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The concept of diquark is important for understanding hadron structure and high-energy particle reactions.
We attempt to apply the Regge trajectory approach to the doubly heavy diquarks. We present a method for
determining the parameters in the diquark Regge trajectory. The spectra of diquarks ðccÞ, ðbbÞ, and ðbcÞ are
obtained by using the Regge trajectory approach and are found to agree with other theoretical results. The
diquark Regge trajectory becomes a new and very simple approach for estimating the spectra of diquarks.
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I. INTRODUCTION

The concept of diquark is important for understanding
hadron structure and high-energy particle reactions [1–8].
In the diquark picture, baryons are bound states of a diquark
and one quark [2,9]. A tetraquark is composed of a diquark
and an antidiquark [10–12]. Pentaquarks are clusters of two
diquarks and one antiquark [8,10,11] or of one diquark and
one triquark [13]. Phenomenology suggests that diquark
correlations might play a material role in the formation
of exotic tetraquarks and pentaquarks [8,10,11,14,15].
Diquark substructure affects the static properties of bary-
ons, tetraquarks, and pentaquarks.
Various authors have studied the spectra of diquarks. In

Ref. [16], the spectra of the doubly heavy diquarks ðQQ0Þ
are calculated by using the Schrödinger equation. In
Ref. [17], the mass spectra of the doubly heavy diquarks
are obtained by the quasipotential equation of the
Schrödinger type. In Ref. [18], the masses of different
kinds of diquarks are calculated within a nonrelativistic
potential model. In Refs. [19–25], the spectra of diquarks
are computed by using the Bethe-Salpeter equation. In
Refs. [26,27], the diquark masses are calculated by the
spinless Salpeter equation. In Ref. [28], the diquark masses
are obtained from lattice QCD.
The Regge trajectory is one of the effective approaches

for studying hadron spectra [29–55]. In the present work,
we attempt to apply this approach to investigate the diquark
spectra, even though diquarks are colored states and not

physical [8]. We use the term diquark Regge trajectory
following the same nomenclature as the hadron Regge
trajectory [56]. Our focus in this work is on the doubly
heavy diquarks ðccÞ, ðbbÞ, and ðbcÞ.
The paper is organized as follows: In Sec. II, the Regge

trajectory relation is obtained from the quadratic form of
the spinless Salpeter-type equation (QSSE). In Sec. III, we
investigate the Regge trajectories for the doubly heavy
diquarks. The conclusions are presented in Sec. IV.

II. REGGE TRAJECTORY RELATIONS

We apply the ansatz [52] to describe the diquark spectra

M ¼ βxðxþ c0xÞν þmR; ðx ¼ l; nrÞ; ð1Þ

where M is the diquark mass, l is the orbital angular
momentum, and nr is the radial quantum number. βx, ν,
and mR can be determined by employing the QSSE; see
Eq. (10). c0 varies with different trajectories.

A. QSSE

The QSSE reads as [57–65]

M2ΨðrÞ ¼ M2
0ΨðrÞ þ UΨðrÞ; M0 ¼ ω1 þ ω2; ð2Þ

where Ψ is the diquark wave function, and ω1 and ω2 are
the square-root operators of the relativistic kinetic energy of
quark q and quark q0, respectively,

ωi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ p2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i − Δ
q

; ð3Þ

U ¼ M0Vqq0 þ Vqq0M0 þ V2
qq0 : ð4Þ

m1 andm2 are the effective masses of quark q and quark q0,
respectively. In SUcð3Þ, there is attraction between quark
pairs ðqq0Þ in the color antitriplet channel, and this is just
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twice weaker than in the color singlet qq̄0 in the one-gluon
exchange approximation [11]. Only the 3̄c representation of
SUcð3Þ is considered in the present work, and the 6c
representation [66,67] is not considered. In the case of
diquarks in a color 3̄c state, the relation [16,17]

Vqq0 ¼
Vqq̄0

2
ð5Þ

is used for the quark-quark interaction. The quark-antiquark
interaction in the mesons adopts the Cornell potential [68],

Vqq̄0 ðrÞ ¼ −
α

r
þ σrþ C; ð6Þ

where the first term is the color Coulomb potential para-
metrized by the coupling strength α. The second term is the
linear confining potential, and σ is the string tension. C is a
fundamental parameter [69,70].

