ

9 þ E − V
x⊥

∂⊥ðx⊥ϕðPÞ
8 Þ

�
;

ϕðPÞ
15 ¼ −

2

E − V
∂zϕ

ðPÞ
8 : ð5:3Þ

The PDEs for ϕðPÞ
8 and ϕðPÞ

9 are coupled,

∂⊥ϕ
ðPÞ
14 − ∂zϕ

ðPÞ
15 −mϕðPÞ

4 þ 1

2
ðE − VÞϕðPÞ

8 ¼ 0;

1

x⊥
∂⊥ðx⊥ϕðPÞ

11 Þ þ ∂zϕ
ðPÞ
10 −mϕðPÞ

13 þ 1

2
ðE − VÞϕðPÞ

9 ¼ 0:

ð5:4Þ
4In the following I replace the λ ¼ 0 superscript by the CM

momentum: ϕλ¼0
k ðz; x⊥Þ → ϕðPÞ

k ðz; x⊥Þ.
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At P ¼ 0 these relations allow ϕð0Þ
k ¼ 0 for k ¼ 4, 8, 14,

15, and agree with (5.1) and (2.13) for k ¼ 9, 10, 11,

13. For m ¼ 0 at general P we have ϕðPÞ
k ¼ 0 for k ¼ 8,

13, 14, 15, and

ϕðPÞ
4 ¼ 2P

V 0τP
∂⊥ϕ

ðPÞ
9 ¼ P

E − V
ϕðPÞ
11 ;

ϕðPÞ
10 ¼ 2

E − V
∂zϕ

ðPÞ
9 ;

ϕðPÞ
11 ¼ 2ðE − VÞ

V 0τP
∂⊥ϕ

ðPÞ
9 ;

∂zϕ
ðPÞ
10 þ 1

x⊥
∂⊥ðx⊥ϕðPÞ

11 Þ þ
1

2
ðE − VÞϕðPÞ

9 ¼ 0 ðm ¼ 0Þ:

ð5:5Þ

B. Boundary conditions

1. Boundaries at z = 0 and x⊥ = 0

For a JPC ¼ 0−þ state (4.7) and (4.8) give

ϕðPÞ
k ð−z; x⊥Þ ¼ þϕðPÞ

k ðz; x⊥Þ for k ¼ 4; 8; 9; 11; 13; 14;

ϕðPÞ
k ð−z; x⊥Þ ¼ −ϕðPÞ

k ðz; x⊥Þ for k ¼ 10; 15: ð5:6Þ

The limit z → 0 may be studied by assuming ϕðPÞ
8 ðz →

0; x⊥Þ ∝ zα and ϕðPÞ
9 ðz → 0; x⊥Þ ∝ zβ. The terms of lowest

power of z in (5.4) arise from ∂
2
z and are ∝ αðα − 1Þzα−2

and ∝ βðβ − 1Þzβ−2, respectively. For these to vanish α and
β can take the values 0 or 1. The symmetries (5.6)
fix α ¼ β ¼ 0.
Similarly, for x⊥ → 0 at general z we may assume

ϕðPÞ
8 ðz; x⊥ → 0Þ ∝ xγ⊥ and ϕðPÞ

9 ðz; x⊥ → 0Þ ∝ xδ⊥. The low-
est powers xγ−2⊥ and xδ−2⊥ in (5.4) arise from two transverse

derivatives: ∂⊥ϕ
ðPÞ
14 ∝ ∂⊥½∂⊥ðx⊥ϕðPÞ

8 Þ=x⊥� ∝ ðγ þ 1Þðγ −
1Þxγ−2⊥ and ∂⊥ðx⊥ϕðPÞ

11 Þ=x⊥ ∝ ∂⊥ðx⊥∂⊥ϕðPÞ
9 Þ=x⊥ ∝ δ2xδ−2⊥ .

The regular solutions have γ ¼ 1 and δ ¼ 0 (excluding the

singular log x⊥ behavior of ϕðPÞ
9 ). This is consistent with the

general requirement

ϕðPÞ
k ðz; x⊥ ¼ 0Þ ¼ 0 for k ¼ 4; 8; 11; 15 ð5:7Þ

which ensures that the wave function is independent of φ at
x⊥ ¼ 0. The above relations serve as boundary conditions
at ðz ¼ 0; x⊥Þ and ðz; x⊥ ¼ 0Þ for the PDE (5.3) and (5.4).

2. Regions and singularities

The denominators in (5.3) vanish at V 0τP ≡ ðV 0r − Eþ
PÞðV 0r − E − PÞ ¼ 0 and at V 0r ¼ E, with r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ x2⊥

p
.

Local normalizability requires that the corresponding

numerators also vanish. The regularity of the rest frame

solutions ϕð0Þ
k ðz; x⊥Þ together with Poincaré invariance

should ensure regularity at all P. I can here present only
partial results. Regularity at x⊥ ¼ 0 was already verified
in (3.41). The Taylor expansion of the BSE at r ¼ 0 in
Sec. V C below has a nonsingular solution. In Sec. V D a
numerical study of the m ¼ 0 wave function at P ¼ 5

ffiffiffiffiffi
V 0p

is consistent with regularity for V 0r ≤ E − P.
The function τPðrÞ (5.2) can be negative when P > 0.

