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We calculate the spectrum of gluons sourced by the branching of an energetic quark in the presence of an
inhomogeneous QCD medium, focusing on the soft radiation limit. We take into account multiple soft
interactions between the partons and matter, treating the transverse variations of its parameters within a
gradient expansion. Thus, we derive the general form of the medium induced spectrum up to the first order
in gradients, and consider its simplifying limits. In particular, we show that to the leading order in matter
gradients and using the harmonic approximation for the scattering potential, the full gluon spectrum
can be written in a compact closed form suitable for numerical evaluation. The final gluon transverse
momentum tends to align along the anisotropy direction, resulting in a nontrivial azimuthal pattern in the jet
substructure.
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I. INTRODUCTION

Over the past decades, the experiments on high-energy
heavy-ion collisions (HIC) at RHIC and the LHC allowed
to explore QCD at high energies and densities; for a review
see, e.g., [1,2]. In these experiments, the nuclear matter
is produced far from equilibrium, and undergoes a multi-
phase evolution. After the initial nonequilibrium dynamics,
the matter thermalizes into a nearly ideal liquid, the quark-
gluon plasma (QGP), which continues expanding and
cooling. When the energy density is low enough, the
matter turns into a hadron gas, which is eventually observed
by the detectors. Following the initial observation of the
QGP formation, the main community efforts have been
concentrated on extracting the details of the matter evolu-
tion in HIC.
One of the evidences of the collective matter formation

in HIC is the suppression of energetic partons due to the in-
medium energy loss [3–5], known as jet quenching [6];
for recent reviews see [7–9]. Moreover, the cascades of
secondary particles produced by the branching of such
energetic partons, forming jets, are also modified by the

matter, providing a differential tool to probe the medium at
different length and energy scales. Using jets for such
imaging of the nuclear matter and its evolution in HIC and
other experiments is often referred to as jet tomography, see
e.g. [10–27] and references therein.
Considering the jet-medium interactions in perturbative

QCD, one usually has to describe the underlying hot
matter in terms of a background stochastic color field, see
e.g. [28–35]. Moreover, to make the calculations tractable,
most works further rely on multiple simplifying assump-
tions. For instance, the medium is commonly considered to
be transversely homogeneous with a finite longitudinal
extension,1 while the calculations are preformed in the large
energy limit, known as the eikonal approximation. Under
these assumptions, the problem allows for a semianalytic
treatment, but the results cannot be applied to resolve the
details of the medium evolution, and jets appear to be
decoupled from the anisotropic matter expansion [18] and,
moreover, from the large anisotropies of the initial out-of-
equilibrium phase of the matter produced in HIC, see
e.g. [18,20,36,37]. Only recently, the theory of jet-matter
interactions has been extended to the case of inhomo-
geneous nuclear matter [18,24,38,39] with the transverse
matter anisotropies treated within a gradient expansion.2

So far, the approach developed in [18,38] has been
used to describe single parton evolution, the so-called jet
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1The longitudinal and transverse directions are defined
with respect to the initial momentum of the leading parton
momentum.

2See also [40–45] for applications of the samegradient expansion
approach in holographic models of probe-matter interactions.
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broadening, in dilute or dense media at the leading order in
transverse gradients, but the case of in-medium branching
in inhomogeneous matter has not been considered. In this
paper, we continue developing the formalism by deriving
the medium induced soft gluon spectrum up to the first
order in transverse gradients but to all orders in opacity. Our
main result is the double differential spectrum, which can
be written as

ω
dI

dωd2k
¼ ω

dI0
dωd2k

þ ðĝ · kÞω dI1
dωd2k

þOðĝ2Þ; ð1Þ

where dI0 denotes the gluon spectrum in homogeneous
matter, dI1 gives the functional dependence of the leading
order gradient contribution on k2, resulting in a nontrivial
azimuthal dependence of the overall spectrum, and ω and k
are the energy and momentum of the emitted gluon. Notice
that in this work we have derived (1) in the approximation
of static matter (no flow), although the generalization for
flowing medium is straightforward to obtain. As in [38], we
use the Gyulassy-Wang (GW) model to make some of the
expressions explicit, and the primary matter parameters are
the number density of the scattering centers ρ and Debye
mass μ. However, our results are general and can be directly
extended to other models for the source potential. The
corresponding transverse gradients are encapsulated in a
two-dimensional vector operator ĝ≡ ð∇ρ δ

δρ þ ∇μ2 δ
δμ2
Þ.

Below, we will show that the gradient terms in the spectrum
result in a deflection of the emitted gluons along ĝ.
This paper is organized as follows: In Sec. II we derive

the generic form of the medium induced gluon spectrum
up to first order in transverse gradients for media with
finite longitudinal extension. In Sec. III, we further simplify
the generic form of the spectrum, utilizing the harmonic
approximation limit for the in-medium scattering potential.
In Sec. IV, we obtain the gradient corrections to the medium
induced gluon spectrum in the considered limit. We discuss
the properties of the spectrum in Sec. V, as well as provide
some numerical results, illustrating its behavior. Finally,
our findings are summarized in Sec. VI, where we also
discuss potential extensions of the presented results.

II. MEDIUM INDUCED SPECTRUM
IN THE SOFT GLUON LIMIT

A. Resummation at the amplitude level

It is instructive to briefly repeat the derivation of the
amplitude describing the propagation of a quark with initial
energy E and transverse momentum p1 in a medium,
followed by an emission of a gluon, which is measured
to have energy ω and transverse momentum k in the
final state. Following [18], we will focus on the transverse
gradients of the source density and Debye mass, assuming
the matter to be static. We also assume the in-matter
sources to be static by themselves, ignoring such effects

as the medium response and collisional energy loss, which
would significantly complicate our consideration, and
require further generalization of the formalism developed
in [18,38]. Thus, the medium induced color field can be
chosen as

gAaλðqÞ ¼ ð2πÞgλ0vaðqÞδðq0Þ; ð2Þ
and the jet-medium interactions are controlled by

vaðqÞ ¼
Z
x
e−iðq·xþqzzÞρ̂aðx; zÞvðq; x; zÞ; ð3Þ

where ρ̂a is the source color density, and vðq; x; zÞ is a
single source potential, which depends on coordinates
through the local medium properties. We have also intro-
duced shorthand notations for integrals running over the
full three-dimensional space as

R
x ≡d3x and

R
k ≡ d3k

ð2πÞ3, and

over the transverse space as
R
x≡

R
d2x and

R
k ≡

R
d2k
ð2πÞ2.

