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This paper presents a systematic investigation of the electromagnetic properties of the hidden-charm
molecular pentaquarks within the constituent quark model. Specifically, it focuses on two types of
pentaquarks; the Ξð0;�Þ

c D̄�
s -type pentaquarks with double strangeness and the Ωð�Þ

c D̄�
s-type pentaquarks

with triple strangeness. The study explores various electromagnetic properties, including the
magnetic moments, the transition magnetic moments, and the radiative decay behavior of these
pentaquarks. To ensure realistic calculations, the S-D wave mixing effect and the coupled-channel
effect are taken into account. By examining the electromagnetic properties of the hidden-charm
molecular pentaquarks with double and triple strangeness, this research contributes to the deeper
understanding of their spectroscopic behavior. These findings form a valuable addition to the ongoing
investigation into the broader spectrum of properties exhibited by the hidden-charm molecular
pentaquarks.
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I. INTRODUCTION

Since the observation of the charmoniumlike state
Xð3872Þ in 2003, numerous new hadronic states have been
experimentally observed, leading to extensive discussions
about their properties. These efforts have significantly enri-
ched our understanding of the hadron spectroscopy [1–22].
Moreover, these studies have been valuable in deepening our
understanding of the nonperturbative behavior of the strong
interactions.
Among the various assignments proposed for the

observed new hadronic states, the molecular state explan-
ation has gained popularity. Notably, in 2015, the LHCb
Collaboration observed two Pc states [23] and sub-
sequently reported two substructures, namely Pcð4440Þ

and Pcð4457Þ [24], corresponding to the previously
observed Pcð4450Þ [23]. Furthermore, they discovered a
new state, Pcð4312Þ, through a detailed analysis of the
Λb → J=ψpK process [24]. The LHCb experiment has
provided strong experimental evidence for the existence of
the hidden-charm molecular pentaquarks of the ΣcD̄ð�Þ
type [25–31]. In subsequent years, LHCb reported the
evidence for Pcsð4459Þ [32] and observed PΛ

ψsð4338Þ [33].
These exciting experimental advancements have not only
enriched the hidden-charm pentaquark family [34–80], but
have also inspired theorists to investigate the hidden-charm
molecular pentaquarks of the PcssðsÞ type [81–84]. In recent
years, the Lanzhou group has conducted extensive studies
on the mass spectra of the hidden-charm molecular penta-
quarks with double and triple strangeness. Specifically,

their investigations have focused on the Ξð0;�Þ
c D̄ð�Þ

s [81] and

Ωð�Þ
c D̄ð�Þ

s [82] interactions. These studies have provided
valuable insights into the properties and characteristics of
these exotic hadronic states.
Currently, the investigation of the properties of the

hidden-charm molecular pentaquarks remains a fascinating
and significant research topic in hadron physics. It offers
valuable insights for constructing a comprehensive family
of the hidden-charm molecular pentaquarks. The study of
the electromagnetic properties serves as an effective
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approach to unveil the inner structures of hadrons.
A notable example is the successful application of the
constituent quark model in describing the magnetic
moments of the decuplet and octet baryons [85–87], with
corresponding experimental data available [88].
Given the importance of the electromagnetic properties,

it is crucial to investigate the electromagnetic character-
istics of the hidden-charm molecular pentaquarks. Some
discussions on the electromagnetic properties of the

Σð�Þ
c D̄ð�Þ-type and Ξð0;�Þ

c D̄ð�Þ-type hidden-charm molecular
pentaquarks have been conducted within the constituent
quark model [89–92]. These studies shed light on the inner
structures of the discussed hidden-charm molecular penta-
quarks. However, it is important to note that the exploration
of the electromagnetic properties for the hidden-charm
molecular pentaquarks is still in its early stages. Thus,
further efforts are required to obtain a comprehensive
understanding of the electromagnetic properties of various
types of hidden-charm molecular pentaquarks.
In this study, our focus is on investigating the electro-

magnetic properties of the hidden-charm molecular
pentaquarks with double strangeness, specifically the

Ξð0;�Þ
c D̄�

s-type pentaquarks, as well as those with triple

strangeness, namely the Ωð�Þ
c D̄�

s-type pentaquarks. These
particular pentaquark states were initially predicted in
Refs. [81,82]. Within the framework of the constituent
quark model, we examine their magnetic moments, tran-
sition magnetic moments, and radiative decay behavior.
Our realistic calculations incorporate the effects of the S-D
wave mixing and coupled channels. By undertaking this
investigation, we aim to enhance our understanding of the
electromagnetic properties of the hidden-charm molecular
pentaquarks with double and triple strangeness, thereby
contributing to the comprehensive knowledge of these
intriguing exotic hadrons [81,82].
The structure of this paper is as follows. In Sec. II, we

provide a detailed explanation of the methodology
employed for calculating the electromagnetic properties
of the hadronic molecules. Additionally, we present the
electromagnetic properties of the Ξð0;�Þ

c D̄�
s molecular states.

In Sec. III, we shift our focus to the electromagnetic

properties of the Ωð�Þ
c D̄�

s molecular states. Finally, we offer
a concise summary of our findings in Sec. IV.

II. THE ELECTROMAGNETIC PROPERTIES
OF THE Ξð0;�Þ

c D̄�
s MOLECULES

In this section, we thoroughly investigate the electro-
magnetic properties of two molecular states; the Ξ0

cD̄�
s

state with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s state with
IðJPÞ ¼ 1=2ð5=2−Þ [81]. Specifically, we analyze their
magnetic moments, transition magnetic moments, and
radiative decay behavior. These investigations yield valu-
able insights into the inner structures of these states,
offering significant information in this regard.

A. The magnetic moments and the transition
magnetic moments of the Ξð0;�Þ

c D̄�
s molecules

In the context of the constituent quark model, the
hadronic magnetic moment encompasses two key compo-
nents; the spin magnetic moment and the orbital magnetic
moment. Specifically, when considering the z-component
of the spin magnetic moment operator for a given hadron,
denoted as μ̂spinz , it can be mathematically represented as
follows [85–87,89–125]:

μ̂spinz ¼
X
j

ej
2Mj

σ̂zj; ð1Þ

where ej, Mj, and σ̂zj denote the charge, the mass, and the
z-component of the Pauli spin operator of the jth constitu-
ent of the hadron, respectively. When examining the
hadronic molecule comprised of a baryon and a meson,
the z-component of the orbital magnetic moment operator,
denoted as μ̂orbitalz , can be expressed in the following
manner [89–94,96,98,100,104,105,108,116]:

μ̂orbitalz ¼ μLbmL̂z

¼
�

Mm

Mb þMm

eb
2Mb

þ Mb

Mb þMm

em
2Mm

�
L̂z; ð2Þ

where the subscript b corresponds to the baryon, while the
subscriptm pertains to the meson. Furthermore, L̂z denotes
the z-component of the orbital angular momentum operator
linking the baryon and the meson. In this study, the masses
of the S-wave charmed baryons and the S-wave charmed-
strange meson are extracted from the Particle Data
Group [88] for reference.
As extensively discussed in various references such

as [85–87,89–125], the magnetic moments of the hadrons
(μH) and the transition magnetic moments between the
hadrons (μH→H0 ) are frequently estimated by evaluating the
expectation values of the z-component of the total magnetic
moment operator (μ̂z), which can be represented as

μH ¼ hJH; JHjμ̂zjJH; JHi; ð3Þ

μH→H0 ¼ hJH0 ; Jzjμ̂zjJH; JziJz¼MinfJH;JH0 g: ð4Þ

Here, μ̂z ¼ μ̂spinz þ μ̂orbitalz , and Hð0Þ stands for either the
fundamental hadron or the compound hadron. In the realistic
calculations, the previous theoretical studies commonly
employ the maximum value of the third component of the
total angular momentum quantum number for the hadron to
determine the hadronic magnetic moment. Similarly, they
consider the maximum third component of the total angular
momentum quantum number of the lowest state of the total
angular momentum to discuss the transition magnetic
moment between the hadrons [85–87,89–125]. In our current
study, we adopt the same model and convention as previous
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theoretical works for calculating the hadronic magnetic
moments and the hadronic transition magnetic moments
[85–87,89–125]. In order to provide a comprehensive
analysis, it is necessary to discuss the wave functions of
the hadronic states under consideration. These wave func-
tions encompass various aspects, including the color part, the
flavor part, the spin part, and the spatial part. Regarding the
color wave function, it is straightforwardly represented by
the constant value 1, as the color aspect is typically treated
uniformly in our context. On the other hand, the flavor-spin
wave function can be constructed by taking into account
the symmetry constraints imposed by the system. Finally,
the spatial wave function can be derived by quantita-
tively studying the mass spectrum of the corresponding
hadron [92].
In the subsequent analysis, we delve into the magnetic

moments and the transition magnetic moments of two
specific molecular states: the Ξ0

cD̄�
s molecule with

IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecular state with
IðJPÞ ¼ 1=2ð5=2−Þ. To accomplish this, we employ three
distinct scenarios; the single-channel analysis, the S-D
wave mixing analysis, and the coupled-channel analysis.
These scenarios allow us to explore the influence of the
S-D wave-mixing effect and the coupled-channel effect
on the magnetic moments and the transition magnetic

moments of the Ξð0;�Þ
c D̄�

s molecular states. By employing
the aforementioned procedures, we can elucidate the
respective contributions of these effects to the magnetic
moments and the transition magnetic moments of the
molecular states under investigation.

