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We analyze the two purely isospin-violating decaysΛb → Σ0ϕ and Λb → Σ0J=ψ , proceeding merely via
the exchange topologies, in the framework of the perturbative QCD approach. Assuming Σ0 baryon
belongs to the idealized isospin triplet with quark components of usd, the branching ratios of the two decay
modes are predicted to be tiny, of the order 10−8 − 10−9, leading to difficulty in observing them. We then
extend our study to include the Σ − Λ mixing. It is found that the mixing has significant effect on the
Λb → Σ decays, especially it can greatly increase the rate of the J=ψ process, by as much as two orders of
magnitude, yield 10−7, which should be searchable in the future. We also estimate a set of asymmetry
observables with and without the mixing effect, which will be tested in coming experiments.
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I. INTRODUCTION

Isospin symmetry is an approximate symmetry in the
Standard model (SM) which has been widely used in the
phenomenological analysis of heavy quark decays. For
example, the amplitudes for the family of B → Kπ decays
are expected to obey a quadrilateral relation imposed by
isospin symmetry [1–4], which allow us to constrain the
SM parameters, and to look for signs of new physics (NP).
Based on isospin arguments, the difference between the
direct CP asymmetries for the modes Bþ → Kþπ0 and
B0 → Kþπ− are expected to be zero at the leading order in
the SM [5], as the two decays differ only by the spectator
quark. Nevertheless, a nonzero CP asymmetry difference
with a significance of more than six standard deviations (σ)
was observed in the latest measurements of LHCb [6],
suggests a violation of the strong isospin symmetry may
beyond the SM expectation, which was referred to as the
longstanding “Kπ puzzle” [7–11].
To resolve above puzzle, a sizeable electroweak (EW)

penguin contribution, offering an attractive avenue for new
particles to enter, will be requested [12–16]. In the beauty-
hadron decays aspect, the EW penguin contributions are
usually overshadowed by the larger QCD penguins. For this
reason, it is of particular interest to consider those purely

isospin-violating decays, in which the isospin-conserving
QCD penguin amplitudes do not contribute at all.
The representative examples in hadronic Bmeson decays

are the B̄s → ðη; η0;ϕÞðπ; ρÞmodes [17–19], whose branch-
ing ratios were predicted to be relatively small in the
SM, of order 10−8–10−7 [20–30]. The inclusion of NP
effects [31–34] in EW penguin greatly increases their rates
by an order of magnitude with respect to the SM pre-
dictions, making these decays are interesting for LHCb and
future B factories searches. Up to now, only the 4σ evidence
for B0

s → ϕρ0 was seen by LHCb with a branching fraction
of ð2.7� 0.8Þ × 10−7 [35], which is compatible with its
SM expectation albeit still with a significant uncertainty.
This consistency leaves little room for NP contributions
and motivates us to explore further information from other
hadronic decays which are also sensitive to EW penguin
contributions.
In the b-baryon sector, the similar promising processes

are the Λb → Σ0ϕ;Σ0J=ψ decays, which received less
attention in the literature. Since Λb is an isospin singlet
while the final state have total isospin I ¼ 1, these
processes thus also fully break isospin symmetry. Their
amplitudes receive contributions from the tree and EW
penguin operators, which are isospin-violating. By contrast
for the QCD penguin operators, which preserve isospin
symmetry, do not affect these processes. In the SM, isospin
violation arises from the quark mass difference md −mu

and from electromagnetic corrections [36]. In this case, the
QCD-penguin operators can contribute through the isospin-
conserving amplitudes if the Σ − Λ mixing under strong
isospin-symmetry breaking is permitted [37].
The factorization approach (FA) and the diquark approx-

imation failed in describing such purely isospin-violating
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decays because the Λb → Σ0 transition is forbidden
due to the orthogonality of the Λb and Σ0 spin functions.
They can only proceed via the exchange diagrams, thus the
observations of them would provide valuable information
on the role of exchange topologies in b-baryon weak
decays. This poses serious challenges to precise theoretical
calculations based on factorization. However, FA is not
necessary in the perturbative QCD (PQCD) approach [38].
Except for the factorizable diagrams, one can valuate all
relevant Feynman diagrams including the exchange
topologies in a self-consistent manner. In PQCD factori-
zation [39], the decay amplitude for a exclusive process is
obtained as a convolution of a perturbative kernel and the
nonperturbative hadronic light-cone distribution ampli-
tudes (LCDAs). After summing the large logarithms
associated with parton transverse momenta, the PQCD
formalism with Sudakov suppression can give converging
results and have predictive power. Therefore, it can serve
as a useful tool for investigating the heavy bottom
decays [22,40–44]. Inspired by the success of the PQCD
approach in various weak decays of Λb baryon [45–55], in
this work we shall perform a phenomenological analysis
of the above two purely isospin-violating decays and
explore the exchange topological contribution inside.
The Σ − Λ mixing effects in the two reactions are also
investigated.
The rest of the paper is organized as follows. We briefly

review the LCDAs, kinematics, and the Σ − Λ mixing
phenomenon in Sec. II. The numerical analysis including
the results for the decay amplitudes, branching ratios and
various asymmetry parameters are presented in Sec. III.
Section IV is reserved for a summary and conclusions.
Finally, we give the explicit expressions of the factorization
formulas in the Appendix.

II. THEORETICAL FRAMEWORK

A. Light-cone distribution amplitudes

The LCDAs are primary nonperturbative quantities for
calculating the heavy baryon decays based on the PQCD
approach, which can be constructed via the nonlocal matrix
elements. We now summarize the definitions of the LCDAs
for the initial and final states.
Heavy baryons containing a b-quark can be regarded as a

system of an effective heavy quark and a pair of light
quarks with aligned helicities, called diquark in the heavy
quark limit. The heavy quarks are nonrelativistic particles
which decouple from the diquark in the leading order
of the heavy quark mass expansion. The investigation of
heavy-baryon distribution amplitudes has made brilliant
progress [56–61] since the complete classification and
renormalization group equations (RGE) that govern the
scale-dependence are presented [57]. Following Ref. [58],
the Λb baryon LCDAs up to twist-4 accuracy in the
momentum space is defined by

ðΨΛb
Þαβγðxi; μÞ ¼

1

8Nc
ffð1ÞΛb

ðμÞ½M1ðx2; x3Þγ5CT �γβ

þ fð2ÞΛb
ðμÞ½M2ðx2; x3Þγ5CT �γβg½ΛbðpÞ�α;

ð1Þ

where ΛbðpÞ is the spinor of the Λb baryon with on-shell
momentump and α, β, γ are Dirac indices. The variables x2,
x3 are the momentum fractions carried by the quarks u, d,
respectively. Nc is the number of colors. C is the charge
conjugation matrix with the properties CγTμC−1 ¼ −γμ and
CγT5C

−1 ¼ γ5 and the superscript T indicates a transposition
in the spinor space. The color antisymmetrization, which is
needed to form a color singlet, is not written out explicitly

but implied. The two couplings fð1;2ÞΛb
are expected to be

equal due to a nonrelativistic constituent quark picture of the
Λb [57]. For their numerical values we quote the result

in [51]: fð1ÞΛb
≈ fð2ÞΛb

≡ fΛb
¼ 0.021� 0.004 GeV3, at the

scale μ ¼ 1 GeV. M1 and M2 are the chiral-even and
-odd projectors, respectively, which read

