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We apply a previously developed scheme to consistently include the improved saturation model for the
unintegrated gluon distribution (UGD) in order to evaluate, in the framework of kt factorization, at small x
at the next-to-leading order in αs. We start the unintegrated gluon distribution with a parametrization of the
deep inelastic structure function for electromagnetic scattering with protons, and then extract the color
dipole cross section, which preserves its behavior success in a wide range of k2t in comparison with the
UGD models (M. Hentschinski, A. Sabio Vera, and C. Salas; I. P. Ivanov and N. N. Nikolaev; and G. Watt,
A. D. Martin, and M. G. Ryskin). These results show that the geometric scaling holds for the improved
saturation model in a wide kinematic region rQs, and is comparable with the Golec-Biernat-Wüsthof
model. The unintegrated gluon distribution at low and high momentum transfer in a wide range of x is
considered.
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I. INTRODUCTION

Although our knowledge of the proton structure at small
x is very limited, novel opportunities will be opened at
new-generation facilities [Electron-Ion Collider (EIC),
High-Luminosity Large Hadron Collider (LHC), Forward
Physics Facility]. Combining the information coming from
dipole cross sections and pT-unintegrated densities could
play an important role. In particular, polarized amplitudes
and cross sections for the exclusive electroproduction of ρ
and ϕ mesons at the Hadron-Electron Ring Accelerator
(HERA) and the EIC are very sensitive to the unintegrated
gluon distribution (UGD) model adopted, whereas forward
Drell-Yan dilepton distributions at the Large Hadron
Collider beauty are very sensitive to next-to-leading log-
arithmic corrections. Indeed, the dipole cross section is
directly connected via a Fourier transform to the small-x
UGD, whose evolution in x is regulated by the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) equation [1]. The BFKL
equation retains the full Q2 dependence and not just the
leading lnQ2 terms. Indeed the resummation of terms is
proportional to αs lnð1=xÞ to all orders. This involves
considering that this means that we do not have strongly
ordered kt but instead integrate over the full range of kt
in phase space of the gluons [2,3]. The BFKL equa-
tion governs the evolution of the UGD, where the kt

factorization is used in the high-energy limit in which
the QCD interaction is described in terms of the quantity
which depends on the transverse momentum of the gluon
[4]. In the kt-factorization framework, the gluon distribu-
tion depends on x and k2t , with x and k2t being the fractional
momentum of proton carried by gluon and the transverse
momentum of gluon respectively. At high energies, the kt
factorization is a suitable formalism to compute the relevant
distribution and cross sections. Within this regime, the
longitudinal momentum fraction of partons, x, is small. The
unintegrated gluon distribution function is thus of great
phenomenological and theoretical interest to develop the
formalism which includes the transverse momentum
dependence in the context of the multigluon distributions.
It is more appropriate to use the parton distributions

unintegrated over the transverse momentum kt in the
framework of the kt-factorization QCD approach for semi-
inclusive processes [such as inclusive jet production in deep
inelastic scattering (DIS), electroweak boson production,
etc.] at high energies. The kt-factorization formalism pro-
vides solid theoretical grounds for the effects of initial gluon
radiation and intrinsic parton transverse momentum kt.
The unintegrated gluon fðx; k2t Þ distribution is directly
related to the dipole-nucleon cross section, that is saturated
at low Q or large transverse distances r ∼ 1=Q between
quark q and antiquark q̄ in the qq̄ dipole created from the
splitting of the virtual photon γ� in the electron-proton DIS.
Indeed, the suitable factorization approach in DIS (where
W ≫ Q ≫ ΛQCD) is provided by kt factorization [5].
The UGD, in its original definition, obeys the BFKL

evolution equation in the x variable and being a non-
perturbative quantity. To realistically describe the structure
of the proton, we must introduce a kt unintegrated gluon
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density, whose evolution at small x is governed by the
BFKL equation [6]. The object of the BFKL evolution
equation at very small x is the differential gluon structure
function, 1 as

fðx; k2t Þ ¼
∂xgðx; μ2Þ
∂ ln μ2

����
μ2¼k2t

; ð1Þ

which emerges in the color dipole picture (CDP) of inclusive
DIS and diffractive DIS into dijets [7]. Unintegrated dis-
tributions are required to describe measurements where
transverse momenta are exposed explicitly.
The unintegrated gluon distribution function satisfies

the BFKL equation for an alternative derivation in terms
of color dipoles. The BFKL equation at leading order is
given by