Based on the sign of τP we may distinguish three regions
of r,

A∶ 0 ≤ V 0r ≤ E − P ðτP ≥ 0Þ;
B∶ E − P ≤ V 0r ≤ Eþ P ðτP ≤ 0Þ;
C∶ Eþ P ≤ V 0r < ∞ ðτP ≥ 0Þ: ð5:8Þ

Region A is the standard “valence quark,” contracting
part of the wave function. Region C is dominated by the
negative energy components of the quarks (see Sec. VIII D 2
of [15]), tentatively associated with pair production
(“string breaking”). The wave function is exponentially
suppressed at large transverse coordinates x⊥ in region B
(see Appendix B 2). This region grows with P and may be
related to tunneling: The production of pairs with CM
momenta ofOðPÞ requires the potential energy V 0r to be of
the same order.

3. Conditions at r = 0, V0r =E ∓ P, and V0r =E

The constraint (5.7) requires ϕðPÞ
8 to vanish at r ¼ 0,

while the value of ϕðPÞ
9 defines the overall normalization,

ϕðPÞ
8 ðz ¼ 0; x⊥ ¼ 0Þ ¼ 0; ϕðPÞ

9 ðz ¼ 0; x⊥ ¼ 0Þ ¼ 1:

ð5:9Þ

The regularity of ϕðPÞ
k ðz; x⊥Þ at V 0τP ¼ ðV − Eþ PÞ ×

ðV − E − PÞ ¼ 0 for k ¼ 4, 11, 13, 14 in (5.3) requires

∂⊥ϕ
ðPÞ
9 �mϕðPÞ

8 ¼ 0;

�mϕðPÞ
9 þ 1

x⊥ ∂⊥ðx⊥ϕ
ðPÞ
8 Þ ¼ 0:

at r ¼ ðE ∓ PÞ=V 0

ð5:10Þ

Similarly at V 0r ¼ E the regularity of ϕðPÞ
10 and ϕðPÞ

15 requires

∂zϕ
ðPÞ
8 ¼ ∂zϕ

ðPÞ
9 ¼ 0 at r ¼ E=V0: ð5:11Þ

C. Taylor expansion at r= 0

The Taylor expansion of the rest frame radial function
F1ðrÞ in (2.12) and (5.1) is given by the radial equa-
tion (2.13),
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F1ðrÞ ¼ 1 −
M2 − 4m2

24
r2 þ 7M2 − 4m2

144M
V0r3

þM2ðM2 − 4m2Þ2 − 6V 02ð5M2 þ 4m2Þ
1920M2

r4

þOðr5Þ: ð5:12Þ

The neglected Oðr5Þ terms leave a residue of Oðr3Þ in the
radial equation. The Oðr2Þ term in (5.12) is independent
of V 0 because the radial equation is independent of the
potential for V 0r ≪ M.

For P > 0 it is convenient to switch from cylindrical to
spherical coordinates, x ¼ rðsin θ cosφ; sin θ sinφ; cos θÞ.
Instead of the polar angle θ I shall use t≡ cos θ ¼ z=r, with
0 ≤ t ≤ 1. The derivatives are related as in (A2). The wave
functions are obviously different functions of the spherical
coordinates but will for conciseness nevertheless be sim-

ilarly denoted ϕðPÞ
k ðr; tÞ. The arguments will be clear from

the context or written out explicitly.
In accordance with (5.7) and (5.9) I express the power

series in r for ϕðPÞ
8 and ϕðPÞ

9 as

ϕðPÞ
8 ðr; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p X2
j¼1

h8jðtÞrj þOðr3Þ; ϕðPÞ
9 ðr; tÞ ¼ 1þ

X2
j¼1

h9jðtÞrj þOðr3Þ: ð5:13Þ

The remaining six components ϕðPÞ
k are given in terms of these by (5.3). The BSE conditions (5.4) determine second order

differential equations for the coefficient functions h8jðtÞ and h9jðtÞ, which may be solved analytically. Imposing t → −t
symmetry (5.6) and regularity for t → 1ðx⊥ → 0Þ the BSE at Oðr0Þ implies

ϕðPÞ
8 ðr; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p 2mV 0E
P

�
−1
3M2

�
Eþ E2 − ð3E2 − 2P2Þð1 − t2Þ

Eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2t2

p
�
þ Et
P2

log

�
Etþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2t2

p

Mð1þ tÞ
�	

r2 þOðr3Þ;

ϕðPÞ
9 ðr; tÞ ¼ 1 −

ðM2 − 4m2ÞðM2 þ P2t2Þ
24M2

r2 þOðr3Þ ¼ 1 −
M2 − 4m2

24

�
E2

M2
z2 þ x2⊥

�
þOðr3Þ; ð5:14Þ

where E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

p
. ϕðPÞ

9 is at Oðr2Þ independent of the potential, and given by the radial function F1ðrÞ (5.12) with a

Lorentz contracted z coordinate. On the other hand, ϕðPÞ
8 ∝ V 0 arises only due to the interaction. It vanishes in the rest frame

as well as for m ¼ 0,

ϕðPÞ
8 ðr; tÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p mV 0P
2M2

r2 þOðP2; r3Þ: ð5:15Þ
In the t → 1 limit,

ϕðPÞ
8 ðr; tÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffi
1− t2

p mV 0

M2P3

�
E2

�
P2 − 2M2 log

�
E
M

��
−
1− t
2

�
P2ðE2 þM2Þ− 4M2E2 log

�
E
M

��	
r2 þOðð1− tÞ5=2; r3Þ:

ð5:16Þ

The corresponding Taylor expansions of the ϕðPÞ
k in (5.3) are, with μ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þ P2t2
p

,

ϕðPÞ
4 ðr; tÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
ðM2 − 4m2Þ P

6M2
rþOðr2Þ;

ϕðPÞ
10 ðr; tÞ ¼ −tðM2 − 4m2Þ E

6M2
rþOðr2Þ;

ϕðPÞ
11 ðr; tÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
ðM2 − 4m2Þ E

6M2
rþOðr2Þ;

ϕðPÞ
13 ðr; tÞ ¼

2mE
M2

−
2mV 0

M2P2

�
P2 þ 4Eμ − 4E2

�
1þ t log

�
Etþ μ

Mð1þ tÞ
��	

rþOðr2Þ;

ϕðPÞ
14 ðr; tÞ ¼

2mP
M2

−
4mEV 0

M2P3

�
P2 þ 2Eμ − 2E2

�
1þ t log

�
Etþ μ

Mð1þ tÞ
��	

rþOðr2Þ;

ϕðPÞ
15 ðr; tÞ ¼

4mEV 0

M2P3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
�
EtðE − μÞ −M2ð1 − t2Þ log

�
Etþ μ

Mð1þ tÞ
�	

rþOðr2Þ: ð5:17Þ

The behavior of the wave functions at large r is considered in Appendices B 1 and B 2.
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D. Numerical study of the ground JPC = 0− + state
for 0 ≤ r ≤ E−V and m= 0

The wave function of any state at Oðα0sÞ is found by
solving the bound state equation (3.1) with the linear
potential (2.8). The Dirac expansion (4.5) gives 16 coupled
partial differential equations (A. 4). The JPC ¼ 0−þ states
have the boundary conditions of Sec. V B 1, as well as the
conditions of regularity in Sec. V B 3. In the rest (P ¼ 0)
frame the mass M of the bound state is determined by
regularity at r ¼ 0 and r ¼ M=V 0.
Poincaré symmetry should ensure the regularity of the

wave function for P ≠ 0 and energy E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

p
.

According to (5.1) the radial function F1ðrÞ of (2.12)

equals the rest frame γ5 component ϕð0Þ
9 , so (3.33) implies

ϕðPÞ
9 ðz; x⊥ ¼ 0Þ ¼ F1½ðM −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM − V 0zÞ2 − P2

q
Þ=V 0�

ð5:18Þ
where P ¼ ð0; 0; PÞ. This ensures (3.41) the regularity of
the full wave function ΦðPÞðz; x⊥ ¼ 0Þ.
To test the regularity ofΦðPÞðxÞ for x⊥ > 0 I numerically

solve the JPC ¼ 0−þ ground state wave function. Choosing

quark mass m ¼ 0 sets ϕðPÞ
k ¼ 0 for k ¼ 8, 13, 14, 15,

simplifying the PDE’s to (5.5). The range 0 ≤ r ≤ ðE −
PÞ=V 0 allows one to verify the regularity condition (5.10),

∂⊥ϕ
ðPÞ
9 ðz; x⊥Þ ¼ 0 at r ¼ ðE − PÞ=V 0.

1. Rest frame: Radial function F1ðrÞ
The radial function F1ðrÞ satisfies (2.13), which for a

JPC ¼ 0−þ state with m ¼ 0 becomes

F00
1ðrÞ þ

�
2

r
þ V 0

M − V 0r

�
F0
1ðrÞ þ

1

4
ðM − V 0rÞ2F1ðrÞ ¼ 0:

ð5:19Þ
I expand F1ðrÞ in terms of Chebyshev polynomials5

Tnð2V 0r=M − 1Þ, whose argument spans the range ½−1; 1�
for 0 ≤ r ≤ M=V 0 [35]. The parametrization imposes the
boundary conditionsF1ðr¼ 0Þ ¼ 1 andF1ðr¼M=V 0Þ ¼ 0:

F1ðrÞ ¼ 1 −
V 0r
M

þ
Xn0
n¼1

�
c2n

�
T2n

�
2V 0r
M

− 1

�
− 1

�

þ c2nþ1

�
T2nþ1

�
2V 0r
M

− 1

�
−
2V 0r
M

þ 1

�	
:

ð5:20Þ
The parametersM and cnðn ¼ 2;…; 2n0 þ 1Þ are fit6 to the
“data” that the left-hand side of the radial equation (5.19)

vanish at np values of r, evenly distributed in the 0 ≤ r ≤
M=V 0 interval. Using n0 ¼ 10 and np ¼ 500 gave

M ¼ 3.79588
ffiffiffiffiffi
V 0p

ð5:21Þ
and parameters cn such that F1ðrÞ (5.20) satisfies the radial
equation (5.19) at Oð10−11Þ.

2. Wave function at P = 5
ffiffiffiffiffi
V0p

I numerically solve the BSE (5.5) for the ϕðPÞ
k ðr; t ¼ z=rÞ

at P ¼ 5
ffiffiffiffiffi
V 0p

for 0 ≤ r ≤ ðE − PÞ=V 0 ¼ 1.27746=
ffiffiffiffiffi
V 0p
,

i.e., in region A of (5.8). The derivatives ∂z and ∂⊥ are
expressed in terms of ∂r and ∂t in (A2).

