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Deriving a comprehensive set of reduction rules for Feynman integrals has been a long-standing challenge.
In this paper, we present a proposed solution to this problem utilizing generating functions of Feynman
integrals. By establishing and solving differential equations of these generating functions, we are able to
derive a system of reduction rules that effectively reduce any associated Feynman integrals to their bases. We
illustrate this method through various examples and observe its potential value in numerous scenarios.
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I. INTRODUCTION

Scattering amplitudes play a crucial role in quantum field
theory as they connect theoretical predictions with exper-
imental observations. With the successful operation of the
Large Hadron Collider [1,2] and the proposal of next-
generation colliders [3-10], perturbative calculations of
scattering processes need to be pushed to higher orders,
such as next-to-next-to-leading order, to match the preci-
sion of experimental measurements. This requirement
necessitates the computation of scattering amplitudes at
multiloop levels. Utilizing Lorentz symmetry, these ampli-
tudes can be expressed as linear combinations of scalar
Feynman integrals (FIs). The calculation of scalar FIs poses
a significant challenge for state-of-the-art problems.

A family of scalar FIs can be represented as

L D —VK+1 —UN
B} dP¢, D5 - Dy
I(V):/HiﬂD/z DD (1)

where D = 4 — 2¢ represents the spacetime dimension, L is
the number of loops, ¢; are the loop momenta, D, ..., Dg
are the inverse propagators, Dx_ 1, ..., Dy are the irreducible
scalar products (ISPs) introduced for completeness,
vy, ...,Vg can be any integers, and vk, ...,vy can only
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be nonpositive integers. The rank of an integral is defined as
the opposite value of the sum of all negative powers, and the
dots of an integral represent the sum of all positive powers
subtracted by the number of positive indices. For instance,
the integral 7(1,2,2,3,—1,—2) has rank 3 and dots 4.

It has been proven that a family of FIs forms a finite-
dimensional linear space [11] with bases known as master
integrals (MlIs). Therefore, the prevailing method for calcu-
lating scalar FIs involves two distinct tasks. The first task is
FI reduction, which aims to express FIs as linear combina-
tions of MIs [12-52]; while the second is to compute these
MIs [13,53-107]. Notably, based on the auxiliary mass flow
method [100-105], any given FI can be automatically
calculated to high precision as far as the reduction has been
achieved. However, FI reduction is a critical yet formidable
task in complicated multiloop processes.

Integration-by-parts (IBP) identities [12] combining with
the Laporta algorithm [14] is a widely used approach to
realize reduction. Even though powered by the finite field
method [21-26] to avoid intermediate expression swell, and
syzygy equations [17-19,108-114] and block-triangular
form [27-29] to reduce the size of IBP system, reduction
of Fls with high power of denominators or ISPs is still
extremely time and resource consuming. Various other
methods have been proposed to bypass IBPs, but each
approach has its own difficulties. For instance, in the method
based on intersection theory [44-47], the calculation of
intersection numbers for multivariable problems remains
challenging. In the methods based on large spacetime
expansion [15,16] or large auxiliary mass expansion [27],
it is hard to obtain very higher order expansion terms.

For a long time, the ultimate goal of FI reduction
has been to find a complete set of reduction rules,
known as recurrence relations, with general powers .
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These recurrence relations should efficiently reduce all
integrals in a family to the MIs. For simple problems, such
recurrence relations can be constructed by analyzing IBP
identities manually, see, e.g., Refs. [12,115-120] for early
works. There are also very powerful reduction programs
for specific problems, which can tackle massive tadpoles,
like MATAD [121], massless self-energy topology at three
and four loop, respectively, called Mincer [122,123] and
FORCER [124]. A tailored heuristical approach for general
problems is also available in LiteRed [41]. However, these
construction procedures are obscure and success is not
guaranteed.

From an algebraic geometry perspective, the establish-
ment of recurrence relations becomes possible once the
Grobner bases are known. Grobner bases serve as a
fundamental tool in the analysis of polynomial ideals,
and significant efforts have been dedicated to this area of
research [125-131]. However, computing Grobner bases
for the noncommutative algebra generated by the IBP
relations remains an exceedingly challenging task.