∂fðx; k2t Þ
∂ lnð1=xÞ ¼

Z
dk02t Kðk2t ; k02t Þfðx; k02t Þ; ð2Þ

which describes the evolution in lnð1=xÞ of the uninte-
grated gluon density, and K is the BFKL kernel [2,3]. In the
small x limit this basically gives a power law behavior in x,

fðx; k2t Þ ∼ hðk2t Þx−λ; ð3Þ

where h ∼ ðk2t Þ−1
2 at large k2t and λ is the maximum

eigenvalue of the kernel K of the BFKL equation. For
fixed αs, λ has the value λ ¼ αs

π 12 ln 2, where this hard
Pomeron has been termed the BFKL Pomeron and leads to
very steeply rising V�N cross sections. In the BFKL
analysis, there are infrared (IR) and ultraviolet (UV) cutoffs
on the k2t integrations. Indeed determining the IR cutoff
parameter is important for integrating

R
dk2t αsðk2t Þ down to

k2t ¼ 0; also the choice of the UV cutoff is important when
working at finite order [8,9].2

The CDP [10] has been introduced to study a wide
variety of small-x inclusive and diffractive processes at
HERA. The CDP, at small x, gives a clear interpretation of
the high-energy interactions, where it is characterized by
high gluon densities because the proton structure is
dominated by dense gluon systems [11–13] and predicts
that the small x gluons in a hadron wave function should
form a color glass condensate [14]. Dipole representation
provides a convenient description of DIS at small x. There,
the scattering between the virtual photon γ� and the proton
is seen as the color dipole where the transverse dipole size r
and the longitudinal momentum fraction z with respect to
the photon momentum are defined. The amplitude for the
complete process is simply the production of these

subprocess amplitudes, as the DIS cross section is factor-
ized into a light-cone wave function and a dipole cross
section. Using the optical theorem, this leads to the
following expression for the γ�p cross sections

σγ
�p
L;Tðx;Q2Þ ¼

Z
dzd2rjΨL;Tðr; z; Q2Þj2σdipðx; rÞ; ð4Þ

where subscripts L and T refer to the transverse and
longitudinal polarization state of the exchanged boson.
Here ΨL;T are the appropriate spin averaged light-cone
wave functions of the photon and σdipðx; rÞ is the dipole
cross section which is related to the imaginary part of the
ðqq̄Þp forward scattering amplitude. The variable z, with
0 ≤ z ≤ 1, characterizes the distribution of the momenta
between quark and antiquark. The square of the photon
wave function describes the probability for the occurrence
of a ðqq̄Þ fluctuation of transverse size with respect to the
photon polarization.
Another framework which can be used for calculating

the parton distributions is based on the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equations
[15]. Deep inelastic electron-proton scattering is described
in terms of scale dependent parton densities qðx; μ2Þ and
gðx; μ2Þ [16], where the integrated gluon distribution
(xgðx; μ2Þ) is defined through the unintegrated gluon
distribution (fðx; k2t Þ) by

xgðx; μ2Þ≡
Z

μ2 dk2t
k2t

fðx; k2t Þ: ð5Þ

The unintegrated gluon distribution is related to the dipole
cross section [4,17]

σðx; rÞ ¼ 8π2

Nc

Z
dkt
k3t

½1 − J0ðktrÞ�αsfðx; k2t Þ: ð6Þ

A novel formulation of the UGD for DIS in a way that
accounts for the leading powers in both the Regge and
Bjorken limits is presented in Ref. [18]. In this way,
the UGD is defined by an explicit dependence on the
longitudinal momentum fraction x which entirely spans
both the dipole operator and the gluonic parton distribution
function.
In addition to the gluon momentum derivative model

[i.e., Eq. (1)], several other models [7,10,19–21] for the
UGD have also been proposed so far. A comparison
between these models can be found in Refs. [22,23].
The authors in Ref. [19] presented an x-independent model
(ABIPSW) of the UGD where merely coincides with the
proton impact factor by the following form:

fðx; k2t Þ ¼
A

4π2M2

�
k2t

M2 þ k2t

�
; ð7Þ

1Equation (1) is modified with the Sudakov form factor as x
increases.