M1ðx2; x3Þ ¼
=v=n
4
Ψþ−

3 ðx2; x3Þ þ
=n=v
4
Ψ−þ

3 ðx2; x3Þ;

M2ðx2; x3Þ ¼
=nffiffiffi
2

p Ψ2ðx2; x3Þ þ
=vffiffiffi
2

p Ψ4ðx2; x3Þ; ð2Þ

where n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ are dimensionless
vectors on the light cone, satisfying n · v ¼ 1. The above
definition indicates the daughter baryonmomentum is along
the n direction in the massless limit. Several asymptotic
models for the various twist LCDAs, in which the twist is
indicated by the subscript numbers, have been proposed in
Refs. [56–58] and summarized in Ref. [51]. We adopt the
exponential model, whose explicit expressions can be found
in the previous work [51,53,54] and shall not be repeated
here. The twist 2 and twist 4 LCDAs are symmetric under
exchange of x2 and x3, while the two twist 3 ones do not
have any definite symmetry but satisfy Ψþ−

3 ðx2; x3Þ ¼
Ψ−þ

3 ðx3; x2Þ because of the isospin zero condition for the
diquark.
Similar to the Λ0 case, the nonlocal matrix element

associated with the Σ0 baryon is decomposed into three
terms to leading twist accuracy:

ðΨΣÞαβγðk0i; μÞ ¼
1

8
ffiffiffi
2

p
Nc

fðp 0CÞβγ½γ5Σðp0Þ�αΦVðk0i; μÞ

þ ðp 0γ5CÞβγ½Σðp0Þ�αΦAðk0i; μÞ
þ ðiσμνp0νCÞβγ½γμγ5Σðp0Þ�αΦTðk0i; μÞg;

ð3Þ

with σμν ¼ i½γμ; γν�=2. Σðp0Þ is the Σ baryon spinor that
satisfies the Dirac equation p 0Σðp0Þ ¼ mΣΣðp0Þ with
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momentum p0 and mass mΣ. ΦV , ΦA and ΦT are the
vector, axial-vector and tensor structure LCDAs, respec-
tively. Their explicit expressions have been studied using
QCD sum rules [62–65] and lattice QCD [66–68].
Quite recently, the one-loop perturbative contributions
to LCDA of a light baryon has been derived in

large-momentum effective theory [69], which provides
a first step to obtaining the LCDA from first principle
lattice QCD calculations in the future. In this work, we
adopt the Chernyak-Ogloblin-Zhitnitsky (COZ) model
for the Σ0 baryon LCDAs at the scale μ ¼ 1 GeV
proposed in Ref. [62]

ΦVðx01; x02; x03Þ ¼ 42fΣϕasy½0.3ðx022 þ x023 Þ þ 0.14x021 − 0.54x02x
0
3 − 0.16x01ðx02 þ x03Þ�;

ΦAðx01; x02; x03Þ ¼ −42fΣϕasy½0.06ðx022 − x023 Þ þ 0.05ðx02 − x03Þ�;
ΦTðx01; x02; x03Þ ¼ 42fTΣϕasy½0.32ðx023 þ x022 Þ þ 0.16x021 − 0.47x02x

0
3 − 0.24x01ðx02 þ x03Þ�; ð4Þ

where ϕasyðx01; x02; x03Þ ¼ 120x01x
0
2x

0
3 denotes the asymptotic

form at infinitely large scales. It can be seen that the
LCDAs at the scale μ ¼ 1 GeV differ greatly from their
asymptotic forms. It is easy to observe that ΦV and ΦT are
symmetric under permutation of u and d quarks, but ΦA is
antisymmetric under the same operation. These symmetry
properties are completely opposite to those of the Λ0

baryon. The normalization constant fðTÞΣ are defined in
such a way that [62]

Z
½dx0�ΦVðTÞ ¼ fðTÞΣ ; ð5Þ

with the integration measure for the longitudinal momen-
tum fractions:

Z
½dx0� ¼

Z
1

0

dx01dx
0
2dx

0
3δð1 − x01 − x02 − x03Þ: ð6Þ

The δ function enforces momentum conservation. Their
values are fixed to be fΣ ¼ 0.51 × 10−2 GeV2 and fTΣ ¼
0.49 × 10−2 GeV2 [62].
For the J=ψ meson, the longitudinally and transversely

polarized LCDAs up to twist-3 are defined by the following
expansion [70]

ΨL ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p ðmV=ϵLψL þ =ϵL=qψ tÞ;

ΨT ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p ðmV=ϵTψV þ =ϵT=qψTÞ; ð7Þ

where mV , q, and ϵL;T are the mass, momentum, and
polarization vectors of vector meson, respectively. The
expressions of various twists ψL;T;V;t have been derived
[71–73] based on the harmonic oscillator wave functions
potentials.

ψL;Tðy; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p NL;Tyȳ exp

�
−
mc

ω
yȳ

��
y − ȳ
2yȳ

�
2

þ ω2b2
��

;

ψ tðy; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p Ntðy − ȳÞ2 exp
�
−
mc

ω
yȳ

��
y − ȳ
2yȳ

�
2

þ ω2b2
��

;

ψVðy; bÞ ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p NV ½1þ ðy − ȳÞ2� exp
�
−
mc

ω
yȳ

��
y − ȳ
2yȳ

�
2

þ ω2b2
��

; ð8Þ

with mc being the charm quark mass. y is the charm quark
momentum fraction with the shorthand ȳ ¼ 1 − y, while b
is the corresponding transverse momentum in the b
space. We take the shape parameters ω ¼ 0.6 GeV for
J=ψ [71,72]. NL;T;V;t are the normalization constants and
obey the normalization conditions

Z
1

0

ψL;T;V;tðx; 0Þdx ¼ fψ
2

ffiffiffiffiffiffiffiffi
2Nc

p : ð9Þ

The longitudinal (L) and transverse (T) polarizations
LCDAs for the vector ϕ meson are written, up to twist 3,
as [74–76]

ΦL
VðyÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p ½mV=ϵLϕVðyÞ þ =ϵL=qϕt
VðyÞ þmVϕ

s
VðyÞ�;

ΦT
VðyÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p ½mV=ϵTϕv
VðyÞ þ =ϵT=qϕT

VðyÞ

þ imVϵ
μνρσγ5γμϵTνvρnσϕa

VðyÞ�; ð10Þ

ESTIMATES OF THE ISOSPIN-VIOLATING Λb → Σ0ϕ;Σ0J=ψ … PHYS. REV. D 108, 033004 (2023)

033004-3



respectively. Here, we adopt the convention ϵ0123 ¼ 1 for the
Levi-Civita tensor ϵμνρσ. The leading-twist distribution ampli-
tude is conventionally expanded in Gegenbauer polynomials,

ϕðTÞ
V ðyÞ ¼ fðTÞVffiffiffiffiffiffiffiffi

2Nc
p 3yð1 − yÞ½1þ akð⊥Þ

1V 3ð2y − 1Þ

þ akð⊥Þ
2V 3ð5ð2y − 1Þ2 − 1Þ=2�; ð11Þ

where the values of the Gegenbauer moments and decay
constants for the ϕ meson are taken as [76,77]

ak1ϕ¼a⊥1ϕ¼0; ak2ϕ¼0.18�0.08; a⊥2ϕ¼0.14�0.07;

fϕ¼ð215�5ÞMeV; fTϕ¼ð186�9ÞMeV: ð12Þ
As for the twist-3 ones, we adopt the asymptotic form:

ϕt
VðyÞ¼

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2y−1Þ2; ϕs
VðyÞ¼−

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2y−1Þ;

ϕv
VðyÞ¼

3fV
8

ffiffiffiffiffiffiffiffi
2Nc

p ½1þð2y−1Þ2�; ϕa
VðyÞ¼−

3fV
4

ffiffiffiffiffiffiffiffi
2Nc

p ð2y−1Þ:

ð13Þ

B. PQCD FORMALISM

As mentioned above, the QCD penguin operators do not
give contributions to the purely isospin-violating decays, so
the related effective Hamiltonian can be written as [78]

Heff ¼
GFffiffiffi
2

p
�
ξu½C1ðμÞOu

1ðμÞ þ C2ðμÞOu
2ðμÞ�

−
X10
k¼7

ξtCkðμÞOkðμÞ
�
þ H:c:; ð14Þ

where ξuðtÞ ¼ VuðtÞbV�
uðtÞs represent the product of the

Cabibbo-Kobayashi-Maskawa (CKM) matrix elements.
O1;2 are the so-called current-current operators and
O7−10 are EW penguin operators, read as

O1 ¼ ūαγμð1 − γ5Þbβ ⊗ s̄βγμð1 − γ5Þuα;
O2 ¼ ūαγμð1 − γ5Þbα ⊗ s̄βγμð1 − γ5Þuβ;

O7 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0α;

O8 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0β;

O9 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0α;

O10 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0β; ð15Þ

with α, β being colors. The sums over quark flavors in
Eq. (15) run over u, d, s, c, and b for the b hadronic decays.
CiðμÞ are the corresponding Wilson coefficients at the
renormalization scale μ, which describe the strength with
which a given operator enters the Hamiltonian.
At leading order in αs expansion, the Λb → Σ0ϕ decay at

quark level occur via the exchange topological diagrams
involving two hard gluon exchange in PQCD demonstrated
in Fig. 1. The first two rows are classified as E-type
exchange diagrams marked by Eij with i ¼ a − f and
j ¼ 1–7. The first diagram in the third row is the E-type
three-gluon one labeled by Egj with j ¼ 1–4. The last two
topologies, denoted by Bij with i ¼ a, b, and j ¼ 1–4, can
be obtained from the E-type diagrams by exchanging the
two identical strange quarks in the final states. Note that the
ss̄ pair must attach two gluons to form a color singlet ϕ
meson, so only four diagrams contribute to each topology.
As for the Λb → Σ0J=ψ decay, the E-type diagrams are
forbiddenwhileB-type diagrams can contribute to the decay
by substituting ss̄ → cc̄ in Fig 1. Now, the decays ampli-
tudes can be derived from these diagrams by inserting
the four-quark operators shown in Eq. (15). To match the
fermion flows of the diagrams, one must perform the
Fierz transformation to the penguin operators, then both
ðV − AÞðV − AÞ and ðS − PÞðSþ PÞ amplitudes contribute
to the considered decays.
To derive the decay amplitudes one has to specify the

kinematics of initial and final states. Within the Λb rest
frame, two final states flight back to back. The Λb

momentum satisfy p ¼ Mffiffi
2

p ð1; 1; 0TÞ with M being the Λb

baryon mass in the light-cone coordinates. One may further
choose the two daughter particle momenta as

p0 ¼ Mffiffiffi
2

p ðfþ;f−;0TÞ; q¼ Mffiffiffi
2

p ð1−fþ;1−f−;0TÞ; ð16Þ

such that the Σ0 travels in positive and the vector meson in
negative direction on the light cone. These choices are
consistent with the definitions of the LCDAs in the
previous subsection. The on-shell conditions p02 ¼ m2

Σ
and q2 ¼ m2

V for the final-state hadrons lead to

f� ¼ 1

2

	
1 − r2V þ r2Σ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2V þ r2ΣÞ2 − 4r2Σ

q 

; ð17Þ

with the mass ratios rΣ;V ¼ mΣ;V=M.
For the vector meson, the longitudinal and transverse

polarization vectors (ϵL;T) can be determined by the
normalization and orthogonality conditions as

ϵL ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − fþÞð1 − f−Þp ðfþ − 1; 1 − f−; 0TÞ;

ϵT ¼ ð0; 0; 1TÞ: ð18Þ
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For the evaluation of the hard kernels, we need define eight valence quark momenta inside the initial and final states,
which are parametrized as

k1 ¼
�
Mffiffiffi
2

p ;
Mffiffiffi
2

p x1;k1T

�
; k2;3 ¼

�
0;

Mffiffiffi
2

p x2;3;k2T;3T

�
; k01;2;3 ¼

�
Mffiffiffi
2

p fþx01;2;3; 0;k
0
1T;2T;3T

�
;

q1ð2Þ ¼
�
Mffiffiffi
2

p yðȳÞð1 − fþÞ; Mffiffiffi
2

p yðȳÞð1 − f−Þ; ð−ÞqT

�
: ð19Þ

Here we keep the parton transverse momenta kð0Þ
lT and qT to

smears the endpoint singularities. Both longitudinal and
transverse momenta are subject to the momentum con-
servation constraints

X3
l¼1

xð
0Þ

l ¼ 1;
X3
l¼1

kð 0Þ
lT ¼ 0: ð20Þ

By usingHeff in Eq. (14), the amplitude for the decay of
Λb into a final state Σ0V is then simply given by

M ¼ hΣ0VjHeff jΛbi; ð21Þ

with V ¼ ϕ; J=ψ . As demonstrated in [53,54], one can
divide the formula Eq. (21) into two components, one that

contributes only to longitudinally polarized vector meson
labeled by ML, and the other to transversely polarized one
marked byMT. The two components can be expanded with
the Dirac spinors and polarization vector as

ML¼ Σ̄ðp0Þϵμ�L
�
AL
1 γμγ5þAL

2

p0
μ

M
γ5þBL

1 γμþBL
2

p0
μ

M

�
ΛbðpÞ;

MT ¼ Σ̄ðp0Þϵμ�T ½AT
1 γμγ5þBT

1 γμ�ΛbðpÞ; ð22Þ

where A and B respectively stand for the parity-violating
and parity-conserving amplitudes. Their analytic formulas
are collected in the Appendix. Summing over the final state
polarizations and averaging over the initial state spins, we
can obtain the total decay amplitude square

FIG. 1. W exchange diagrams for the decay Λb → Σ0ϕ. The first two rows are called E-type diagrams marked by Eij with i ¼ a − f
and j ¼ 1–7. The first diagram in the third row is the three-gluon E-type marked by Egj with j ¼ 1–4. The last two diagrams can be
obtained from the W exchange diagram by exchanging the two identical strange quarks in the final states.
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jAj2 ¼ 1

2

X
σ¼L;T

jMσj2: ð23Þ

The helicity amplitudes HλΣλV are more convenient to
describe the various physical asymmetry observables in the
decay angular distribution. Here, λΣ ¼ �1=2 and λV ¼
0;�1 are the helicity components of the baryon Σ0 and
vector meson, respectively. Angular momentum conserva-
tion in the Λb decay imposes jλΣ − λV j ≤ 1

