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In this study, we investigate the masses and decay constants of the light mesons with JP ¼ 3− (ρ3, ω3,
K3, ϕ3) within the QCD sum rules method by taking into account SUð3Þ violation effects. We state that our
predictions on masses of the considered mesons are in good agreement with experimental data within the
precision of the model.
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I. INTRODUCTION

The quark model demonstrated remarkable success in
explaining the underlying structure of hadrons. Especially
for the ground states of pseudoscalar and vector mesons,
the quark model provides a successful explanation for the
observed spectrum. This model also predicts the existence
of various radial and orbital excitations of hadrons; how-
ever, many of these still need to be confirmed through
experiments. One of the main directions of the numerous
experimental collaborations is the comprehensive inves-
tigation of the features of well-known light mesons as well
as the search for new meson states.
A meson state with JP ¼ 3− means that the state has

L ¼ 2 hence, belongs to the 1D family. These states have
been observed in the light meson sectors [1–4], and
intensive experimental studies, especially for the heavy
tensor mesons, have been performed in ongoing experi-
ments such as COMPASS [5], LHCb [6], BESIII [7–9],
GlueX [10], and PANDA [11] collaborations. More
detailed information on the current status of these states
can be found in [5,12].
The study of the spectroscopic parameters, like mass and

decay constants of the hadrons, is important to understand
the dynamics of the strong interaction. Since perturbative
expansions are not applicable at low energy for hadrons,
phenomenological models are needed to predict meson
spectroscopy. Among these models, the QCD sum rule

method has been quite successful in predicting the hadron
spectrum [13,14].
The comparison of the several models’ predictions on

the spectroscopic parameters with the experimental data
allows us to test our knowledge of these states as well as
understand the dynamics of the QCD in the nonperturbative
domain.
In the present work, we study the mass and decay

constants of the JPC ¼ 3−− tensor mesons, such as
ρ3ð1690Þ, ω3ð1670Þ, K�

3ð1780Þ, and ϕ3ð1850Þ in the
framework of the QCD sum rules.
The paper is organized as follows. In Sec. II, we derive

the sum rules for the mass and decay constants of
the q̄q nonet mesons with quantum numbers JPC ¼ 3−−.
Section III is devoted to the numerical analysis of the mass
sum rules for JPC ¼ 3−− tensor mesons. The final section
contains our conclusion.

II. SUM RULES FOR THE JPC = 3− − MESONS

In this section, we derive the formulas to determine the
mass and decay constants of nonet mesons with quantum
numbers JPC ¼ 3−− by using QCD sum rules. In this
regard, we introduce the following two-point correlation
function,

ΠμνραβσðpÞ ¼ i
Z

d4x eipðx−yÞh0jTfJμνρðxÞJ†αβσðyÞgj0ij
y¼0

;

ð1Þ

where Jμνρ is the interpolating current for the JPC ¼ 3−−

light mesons. The current that produces these mesons
from the vacuum can be written in its simplest form as
follows:

Jμνρ ¼
1

6
q̄Γμνρq; ð2Þ
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where

Γμνρ ¼
h
γμ
�
D
↔

νD
↔

ρ þD
↔

ρD
↔

ν

�
þ γν

�
D
↔

μD
↔

ρ þD
↔

ρD
↔

μ

�
þ γρ

�
D
↔

μD
↔

ν þD
↔

νD
↔

μ

�i
; ð3Þ

in which

D
↔

ν ¼
1

2
ðD⃗ν − D⃖νÞ;

D⃗ν ¼ ∂⃗ν −
i
2
gAa

ν ta;

D⃖ν ¼ ∂⃖ν þ
i
2
gAa

ν ta; ð4Þ

and ta are the Gell-Mann matrices.
The quark content of the mesons studied in this work is as follows:

q̄q ¼

8>>>>>>>>>>><
>>>>>>>>>>>:

1ffiffi
2

p ðūu − d̄dÞ for ρ03

ūd for ρþ3
1ffiffi
2

p ðūuþ d̄dÞ for ω0
3

s̄u for Kþ
3

d̄s for K0
3

s̄s for ϕ0
3

:

According to sum rules method, the correlation function is calculated both in terms of hadrons (so-called phenomenological
part) and in terms of quark gluon degrees of freedom (theoretical part). Then, these two representations are matched and the
sum rules for the relevant physical quantities are derived.
Let us start with obtaining the correlation function from phenomenological side. For this purpose, we insert a complete

set of intermediate hadronic states carrying the same quantum numbers as the interpolating current, Jμνρ, into the correlation
function. However, one needs to be careful when obtaining the phenomenological part, since the interpolating current
couples not only with the JP ¼ 3− states but also with the JP ¼ 2þ; 1−; 0þ states. Hence, the contributions of the unwanted
states (other than JP ¼ 3−) should be eliminated. These matrix elements are defined as

h0jJμνρj3−ðpÞi ¼ f3m4
3ε

λ
μνρðpÞ;

h0jJμνρj2þðpÞi ¼ f2m2
2½pμε

λ
νρðpÞ þ pνε

λ
μρðpÞ þ pρε

λ
μνðpÞ�;

h0jJμνρj1−ðpÞi ¼ f1m1½pμpνε
λ
ρðpÞ þ pνpρε

λ
μðpÞ þ pρpμε

λ
νðpÞ�;

h0jJμνρj0þðpÞi ¼ f0½pμpνpρ�; ð5Þ

where f3, f2, f1, and f0 are the decay constants, m3, m2, m1 are the masses, and ελμνρðpÞ, ελμνðpÞ and ελμðpÞ are the
polarization tensors of the corresponding mesons. Inserting the intermediate states, and isolating the ground state
contributions from the JP ¼ 3− states from Eq. (1) we get

ΠμνραβσðpÞ ¼
f23m

8
3

m2
3 − p2

Xλ¼3

λ¼−3
ελμνρðpÞελαβσðpÞ þ � � � ; ð6Þ

where � � � describes the contributions from 2þ, 1−, and 0þ states. It follows from the above equation that to obtain the
phenomenological part, we need to perform summations over polarizations of the corresponding mesons, which is
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performed with the help of the following expressions [15]:

T μνραβσ ¼
X3
λ¼−3

ελμνρε
λ
αβσ;

¼ 1

15
½TμνðTβσTρα þ TασTρβ þ TαβTρσÞ þ TμρðTβσTνα þ TασTνβ þ TαβTνσÞ þ TνρðTβσTμα þ TασTμβ þ TαβTμσÞ�

−
1

6
½TμαðTνσTρβ þ TνβTρσÞ þ TμβðTνσTρα þ TναTρσÞ þ TμσðTνβTρα þ TναTρβÞ�;

T μναβ ¼
X3
λ¼−3

ελμνε
λ
αβ ¼

1

2

�
TμαTνβ þ TμβTνα −

1

3
TμνTαβ

�
;

T μν ¼
X3
λ¼−3

ελμε
λ
ν ¼ Tμν; ð7Þ

where

Tμν ¼ −gμν þ
pμpν

p2
: ð8Þ

From Eqs. (1) and (7), it follows that the correlation
function contains many structures, which can be written
in terms of numerous invariant functions Πiðp2Þ in the
following way:

Πμνραβσ ¼ Π3ðp2ÞT μνραβσ þ Π2ðp2ÞpμpαT νρβσ

þ Π1ðp2ÞT μαpνpρpβpσ

þ Π0ðp2Þpμpνpρpαpβpσ

þ all possible permutations; ð9Þ

where subscripts in Πi describe the contributions of the
JP ¼ 3−; 2þ; 1−, and 0þ mesons, respectively. We need to
isolate the contributions of JP ¼ 3−, i.e., Π3ðp2Þ. For this

purpose, the projection operator T μνραβσ is applied to the
both side of Eq. (9). After this operation, we get

Π3ðp2Þ ¼ 1

7
T μνραβσΠμνραβσ: ð10Þ

Separating the coefficient of Tμνραβσ from both representa-
tion of the correlation function we get the sum rules for the
mass and decay constant of JP ¼ 3− tensor meson,

f23m
8
3

m2
3 − p2

¼ Π3ðp2Þ: ð11Þ

Having the expression of the correlation function from
phenomenological part, now let us turn our attention to the
calculation of it from QCD side. For this aim, we use
the operator product expansion (OPE). After applying the
Wick theorem to Eq. (1) we get