2Indeed, the DGLAP formulation ensures energy conservation
order by order, but the BFKL formulation does not [2,3].
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where M is a characteristic soft scale and A is the
normalization factor.
The authors in Ref. [7] presented a UGD soft-hard model

[I. P. Ivanov and N. N. Nikolaev (IN)] in the large and small
kt regions by the following form:

fðx; k2t Þ ¼ fðBÞsoftðx; k2t Þ
k2s

k2s þ k2t
þ fhardðx; k2t Þ

k2t
k2h þ k2t

; ð8Þ

where the soft and the hard components are defined in [7].
The UGD model was considered in [20] to use in the

study of DIS structure functions and takes the form of a
convolution between the BFKL gluon Green’s function and
a leading-order (LO) proton impact factor, which has been
employed in the description of single-bottom quark pro-
duction at LHC and to investigate the photoproduction of
J=Ψ and ϒ, by the following form [M. Hentschinski, A.
Sabio Vera and C. Salas (HSS) model]:

fðx; k2t ;MhÞ ¼
Z þ∞

−∞

dν
2π2

C
Γðδ − iν − 1

2
Þ

ΓðδÞ
�
1

x

�
χð1

2
þiνÞ

×

�
k2t
Q2

0

�1
2
þiν

�
1þ ᾱ2sβ0χ0ð12 þ iνÞ

8Nc
log

�
1

x

�

×

�
−ψ

�
1

2
þ iν

�
− log

k2t
M2

h

��
; ð9Þ

where χ0ð12 þ iνÞ and χðγÞ are respectively the LO and the
next-to-leading order (NLO) eigenvalues of the BFKL
kernel and β0 ¼ 11 − 2

3
nf with nf the number of active

quarks. The LO eigenvalue of the BFKL kernel is
χ0ð12 þ iνÞ≡ χ0ðγÞ ¼ 2ψð1Þ − ψðγÞ − ψð1 − γÞ, and the
NLO eigenvalue of the BFKL kernel is χðγÞ ¼ αsχ0ðγÞ þ
αs

2χ1ðγÞ − 1
2
αs

2χ00ðγÞχ0ðγÞ þ χRGðαs; γÞ with ψðγÞ as the
logarithmic derivative of the Euler gamma function. Here
αs ¼ 3

π αsðμ2Þ with μ2 ¼ Q0Mh where Mh plays the role of
the hard scale which can be identified with the photon

virtuality,
ffiffiffiffiffiffi
Q2

p
.

The authors in Ref. [21] presented a UGD model [Watt-
Martin-Ryskin (WMR) model] which depends on an
extrascale μ, fixed at Q, by the following form:

fðx; k2t ;μ2Þ ¼ Tgðk2t ;μ2Þ
αsðk2t Þ
2π

×
Z

1

x
dz

�X
q

PgqðzÞ
x
z
q

�
x
z
; k2t

�

þPggðzÞ
x
z
g

�
x
z
; k2t

�
Θ
�

μ

μþ kt
− z

��
; ð10Þ

where Tgðk2t ; μ2Þ gives the probability of evolving from the
scale kt to the scale μ without parton emission and Pij’s are
the splitting functions.

Golec-Biernat-Wusthoff (GBW) [10] presented a UGD
model that derives from the effective dipole cross section
σðx; rÞ for the scattering of a qq̄ pair of nucleons as3

fðx; k2t Þ ¼ k4t σ0
R2
0ðxÞ
2π

e−k
2
t R

2
0
ðxÞ; ð11Þ

with R2
0ðxÞ ¼ 1

GeV2 ð xx0Þλp and the following values: σ0 ¼
23.03 mb, λp ¼ 0.288, and x0 ¼ 3.04 × 10−4. Although
one of them (the HSS one) was fitted to reproduce DIS
structure functions, the study of other reactions has
provided evidence that the UGD is not yet well known.
The HSS model also reproduces well the forward Drell-Yan
data at the LHC without any further adjustment of extra
parameters [24]. In this paper we use the DGLAP-improved
saturation model with respect to the UGD in the proton to
access the dipole cross section at low x.

