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In a previous paper [1], it was pointed out that the wave functions of all particles are not pure waves,
besides the main partial waves, they all contain other partial waves. It is very interesting to know what role
these different partial waves play in particle transitions. Therefore, by using the Bethe-Salpeter equation
method, we study the radiative electromagnetic decays ψ → γχcJ and ϒ → γχbJ (J ¼ 0, 1, 2). We find that
for the S and P wave dominated states, like the ψð2SÞ, ϒð2SÞ, χcJð1PÞ, and χbJð1PÞ etc., the dominant S
and P waves provide main and nonrelativistic contrition to the decays; other partial waves mainly
contribute to the relativistic correction. For the states like the ψð1DÞ, ϒð2DÞ, χc2ð1FÞ, and χb2ð1FÞ etc.,
they are the S − P −D mixing state dominated by D wave or the P −D − F mixing state dominated by F
wave. Large decay widths are found in the transitions ψð2DÞ → χc2ð1FÞ, ϒð1DÞ → χbJð1PÞ,
and ϒð2DÞ → χbJð2PÞ etc., which may be helpful to study the missing states χc2ð1FÞ, ϒð1DÞ,
and ϒð2DÞ.
DOI: 10.1103/PhysRevD.108.033003

I. INTRODUCTION

In a previous paper [1], we pointed out that the wave
functions of all particles are not pure waves. For example,
the wave function of a 0− state is a S wave dominant, but it
also contains a small amount of P partial wave, which is a
relativistic correction to the nonrelativistic S wave. For the
1− case, there are two kinds of states. One is dominated by
the S wave and contains small amounts of P and D waves,
which are relativistic corrections. The other is dominated
by the D wave and contains S and P wave components,
where the P wave can be simply treated as a relativistic
correction, but the Swave is somewhat complex, as it is the
subtraction of two large terms. Although its total contri-
bution is small in this article, it cannot be simply treated as
a relativistic correction.
In order to know the behavior of each component of a

wave function in particle transition, we study the radiative
electromagnetic decays of heavy quarkonium, namely the

transition 1−− → 0þþ; 1þþ; 2þþ, which includes the decays
of ψðnSÞ → γχcJðmPÞ, ϒðnSÞ → γχbJðmPÞ (n ¼ 2, 3,
m ¼ 1, 2), ψðn0DÞ → γχcJðm0PÞ, ϒðn0DÞ → γχbJðm0PÞ
(n0 ¼ 1, 2, m0 ¼ 1, 2), ψð2DÞ → γχc2ð1FÞ, and ϒð2DÞ →
γχb2ð1FÞ etc., where J ¼ 0, 1, 2. We will first give the
contents of different partial waves in the wave functions of
the heavy quarkonia involved and then show the details of
the contributions of each partial wave in the decay process.
Heavy quarkonia have attracted great interest both in

theory and experiment since they were discovered [2–5]. So
far, great progress has been made in experiment [6–13] and
theory [14–24]. However, there are still some radiative
decays that have not been detected experimentally, for
example, ψð4040Þ → χcJð2PÞγ and ψð4160Þ → χcJð2PÞγ
(J ¼ 0, 1, 2), etc. There are even some particles that have
not been discovered such as the ϒð1DÞ, ϒð2DÞ, ϒð1FÞ,
and ψð1FÞ, etc. Therefore, the study of the radiative
transitions will help to detect the missing channels and
discover the missing particles experimentally.
In this paper, we choose the Bethe-Salpeter (BS)

equation method. The BS equation [25] is a relativistic
dynamic equation dealing with bound states in quantum
field theory. The Salpeter equation [26] is its instantaneous
approximation, which is suitable for heavy quarkonia.
Since we solve the complete Salpeter equation without
other approximations, we can obtain the meson wave
function which contains components of multiple partial
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waves. This method has been proved to have good results in
many aspects [27–33].
This paper is organized as follows. In Sec. II, we will

show the method to calculate the transition matrix element
of the EM decay. The emphasis is given on the partial
waves of the wave functions. In Sec. III, we give the results
of the EM decay and discuss the contribution of different
partial waves to the decay width.

II. THE ORETICAL METHOD

A. Transition matrix element

The transition matrix for the single-photon radiative
decay of a 1−− quarkonium can be written as

hPf; k; ϵ0jSjP; ϵi ¼ ð2πÞ4eeqδ4ðP − Pf − kÞϵμ0Mμ; ð1Þ

where P, Pf, and k are the momenta of the initial meson,
the final meson and the final photon, respectively; eeq are
the charge of the quark, eq ¼ 2=3 and 1=3 for the charm
and bottom quarks, respectively; ϵ and ϵ0 are the polari-
zation vectors of the initial quarkonium and the final
photon, respectively.
In the BS equation method, the transition amplitude Mμ

can be expressed as the overlapping integral over the initial
and final state wave functions,

Mμ ¼
Z

d4qd4q1
ð2πÞ4 δ4ðp2 − pf2ÞTr½χ̄Pf

ðq1ÞγμχPðqÞS−12 ð−p2Þ�

−
Z

d4qd4q2
ð2πÞ4 δ4ðp1 − pf1ÞTr½χ̄Pf

ðq2ÞS−11 ðp1ÞχPðqÞγμ�; ð2Þ

where the subscript f means the final state; χP and χ̄Pf
are,

respectively, the BS wave functions of the initial and final
mesons with χ̄ ¼ γ0χ

†γ0. S1ðp1Þ and S2ð−p2Þ are the
propagators of quark 1 with momentum p1 and antiquark
2 with momentum p2, respectively; q, q1, and q2 are
the relative momentum between quark and antiquark
in the mesons, for example, q ¼ p1 − 1

2
P ¼ 1

2
P − p2.

The final state relative momentum q1 or q2 is related to
the initial relative momentum q by the δ function for the
spectator, so we have the relations q1 ¼ qþ 1

2
ðPf − PÞ and

q2 ¼ qþ 1
2
ðP − PfÞ.