2
such that the

allowed helicity amplitudes are H1
2
1, H−1

2
−1, H1

2
0, and H−1

2
0,

which are related to the invariant amplitudes A and B in
Eq. (22) as [79,80]

H�1
2
�1 ¼ ∓ ffiffiffiffiffiffiffi

Qþ
p

AT
1 −

ffiffiffiffiffiffiffi
Q−

p
BT
1 ;

H�1
2
0 ¼

1ffiffiffi
2

p
mV

½� ffiffiffiffiffiffiffi
Qþ

p ðM −mΣÞAL
1 ∓ ffiffiffiffiffiffiffi

Q−
p

PcAL
2

þ
ffiffiffiffiffiffiffi
Q−

p
ðM þmΣÞBL

1 þ ffiffiffiffiffiffiffi
Qþ

p
PcBL

2 �; ð24Þ

where we use the abbreviations Q� ¼ ðM �mΣÞ2 −m2
V

and Pc ¼
ffiffiffiffiffiffiffiffiffiffi
QþQ−

p
2M is the momentum of the daughter baryon

in the rest frame of Λb. The H�1
2
�1 terms in Eq. (24)

corresponds to the transverse polarizations and the H�1
2
0

ones to the longitudinal ones. After the helicity amplitudes
summation, we also get the total squared amplitude

jAj2 ¼ jH1
2
1j2 þ jH−1

2
−1j2 þ jH1

2
0j2 þ jH−1

2
0j2: ð25Þ

The two-body decay branching ratio reads

B ¼ PcτΛb

8πM2
jAj2: ð26Þ

Some asymmetry observables can be expressed in terms of
the helicity amplitudes as (see details in Refs. [54,81,82])

αb ¼ −jĤ1
2
1j2 þ jĤ−1

2
−1j2 þ jĤ1

2
0j2 − jĤ−1

2
0j2;

r0 ¼ jĤ1
2
0j2 þ jĤ−1

2
0j2;

r1 ¼ jĤ1
2
0j2 − jĤ−1

2
0j2;

αλΣ ¼ jĤ1
2
0j2 þ jĤ1

2
1j2 − jĤ−1

2
−1j2 − jĤ−1

2
0j2;

αλV ¼ jĤ1
2
0j2 þ jĤ−1

2
0j2 − jĤ1

2
1j2 − jĤ−1

2
−1j2; ð27Þ

where the hatted helicity amplitudes ĤλΣλV ¼ HλΣλV =jAj are
normalized to 1. The αb parameter is the parity violating
asymmetry characterizing the decay. αλΣ represents the
longitudinal polarization of the Σ0 and αλV denotes the
asymmetry between the longitudinal and transverse polar-
izations of vector meson. r0 and r1 are the longitudinal
unpolarized and polarized parameters, respectively. Finally,
the direct CP asymmetry of decay is defined by

ACP ¼ jAj2 − jĀj2
jAj2 þ jĀj2 ; ð28Þ

where Ā denotes the decay amplitude of the CP conjugate
process.

C. Σ−Λ mixing phenomenon

Isospin symmetry can be broken either by electroweak
effects or by the strong interaction through the up and down
quark mass difference, which might lead to the quark flavor
mixing. In other words, the observed physical states with
definite mass are actually mixtures of the idealized isospin
states. In the SM, Λ0 and Σ0 baryons are part of the baryon
octet and share the same valence quarks ðudsÞ. Their
different isospin separates the former as a singlet and the
latter as part of the triplet with two partners Σ�. The
physical baryons are made of the mixing of isospin triplet
and singlet states1

�Λ
Σ

�
¼

�
cos θ − sin θ

sin θ cos θ

��
Λ0

Σ0

�
; ð29Þ

with θ being the mixing angle. Since the mixing phenome-
non in the Λ − Σ system was first proposed in the late
1970s, many fruitful theoretical works on the mixing angle
have been made so far [83–92]. Although the mixing angle
has not yet been given experimentally, its value has been
estimated to be in the range ð0.55 − 1.2Þ° [90–94]. The
smallness of the mixing angle indicates the degree of
isospin-symmetry breaking is weak. In general, the initial
states of Λb and Σb, corresponding to I ¼ 0 and I ¼ 1, are
also mixed. However, the mixing receive an additional
suppression from the bottom quark mass [95]. As a
consequence, it is ignored in following analysis.
Considering above mixing effect, the physical decay

amplitude for the concerned processes can be written
as [37]

hΣVjHeff jΛbi ≈ θhΛ0VjH0jΛbi þ hΣ0VjH1jΛbi; ð30Þ

where H0 and H1 refer to isospin conserving and breaking
Hamiltonian, respectively. It can be seen the isospin
breaking effect affect not only the mixing of the states
but also the amplitude. The first term on the right-hand side
(rhs) of Eq. (30) conserves isospin and hence receives
contributions from both electroweak and QCD-penguin,
but the second term belongs to an isospin-violating
transition to which the QCD-penguin component does
not participate. The tree operators, mediated by the
b → u transition, contribute in both terms but suffer from
CKM suppression. Though the mixing is small, there is

1We use Σ0,Λ0 to stand for the unmixed isospin states and Σ,Λ
to denote the physical particle states.
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lack of quantitative estimate of its effect. It is then
worthwhile to examine whether the large isospin conserv-
ing amplitudes are able to compensate for the tiny mixing,
and to give a sizable impact on the Λb → Σ decays.

III. NUMERICAL RESULTS

In the numerical calculations, we use the masses (GeV)
as follows [96]:

M ¼ 5.6196; mΣ ¼ 1.193; mb ¼ 4.8;

mϕ ¼ 1.019; mJ=ψ ¼ 3.097: ð31Þ

The CKM matrix elements in the Wolfenstein parametri-
zation read

ðVub; Vus; Vtb; VtsÞ ¼ ðAλ3ðρ − iηÞ; λ; 1;−Aλ2Þ; ð32Þ

with [96]

λ¼0.22650; A¼0.790; ρ̄¼0.141; η̄¼0.357: ð33Þ

The lifetime of the Λb is taken to be 1.464 ps from the
particle data group (PDG) [96]. Other nonperturbative
parameters appearing in the hadron LCDAs have been
specified in the preceding section.
There are three crucial differences between Λb → Σ0 and