II. METHOD

The interaction of the qq̄ pair with the proton is
described by the dipole cross section. It is related to
the gluon density in the target by the kT-factorization
formula [7,10,17]

σðx; rÞ ¼
Z

d2kt
k4t

∂xgðx; k2t Þ
∂ ln k2t

½1 − eikt:r�½1 − e−ikt:r�; ð12Þ

where the relation between fðx; k2t Þ and xgðx; k2t Þ is defined
through Eq. (1). In the following we present a method of
extraction of the gluon distribution function in the kin-
ematic region of low values of the Bjorken variable x from
the structure F2ðx; k2t Þ and derivative ∂F2ðx; k2t Þ=∂ ln k2t by
relying on the DGLAP Q2-evolution equations. The
structure function F2 is expressed via the singlet and gluon
distributions as

F2ðx; k2t Þ ¼ he2i½B2;sðxÞ ⊗ xfsðx; k2t Þ
þ B2;gðxÞ ⊗ xgðx; k2t Þ�; ð13Þ

where he2i is the average of the charge e2 for the active
quark flavors nf, he2i ¼ n−1f

Pnf
i¼1 e

2
i , and the nonsinglet

densities become negligibly small in comparison with the
singlet densities at small x. The quantities B2;iðxÞði ¼ s; gÞ
are the knownWilson coefficient functions, and the symbol
⊗ denotes convolution according to the usual prescription.
According to the DGLAP evolution equations, the singlet
distribution function leads to the following relation of
integrodifferential equation [25]:

3The reader can refer to Refs. [7,10,19–21] for a meticulous
treatment of the parameters.
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∂F2ðx; k2t Þ
∂ ln k2t

¼ −
asðk2t Þ

2
½PqqðxÞ ⊗ F2ðx; k2t Þ

þ he2iPqgðxÞ ⊗ xgðx; k2t Þ�; ð14Þ

where

Pa;bðxÞ ¼ Pð0Þ
a;bðxÞ þ asðk2t ÞP̃ð1Þ

a;bðxÞ þ a2sðk2t ÞP̃ð2Þ
a;bðxÞ ð15Þ

and

P̃ðnÞ
ab ðxÞ ¼ PðnÞ

ab ðxÞ þ ½C2;s þ C2;g þ � � �� ⊗ Pð0Þ
ab ðxÞ þ � � � :

The quantities P̃ab’s are expressed via the known splitting
and Wilson coefficient functions in literature [26,27],
and asðk2t Þ ¼ αsðk2t Þ=4π.
Considering the variable definitions υ≡ lnð1=xÞ and

w≡ lnð1=zÞ, one can rewrite Eq. (14) in terms of the
convolution integrals and new variables4 as

∂F̂ 2ðυ;k2t Þ
∂ lnk2t

¼
Z

υ

0

½F̂ 2ðυ; k2t ÞĤðφÞ
2;s ðasðk2t Þ;υ−wÞ

þ he2iĜðυ; k2t ÞĤðφÞ
2;g ðasðk2t Þ;υ−wÞ�dw; ð16Þ

where

∂F̂ 2ðυ; k2t Þ
∂ ln k2t

≡ ∂F2ðe−υ; k2t Þ
∂ ln k2t

; Ĝðυ; k2t Þ≡ xgðe−υ; k2t Þ;

ĤðφÞðasðk2t Þ; υÞ≡ e−υP̂ðφÞ
a;bðasðk2t Þ; υÞ: ð17Þ

The splitting function reads as

PðφÞ
a;bðas; xÞ ¼

Xφ
n¼0

anþ1
s ðk2t ÞPðnÞ

a;bðxÞ; ð18Þ

where n denotes the order in running coupling αsðk2t Þ. The
Laplace transform of Ĥðasðk2t Þ; υÞ;s are given by the
following forms:

ΦðφÞ
f ðasðk2t Þ; sÞ≡ L½ĤðφÞ

2;s ðasðk2t Þ; υÞ; s�

¼
Z

∞

0

ĤðφÞ
2;s ðasðk2t Þ; υÞe−sυdυ;

ΘðφÞ
f ðasðk2t Þ; sÞ≡ L½ĤðφÞ

2;g ðasðk2t Þ; υÞ; s�

¼
Z

∞

0

ĤðφÞ
2;g ðasðk2t Þ; υÞe−sυdυ: ð19Þ

We know that the Laplace transforms of the convolution
factors are simply the ordinary products of the Laplace
transforms of the factors. Therefore, Eq. (16) in the Laplace
space s reads as