1. The single-channel analysis

Firstly, we investigate the magnetic moments and the
transition magnetic moments of the Ξ0

cD̄�
s molecular state

with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecule with
IðJPÞ ¼ 1=2ð5=2−Þ, while considering only the S-wave
component. The flavor wave functions of these states,
denoted as jI; I3i, can be expressed as [81]���� 12 ; 12

�
¼ jΞð0;�Þþ

c D�−
s i;

���� 12 ;− 1

2

�
¼ jΞð0;�Þ0

c D�−
s i;

where I and I3 represent the isospins and the isospin third

components of the Ξð0;�Þ
c D̄�

s systems, respectively.
Furthermore, the spin wave functions jS; S3i for these
states can be constructed using the following coupling
scheme [81]

Ξ0
cD̄�

s∶ jS; S3i ¼
X

SΞ0c ;SD̄�
s

CSS3
1
2
SΞ0c ;1SD̄�

s

���� 12 ; SΞ0
c

�
j1; SD̄�

s
i;

Ξ�
cD̄�

s∶ jS; S3i ¼
X

SΞ�c ;SD̄�
s

CSS3
3
2
SΞ�c ;1SD̄�

s

���� 32 ; SΞ�
c

�
j1; SD̄�

s
i:

Here, S and S3 represent the total spins and the total spin

third components for the Ξð0;�Þ
c D̄�

s systems, respectively.
The Clebsch-Gordan coefficient Cef

ab;cd is utilized in the
coupling scheme. Additionally, SΞ0

c
, SΞ�

c
, and SD̄�

s
corre-

spond to the spin third components of Ξ0
c, Ξ�

c, and D̄�
s ,

respectively.
With the aforementioned setup, we can now proceed to

calculate the magnetic moments of the Ξ0
cD̄�

s molecule with
IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð5=2−Þ, such as

μI3¼1=2
Ξ0
cD̄�

s j3=2−i ¼ hχj12;12ij1;1iΞ0þ
c D�−

s
jμ̂zjχj

1
2
;1
2
ij1;1i

Ξ0þ
c D�−

s
i

¼ μΞ0þ
c
þ μD�−

s
: ð5Þ

Here, χsf represents the spin and flavor wave functions of
the hadron, while the superscript s indicates the spin wave
function and the subscript f denotes the flavor wave
function. Furthermore, in the context of the single-channel
analysis of the hadronic magnetic moment, the overlap of
the relevant spatial wave function is 1. For brevity, this
factor is omitted in the above expression.
To determine the magnetic moments of the Ξ0ð�Þ

c baryons
and the D̄�

s meson, we employ the constituent quark model.
Initially, let us define the flavor and spin wave functions of
these particles. The flavor wave functions can be expressed
as follows:

Ξ0ð�Þþ
c ∶

1ffiffiffi
2

p ðuscþ sucÞ;

Ξ0ð�Þ0
c ∶

1ffiffiffi
2

p ðdscþ sdcÞ; D�−
s ∶c̄s;

while their corresponding spin wave functions jS; S3i can
be expressed as

Ξ0
c∶

( j 1
2
; 1
2
i ¼ 1ffiffi

6
p ð2↑↑↓ − ↓↑↑ − ↑↓↑Þ

j 1
2
;− 1

2
i ¼ 1ffiffi

6
p ð↓↑↓þ ↑↓↓ − 2↓↓↑Þ ;

Ξ�
c∶

8>>>>><
>>>>>:

j 3
2
; 3
2
i ¼ ↑↑↑

j 3
2
; 1
2
i ¼ 1ffiffi

3
p ð↓↑↑þ ↑↓↑þ ↑↑↓Þ

j 3
2
;− 1

2
i ¼ 1ffiffi

3
p ð↓↓↑þ ↑↓↓þ ↓↑↓Þ

j 3
2
;− 3

2
i ¼ ↓↓↓

;

D̄�
s∶

8>><
>>:

j1; 1i ¼ ↑↑

j1; 0i ¼ 1ffiffi
2

p ð↑↓þ ↓↑Þ
j1;−1i ¼ ↓↓

:

Here, the notations ↑ and ↓ denote the third components
of the quark spins, with values of þ1=2 and −1=2,
respectively.
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Based on the flavor and spin wave functions of the Ξ0ð�Þ
c

baryons and the D̄�
s meson, we can proceed to calculate

their magnetic moments. As an example, let us deduce the
magnetic moment of the Ξ0þ

c baryon as follows:

μΞ0þ
c
¼

D
χ

1ffiffi
6

p ð2↑↑↓−↓↑↑−↑↓↑Þ
1ffiffi
2

p ðuscþsucÞ

���μ̂z���χ 1ffiffi
6

p ð2↑↑↓−↓↑↑−↑↓↑Þ
1ffiffi
2

p ðuscþsucÞ
E

¼ 2

3
μu þ

2

3
μs −

1

3
μc: ð6Þ

In this study, we adopt the following definition for the
magnetic magneton of the quark: μq ¼ −μq̄ ¼ eq=2Mq,
where eq represents the charge of the quark andMq denotes
the constituent mass of the quark. Utilizing this definition,
we can derive the expressions for the magnetic moments of

the Ξ0ð�Þ
c baryons and the D̄�

s meson. For the numerical
analysis, we utilize the constituent quark masses
Mu ¼ 0.336 GeV, Md ¼ 0.336 GeV, Ms ¼ 0.450 GeV,
and Mc ¼ 1.680 GeV to quantitatively investigate the
electromagnetic properties of these discussed hadrons.
These constituent quark masses are sourced from
Ref. [86] and are widely employed in studies related to
the magnetic moments of the hadronic molecular
states [90,92,98].
In Table I, we present the expressions and numerical

results for themagneticmoments of theΞ0ð�Þ
c baryons and the

D̄�
s meson. Our obtained results align with those reported in

previous works [86,104,107,117,126–129]. In this study,
the magnetic moments and the transitionmagnetic moments
of hadrons are expressed in units of the nuclear magneton
μN¼e=2MP with MP¼0.938GeV [88]. As shown in
Table I, the Ξ0þ

c and Ξ00
c baryons exhibit distinct magnetic

moments, while the magnetic moment of the Ξ�þ
c differs

from that of the Ξ�0
c . This discrepancy arises from the

notable difference in the magnetic magnetons between the
up quark and the down quark, namely, μu ¼ 1.862μN and

μd ¼ −0.931μN . Moreover, the Ξ00
c and Ξ�0

c exhibit approx-
imately equal magnetic moments.
Based on our obtained magnetic moments of the Ξ0ð�Þ

c

baryons and the D̄�
s meson, we can get the numerical results

of the magnetic moments of the Ξ0
cD̄�

s molecule with
IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð5=2−Þ. In Table II, we present the expressions
and numerical results of the magnetic moments of the Ξ0

cD̄�
s

molecular state with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s

molecular state with IðJPÞ ¼ 1=2ð5=2−Þ when performing
the single-channel analysis.
As presented in Table II, the magnetic moments of the

Ξ0
cD̄�

s j3=2−i molecule with I3 ¼ 1=2, the Ξ0
cD̄�

s j3=2−i
molecule with I3 ¼ −1=2, the Ξ�

cD̄�
s j5=2−i molecule with

I3 ¼ 1=2, and the Ξ�
cD̄�

s j5=2−i molecule with I3 ¼ −1=2
are −0.414μN , −2.275μN , 0.472μN , and −2.321μN , respec-
tively. Notably, the magnetic moment of the Ξ0

cD̄�
s j3=2−i

molecular state can be obtained as the sum of the magnetic
moments of the Ξ0

c baryon and the D̄�
s meson. Furthermore,

the magnetic moment of the Ξ0þ
c significantly differs from

that of the Ξ00
c , resulting in a distinct magnetic moment for

the Ξ0
cD̄�

s j3=2−i molecule with I3 ¼ 1=2 compared to that
with I3 ¼ −1=2. Similarly, the Ξ�

cD̄�
s j5=2−imolecular state

exhibits different magnetic moments for various I3 quan-
tum numbers. In addition, the magnetic moments of the
Ξ0
cD̄�

s j3=2−imolecule with I3 ¼ −1=2 and the Ξ�
cD̄�

s j5=2−i
molecule with I3 ¼ −1=2 are nearly the same, owing to the
close magnetic moments of the Ξ00

c and Ξ�0
c .

In addition to investigating the magnetic moments, we
also examine the transition magnetic moments between the
Ξ0
cD̄�

s molecular state with IðJPÞ ¼ 1=2ð3=2−Þ and the
Ξ�
cD̄�

s molecular state with IðJPÞ ¼ 1=2ð5=2−Þ. The tran-
sition magnetic moment between these two states can be
determined using the following expression:

μI3¼1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i ¼
D
χ
j1
2
;1
2
ij1;1i

Ξ0þ
c D�−

s

���μ̂z���χ ffiffi
2
5

p
j3
2
;3
2
ij1;0iþ

ffiffi
3
5

p
j3
2
;1
2
ij1;1i

Ξ�þ
c D�−

s

E

¼
ffiffiffi
3

5

r
μΞ�þ

c →Ξ0þ
c
: ð7Þ

Hence, the transition magnetic moment for the
Ξ�
cD̄�

s j5=2−i → Ξ0
cD̄�

s j3=2−iγ process can be connected

TABLE I. The magnetic moments and the transition magnetic
moments of the Ξ0ð�Þ

c baryons and the D̄�
s meson. The magnetic

moment and the transition magnetic moment are given in units of
μN , where μN denotes the nuclear magneton. The expressions for
the magnetic moments and the transition magnetic moments are
enclosed in the square brackets in the second column.

Quantities Our results Other results

μΞ0þ
c 0.654½2

3
μu þ 2

3
μs − 1

3
μc� 0.65 [126], 0.67 [127]

μΞ00
c

−1.208½2
3
μd þ 2

3
μs − 1

3
μc� −1.20 [128], −1.20 [127]

μΞ�þ
c

1.539½μu þ μs þ μc� 1.51 [129], 1.59 [104]
μΞ�0

c
−1.254½μd þ μs þ μc� −1.20 [117], −1.18 [107]

μD�−
s

−1.067½μc̄ þ μs� −1.00 [117], −1.08 [127]
μΞ�þ

c →Ξ0þ
c 0.199½

ffiffi
2

p
3
ðμuþμs−2μcÞ� 0.17 [86], 0.16 [130]

μΞ�0
c →Ξ00

c −1.117½
ffiffi
2

p
3
ðμdþμs−2μcÞ� −1.07 [117], −1.03 [117]

TABLE II. The expressions and numerical results of the
magnetic moments of the Ξ0

cD̄�
s molecular state with IðJPÞ ¼

1=2ð3=2−Þ and the Ξ�
cD̄�

s molecular state with IðJPÞ ¼
1=2ð5=2−Þ when only the S-wave component is considered.