The single source potential is expected to be exponen-
tially screened in coordinate space, and we will generally
refer to the screening scale as the Debye mass. While the
medium induced soft gluon spectrum can be derived for the
general potential, and we will do so here, it is instructive
to consider an explicit form of vðq; x; zÞ as well. For
this purpose, we will follow [38], and refer to the GW
model [28], corresponding to

vðq; x; zÞ ¼ g2

q2 − μ2ðx; zÞ þ iϵ
: ð4Þ

Here, we assume that μðx; zÞ varies slowly in the transverse
direction over distances of order 1

μð0;zÞ. Focusing on the

limit, when the characteristic distance between the sources

FIG. 1. Feynman diagram of the in-medium gluon emission
from a quark with each particle interacting multiple times with the
background field.
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is larger than 1
μð0;zÞ, we ignore the local modifications in

general vðq; x; zÞ for the given source, taking into account
only the changes in the Debye mass between different
sources.

Using this model for the medium, we can write the
amplitude, iRNpNlNk

, depicted in Fig. 1, with Np insertions
in the incoming quark line, Nl insertions in the outgoing
quark line, and Nk insertions in the gluon line, as

iRNpNlNk
¼

YNp

n¼1

�
ð−1Þ

Z
pn

tanprojv
anðpnþ1 − pnÞ

2E
p2
n þ iϵ

�

×
Z

d4ps

ð2πÞ4 ð−1Þgt
b1
proj

ðps þ l1Þμ1
p2
s þ iϵ

ð2πÞ4δð4Þðps − l1 − k1ÞJðp1Þ

×
YNk

r¼1

��
−
i
g

�Z
kr

NμrνrðkrÞ
k2r þ iϵ

Γbrbrþ1cr
νrμrþ10

ðkr;−krþ1Þvcrðkrþ1 − krÞ
�
ϵ�μNkþ1ðkÞ

×
YNl

m¼1

�
ð−1Þ

Z
lm

tdmprojv
dmðlmþ1 − lmÞ

2ð1 − xÞE
l2m þ iϵ

�
; ð5Þ

where Γabc
αβγ is the three-gluon vertex, the zeroth components

of the four-momenta have already been fixed with the
delta functions coming from the background field inser-
tions, and we have introduced additional momentum labels
pNpþ1 ¼ ps, lNlþ1 ¼ l, and kNkþ1 ¼ k. Notice that the
integrations in (5) should be understood as acting from
the left on the whole expression, and are distributed now for
structural simplicity.
This expression can be simplified if we use the particular

kinematics of the process. Indeed, let us take a closer look
at the first product in (5). Switching to the Fourier trans-
formed in-medium potentials, and reordering the Fourier
exponentials within the product, we can write it as

YNp

n¼1

�
ð−1Þ

Z
pn;xn

tanprojρ̂
anðxn; znÞvðpnþ1 −pn;xn; znÞ

×
2E

p2
n þ iϵ

e−ixn·ðpnþ1−pnÞeipn;zðzn−zn−1Þ
�
e−ips;zzNp Jðp1Þ; ð6Þ

where we have introduced z0 ¼ 0. One can further perform
pn;z integrations by residues, collecting the corresponding
poles. We also assume that μΔz ≫ 1, where Δz is the
characteristic distance between the color sources (described

by ρa), and that the single source potential has no other
poles apart from the screening ones. Thus, we neglect the
poles of the in-medium potentials, which are exponentially
suppressed in the considered limit. Assuming that the
matter is extended in the positive z direction, we find that
only the poles of the scalar propagators with pn;z > 0

contribute. Finally, we take the limit of small gluon energy
fraction x ¼ ω

E ≪ 1, and neglect all the subeikonal terms
unless they are enhanced by the medium length and 1

x
simultaneously. Under these approximations, we find

YNp

n¼1

�
i
Z
pn;xn

tanprojṽ
anðxn; znÞθn;n−1e−ixn·ðpnþ1−pnÞ

�

× e−iðps;z−EÞzNp Jðp1Þ; ð7Þ

where ṽaðx; zÞ ¼ R
q;y e

iq·ðx−yÞρ̂aðy; zÞvðq; y; zÞjq0¼qz¼0.
Fourier transforming the momentum conservation in the
emission vertex and substituting (7), we can integrate over
ps;z in (5). Thus, we set ps;z ≃ E and impose an upper limit
on variations of zNp

. Now one may sum (7) over all possible
diagrams, treating the case of Np ¼ 0 explicitly,

JðpsÞ þ
X∞
Np¼1

YNp

n¼1

�
i
Z
pn;xn

tanprojṽ
anðxn; znÞθn;n−1e−ixn·ðpnþ1−pnÞ

�
θsNp

Jðp1Þ

¼
Z
p1;x1

e−ix1·ðps−p1ÞP exp

�
i
Z

zs

0

dτtaprojṽ
aðx1; τÞ

�
Jðp1Þ; ð8Þ

where the Wilson line of the scattering potential in the fundamental representation can be identified

Wðx1; zs; 0Þ ¼ P exp

�
i
Z

zs

0

dτtaprojṽ
aðx1; τÞ

�
: ð9Þ
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Similarly, looking at the other quark leg in the fourth line of (5), we readily find

ðps þ lÞμ1 þ
X∞
Nl¼1

YNl

m¼1

�
ð−1Þ

Z
lm

tdmprojv
dmðlmþ1 − lmÞ

2ð1 − xÞE
l2m þ iϵ

�
e−iðl1;z−ð1−xÞEÞzsðps þ l1Þμ1

¼
Z
l1;x1

e−ix1·ðl−l1ÞP exp

�
i
Z

∞

zs

dτtdprojṽ
dðx1; τÞ

�
ðps þ l1Þμ1 ; ð10Þ

where3 z0 ¼ zs, the exponential e−il1;zzs is coming from the
emission vertex, and the final momentum of the quark
lNlþ1 ¼ l is on shell.
Now, we have to consider the third type of insertions,

attached to the emitted gluon line. Its structure is more
involved, and it is instructive to make several simplifying
observations upfront. First, one has to specify the gauge
choice, fixing the form of ϵ�μ and Nμν. The background
field (2) induced by the matter sources is derived in the
Lorenz gauge. However, working in this gauge would
considerably complicate the consideration, since the polari-
zation vector would involve auxiliary components. To
remove the residual gauge freedom, one should notice that
the particular form of (2) is compatible with an additional
gauge condition Az ¼ 0. In this gauge, combining the two
constraints together, we can write the polarization vector in
terms of physical components,

ϵ�μðkÞ ¼
�
ϵ · k
ω

; ϵ; 0

�
; ð11Þ

while the numerator of the gluon propagator reads

NμνðkÞ ¼ gμν −
kμnν þ kνnμ

ðk · nÞ −
kμkν

ðk · nÞ2 ; ð12Þ

where we have introduced the four-vector nμ ¼ f0; 0; 0; 1g
entering through the gauge condition n · A ¼ 0. Notice that
we give the on-shell form of Nμν, since kn;z will be set on
shell by the corresponding integrations.4 Thus, one readily
finds