In this paper, we propose a general approach to deriving
recurrence relations for arbitrary Feynman integral families
by setting up and solving differential equations (DEs) for
generating functions (GFs) associated with these integrals.
By doing so, we are able to effectively reduce the infinite
number of Feynman integrals within a family to a finite set
of MIs. This reduction is achieved through solving a linear
system with finite size, thereby providing a solution to this
long-standing and challenging problem with reasonable
computational complexity.

We employ the recently released Blade package [29] to
construct DEs of GFs. To demonstrate the performance of
the GF method, we apply it to some examples, spanning
from simple and straightforward problems to cutting-edge
and complex scenarios.

II. GENERATING FUNCTIONS

Our approach is motivated by the auxiliary mass flow
method [27], where by introducing an auxiliary mass
term 7 to each denominator and expanding around n = 0
using DEs with respect to 7, one can obtain values of a
series of FIs with arbitrary powers of denominators.
It means that the FI with auxiliary masses serves as a GF
of these original FlIs. Similar ideas have also been
presented in Ref. [125], where Grobner bases are
computed by solving DEs when all propagators, includ-
ing ISPs, have different masses. In Ref. [132], the
summation of the nonstandard term (A - p)" into a linear
propagator 1/(1 —xA - p) constructs a kind of GF and
has been used in [133-135] for reduction of high rank
integrals. In Ref. [136], GFs are employed to reduce
arbitrary one-loop tensor integrals by introducing an
auxiliary vector [137-141]. In this paper, we propose
to use the GF method to reduce all FlIs in any given
family.

One choice of GFs for the integral family in Eq. (1) can
be defined as follows:

/Hde eZkH K+l _”i (2)
in?? TIE (Di - ’7:‘)”" ’

with top-sector corner integral given by

dP¢; e’
top / Hlﬂ:D/z H 7’/1) (3)

where v; are given integers, #; are auxiliary masses and
ZE=3N . 41 X/D; is a linear combination of ISPs. Fls in
Eq. (1) can be generated from G,,,(X,7) by expanding »,
around 0 or oo and x; around 0. For example, FIs in the top
sector can be generated by taking the following limit":

1(7) = limlim 705G, (X. 7). (4)
X=01—0
where
N ‘
- i
= > (5)
iZir1 0%
K i—1
- au!
”:1:[1/—1'011”1 (6)

Similar to FIs, using methods such as the IBP method,
we find that the GFs defined in Eq. (2) form a finite-
dimensional linear space. We can choose a set of MIs of
GFs that cover Gy, (X, 1), denoted as G(X.7), and derive
DEs for them:

0 - -

d—x,g = Aig, (7)
0 - -

a_mg = B,G. (8)

Since the FlIs are expansion coefficients of GFs, by

expanding é(}? 17) using DEs, we can obtain a system of
linear relations between FIs. These relations are the desired
recurrence relations that efficiently reduce all target Fls to
the minimal set of MIs. Therefore, once we obtain the DEs
for the MIs of GFs, the reduction of FIs in the correspond-
ing family is solved.

'As in general 7; = 0 and x; = 0 are singular points of G, the
limit 7 — 0 and X — 0 means to select the Taylor branch of the
GFs, and thus FIs are coefficients of Taylor expansion of GFs.
Because each branch of GFs satisfies the same DEs with respect
to 77 and X, we will not emphasize the Taylor branches in the rest
of the paper.
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In physical Feynman amplitudes, one often encounters
FIs with high rank but very small dots. In such cases, we
can define simpler GFs as follows:

dPe¢, eZ}
/H irP/2 H i ©)

and corresponding simpler MIs é()_c'), which have fewer
extra variables. By setting up and solving partial DEs of

é()?) with respect to x;, we can achieve the reduction of
original FIs with arbitrary rank.

However, in practice, we find that there is an even better
approach, denoted as fixed direction scheme, by setting

X = x¢, (10)

where x is a variable and ¢ are some fixed numbers. With
each chosen set of values for ¢, we define GFs,

dDbﬂ exZE
o= [t

and set up DEs for the corresponding MIs éz(x) with
respect to x,

J é* ASGE (12)

By expanding éc(x) around x = 0 using the above DEs, we
can obtain a system of relations between FIs. By simulating
a sufficient number of ¢ values, we can generate enough
relations to reduce the original Fls of a certain rank. One
advantage of the fixed direction scheme is that there are
only two singularities in x space, namely x = 0 and oo,
which makes the DEs with respect to x relatively simple
and easier to achieve.