B. Regge trajectories obtained from the QSSE

For the heavy-heavy diquarks, m1; m2 ≫ jpj, Eq. (2)
reduces to

M2ΨðrÞ ¼
�
ðm1 þm2Þ2 þ

m1 þm2

μ
p2

�
ΨðrÞ

þ 2ðm1 þm2ÞVΨðrÞ; ð7Þ

where

μ ¼ m1m2=ðm1 þm2Þ: ð8Þ

By employing the Bohr-Sommerfeld quantization approach
[71,72] and using Eqs. (6) and (7), we can obtain the orbital
and radial Regge trajectories [62,65],

M2 ∼ 3ðm1 þm2Þ
�
σ02

μ

�
1=3

l2=3 ðl ≫ nrÞ;

M2 ∼ ð3πÞ2=3ðm1 þm2Þ
�
σ02

μ

�
1=3

nr2=3 ðnr ≫ lÞ; ð9Þ

where σ0 ¼ σ=2. By considering the constant term of m1

and m2, as well as the omitted term proportional to n4=3r ,
we can obtain (1) from Eq. (9) with the following
parameters [52]:

ν¼ 2=3; βx ¼ cfxcxcc; mR ¼m1 þm2 þ ϵc: ð10Þ

Here, ϵc is a constant which is a part of the interaction
energy. Usually, ϵc ¼ C=2 where C is given by Eq. (6). The
constants cx and cc are

cc ¼
�
σ02

μ

�
1=3

; cl ¼
3

2
; cnr ¼

ð3πÞ2=3
2

: ð11Þ

Both cfl and cfnr are theoretically equal to 1 and are fitted
in practice. In Eqs. (10) and (11),m1,m2, ϵc, cx, cfx, and σ0

are universal for the heavy-heavy diquarks. c0x is deter-
mined by fitting a given Regge trajectory. The simple
formula (1) with (10) and (11) can give results which are
consistent with other theoretical predictions; see Sec. III.
If the confining potential is Vqq0 ðrÞ ¼ σ0ra (a > 0),

Eq. (1) becomes

M ¼ mR þ cfxcxccðxþ c0xÞ2a=ðaþ2Þ: ð12Þ

cx and cc are

cl ¼
�
1þ a

2

��
1

a

�
a=ðaþ2Þ

;

cnr ¼
�
1

2

�
a=ðaþ2Þ� aπ

Bð1=a; 3=2Þ
�

2a=ðaþ2Þ
;

cc ¼
�
σ02

μa

�
1=ðaþ2Þ

; ð13Þ

where Bðx; yÞ denotes the beta function [73]. Different
forms of kinematic terms corresponding to different energy
regions will yield different behaviors of the Regge trajec-
tories [52,65]. p and ra lead to M ∼ xa=ðaþ1Þ while p2 and
ra result in M ∼ x2a=ðaþ2Þ ðx ¼ l; nrÞ. For the heavy-heavy
systems, the Regge trajectories plotted in the ðM; xÞ plane
will exhibit an upward convexity if a > 2, a linear relation-
ship if a ¼ 2, and a downward concavity if a < 2.
Equation (1) with (10) can lead to another form of the

Regge trajectory [52,54,56],

ðM −mRÞ2 ¼ αxðxþ c0xÞ4=3 ðx ¼ l; nrÞ; ð14Þ

where αx ¼ c2fxc
2
xc2c. Equation (14) is similar to the for-

mulas in Refs. [48,50]. For the confining potential
Vqq0 ðrÞ ¼ σ0ra (a > 0), Eq. (14) becomes

ðM −mRÞ2 ¼ αxðxþ c0xÞ4a=ðaþ2Þ: ð15Þ

For the heavy-heavy systems, the Regge trajectories plotted
in the ððM −mRÞ2; xÞ plane will be convex upwards if
a > 2=3, be linear if a ¼ 2=3, and be concave downwards
if a < 2=3 [63].