Physical quantities Expressions Values

μI3¼1=2
Ξ0
cD̄�

s j3=2−i
μΞ0þ

c
þ μD�−

s
−0.414μN

μI3¼−1=2
Ξ0
cD̄�

s j3=2−i
μΞ00

c
þ μD�−

s
−2.275μN

μI3¼1=2
Ξ�
cD̄�

s j5=2−i
μΞ�þ

c
þ μD�−

s
0.472μN

μI3¼−1=2
Ξ�
cD̄�

s j5=2−i
μΞ�0

c
þ μD�−

s
−2.321μN
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to that of the Ξ�
c → Ξ0

cγ process. It should be noted that the
spatial wave functions of the initial and final states may
influence the transition magnetic moment, and this aspect
will be addressed in the subsequent subsection. Next, we
proceed to estimate the transition magnetic moment for the
Ξ�þ
c → Ξ0þ

c γ process, which can be obtained from the
expression

μΞ�þ
c →Ξ0þ

c
¼

D
χ

1ffiffi
3

p ð↓↓↑þ↑↓↓þ↓↑↓Þ
1ffiffi
2

p ðuscþsucÞ

���μ̂z���χ 1ffiffi
6

p ð2↑↑↓−↓↑↑−↑↓↑Þ
1ffiffi
2

p ðuscþsucÞ
E

¼
ffiffiffi
2

p

3
ðμu þ μs − 2μcÞ: ð8Þ

Table I presents the expressions and numerical values of
the transition magnetic moments for the Ξ�þ

c → Ξ0þ
c γ

and Ξ�0
c → Ξ00

c γ processes. The obtained results from our
analysis are in good agreement with the theoretical pre-
dictions reported in Refs. [86,117,130].
Based on the calculated transition magnetic moments for

the Ξ�þ
c → Ξ0þ

c γ and Ξ�0
c → Ξ00

c γ processes, we can deter-
mine the values of the transition magnetic moments
between the Ξ0

cD̄�
s molecule with IðJPÞ ¼ 1=2ð3=2−Þ

and the Ξ�
cD̄�

s molecular state with IðJPÞ ¼ 1=2ð5=2−Þ.
Specifically, we find that

μI3¼1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i ¼ 0.154μN;

μI3¼−1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i ¼ −0.866μN:

It should be noted that the magnitude of the transition
magnetic moment for the Ξ�0

c → Ξ00
c process is significantly

larger than that for the Ξ�þ
c → Ξ0þ

c process [117,130].
Consequently, the absolute value of μΞ�

cD̄�
s j5=2−i→Ξ0

cD̄�
s j3=2−i

with I3 ¼ −1=2 is considerably greater than that with
I3 ¼ 1=2.

2. The S-D wave mixing analysis

And then, we conduct further investigations on the
magnetic moments and the transition magnetic moments
of the Ξ0

cD̄�
s molecular state with IðJPÞ ¼ 1=2ð3=2−Þ and

the Ξ�
cD̄�

s molecule with IðJPÞ ¼ 1=2ð5=2−Þ by consider-
ing the additional contribution from the D-wave channels.
Our calculations encompass the following S-wave and
D-wave channels for the Ξ0

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecular state with
IðJPÞ ¼ 1=2ð5=2−Þ [81]

Ξ0
cD̄�

s j3=2−i∶ j4S3=2i; j2D3=2i; j4D3=2i;
Ξ�
cD̄�

s j5=2−i∶ j6S5=2i; j2D5=2i; j4D5=2i; j6D5=2i:

Here, we adopt the notation j2Sþ1LJi to denote the spin S,
orbital angular momentum L, and total angular momentum
J of the molecular state under consideration.

By considering the influence of the S-D wave-mixing
effect, we can derive the magnetic moment and the
transition magnetic moment of the molecular states through
the following deductionsX

i;j

μAi→Aj
hϕAj

jϕAi
i; ð9Þ

X
i;j

μBi→Aj
hϕAj

jϕBi
i; ð10Þ

respectively. In this context, A and B denote the two
molecular states under discussion, while ϕi represents the
spatial wave function of the respective ith channel.
When incorporating the contribution of the D-wave

channels to analyze the electromagnetic properties of the
molecular states, it is necessary to outline the procedure for
determining the magnetic moments and the transition
magnetic moments of the D-wave channels. In the case
of these specific D-wave channels, their spin-orbital wave
functions j2Sþ1LJi can be constructed by coupling the spin
wave function jS;mSi with the orbital wave function YL;mL

.
Explicitly, they can be expressed as

j2Sþ1LJi ¼
X
mS;mL

CJM
SmS;LmL

jS;mSiYL;mL
: ð11Þ

Thus, the magnetic moment of the Ξ0
cD̄�j2D3=2i channel

with I3 ¼ 1=2 is given by

μI3¼1=2
Ξ0
cD̄�j2D3=2i ¼

1

5

�
−
1

3
μΞ0þ

c
þ 2

3
μD�−

s
þ μLΞ0þ

c D�−
s

�

þ 4

5

�
1

3
μΞ0þ

c
−
2

3
μD�−

s
þ 2μLΞ0þ

c D�−
s

�

¼ 1

5
μΞ0þ

c
−
2

5
μD�−

s
þ 9

5
μLΞ0þ

c D�−
s
; ð12Þ

and the transition magnetic moment of the Ξ0
cD̄�j4D3=2i →

Ξ0
cD̄�j2D3=2i process with I3 ¼ 1=2 can be determined as

follows:

μI3¼1=2
Ξ0
cD̄�j4D3=2i→Ξ0

cD̄�j2D3=2i ¼ −
ffiffiffi
2

p

5

�
2

ffiffiffi
2

p

3
μΞ0þ

c
−

ffiffiffi
2

p

3
μD�−

s

�

−
2

ffiffiffi
2

p

5

�
2

ffiffiffi
2

p

3
μΞ0þ

c
−

ffiffiffi
2

p

3
μD�−

s

�

¼ −
4

5
μΞ0þ

c
þ 2

5
μD�−

s
: ð13Þ

By employing the aforementioned procedure, we can derive
the magnetic moments and the transitionmagnetic moments
of the D-wave channels included in our calculation.
By referring to Eqs. (9) and (10), the magnetic moments

and the transition magnetic moments of the hadronic
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molecules rely on the relevant mixing channel components
hϕAj

jϕAi
i and hϕBj

jϕAi
i during the S-D wave mixing

analysis. These components are associated with the binding
energies of the discussed molecular states. Since these
molecules have yet to be observed experimentally, we
adopt three representative binding energies, namely
−0.5 MeV, −6.0 MeV, and −12.0 MeV, to illustrate the
magnetic moments and the transition magnetic moments
for the Ξ0

cD̄�
s molecular state with IðJPÞ ¼ 1=2ð3=2−Þ

and the Ξ�
cD̄�

s molecule with IðJPÞ ¼ 1=2ð5=2−Þ.
The corresponding numerical results are presented in
Table III.
Regarding the obtained magnetic moments and transition

magnetic moments of the Ξ0
cD̄�

s molecule with IðJPÞ ¼
1=2ð3=2−Þ and the Ξ�

cD̄�
s molecular state with IðJPÞ ¼

1=2ð5=2−Þ after incorporating the contribution of the
D-wave channels, two important points should be
emphasized:

(i) The S-D wave-mixing effect does not significantly
influence the magnetic moments and the transition
magnetic moments of the Ξ0

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecule with
IðJPÞ ¼ 1=2ð5=2−Þ. This is due to the fact that the
S-wave channels predominantly contribute, with
probabilities exceeding 99%, and play a crucial role
in the formation of the loosely bound states for both
the Ξ0

cD̄�
s state with IðJPÞ ¼ 1=2ð3=2−Þ and the

Ξ�
cD̄�

s state with IðJPÞ ¼ 1=2ð5=2−Þ [81].
(ii) The electromagnetic properties of the Ξ0

cD̄�
s mol-

ecule with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s

molecular state with IðJPÞ ¼ 1=2ð5=2−Þ exhibit
minimal dependence on their respective binding
energies, as the relevant mixing-channel compo-
nents are not strongly affected by these binding
energies [81].

3. The coupled-channel analysis

Finally, we delve into the magnetic moments and the
transition magnetic moments of the hidden-charm molecu-
lar pentaquarks with double strangeness that were previ-
ously discussed, using the coupled channel analysis.
Specifically, we focus on the Ξ0

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð3=2−Þ. For this state, we consider the con-
tribution of the coupled-channel effect arising from the
Ξ0
cD̄�

s and Ξ�
cD̄�

s channels [81].
By taking into account the coupled-channel effect

involving two channels, denoted as A and B, we can
derive the magnetic moment of the molecular state

X
i;j

μAi→Aj
hϕAj

jϕAi
i þ

X
i;j

μBi→Bj
hϕBj

jϕBi
i

þ
X
i;j

μBi→Aj
hϕAj

jϕBi
i þ

X
i;j

μAi→Bj
hϕBj

jϕAi
i; ð14Þ

while the transition magnetic moment between the molecu-
lar states can be given by

X
i;j

μAi→CjhϕCj jϕAi
i þ

X
i;j

μAi→Dj
hϕDj

jϕAi
i

þ
X
i;j

μBi→CjhϕCj jϕBi
i þ

X
i;j

μBi→Dj
hϕDj

jϕBi
i: ð15Þ

After performing extensive and intricate calculations, we
can determine the magnetic moments and the transition
magnetic moments of the hidden-charm molecular penta-
quarks with double strangeness by utilizing the coupled-
channel analysis. The corresponding numerical results are
compiled in Table IV. In order to present a comprehensive
picture, we take three representative binding energies,
namely −0.5 MeV, −6.0 MeV, and −12.0 MeV, for the
discussed molecular states to present the corresponding
numerical results.TABLE III. The magnetic moments and the transition magnetic

moments of the Ξ0
cD̄�

s molecular state with IðJPÞ ¼ 1=2ð3=2−Þ
and the Ξ�

cD̄�
s molecular state with IðJPÞ ¼ 1=2ð5=2−Þ when

performing the S-D wave mixing analysis. Given that these
discussed molecules have not been observed in experiments, we
consider three representative binding energies, namely
−0.5 MeV, −6.0 MeV, and −12.0 MeV, for the investigated
molecules. The corresponding magnetic moments and transition
magnetic moments are listed in the third column.