It is important to note that there are many other possible
choices of GFs. For example, one possibility is to replace

¢ by 1/(1 — Z¥). However, we find that this choice is
generally less efficient because the singularities in the X
plane become more complicated.

III. ONE-LOOP N POINT

For a general one-loop N-point family shown in Fig. 1,
we aim to achieve a comprehensive set of reduction rules
with general powers of propagators through the method of
GFs. The obtained recurrence relations are not new, which
has been derived previously, e.g. in Ref. [142].

We consider a set of external momenta ky, ..., ky which
satisfy momentum conservation Y ¥, k; = 0. Inverse
propagators can be defined as

D;=(+r)-m? i=1,...,N, (13)

FIG. 1. One-loop N-point diagram.

where ¢ is loop momentum, the momenta r; are defined by
ri=k;+ri_y fori=1,...,N, and ry = ry = 0 by defi-
nition. For the sake of clarity, we omit the infinitesimal
imaginary part ie in inverse propagators, since the reduc-
tions are independent of it. As there is no ISP at the one-
loop level, we introduce GFs as

o dP¢ 1
Gilir) = /iﬂD/2 [T (D =ni)s (14)

and MIs of GFs can be chosen as that with v; being 0 or 1.
The IBP equations

/dei o
i]TD/z afﬂ Hj\/:l (D/ _’7])

lead to DEs of GFs:

=0, i=1,...N, (15)

N
oG,
(Rji n— n;) —=
; on;
N
0Gop_z.
:Z (;"P ‘+ (1 =D+ N)Gyp. (16)
7
where R;; = (r; — r;)* —mj —m7 is the Gram matrix of

a1l

the one-loop N- point family, “top — ¢; means
“(1,...,1) —¢;” and €; with i = 1, ..., N are unit vectors.
By expandmg Eq (16) at small value of 1], the coef-

ficients of []Y_, 74" result in

Z Rjiv;I({vi + 8})

Z) ().
(a7

which can reduce all FIs with nonzero dots to MIs.
Therefore, we find that the DEs of GFs provide all desired
recurrence relations at the one-loop level. Our result is
consistent with that presented in Eq. (1) of Ref. [142].

an

{I/k + 5k] (5](, (D
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FIG. 2. Two-loop sunrise diagram.

Furthermore, by expanding Eq. (16) at small value of
1/#; for some index i and small value of #; for the others,
we can gain the same recurrence relations in Eq. (17),
which can reduce FIs with negative powers. Fls with
negative powers can also be viewed as tensor integrals,
which can be related to scalar integrals via Lorentz
decomposition [143]. Alternatively, the tensor integrals
can also be reduced by GFs with auxiliary vector [136].

IV. TWO-LOOP SUNRISE

Now let us give a simple two-loop example, the massless
sunrise family shown in Fig. 2. The family has two-loop
momenta ¢ and £, and one external momenta k, satisfying
k*> = 5. We choose a complete set of Lorentz scalars as

Dl:flz’
D4:f1'k,

D, = £, Dy = (¢, + 22+ k)%
Dszlxﬂz'k, (18)

where the last two are ISPs. We choose the ISPs as products
of loop momenta and external momenta, instead of quad-
ratic forms like (¢, + k)2, since the former have simpler
DEs in practice.

Although we can construct DEs with respect to x; and #;
to obtain recurrence relations to reduce all FIs in the family,
this is not necessary. Instead, reduction problems can be
usually divided into two cases: (1) with large rank but small
dots; and (2) with large dots but small rank. We thus will
only deal with these two cases. |

Considering arbitrary powers of ISPs, we choose GFs
defined in Eq. (9):

R dP¢,dP ¢, DD e
GD(X)_/ . lD/2 22 41/1 32 ev3 s (19)
(iz”/7)> D'"DyDy
where v,, vs are nonpositive integers only. MIs can be
chosen as