Λb → Λ0 decays: (i) the former can occur only via the
exchange topologies in the SM, which are power sup-
pressed with respect to the emission ones. (ii) As the QCD
penguin operators do not give contributions to the pure
ΔI ¼ 1 decays, the ðS − PÞðSþ PÞ amplitudes, stem from
the Fierz transformation of the O7;8 operators, are strongly
suppressed by the corresponding Wilson coefficients. Our
numerical results manifest that their contributions are
vanishingly small compared to the ðV − AÞðV − AÞ ones.
After taken account of the above two aspects, it is then
expected that the Σ0 modes have much small decay
amplitudes as shown in Table I. (iii) The symmetry
properties of the LCDAs of Σ0 under the exchange of
the up and down quarks are always opposite to the
corresponding terms for Λ0, resulting in different relative
contributions from ΦV , ΦA and ΦT . This distinction will
cause some observed quantities to behave differently, as
detailed more below.
In Table II, we compare contributions from three

components of LCDAs of Σ0 baryon to the invariant

amplitudes: ΦV ,ΦA,and ΦT . It is apparent that the ΦA

component for the concerned decays have the smallest
contributions. This observation differs from that in
Λb → Λϕ decay, where a dominant contribution from
the ΦA component was claimed [54]. The reason is that
the ΦA is antisymmetric under the interchange of the u and
d quarks for Σ0 but symmetric for Λ0. It is also observed
that the relative contributions from ΦV andΦT components
are different between Λb → Σ0ϕ and Λb → Σ0J=ψ modes,
which can be understood easily as follows. The Λb → Σ0ϕ
decay receives both the E and B-type topological contri-
butions. The numerical analysis shows that the four E-type
diagrams Ea6, Ec1, Ed2, and Ed4 play the most significant
role in the decay amplitude for the Λb → Σ0ϕ transition,
while the contributions from B-type exchange diagrams are
predicted to be vanishingly small. As shown in Table IX,
for the E-type amplitudes, the ΦV and ΦA components are
down by the power of rΣ or rV, then the ΦT one dominates
this process.
Things are different for the Λb → Σ0J=ψ decay, which

involves only the B-type amplitudes dominated
by Ba3 diagram. From Table X, we note that the leading
twist term of HLL

Ba3
is proportional to the factor

rΣrVð1 − x3 − yÞx1ðΦV −ΦAÞΨ2. Furthermore, the com-
bination of the two virtual quark propagators in Ba3

diagram is proportional to 1
ð1−x3−yÞx03

1
x1x03

if removing the

parton transverse momenta (see Table VII). Therefore the
amplitude of Ba3 diagram behaves like 1

x0
3

2 and induce

enhancement in the endpoint region x03 → 0. Likewise, the
Bb3 diagram also exhibits the similar endpoint behavior.
Our results indicate its contribution is smaller than the Ba3
one because an additional subleading term associated with
rc yields a significant destructive correction. On the
contrary, this correction becomes constructive in HLL

Ba3
due

TABLE I. The invariant amplitudes (10−11) for Λb → Σ0ϕ;Σ0J=ψ decays. The last column are the total decay amplitude, given in
GeV. Only central values are presented here.

Mode AL
1 BL

1 AL
2 BL

2 AT
1 BT

1 jAj
Σ0ϕ −9.6 − 4.8i 13.6þ 6.7i −24.8 − 0.3i −29.9 − 0.7i −3.3 − 6.9i 5.7þ 11.3i 2.8 × 10−9

Σ0J=ψ 6.8 − 1.7i 3.9 − 0.2i 13.9 − 2.3i −3.3þ 2.8i 6.6 − 1.7i 3.7 − 0.4i 7.4 × 10−10

TABLE II. Contributions to the decay amplitudes fromΦV ,ΦA,
and ΦT components in the Σ0 baryon LCDAs.

Amplitude ΦV ΦA ΦT

jAðΣ0ϕÞjðGeVÞ 1.2 × 10−9 3.2 × 10−10 1.9 × 10−9

jAðΣ0J=ψÞjðGeVÞ 4.4 × 10−10 1.7 × 10−10 2.2 × 10−10

2Note that the LCDAs of Σ0 baryon also contain one x03.
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to the rc term flipping sign [see the argument below
Eq. (A4)]. The substantial endpoint enhancement was also
observed in the previous PQCD calculations for theΛb → p
transition form factor [51], which warns us to be much
cautious when dropping those power suppression terms
especially in the endpoint region. Numerically, such end-
point enhancement can overcomes the power suppression
from rΣrV , so that the Ba3 amplitude dominates the decay.
Viewing Table X, it is obvious that the ΦT component is
always accompanied by the subleading-twist LCDAs of Λb

baryon,while theΦV one is associatedwith the leading-twist
one. The above combined effect can explain why this decay
is governed by the ΦV component as indicated in Table II.
Although the B-type amplitudes are of OðrΣrVÞ, we

should note that, for the case of Λb → Σ0J=ψ decay,
rV ∼ 0.5 is not a serious suppression factor. Moreover,
the additional terms connected with the charm quark mass
are numerically significant in the Λb → Σ0J=ψ amplitude.
It is therefore not surprising that jAðΛb → Σ0J=ψÞj only
fall short by a factor of 4 compared to jAðΛb → Σ0ϕÞj as
shown in the Table I. The corresponding branching ratios of
the two decay modes are estimated to be small, of the order
10−8 − 10−9, which are difficult to measure experimentally
at present.
The numerical results of the helicity amplitudes are

displayed in the Table III. As mentioned above the ΦT

contribution dominates over other two components in the ϕ
mode. From Eq. (A4), one can see that the ΦT term in AL;T

1

and BL;T
1 has opposite signs but is the same in AL

2 and BL
2 .

This pattern will result in the constructive (destructive)
combination of the four terms in H−1

2
0 (H1

2
0) [see Eq. (24)].

Similarly, we have H−1
2
−1 ≫ H1

2
1 since the interference

between AT
1 and BT

1 is constructive in H−1
2
−1 but destructive

in H1
2
1. Note that the values of AðBÞL2 are typically large, so

that the longitudinal polarization contribution exceeds the
transverse one in Λb → Σ0ϕ decay. One can observe from
Table III that the helicity amplitudes of the ϕ mode are
dominated by H−1

2
0 which occupies about 73.6% of the full

contribution. The observation is different for the Λb →
Σ0J=ψ decay, in which the ΦV component contributes
largest amounts to the invariant amplitudes. In this case,
AL;T
1 and BL;T

1 have the same signs whereas AL
2 and BL

2

have opposite signs [see also Eq. (A4)]. Thus we have

H1
2
1 ≫ H−1

2
−1 and H1

2
0 ≫ H−1

2
0 as shown in Table III. This

pattern indicates transversely polarization contributions
will dominate over the longitudinal one in this channel.
As mentioned earlier, the decay amplitudes at hand

receive contributions from tree and EW penguin operators.
For the b → s transition, the product of CKM matrix
elements in the tree contributions is suppressed compared
to that in the EW penguin ones, and the suppression factor
is jVusVubj=jVtsVtbj ∼ 0.02. On the other hand, the Wilson
coefficient of the dominant EW penguin operator O9

around the mb scale is also of the order 10−2 [97].
Therefore, the tree and EW penguin operator contributions
are in fact similar in magnitude as presented in Table IV.
Thus one expects that the comparable tree and EW
contributions can enhance the direct CP asymmetry.
From Table V, one see the ACPðΛb → Σ0ϕÞ ¼ 5.0% is
larger than ACPðΛb → Λ0ϕÞ ¼ −1.0% [54]. For the Λb →
Σ0J=ψ mode, as indicated in Table VIII of Appendix, all
contributing Feynman diagrams have the same factor aσ

containing weak phase information, implies that the sum of
the remnant hard kernels yields an overall strong phase. In
this case the strong phase difference only come from the
interference between ðV − AÞðV − AÞ and ðS − PÞðSþ PÞ
amplitudes. As noted previously, the latter is highly sup-
pressed relative to the former and the resultant strong phase
difference is rather tiny, such that the direct CP asymmetry
ACPðΛb → Σ0J=ψÞ is estimated to be less than Oð1%Þ in
magnitude. We therefore conclude that any measurement
of a sizeable direct CP asymmetry in this decay is an
unequivocal signal of NP.
We provide the numerical results for the various

asymmetry observables defined by Eq. (27) in Table V,
where the first and second uncertainties arise from the
shape parameter ω0 ¼ 0.40� 0.04 GeV in the Λb baryon
LCDAs and hard scale t varying from 0.8t to 1.2t,
respectively. It is observed that the predicted asymmetries
for the two modes seem to be distinctly different.