∂f2ðs; k2t Þ
∂ ln k2t

¼ ΦðφÞ
f ðasðk2t Þ; sÞf2ðs; k2t Þ

þ he2iΘðφÞ
f ðasðk2t Þ; sÞxgðs; k2t Þ; ð20Þ

where

L½F̂ 2ðυ; k2t Þ; s� ¼ f2ðs; k2t Þ; L½Ĝðυ; k2t Þ; s� ¼ xgðs; k2t Þ:
ð21Þ

The gluon distribution into the parametrization of the proton
structure function and its derivative with respect to ln k2t in s
space in Eq. (20) is given by the following form:

xgðs; k2t Þ ¼ kðφÞðasðk2t Þ; sÞDf2ðs; k2t Þ
− hðφÞðasðk2t Þ; sÞf2ðs; k2t Þ; ð22Þ

where

Df2ðs; k2t Þ ¼ ∂f2ðs; k2t Þ=∂ ln k2t ;
kðφÞðasðk2t Þ; sÞ ¼ 1=ðhe2iΘðφÞ

f ðasðk2t Þ; sÞÞ;
hðφÞðasðk2t Þ; sÞ ¼ ΦðφÞ

f ðasðk2t Þ; sÞkðφÞðasðk2t Þ; sÞ:

The inverse Laplace transforms of Eq. (22) read as

bxgðφÞðυ; k2t Þ≡ L−1½xgðs; k2t Þ; υ�
¼ L−1½kðφÞðasðk2t Þ; sÞDf2ðs; k2t Þ
− hðφÞðasðk2t Þ; sÞf2ðs; k2t Þ; υ�. ð23Þ

In the following, the inverse transform of a product to the
convolution of the original functions is given by

L−1½fðsÞ × hðsÞ; υ� ¼
Z

υ

0

F̂ðwÞĤðυ − wÞdw:

The inverse Laplace transforms of the functions k and h in
Eq. (23) are defined by ĴðυÞ and M̂ðυÞ, as

Ĵðυ; k2t Þ≡ L−1½kðs; k2t Þ; υ�; M̂ðυ; k2t Þ≡ L−1½hðs; k2t Þ; υ�:
ð24Þ

The functions k and h in s space, into the Laplace transform
of the splitting functions (Pqq and Pqg), are given by [29]

kðnÞðasðk2t Þ; sÞ ¼
�
he2iL

�
e−υ

X1
n¼0

anþ1
s ðk2t ÞP̂ðnÞ

qg ðυÞ; s
��

−1
;

hðnÞðasðk2t ; sÞ ¼
L½e−υP1

n¼0 a
nþ1
s ðk2t ÞP̂ðnÞ

qq ðυÞ; s�
he2iL½e−υP1

n¼0 a
nþ1
s ðk2t ÞP̂ðnÞ

qg ðυÞ; s�
;

ð25Þ4For further discussions please see Ref. [28].
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where at small x, the kernels at NLO approximation in
Eq. (19) are given by the following forms:

Θfðas; sÞ ≃ 2nfas

�
1

1þ s
−

2

2þ s
þ 2

3þ s

�
þ a2sCATf

�
40

9s

�
;

Φfðas; sÞ ≃ as

�
4 −

8

3

�
1

1þ s
þ 1

2þ s
þ 2S1ðsÞ

�

þ a2sCFTf

�
40

9s

�
; ð26Þ

where S1ðsÞ ¼ ψðsþ 1Þ þ γE, where ψðxÞ is the digamma
function and γE ¼ 0.5772156… is the Euler constant. Here

CA ¼ Nc ¼ 3, CF ¼ N2
c−1
2Nc

¼ 4
3
, and Tf ¼ 1

2
nf. The standard

representation for QCD couplings in NLO [within the
minimal subtraction (MS)-scheme] approximation reads as

αNLOs ðk2t Þ ¼
4π

β0 ln
k2t
Λ2

�
1 −

β1
β20

ln ln k2t
Λ2

ln k2t
Λ2

�
; ð27Þ

where β0 and β1 are the one and two loop correction to the
QCD β function and Λ is the QCD cutoff parameter.5

Therefore, the integrated gluon density is related to the
proton structure function by the following form:

xgðφÞðx;k2t Þ ¼
Z

1

x

�
DF2

�
ln
1

y
;k2t

�
J

�
asðk2t Þ; ln

y
x

�

−F2

�
ln
1

y
;k2t

�
M

�
asðk2t Þ; ln

y
x

��
dy
y
; ð28Þ

where F2ðx; k2t Þ is the proton structure function. The
parametrization of F2 in Ref. [30] has an expression for
the asymptotic part of F2 (no valence) that accounts for the
asymptotic behavior F2 ≃ ln2ð1=xÞ at small x which
describes fairly well the available experimental data on
the reduced cross sections.
In next section we consider the UGD and the color dipole

cross section due to the parametrization of the proton
structure function in Eqs. (1) and (12) with respect to (28),
respectively.