Since both the charmonium and bottomonium are
double heavy mesons, the instantaneous approximation
is a good choice to avoid solving the complicated
full BS equation. With instantaneous approximation,
the BS equation becomes the Salpeter equation, and the
BS wave function becomes the Salpeter wave function.
Under the instantaneous approximation condition, the
interaction kernel between quark and antiquark satisfies
the following relationship [26]: VðP; qÞ ¼ VðM;q⊥Þ
(where M and q are the mass of the meson and relative
momentum between quark and antiquark, respectively;
q⊥ ¼ q − q·P

M2 P). In our calculation, the Cornell potential,
which is the superposition of linear scalar potential

VsðrÞ ¼ λr and vector potential VvðrÞ ¼ − 4
3

αsðrÞ
r , is

chosen as the interaction kernel [31]: VðrÞ ¼ λr þ
V0 − γ0 ⊗ γ0 4

3

αsðrÞ
r , where λ is the string constant, αsðrÞ

is the running coupling constant, and V0 is a constant in
potential model.

After using the instantaneous approximation, the tran-
sition amplitude can be written as [33],

Mμ ¼
Z

d3q⊥
ð2πÞ3 Tr

�
=P
M

φ̄þþ
Pf

ðq1⊥Þγμφþþ
P ðq⊥Þ

�

−
Z

d3q⊥
ð2πÞ3 Tr

�
φ̄þþ
Pf

ðq2⊥Þ
=P
M

φþþ
P ðq⊥Þγμ

�
; ð3Þ

whereM is the mass of initial meson. In the center of mass
frame of the initial state, we have q⊥ ¼ ð0; q⃗Þ. Note that in
Eq. (3), we only keep the dominant contribution of positive
energy wave function φþþ but ignore other tiny contribu-
tions from negative wave functions, etc.

B. The positive wave functions and their partial waves

The wave function will be given in the center of mass
system of the corresponding meson. q⊥ is the relative
momentum between quark and antiquark. P and M are the
momentum and mass of the meson, respectively. We know
that a meson is generally represented by 2Sþ1LJ or JPðCÞ,
where J, S, and L represent the total angular moment,
the spin, and the orbital angular momentum; the parity
and charge conjugate parity are general calculated as P ¼
ð−1ÞLþ1 and C ¼ ð−1ÞLþS. In previous paper [1], we point
out that the representations of 2Sþ1LJ, P ¼ ð−1ÞLþ1, and
C ¼ ð−1ÞLþS are generally suitable for a nonrelativistic
wave function, not for a relativistic one, since in a
relativistic condition, sometimes S and L are no longer
good quantum numbers. We also know that the
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representation of JPðCÞ is correct in any case, so in our
method, the form of the relativistic wave function is given
according to the JPðCÞ of the corresponding meson, that is,
each term in the wave function has the same JPðCÞ with that
of the meson. In the paper [1], the details of how to
calculate the parity P and charge conjugate parity C of the
wave function are given, for example, after performing the

transformations ðP0; P⃗Þ → ðP0;−P⃗Þ and ðq0; q⃗Þ →
ðq0;−q⃗Þ in the wave function, then the value of parity P
is obtained.

1. 1− − quarkonium

The positive energy wave function of the initial 1−−

heavy quarkonium can be expressed as [34],

φþþ
1−−ðq⊥Þ ¼ ðϵ · q⊥Þ

�
A1 þ

=P
M

A2 þ
=q⊥
M

A3 þ
=P=q⊥
M2

A4

�
þM=ϵ

�
A5 þ

=P
M

A6 þ
=P=q⊥
M2

A7

�
; ð4Þ

where ϵμ is the polarization vector of the 1−− quarkonium; Ai (i ¼ 1; 2;…7) is related to the four independent radial wave
functions a3, a4, a5, and a6, which are functions of−q2⊥ and their numerical values are solutions of full Salpeter equation for
1−− state,

f ¼ 1

2

�
a3 þ

m
w
a4

�
; A1 ¼

q2⊥
Mm

f þ M
2m

�
a5 −

m
w
a6

�
; A5 ¼

1

2

�
a5 −

w
m
a6

�
;

A2 ¼ −
M
w
A5; A3 ¼ f −

M2

2mw
a6; A4 ¼

w
m
f −

M2

2mw
a5; A6 ¼ −

m
w
A5; A7 ¼ A2;

where m and w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2⊥

p
are the mass and energy of

the quark (antiquark), respectively. We can see that [1],
each term in Eq. (4) has the quantum number of JPC ¼ 1−−.
Reference [1] pointed out that the wave function of the

1− B�
c state is not a pure Swave; it includes P and D partial

waves [1]. The same conclusion is applicable to the 1−−

quarkonium. In the wave function of Eq. (4), the terms
including A5 and A6 are S waves, the A1, A2, and A7 terms
are P waves, while A3 and A4 terms are D waves mixed
with S waves since