III. REGGE TRAJECTORIES FOR THE
DOUBLY HEAVY DIQUARKS

In this section, the Regge trajectories for the doubly
heavy diquarks ðccÞ, ðbbÞ, and ðbcÞ are investigated by
using Eq. (1).

XIA FENG, JIAO-KAI CHEN, and JIA-QI XIE PHYS. REV. D 108, 034022 (2023)

034022-2



A. Preliminary

The state of diquark ðqq0Þ is denoted as ½qq0�3̄c
n2sþ1lj

or

fqq0g3̄c
n2sþ1lj

, where fqq0g and ½qq0� indicate the permutation

symmetric and antisymmetric flavor wave functions,
respectively. n ¼ nr þ 1, nr ¼ 0; 1;…, where nr is the
radial quantum number. s is the total spin of two quarks, l is
the orbital quantum number, and j is the spin of the diquark
ðqq0Þ. 3̄c denotes the color antitriplet state of diquark.
For the diquarks ðccÞ and ðbbÞ, the states with antisym-

metric flavor wave function do not exist. For the diquark
ðbcÞ, both ½bc� and fbcg exist; see the Appendix and
Table IX for more discussions.
Using the formula (1) with (10) and (11) [σ0 ¼ σ and

ϵc ¼ C for mesons] and the PDG averaged masses from the
Particle Data Group [74], we fit the radial and orbital Regge
trajectories for the charmonia, bottomonia, and the bottom-
charmed mesons, respectively. The quality of a fit is
measured by the quantity χ2 defined by [75]

χ2 ¼ 1

N − 1

XN
i¼1

�
Mfi −Mei

Mei

�
2

; ð16Þ

where N is the number of points on the trajectory, Mfi is
fitted value, and Mei is the experimental value or the
theoretical value of the ith particle. The parameters are
determined by minimizing χ2. We use the following
parameter values [17,76] to fit the Regge trajectories for
the doubly heavy diquarks:

mb ¼ 4.88 GeV; mc ¼ 1.55 GeV;

σ ¼ 0.18 GeV2; C ¼ −0.30 GeV;

cfl ¼ 1.17; cfnr ¼ 1: ð17Þ

The values of mb, mc, σ, and C are taken directly from
[17,76]. cfl and cfnr are obtained by fitting the Regge
trajectories for the doubly heavy mesons. These parameters
are universal for all doubly heavy diquark Regge trajecto-
ries. There is only one free parameter c0x in (1) or (14),
which is determined by fitting the corresponding meson
Regge trajectories and varies with different diquark Regge
trajectories. There is not a compelling reason why c0x
obtained by fitting the meson Regge trajectories can be
used directly to calculate the diquark Regge trajectories.
We use this method as a provisional method to determine
c0x before finding a better one. It validates this method
that the fitted results for the diquarks ðccÞ, ðbbÞ, and ðbcÞ
agree with the theoretical values obtained by using
other approaches; see the discussions in the following
subsections.

B. Regge trajectories for the ðccÞ diquark
By using Eq. (1) with (10), (11), and (17) [σ0 ¼ σ and

ϵc ¼ C for mesons] to fit the radial J=ψð1SÞ and hcð1PÞ
Regge trajectories, we have c0nr ¼ 0.205 and c0nr ¼ 0.907,
respectively. Fitting the orbital ηcð1SÞ and J=ψð1SÞ Regge
trajectories gives c0l ¼ 0.188 and c0l ¼ 0.337, respectively.