According to (5.6) ϕðPÞ
9 ðr; tÞ is symmetric under t → −t

and is thus expanded in even Chebyshev polynomials

T2lðtÞ. ϕðPÞ
9 ðr ¼ 0; tÞ ¼ 1 as in (5.14), whereas ϕðPÞ

9 ðr; t ¼
1Þ is given by the rest frame radial function F1 (5.18). This

implies the Taylor expansion of ϕðPÞ
9 ðr; t ¼ 1Þ at

r ¼ ðE − PÞ=V 0,

ϕðPÞ
9 ðr; t ¼ 1Þ ¼ F00

1ðM=V 0Þ
�
P
V 0

�
E − P
V 0 − r

�

þ 4
ffiffiffi
2

p
P3=2

3M
ffiffiffiffiffi
V 0p

�
E − P
V 0 − r

�
3=2

þO
��

E − P
V 0 − r

�
2
��

ð5:22Þ

where F00
1ðM=V 0Þ ¼ 0.0572986V 0. We can anticipate that

ϕðPÞ
9 will not be accurately described by low order poly-

nomials close to its branch point at r ¼ ðE − PÞ=V 0; t ¼ 1.
I used the parametrization

ϕðPÞ
9 ðr; tÞ ¼ 1þ

Xnm
n¼1

Xlm
l¼0

an;2l

�
Tn

�
2V 0r
E − P

− 1

�

− ð−1Þn
�
T2lðtÞ: ð5:23Þ

The first five coefficients an;0 were constrained by impos-
ing (5.18) at five values r ¼ rj,

ϕðPÞ
9 ðrj; t ¼ 1Þ ¼ F1

h

M −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE − V 0rjÞ2 − P2

q �
=V 0

i

for rj ¼ ðE − PÞj=5V 0 ðj ¼ 1;…; 5Þ:
ð5:24Þ

The remaining an;2l were determined by a fit to the BSE
(5.5), similarly as for F1ðrÞ in (5.20).
With nm ¼ 20; nl ¼ 10 and 100 equidistant data points

in 0 ≤ r ≤ ðE − PÞ=V 0 and 50 points in 0 ≤ t ≤ 1 the fit
returned parameters an;2l for which the parametrization
(5.23) satisfied the BSE atOð10−8Þ. The relation (5.18) was
fulfilled atOð10−3Þ, with a maximum deviation of 3 × 10−3

5Some relations for the Chebyshev polynomials are given in
Appendix B 3.

6I used the Mathematica program FINDFIT.
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close to the branch point r ¼ ðE − PÞ=V 0. The regularity

condition (5.10), ∂⊥ϕ
ðPÞ
9 ðr ¼ ðE − PÞ=V 0; tÞ ¼ 0 was ful-

filled at Oð10−11Þ for all values of t. Plots of ϕðPÞ
9 ðr; tÞ are

shown in Fig. 1.
The quality of the fit indicates that there is a regular wave

function which satisfies the BSE (5.5) in region A of (5.8).
The extension to regions B and C, as well as solutions with
m ≠ 0 and for states with other quantum numbers, is left for
future work.

VI. SUMMARY

Poincaré covariance for bound states is dynamic
(involves interactions). Any formally exact framework
should have Poincaré symmetry, and this requires that
the structure of the theory is maintained. QCD poses a
special challenge since its confinement scale ΛQCD is not a
parameter of the action. I have argued that ΛQCD may be
introduced via a boundary condition, which leaves the
equations of motion intact. To test the specific approach
[15] I here studied the frame dependence of the bound
states and their gauge invariant form factors.
Atoms are bound by the classical Coulomb potential

−α=r, to which higher order quantum corrections are added
perturbatively. Heavy quarkonia are well described in a
similar approach, when a phenomenological linear term
Λ2r is added to the Coulomb potential. The “Cornell
potential” [24,25] first determined by quarkonium data
agrees with lattice calculations. Confinement may then be
described by a classical field, in analogy to atoms.
The qq̄ and qqq quantum numbers of relativistically

bound hadrons indicates that the potential is instantaneous
in time. The gauge-dependent A0 and longitudinal AL fields
generate instantaneous potentials when the gauge fixing
condition is independent of time. The Coulomb (∇ · A ¼ 0)
and temporal (A0 ¼ 0) gauges are primary alternatives
since they preserve explicit (kinetic) translation and rota-
tion symmetry.