ðϵ · q⊥Þ=q⊥ ¼ 1

3
q2⊥=ϵþ

�
ðϵ · q⊥Þ=q⊥ −

1

3
q2⊥=ϵ

�
;

where 1
3
q2⊥=ϵ is S wave, ðϵ · q⊥Þ=q⊥ − 1

3
q2⊥=ϵ is D wave. So in

Eq. (4), the complete S wave expression is

M=ϵ

�
A5 þ

=P
M

A6

�
þ 1

3
q2⊥=ϵ

�
1

M
A3 −

=P
M2

A4

�
; ð5Þ

and D wave is

�
ϵ · q⊥=q⊥ −

1

3
q2⊥=ϵ

��
1

M
A3 −

=P
M2

A4

�
: ð6Þ

After solving the full Salpeter equation for the 1−− state
[34], the numerical results indicate that the solutions
contain two types of results: one is S wave dominant
states, and the other is D wave dominant states. To see the
details, following the method of Ref. [1], we calculate the
ratios between different partial waves in wave functions for
the first five states, and the results are shown in Table I
where we can see that all the 1−− states are S − P −D
mixing states. The first, second, and fourth solutions
corresponding to the J=ψ , ψð3686Þ, and ψð4040Þ, are
dominated by the S partial waves, so they are marked as
ψð1SÞ, ψð2SÞ, and ψð3SÞ in Table I. The third and fifth
results corresponding to ψð3770Þ and ψð4160Þ indicate that
the components of D waves are the dominant ones in their
wave functions, so they are marked as ψð1DÞ and ψð2DÞ in
Table I. We obtain similar conclusions for the bottomonia.
In a previous paper [1], we use an approximate method,

counting the number of q⊥, to distinguish different partial
waves, such as the zero-q⊥ term is the S wave, the one-q⊥
term is the P wave, the two-q⊥ term is the D wave, and the
three-q⊥ term is the F wave. This method is suitable for

TABLE I. Ratios of the partial waves in the 1−− wave functions for heavy quarkonia.

1S 2S 1D 3S 2D

ψ S∶P∶D 1 : 0.126:0.0551 1 : 0.148 : 0.0647 0.0631 : 0.171 : 1 1 : 0.170 : 0.0705 0.0711 : 0.199 : 1
ϒ S∶P∶D 1 : 0.0395: 0.0205 1 : 0.0434 : 0.0236 0.0202 : 0.0443 : 1 1 : 0.0486 : 0.0259 0.0244 : 0.0495 : 1
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states dominated by a S or P wave, but not for states
dominated by a D or F wave. For example, Eq. (5)
indicates that a S wave has two sources, one is from A5

and A6 terms (zero-q⊥), the other is from A3 and A4 terms
(two-q⊥), and the two parts of the S wave are in a
dissipative relationship. Table I shows that, for a S wave
dominated state, the content of theDwave (from A3 and A4

terms) is small, which means that the S wave content from
A3 and A4 terms is also small, and the dominant S wave is
mainly from A5 and A6 terms. While for a D wave
dominated state, the large D wave content means the S
wave content from A3 and A4 terms is also high, however,
we find that the S wave content from A5 and A6 terms is
also large, resulting in a not large content of overall S wave
in the wave function.
In the nonrelativistic limit, for a S dominant state, only

the S wave from the A5 and A6 terms has a contribution;
both the P and D partial waves, as well as the S wave from
A3 and A4 terms, disappear as they are all relativistic
corrections. While for a D wave dominant state, such as
ψð3770Þ, the situation is completely different; in a non-
relativistic limit, both the D wave and S wave from A3 and
A4 terms, as well as the S wave from A5 and A6 terms
survive, and only the P partial wave disappears, which
corresponds to the relativistic correction. In Table I, taking
the 1S states as examples, we can see that the content of the
P or D partial wave in the wave function of J=ψ is much
larger than those of ϒð1SÞ, which means the relativistic
correction of J=ψ is much larger than that of ϒð1SÞ.

2. 0+ + quarkonium

The positive energy wave function of the 0þþ state is
expressed as [35]

φþþ
0þþðq⊥Þ ¼ =q⊥B1 þ

=P=q⊥
M

B2 þ B3; ð7Þ

with

B1 ¼
1

2

�
b1 þ

m
w
b2

�
; B2 ¼

w
m
B1; B3 ¼

q2⊥
m

B1;

where b1 and b2 are functions of −q2⊥, and they are two
independent radial parts of the 0þþ wave function, which
will be obtained numerically by solving the Salpeter
equation for a 0þþ state [35]. In Eq. (7), the B1 and B2

terms are P waves, while the B3 term is S wave. We show
the partial wave ratios of P∶S for χc0 and χb0 in Table II; we
can see that they are all P wave dominant states. The P
wave provides nonrelativistic contribution, while the S
partial wave, the relativistic correction.