G=(G1.1.100)>Ga.1.10-1>Grri-10))s  (20)

which include only top-sector integrals because all sub-
sector integrals in this family are scaleless and vanishing in
dimensional regularization. Using Blade, we get the DEs
with respect to x;:

0 - >
—G=AG, 21
8xi g lg ( )
where
0 1 0
(Zlte)s  (=lre)Bry=2xs) 5 _ (=l+e)xs
Ay = X4 x4(X4—jf5) : 2 Xy (X4—X55) ’ (22)
_2 —clie _s Se-3
) X4—X5 2 X4—Xs 2
0 0 1
§2 —l4+e s —lte _ s
AS — -7 - ﬁ -2 x4—tc5 2 . (23)
(Clte)s  (Cltomn  (C1+0Ruz3x) g
Xs x5(x4=xs) s (x4 =x5) 2
vy Vs

By expanding the DEs to x,'x;’ with arbitrary v, and vs,
we obtain three different linear relations between Fls.
Because of the permutation symmetry of the sunrise FIs,
Hvy,vs)=1(1,1,1,04,v5) =I(1,1,1,vs,04), we only
need to consider the cases where v, <vs <0 and thus
we have the following relation:

col(vg,vs) = c1I(1 +vyg,vs) + ol (1 + vy, 1 +vs) + c31(2 + vy, v5), (24)

where

co=4(-1+2e+uvy)vs— )y +vs—2) +e(Wd—12+Tvs—7)+3e*(2 + vy — v5)],
c1 = =2s[(v; + 5(2vs = 3) +uy(1 —ws) + (vs — 1)?) +e(v) + 3(8 —vs) + 2u4(3us = 5) — (vs — 1)(2vs — 5))
+ €223 +v4(19 = 3us) + (5 —vs5)(1 = vs)) + €2(1 — vy + v5)],

¢y = =5} (=1 +e)(=1 +2¢ +vy)vs(—1 + 2¢ + vs5),

c3 = —=52(1 +v4) (26 + vy)(vy +v5 — 2 — e(vs — 5) — 2€2).

This recurrence relation can reduce /(vy4, vs) with v, < vs < 0to 1(0,0). Note that, as Eq. (24) is an analytic function of v4

and vs, it also holds even if v, and v5 are positive.
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ki ky

ks k3

FIG. 3. Two-loop double-box diagram.

To obtain the reduction of arbitrary powers of propa-
gators with no ISP, we introduce GFs:

. /deldez 1
o\t (iz/2)2 (D) = 1) (Dy —1p)*2 (D5 — 13)"

(25)

MIs can be effectively chosen as

-

G=(G11.1:G1.1)Gu21),Gn.12)

because the expansion coefficients of G;(ij) are scaleless

if any v; <0. The DEs of é with respect to #; and the
corresponding recurrence relations can be similarly
obtained, which are available in the ancillary file [144].

V. TWO-LOOP DOUBLE BOX

In this section, we take the double-box diagram shown
in Fig. 3 as an example to demonstrate that: (1) the fixed
direction scheme is usually preferred; and (2) the con-
struction of DEs of GFs is usually much easier than the
construction of recurrence relations of original FIs directly.

In this problem, there are four external momenta k, k,,
ks, k, satisfying on-shell conditions k? = 0 and momentum
conservation Z;‘:l k; = 0, which leaves two independent
scales s = 2k; - k, and t = 2k, - k3. We choose a complete
set of Lorentz scalars as

Dy=¢%, Dy=(f1+k)* Dy=(f1+k+k),
Dy=¢2%, Ds=(tr—-01)? De=(tr+k +k)?,
D;=(tr—ky)*. Dg=¢,-ks, Do=0r-ki, (26)

where the last two are ISPs. DEs of GFs in this family are
too long to present, and they are available in the ancillary
file [144].

A. Fixed direction scheme

Based on GFs defined in Eq. (9), there are 108 MIs with
five in the top sector. We construct DEs of these MIs with
respect to variables x; (i = 8, 9),

9 = -

TABLE 1. Comparing the GFs method with all variables
scheme and fixed direction scheme. #MIs represents the number
of Mls of GFs. t;, represents CPU time to solve the trimmed
numeric IBP system. Points represents number of numeric
sample points to fit §, ¢ and X. Primes represents number of
large prime for rational reconstruction. #,,, represents total CPU
time of IBP reduction for constructing DEs of GFs.