To calculated the masses of the fccg3̄c
13d1

and fccg3̄c
13d2

states,

we fit the orbital χc0ð1PÞ and χc1ð1PÞRegge trajectories and
obtain c0l ¼ 1.016, c0l ¼ 1.231, respectively.
Substituting the values in Eq. (17) and the obtained c0x

into (10) and (11), Eq. (1) is determined [σ0 ¼ σ=2 and
ϵc ¼ C=2 for diquarks]. We use (1) to calculate the masses
of diquark ðccÞ, which are listed in Tables I, II, and VII. As
we fit the parameter c0x, the spin-dependent effects are
considered in fact. For example, we fit the orbital J=ψð1SÞ
Regge trajectory, and then the obtained c0l is used for the

orbital fccg3̄c
13s1

Regge trajectory. Here, we do not consider

the 3ðj − 1Þj − 3ðjþ 1Þj mixing of diquarks which is
similar to the mixing of different wave states of

TABLE I. Comparison of the theoretical values (in GeV) for the
diquark ðccÞ. The data from Ref. [16] are without spin-dependent
splittings. n ¼ nr þ 1; nr ¼ 0; 1;…. nr is the radial quantum
number. s is the total spin of two quarks, l is the orbital quantum
number, and j is the spin of diquark. The acronyms are from the
initial letters of the last name of authors.

State
(n2sþ1lj) EFGM [17] GKLO [16] GAR [18]

Our
results

13s1 3.226 3.16 3.15 3.12
23s1 3.535 3.50 3.51 3.50
33s1 3.782 3.76 3.92 3.78
43s1 4.39 4.01
53s1 4.22
11p1 3.460 3.39 3.41
21p1 3.712 3.66 3.70
31p1 3.928 3.90 3.94
41p1 4.16
51p1 4.36

TABLE II. The theoretical values (in GeV) for the ðccÞ diquark.
The data from Ref. [16] are without spin-dependent splittings. ×
denotes the nonexistent states. The acronyms are from the initial
letters of the last name of authors.

State
(n2sþ1lj) FG [76] GKLO [16]

Our
results

13s1 3.226 3.16 3.14
13p2 3.39 3.42ð×Þ
13d3 3.704 3.56 3.63
13f4 3.81ð×Þ
13g5 3.97
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charmonium and bottomonium [77]. The mass of state

fccg3̄c
23s1

is estimated by using the radial fccg3̄c
13s1

Regge

trajectory, mðfccg3̄c
23s1

Þ ¼ 3.535 GeV. The mass of state

fccg3̄c
13d1

is computed by using the orbital fccg3̄c
13p0

Regge

trajectory, mðfccg3̄c
13d1

Þ ¼ 3.56 GeV.

The spectrum from GKLO [16] is without spin-
dependent splittings. The symbol × in Table II denotes
the nonexisting states according to the Pauli exclusion
principle; see the Appendix for more details.
Our results obtained by the Regge trajectory approach

are consistent with other theoretical results, as shown in
Tables I, II, and VII and Fig. 1. As depicted in Fig. 1, our
results are in agreement with EFGM [17] and GKLO [16].
The behavior of Regge trajectory is different from the data
from GAR [18]; see Fig. 1(a).

C. Regge trajectories for the ðbbÞ diquark
By using Eq. (1) in conjunction with (10), (11), and (17)

to fit the radial ϒð1SÞ and hbð1PÞ Regge trajectories, we
have c0nr ¼ 0.01 and c0nr ¼ 0.795, respectively. Fitting the
orbital ηbð1SÞ and ϒð1SÞ Regge trajectories gives c0l ¼ 0,
c0l ¼ 0.001, respectively. To calculate the masses of the

fbbg3̄c
13d1

and fbbg3̄c
13d2

states, we fit the orbital χb0ð1PÞ
Regge trajectory and the radial χb1ð1PÞ Regge trajectory
and obtain c0l ¼ 0.942, c0nr ¼ 0.786, respectively.
Using Eq. (1) with (10), (11), (17), and the obtained c0x,

we calculate the masses of diquark ðbbÞ. The masses are
listed in Tables III, IV, and VII. The corresponding Regge
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FIG. 1. The radial and orbital Regge trajectories for the ðccÞ
diquark. (a) Radial Regge trajectory for the diquark fccg3̄c

13s1
state.

(b) Radial Regge trajectory for the diquark fccg3̄c
11p1

state.