3. 1+ + quarkonium

The positive energy wave function of 1þþ state is
expressed as [35]

φþþ
1þþðq⊥Þ ¼ iεμναβPνqα⊥ϵβγμ½D1M þD2=PþD3=P=q⊥�=M2;

ð8Þ

with

D1 ¼
1

2

�
d1 þ

w
m
d2

�
; D2 ¼ −

m
w
D1; D3 ¼ −

1

w
D1;

where εμναβ is the Levi-Civita tensor and ϵβ is the
polarization vector of the 1þþ state. The two radial wave
functions d1 and d2 are solutions of the corresponding
Salpeter equation [35]. In Eq. (8), the terms including D1

and D2 are P waves, while the D3 term is a D wave. We
obtain the ratios of P∶D for χc1 and χb1 and show them in
Table II. The results indicate that they are all P wave
dominant states; that is, P wave provides the nonrelativistic
contribution, and the D wave provides the relativistic
correction.

4. 2+ + quarkonium

The positive energy wave function of 2þþ state is
expressed as [36]

φþþ
2þþðq⊥Þ ¼ ϵμνqν⊥q

μ
⊥
�
F1 þ

=P
M

F2 þ
=q⊥
M

F3 þ
=P=q⊥
M2

F4

�

þMϵμνγ
μqν⊥

�
F5 þ

=P
M

F6 þ
=P=q⊥
M2

F7

�
; ð9Þ

where ϵμν is the polarization tensor of the 2þþ state. Fi

(i ¼ 1; 2;…; 7) is a function of the four independent radial
wave functions f3, f4, f5, and f6, which are solutions of
the Salpeter equation for 2þþ state [36],

TABLE II. Ratios of the partial waves in the 0þþ and 1þþ wave
functions for heavy quarkonia.

1P 2P 3P

χc0 P∶S 1 : 0.127 1 : 0.142 1 : 0.157
χb0 P∶S 1 : 0.0361 1 : 0.0399 1 : 0.0444
χc1 P∶D 1 : 0.137 1 : 0.150 1 : 0.165
χb1 P∶D 1 : 0.0358 1 : 0.040 1 : 0.0463
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g ¼ 1

2

�
f3 þ

m
w
f4

�
; F1 ¼

q2⊥
Mm

gþ M
2m

�
f5 −

m
w
f6

�
; F5 ¼

1

2

�
f5 −

w
m
f6

�
;

F2 ¼ −
M
w
F5; F3 ¼ g −

M2

2mw
f6; F4 ¼

w
m
g −

M2

2mw
f5; F6 ¼ −

m
w
F5; F7 ¼ F2:

In the wave function of Eq. (9), F5 and F6 terms are P
waves, F1, F2, and F7 terms are D waves, while F3 and F4

terms include both P and F waves, since

ϵμνqν⊥q
μ
⊥=q⊥¼2

5
q2⊥ϵμνqν⊥γμþ

�
ϵμνqν⊥q

μ
⊥=q⊥−

2

5
q2⊥ϵμνqν⊥γμ

�
;

where 2
5
q2⊥ϵμνqν⊥γμ is a P wave and ϵμνqν⊥q

μ
⊥=q⊥ −

2
5
q2⊥ϵμνqν⊥γμ is a F wave. So in Eq. (9), the F wave is

�
ϵμνqν⊥q

μ
⊥=q⊥ −

2

5
q2⊥ϵμνqν⊥γμ

��
1

M
F3 −

=P
M2

F4

�
; ð10Þ

and the overall P wave is

Mϵμνγ
μqν⊥

�
F5 þ

=P
M

F6

�
þ 2

5
q2⊥ϵμνqν⊥γμ

�
1

M
F3 −

=P
M2

F4

�
:

ð11Þ

The ratios P∶D∶F of partial waves for some 2þþ heavy
quarkonia are shown in Table III. Where we can see, all the
2þþ quarkonia are P −D − F mixing states. The first,
second, and fourth solutions correspond with the P wave
dominant states, since in the nonrelativistic limit, only the P
wave from F5 and F6 terms has a contribution; theDwave,
F wave, and P wave from F3 and F4 terms are all
disappear, so these P wave dominant states are marked
as 1P, 2P, and 3P states in Table III. The third and fifth
solutions corresponding to the F wave dominant states are
marked as the 1F and 2F states. In a nonrelativistic limit,
both the F wave and P wave from F3 and F4 terms, as well
as the P wave from F5 and F6 terms have contributions;
only the D wave disappears, which corresponds to the
relativistic correction.

C. Form factors

With the positive energy wave functions, the transition
amplitude in Eq. (3) are calculated straightly, and they are
expressed as functions of the form factors. For the

transitions of 1−− → 0þþ; 1þþ; 2þþ, the transition ampli-
tudes can be written as

Mμ
1−−→0þþ ¼ Pμðϵ · PfÞt1 þ ϵμt2;

Mμ
1−−→1þþ ¼ PμϵϵϵfPPfx1 þ ðϵ · PfÞϵμϵfPPfx2 þ ϵμϵϵfPfx3;