I3 Physical quantities Values

1
2

μΞ0
cD̄�

s j3=2−i −0.414μN;−0.416μN;−0.416μN
μΞ�

cD̄�
s j5=2−i 0.472μN; 0.472μN; 0.472μN

μΞ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i 0.154μN; 0.154μN; 0.154μN

− 1
2

μΞ0
cD̄�

s j3=2−i −2.272μN;−2.264μN;−2.261μN
μΞ�

cD̄�
s j5=2−i −2.320μN;−2.319μN;−2.319μN

μΞ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i −0.865μN;−0.864μN;−0.864μN

TABLE IV. The magnetic moments and the transition magnetic
moments of these discussed hidden-charm molecular pentaquarks
with double strangeness when performing the coupled-channel
analysis. Given that these discussed molecules have not yet been
observed in experiments, we present the corresponding numerical
results for the investigated molecules using three representative
binding energies; −0.5 MeV, −6.0 MeV, and −12.0 MeV,
respectively, as listed in the second column.

Physical quantities Values

μI3¼1=2
Ξ0
cD̄�

s j3=2−i
−0.389μN;−0.335μN;−0.308μN

μI3¼−1=2
Ξ0
cD̄�

s j3=2−i
−2.305μN;−2.354μN;−2.370μN

μI3¼1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i
0.088μN;−0.039μN;−0.091μN

μI3¼−1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i
−0.866μN;−0.864μN;−0.862μN
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Upon incorporating the contribution of the coupled-
channel effect, the magnetic moments and the transition
magnetic moments of the hidden-charm molecular penta-
quarks with double strangeness undergo modifications.
One notable alteration is observed in the transition mag-
netic moment of the Ξ�

cD̄�
s j5=2−i → Ξ0

cD̄�
s j3=2−i process

with I3 ¼ 1=2, which can attain a substantial value of
0.245μN .
Considering that the thresholds of the Ξ�

cD̄�
s and Ω�

cD̄�
channels are in close proximity, the magnetic moment of the
Ξ�
cD̄�

s molecule with IðJPÞ ¼ 1=2ð5=2−Þmay be influenced
by the mixing with the Ω�

cD̄� channel. In the subsequent
analysis, we investigate the magnetic moment of the Ξ�

cD̄�
s

molecule with IðJPÞ ¼ 1=2ð5=2−Þ while taking into
account the mixing between the Ξ�

cD̄�
s and Ω�

cD̄� channels.
As a crucial piece of input information, it is imperative to
examine the mass spectrum of the coupled-channel system
comprising Ξ�

cD̄�
s=Ω�

cD̄�. In order to derive the effective
potentials in the coordinate space for the Ξ�

cD̄�
s=Ω�

cD̄�
coupled-channel system, we employ the one-boson-
exchangemodel in our calculations [9]. Initially, we express
the scattering amplitudes Mh1h2→h3h4 for the h1h2 → h3h4
scattering processes using the effective Lagrangian
approach. The relevant effective Lagrangians, which
describe the coupling of the heavy hadrons B�

6=D̄
� with

the light mesons, are constructed as follows [131–138]:

LB�
6
B�
6
σ ¼ lShB̄�

6μσB
�μ
6 i; ð16Þ

LB�
6
B�
6
P ¼ −i

3g1
2fπ

εμνλκvκhB̄�
6μ∂νPB

�
6λi; ð17Þ

LB�
6
B�
6
V ¼ βSgVffiffiffi

2
p hB̄�

6μv · VB
�μ
6 i

þ i
λSgVffiffiffi

2
p hB̄�

6μð∂μVν − ∂
νVμÞB�

6νi; ð18Þ

LD̄�D̄�σ ¼ 2gSD̄�
aμD̄

�μ†
a σ; ð19Þ

LD̄�D̄�P ¼ 2ig
fπ

vαεαμνλD̄
�μ†
a D̄�λ

b ∂
νPab; ð20Þ

LD̄�D̄�V ¼ −
ffiffiffi
2

p
βgVD̄�

aμD̄
�μ†
b v · Vab

− 2
ffiffiffi
2

p
iλgVD̄

�μ†
a D̄�ν

b ð∂μVν − ∂νVμÞab: ð21Þ

Here, v ¼ ð1; 0Þ is the four velocity under the nonrelativ-
istic approximation, and the matrices B�

6, P, and Vμ can be
written as

B�
6 ¼

0
BBB@

Σ�þþ
c

Σ�þ
cffiffi
2

p Ξ�þ
cffiffi
2

p

Σ�þ
cffiffi
2

p Σ�0
c

Ξ�0
cffiffi
2

p

Ξ�þ
cffiffi
2

p Ξ�0
cffiffi
2

p Ω�0
c

1
CCCA;

P ¼

0
BBB@

π0ffiffi
2

p þ ηffiffi
6

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
6

p K0

K− K̄0 −
ffiffi
2
3

q
η

1
CCCA;

Vμ ¼

0
BBB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCCA

μ

;

respectively. In addition, these coupling constants are
lS¼6.20, gS¼0.76, g1 ¼ 0.94, g ¼ 0.59, fπ ¼ 132 MeV,
βSgV ¼ 10.14, βgV ¼ −5.25, λSgV ¼ 19.2 GeV−1, and
λgV ¼ −3.27 GeV−1 [139]. And then, the effective poten-
tials in the momentum space Vh1h2→h3h4

E ðqÞ can be related
to the scattering amplitudes in terms of the Breit approxi-
mation, which can be written as Vh1h2→h3h4

E ðqÞ ¼
−Mh1h2→h3h4=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mh12mh22mh32mh4

p
. Finally, the effective

potentials in the coordinate space Vh1h2→h3h4
E ðrÞ can be

obtained by performing the Fourier transform, i.e.,

Vh1h2→h3h4
E ðrÞ¼R d3q

ð2πÞ3e
iq·rVh1h2→h3h4

E ðqÞF 2ðq2;m2
EÞ. In order

to account for the finite size of the discussed hadrons, we
introduce the monopole-type form factor F ðq2; m2

EÞ ¼
ðΛ2 −m2

EÞ=ðΛ2 − q2Þ in each interaction vertex. This
form factor accounts for the nonpointlike nature of the
particles involved. Using this standard approach, we deduce
the effective potentials in the coordinate space for the
Ξ�
cD̄�

s=Ω�
cD̄� coupled-channel system, which incorporate

the following interactions:

VΞ�
cD̄�

s→Ξ�
cD̄�

s ¼ −lSgSA1Yσ −
g1g
12f2π

½A2Or þA3Pr�Yη

−
ββSg2V
4

A1Yϕ

þ λλSg2V
6

½2A2Or −A3Pr�Yϕ; ð22Þ

VΞ�
cD̄�

s→Ω�
cD̄� ¼ −

g1g

2
ffiffiffi
2

p
f2π

½A2Or þA3Pr�YK0

−
ββSg2V
2

ffiffiffi
2

p A1YK�0

þ λλSg2V
3

ffiffiffi
2

p ½2A2Or −A3Pr�YK�0; ð23Þ

VΩ�
cD̄�→Ω�

cD̄� ¼ g1g
6f2π

½A2Or þA3Pr�Yη; ð24Þ

EXPLORING THE ELECTROMAGNETIC PROPERTIES OF THE … PHYS. REV. D 108, 034006 (2023)

034006-7



where Or ¼ 1
r2

∂

∂r r
2 ∂

∂r, Pr ¼ r ∂

∂r
1
r
∂

∂r, and the function Yi is
defined as

Yi ¼
e−mir − e−Λir

4πr
−
Λ2
i −m2

i

8πΛi
e−Λir: ð25Þ

Here, mi¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2−q2i

p
, Λi¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2−q2i

p
, and q0¼0.113GeV.

In the above effective potentials, we introduce three
operators, i.e.,

A1 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ðϵn1 · ϵ†b3 Þðϵ2 · ϵ†4Þχm1 ;

A2 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 ðϵn1 × ϵ†b3 Þ · ðϵ2 × ϵ†4Þχm1 ;

A3 ¼
X

a;b;m;n

C
3
2
;aþb
1
2
a;1b

C
3
2
;mþn
1
2
m;1n

χ†a3 Sðϵn1 × ϵ†b3 ; ϵ2 × ϵ†4; r̂Þχm1 ;

where Sðx; y; r̂Þ ¼ 3ðr̂ · xÞðr̂ · yÞ − x · y is the tensor-force
operator. In the concrete calculations, these operators should
be sandwiched by the spin-orbital wave functions of the
initial state and the final state, and the corresponding
operator matrix elements with J ¼ 5=2 are

A1 ¼ diagð1; 1; 1; 1Þ;

A2 ¼ diag

�
−1;

5

3
;
2

3
;−1

�
;

A3 ¼

0
BBBBBBBB@

0 2ffiffiffiffi
15

p
ffiffi
7

p
5
ffiffi
3

p − 2
ffiffiffiffi
14

p
5

2ffiffiffiffi
15

p 0
ffiffi
7

p
3
ffiffi
5

p − 4
ffiffi
2

pffiffiffiffiffiffi
105

pffiffi
7

p
5
ffiffi
3

p
ffiffi
7

p
3
ffiffi
5

p − 16
21

−
ffiffi
2

p
7
ffiffi
3

p

− 2
ffiffiffiffi
14

p
5

− 4
ffiffi
2

pffiffiffiffiffiffi
105

p −
ffiffi
2

p
7
ffiffi
3

p − 4
7

1
CCCCCCCCA
:

Based on the obtained effective potentials in the coordi-
nate space for the Ξ�

cD̄�
s=Ω�

cD̄� coupled-channel system,
we can discuss the bound state properties for the
Ξ�
cD̄�

s=Ω�
cD̄� coupled channel system with IðJPÞ ¼

1=2ð5=2−Þ by solving the coupled-channel Schrödinger
equation. Table V presents the solutions for the bound
states in the Ξ�

cD̄�
s=Ω�

cD̄� coupled-channel system with
IðJPÞ ¼ 1=2ð5=2−Þ. Notably, this calculation also provides
the probabilities associated with these involved channels,

which serve as the crucial input information for the dis-
cussion of the magnetic moment of the Ξ�

cD̄�
s=Ω�

cD̄�

coupled-channel system with IðJPÞ ¼ 1=2ð5=2−Þ.
Additionally, we obtain the magnetic moments μΩ0

c
¼

−1.018μN , μD̄0 ¼ 1.489μN , and μD− ¼ −1.303μN using
the constituent quark model. In Table VI, we compare
the calculated magnetic moments of the pure Ξ�

cD̄�
s mol-

ecule with IðJPÞ ¼ 1=2ð5=2−Þ and the mixed Ξ�
cD̄�

s=Ω�
cD̄�

molecule with IðJPÞ ¼ 1=2ð5=2−Þ. The obtained results
demonstrate that the influence of the Ω�

cD̄� channel on the
magnetic moment of the Ξ�

cD̄�
s molecule with IðJPÞ ¼

1=2ð5=2−Þ is negligible. This can be attributed to the
dominant contribution of the Ξ�

cD̄�
s channel, with a prob-

ability exceeding 80%, and the magnetic moment of the
Ξ�
cD̄�

s state with IðJPÞ ¼ 1=2ð5=2−Þ being remarkably
close to that of the Ω�

cD̄� state with IðJPÞ ¼ 1=2ð5=2−Þ.