TABLE III. Helicity amplitudes (GeV) and the magnitude squared of normalized helicity amplitudes for
Λb → Σ0ϕ;Σ0J=ψ decays.

λΣλV
1
2
1 − 1

2
− 1 1

2
0 − 1

2
0

HλΣλϕ ð−2.3 − i2.1Þ × 10−11 ð−4.7 − i9.5Þ × 10−10 ð−9.4þ i3.2Þ × 10−10 ð−0.8þ i2.3Þ × 10−9

jĤλΣλϕ j2 1.2 × 10−4 0.141 0.123 0.736

HλΣλJ=ψ ð−5.2þ i1.2Þ × 10−10 ð2.9 − i0.9Þ × 10−10 ð3.6 − i0.3Þ × 10−10 ð−1.3þ i1.3Þ × 10−10

jĤλΣλJ=ψ j2 0.529 0.165 0.242 0.064

TABLE IV. Contributions to the decay amplitudes from the tree
and penguin operators.

Amplitude Tree Penguin

jAðΣ0ϕÞj (GeV) 1.57 × 10−9 2.1 × 10−9

jAðΣ0J=ψÞj (GeV) 5.4 × 10−10 3.5 × 10−10
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The reason is, again, the helicity amplitude H−1
2
0 dominate

the ϕmode while the H1
2
1 one is more preferred in the J=ψ

channel as explained above. The pattern of the Λb → Σ0ϕ
mode coincides with itsΛ0 counterpart, so the asymmetries
between the two modes are close to each other. However,
the PQCD predictions for the asymmetries inΛb → Σ0J=ψ
are at variance with those in Λb → Λ0J=ψ [53]. Some
quantities even possess opposite signs, such as the longi-
tudinal polarization of the daughter baryon. Our findings
can be compared in future.
We now turn to the results by including the Σ − Λmixing

effect. According to Eq. (30), the physical (mixed) ampli-
tude are modified into

AðΛb → ΣVÞ ¼ θAðΛb → Λ0VÞ þAðΛb → Σ0VÞ; ð34Þ

where the first and second terms correspond to the isospin
conserving and violating amplitudes, respectively. The
determination of the mixing angle has been extensive
discussed in the literature, whose value still varies in a
finite range. We take the value θ ¼ ð2.07� 0.03Þ × 10−2

(in radians), which was also considered in [93]. The
central values of the isospin conserving amplitudes of
Λb → Λ0ϕ and Λb → Λ0J=ψ are quoted from our previous
work [53,54], read3

jAðΛb → Λ0ϕÞj ¼ 3.1 × 10−8;

jAðΛb → Λ0J=ψÞj ¼ 4.0 × 10−7: ð35Þ

As can be seen, the isospin conserving amplitudes
are at least an order of magnitude larger than the isospin
violating ones and can more or less compensate for the
suppression from the mixing angle, implying that the
isospin conserving amplitudes may provide potentially
non-negligible contributions to the decays of Λb to the

physical final state ΣV. Comparing Tables VI with V for the
ϕ mode, it is clearly seen that the mixing causes distinct
differences for the physical observables. The destructive
combination of the two isospin amplitudes is responsible
for the decrease in branching ratio, whereas the interference
pattern reverses for the CP-conjugated process, so that the
direct CP asymmetry varies from 5.0% without mixing to
−19.3% with mixing.
For the J=ψ process, the isospin conserving amplitude is

three orders of magnitude higher than the violating one,
significantly surpassing the suppression from the mixing
angle. As a result the mixing effect has a strong influence
on the J=ψ mode. It is apparent that the mixing effect
can hugely amplify the rate of Λb → ΣJ=ψ above the
estimation without mixing, by as much as two orders of
magnitude. The resulting asymmetries have also changed
drastically.
Experimentally, an upper limit on the isospin amplitude

ratio R ¼ jAðΛb → Σ0J=ψÞ=AðΛb → ΛJ=ψÞj is measured
to be 1=21.8 at 95% confidence level by LHCb [98]. In the
absence ofΣ − Λmixing, we have the isospin amplitude ratio
R ¼ 0.00185, which is far below the experimental upper
limit. Taking into account the mixing, this ratio substantially
rises to 0.0214, reaching half of the upper bound. This
estimate is also in agreement with that in [37] and supports
the assumption made in [37] that the dynamic contribution to
R is much smaller than the static mixing component within
SM. If an enhancement of such dynamic contribution owing
to the NP is excluded, the observation of a substantial decay
rate of Λb → Σ0J=ψ in the future experiments would be
strong evidence of the Λ − Σ mixing. It follows that the
improved precision measurement of the isospin amplitude
ratio is desirable to constrain the mixing angle.

IV. CONCLUSION

In this work we have studied two purely isospin-
violating decays Λb → Σ0ϕ;Σ0J=ψ , which are generated
via the exchange topologies induced by the bu → su
transition. Since Λb and Σ0 belong to different isospin

TABLE V. Branching ratios and various asymmetries for the Λb → Σ0V decay. The theoretical errors correspond to the uncertainties
due to ω ¼ 0.40� 0.04 GeV and the hard scale t ¼ ð1.0� 0.2Þt, respectively.
Mode B ACPð%Þ αb αλΣ αλV r0 r1

Σ0ϕ 5.8þ0.3þ1.4
−1.2−1.0 × 10−8 5.0þ0.5þ7.9

−8.6−11.0 −0.47þ0.00þ0.00
−0.10−0.04 −0.75þ0.00þ0.00

−0.15−0.00 0.72þ0.00þ0.05
−0.05−0.00 0.86þ0.00þ0.01

−0.04−0.00 −0.61þ0.00þ0.00
−0.12−0.03

Σ0J=ψ 2.6þ0.5þ1.1
−0.5−0.9 × 10−9 0.8þ0.0þ2.4

−2.5−1.9 −0.18þ0.02þ0.01
−0.01−0.07 0.54þ0.04þ0.03

−0.00−0.09 −0.39þ0.05þ0.00
−0.00−0.07 0.31þ0.02þ0.00

−0.00−0.04 0.18þ0.02þ0.02
−0.00−0.08

TABLE VI. The same as Table V but with the mixing effect including. The error stems from the mixing angle.