In Coulomb gauge Gauss’s law G≡ δS=δA0 ¼ 0 is an
operator equation of motion, which expresses A0 in terms
of the dynamical (propagating) quark and gluon fields.
The absence of the conjugate field ∂tA0 in the action
requires one to implement canonical quantization with
constraints [18,19].
In temporal gauge Gauss’s law (G ¼ 0) is not an equation

of motion, and the electric field EL is conjugate to AL.
However, theA0 ¼ 0 conditiondoes not fully fix the gauge. It
allows time-independent gauge transformations, which are
generated by Gauss’s operator G. Gauss’s law is imple-
mented as a constraint on physical states, Gjphysi ¼ 0,
ensuring the full gauge fixing of jphysi [20–23]. Gauss’s
constraint determines, for each physical state, a classical
longitudinal electric field EL, to which quantum corrections
can then be added.
States such as

P
A jqAαðt; x1Þq̄Aβ ðt; x2Þi, which are sin-

glets under global color transformations, have a vanishing
classical electric field, Ea

Lðt; xÞ ¼ 0 for all x. This is
specific to non-Abelian theories, as it results from the
sum over quark colors A. In QED an je−α ðt; x1Þeþβ ðt; x2Þi
state does have a classical electric dipole field.
In [15] I introduced a new boundary condition to the

gauge constraint Gjphysi ¼ 0. This involves a scale Λ and
gives rise to a confining instantaneous potential. We may
then set αs ¼ 0 and consider whether the hadron dynamics
atOðα0sÞ can serve as the lowest order term of a perturbative
expansion. The resulting bound states have some intriguing
and promising properties discussed in [15]. Here I focussed
on their boost covariance.
The bound state momentum P ≠ 0 prevents the separa-

tion of radial and angular variables in the bound state
equation, which must then be solved as a set of coupled
partial differential equations. Boost covariance requires that
the wave function, satisfying specific boundary conditions
and having eigenvalue E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

p
, is everywhere

regular (locally normalizable). This is not evident from
the BSE. However, in all cases I studied the requirements of
Poincaré covariance turned out to be fulfilled.
A boost transforms states with constituents at equal time

into unequal-time states. Time equality can be restored
through time translations of each constituent. The boost
changes the gauge and shifts the spatial coordinates of the
constituents by unequal amounts.
Remarkably, the (transition) electromagnetic form factors

of qq̄ states with any mass, spin, and momentum transform
covariantly under infinitesimal boosts. Hence physical
(gauge invariant) quantities might be evaluated using states
in gauges which transform simply under boosts [36].
The present results suggest that the Oðα0sÞ sector can

serve as the lowest order term in a “bound Fock expansion”
[15]. This would open up hadron physics to perturbative
analyses, with the terms of higher orders in αs being
determined as in (2.7).

FIG. 1. The wave function ϕðPÞ
9 ðr; tÞ at P ¼ 5

ffiffiffiffiffi
V 0p

shown for
0 ≤ r ≤ ðE − PÞ=V 0 at three values of t ¼ z=r.
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APPENDIX A: EXPRESSIONS RELATED TO SEC. IV

1. Coordinates and Dirac matrices

The cylindrical coordinates x ¼ ðz; x⊥;φÞ are related to the Cartesian x ¼ ðx; y; xÞ as
z ¼ z; x ¼ x⊥ cosφ; y ¼ x⊥ sinφ; −x ¼ ð−z; x⊥;φþ πÞ;

∂x ¼ cosφ∂⊥ −
1

x⊥
sinφ∂φ; ∂y ¼ sinφ∂⊥ þ 1

x⊥
cosφ∂φ;

∂⊥ ¼ cosφ∂x þ sinφ∂y;
1

x⊥
∂φ ¼ − sinφ∂x þ cosφ∂y: ðA1Þ

The spherical coordinates x ¼ ðr; t;φÞ are related to the cylindrical ones as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ x2⊥

q
; t≡ cos θ ¼ z

r
; φ ¼ φ;

∂z ¼ t∂r þ
1 − t2

r
∂t; ∂⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p �
∂r −

t
r
∂t

�
;

∂r ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 þ x2⊥
p ðz∂z þ x⊥∂⊥Þ; ∂t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ x2⊥

q �
∂z −

tffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p ∂⊥
�
: ðA2Þ

The following relations are useful:

α⊥ ≡ cosφα1 þ sinφα2; αφ ≡ − sinφα1 þ cosφα2;

x⊥ · α⊥ ¼ xα1 þ yα2 ¼ x⊥α⊥; ðx⊥ × α⊥Þz ¼ xα2 − yα1 ¼ x⊥αφ;
fα⊥; α⊥g ¼ fαφ; αφg ¼ 2; fα3; α⊥g ¼ fα3; αφg ¼ fα⊥; αφg ¼ 0;

½α3; α⊥� ¼ 2iαφγ5; ½α3; αφ� ¼ −2iα⊥γ5; ½α⊥; αφ� ¼ 2iα3γ5;

½∂⊥; α⊥� ¼ ½∂⊥; αφ� ¼ 0; ½∂φ; α⊥� ¼ αφ; ½∂φ; αφ� ¼ −α⊥;

α1∂x þ α2∂y ¼ α⊥∂⃗⊥ þ 1

x⊥
αφ∂⃗φ ¼

�
∂⃗⊥ þ 1

x⊥

�
α⊥ þ 1

x⊥
∂⃗φαφ ¼ ∂⃖⊥α⊥ þ ∂⃖φ

1

x⊥
αφ: ðA3Þ

2. Relations between the 16 component wave functions

Using the expansion (4.5) in the BSE (3.1) with P ¼
ð0; 0; PÞ gives the following 16 relations between the
components ϕk ≡ ϕλ

kðz; x⊥Þ of ΦλðxÞ:

−∂zϕ2 − ∂⊥ϕ3 −
1

x⊥
ðϕ3 þ λϕ4Þ ¼

1

2
ðE − VÞϕ1; ðA4aÞ

∂zϕ1 þmϕ6 ¼
1

2
ðE − VÞϕ2; ðA4bÞ

∂⊥ϕ1 þ
P
2
ϕ12 þmϕ7 ¼

1

2
ðE − VÞϕ3; ðA4cÞ

−
λ

x⊥
ϕ1 þ

P
2
ϕ11 þmϕ8 ¼

1

2
ðE − VÞϕ4; ðA4dÞ

P
2
ϕ6 ¼

1

2
ðE − VÞϕ5; ðA4eÞ

∂⊥ϕ16 þ
1

x⊥
ðϕ16 − λϕ15Þ þ

P
2
ϕ5 þmϕ2 ¼

1

2
ðE − VÞϕ6;

ðA4fÞ

− ∂zϕ16 þ
λ

x⊥
ϕ14 þmϕ3 ¼

1

2
ðE − VÞϕ7; ðA4gÞ

∂zϕ15 − ∂⊥ϕ14 þmϕ4 ¼
1

2
ðE − VÞϕ8; ðA4hÞ

−∂zϕ10 − ∂⊥ϕ11 −
1

x⊥
ðϕ11 þ λϕ12Þ þmϕ13 ¼

1

2
ðE−VÞϕ9;

ðA4iÞ
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∂zϕ9 ¼
1

2
ðE − VÞϕ10; ðA4jÞ

∂⊥ϕ9 þ
P
2
ϕ4 ¼

1

2
ðE − VÞϕ11; ðA4kÞ

−
λ

x⊥
ϕ9 þ

P
2
ϕ3 ¼

1

2
ðE − VÞϕ12; ðA4lÞ

P
2
ϕ14 þmϕ9 ¼

1

2
ðE − VÞϕ13; ðA4mÞ

∂⊥ϕ8 þ
1

x⊥
ðϕ8 þ λϕ7Þ þ

P
2
ϕ13 ¼

1

2
ðE − VÞϕ14; ðA4nÞ

− ∂zϕ8 −
λ

x⊥
ϕ6 ¼

1

2
ðE − VÞϕ15; ðA4oÞ

∂zϕ7 − ∂⊥ϕ6 ¼
1

2
ðE − VÞϕ16: ðA4pÞ

APPENDIX B: EXPRESSIONS RELATED
TO SEC. V

1. Asymptotic behavior of the JPC = 0− +

wave function for r → ∞ at fixed P

The leading behavior of the radial function F1ðrÞ in the
limit of r → ∞ is given in (2.16). The term ∝ P in the BSE
(3.1), which breaks rotational invariance, is suppressed by
one power of r compared to the potential term ∝ V 0r.
Hence we may expect rotational symmetry to be restored at

large r. Assuming ∂r ∝ r ≫ ∂t the BSE (5.3) and (5.4)
indeed reduce at leading order in r to

∂
2
rϕ

ðPÞ
k ðr; tÞ þ 1

4
V2ϕðPÞ

k ðr; tÞ ¼ 0 ðk ¼ 8; 9; r → ∞Þ:
ðB1Þ

Thus the bound state conditions for ϕðPÞ
8 ðr; tÞ and ϕðPÞ

9 ðr; tÞ
decouple at large r, and agree with that for F1ðrÞ in the
radial equation (2.13). With τPðrÞ given by (5.2) the
expressions

ϕðPÞ
8 ðr; tÞ ¼ N8

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
r−1−im

2

exp

�
1

4
τPðrÞ

�
;

ϕðPÞ
9 ðr; tÞ ¼ N9r−1−im

2

exp

�
1

4
τPðrÞ

�
ðB2Þ

satisfy the BSE (5.3) and (5.4) atOðr−2Þ for r → ∞with no
condition on N8=N9. The agreement improves to Oðr−3Þ
at t ¼ 1ðx⊥ ¼ 0Þ.

2. Asymptotic behavior of the JPC = 0− + wave
function for x⊥ → ∞ in region B

Taking r → ∞ at fixed P means τPðrÞ ¼ M2 − 2EVþ
V2 ≃ V2 > 0, i.e., the limit is defined in region C (5.8).
To enable large r in region B, where E − P ≤ V 0r ≤ Eþ P,
I first take P → ∞ at fixed x⊥ with z ∝ 1=P (Lorentz
contraction). Thus r → x⊥ and τP ≃ −2EV 0x⊥ < 0. The
BSE (5.3) and (5.4) become

ϕðPÞ
4 ≃ ϕðPÞ

11 ≃ −
1

V
ð∂⊥ϕðPÞ

9 þmϕðPÞ
8 Þ; ϕðPÞ

13 ≃ ϕðPÞ
14 ≃ −

1

V

�
mϕðPÞ

9 þ 1

x⊥
∂⊥ðx⊥ϕðPÞ

8 Þ
�
;

ϕðPÞ
10 ≃

2

E − V
∂zϕ

ðPÞ
9 ; ϕðPÞ

15 ≃ −
2

E − V
∂zϕ

ðPÞ
8 ; ðB3Þ

1

2
ðE − VÞϕðPÞ

8 − ∂zϕ
ðPÞ
15 ¼ mϕðPÞ

4 − ∂⊥ϕ
ðPÞ
14 ;