(c) Orbital Regge trajectory for the fccg3̄c
13s1

state. The data for

the red filled squares are from EFGM or FG. The data for the blue
filled triangles are from GKLO. The data for the green diamonds
are from GAR. The black lines and the black dots are our results.
The data are listed in Tables I and II.

TABLE III. Same as Table I except for the diquark ðbbÞ.
State
(n2sþ1lj) EFGM [17] GAR [18] GKLO [16]

Our
results

13s1 9.778 9.53 9.74 9.63
23s1 10.015 9.70 10.02 9.95
33s1 10.196 9.89 10.22 10.14
43s1 10.369 10.11 10.37 10.30
53s1 10.50 10.45
63s1 10.58
11p1 9.944 9.95 9.90
21p1 10.132 10.15 10.10
31p1 10.305 10.31 10.27
41p1 10.453 10.45 10.42
51p1 10.58 10.56
61p1 10.68

TABLE IV. Same as Table II except for the diquark ðbbÞ.
State
(n2sþ1lj) FG [76] GKLO [16]

Our
results

13s1 9.778 9.74 9.61
13p2 9.95 9.87ð×Þ
13d3 10.123 10.08 10.03
13f4 10.19 10.15ð×Þ
13g5 10.28 10.27
13h6 10.37 10.38ð×Þ
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trajectories are in Fig. 2. As shown in Tables III, IV, and VII
and Fig. 2, our results are in accordance with other
theoretical results.
Similar to the ðccÞ diquark case, we do not con-

sider the 3ðj − 1Þj − 3ðjþ 1Þj mixing of ðbbÞ diquarks.

The mass of state fbbg3̄c
23s1

is estimated by using the radial

fbbg3̄c
13s1

Regge trajectory, mðfbbg3̄c
23s1

Þ ¼ 10.015 GeV.

The mass of state fbbg3̄c
13d1

is computed by using

the orbital fbbg3̄c
13p0

Regge trajectory, mðfbbg3̄c
13d1

Þ ¼
10.02 GeV.

D. Regge trajectories for the ðbcÞ diquark
Although the excited states of the diquark ðbcÞ are

unstable under the emission of soft gluons [16], the authors

0 1 2 3 4 5 6

9.6

9.8
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10.2

10.4

10.6
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10.0

10.2

10.4

10.6

10.8

0 1 2 3 4 5 6 7
9.6

9.8

10.0

10.2

10.4

FIG. 2. The radial and orbital Regge trajectories for the ðbbÞ
diquark. (a) Radial Regge trajectory for the fbbg3̄c

13s1
state.

(b) Radial Regge trajectory for the fbbg3̄c
11p1

state. (c) Orbital

Regge trajectory for the fbbg3̄c
13s1

state. The data for the red filled

squares are from EFMG or FG. The data for the blue filled
triangles are from GKLO. The data for the green diamonds are
from GAR. The black lines and the black dots are our results. The
data are listed in Tables III and IV.

TABLE V. Same as Table I except for the diquark ðbcÞ.
State
(n2sþ1lj) GAR [18] GKLO [16]

Our
results

13s1 6.38 6.48 6.42
23s1 6.66 6.79 6.75
33s1 6.97 7.01 6.99
43s1 7.30 7.20
53s1 7.38
11s0 6.33 6.48 6.38
21s0 6.60 6.79 6.73
31s0 6.92 7.01 6.98
41s0 7.25 7.18
51s0 7.37
13p0 6.69 6.64
23p0 6.93 6.90
33p0 7.13 7.12
43p0 7.31
53p0 7.48
13d1 6.85 6.84
23d1 7.05 7.07
33d1 7.26
43d1 7.44
53d1 7.61

TABLE VI. Same as Table II except for the diquark ðbcÞ.
State
(n2sþ1lj) GKLO [16]

Our
results

11s0 6.48 6.38
11p1 6.69 6.65
11d2 6.85 6.84
11f3 6.97 7.00
11g4 7.09 7.14
11h5 7.19 7.28
13s1 6.48 6.41
13p2 6.69 6.67
13d3 6.85 6.85
13f4 6.97 7.01
13g5 7.09 7.16
13h6 7.19 7.29
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provide the spectra of diquark ðbcÞ. We obtain the orbital
and radial diquark ðbcÞ Regge trajectories by fitting the
corresponding Bc Regge trajectories. Simultaneously, the
spectra of diquark ðbcÞ are calculated.