NμrνrðkrÞΓbrbrþ1cr
νrμrþ10

ðkr;−krþ1Þϵ�μrþ1ðkrþ1Þ
≃ 2ωgfbrbrþ1crϵ�μrðkrÞ; ð13Þ

where we have neglected the subeikonal terms.
Noticing that ðTcÞab ¼ −ifabc and using (13), we can

reexpress the second line in (5), adding the contribution
Nk ¼ 0 explicitly, as

ei
k2
2ωzsδbNkþ1b1ϵ�μ1ðkÞ þ

X∞
Nk¼1

YNk

r¼1

�
i
Z
kr;xr

ðTcrÞbrþ1br ṽ
crðxr; zrÞθr;r−1e−ixr·ðkrþ1−krÞeiQrðzr−zr−1Þ

�
e−ikzzNk

þiωzsϵ�μ1ðk1Þ

¼ lim
zf→∞

Z
k1

ei
k2
2ωzfGbNkþ1b1ðk; zf; k1; zsÞϵ�μ1ðk1Þ; ð14Þ

where we keep the leading subeikonal contributions to the poles of the scalar propagators Qr ¼ ω − k2r
2ω, resulting in the so-

called Landau-Pomeranchuk-Migdal phases, which are enhanced in the soft gluon limit by 1
x. Here, we have introduced a

single-particle propagator, which has the following coordinate space representation:

Gðxf; zf; xin; zinÞ ¼
Z

xf

xin

Dr exp

�
iω
2

Z
zf

zin

dτṙ2
�
P exp

�
i
Z

zf

zin

dτTcṽcðrðτÞ; τÞ
�
; ð15Þ

where zf has been introduced in (14) to simplify the definition of G.
Combining these three contributions and introducing xin ≡ x1, we find that in the soft gluon limit, the resummed

amplitude can be written as

iR ≃ −
g
ω

lim
zf→∞

Z
∞

0

dzs

Z
xin

e−ixin·lJðxinÞWðxin;∞; zsÞtaprojWðxin; zs; 0Þeik
2

2ωzf ½ϵ · ∇xinG
baðk; zf; xin; zsÞ�; ð16Þ

where the color indices have been renamed for simplicity.

3It should not be confused with z0 in the initial quark line at n ¼ 0.
4The propagator numerators lead to no new poles, leaving the kz integrations unaffected.
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B. Medium average

With the explicit form of the resummed amplitude, we can now turn to the medium averaging, required to describe the
medium induced branching. The final state gluon distribution N is defined as

2ð2πÞ3ωE dN
dωdEd2k

≡ 1

4π

1

Nc

XZ
d2l
ð2πÞ2 hjRj2i; ð17Þ

where we have averaged over the stochastic background field. Thus, upon squaring (16), summing over final state quantum
numbers, and averaging over the initial ones, we find that

2ð2πÞ3ωE dN
dωdEd2k

¼ lim
zf→∞

αs
Ncω

2

Z
∞

0

dz
Z

∞

0

dz̄
Z
xin

jJðxinÞj2hTr½Wðxin;∞; zÞtaprojWðxin; z; 0Þ½∇α;xinG
baðkf; zf; xin; zÞ�

× ðWðxin;∞; z̄ÞtāprojWðxin; z̄; 0Þ½∇α;xinG
bāðk; zf; xin; z̄Þ�Þ†�i; ð18Þ

where the subscript α in the derivatives runs over the two components of the transverse vector xin.
This expression can further be simplified if one notices that the fundamental Wilson lines can be combined to form the

Wilson line in the adjoint representation, see e.g. [46–48]. Indeed, if z̄ > z, then

Tr½Wðxin;∞; zÞtaprojWðxin; z; 0ÞW†ðxin; z̄; 0ÞtāprojW†ðxin;∞; z̄Þ� ¼ Tr½Wðxin; z̄; zÞtaprojW†ðxin; z̄; zÞtāproj�

¼ 1

2
W†aā

A ðxin; z̄; zÞ; ð19Þ

which in terms of the adjoint generators reads

W†aā
A ðxin; z̄; zÞ ¼ P exp

�
−i

Z
z̄

z
dτðTcÞaāṽcðxin; τÞ

�
ð20Þ

and we can rewrite (18) as

2ð2πÞ3ωE dN
dωdEd2k

¼ lim
zf→∞

αs
Ncω

2
Re

Z
∞

0

dz̄
Z

z̄

0

dz
Z
xin

jJðxinÞj2h½∇α;xinG
baðk; zf; xin; zÞ�W†aā

A ðxin; z̄; zÞ

× ½∇α;xinG
†ābðk; zf; xin; z̄Þ�i; ð21Þ

where the contributions from the two regions with z̄ > z
and z > z̄ combine into the real part of the expression
above.
We further assume that the color source densities have

Gaussian statistics, enforcing the color neutrality condition,
see e.g. [23]. Then, the only nontrivial average is given by

hρ̂aðx; zÞρ̂bðx̄; z̄Þi ¼ 1

2CR̄
δabδð2Þðx − x̄Þδðz − z̄Þρðx; zÞ;

ð22Þ

or, equivalently,

hρ̂aðq; zÞρ̂bðq̄; z̄Þi ¼ 1

2CR̄
δabδðz − z̄Þ

Z
x
e−iðqþq̄Þ·xρðx; zÞ;

ð23Þ

where ρðx; zÞ denotes the number density of the scattering
centers in the medium, the sources are assumed to be in the
same representation R, and CR̄ is the quadratic Casimir
in the representation opposite to R. In coordinate space,
ρ̂aðx; zÞ is real, and its Fourier transform satisfies
ρ̂a†ðq; zÞ ¼ ρ̂að−q; zÞ. Thus,

hṽaðx; zÞṽ†bðx̄; z̄Þi ≃ δab

2CR̄
g4δðz − z̄Þ

Z
q;Q

eiq·ðx−x̄ÞρðzÞð2πÞ2δð2ÞðQÞ

×

�
1þ ĝ ·

�
xþ x̄
2

þ ∂

∂Q

��
v

�
qþ 1

2
Q; 0; z

�
v†
�
q −

1

2
Q; 0; z

�����
q0¼qz¼Q0¼Qz¼0

; ð24Þ

MEDIUM INDUCED GLUON SPECTRUM IN DENSE … PHYS. REV. D 108, 034018 (2023)

034018-5



where the leading gradient corrections are accounted by ĝ,
see e.g. [38]. Taking the GW model as an illustrative
example, this average reads

hṽaðx; zÞṽ†bðx̄; z̄Þi ≃ δab

2CR̄
g4δðz − z̄Þ

�
1þ xþ x̄

2
· ĝ

�

×
Z
q

ρðzÞeiq·ðx−x̄Þ
ðq2 þ μ2ðzÞÞ2 : ð25Þ

Even in the presence of transverse gradients, the average
(25) is still local in z. Consequently, an average of a product
of single-particle propagators with no common support
reduces to a product of averages. That allows us to
write (21) as