Mμ
1−−→2þþ ¼ Pμðϵ · PfÞϵPPf y1 þ ϵμϵPPf y2 þ PμϵϵPf y3

þ ðϵ · PfÞϵμPf y4 þ ϵμϵf y5; ð12Þ

where t1, t2, xi (i ¼ 1, 2, 3) and yj ðj ¼ 1; 2;…5Þ are the
form factors;Pf is themomentumof the final state; and ϵμf or
ϵμνf is the polarization vector or tensor of the final quarko-
nium. In the upper formula, we have used the following
shorthand notations: ϵPPf ≡ ϵμνf PμPν and ϵϵϵfPPf ¼
ϵρσαβϵρϵfσPαPfβ, etc.
In the transition amplitude, because of the relation

k · ϵ0 ¼ 0, where k ¼ P − Pf and ϵ0 are the momentum
and polarization vector of the photon, some of the expres-
sions do not exist at the same time. For example, in the
transition 1−− → 0þþ, there is the term of Pμðϵ · PfÞ, but
no Pμ

fðϵ · PfÞ term. For the same reason, there are no Pμ
f

terms in the transitions of 1−− → 1þþ and 1−− → 2þþ.
Since the transition amplitude must meet the gauge
invariance, we also have the following relations:

t2 ¼ MðM − EfÞt1;
x3 ¼ −MðM − EfÞx1;
y4 ¼ y2 −MðM − EfÞy1;
y5 ¼ −MðM − EfÞy3: ð13Þ

III. RESULTS AND DISCUSSIONS

A. Charmonium’s radiative decays

The masses of most low excited charmonia have been
detected by experiment [37],

TABLE III. Ratios of the partial waves in the 2þþ wave functions for heavy quarkonia.

1P 2P 1F 3P 2F

χc2 P∶D∶F 1 : 0.146 : 0.0542 1 : 0.166 : 0.0670 0.0655 : 0.194 : 1 1 : 0.189 : 0.0701 0.0720 : 0.206 : 1
χb2 P∶D∶F 1 : 0.0411 : 0.0199 1 : 0.0478 : 0.0249 0.0216 : 0.0482 : 1 1 : 0.0533 : 0.0278 0.0260 : 0.0541 : 1
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Mψð2SÞ ¼ 3686 MeV; Mψð3770Þ ¼ 3773 MeV; Mψð4040Þ ¼ 4039 MeV;

Mψð4160Þ ¼ 4191 MeV; Mχc0ð1PÞ ¼ 3414 MeV; Mχc1ð1PÞ ¼ 3510 MeV;

Mχc2ð1PÞ ¼ 3556 MeV; Mχc0ð3860Þ ¼ 3860 MeV; Mχc1ð3872Þ ¼ 3872 MeV;

Mχc2ð3930Þ ¼ 3922 MeV: ð14Þ

To compare, we also show our model predictions [38],

Mψð2SÞ ¼ 3688 MeV; Mψð3770Þ ¼ 3779 MeV; Mψð4040Þ ¼ 4057 MeV;

Mψð4160Þ ¼ 4111 MeV; Mχc0ð1PÞ ¼ 3415 MeV; Mχc1ð1PÞ ¼ 3510 MeV;

Mχc2ð1PÞ ¼ 3556 MeV; Mχc0ð3860Þ ¼ 3837 MeV; Mχc1ð3872Þ ¼ 3929 MeV;

Mχc2ð3930Þ ¼ 3972 MeV: ð15Þ

Most of our predictions on mass spectra are in good
agreement with experimental data, with a few values that
differ by tens of MeV from the experimental data, such as
the masses of ψð4160Þ, χc1ð3872Þ, and χc2ð3930Þ. In our
calculation, when solving the Salpeter equation for 1−−

state, we choose the experimental masses by adjusting the
free parameter V0 in the potential to fit experimental data
for each state and obtain the numerical value of corre-
sponding wave function. However, there are still some
particles that have not been detected by experiments, such
as χc2ð1FÞ. For such particles, our theoretical predictions
are used; for example, the mass of χc2ð1FÞ is predicted as
4037 MeV [38].
The theoretical results as well as data from Particle Data

Group [37] about the charmonia radiative decays 1−− →

0þþ; 1þþ; 2þþ are shown in Table IV. ψð4040Þ is the state
ψð3SÞ; ψð3770Þ and ψð4160Þ are the ψð1DÞ and ψð2DÞ;
χc0ð3860Þ, χc1ð3872Þ, and χc2ð3930Þ are the χc0ð2PÞ,
χc1ð2PÞ, and χc2ð2PÞ, respectively. Although the masses
may be different between models, especially the χcJð2PÞ
states, usually the radiative decay are not very sensitive to
the masses except for some special channels, for example,
ψð4040Þ → χcJð1PÞγ and ψð4160Þ → χcJð1PÞγ, which we
will discuss later.
At present, only the decays of ψð2SÞ and ψð3770Þ have

experimental results. Our results of them are comparable to
experimental data and other theoretical values. For chan-
nels ψð4040Þ → χcJð2PÞγ and ψð4160Þ → χcJð2PÞγ, the
values between different theoretical models are also com-
parable. Compared with the case of bottomonium, where

TABLE IV. The decay widths (keV) of Ψ → χcJγ. Where χc0ð3860Þ, χc1ð3872Þ, and χc2ð3930Þ are treated as the 2P states, χc2ð1FÞ is
the 1F dominant state with sizable P and D partial waves; our theoretical prediction about its mass is 4037 MeV.