B. The radiative decay behavior
of the Ξð0;�Þ

c D̄�
s molecules

The radiative decay process provides an ideal plat-
form for studying the electromagnetic properties of hadrons
experimentally. In the following analysis, we estimate the
radiative decay behavior between the Ξ0

cD̄�
s molecu-

lar state with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecule
with IðJPÞ ¼ 1=2ð5=2−Þ. In this process, denoted as
H → H0γ, the decay width ΓH→H0γ can be directly related
to the corresponding transition magnetic moment μH→H0

[90,92,98,103,109,111,115,117–122,125,140]. The gen-
eral relation can be expressed as

ΓH→H0γ ¼
E3
γ

M2
P

αEM
2JH þ 1

P
JH0z;JHz

�
JH0 1 JH
−JH0z 0 JHz

�
2

�
JH0 1 JH
−Jz 0 Jz

�
2

×
jμH→H0 j2

μ2N
; ð26Þ

where Jz ¼ MinfJH; JH0 g, the notation ðad b
e
c
fÞ stands for the

3j coefficient, αEM is the electromagnetic fine structure
constant with αEM ≈ 1=137, the proton massMP is taken to
be 0.938 GeV [88], and Eγ is the photon momentum, which
is defined by

TABLE V. Bound state solutions for the Ξ�
cD̄�

s=Ω�
cD̄� coupled-

channel system with IðJPÞ ¼ 1=2ð5=2−Þ.
ΛðGeVÞ EðMeVÞ rRMSðfmÞ PðΞ�

cD̄�
s=Ω�

cD̄�Þ
1.544 −0.536 3.746 97.129=2.871
1.575 −6.086 1.154 88.923=11.077
1.593 −12.188 0.813 84.560=15.440

TABLE VI. The magnetic moments of the pure Ξ�
cD̄�

s molecule
with IðJPÞ ¼ 1=2ð5=2−Þ and the mixed Ξ�

cD̄�
s=Ω�

cD̄� molecule
with IðJPÞ ¼ 1=2ð5=2−Þ.

I3ðJPÞ μΞ�
cD̄�

s
μΞ�

cD̄�
s =Ω�

cD̄�

1=2ð5=2−Þ 0.472μN 0.472μN
−1=2ð5=2−Þ −2.321μN −2.321μN
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Eγ ¼
M2

H −M2
H0

2MH
:

The derivation of the formula for the radiative decay width
associated with the corresponding transition magnetic
moment is provided in Appendix A. In this study, we
specifically investigate theHð5=2−Þ → H0ð3=2−Þγ process,
and the radiative decay width ΓHð5=2−Þ→H0ð3=2−Þγ can be
simplified as follows:

ΓHð5=2−Þ→H0ð3=2−Þγ ¼ αEM
E3
γ

M2
P

5

6

jμH→H0 j2
μ2N

: ð27Þ

In the previous subsection, we did not consider the
contribution of the spatial wave functions of the initial and
final states when discussing the transition magnetic
moments between the Ξ0

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecular state with
IðJPÞ ¼ 1=2ð5=2−Þ. If the momentum of the emitted
photon is extremely small, the spatial wave function of
the emitted photon, denoted as e−iq·rj , is approximately
equal to 1. As a result, the spatial wave functions of the
initial and final states do not significantly affect the
final results of the transition magnetic moment and
the radiative decay width when the momentum of the
emitted photon is particularly small and the overlap of the
spatial wave functions of the initial and final hadrons is
approximately equal to 1. This approximation has been
widely used to discuss the transition magnetic moments
and the radiative decay widths of transitions between
baryons or mesons, as demonstrated in previous references
[103,109,111,115,117–122,125]. For the Ξ�

cD̄�
s j5=2−i →

Ξ0
cD̄�

s j3=2−iγ process, the momentum of the emitted
photon is approximately 60 MeV. Therefore, in this
subsection, we will discuss the contribution of the spatial
wave functions of the initial and final states to the transition
magnetic moments and the radiative decay widths of the
Ξ�
cD̄�

s j5=2−i → Ξ0
cD̄�

s j3=2−iγ process. We will introduce
how to account for the contribution of the spatial wave
functions of the initial and final states in the calculation
of the transition magnetic moment and the radiative
decay width.
To accurately assess the impact of the spatial wave

functions of the initial and final states on the transition
magnetic moment and the radiative decay width, it is
necessary to incorporate the spatial wave function of the
emitted photon, denoted as e−iq·rj , into the helicity tran-
sition amplitude AM

Jfz;Jiz
associated with the magnetic

operator [141–143]. Thus, the expression for the helicity
transition amplitude becomes

AM
Jfz;Jiz

¼ i

ffiffiffiffiffi
Eγ

2

r
hψfj

X
j

ej
2Mj

σ̂j · ðϵ × q̂Þe−iq·rj jψ ii: ð28Þ

Hence, the primary objective is to evaluate the matrix
element hψfj

P
j

ej
2Mj

σ̂zje−iq·rj jψ ii when considering the

contribution of the spatial wave functions of the initial
and final states to the transition magnetic moment and the
radiative decay width. To simplify the analysis, we just
focus on the impact of these spatial wave functions of the
emitted photon, the initial hadron molecule, and the final
hadron molecule in the context of the general decay process
involving the two-body system in the following. For such
radiative decay process, we have

μ̂ ¼ μ̂1 þ μ̂2 ¼ μ1Ŝ1 þ μ2Ŝ2; ð29Þ

where Ŝ1 and Ŝ2 spin-operators normalized in such a way
that μ1 and μ2 give the magnetic momenta of particles 1 or 2
(or their transition magnetic momenta) when evaluating
over the first or second particle (or their transitions). In this
context, the matrix element hμ̂ðqÞi can be expressed as

hμ̂ðqÞi ¼ μ1hŜ1i
Z

d3rϕ�
fðrÞϕiðrÞei

M2
M1þM2

q·r

þ μ2hŜ2i
Z

d3rϕ�
fðrÞϕiðrÞe−i

M1
M1þM2

q·r: ð30Þ

Here, ϕiðrÞ and ϕfðrÞ represent the spatial wave functions
of the initial and final hadron molecules, respectively.
When considering the S-wave initial and final hadron
molecules, the matrix element hμ̂ðqÞi can be simplified to

hμ̂ðqÞi¼μ1hŜ1i
Z

dru�fðrÞuiðrÞj0
�
−

M2

M1þM2

qr

�

þμ2hŜ2i
Z

dru�fðrÞuiðrÞj0
�

M1

M1þM2

qr

�
: ð31Þ

Here, j0ðxÞ ¼ sin x=x is the spherical Bessel wave function
of l ¼ 0, while uiðrÞ and ufðrÞ are the reduced wave
functions of the initial and final states, which are related by

ϕiðrÞ ¼
uiðrÞ
r

Y00ðr̂Þ and ϕfðrÞ ¼
ufðrÞ
r

Y00ðr̂Þ: ð32Þ

For instance, in the case of the Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−iγ
process with I3 ¼ 1=2, the magnetic moment operator is

μ̂ ¼ μ1ŜT þ μ2Ŝ; ð33Þ

where ŜT is the spin-transition operator and Ŝ is the spin-1
operator. Thus, we can obtain

hμ̂ðqÞiΞ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−iγ
I3¼1=2

¼
ffiffiffi
3

5

r
μΞ�þ

c →Ξ0þ
c

Z
dru�fðrÞuiðrÞj0

�
−

M2

M1þM2

qr

�
: ð34Þ
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In the given expression, the transition magnetic moment
μΞ�þ

c →Ξ0þ
c

is determined to be 0.199μN . Therefore, we are

required to evaluate the factor
R
dru�fðrÞuiðrÞj0ð− M2

M1þM2
qrÞ.