Scheme #MIs  ty,(s) Points Primes Froal (8)

All 108 0.02 3307 2 130
Fixed direction 108 0.02 324 2 13x(r+1)/3

and find that there are many singularities in the coefficient
matrices. For example, the matrix elements (Ag)y ¢, asso-

,,,,,,,

possess a denominator

den((Ag)g¢) = 2xg X (sx3 + 2sxgxg + 2txgxg + 5X3)

X (sx3 + 25x3%9 + 4txgx9 + SX3). (28)

The complicated denominators lead to complicated numer-
ators, and thus a large number of numeric sample points are
required to reconstruct the matrix A;. Therefore, it is very
time consuming.

Alternatively, we can choose the fixed direction scheme
defined in Eq. (11). In this scheme there are the same number
of MIs as the previous scheme, but DEs with respect to x,

0 =2 _ ,z7¢
—G =AG, 29
P g (29)

are much simpler. For example, by choosing cg = 1 and

co = 2, the denominator of the matrix element (A)(cl'm)s,s

becomes

den((AV")6) = 2x(9s + 41), (30)

which results in also simpler numerators. In fact, for any
given value of ¢, one can always choose MIs of GFs” so that
A€ only has singularities at x = 0 and x = oo, and thus the
construction of A is much easier than that of A, in Eq. (27).
As shown in Table I, construction of A;, which are functions
of 5,1, €, xg and x9, needs 130 seconds CPU time; while the
construction of A€ with given value of ¢, which are functions
of s, t, € and x, needs 13 seconds.

However, to reduce top-sector FIs with rank r, which
amounts to r + 1 FIs, in the fixed direction scheme we need
to sample ¢ for (r+ 1)/3 times. This is because we find
that, for each given value of ¢, DEs of GFs can provide
three linearly independent relations among top-sector FIs

’One can use the algorithms presented in Refs. [30,31]. The
original purpose of these algorithms is to choose proper MIs so
that no coupled singularities between spacetime dimension D and
kinematic variables are present in reduction coefficients.

034027-5
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TABLE II. Comparison of constructing recurrence relations
using IBP reduction directly with different choices of ISPs (linear
or quadratic form). #MIs represents the number of MIs of FIs
with general powers. Points represents the number of numeric
sample points to fit variables s, €, and 71. Other information is the
same as that in Table .

Form #MIs tip(S) Points  Primes froal (S)
Linear 60 0.07 20139 3 4220
Quadratic 63 0.14 8031 2 2300

with highest rank. Therefore, when rank r < 29, which is
much larger than rank of FIs in usual physical problems, the
efficiency of the fixed direction scheme is better.

B. Comparison with constructing recurrence
relations directly

We note that using Blade one can reduce FIs with arbitrary
powers of ISPs to lower powers, and thus construct recurrence
relations directly. It is necessary to compare the efficiency
between this direct way and the way based on GFs. To this
end, we introduce FlIs with arbitrary powers of ISPs:

dP¢,dP¢, Dy Dy
Iﬂ(nlan):/ ( D/2)22 119)1{,-7 (31)

l— 1

where the ISPs {Dg, Dy} could be linear form: {¢; - ks,
?, - ki }; or quadratic form: {(Z; + k3)2, (¢5 + k;)*}.
Using Blade, we can achieve the reduction of Fls, like
reducing I;(n; + 1,n,) and I;(n;,ny, + 1) to Iz(ny, n,),
which are the desired recurrence relations. The CPU time
to achieve recurrence relations in this way3 is shown in
Table 11, which is clearly less efficient comparing with the
GF method shown in Table I. This comparison indicates the
superiority of GF for generating recurrence relations.