Process Ours [18] [39] [40] [41] [42] [43]a [43]b PDG [37]

ψð2SÞ → γχc0ð1PÞ 39.9 50 26.3 47.0 25.2 26 22 22 28.8� 1.4
ψð2SÞ → γχc1ð1PÞ 35.6 45 22.9 42.8 29.1 29 42 45 28.7� 1.5
ψð2SÞ → γχc2ð1PÞ 24.5 29 18.2 30.1 25.2 24 38 46 28.0� 1.4
ψð3770Þ → γχc0ð1PÞ 290 355 299 243.9 213 272 261 188� 23
ψð3770Þ → γχc1ð1PÞ 90.8 135 99.0 104.9 77 138 135 67.7� 8.7
ψð3770Þ → γχc2ð1PÞ 3.50 6.9 3.88 1.9 3.3 7.1 8.1 < 17.4
ψð4040Þ → γχc0ð1PÞ 0.29 2.1 12.7 5.9 6.7
ψð4040Þ → γχc1ð1PÞ 1.42 0.3 0.85 4.0 6.7 < 272
ψð4040Þ → γχc2ð1PÞ 2.78 2.4 0.63 0.25 2.5 < 400
ψð4040Þ → γχc0ð3860Þ 31.0 30.1 22 19 27
ψð4040Þ → γχc1ð3872Þ 74.4 45.0 43 55 67
ψð4040Þ → γχc2ð3930Þ 43.2 36.0 48 67 82
ψð4160Þ → γχc0ð1PÞ 8.42 23.3 35 150 189
ψð4160Þ → γχc1ð1PÞ 6.66 0.02 3.4 37 63
ψð4160Þ → γχc2ð1PÞ 1.25 0.23 0.027 17 20
ψð4160Þ → γχc0ð3860Þ 462 191 332 360
ψð4160Þ → γχc1ð3872Þ 281 114 309 347
ψð4160Þ → γχc2ð3930Þ 14.3 6.3 24 29
ψð4160Þ → γχc2ð1FÞ 73.9 17
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the predictions of different models are in good agreement,
the results of charmonium differ slightly between different
models. We believe that this is mainly due to the large
relativistic correction in the charmonium system.
While for other processes, such as ψð4040Þ → χcJð1PÞγ

and ψð4160Þ → χcJð1PÞγ, there are huge differences
between the results predicted by different models. We find
that the huge difference comes from the uncertainty of
theory. Take the decay ψð4040Þ → χcJð1PÞγ as an example
to illustrate this. The radial wave function of initial state has
two nodes. The contributions of wave functions on both
sides of the node to the amplitude are offset. The decay
width of this channel is much smaller than that of other
processes, which indicates that the cancellation is very
strong, leading to the strong dependence of the results on
model parameters. Therefore, the theoretical error of this
process is huge, and this is the reason that the predictions of
different models differ greatly.

B. Contributions of different partial waves in
Charmonia decays

1. ψð2SÞ → χ c0ð1PÞγ
In Sec. II, we show the ψð2SÞ is a 2S dominant state with

small admixtures of P and D partial waves. The ratio of its
partial waves is S∶P∶D ¼ 1∶0.148∶0.0647. For the
χc0ð1PÞ, its wave function is 1P dominant but mixing
with a small amount of S wave since we have P0∶ S0 ¼
1∶0.127 (here and later, the superscript “prime” is used to
denote the partial wave in the final state). In Table V, we
show the detailed contributions of the different partial
waves to the decay width of ψð2SÞ → χc0ð1PÞγ. Where the
“whole” means the result is obtained using the complete
wave function, the “S wave” in a column or row means the
corresponding result is obtained only using the S partial
wave and ignoring others, etc.
From Table V, we can see that the dominant S partial

wave in ψð2SÞ state and P0 wave in χc0ð1PÞ provide the
overwhelming contribution. The P and D partial waves in
ψð2SÞ and S0 wave in χc0ð1PÞ give a small contribution.
To see the relativistic effect, we calculate the ratio,

Γrel − Γnon-rel

Γrel
¼ 13.8%;

where Γrel is the decay width calculated by the whole wave
functions Eqs. (4) and (7) and Γnon-rel is obtained only using
the nonrelativistic wave functions. ψð2SÞ, as a S wave
dominant 1−− state, is a nonrelativistic wave function that
only contains S wave from A5 and A6 terms. For 0þþ
χc0ð1PÞ, its nonrelativistic wave function is a P0 wave. In
our calculation, the whole wave function is normalized to 1,
and the nonrelativistic one is not normalized separately.
The relativistic effect is not as large as we expected, the
reason may be due to that the main contribution of the
relativistic correction does not come from the interaction
S × S0 between the dominant S wave in ψð2SÞ with the
small S0 wave in χc0ð1PÞ, see Table V, or those from
P × P0, but from the interaction between the two small
terms P × S0. We also note that there is no interaction (zero
in Table V) between the S partial wave in ψð2SÞ with the S0
wave in χc0ð1PÞ, since S × S0 ¼ 0.

2. ψð2SÞ → χ c1ð1PÞγ
The ratio of the partial waves in χc1ð1PÞ is

P0∶ D0 ¼ 1∶0.137, where P0 wave provides the nonrela-
tivistic contribution, while theD0 wave provides relativistic
correction. In Table VI, we show the details of the decay
Ψð2SÞ → χc1γ where the largest contribution comes from
the interaction S × P0 between the dominant partial waves,
the S wave in Ψð2SÞ and the P0 wave in χc1ð1PÞ. The P
wave and D0 wave have a small contribution; the D partial
wave has a tiny contribution and can be safely ignored.
The relativistic effect is calculated as

Γrel − Γnon-rel

Γrel
¼ 24.5%;

which is about 1.4 times larger than the those of χc0ð1PÞ
case. In this decay, the relativistic corrections come from
the interaction S ×D0 between the dominant S wave in
ψð2SÞ and the small D0 wave in χc1ð1PÞ and also from
the interaction P ×D0 between the small P wave in ψð2SÞ
and the D0 wave in χc1ð1PÞ. Their contributions are
comparable, S ×D0 ∼ P ×D0; this indicates that the inter-
action between the later (P ×D0) is much stronger than
those of the former (S ×D0) since the component of P
partial wave is 1 order smaller than those of the S wave in
ψð2SÞ. Similar to the case of Ψð2SÞ → χc0γ, the interaction

TABLE V. Contributions of different partial waves to the decay
width (keV) of ψð2SÞ → χc0ð1PÞγ.