1

2
ðE − VÞϕðPÞ

9 þ ∂zϕ
ðPÞ
10 ¼ mϕðPÞ

13 −
1

x⊥
∂⊥ðx⊥ϕðPÞ

11 Þ: ðB4Þ

All wave functions are of OðP0Þ since ∂z ∝ P. It is convenient to introduce the uncontracted, OðP0Þ coordinate zU,

zU ≡ E − V
M

z;
∂zU
∂z

≃
E − V
M

;

ϕðPÞ
10 ≃

2

M
∂zUϕ

ðPÞ
9 ; ∂zϕ

ðPÞ
10 ≃

2ðE − VÞ
M2

∂
2
zUϕ

ðPÞ
9 ;

ϕðPÞ
15 ≃ −

2

M
∂zUϕ

ðPÞ
8 ; ∂zϕ

ðPÞ
15 ≃ −

2ðE − VÞ
M2

∂
2
zUϕ

ðPÞ
8 : ðB5Þ

On the left-hand side of (B4) the OðPÞ term must cancel. This motivates one to consider

ϕðPÞ
k ðz; x⊥Þ ¼ cos

�
1

2
MzU

�
fkðx⊥Þ ðk ¼ 8; 9Þ ðB6Þ
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for which ϕðPÞ
k þ ð4=M2Þ∂2zUϕðPÞ

k ¼ 0, requiring the right-hand side of Eqs. (B4) to vanish. At leading order for x⊥ → ∞ the
∂⊥ derivatives operate only on fkðx⊥Þ, not on the powers of x⊥ multiplying it. Consequently,

−VðmϕðPÞ
4 − ∂⊥ϕ

ðPÞ
14 Þ ≃m∂⊥ϕ

ðPÞ
9 þm2ϕðPÞ

8 −m∂⊥ϕ
ðPÞ
9 − ∂

2⊥ϕ
ðPÞ
8 ¼ m2ϕðPÞ

8 − ∂
2⊥ϕ

ðPÞ
8 ¼ 0;

−V
�
mϕðPÞ

13 −
1

x⊥
∂⊥ðx⊥ϕðPÞ

11 Þ
�
≃m2ϕðPÞ

9 þm∂⊥ϕ
ðPÞ
8 − ∂

2⊥ϕ
ðPÞ
9 −m∂⊥ϕ

ðPÞ
8 ¼ m2ϕðPÞ

9 − ∂
2⊥ϕ

ðPÞ
9 ¼ 0: ðB7Þ

It follows that the wave functions behave exponentially for x⊥ → ∞,

fkðx⊥Þ ≃ expð�mx⊥Þ ðk ¼ 8; 9Þ for x⊥ → ∞: ðB8Þ

The physical solution is exponentially suppressed, suggestive of a tunneling behavior.

3. Chebyshev polynomials

The nth order Chebyshev polynomials TnðxÞ are for −1 ≤ x ≤ 1 defined by

Tnðcos θÞ ¼ cosðnθÞ: ðB9Þ

Consequently T0ðxÞ ¼ 1; T1ðxÞ ¼ x; T2ðxÞ ¼ 2x2 − 1; T3ðxÞ ¼ 4x3 − 3x, and

Tnð−xÞ ¼ ð−1ÞnTnðxÞ;
Tnð1Þ ¼ 1; Tnð−1Þ ¼ ð−1Þn;
T2nð0Þ ¼ ð−1Þn; T2nþ1ð0Þ ¼ 0;

∂xTnðxÞjx¼1 ¼ n2; ∂xTnðxÞjx¼−1 ¼ n2ð−1Þnþ1;

∂
2
xTnðxÞjx¼1 ¼

1

3
n2ðn2 − 1Þ; ∂

2
xTnðxÞjx¼−1 ¼

1

3
n2ðn2 − 1Þð−1Þn: ðB10Þ

[1] W. E. Caswell and G. P. Lepage, Phys. Rev. A 18, 810
(1978).

[2] G. P. Lepage, Ph.D. thesis, Stanford University Report
No. SLAC-R-0212, https://inspirehep.net/literature/131220.

[3] G. T. Bodwin, D. R. Yennie, and M. A. Gregorio, Rev. Mod.
Phys. 57, 723 (1985).

[4] W. E. Caswell and G. P. Lepage, Phys. Lett. 167B, 437
(1986).

[5] G. S. Adkins, Hyperfine Interact. 233, 59 (2015).
[6] G. Adkins, J. Phys. Conf. Ser. 1138, 012005 (2018).
[7] S. J. Brodsky and J. R. Primack, Phys. Rev. 174, 2071 (1968).
[8] S. J. Brodsky and J. R. Primack, Ann. Phys. (N.Y.) 52, 315

(1969).
[9] H. Osborn, Phys. Rev. 176, 1523 (1968).

[10] M. Burkardt, Adv. Nucl. Phys. 23, 1 (1996).
[11] S. J. Brodsky, H.-C. Pauli, and S. S. Pinsky, Phys. Rep. 301,

299 (1998).
[12] P. D. Mannheim, P. Lowdon, and S. J. Brodsky, Phys. Rep.

891, 1 (2021).