VI. TWO-LOOP DOUBLE PENTAGON

In this section, we use the GFs method to deal with a
cutting-edge problem, the massless two-loop double-
pentagon family shown in Fig. 4. The reduction of Fls
in this family up to rank 5, which are relevant for five-light-
parton scattering amplitudes in QCD, has been previously
accomplished [28,39,145]. There are five external
momenta ky, ky, k3, k4, ks satisfying on-shell conditions
k? = 0 and momentum conservation » ;_, k; = 0, leaving
five kinematic variables s, =k; ko, S23 = ky - k3,
S13 = kl . k3, S14 = kl . k4, S3q4 = k3 . k4 as the mass scales.
We choose a complete set of Lorentz scalars as

? Although we can follow the fixed direction scheme of GF to
introduce Dy = (¢;Dg + ¢,Dg)" in the numerator in Eq. (31), it
cannot improve the efficiency because there are infinity number
of singularities in the n plane.

ky ks

ks

ko ky

FIG. 4. Two-loop double-pentagon diagram.

=0 Dy=(4+k), Ds= (4 +k+k),
=0y% Ds=(6—6), D= (L—1+ks),
Dy = (£, —ks— ki)’ Dy = (fr— ki),
Dy=7?y-ks, D=0k, Dy=2¢,k, (32)

where the last three are ISPs.
To reduce powers of ISPs, we define the following GFs:

Gg(x) =

v

dPe,dPe, &%
/ 1 2 (5 (33)

(iz?2)> T[4, D7

There are 908 MlIs of these GFs in total and 18 MIs in the
top sector. MIs in the top sector can be chosen as

{GC .1,0,0,0)° (E ..... 1,-1,0,0)° ( .1,0,-1,0)°
GZ1,...,100 -1y G(6 ..... 1,-1,-1,0)° ; ..... 1,-1,0,-1)°
Gal....,lO —1-1) G(l ,,,, 1,-2,0,0)° GE .1,0,-2,0)°
GZ1,...,1.0,0.—2)’G51 ..... 1-1,-1,-1) G; ..... 1,-2,0-1)’
G?l ..... 1,—1$—2.0)’Gf ..... 1,-1,0,-2)° G; L1,0,-2,-1)°
G(E1,...,1.0,—1,—2)’G? ,1,0,-2,-2)° G; ..... 1,-2, 20)}

which is denoted as (4,0) type because the max rank is 4
and the max dot is 0. Alternatively, MIs can be chosen as

¢ ¢
{G(l.1A1,1$1,1,1,1,0,0.0)’ G(1,1,1.1,1.1.1,2,o,0.0)’

Q

.1,1,1,1,2,1,1,0,0,0)° 1.1.1,1.2,1.1,1.0,0.0)

(1
(1.1,12,1,1,1,1,0,0.0)° J(1,1.2.1.1,1,1,1,0,0.0)°

Q Q
a1 oL 6y

1,2,1,1,1,1,1,1,0,0,0)°

—

2,1,1,1,1,1,1,1,0,0,0)

Q

1,2,1,1,1,2,1,1,0,0,0)°

(
( .24,2‘1,1.1,1.0,0.0)

=01 oo

Q

1,2.2,1,1,1,1,1,0,0,0)* ~(2,1,1,1.1,1,1,2,0.0,0)>

Q

(
(2,1,1,1,1,2,1,1,0,0,0)° ,1,1.1,2.1,1,1,0,0.0)’

S S0t

Q

(2.1.12.1,1.1,1,0,0.0)°

—

22.1.1.1,1,1,1,0,0,0)°

1

G¢
GY
G¢
GY
GY
GS
G
G¢

o

(1,3,1,1,1,1,1,1,0,0,0)* ~(3,1,1,1,1,1,1,1,0,0,0) }’
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TABLE III.  Information for reducing double-pentagon FIs using
the GF method. MIs represents the max (rank, dots) of different
choices of master integrals. f;,, represents the time spent to solve
the trimmed IBP system numerically for one time. Memjy,
represents the memory used to load and trim the raw IBP system,
usually the maximal memory consumption in the calculation.
Points means number of numeric sample points of x to reconstruct
x dependence of DEs per ¢. Number of ¢ represents the number of
samples of ¢ needed to reduce rank r FIs.

MIs tip(s)  Memy,,(GB)  Points Number of ¢
@,0) 49 12.4 32 (24 (1+7)/24
02) 36 2.7 108 (2+7r)(1+7r)/2

which is denoted as (0,2) type because the max rank is 0
and the max dot is 2.