0þþ

1−− Whole (P0 þ S0) P0 wave S0 wave

Whole (Sþ PþD) 39.9 33.6 0.269
S wave 34.6 34.6 0
P wave 0.215 4.2 × 10−3 0.279
D wave 8.5 × 10−4 3.9 × 10−4 9.0 × 10−5

TABLE VI. Contributions of different partial waves to the
decay width (keV) of ψð2SÞ → χc1ð1PÞγ.

1þþ

1−− Whole (P0 þD0) P0 wave D0 wave

Whole (Sþ PþD) 35.6 27.8 0.484
S wave 30.8 26.9 0.131
P wave 0.137 4.8 × 10−4 0.122
D wave 2.7 × 10−3 4.4 × 10−3 2.1 × 10−4
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between P waves, P × P0, is very small in the
Ψð2SÞ → χc1γ.

3. ψð2SÞ → χ c2ð1PÞγ
The wave function of χc2 is more complicated than those

of χc0ð1PÞ and χc1ð1PÞ. Besides the dominant P0 partial
wave, it also contains small amounts of D0 and F0 partial
waves, and their ratios are P0∶ D0∶F0 ¼ 1∶0.146∶0.0642.
In Table VII, we show the contributions of different partial
waves to the decay ψð2SÞ → χc2ð1PÞγ. We can see that the
dominant S and P0 partial waves from the initial ψð2SÞ and
final χc2ð1PÞ give main contributions, the P partial wave in
ψð2SÞ and D0 wave in χc2ð1PÞ give small contributions,
while the contributions from the D wave in ψð2SÞ and F0
wave in χc2ð1PÞ are tiny, which can be ignored safely.
In the nonrelativistic limit, only the S wave from A5 and

A6 terms in Eq. (4) and the P0 wave from F5 and F6 terms in
Eq. (9) have a contribution. The relativistic corrections
mainly come from the interactions of S ×D0, P ×D0, and
P × P0. And the relativistic effect in this decay is

Γrel − Γnon-rel

Γrel
¼ 16.4%:

4. ψð3770Þ → χ c0ð1PÞγ
ψð3770Þ is also a S − P −D mixing state, but unlike the

S wave dominant ψðnSÞ state, it is a 1D dominant state. In
its wave function, the ratio of different partial waves is
calculated as S∶P∶D ¼ 0.0631∶0.171∶1. In Table VIII, we
show the contributions of different partial waves to the

decay ψð3770Þ → χc0ð1PÞγ where the D partial wave in
ψð3770Þ and P0 wave in χc0ð1PÞ provide the dominant
contribution.
The calculation of relativistic effect is relatively complex.

Asmentioned earlier, in thewave function ofψð3770Þ, theD
wave is nonrelativistic dominant part, which comes from A3

andA4 terms. Then the contribution ofSwave from the same
A3 and A4 terms is also large, which can be considered as a
nonrelativistic contribution. In addition, from Table I, it can
be seen that the proportion of total S wave is small, which
means that the individual contribution ofSwave fromA5 and
A6 is comparable with the one from A3 and A4 and can be
considered as a nonrelativistic contribution. In this case, the
relativistic correction only comes from the P wave, so the
relativistic effect is

Γrel − Γnon-rel

Γrel
¼ 13.1%:

If onlyDwave is nonrelativistic, and both S andPwaves are
relativistic corrections, then the relativistic effect is 13.8%.

5. ψð3770Þ → χ c1ð1PÞγ
Table IX shows the detail contributions of different

partial waves to the decay ψð3770Þ → χc1ð1PÞγ. The D
partial wave in ψð3770Þ and the P0 wave in χc1ð1PÞ provide
the dominant contribution. Similar to the case of
ψð3770Þ → χc0ð1PÞγ, if the relativistic correction of
ψð3770Þ only comes from the P wave, the relativistic
effect is obtained as

Γrel − Γnon-rel

Γrel
¼ 22.6%:

If both S and P waves are relativistic corrections, then the
relativistic effect is 21.3%.

6. ψð3770Þ → χ c2ð1PÞγ
Table X indicates that in the decay of

ψð3770Þ → χc2ð1PÞγ, the main contribution comes from
the D wave in ψð3770Þ and P0 wave in χc2ð1PÞ. When
considering the relativistic effect, the P0 wave in χc2ð1PÞ
provides the nonrelativistic contribution and D0 and F0

TABLE VII. Contributions of different partial waves to the
decay width (keV) of ψð2SÞ → χc2ð1PÞγ.