2ð2πÞ3ωE dN
dωdEd2k

¼ lim
zf→∞

αs
Ncω

2
Re

Z
∞

0

dz̄
Z

z̄

0

dz
Z
xin;y

jJðxinÞj2

×
h
ð∇x · ∇x̄Þ

D
Gbcðk; zf; y; z̄ÞG†ābðk; zf; x̄; z̄Þ

E

×
D
Gcaðy; z̄; x; zÞW†aā

A ðxin; z̄; zÞ
Ei���

x¼x̄¼xin
; ð26Þ

where we have used a mixed coordinate representation.
Because of the color triviality of the medium averages,

one can simplify the color structure in (26), writing the full
process in terms of an emission kernel, K, with support in
the interval ðz; z̄Þ, and a broadening kernel, S2, which
describes the evolution of the radiated gluon after being
produced. These kernels are defined to be

S2ðk; k; zf; y; x̄; z̄Þ ¼
1

N2
c − 1

hGbcðk; zf; y; z̄ÞG†cbðk; zf; x̄; z̄Þi;

Kðy; xin; z̄; x; xin; zÞ ¼
1

N2
c − 1

hGbaðy; z̄; x; zÞW†ab
A ðxin; z̄; zÞi; ð27Þ

such that the full distribution can be compactly written as

2ð2πÞ3ωE dN
dωdEd2k

¼ 2αsCF

ω2
Re

Z
∞

0

dz̄
Z

z̄

0

dz
Z
xin;y

jJðxinÞj2½∇x · ∇x̄S2ðk; k;∞; y; x̄; z̄ÞKðy; xin; z̄; x; xin; zÞ�jx¼x̄¼xin : ð28Þ

Thus, the final soft gluon distribution factorizes into the
two correlators even in the presence of transverse gradients,
while the effects of the matter anisotropy enter each one of
them independently.
Now, we can utilize the explicit form of the two-point

correlator (25), taking into account the gradient corrections.
Here, we will focus on the case of longitudinally uniform
matter, keeping the algebra more compact, while the results
can be straightforwardly generalized. The corresponding
broadening two-point function has already been derived in
[38] up to the first order in transverse gradients, and its in-
medium part reads

S2ðk; k; L; y; x̄; z̄Þ

≃ e−ik·ue−VðuÞðL−z̄Þ
�
1þ iðL − z̄Þ3

3ω
∇VðuÞ · ĝVðuÞ

− i
ðL − z̄Þ2

2ω
ĝ · ∇VðuÞ − w · ĝVðuÞðL − z̄Þ

−
ðL − z̄Þ2

2ω
k · ĝVðuÞ

�
; ð29Þ

where u ¼ y − x̄, w ¼ yþx̄
2
, and L is the matter extension.

The effective in-medium scattering potential V is often
referred to as a dipole potential, and is given by

VðqÞ ¼ −Cρ
�
jvðqÞj2 − δð2ÞðqÞ

Z
k
jvðkÞj2

�
; ð30Þ

where vðqÞ ¼ vðq; 0; zÞ, and in the case of the GW model

vðqÞ ¼ − g2

q2þμ2ðzÞ with μðzÞ being constant. Here, we have

also introduced an overall color coefficient C ¼ Nc
2CR̄

. In turn,

outside the medium (zf > z̄ > L), the broadening two-
point function is trivial, and can be obtained from (29) in
the limit V → 0, reducing to S2ðk; k;∞; y; x̄; LÞ ¼ e−ik·u.
The emission kernel is similar to the broadening two-

point function in its structure, but is harder to evaluate for
the general potential V. Following [38], one can write the
medium average of twoWilson lines up to the leading order
in gradient corrections as

	
P exp

�
i
Z

z̄

z
dτTaṽaðr;τÞ

�
P exp

�
−i
Z

z̄

z
dτTbṽbðxin;τÞ

�


≃ exp

�
−
Z

z̄

z
dτ

�
1þrþxin

2
· ĝ

�
Vðr−xinÞ

�
; ð31Þ

and the kernel can be expressed as the corresponding path
integral, cf. with the homogeneous case [29,46–48]. Thus,
it takes the form
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Kðy;xin; z̄;x;xin;zÞ¼
Z

y

x
Dre

iω
2

R
dτṙ2−

R
z̄

z
dτð1þrðτÞþxin

2
·ĝÞVðrðτÞ−xinÞ;

ð32Þ

where the leading gradient corrections are also included.
Here we notice that, when both of the longitudinal argu-
ments in the kernel are outside the medium, it also becomes
vacuum-like,

Kðy; xin; z̄; x; xin; zÞjz>L ¼
Z
k
eik·ðy−xÞe−ik

2

2ωðz̄−zÞ; ð33Þ

while for z̄ > L > z it can be expressed as a convolution,

Kðy; xin; z̄; x; xin; zÞjz̄>L>z ¼
Z
k
eik·ye−i

k2
2ωðz̄−LÞ

×Kðk; xin; L; x; xin; zÞ: ð34Þ

Thus, it is convenient to split the full distribution into three
portions, coming from the three integration regions: z̄ < L,
z < L < z̄, and L < z. We will refer to these regions as
“in-in,” “in-out,” and “out-out,” respectively, see e.g. [46].
One readily finds that the in-medium contribution is given by

2ð2πÞ3ωE dNin−in

dωdEd2k
¼ 2αsCF

ω2
Re

Z
L

0

dz̄
Z

z̄

0

dz
Z
xin;y

e−ik·yjJðxinÞj2PL−z̄ðyÞ

×

��
1þ i

ðL − z̄Þ2
2ω

ĝVðyÞ · ∇y −
yþ 2xin

2
· ĝVðyÞðL − z̄Þ

�
∇y − ĝVðyÞðL − z̄Þ

�

· ∇xKðyþ xin; xin; z̄; x; xin; zÞ
���
x¼x̄¼xin

; ð35Þ

where we have substituted (29), and integrated by parts. We
have also introduced a broadening probability

PL−z̄ðyÞ¼ e−VðyÞðL−z̄Þ
�
1−

iðL− z̄Þ3
6ω

∇VðyÞ · ĝVðyÞ
�
; ð36Þ

which controls the broadening process for a narrow initial
distribution [38]. One may notice that the structure in the
second line of (35) resembles the shift operator introduced
in [38]. Indeed, the emission kernel K convoluted with
the source of the parent parton J serves as a source for the
consequent broadening of the emitted gluon. However,
the broadening structure is more involved now, since the
effective initial distribution is sensitive to the center of mass
position of the color dipole w in (29), and new terms, absent
in the results of [38], appear. In turn, the in-out contribution
reads

2ð2πÞ3ωE dNin−out

dωdEd2k
¼ 2αsCF

ω
Re

Z
L

0

dz
Z
xin

eik·xin jJðxinÞj2

× 2
k
k2

· ∇xKðk; xin; L; x; xin; zÞ
���
x¼xin

;

ð37Þ

where we have explicitly evaluated the z̄ integral, noticing
that the vacuum kernel is regulated to decay at the infinity.
Finally, one may notice that the out-out contribution
corresponds to the physical situation when the emission
happens outside the matter, both in direct and conjugated
amplitudes. Here, we will omit it, focusing solely on the
medium induced part of the spectrum.