III. NUMERICAL RESULTS

The UGD is obtained directly in terms of the parametri-
zation of the structure function F2ðx; k2t Þ and its derivative.

The resulting UGD with the k2t dependence due to the
parametrization of the proton structure function are shown in
Fig. 1. In this figure,we plot thek2t dependence of theUGDat
x ¼ 10−3 and compare the unintegrated gluon distribution
behavior due to the improved saturation model with the
GBW model. An enhancement and then depletion are
observable in the improved and GBW models. These picks
occur at k2t ≈ 10 GeV2 and k2t ≈ 1 GeV2 in the improved and
GBWmodels respectively. Aswe can see, theUGDbehavior
in the improved saturation model, in a wide range of k2t , is
softer than the GBWmodel. The error bands in Fig. 1 in the
improved saturation model are due to the uncertainties in the
coefficients of the parametrization of the proton structure
function. The uncertainties are very small for low k2t and
increase as k2t increase to 100 GeV2.
In Fig. 2 we show the kt distributions of three different

unintegrated gluons at x ¼ 10−3. This figure compares
the results of the improved saturation model, based on the
parametrization of the proton structure function, with the
HSS [20], IN [7], and WMR [21] models. We observe that
the improved saturation result is comparable with the HSS
and IN models in a wide range of k2t . The differences are
not large; however there is some suppression due to the
models at large and small values of k2t . The continuous
behavior of the UGD in our model with increases of k2t is
due to the gluon and quark terms included in the improved
saturation model.
In Fig. 3 we present the unintegrated gluons with the k2t

dependence of all the considered UGDmodels in Fig. 2, for
x ¼ 10−4. The plot clearly shows the same behavior in the
k2t shape of the figures at low values of x. In conclusion, the
consistency of the several UGDs in their kt dependence
holds for values of x ¼ 10−3 and 10−4 in a wide range of kt.

FIG. 1. The UGD as a function of k2t with respect to the
improved model compared with the GBW model at x ¼ 10−3.
The error bands in the improved model are due to the statistical
uncertainties in the coefficients of the parametrization F2 in [30].

5The running coupling (27) is used in the evolution of the
DGLAP equations. In the HSS approach, a running consistent
with a global fit to jet observables was used to find the correct
form for the DIS structure functions at small values of x in the full
Q range [22]. In this regard, the infrared freezing of strong
coupling at LO is imposed by fixing ΛQCD ¼ 200 MeV as

αsðμ2Þ ¼ min

�
0.82; 4π

β0 lnð μ2

Λ2
QCD

Þ
�
.
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Calculation of the dipole cross section requires the knowl-
edge of the unintegrated gluon density for all scales
0 < k2t < ∞. Usually the unintegrated gluon density is
known for k2t > k2t0 (k2t0 ¼ 1 GeV2), so it is interesting to
consider the function fðx; k2t Þ for lowest values of k2t < k2t0.
Figure 4 illustrates the unintegrated gluon distributions
fðx; k2t Þ at low k2t (10−2 GeV2 ≲ k2t ≤ 10−1 GeV2). It
shows that the modified UGD is different from the original
GBW UGD at k2t ≲ 10−2 GeV2, and it similar to the GBW
UGD at k2t > 10−2 GeV2 with a higher rate. In this range,
the difference between the GBW UGD, for two different
values of the longitudinal momentum fraction, x ¼ 10−3

and 10−4 is uniform, while they coincide with the improved
UGD for 3 × 10−2 GeV2 ≲ k2t ≤ 10−1 GeV2. These mod-
els in Fig. 4 fairly reflect the distinct approaches whence

each UGD descends in the range 3 × 10−2 GeV2 ≲
k2t ≤ 10−1 GeV2. In Fig. 5 we investigate the effect of
different values of k2t on the unintegrated gluon distribution
in a wide range of x and compared with the GBW UGD
model. We observe that the result for low k2t (i.e.,
k2t ¼ 0.01 GeV2) is different with the GBW UGD model
in the range x < 0.1. The difference between the results
increases as x decreases. In particular, the sensitivity of the
predictions to a detailed parametrization of the infrared
region which satisfies the gauge invariance constraints as
k2t → 0 is considered. In Fig. 5 (down figure) we compare
our results with the GBW UGD model at k2t ¼ 100 GeV2.
The behavior of the GBWUGDmodel is uniform in a wide

FIG. 3. The same as Fig. 2 for x ¼ 10−4.