In the actual calculations, we employ the accurate spatial
wave function of the molecular state obtained through
quantitative solutions of the Schrödinger equation. When
considering the S-wave initial and final hadronmolecules for
the Ξ�

cD̄�
s j5=2−i → Ξ0

cD̄�
s j3=2−iγ process with I3 ¼ 1=2,

the overlap of the spatial wave functions of the initial
molecule, the final molecule, and the emitted photonR
dru�fðrÞuiðrÞj0ð− M2

M1þM2
qrÞ is expected to be approxi-

mately 0.929, 0.988, and 0.992when considering the binding
energies of −0.5 MeV, −6.0 MeV, and −12.0 MeV for the
initial and final hadronmolecules, respectively. In fact, when
discussing the transition magnetic moment and the radiative
decay width, it is necessary to account for the contribution of
the spatial wave functions of the emitted photon, baryons,
mesons, and hadronicmolecules. InAppendixB, we provide
a detailed discussion regarding the contribution of the spatial
wave functions of the emitted photon, baryons, mesons, and
hadronic molecules when analyzing the transition magnetic
moment and the radiative decay width.
Based on the considerations mentioned above, we can

calculate the transition magnetic moments and the radiative
decay widths between the Ξ0

cD̄�
s molecular state with

IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�
cD̄�

s molecule with IðJPÞ ¼
1=2ð5=2−Þ when taking into account the contribution of the
spatial wave functions of the initial and final states.
However, since the binding energies of the Ξ0

cD̄�
s and

Ξ�
cD̄�

s molecules are not known experimentally, we con-
sider three representative binding energies: −0.5 MeV,
−6.0 MeV, and −12.0 MeV for the initial and final
molecules. These choices allow us to present numerical
results that span a range of binding energies.
In Table VII, we provide the transitionmagneticmoments

and the radiative decay widths between the Ξ0
cD̄�

s molecular
state with IðJPÞ ¼ 1=2ð3=2−Þ and the Ξ�

cD̄�
s molecule with

IðJPÞ ¼ 1=2ð5=2−Þ after incorporating the contribution of
the spatial wave functions of the initial and final states. We
analyze these results using three different scenarios; the
single-channel analysis, the S-Dwave mixing analysis, and
the coupled-channel analysis. Each scenario provides
insights into the transition magnetic moments and the
radiative decay widths from a distinct perspective.
As shown in Table VII, the radiative decay width of the

Ξ�
cD̄�

s j5=2−i → Ξ0
cD̄�

s j3=2−iγ process with I3 ¼ 1=2 is
much smaller than that with I3 ¼ −1=2, which is similar
to the radiative decay behavior of the Ξ�þ

c → Ξ0þ
c γ and

Ξ�0
c → Ξ00

c γ processes [117,130]. Furthermore, the transi-
tion magnetic moments and the radiative decay widths of
these discussed hidden-charm molecular pentaquarks with
double strangeness do not change too much with increasing
their binding energies [81]. In addition, the D-wave
component hardly affects the transition magnetic moments
and the radiative decay widths of the Ξ�

cD̄�
s j5=2−i →

Ξ0
cD̄�

s j3=2−iγ process.
To illustrate the impact of the spatial wave functions of

the emitted photon, baryons, mesons, and hadronic mol-
ecules on the transition magnetic moment and the radiative
decay width, we compare the obtained transition magnetic
moment for the Ξ�

cD̄�
s j5=2−i → Ξ0

cD̄�
s j3=2−i process with

I3 ¼ 1=2 under three different cases: (I) Neglecting the
spatial wave functions of the emitted photon, baryons,
mesons, and hadronic molecules; (II) Considering only the
spatial wave functions of the emitted photon and hadronic
molecules; and (III) Accounting for the spatial wave
functions of the emitted photon, baryons, mesons, and
hadronic molecules. The comparison results are presented
in Table VIII. By examining these results, we observe that
the spatial wave functions of the emitted photon, baryons,
mesons, and hadronic molecules have a minor effect on
the transition magnetic moment of the Ξ�

cD̄�
s j5=2−i →

Ξ0
cD̄�

s j3=2−i process with I3 ¼ 1=2. This can be attributed
to the relatively small momentum of the emitted photon,
which is approximately 60 MeV for this specific process.

TABLE VII. The transition magnetic moments and the radiative decay widths between the Ξ0
cD̄�

s molecule with IðJPÞ ¼ 1=2ð3=2−Þ
and the Ξ�

cD̄�
s molecule with IðJPÞ ¼ 1=2ð5=2−Þ after taking into account the contribution of the spatial wave functions of the initial and

final states. Here, the transition magnetic moment is in unit of μN , and the radiative decay width is in unit of keV. Since the Ξ0
cD̄�

s and
Ξ�
cD̄�

s molecules have not been observed experimentally, we consider three representative binding energies; −0.5 MeV, −6.0 MeV, and
−12.0 MeV for these molecules in our calculations. These choices allow us to explore the transition magnetic moments and the radiative
decay widths over a range of binding energies. By considering different binding energies, we can assess the sensitivity of the results to
the specific nature of the molecular states under investigation.

I3 Single-channel analysis S −D wave-mixing analysis Coupled-channel analysis

Transition magnetic moments
1=2 0.143, 0.150, 0.151 0.143, 0.150, 0.151 0.078;−0.041;−0.092
−1=2 −0.816;−0.854;−0.856 −0.814;−0.854;−0.856 −0.814;−0.855;−0.854

Radiative decay widths
1=2 0.041, 0.045, 0.046 0.041, 0.045, 0.045 0.012, 0.003, 0.017
−1=2 1.333, 1.460, 1.469 1.327, 1.463, 1.467 1.329, 1.464, 1.462
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III. THE ELECTROMAGNETIC PROPERTIES
OF THE Ωð�Þ

c D̄�
s MOLECULES

In our previous study [82], we have predicted the
existence of two molecular states: the ΩcD̄�

s molecule with
IðJPÞ ¼ 0ð3=2−Þ and the Ω�

cD̄�
s molecule with IðJPÞ ¼

0ð5=2−Þ. To gain insights into the inner structures of these
molecular states, it is crucial to investigate their electro-
magnetic properties.
Within the framework of the constituent quark model,

the procedure for calculating the magnetic moments and the
transition magnetic moments of the Ωð�Þ

c D̄�
s molecular

states is analogous to that of the Ξð0;�Þ
c D̄�

s molecular states.

The flavor wave functions of the Ωð�Þ0
c baryons can be

expressed as ssc, where s represents the strange quark and
c denotes the charm quark. The corresponding spin wave
functions jS; S3i can be written as

Ωc∶

( j 1
2
; 1
2
i ¼ 1ffiffi

6
p ð2↑↑↓ − ↓↑↑ − ↑↓↑Þ

j 1
2
;− 1

2
i ¼ 1ffiffi

6
p ð↓↑↓þ ↑↓↓ − 2↓↓↑Þ ;

Ω�
c∶

8>>>>><
>>>>>:

j 3
2
; 3
2
i ¼ ↑↑↑

j 3
2
; 1
2
i ¼ 1ffiffi

3
p ð↓↑↑þ ↑↓↑þ ↑↑↓Þ

j 3
2
;− 1

2
i ¼ 1ffiffi

3
p ð↓↓↑þ ↑↓↓þ ↓↑↓Þ

j 3
2
;− 3

2
i ¼ ↓↓↓

:

Table IX presents the expressions and numerical results
of the magnetic moments and the transition magnetic
moment of the Ωð�Þ

c baryons. We also compare these
obtained numerical results with other theoretical predic-
tions [103,104,115,117,129], and find that our obtained
values are consistent with those from other theoretical

studies [103,104,115,117,129]. Notably, the magnetic
moments of the Ω0

c and Ω�0
c are found to be very close

to each other, which is similar to the case of the magnetic
moments of the Ξ00

c and Ξ�0
c .

We proceed to investigate the magnetic moments, the
transition magnetic moment, and the radiative decay width
of the ΩcD̄�

s molecular state with IðJPÞ ¼ 0ð3=2−Þ and the
Ω�

cD̄�
s molecule with IðJPÞ ¼ 0ð5=2−Þ. In this case, the

flavor wave functions jI; I3i can be written as j0; 0i ¼
jΩð�Þ0

c D�−
s i, where I and I3 represent the isospins and the

isospin third components of the Ωð�Þ
c D̄�

s systems, respec-
tively. The spin wave functions jS; S3i can be constructed
by coupling the spin wave functions of the constituent
hadrons, as follows:

ΩcD̄�
s∶ jS; S3i ¼

X
SΩc ;SD̄�

s

CSS3
1
2
SΩc ;1SD̄�

s

���� 12 ; SΩc

�
j1; SD̄�

s
i;

Ω�
cD̄�

s∶ jS; S3i ¼
X

SΩ�c ;SD̄�
s

CSS3
3
2
SΩ�c ;1SD̄�

s

���� 32 ; SΩ�
c

�
j1; SD̄�

s
i:

Here, S and S3 represent the spins and the spin third

components of the Ωð�Þ
c D̄�

s systems, respectively. The
subscripts SΩc

, SΩ�
c
, and SD̄�

s
indicate the spin third

components of the Ωc, Ω�
c, and D̄�

s , respectively.
Similar to the case of the hidden-charm molecular

pentaquarks with double strangeness, we investigate the
electromagnetic properties of the ΩcD̄�

s molecular state
with IðJPÞ ¼ 0ð3=2−Þ and the Ω�

cD̄�
s molecular state with

IðJPÞ ¼ 0ð5=2−Þ. In our study, we consider three different
scenarios: the single-channel analysis, the S-D wave
mixing analysis, and the coupled-channel analysis.
When incorporating the S-D wave mixing effect,

we account for the allowed S-wave and D-wave chan-
nels j2Sþ1LJi for the ΩcD̄�

s molecular state with
IðJPÞ ¼ 0ð3=2−Þ and the Ω�

cD̄�
s molecular state with

IðJPÞ ¼ 0ð5=2−Þ [82]

ΩcD̄�
s j3=2−i∶ j4S3=2i; j2D3=2i; j4D3=2i;

Ω�
cD̄�

s j5=2−i∶ j6S5=2i; j2D5=2i; j4D5=2i; j6D5=2i:

TABLE VIII. The obtained transition magnetic moment of the
Ξ�
cD̄�

s j5=2−i → Ξ0
cD̄�

s j3=2−i process with I3 ¼ 1=2 when only
considering the S-wave component by following three cases:
(I) Neglecting the spatial wave functions of the emitted photon,
baryons, mesons, and hadronic molecules; (II) Considering only
the spatial wave functions of the emitted photon and hadronic
molecules; and (III) Accounting for the spatial wave functions of
the emitted photon, baryons, mesons, and hadronic molecules.
Since the discussed molecules are not yet observed in experi-
ments, we present the corresponding numerical results for three
representative binding energies; −0.5 MeV, −6.0 MeV, and
−12.0 MeV. By comparing these results, we aim to assess the
impact of the spatial wave functions of the emitted photon,
baryons, mesons, and hadronic molecules on the transition
magnetic moment.

Cases μI3¼1=2
Ξ�
cD̄�

s j5=2−i→Ξ0
cD̄�

s j3=2−i

(I) 0.154μN
(II) 0.143μN; 0.152μN; 0.153μN
(III) 0.143μN; 0.150μN; 0.151μN

TABLE IX. The magnetic moments and the transition magnetic
moment of the Ωð�Þ

c baryons. Here, the magnetic moment and the
transition magnetic moment are in units of μN , and the square
brackets in the second column represent the expressions of their
magnetic moments and transition magnetic moment.