Πμνραβσ ¼ i
Z

d4xeipðx−yÞTrfΓμνρðxÞSabðx − yÞΓαβσðyÞSbaðy − xÞgj
y¼0

; ð12Þ

where Sabðx − yÞ is the light quark propagator in the coordinate space [16,17],

iSabq ðxÞ ¼ iδab

2π2x4
=x −

δab

12
hq̄qi − iδabg2sx2=x

25 × 35
hq̄qi2 þ i

32π2
gsGab

μν
σμν=xþ =xσμν

x2
þ δabx2

192
hgsq̄σGqi −

δabx4

210 × 33
hq̄qihg2sG2i

−
mqδ

ab

4π2x2
þ imqδ

ab=x

48
hq̄qi −mqδ

abg2sx4

27 × 35
hq̄qi2 þ mq

32π2
gsGab

μνσ
μν lnð−x2Þ − imqδ

abx2=x

27 × 32
hgsq̄σGqi

−
mqδ

ab

29 × 3π2
x2 lnð−x2Þhg2sG2i þ � � � ; ð13Þ

where Gab
μν ¼ Gn

μνðtn2Þab is the gluon field strength tensor. In further calculations, we use the Fock-Schwinger gauge, i.e.,
Aμxμ ¼ 0. The advantage of this gauge is that the gluon field is expressed in terms of the gluon field strength tensor as
follows:

Aa
μðxÞ ¼

1

2
xρGa

ρμð0Þ þ
1

3
xρxσDρGa

σμð0Þ þ � � � : ð14Þ
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Putting Eqs. (3), (13), and (14) into Eq. (12) and applying
the same projection operator as used in the phenomeno-
logical side, after lengthy calculations, we obtain the QCD
side of the correlation function.
In order to suppress the higher states and continuum

contribution, it is necessary to perform a Borel trans-
formation over the ð−p2Þ variable from both sides of
correlation function. Finally, matching the results of

correlation function obtained from QCD and hadron side,
we get the mass sum rules for corresponding tensor meson,
JP ¼ 3− as

f23m
8
3e

−m2
3
=M2 ¼ ΠðBÞ

3 ; ð15Þ

where ΠB
3 is the Borel transformed form of the invariant

function, which is

ΠB
3 ¼ −

5

ð24 × 32Þπ2 e
−s0=M2hg2sG2iM2mq1mq2 −

1

ð24 × 33 × 5 × 7Þπ2M
4½91hg2sG2iðΓ½2; 0; s0=M2�Þ

− 36M4ðΓ½4; 0; s0=M2�Þ� þ 1

ð28 × 32ÞM2π2
f5hg2sG2iðhg2sG2i þ 16M4Þ þ 48M8ðΓ½3; 0; s0=M2�Þgmq1mq2

−
5

ð29 × 34ÞM4
Þhg2sG2ið5hg2sG2i þ 192M4Þðmq1hq̄2q2i þmq2hq̄1q1iÞ −

5

ð26 × 36ÞM4
g2sð5hg2sG2i

þ 192M4Þðhq̄1q1i2 þ hq̄2q2i2Þmq1mq2 : ð16Þ

Here M2 is the Borel-mass parameter, s0 is the continuum
threshold, mq is the mass of the light quark, and

Γ½n; 0; s0=M2� ¼
Z

s0=M2

0

dttn−1e−t

is the generalized incomplete gamma function.
Differentiating both sides of Eq. (16) with respect to − 1

M2

and dividing it by itself, we get the QCD sum rules for the
mass of the JP ¼ 3− tensor mesons,

m2
3 ¼

1

ΠB
3

dΠB
3

dð−1=M2Þ :

Once the mass is determined, we can use it as an input
parameter and obtain the decay constant f3 of tensor
mesons using Eq. (16).
In addition, to determine the spectroscopic parameters of

JP ¼ 3− tensor mesons we also used another approach,
which is based on the corporation of the sum rules with the
least square method. The main idea of this approach is the
minimization of the square difference of the phenomeno-
logical and OPE parts of the correlation function as given
below:

XN
i¼1

jf23m8
3e

−m2
3
=M2

i − ΠB
3 ðM2

i ; s0Þj2
N

:

By applying two-parameter (M2 and s0) fitting, we try to
minimize the above expression using appropriate sets of the
parameters fm2

3g and fs0g. In the following discussions,
we will mention this method as method B.

TABLE I. The working regions for Borel mass M2 and
continuum threshold s0.

M2ðGeV2Þ s0ðGeV2Þ
ρ3 1.3 ÷ 1.5 4.0 ÷ 4.2
ω3 1.3 ÷ 1.5 4.0 ÷ 4.2
K3 1.4 ÷ 1.6 4.4 ÷ 4.6
ϕ3 1.5 ÷ 1.7 4.8 ÷ 5.0

TABLE II. Our predictions on mass and decay constants of the JP ¼ 3− tensor mesons. For completeness we also present the
experimental values of the mesons under consideration.