There are scarce experimental data for the excited Bc

mesons. For the Bþ
c and Bcð2SÞ�, the masses are from [74]

while the theoretically predicted masses for other states are
from Ref. [78].
Because b quark and c quark are not identical, both fbcg

and ½bc� exist, and there are more Regge trajectories for
diquark ðbcÞ than that for diquarks ðccÞ and ðbbÞ. By using
Eq. (1) with (10), (11), and (17) to fit the radial Regge
trajectories for the Bcð11S0Þ, Bcð13S1Þ, Bcð13P0Þ,
Bcð13D1Þ, we have c0nr ¼ 0.107, 0.182, 0.783, 1.516,
respectively. Fitting the orbital Regge trajectories for the
Bcð11S0Þ and Bcð13S1Þ gives c0l ¼ 0.169 and c0l ¼ 0.257,
respectively.
Using Eq. (1) with (10), (11), (17), and the obtained c0x,

we calculate the masses of diquark ðbcÞ. The masses
are listed in Tables V–VII. The corresponding Regge
trajectories are in Fig. 3. As shown in Tables V–VII and
Fig. 3, our results are in accordance with other theoretical
results.
In the Bc meson case, there is mixing of the singlet and

triplet states; for example, the P-wave states are linear
combinations of 3P1 and 1P1 which can be described
by P0 ¼ 1P1 cos θ þ 3P1 sin θ, P ¼ −1P1 sin θ þ 3P1 cos θ
[78]. In the diquark ðbcÞ case, there will be the 3ll − 1ll
mixing via the spin-orbit interaction [17] or some other
mechanism. We do not consider this kind of mixed
state here.

TABLE VII. Comparison of theoretical predictions for the
masses of the doubly heavy diquarks (in GeV).

jP Diquark
Our

results
FG [76],
FGS [79]

GKLO
[16]

GPB
[19]

YCRS
[20] F [27]

0þ ½bc�3̄c
11s0

6.38 6.519 6.48 6.35 6.48 6.599

0− ½bc�3̄c
13p0

6.64 6.69 6.47 6.62

1þ fccg3̄c
13s1

3.14 3.226 3.16 3.22 3.30 3.329

fccg3̄c
13d1

3.56 3.704 3.56

fbbg3̄c
13s1

9.63 9.778 9.74 9.44 9.68 9.845

fbbg3̄c
13d1

10.02 10.123 10.08

fbcg3̄c
13s1

6.42 6.526 6.48 6.35 6.50 6.611

fbcg3̄c
13d1

6.84 6.85

1− fccg3̄c
11p1

3.41 3.460 3.39 3.42

fbbg3̄c
11p1

9.90 9.944 9.95 9.53

fbcg3̄c
11p1

6.65 6.69 6.50
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FIG. 3. The radial and orbital Regge trajectories for the ðbcÞ diquark. (a)–(d) Radial Regge trajectory for the fbcg3̄c
13s0

state, the

fbcg3̄c
13s1

state, the fbcg3̄c
13p0

, and the fbcg3̄c
13d1

state, respectively. (e),(f) Orbital Regge trajectory for the fbcg3̄c
11s0

state and the fbcg3̄c
13s1

state, respectively. The data for the blue filled triangles are from GKLO. The data for the green diamonds are from GAR. The black lines
and the black dots are our results. The data are listed in Tables V and VI.
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IV. CONCLUSIONS