Mode B ACPð%Þ αb αλΣ αλV r0 r1

Σϕ 4.4þ0.0
−0.0 × 10−8 −19.3þ0.5

−0.3 −0.18þ0.00
−0.01 −0.64þ0.00

−0.01 0.54þ0.00
−0.00 0.77þ0.00

−0.00 −0.41þ0.00
−0.01

ΣJ=ψ 3.5þ0.1
−0.1 × 10−7 8.6þ0.3

−0.1 0.04þ0.00
−0.00 −0.78þ0.01

−0.00 −0.07þ0.00
−0.00 0.47þ0.01

−0.00 −0.37þ0.00
−0.01

3These values are not explicitly given in [53,54], but one can
infer them from the corresponding branching ratios.
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representations, the Λb → Σ0 transition is forbidden in the
SM. The factorization approach and the diquark picture
failed in describing such decays. To estimate the exchange
topological contributions, we employ the leading order
PQCD formalism, which allows us to evaluate all relevant
topological diagrams involving two hard gluon exchanges
systematically.
We first explore the decays under consideration without

the Σ − Λ mixing. At the quark level, the decay amplitude
for an isospin-violating transition receives contributions
from both the tree and electroweak penguins, whereas the
QCD penguin vanishes because it preserves isospin sym-
metry. The calculated invariant amplitudes and helicity
amplitudes are presented in detail in corresponding Tables.
We compare at some length the distinctive patterns of the
two modes as well as their Λ0 counterparts. It has been
demonstrated that the helicity amplitudes H−1

2
0 and H1

2
1

respectively dominate the ϕ and J=ψ modes, due to
different relative contributions from the Σ0 baryon
LCDAs. The obtained branching ratios are typically
small, at 10−8 − 10−9 level, and the direct CP violations
are around several percents. Furthermore, we predict
for the first time a set of asymmetry parameters, which
will be tested theoretically and experimentally in the
future.
Taking into account the Σ − Λ mixing effect, the decays

of Λb to the physical final states involve both the isospin-
conserving and isospin-violating contributions. The PQCD
calculations reveal that the former are at least an order of
magnitude greater than the latter, which is sufficient to
compensate for the suppression caused by the mixing
angle, so that the influence of mixing is more pronounced
for the Λb → Σ decays than the Λb → Λ ones. The
numerical results manifest that the mixing effect modifies
significantly both the decay rates and the asymmetry
parameters. In particular, it boost the branching ratio of
Λb → ΣJ=ψ to the order of 10−7, which is encouraging for
future measurements. Therefore, this mode is particularly
suitable to investigate the isospin violation and to extract
the mixing angle.
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APPENDIX: FACTORIZATION FORMULAS

In PQCD formulism, the factorization formula for the
invariant amplitudes in Eq. (22) takes the form [54]

AðBÞ ¼ fΛb
π2GF

18
ffiffiffi
3

p
X
Rij

Z
½Dx�½Db�Rij

α2sðtRij
Þe−SRij

× ΩRij
ðb; b0; bqÞ

X
σ¼LL;SP

aσRij
Hσ

Rij
ðx; x0; yÞ; ðA1Þ

with the integration measure

½Dx� ¼ ½dx1dx2dx3δð1 − x1 − x2 − x3Þ�
× ½dx01dx02dx03δð1 − x01 − x02 − x03Þ�dy; ðA2Þ

where the δ functions enforce momentum conservation.
The summation extends over all possible diagrams Rij. The
hard scale tRij

for each diagram is chosen as the maximal
virtuality of internal particles including the factorization
scales in a hard amplitude [50]:

tRij
¼ max

� ffiffiffiffiffiffiffi
jtAj

p
;

ffiffiffiffiffiffiffi
jtBj

p
;

ffiffiffiffiffiffiffi
jtCj

p
;

ffiffiffiffiffiffiffi
jtDj

p
; w; w0;

1

bq

�
; ðA3Þ

where the factorization scales wð0Þ takes the minimum value

of
	

1

bð
0Þ
1

; 1

bð
0Þ
2

; 1

bð
0Þ
3



. The expressions of tA;B;C;D are given in

Table VII. The Sudakov form factor SRij
can be found

in [53]. ΩRij
is the Fourier transformation of the denom-

inator of the hard amplitude from the kT space to its
conjugate b space. Their forms and the measure ½Db�Rij

can
be found in Ref [54]. aσRij

denotes the product of the CKM

matrix elements and the Wilson coefficients, whose expres-
sions are collected in Table VIII. The index σ ¼ LL
denotes the ðV − AÞðV − AÞ type amplitude by inserting
the O1;2;9;10 operators in the weak vertex; and σ ¼ SP
indicates that an amplitude arises in the Fierz transforma-
tion of the O7;8 operators.
Hσ

Rij
is the numerator of the hard amplitude depending on

the spin structure of final state. In Table IX, we give their
expressions in the invariant amplitudes AT;L

1 and AL
2 for

Λb → Σ0ϕ decay. The corresponding formulas for those B
terms can be obtained by the following replacement:

BT;L
1 ¼ AT;L

1 jrϕ→−rϕ;rΣ→−rΣ;ΦT→−ΦT ;

BL
2 ¼ AL

2 jrϕ→−rϕ;rΣ→−rΣ;ΦV→−ΦV ;ΦA→−ΦA : ðA4Þ

The hard functions Hσ
Bai

with i ¼ 1, 2, 3, 4 for Λb →
Σ0J=ψ decay are displayed in Table X. The similar
expression for the Hσ

Bbi
can be obtained from Hσ

Bai
by

substituting y → 1 − y and changing the sign of the rc
terms. Because the longitudinal and transverse LCDAs of
J=ψ have similar Lorentz structures, we can obtain AT

1 from
AL
1 by the operation ψL → ψV;ψ t → ψT . To obtain the B

ones, besides the substitute relations in Eq. (A4) still
applies, one must change the sign of the rc term.
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TABLE VII. The virtualities of the internal propagators tA;B;C;D for the exchange topological diagrams.

Rij
tA
M2

tB
M2

tC
M2

tD
M2

Ea1 x3x03 x01ðy − 1Þ x03ð1 − x1Þ ðx03 − 1Þð1 − yÞ
Ea2 x3x03 x01ðy − 1Þ x03ðx3 − yÞ ðx03 − 1Þð1 − yÞ
Ea3 x3x03 ð1 − x02Þðx3 þ y − 1Þ x03ðx3 þ y − 1Þ x3 þ y − 1

Ea4 x3x03 ð1 − x02Þðx3 þ y − 1Þ x3ð1 − x02Þ x3 þ y − 1

Ea5 x3x03 x01ðy − 1Þ x03ð1 − x2Þ þ x2 ðx03 − 1Þð1 − yÞ
Ea6 x3x03 x01ðy − 1Þ x3 þ yþ 1 ðx03 − 1Þð1 − yÞ
Ea7 x3x03 x01ðy − 1Þ x3ð1 − x01Þ x3 þ y − 1