Quantities Our results Other results

μΩ0
c

−1.051½4
3
μs − 1

3
μc� −1.127 [115],−0.960 [129]

μΩ�0
c

−1.018½2μs þ μc� −1.127 [115], −0.936 [117]
μΩ�0

c →Ω0
c −1.006½2

ffiffi
2

p
3
ðμs − μcÞ� −0.960 [104], −1.128 [103]
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Furthermore, it is also important to consider the contribu-
tion of the coupled-channel effect for the ΩcD̄�

s molecular
state with IðJPÞ ¼ 0ð3=2−Þ [82].
Table X provides the numerical results of the electro-

magnetic properties of the ΩcD̄�
s molecular state with

IðJPÞ ¼ 0ð3=2−Þ and the Ω�
cD̄�

s molecular state with
IðJPÞ ¼ 0ð5=2−Þ obtained through the single-channel
analysis, the S-D wave mixing analysis, and the
coupled-channel analysis. The calculations are performed
considering three representative binding energies;
−0.5 MeV, −6.0 MeV, and −12.0 MeV for the discussed
molecular states. In the analysis, we also account for the
contribution of the spatial wave functions of the initial and
final states to determine the transition magnetic moment
and the radiative decay width of the Ω�

cD̄�
s j5=2−i →

ΩcD̄�
s j3=2−iγ process.

From Table X, we can find several interesting results:
(1) The magnetic moments of the Ω0

c and Ω�0
c baryons

are found to be very close to each other, which
indicates that the magnetic moments of the ΩcD̄�

s

molecular state with IðJPÞ ¼ 0ð3=2−Þ and the Ω�
cD̄�

s

molecular state with IðJPÞ ¼ 0ð5=2−Þ are nearly
identical. Moreover, the radiative decay width of the
Ω�

cD̄�
s j5=2−i → ΩcD̄�

s j3=2−iγ process is estimated
to be approximately 1.00 keV.

(2) The S-D wave mixing effect has a negligible impact
on the magnetic moments, the transition magnetic
moment, and the radiative decay width of the ΩcD̄�

s

molecular state with IðJPÞ ¼ 0ð3=2−Þ and the Ω�
cD̄�

s

molecular state with IðJPÞ ¼ 0ð5=2−Þ. After con-
sidering the contribution of the D-wave channels,
the changes in their magnetic moments and tran-
sition magnetic moment are less than 0.005μN . The
main reason is that the S-D wave mixing effect can
be ignored for the formation of the ΩcD̄�

s molecular
state with IðJPÞ ¼ 0ð3=2−Þ and the Ω�

cD̄�
s molecular

state with IðJPÞ ¼ 0ð5=2−Þ [82].
(3) The coupled-channel effect has a minor influence on

the electromagnetic properties of these discussed

hidden-charm molecular pentaquarks with triple
strangeness. After considering the coupled-channel
effect, the changes in their magnetic moments and
transition magnetic moment are less than 0.09μN .

Furthermore, there are several similarities in the electro-
magnetic properties of these discussed hidden-charm
molecular pentaquarks with double strangeness and tri-
ple strangeness. In particular, the numerical results of
μΞ0

cD̄�
s j3=2−i, μΞ�

cD̄�
s j5=2−i, and μΞ�

cD̄�
s j5=2−i→Ξ0

cD̄�
s j3=2−i with I3 ¼

−1=2 are close to those of μΩcD̄�
s j3=2−i, μΩ�

cD̄�
s j5=2−i, and

μΩ�
cD̄�

s j5=2−i→ΩcD̄�
s j3=2−i with I3 ¼ 0, respectively, since the

magnetic moments and the transition magnetic moment of

the Ξ0ð�Þ0
c baryons are similar to those of the Ωð�Þ0

c baryons.

IV. SUMMARY

Since the discovery of the hidden-charm pentaquark
structures Pcð4380Þ and Pcð4450Þ by the LHCb
Collaboration in 2015 [23], the study of the hidden-charm
molecular pentaquarks has become a prominent focus in
the field of hadron physics [7–11,14,15,17,19,21,22].
Subsequently, significant progress has been achieved
on both the theoretical and experimental fronts in recent
years. Researchers have made remarkable advancements in
investigating the mass spectrum, decay behavior, and
production mechanism of various types of hidden-charm
molecular pentaquarks. These investigations have yielded
valuable insights to deepen our understanding of the nature
of the hidden-charm molecular pentaquarks. However, it is
important to note that there is still much more to explore
and uncover in this captivating research area.
In previous works [81,82], the Lanzhou group predicted

the existence of the hidden-charm molecular pentaquark
candidates with double strangeness and triple strangeness

by investigating the Ξð0;�Þ
c D̄ð�Þ

s and Ωð�Þ
c D̄ð�Þ

s interactions,
providing their corresponding mass spectra. Motivated by
these predictions, our current study aims to investigate the
electromagnetic properties of these hidden-charm molecu-
lar pentaquark candidates. Specifically, we focus on their

TABLE X. The magnetic moments, the transition magnetic moment, and the radiative decay width of the ΩcD̄�
s molecular state with

IðJPÞ ¼ 0ð3=2−Þ and the Ω�
cD̄�

s molecular state with IðJPÞ ¼ 0ð5=2−Þ by performing the single-channel, S −D wave mixing, and
coupled-channel analysis, respectively. For the transition magnetic moment and the radiative decay width of the Ω�

cD̄�
s j5=2−i →

ΩcD̄�
s j3=2−iγ process, we consider the contribution of the spatial wave functions of the initial and final states. Given the absence of

experimental evidence for the discussed molecules, we consider three representative binding energies, namely −0.5 MeV, −6.0 MeV,
and −12.0 MeV, for the analyzed molecular states. These binding energies are utilized to present the corresponding numerical results in
order to provide insights into the electromagnetic properties of theΩcD̄�

s molecular state with IðJPÞ ¼ 0ð3=2−Þ and theΩ�
cD̄�

s molecular
state with IðJPÞ ¼ 0ð5=2−Þ.
Physical quantities Single-channel analysis S-D wave-mixing analysis Coupled-channel analysis

μΩcD̄�
s j3=2−i −2.118μN −2.117μN;−2.117μN;−2.117μN −2.152μN;−2.190μN;−2.199μN

μΩ�
cD̄�

s j5=2−i −2.085μN −2.084μN;−2.084μN;−2.084μN /
μΩ�

cD̄�
s j5=2−i→ΩcD̄�

s j3=2−i −0.739μN;−0.768μN;−0.770μN −0.734μN;−0.768μN;−0.769μN −0.743μN;−0.787μN;−0.789μN
ΓΩ�

cD̄�
s j5=2−i→ΩcD̄�

s j3=2−iγ 1.305 keV, 1.410 keV, 1.415 keV 1.288 keV, 1.408 keV, 1.412 keV 1.320 keV, 1.479 keV, 1.489 keV
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magnetic moments, transition magnetic moments, and
radiative decay behavior, as these physical quantities offer
important insights into their underlying structures. Our
analysis takes into account various effects, such as the S-D
wave-mixing effect and the coupled-channel effect. It is
important to note that this investigation serves as an initial
exploration into the electromagnetic properties of the

Ξð0;�Þ
c D̄�

s and Ωð�Þ
c D̄�

s molecular states. Further theoretical
studies employing different approaches and models are
encouraged to delve deeper into this topic. Moreover, the
experimental measurements of the electromagnetic proper-
ties of these discussed hidden-charm molecular penta-
quarks with double strangeness and triple strangeness
will pose significant challenges for the future research.
The electromagnetic properties of hadrons play the

crucial role in revealing their inner structures, allowing
for the distinction of their spin-parity quantum numbers and
configurations. While the electromagnetic properties of the
hidden-charm molecular pentaquark states with double
strangeness and triple strangeness have been studied, it
is equally important to investigate the electromagnetic
properties of the nonmolecular hidden-charm pentaquarks
with double strangeness and triple strangeness in the future.
Such investigations would contribute to discerning the
nature of these hidden-charm pentaquarks more accurately.
Currently, our understanding of the electromagnetic proper-
ties of the compact hidden-charm pentaquarks with double
strangeness and triple strangeness remains limited.
Therefore, the further theoretical exploration of their
electromagnetic properties is highly encouraged, as it
may provide valuable insights for constructing a compre-
hensive picture of the cluster composed of the hidden-
charm pentaquark states with double strangeness and triple
strangeness.
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APPENDIX A: THE DERIVATION OF THE
FORMULA FOR THE RADIATIVE DECAY
WIDTH RELATED TO THE TRANSITION

MAGNETIC MOMENT

In this appendix, we derive the formula for the radiative
decay width related to the corresponding transition mag-
netic moment. According to Refs. [141–143], the helicity

transition amplitude AM
Jfz;Jiz

for the magnetic operator
between the initial state jJi; Jizi and the final state
jJf; Jfzi can be written as

AM
Jfz;Jiz

¼ i

ffiffiffiffiffi
Eγ

2

r
hJf; Jfzj

X
j

ej
2Mj

σ̂j · ðϵ × q̂jJi; Jizi; ðA1Þ

where Eγ is the momentum of the emitted photon. Here, we
need to specify that the spatial wave function of the emitted
photon e−iq·rj was not included in the above expression. For
the convenience of calculation, we choose the Pauli spin
operator along the z axial, the above expression can be
simplified to

AM
Jfz;Jiz

¼ i

ffiffiffiffiffi
Eγ

2

r
hJf; Jfzjμ̂zjJi; Jizi ðA2Þ

with μ̂z ¼
P

j
ej
2Mj

σ̂zj. Furthermore, the radiative decay

width can be given by [141–143]

Γ ¼ E2
γ

π

2

2Ji þ 1

X
Jfz;Jiz

jAM
Jfz;Jiz

j2

¼ E2
γ

π

2

2Ji þ 1

X
Jfz;Jiz

Eγ

2
jhJf; Jfzjμ̂zjJi; Jizij2

¼ αEM
E3
γ

M2
P

1

2Ji þ 1

X
Jfz;Jiz

jhJf; Jfzjμ̂zjJi; Jizij2
μ2N

: ðA3Þ

In the above expression, we use αEM ¼ e2=4π and
μN ¼ e=2MP. Thus, the width ΓH→H0γ of the radiative
decay process H → H0γ can be expressed as1