As shown in Sec. III, the spectra of the doubly heavy
diquarks ðccÞ, ðbbÞ, and ðbcÞ obtained by the Regge
trajectory approach agree with other theoretical results.
This demonstrates that the Regge trajectory relation (1),
which is appropriate for mesons, baryons, and tetraquarks,
is suitable for the doubly heavy diquarks.
We present a method to determine the parameters in the

diquark Regge trajectories. Once the parameters are deter-
mined, the Regge trajectory becomes a new and very
simple approach for estimating the spectra of diquarks.
By employing (1) with (10) and (11) to fit the meson Regge
trajectories, we can obtain values of the universal param-
eters. By fitting a chosen meson Regge trajectory, c0x is
calculated. After all parameters are computed, the diquark
Regge trajectory is definite, and the spectra of diquarks can
be estimated.
The diquark Regge trajectory is expected to provide a

simple method to investigate easily the ρ-mode excitations
of baryons, tetraquarks, and pentaquarks in the diquark
picture.
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APPENDIX: STATES OF DIQUARKS

The diquark ðqq0Þ can be in two different SUcð3Þ
configurations, 3̄c and 6c. The diquark’s color wave
function is a superposition of these two different SUcð3Þ
color representations [5,80]:

ξcolor ¼ aξ3̄c þ bξ6c ; a2 þ b2 ¼ 1: ðA1Þ

In the diquark picture, the diquark should be in 3̄c with a
quark in 3c to form a colorless baryon. In the tetraquark
case, a diquark in 3̄c or in 6c together with an antidiquark in
3c or in 6̄c forms a color singlet.
The total wave function for the diquarks ðqq0Þ is

written as

ψD ¼ ξcolor ⊗ ηflavor ⊗ χspin ⊗ ϕspace; ðA2Þ

where ξcolor, ηflavor, χspin, and ϕspace are the color, flavor,
spin, and spatial wave functions, respectively, see
Table VIII. If the quarks are of the same flavor q ¼ q0,
the diquark wave function ψD must be completely anti-
symmetric to satisfy the Pauli principle. When a diquark
contains light quarks with flavors u, d, s, the overall state
ψD must also be antisymmetric because strong interactions
do not distinguish the flavor of u, d, s [11].

In the color space, the color wave function can be
analyzed by employing the SUcð3Þ group theory

3c ⊗ 3c ¼ 3̄c ⊕ 6c: ðA3Þ

The color wave functions for the diquark read as

ξ3̄c ¼ jðqq0Þ3̄ci; ξ6c ¼ jðqq0Þ6ci: ðA4Þ

The spin triplets are symmetric while the spin singlet is
antisymmetric. The spin wave functions read as

χS ¼ jðqq0Þ1i; χA ¼ jðqq0Þ0i: ðA5Þ

If q ≠ q0, the flavor wave functions can be written in the
symmetric and the antisymmetric form as

ηS ¼ fqq0g ¼ 1ffiffiffi
2

p ðqq0 þ q0qÞ;

ηA ¼ ½qq0� ¼ 1ffiffiffi
2

p ðqq0 − q0qÞ ðA6Þ

while

ηflavor ¼ ηS ¼ fqq0g ¼ qq ðA7Þ

if q ¼ q0.
Since quarks have the same intrinsic parities, the overall

parity is

P½ðqq0Þ� ¼ ð−1Þl; ðA8Þ

where l is the symmetry of the orbital wave function ϕspace.
For the diquarks composed of two identical quarks, the

antisymmetric flavor wave function does not exist; there-
fore, the states in the ½qq� configuration disappear in
Table IX. From Table IX, we can easily read the possible
mixing of different states. For example, for the diquarks
composed of different quarks, the 1þ state can be a mixture
of the S-wave state and D-wave state, and the mixture of the
3̄c state and 6c state.

TABLE VIII. Wave functions are symmetric (S) or antisym-
metric (A). The flavor wave function for the diquark ðqq0Þ can be
symmetric fqq0g or antisymmetric ½qq0�. s stands for the total
spin of two quarks. n ¼ 0; 1; 2;….

ξcolor ηflavor χspin ϕspace

S 6c fqq0g s ¼ 1 l ¼ 2n
A 3̄c ½qq0� s ¼ 0 l ¼ 2nþ 1
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