Eb1 x3x03 x01ðy − 1Þ x03ð1 − x1Þ x01ðx1 þ y − 1Þ − x1 − yþ 2

Eb2 x3x03 x01ðy − 1Þ x03ðx3 − yÞ x01ðx1 þ y − 1Þ − x1 − yþ 2

Eb3 x3x03 ð1 − x02Þðx3 þ y − 1Þ x03ðx3 þ y − 1Þ x02ðx2 − yÞ þ 1

Eb4 x3x03 ð1 − x02Þðx3 þ y − 1Þ x3ð1 − x02Þ x02ðx2 − yÞ þ 1

Eb5 x3x03 x01ðy − 1Þ x03ð1 − x2Þ þ x2 x02ðx2 − yÞ þ 1

Eb6 x3x03 x01ðy − 1Þ x01ðx1 þ y − 1Þ − x1 − yþ 2 x02ðx2 − yÞ þ 1

Eb7 x3x03 x01ðy − 1Þ x3ð1 − x01Þ x01ðx1 þ y − 1Þ − x1 − yþ 2

Ec1 x3x03 x01ðy − 1Þ x03ð1 − x1Þ ðx1 − yÞðx02 − 1Þ
Ec2 x3x03 x01ðy − 1Þ x03ðx3 þ y − 1Þ ðx1 − yÞðx02 − 1Þ
Ec3 x3x03 x01ðy − 1Þ x03ðx3 − yÞ x01ðx2 þ y − 1Þ
Ec4 x3x03 ð1 − x02Þðx3 þ y − 1Þ x03ðx3 þ y − 1Þ ðx1 − yÞðx02 − 1Þ
Ec5 x3x03 ð1 − x02Þðx3 þ y − 1Þ x3ð1 − x02Þ ðx1 − yÞðx02 − 1Þ
Ec6 x3x03 x01ðy − 1Þ x03ð1 − x2Þ þ x2 x01ðx2 þ y − 1Þ
Ec7 x3x03 x01ðy − 1Þ x3ð1 − x01Þ x01ðx2 þ y − 1Þ
Ed1 x3x03 x01ðy − 1Þ x03ð1 − x1Þ −x01
Ed2 x3x03 x01ðy − 1Þ ðx3 − 1Þð1 − x02Þ −x01
Ed3 x3x03 x01ðy − 1Þ x03ðx3 − yÞ ðx3 − 1Þð1 − x02Þ
Ed4 x3x03 ð1 − x02Þðx3 þ y − 1Þ x03ðx3 þ y − 1Þ ðx3 − 1Þð1 − x02Þ
Ed5 x3x03 ð1 − x02Þðx3 þ y − 1Þ x3ð1 − x02Þ ðx3 − 1Þð1 − x02Þ
Ed6 x3x03 x01ðy − 1Þ x03ð1 − x2Þ þ x2 −x01
Ed7 x3x03 x01ðy − 1Þ x3ð1 − x01Þ −x01
Ee1 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ ðx1 − yÞðx02 − 1Þ ð1 − x02Þðy − 1Þ
Ee2 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ ðx3 − 1Þð1 − x02Þ ð1 − x02Þðy − 1Þ
Ee3 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ x02ðx2 − yÞ þ 1 ð1 − x02Þðy − 1Þ
Ee4 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ x3 þ yþ 1 ð1 − x02Þðy − 1Þ
Ef1 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ ðx1 − yÞðx02 − 1Þ x01ðx3 þ y − 1Þ
Ef2 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ ðx3 − 1Þð1 − x02Þ x01ðx3 þ y − 1Þ
Ef3 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ x02ðx2 − yÞ þ 1 x01ðx3 þ y − 1Þ
Ef4 ð1 − x02Þðx3 þ y − 1Þ x01ðy − 1Þ x3 þ yþ 1 x01ðx3 þ y − 1Þ
Eg1 x01ðy − 1Þ ð1 − x02Þðx3 þ y − 1Þ x3x03 ðx1 − yÞðx02 − 1Þ
Eg2 x01ðy − 1Þ ð1 − x02Þðx3 þ y − 1Þ x3x03 ðx3 − 1Þð1 − x02Þ
Eg3 x01ðy − 1Þ ð1 − x02Þðx3 þ y − 1Þ x3x03 x02ðx2 − yÞ þ 1

Eg4 x01ðy − 1Þ ð1 − x02Þðx3 þ y − 1Þ x3x03 x3 þ y
Ba1 x3x03 x03ðx3 þ y − 1Þ x03ðx3 − 1Þ x2ð1 − x03Þ þ 1

Ba2 x3x03 x03ðx3 þ y − 1Þ x03ðx3 − 1Þ ðx3 − 1Þð1 − x01Þ
Ba3 x3x03 x03ðx3 þ y − 1Þ x03ðx3 − 1Þ −x1x03
Ba4 x3x03 x03ðx3 þ y − 1Þ x03ðx3 − 1Þ ðx3 − 1Þð1 − x02Þ
Bb1 x3x03 x03ðx3 − yÞ x03ðx3 − 1Þ x2ð1 − x03Þ þ 1

Bb2 x3x03 x03ðx3 − yÞ x03ðx3 − 1Þ ðx3 − 1Þð1 − x01Þ
Bb3 x3x03 x03ðx3 − yÞ x03ðx3 − 1Þ −x1x03
Bb4 x3x03 x03ðx3 − yÞ x03ðx3 − 1Þ ðx3 − 1Þð1 − x02Þ
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TABLE VIII. The expressions of aLL and aSP in Eq. (A1) for the exchange topological diagrams.

Rij aLL aSP

Ea1−a7;e1−e4;f4
1
3
VubV�

us½C1 − C2� − 1
2
VtbV�

ts½C9 − C10� − 1
2
VtbV�

ts½C7 − C8�
Eb1;b4;b5;b7 − 1

3
VubV�

us½2C1 þ C2� þ 1
2
VtbV�

ts½2C9 þ C10� 1
2
VtbV�

ts½2C7 þ C8�
Eb2;b3;b6

1
3
VubV�

us½14C1 − C2� − 1
2
VtbV�

ts½14C9 − C10� − 1
2
VtbV�

ts½14C7 − C8�
Ec1;c5;c6;c7

1
3
VubV�

us½C1 − 2C2� − 1
2
VtbV�

ts½C9 − 2C10� − 1
2
VtbV�

ts½C7 − 2C8�
Ec2;c3;c4

1
3
VubV�

us½C1 − 1
4
C2� − 1

2
VtbV�

ts½C9 − 1
4
C10� − 1

2
VtbV�

ts½C7 − 1
4
C8�

Ed1;d2;d5;d6;d7 − 2
3
VubV�

us½C1 − C2� þ VtbV�
ts½C9 − C10� VtbV�

ts½C7 − C8�
Ed3;d4

1
12
VubV�

us½C1 − C2� − 1
8
VtbV�

ts½C9 − C10� − 1
8
VtbV�

ts½C7 − C8�
Ef1

1
3
VubV�

us½C1 − 5
4
C2� − 1

2
VtbV�

ts½C9 þ 5
4
C10� − 1

2
VtbV�

ts½C7 þ 5
4
C8�

Ef2 − 5
12
VubV�

us½C1 − C2� þ 5
8
VtbV�

ts½C9 − C10� 5
8
VtbV�

ts½C7 − C8�
Ef3

1
3
VubV�

us½54C1 þ C2� − 1
2
VtbV�

ts½54C9 þ C10� − 1
2
VtbV�

ts½54C7 þ C8�
Eg1 − 3

4
VubV�

usC2 þ 9
8
VtbV�

tsC10
9
8
VtbV�

tsC8

Eg2
3
4
VubV�

us½C1 − C2� − 9
8
VtbV�

ts½C9 − C10� − 9
8
VtbV�

ts½C7 − C8�
Eg3

3
4
VubV�

usC1 − 9
8
VtbV�

tsC9 − 9
8
VtbV�

tsC7

Eg4 0 0
Ba1−a4;b1−b4 − 1

4
VubV�

us½C1 − C2� þ 3
8
VtbV�

ts½C9 − C10� 3
8
VtbV�

ts½C7 − C8�
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