ΓH→H0γ ¼ αEM
E3
γ

M2
P

1

2JH þ 1

X
JH0z;JHz

jhJH0 ; JH0zjμ̂zjJH; JHzij2
μ2N

:

ðA4Þ

To explicitly write out the expression for the radiative
decay width ΓH→H0γ related to the corresponding transition
magnetic moment μH→H0 , we need to derive the relation
between hJH0 ; JH0zjμ̂zjJH; JHzi and μH→H0 . According to
the Wigner-Eckart theorem [144], the expectation value
hJH0 ; JH0zjμ̂zjJH; JHzi can be written as

1Here, we need to specify that the formulas for the radiative
decay width related to the transition magnetic moment in
Refs. [92,98] can only be used to discuss several special decay
processes, such as the 1=2 → 1=2þ γ process, the 3=2→ 1=2þ γ
process, and so on.
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hJH0 ; JH0zjμ̂zjJH; JHzi

¼ ð−1ÞJH0−JH0z

�
JH0 1 JH
−JH0z 0 JHz

�
hJH0 jjμ̂zjjJHi; ðA5Þ

where the notation ðad b
e
c
fÞ stands for the 3j coefficient, and

the factor hJH0 jjμ̂zjjJHi is called the reduced matrix
element, which does not depend on JHz and JH0z. From
the expression of the transition magnetic moment μH→H0 ,
we can find

μH→H0 ¼ hJH0 ; Jzjμ̂zjJH; Jzi

¼ ð−1ÞJH0−Jz

�
JH0 1 JH
−Jz 0 Jz

�
hJH0 jjμ̂zjjJHi ðA6Þ

with Jz ¼ MinfJH; JH0 g. Thus, the reduced matrix element
hJH0 jjμ̂zjjJHi can be expressed as

hJH0 jjμ̂zjjJHi ¼
μH→H0

ð−1ÞJH0−Jz

�
JH0 1 JH
−Jz 0 Jz

� : ðA7Þ

From the above discussion, we can obtain the relation
between hJH0 ; JH0zjμ̂zjJH; JHzi and μH→H0 , i.e.,

hJH0 ; JH0zjμ̂zjJH; JHzi

¼ ð−1ÞJH0−JH0z

�
JH0 1 JH
−JH0z 0 JHz

�
hJH0 jjμ̂zjjJHi

¼ ð−1ÞJH0−JH0z

�
JH0 1 JH
−JH0z 0 JHz

�

×
μH→H0

ð−1ÞJH0−Jz

�
JH0 1 JH
−Jz 0 Jz

� : ðA8Þ

Considering the relation between hJH0 ; JH0zjμ̂zjJH; JHzi and
μH→H0 , the radiative decay width ΓH→H0γ of the H → H0γ
process can be expressed as

ΓH→H0γ ¼ αEM
E3
γ

M2
P

1

2JH þ 1

X
JH0z;JHz

jhJH0 ; JH0zjμ̂zjJH; JHzij2
μ2N

¼ E3
γ

M2
P

αEM
2JH þ 1

P
JH0z;JHz

�
JH0 1 JH
−JH0z 0 JHz

�
2

�
JH0 1 JH
−Jz 0 Jz

�
2

×
jμH→H0 j2

μ2N
: ðA9Þ

Based on the preceding discussion, we have obtained the
relation between the radiative decay width and the corre-
sponding transition magnetic moment. This connection is
established through the utilization of the two 3j

coefficients. To further simplify the aforementioned rela-
tion, we proceed by evaluating the two 3j coefficients. In
the case of the M1 radiative decay for the H → H0γ
process, the total angular-momentum quantum numbers
of the initial and final hadron states adhere to the condition
JH ¼ JH0 or JH ¼ JH0 � 1. Consequently, by considering
these constraints, we are able to determine the specific
values of the two 3j coefficients

X
JH0z;JHz

�
JH0 1 JH
−JH0z 0 JHz

�
2

¼ 1

3
; ðA10Þ

�
JH0 1 JH
−Jz 0 Jz

�
2

¼

8>><
>>:

JH
ðJHþ1Þð2JHþ1Þ for JH ¼ JH0 ;

1
JHð2JHþ1Þ for JH ¼ JH0 þ 1;

1
JH0 ð2JH0þ1Þ for JH ¼ JH0 − 1:

ðA11Þ

Based on the aforementioned analysis, we can simplify the
relation between the radiative decay width and the corre-
sponding transition magnetic moment to the following
expression:

ΓH→H0γ ¼

8>>>>><
>>>>>:

αEM
E3
γ

3M2
P

JHþ1
JH

jμH→H0 j2
μ2N

for JH ¼ JH0 ;

αEM
E3
γ

3M2
P
JH

jμH→H0 j2
μ2N

for JH ¼ JH0 þ 1;

αEM
E3
γ

3M2
P

JH0 ð2JH0þ1Þ
2JHþ1

jμH→H0 j2
μ2N

for JH ¼ JH0 − 1:

ðA12Þ

Hence, with the obtained transition magnetic moment, we
can now utilize the aforementioned relation to directly
examine the radiative decay width of theH → H0γ process.

APPENDIX B: THE CONTRIBUTION OF THE
SPATIAL WAVE FUNCTIONS OF THE INITIAL
AND FINAL STATES FOR THE TRANSITION
MAGNETIC MOMENT AND THE RADIATIVE

DECAY WIDTH

This appendix provides a comprehensive analysis of the
contributions from the spatial wave functions of the emitted
photon, baryons, mesons, and hadronic molecules to both
the transition magnetic moment and the radiative decay
width.
As depicted in Fig. 1, the spatial wave functions of the

hadronic molecular states are examined using the Jacobi
coordinatesR ¼ ρ; λ; τ; δ. These coordinates are employed
to define the spatial distributions of the respective wave
functions
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ρ ¼ r2 − r1;

λ ¼ r3 −
m1r1 þm2r2
m1 þm2

;

τ ¼ r5 − r4;

δ ¼ m4r4 þm5r5
m4 þm5

−
m1r1 þm2r2 þm3r3

m1 þm2 þm3

; ðB1Þ

and the spatial wave functions of the initial and final hadron
states can be explicitly expressed as ϕðρÞϕðλÞϕðτÞϕðδÞ.

On the other hand, the coordinates of the quarks
rjðj ¼ 1–5Þ can be written as

rj ¼
X
n

αjnRn ¼ αj1ρþ αj2λþ αj3τ þ αj4δ: ðB2Þ

Thus, the q · rj can be expanded by

q · rj ¼ αj1q · ρþ αj2q · λþ αj3q · τ þ αj4q · δ: ðB3Þ
For the sake of convenience, we utilize a matrix represen-
tation to present the variable α, which is defined as

α ¼

0
BBBBBBBBBBBBBBBB@

−
m2

m1 þm2

−
m3

m1 þm2 þm3

0 −
m4 þm5

m1 þm2 þm3 þm4 þm5

m1

m1 þm2

−
m3

m1 þm2 þm3

0 −
m4 þm5

m1 þm2 þm3 þm4 þm5

0
m1 þm2

m1 þm2 þm3

0 −
m4 þm5

m1 þm2 þm3 þm4 þm5

0 0 −
m5

m4 þm5

m1 þm2 þm3

m1 þm2 þm3 þm4 þm5

0 0
m4

m4 þm5

m1 þm2 þm3

m1 þm2 þm3 þm4 þm5

1
CCCCCCCCCCCCCCCCA

: ðB4Þ

To describe the spatial wave functions of the baryons and
mesons, we take the simple harmonic oscillator (SHO)
wave function, i.e.,

ϕn;l;mðβ; rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n!
Γðnþ lþ 3

2
Þ

s
L
lþ1

2
n ðβ2r2Þβlþ3

2

× e−
β2r2

2 rlYlmðΩÞ; ðB5Þ

where YlmðΩÞ is the spherical harmonic function, L
lþ1

2
n ðxÞ is

the associated Laguerre polynomial, while n, l, and m are

the radial, orbital, and magnetic quantum numbers of the
hadron, respectively. The parameter β in Eq. (B5) corre-
sponds to the SHO wave function and has been approx-
imately estimated to be around 0.4 GeV in previous
theoretical studies [145,146]. In this work, we adopt this
value for consistency. However, it is worth noting that the
transition magnetic moment and the radiative decay width
may exhibit slight variations when scanning the β value
within the range of 0.3 GeV to 0.5 GeV. For the hadronic
molecular state, which represents a loosely bound system,
the spatial wave function (the δ-degree of freedom in
Fig. 1) significantly deviates from the SHO wave function.
Hence, we derive the accurate spatial wave function for the
molecular state by quantitatively solving the Schrödinger
equation.
Furthermore, we employ the following equations [144]

to expand the spatial wave function of the emitted photon,
denoted as e−iq·rj

e−iq·rj ¼ e−i
P

n
αjnq·Rn ¼

Y
n

e−iαjnq·Rn ; ðB6Þ

e−iαjnq·Rn ¼
X∞
l¼0

Xl

m¼−l
4πð−iÞljlðαjnqRnÞ

× Y�
lmðΩqÞYlmðΩRn

Þ: ðB7Þ

FIG. 1. The Jacobi coordinates of the Ξð0;�Þ
c D̄�

s=Ω
ð�Þ
c D̄�

s-type
hadronic molecular states. Here, n stands for the up-quark or the
down-quark, s represents the strange quark, and c denotes the
charm quark.
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Here, jlðxÞ is the spherical Bessel function. In the S-wave scheme, there only exists the l ¼ 0 part, which leads to the
following relation:

hϕ0;0;0ðβ0;RnÞje−iαjnq·Rn jϕ0;0;0ðβ;RnÞi ¼
Z

ϕ0;0;0ðβ0;RnÞj0ðαjnqRnÞϕ0;0;0ðβ;RnÞd3Rn

¼ 2
ffiffiffi
2

p ðβ0βÞ3=2
ðβ02 þ β2Þ3=2 e

−
α2
jn

q2

2ðβ02þβ2Þ: ðB8Þ

Based on the above discussion, we can perform a comprehensive analysis of the contributions from the spatial wave
functions of the emitted photon, baryons, mesons, and hadronic molecules to the transition magnetic moment and the
radiative decay width.
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