FIG. 4. Low k2t behavior of the considered UGD model for
x ¼ 10−3 and 10−4 (solid and short dashed curves) compared
with the GBW model (dashed-dot and dashed curves) [10],
respectively.

FIG. 5. x behavior of the considered UGD model (solid curves)
for k2t ¼ 0.01 GeV2 (up) and k2t ¼ 100 GeV2 (down), as accom-
panied with the statistical uncertainties from the coefficients of
the parametrization of F2 in [30], compared with the GBWmodel
(dashed curves) [10].

FIG. 2. The unintegrated gluon distribution fðx; k2t Þ obtained
from the improved saturation model (dashed symbol), as a
function of k2t at x ¼ 10−3, compared with the HSS [20], IN
[7], and WMR [21] models.
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range of x, and it is almost zero in this range. Our results
have a fluctuation in the region 10−5 < x < 10−3 where
this is the largest discrepancy observed. This is owing to
the fact that as the gluon momentum fraction x decreases,
the probability of the gluon splitting increases. One can
see that the improved UGD is different from the GBW
UGD at 10−5 < x < 10−3 and coincides with it at larger x
(10−3 < x < 10−1). Indeed, we have shown that our UGD
is similar to the GBWUGD, obtained at large kt (within the
uncertainties) and different from it at low kt in a wide range
of x. The error bands in the improved model are due to the
statistical uncertainties in the coefficients of the paramet-
rization F2 in [30].
In Fig. 6, we have calculated the improved saturation

model with respect to the unintegrated gluon distribution to
the ratio σdip=σ0 in a wide range of the dipole size at the
NLO approximation. Results of calculations and compari-
son with the GBW model [10] for x ¼ 10−3 and 10−4 are
presented in Figs. 6 and 7, respectively. The effective
parameters in the GBW model have been extracted from a
fit of the HERA data as λ ¼ 0.288 and x0 ¼ 3.04 × 10−4.
These corrections to the ratio of color dipole cross sections
at NLO approximation are comparable with the GBW
model. For rQs ≥ 1, the dashed curve (central values)
merges due to geometric scaling in the dipole cross section
in this region. On the right-hand side of Figs. 6 and 7, a
particular interest presents the ratio σdip=σ0 defined by the
scaling variable rQs, which means that the scattering
amplitude and corresponding cross sections can scale on
the dimensionless scale rQs. In conclusion, we observe that
the geometric scaling holds for other values of x in a wide
range of rQs. We observe that its violation for rQs < 1 is
visible as x decreases.

In summary, we study the unintegrated gluon distribu-
tion from a parametrization of the proton structure function.
In this analysis we present the k2t dependence of the
improved UGD model at the NLO approximation and
compare with four models for fðx; k2t Þ, which exhibit a
rather different shape of kt dependence in the region,
10−1 ≤ k2t ≤ 102 GeV2, for a value of the longitudinal
momentum fraction, x ¼ 10−3. We show the behavior of
our predictions for the UGD are comparable with HSS and
IN models in a wide range of k2t . These results are
comparable with the WMR and GBW models at moderate
values of k2t . It was shown that the improved UGD is
different from the GBW UGD at low kt, and it coincides
with the GBW UGD at large kt.
Then we have presented the improved dipole cross

section when the unintegrated gluon distribution is derived
from the parametrization of the proton structure function as
a function of r and rQs, respectively. The results according
to the UGD are consistent with the GBW saturation model
at the NLO approximation. The error bars are due to the
statistical uncertainties of the effective parameters and
preserved that the NLO results give a reasonable data
description in comparison with the GBW model. In this
method, the large dipole size part of the dipole cross section
retains the features of the GBW model with the saturation
scale. The dipole cross section at the small dipole size by
the presence of the uninetrgated gluon distribution is
modified in comparison with the saturation scale of the
GBW saturation model.
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FIG. 6. The ratio of the dipole cross sections in the improved
saturation model (dashed lines) as a function of r (left plot) and
rQs (right plot) for x ¼ 10−3 at the NLO approximation. The
solid lines are due to the GBW model [10]. The error bands are
due to the statistical uncertainties from the coefficients of the
parametrization of F2 in [30].

FIG. 7. The same as Fig. 6 for x ¼ 10−4.
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