Using Blade, we set up closed DEs of these MIs with
respect to x. As shown in Table III, to reduce each point (i.e.,
given values of kinematic variables, e, ¢, and x), it costs
4.9(3.6) seconds and uses memory up to 12.4(2.7) GB,
respectively for (4,0) type and (0,2) type. To fully construct
the x dependence of the DEs, we need to simulate 32 or
108 different values of x, respectively. Furthermore, to
reduce top-sector integrals with rank r, we need to simulate
2+ r)(1+7r)/24 or (2+r)(1+r)/2 different choices
of ¢, respectively.

As a comparison, in Table IV we present the time and
resource consumption for reducing FIs in the double-
pentagon family with different ranks using IBP method
directly. It is clear that the memory used in the IBP method
increases fast as the rank becoming larger. In contrast, in
the GFs method, the memory is a constant value, inde-
pendent of the rank of the target FIs to be reduced. In this
example, when r >4, the GFs method with the MIs
type (0,2) needs smaller memory.

For each point, the time consumption in the GFs method
is compatible with the IBP method for r = 5. This is
understandable because, to construct the DEs of GFs with
the MI type (4,0), one needs to reduce rank 5 GFs to lower
ranks. However, because currently 32 points are needed to
reconstruct the x-dependent DEs, the total CPU time,
32x49x (24 r)(14r)/24, is still too long. As there
are only two singularities x = 0 or oo in the x plane, which

TABLE IV. Information for reducing double-pentagon FIs using
the plain IBP method. #;,, represents the time spent to solve the
IBP system numerically using one CPU. Memy,, represents the
maximal memory consumption in solving the IBP system.

Rank tibp (S) Memy,,(GB)
4 1.4 2.8
5 3.9 7.0
6 11 15.8
7 29 332
8 66 65.6

are respectively regular singularity and essential singular-
ity, it is possible to find a better set of MIs so that the DEs
are in a canonical form,

0 =z CZ 2\ AC
OG- <7l+cg)g, (34)

where C§ and C§ are independent of x. When the DEs of the
MlIs satisfy the canonical form, only two points of x are
needed to fully reconstruct the DEs instead of 32 points.
In this case, the CPU time cost by the GFs method is
2x49x (24 r)(1 + r)/24, comparable with that of the
IBP method when r = 7 and the GFs method with the MI
type (4,0) becomes more efficient when r > 7.

Note that the DEs of the sunrise family in Eq. (21) are
already in the canonical form if we set x; = xc;. For general
cases, we will study the construction of canonical DEs of
GFs in future publications.

VII. SUMMARY AND OUTLOOK

In this paper, we have introduced a general method for
constructing recurrence relations of Feynman integrals
(FIs) using generating functions (GFs). We have demon-
strated that by formulating and solving the differential
equations (DEs) associated with GFs, we can effectively
reduce FlIs within a given family.

Compared to the plain IBP method, the GFs method
proves to be significantly more efficient for constructing
recurrence relations. When it comes to reducing FIs with
specific ranks, the GF method offers advantages in terms of
time and resource consumption, particularly when the rank
is large. However, for smaller ranks, the GF method may
not provide the same level of efficiency. This aspect makes
the GF method particularly appealing for addressing high-
rank problems, such as effective field theory problems, like
the calculation of twist-two operator matrix elements in
QCD, and gravitational scattering problems. For example,
in the calculation of Mellin moments of splitting func-
tion by twist-two operator matrix elements, the rank of
Feynman integrals is O(20) at the four-loop level in the
planar limit [146] and that is O(500) or higher for the full
three-loop contribution [133-135].

An important aspect to study is the selection of appro-
priate bases that lead to DEs of GFs in a canonical form
defined in Eq. (34). Techniques developed in recent years for
constructing ¢ forms of FIs [84] could potentially be useful
in this context, although further investigation is necessary.

Given that we employ IBP relations to construct DEs of
GFs, any advancements in IBP reduction techniques would
also benefit our method. One possible direction is to
integrate the syzygy method with the GFs method, utilizing
the latter to handle the reduction of subsector integrals.
By doing so, the DEs of GFs in the top sector can be
derived with the assistance of DEs of GFs in the subsectors.
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This integration of techniques enables us to fully harness
the capabilities of the GF method, resulting in more
efficient computations.
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