III. MEDIUM INDUCED SPECTRUM
IN THE HARMONIC APPROXIMATION

In this section, we will focus on the medium induced
gluon distribution at the leading order in gradients.
However, even in the homogeneous limit, the resummed
medium induced gluon distribution has highly nontrivial
structure, and cannot be treated analytically. Here, we will
rely on additional approximations, which considerably
simplify the results and are commonly used in the homo-
geneous case, see e.g. [46–50].
First, we ignore the initial state effects, taking a broad

source approximation and setting jJðxinÞj2 ¼ fðEÞδð2ÞðxinÞ.
This allows us to simplify K, and relate the particle
distribution dN with the medium induced gluon spectrum
dI in the regular way. Thus, we write

ð2πÞ2ωE dN
dωdEd2k

¼ ð2πÞ2ω dI
dωd2k

E
dN0

dE
; ð38Þ

where E dN0

dE ¼ 1
2ð2πÞ fðEÞ. The only dependence of the full

final state distribution on the initial condition comes from
the quark spectrum and can be trivially factorized. This
effective form for the particle distribution can be argued to
follow from the QCD factorization for soft radiation.
We further notice that the path integral in (32) cannot be

performed analytically in the general case, see e.g. [46–50]
for discussions, and even for the specified GW potential
we are using here as an example. However, to illustrate the
leading gradient effects more explicitly, we find it instructive
to consider a tractable model. To do so, let us assume that
the effective scattering potential is quadratic, VðyÞ ¼ q̂

4
y2,

focusing on the so-called harmonic approximation. This
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effective potential can be understood as a separate medium
model, but often it is considered as an approximation to other
models, such as the GW one, see e.g. [50] for a recent
discussion. The proportionality coefficient q̂ is commonly
referred to as the jet quenching parameter. It is closely related
with the broadening process, and, in the general case, it is
defined as q̂ ¼ ∂

∂L hp2i. For instance, for the GW model, one

finds that q̂ ¼ μ2χ
L log Λ2

μ2
with χ ≡ Cg4ρ

4πμ2
L being the medium

opacity. The Coulomb logarithm is divergent and regulated
by a momentum scale Λ, which can be understood as a free
parameter of the medium model. Taking q̂, as in the GW
model, one may consider the harmonic approximation
potential for VðyÞ as the leading contribution at small μjyj
with a regulated logarithm. Here, we will not discuss
this relation or its phenomenological relevance further,
utilizing the harmonic potential and explicit form of q̂ in
the GWmodel only as illustrations of our general results (35)
and (37).
Now, we can further simplify the emission spectrum,

expanding the broadening two-point function and emission
kernel as K ≃Kð0Þ þ δK and P ≃ Pð0Þ þ δP, where the
perturbations are linear in gradients. In the absence of
gradients, the path integral in (32) becomes Gaussian in
the harmonic approximation. Thus, it can be readily
evaluated [46–48,50], resulting in

Kð0Þðy; z̄; x; zÞ≡Kð0Þðy; 0; z̄; x; 0; zÞ

≃
Az̄z

πi
exp fiAz̄zBz̄zðy2 þ x2Þ − 2iAz̄zy · xg;

ð39Þ

where we have introduced Az̄z ¼ ωΩ
2 sinðΩðz̄−zÞÞ and Bz̄z ¼

cosðΩðz̄ − zÞÞ with Ω¼ 1−i
2

ffiffiffî
q
ω

q
, and set xin ¼ 0. Treating

the leading gradient correction to the potential in (32)
perturbatively, we further find that

δKðy; z̄; x; zÞ≡Kðy; z̄; x; zÞ −Kð0Þðy; z̄; x; zÞ

¼ −
1

2
g ·

Z
w

Z
z̄

z
dswKð0Þðy; z̄;w; sÞVðw; sÞ

×Kð0Þðw; s; x; zÞ; ð40Þ

where ĝ, acting solely on q̂, has been replaced with
g ¼ 1

q̂ ĝ q̂. Similarly, in the harmonic approximation, the
broadening probability is also Gaussian, and reads

Pð0Þ
z ðpÞ≡

Z
x
e−ip·xe−VðxÞz ¼ 4π

q̂z
e−

p2

q̂z ; ð41Þ

while the leading gradient correction is given by

δPzðpÞ≡
Z
x
e−ip·xe−VðxÞz

�
−
iz3

6ω
∇VðxÞ · gVðxÞ

�

¼ 4π

q̂z
e−

p2

q̂z
z
6ω

�
p2 − 2q̂z

q̂z

�
g · p: ð42Þ

Expanding the medium induced soft gluon spectrum to
the leading order in gwe can write it with these notations as

ω
dI

dωd2k
¼ ω

dI0
dωd2k

þ ω
dIP

dωd2k
þ ω

dIK
dωd2k

þ ω
dIŜ

dωd2k
;

ð43Þ

where the gradient corrections are grouped by their origin
for convenience. While the notations for dIP and dIK are
clear, they correspond to the gradient terms coming from
δP and δK, the last contribution in (43) has a subscript Ŝ.
This object corresponds to the terms in the second line of
(35), and it can be thought of as a generalization of the shift
operator, adjusting the argument of the initial distribution
by a gradient contribution in the case of simple momentum
broadening in [38]. Here, the effective initial distribution of
the emitted gluon is given by a convolution of K with J,
while some additional terms appear due to the dependence
of the answer on the center of mass position of the color
dipole. Finally, we notice that, since the presence of the
gradients is naturally attached to the presence of the
medium, only dIK may be nontrivial in the in-out region.