Mass in GeV Decay constant

Method A Method B Exp. [19] Method A Method B

ρ3 1.76� 0.01 1.78� 0.02 (1.680� 0.020) ð1.17� 0.01Þ × 10−2 ð1.17� 0.02Þ × 10−2

ω3 1.76� 0.01 1.78� 0.02 (1.667� 0.004) ð1.17� 0.01Þ × 10−2 ð1.17� 0.02Þ × 10−2

K3 1.82� 0.02 1.83� 0.02 (1.779� 0.008) ð1.26� 0.01Þ × 10−2 ð1.25� 0.01Þ × 10−2

ϕ3 1.86� 0.01 1.88� 0.02 (1.854� 0.007) ð1.36� 0.01Þ × 10−2 ð1.35� 0.01Þ × 10−2
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FIG. 1. (a) The dependencies of mass and residue of the ρ3 meson on Borel mass square M2 at three fixed values of the continuum
threshold s0. (b) The dependencies of mass and residue of the K3 meson on Borel mass squareM2 at three fixed values of the continuum
threshold s0. (c) The dependencies of mass and residue of the ϕ3 meson on Borel mass square M2 at three fixed values of the
continuum threshold s0.
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III. NUMERICAL ANALYSIS

In this section, we perform numerical analysis to
determine the mass and decay constants of the JP ¼ 3−

tensor mesons using the expressions obtained in the
previous section. It follows from Eq. (16) that the sum
rule involves input parameters such as light-quark masses,
quark and gluon condensates. We use the standard values
for the quark and gluon condensates, i.e., hg2sG2i ¼
4π2 × 0.012 GeV4, hūui ¼ hd̄di ¼ −ð0.24 GeVÞ3 [13],
and hs̄si ¼ −0.8hūui [18]. For the mass of the strange
quark, MS value is used as msð1 GeVÞ ¼ 0.126 GeV [19].
In addition to these input parameters, the sum rule

contains two more auxiliary parameters, namely, the
continuum threshold, s0, and the Borel mass parameter,
M2. Obviously, physically measurable quantities like mass
should be independent of these parameters. For this reason,
we should determine the working regions of M2 and s0.
The upper bound of M2 is determined by requiring the

pole dominance over the higher states and continuum
contribution. This is determined by the ratio

ΠB
3 ðs0;M2Þ

ΠB
3 ð∞;M2Þ ; ð17Þ

where ΠB
3 ðs0;M2Þ is the Borel-transformed and continuum

subtracted invariant function ΠOPE. We demand that the
pole contributions constitute more than 50% of the total
result. The minimum value of M2 is obtained by requiring
that the OPE should be convergent. For this aim the
following ratio is considered:

ΠBðhighest dimensionÞðs0;M2Þ
Πðs0;M2Þ ; ð18Þ

where ΠBðcondensatesÞðs0;M2Þ is the contributions of the
condensate terms. We require that the total contributions
of condensates should be less than 30% of the total result.

The continuum threshold s0 is obtained by requiring
that the variation of the masses of the JP tensor meson state
with respect to M2 should be minimum. Using these
conditions, we determine the working regions of s0 and
M2 for the mesons considered. These are presented in
Table I.
To show the stabilities of the working regions of M2, in

Figs. 1(a)–1(c), we present the dependencies of the mass
and residue of ρ3ðω3Þ, K3 and ϕ3 on M2 at several fixed
values of s0. Examining these figures, we see that the values
of mass and residues exhibits good stability whenM2 varies
in their corresponding working regions. And one can
determine these quantities. These values are presented in
Table II. This method is denoted as method A in this table.
Moreover, we also calculated the mass and decay constants
of the JP ¼ 3− tensor mesons with the help of the least
square method (method B). We observe that the predictions
on mass of the considered mesons of both approaches are
quite close to each other.
In Table II, we also present the experimental values

of the mesons under consideration. When compared
our findings with the experimental ones, we see that our
results on mass values of the tensor mesons are quite
compatible.

IV. CONCLUSION

In conclusion, we have determined the mass and decay
constants of the JP ¼ 3− tensor mesons by considering the
SUð3Þ violation effects. Our predictions on the masses of
the tensor mesons are in good agreement with the exper-
imental data within the precision of the model. This finding
verifies that the QCD sum rules method works quite
successfully in the analysis of the physical parameters of
the higher J states. The obtained decay constants can be
used for further studies of the strong and electromagnetic
decays of the JP ¼ 3− tensor mesons.
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