[13] W. Polyzou, arXiv:2304.03847.
[14] M. Järvinen, Phys. Rev. D 71, 085006 (2005).
[15] P. Hoyer, Journey to the Bound States, Springer Briefs in

Physics (Springer, New York, 2021).
[16] M. Ding, C. D. Roberts, and S. M. Schmidt, Particles 6, 57

(2023).
[17] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Rev. Mod.

Phys. 77, 1423 (2005).
[18] N. H. Christ and T. D. Lee, Phys. Rev. D 22, 939

(1980).
[19] S. Weinberg, The Quantum Theory of Fields. Vol. 1:

Foundations (Cambridge University Press, Cambridge,
England, 2005).

[20] J. F. Willemsen, Phys. Rev. D 17, 574 (1978).
[21] J. D. Bjorken, in Lectures on Lepton Nucleon Scattering

and Quantum Chromodynamics, Progress in Physics Vol. 4
(Birkhäuser, Boston, MA, 1979), p. 423–561, https://doi
.org/10.1007/978-1-4899-6691-9_5.

[22] G. Leibbrandt, Rev. Mod. Phys. 59, 1067 (1987).

PAUL HOYER PHYS. REV. D 108, 034031 (2023)

034031-18

https://doi.org/10.1103/PhysRevA.18.810
https://doi.org/10.1103/PhysRevA.18.810
https://inspirehep.net/literature/131220
https://inspirehep.net/literature/131220
https://doi.org/10.1103/RevModPhys.57.723
https://doi.org/10.1103/RevModPhys.57.723
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1007/s10751-015-1137-9
https://doi.org/10.1088/1742-6596/1138/1/012005
https://doi.org/10.1103/PhysRev.174.2071
https://doi.org/10.1016/0003-4916(69)90264-4
https://doi.org/10.1016/0003-4916(69)90264-4
https://doi.org/10.1103/PhysRev.176.1523
https://doi.org/10.1007/0-306-47067-5_1
https://doi.org/10.1016/S0370-1573(97)00089-6
https://doi.org/10.1016/S0370-1573(97)00089-6
https://doi.org/10.1016/j.physrep.2020.09.001
https://doi.org/10.1016/j.physrep.2020.09.001
https://arXiv.org/abs/2304.03847
https://doi.org/10.1103/PhysRevD.71.085006
https://doi.org/10.3390/particles6010004
https://doi.org/10.3390/particles6010004
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/PhysRevD.22.939
https://doi.org/10.1103/PhysRevD.22.939
https://doi.org/10.1103/PhysRevD.17.574
https://doi.org/10.1007/978-1-4899-6691-9_5
https://doi.org/10.1007/978-1-4899-6691-9_5
https://doi.org/10.1007/978-1-4899-6691-9_5
https://doi.org/10.1103/RevModPhys.59.1067


[23] F. Strocchi, An Introduction to Non-Perturbative Founda-
tions of Quantum Field Theory (Oxford University Press,
Oxford, England, 2013), https://inspirehep.net/literature/
1245088.

[24] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, and T.-M.
Yan, Phys. Rev. D 21, 203 (1980).

[25] E. Eichten, S. Godfrey, H. Mahlke, and J. L. Rosner, Rev.
Mod. Phys. 80, 1161 (2008).

[26] M. S. Plesset, Phys. Rev. 41, 278 (1932).
[27] H. Harari, Phys. Rev. Lett. 22, 562 (1969).
[28] J. L. Rosner, Phys. Rev. Lett. 22, 689 (1969).
[29] G. Zweig, Int. J. Mod. Phys. A 30, 1430073 (2015).

[30] W. Melnitchouk, R. Ent, and C. Keppel, Phys. Rep. 406,
127 (2005).

[31] X. Artru, Phys. Rev. D 29, 1279 (1984).
[32] D. D. Dietrich, P. Hoyer, and M. Järvinen, Phys. Rev. D 85,

105016 (2012).
[33] D. D. Dietrich, P. Hoyer, and M. Järvinen, Phys. Rev. D 87,

065021 (2013).
[34] G. ’t Hooft, Nucl. Phys. B75, 461 (1974).
[35] J. Boyd, Chebyshev and Fourier Spectral Methods (Dover,

New York, 2000).
[36] P. Hoyer, arXiv:1605.01532.

QCD BOUND STATES IN MOTION PHYS. REV. D 108, 034031 (2023)

034031-19

https://inspirehep.net/literature/1245088
https://inspirehep.net/literature/1245088
https://inspirehep.net/literature/1245088
https://doi.org/10.1103/PhysRevD.21.203
https://doi.org/10.1103/RevModPhys.80.1161
https://doi.org/10.1103/RevModPhys.80.1161
https://doi.org/10.1103/PhysRev.41.278
https://doi.org/10.1103/PhysRevLett.22.562
https://doi.org/10.1103/PhysRevLett.22.689
https://doi.org/10.1142/S0217751X14300737
https://doi.org/10.1016/j.physrep.2004.10.004
https://doi.org/10.1016/j.physrep.2004.10.004
https://doi.org/10.1103/PhysRevD.29.1279
https://doi.org/10.1103/PhysRevD.85.105016
https://doi.org/10.1103/PhysRevD.85.105016
https://doi.org/10.1103/PhysRevD.87.065021
https://doi.org/10.1103/PhysRevD.87.065021
https://doi.org/10.1016/0550-3213(74)90088-1
https://arXiv.org/abs/1605.01532