IV. THE GRADIENT CORRECTIONS

Now, we are in the position to evaluate the novel
contributions. As a warm-up exercise, we start by consid-
ering the standard spectrum dI0, appearing in the case of
homogeneous medium. Some of the intermediate calcu-
lations, which are not shown explicitly here, can be found
in great detail in the literature, see e.g. [50].
As has already been mentioned, the two different

integration regions result in two contributions to the gluon
spectrum. From (35) one readily finds that in the absence of
the gradients the in-in part is given by

ð2πÞ2ω dIin−in0

dωd2k
¼ 2αsCF

ω2
Re

Z
L

0

dz̄
Z

z̄

0

dz
Z
y
e−ik·yPð0Þ

L−z̄ðyÞ∇y

· ∇xKð0Þðy; z̄; x; zÞ
���
x¼0

¼ 4αsCF

ω
Re

Z
L

0

dz̄
e

k2T z̄
i−Q2

z̄T z̄

Q2
z̄T z̄ − i

; ð44Þ

where we have introduced shorthand notations Q2
z̄ ¼

q̂ðL − z̄Þ and T z ¼ tanðΩzÞ
2ωΩ . This is the simplest analytical

form, which can be obtained without switching to the
numerical tools, which we will do later.
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In turn, the in-out part follows from (37), and in the absence of the gradients we readily find the standard answer

ð2πÞ2ω dIin−out0

dωd2k
¼ 2αsCF

ω
Re

Z
L

0

dz
Z
y
e−ik·y2

k
k2

· ∇xKð0Þðy; L; x; zÞ
���
x¼0

¼ −
8αsCF

k2
Reð1 − e−ik

2T LÞ: ð45Þ

The dIP term accounts for the gradient effects on the late time evolution of the gluon. As a consequence, it only has
support in the in-in region. Explicitly, it can be written as

ð2πÞ2ω dIin−inP

dωd2k
¼ 2αsCF

ω2
Re

Z
L

0

dz̄
Z

z̄

0

dz
Z
y
e−ik·yδPL−z̄ðyÞ∇y · ∇xKð0Þðy; z̄; x; zÞ

���
x¼0

¼ 8αsCFπ

3q̂ω2
Re

Z
L

0

dz̄
Z
q
ie

−q2

Q2
z̄

�
q2 − 2Q2

z̄

Q2
z̄

�
g · qe−iðk−qÞ2T z̄ ; ð46Þ

where the remaining integral over q is Gaussian, and we find

ð2πÞ2ω dIin−inP

dωd2k
¼ 2αsCF

3q̂ω2
ðg · kÞRe

Z
L

0

dz̄e
k2T z̄

i−Q2
z̄T z̄Q6

z̄T
2
z̄
2iþ ðk2 − 2Q2

z̄ÞT z̄

ði −Q2
z̄T z̄Þ4

: ð47Þ

The IK part of the spectrum is the only gradient correction, having support in both the in-in and in-out regions, and it
results in two contributions. The in-in term is given by

ð2πÞ2ω dIin−inK

dωd2k
¼ 2αsCF

ω2
Re

Z
L

0

dz̄
Z

z̄

0

dz
Z
y
e−ik·yPð0Þ

L−z̄ðyÞ∇y · ∇xδKðy; z̄; x; zÞ
���
x¼0

; ð48Þ

and, after some algebra, it can be written as

ð2πÞ2ω dIin−inK

dωd2k
¼ −

αsCFq̂
4πω

Re
Z

L

0

dz̄
Z

z̄

0

dz
Z
q;w

e−iT z̄−zq2

Bz̄z
Pð0Þ

L−z̄ðk − qÞ

× e
i
4
w2
T zðg · wÞðq · wÞ exp

�
−i
�
q · w
Bz̄z

−
Az̄zðB2

z̄z − 1Þ
Bz̄z

w2

��
; ð49Þ

where we have changed the order of integration, and renamed the intermediate position s by z, while the initial z integration
has been performed. The transverse integrals can be evaluated analytically, resulting in

ð2πÞ2ω dIin−inK

dωd2k
¼ 32αsCFq̂

ω
ðg · kÞRe

Z
L

0

dz̄
Z

z̄

0

dze
k2T z̄

i−Q2
z̄T z̄T 2

z

×
3Q4

z̄T
2
z − B2

z̄zC
2
z̄zði −Q2

z̄T z̄−zÞ2 − 2iBz̄zCz̄zT zðk2 þQ2
z̄ þ iQ4

z̄T z̄−zÞ
16C4

z̄zði −Q2
z̄T z̄Þ4Bz̄z

; ð50Þ

where Cts ¼ cos ðΩtÞ
cos ðΩsÞ. Finally, one may notice that in this form the z integration is sufficiently simple, resulting in

ð2πÞ2ω dIin−inK

dωd2k
¼ 8αsCF

3q̂ω2
ðg · kÞRe

Z
L

0

dz̄
e

k2T z̄
i−Q2

z̄T z̄

ði −Q2
z̄T z̄Þ4

sin2ðΩz̄
2
Þ

cos2ðΩz̄Þ

×

�
−ωΩ sin ðΩz̄Þ þ i

�
k2 þ iQ4

z̄T z̄ þ
2ðk2 þQ2

z̄Þ þ 3iQ4
z̄T z̄

cos ðΩz̄Þ
�
sin2

�
Ωz̄
2

��
: ð51Þ
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In turn, the in-out term can be written in the form similar to (37), reading

ð2πÞ2ω dIin−outK

dωd2k
¼ 2αsCF

ω
Re

Z
L

0

dz
Z
y
e−ik·y2

k
k2

· ∇xδKðy; L; x; zÞ
���
x¼0

; ð52Þ

and, after the transverse integrals are performed, it reduces to

ð2πÞ2ω dIin−outK

dωd2k
¼ −

4αsq̂CF

k2
ðg · kÞRe

Z
L

0

dz
T 2

z

C3
Lz
e−ik

2T LðiBLzCLz þ 2k2T zÞ: ð53Þ

Finally, we notice that the last z integral can be treated explicitly, leading to

ð2πÞ2ω dIin−outK

dωd2k
¼ −

4

3ω2
αsCFq̂

g · k
k2

Re
e−ik

2T L

Ω3

�
i
sin2ðΩL

2
Þ sinðΩLÞ

cos2ðΩLÞ þ k2

ωΩ
ð2þ cosðΩLÞÞ sin4ðΩL

2
Þ

cos3ðΩLÞ
�
: ð54Þ

Now, we can turn to the dIŜ contribution. This term has support only inside the medium, and reads

ð2πÞ2ω
dIin−in

Ŝ

dωd2k
¼ 2αsCF

ω2
Re

Z
L

0

dz̄
Z

z̄

0

dz
Z
y
e−ik·yPð0Þ

L−z̄ðyÞ
��

i
ðL − z̄Þ2

2ω
ĝVðyÞ · ∇y −

y
2
· ĝVðyÞðL − z̄Þ

�
∇y − ĝVðyÞðL − z̄Þ

�

· ∇xKð0Þðy; z̄; x; zÞ
���
x¼0

: ð55Þ

Evaluating the z integral, we bring it to a particularly simple form:

ð2πÞ2ω
dIin−in

Ŝ

dωd2k
¼ αsCFq̂

2πω
Re

Z
L

0

dz̄
Z
y
e−ik·ye

i
4T z̄

y2Pð0Þ
L−z̄ðyÞðL − z̄Þ

�
i −

y2

4T z̄

�
1þ L − z̄

2ωT z̄

��
ðg · yÞ: ð56Þ

The remaining Fourier transformation can be performed analytically, and one finds

ð2πÞ2ω
dIin−in

Ŝ

dωd2k
¼ −

4αsCF

ω
ðg · kÞRe

Z
L

0

dz̄Q2
z̄T

2
z̄e

k2T z̄
i−Q2

z̄T z̄

h
i
�
1þ L−z̄

2ωT z̄



ðk2T z̄ − 2Q2

z̄T z̄ þ 2iÞ − ði −Q2
z̄T z̄Þ2

i
ði −Q2

z̄T z̄Þ4
: ð57Þ

Here, one should also notice that all the final expressions
[(47), (51), (54), and (57)] are proportional to ðg · kÞ,
leading to the term ðg · kÞdI1 in (1). Thus, on average,
the emitted gluons have their momenta aligned with the
direction of g.
Turning to the further analysis of the analytic results

above, we notice that the gradient corrections to the gluon
spectrum have some similarity with (44) and (45). Indeed,
the same exponential factors and similar polynomials ofQ2

z̄
and T z̄ appear in the results of this section, leaving the
possibility that the gradient corrections can be obtained
with an operator acting on the leading contributions.
Another immediate observation is that the leading correc-
tions depend on the same dimensionful scales, while the
new scale introduced by the gradients is factorized.
We leave these opportunities to deeper understand the
qualitative properties of the results for future work, and
focus on the overall behavior of the full spectrum in the
next section.

V. THE SPECTRUM AND ITS PROPERTIES

In this section, we will focus on the properties of the
medium induced soft gluon spectrum and its gradient
corrections in the harmonic approximation. Despite all
the simplifications, the last z̄ integration in the in-in
contributions, (44) and (45), is pretty involved even in
the homogeneous limit, and usually treated numerically,
see e.g. [46–53]. Here, we choose a set of phenomeno-
logically relevant parameters [38], although the considered
limit of the medium induced gluon spectrum is over-
simplified and used for illustrative purposes. First, we
define the medium to have L ¼ 5 fm and T ¼ 0.3 GeV,
and assume that ∇T ≲ T2 for hydrodynamically evolving
matter. If we treat the harmonic oscillator approximation
as our model, then the only other parameter is q̂, and its
characteristic value can be chosen to be about q̂≃
1 GeV2 fm−1, see e.g. [47,48,50]. On the other hand, to
illustrate the logarithmic dependence in q̂, which affects the
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definition of the gradient vector g, one may attempt at
treating the harmonic effective potential as a crude approxi-
mation of the GW model. For this purpose, we set
χ ¼ 2.75, μ ¼ 0.6 GeV, and choose Λ2 ¼ Eμ with char-
acteristic jet energy of 100 GeV, cf. with [18,38]. Then, one

readily finds that q̂ ¼ χμ2

L log E
μ ≃ 1 GeV2 fm−1, and the two

values coincide. Finally, turning to the gradient vector, we
notice that the form of g is controlled by the powers of
temperature, entering into the scaling q̂ ∼ T3 log Λ2

μ2
[38].

For instance, for the naive scaling of the jet quenching
parameter g ¼ 3 ∇T

T , while if one takes into account the
logarithmic dependence as in the GWmodel with the given
form of the cutoff it reads g ¼ ∇T

T ð3 − log−1 E
μÞ. However,

the characteristic value of Λ corresponding to our choice of
q̂ is such that the logarithmic factor in the GW model is
sufficiently large, resulting in g ≃ 2.8 ∇T

T , and, for simplic-
ity, we will use g ¼ 3 ∇T

T for all our estimates.
The medium induced soft gluon spectrum has an angular

dependence controlled by g · k, and we will focus on the
two limiting cases, when the angle between the two vectors,
θ, is either 0 or π. We will measure the gluon frequencies
with respect to the critical medium frequency ωc ≡
q̂L2 ≃ 125 GeV, which in the case of no gradients can
be identified with the typical frequency for gluons with
formation length of the order of L. We will also introduce
a dimensionless gradient parameter γT ¼ j∇T=T2j, which
controls the strength of the hydrodynamic gradients and
distribution anisotropy.
In Fig. 2, we show the full spectrum up to first order

in gradient corrections for ω ¼ 0.04ωc, ω ¼ 0.06ωc, and
ω ¼ 0.08ωc, further differentiating for γT ¼ 0.05 (left) and
γT ¼ 0.01 (right). For θ ¼ 0, the gradient effects suppress
the gluon radiation at small values of k, while when θ ¼ π,
it is enhanced. One can notice that the gradient effects in

Fig. 2 become stronger for softer gluons, and may be
substantial even for sufficiently small γT . This behavior is
in line with the properties of the gradient effects in
broadening [38], where the anisotropic contributions are
suppressed by the energy of the leading parton. Since the
energy of soft emitted gluons is smaller than the energy of
the leading parton, the gradient effects become more
important. However, one should notice that very soft gluons
lose their energy on shorter timescales, and the single gluon
spectrum cannot describe the evolution of the system
reliably in this case.
In quantifying the effect of the resulting anisotropy in the

medium induced radiation, one may also consider integral
characteristics of the spectrum, such as its moments, see
e.g. [21–23,38]. Indeed, the gradient corrections to the
spectrum are proportional to g · k, being otherwise func-
tions of k2, and, thus, its directional odd moments are
nonzero, quantifying the average transverse momentum
transmitted with the gluons. To illustrate this point, we
focus on the differential average transverse momentum,
defined as

	
dk
dω



≡

Z
Γ
d2kk

dI
dωd2k

¼ 1

2
g
Z
Γ
d2kk2

dI1
dωd2k

; ð58Þ

where Γ is a particular phase space region, which should be
specified to interpret the physical meaning of hdkdωi. Here,
we set the lower limit of jkj integration to zero, pushing the
applicability of the harmonic approximation to the limit.
However, one may readily check that the numerical results
are only weakly affected if we would require jkj > μ. We
further focus on the three particular upper cutoffs:
kmax ¼ 10

ffiffiffiffiffiffi
q̂L

p
, kmax ¼ 2

3
ω, and kmax ¼ 1

3
ω, plotting the

numerical results for 3T g
g2 · hdkdωi in Fig. 3. Notice that 3T g

g2 ·

FIG. 2. The medium induced soft gluon spectrum is given for three gluon energies, ω ¼ 0.04ωc, ω ¼ 0.06ωc, and ω ¼ 0.08ωc. The
solid lines denote the spectrum in the homogeneous limit. The dashed and dash-dotted lines correspond to the full spectrum with
gradients along (θ ¼ 0) and opposite to (θ ¼ π) the direction of k, respectively. The gradients are quantified with γT ¼ 0.05 (left) and
γT ¼ 0.01 (right).
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hdkdωi is independent of the value of j∇Tj, and normalized to
give jhdkdωij, when its absolute value is multiplied by γT.
The first choice of kmax is independent of ω, and

accounts for all the emitted gluons with jkj < 10
ffiffiffiffiffiffi
q̂L

p
.

The soft gluon spectrum quickly goes to zero for large
momenta, see Fig. 2, and a sufficiently large upper cutoff,
such as kmax ¼ 10

ffiffiffiffiffiffi
q̂L

p
can be freely replaced with infinity.

However, for smaller gluon energies, the gluons contrib-
uting to hdkdωi are not necessarily on shell (and not eikonal),
and (58) cannot be used as a measure of the averaged
emitted transverse momentum. The two other choices
account only for the on-shell emitted gluons, although
slightly pushing the results obtained under the eikonal
approximation to the limit. These cutoffs applied in (58)
account only for the gluons emitted within smaller conical
segments around the leading parton momentum, simulating
jet cones. Moving from harder to softer gluons, we notice
that the averaged transverse momentum first grows in
absolute value, since the leading gradient effects are sup-
pressed by the gluon energy. Thus, as expected, the softer
gluons are more sensitive to the matter anisotropies.
However, later the spectrum is slightly depleted, while
the maximal transverse momentum of contributing gluons
is smaller, and the averaged emitted transverse momentum
decreases. This results in the peaks on the curves with
ω-dependent cutoffs in Fig. 3.
Thus, combining insights from this work and the

previous studies for single parton broadening [18,38],

one may summarize the picture of jet evolution in inho-
mogeneous matter in the following way. The partons inside
a jet propagating through the matter broaden and radiate
in an anisotropic way. The harder partons in the core of the
jet are less affected by these directional effects caused
by variations in the medium parameters, while the softer
radiation can be affected substantially and possesses an
imprint of the medium structure. The distribution of the
emitted gluons is highly nontrivial, and, for instance, the
differential averaged transverse momentum may be parallel
or antiparallel to the temperature gradient, depending on the
particular integration limits in (58). However, for wide
enough conical segments hdkdωi is negative as is illustrated
in Fig. 3.

VI. CONCLUSION AND OUTLOOK

In this paper, we have derived the double differential
medium induced soft gluon spectrum in a dense static
transversely inhomogeneous medium with finite longi-
tudinal extension. The spectrum is obtained within a
gradient expansion up to the leading first order. As in
the case of the jet momentum broadening [38], the gradient
effects only enter the final distributions upon averaging
over the stochastic background field configurations.
In addition to the general form of the spectrum in (35)
and (37), we have considered its behavior for quadratic
VðyÞ, the so-called harmonic approximation, evaluating the
path integrals explicitly. In this regime, the full spectrum
can be written in a form suitable for numerical simulations,
and its structure results in no additional computational
complications, comparing to the homogeneous case. This
indicates that the full soft gluon spectrum can be imple-
mented in the jet quenching phenomenology and simu-
lations for more realistic model potentials, see e.g. [50–52]
for related discussions in the homogeneous limit.
In the harmonic approximation limit, we numerically

evaluate the soft gluon spectrum and its leading odd
moment hdkdωi, and present our results in Figs. 2 and 3.
The medium gradients distort the softer part of the jet
substructure, while the harder radiation is less sensitive to
the underlying medium structure. The spectrum is depleted
for the transverse gradient vector g parallel with k, and
enhanced for the opposite situation, for most of the phase
space. However, there are parametric regions, where the
ordering is modified, and the spectrum is enhanced for k
parallel with g. Thus, we find that the medium induced soft
gluons are preferably emitted along the temperature gra-
dient but the particular direction depends on the region of
the gluon phase space. We further study how the average
transverse momentum of the medium induced gluons is
distributed with energy and what fraction stays within a
conical segment aligned with the initial leading parton
momentum, see Fig. 3.

FIG. 3. The differential average transverse momentum is given
by its dimensionless projection 3T g

g2 · hdkdωi for three choices of

the upper cutoff kmax in (58). The curve corresponding to the
ω-independent choice of kmax is shown with a solid line for
sufficiently large energies ω >

ffiffiffiffiffiffiffiffiffiffiffi
20q̂L

p
, and continued with a

lighter dashed line beyond that point. The particular limiting
value (indicated with a vertical gray dashed line) corresponds to
the point along the spectrum plot, where it is visually close to
zero, k2 ¼ 20q̂L. The remaining parameters are taken to be the
same as in Fig. 2.
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The present theoretical results should be further supple-
mented with a well-thought set of jet observables sensitive
to the medium structure. However, searching for such
observables is a nontrivial task, since they are sensitive
to the medium anisotropy and are expected to be con-
taminated by the soft part of the particle spectrum. To
overcome this issue, one may focus on substructure
observables with less sensitivity to the correlated soft
particles. Presently, the jet substructure techniques applied
in the jet quenching phenomenology are still under devel-
opment, but it is already possible to gauge the sensitivity
of particular observables using simplified models for the
jet in-medium evolution. Another potential option is to
compute some global jet observable (e.g. jet shape) as a
function of rapidity. Since in a real event the gradient
effects substantially change with rapidity, the difference
between such measurements could provide a better access
to the medium structure. We leave the study of these
questions for future work.
One should notice that this work makes only the first

steps along the discussion of jet-medium interactions in
evolving matter, and our results could be extended in
multiple ways. For instance, it would be natural to consider
higher order gradient corrections within the framework of
the present paper. As have been shown in [25,39], in the
case of momentum broadening, such terms may arise at
the leading eikonal accuracy, while the directional gra-
dient corrections to the final distribution are suppressed
at larger energies. Thus, we expect that such higher order
terms may significantly alter the medium induced soft
gluon spectrum. Therefore, it would be interesting to
derive the medium induced spectrum up to the second
order in gradients, although such a calculation will be
challenging.
In exploring the particle spectrum, it is necessary to

account for more realistic spacetime profiles of the

medium. For example, there is an ongoing effort to
implement the flow effects in the pQCD description of
jet-matter interactions [18,21,23]. However, in the case of
the medium induced branching, such studies have so far
only been applied to the dilute limit. Including higher
opacity corrections and gradient effects in a single jet
quenching framework is critical to describe jets in realis-
tically evolving matter, and this is an essential step to
further develop the tomographic toolkit in HIC. Such a
framework can be implemented along with realistic hydro-
dynamic and/or kinetic theory simulations of the nuclear
matter in HIC, providing further insight into the details
of jet-matter interactions; for recent efforts in this direction
see [21,54,55].
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