2þþ

1−−
Whole

(P0 þD0 þ F0) P0 wave D0 wave F0 wave

Whole
(Sþ PþD)

24.5 21.8 0.0496 1.2 × 10−4

S wave 21.4 20.1 0.0133 1.8 × 10−7

P wave 0.0961 0.0409 6.3 × 10−31.3 × 10−5

D wave 8.9 × 10−5 1.4 × 10−41.1 × 10−32.0 × 10−4

TABLE VIII. Contributions of different partial waves to the
decay width (keV) of ψð3770Þ → χc0ð1PÞγ.

0þþ

1−− Whole (P0 þ S0) P0 wave S0 wave

Whole (Sþ PþD) 290 257 0.925
D wave 255 250 0.0210
S wave 4.0 × 10−3 4.0 × 10−3 0
P wave 0.944 0.0235 0.670

TABLE IX. Contributions of different partial waves to the
decay width (keV) of ψð3770Þ → χc1ð1PÞγ.

1þþ

1−− Whole (P0 þD0) P0 wave D0 wave

Whole (Sþ PþD) 90.8 91.8 2.5 × 10−3

D wave 68.9 71.5 0.026
S wave 1.7 × 10−5 5.2 × 10−3 5.7 × 10−3

P wave 1.53 1.45 1.3 × 10−3
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waves gives the relativistic corrections. If the relativistic
correction of ψð3770Þ only comes from the P wave, the
relativistic effect is

Γrel − Γnon-rel

Γrel
¼ 5.98%:

If both S and P waves are relativistic corrections, then the
relativistic effect is 13.5%.

7. ψð4160Þ → χ c2ð1FÞγ
In the literature, ψð4160Þ is primarily the state ψð2DÞ

with admixtures of ψð3SÞ; that is, it is a 3S − 2D mixing
state. In our method, ψð4160Þ is a 2D dominant, S − P −D
mixing state. Its main radiative decays are the channels of
ψð4160Þ → χcJð2PÞγ (J ¼ 0, 1, 2). We will not show the
details of these decays since they are similar to those
of ψð3770Þ → χcJð1PÞγ.
As the 2D dominant state, its mass is heavier than the 1F

dominant state χc2ð1FÞ in our theoretical prediction, so the
decay process ψð4160Þ → χc2ð1FÞγ exists. This channel is
another typical process not encountered before in this
article, since the final meson χc2ð1FÞ is also a typical
mixed state. In the literature, χc2ð1FÞ is the 2P − 1F
mixing state, 1F dominant but mixed with sizable 2P
component. But in our method, it is a 1F dominant, P −
D − F mixing state. χc2ð1FÞ is not available in experiment,
so for its mass, we use our theoretical prediction,
4038 MeV [38].

Some details of the contributions of different partial
waves to the decay channel ψð4160Þ → χc2ð1FÞγ are listed
in Table XI. We note that the main components of the initial
and final states, namely, the D wave in ψð4160Þ and
the F0 wave in χc2ð1FÞ, give the maximum contribution.
If the relativistic corrections only come from the P wave in
ψð4160Þ, and D0 wave in χc2ð1FÞ, the relativistic
effect is

Γrel − Γnon-rel

Γrel
¼ 21.5%:

If the S and P waves in ψð4160Þ and P0 and D0 waves in
χc2ð1FÞ are all relativistic corrections, then the relativistic
effect is 22.7%.

C. Discussions about the charmonia

1. ψð2SÞ and ψð3SÞ
Their wave functions have similar partial wave

content, a dominant S partial wave and a small amount
of P andD partial waves. So they are the S − P −Dmixing
states. In nonrelativistic limit, only the S wave from A5

and A6 terms has a contribution; P and D waves and the S
wave from A3 and A4 terms provide the relativistic
corrections.

2. ψð3770Þ and ψð4160Þ
They are also the S − P −Dmixing states in our method,

but in their wave functions, D waves are dominant, mixed
with a small amount of S and Pwaves. In the nonrelativistic
limit, we have two choices: one is that only D wave has
contribution, and the other is that both the S and D waves
have contributions. In the latter case, the S wave from A3

and A4 terms and the S wave from A5 and A6 terms
both contribute significantly, but their contributions can-
cel out.

3. χ cJð1PÞ and χ cJð2PÞ (J = 0; 1; 2)
In our method, χc0ð1PÞ and χc0ð2PÞ are P0 partial wave

dominant states with a small amount of S0 wave; they are
P0 − S0 mixing states. The P0 partial wave provides the
nonrelativistic contribution, while the S0 wave gives the
relativistic correction. χc1ð1PÞ and χc1ð2PÞ are P0 −D0
mixing states, where D0 wave gives the relativistic
correction.
χc2ð1PÞ and χc2ð2PÞ are P0 wave dominant P0 −D0 − F0

mixing states. In the nonrelativistic limit, only the P0 wave
from F5 and F6 terms has a contribution; D0 and F0 waves
and the P0 wave from F3 and F4 terms provide the
relativistic corrections.

TABLE X. Contributions of different partial waves to the decay
width (keV) of ψð3770Þ → χc2ð1PÞγ.

2þþ

1−− Whole P0 wave D0 wave F0 wave

Whole 3.50 4.15 0.058 2.1 × 10−3

D wave 2.56 2.89 0.011 1.4 × 10−3

S wave 3.5 × 10−3 5.6 × 10−3 1.2 × 10−5 7.0 × 10−7

P wave 0.049 0.071 0.020 5.7 × 10−5

TABLE XI. Contributions of different partial waves to the
decay width (keV) of ψð4160Þ → χc2ð1FÞγ, where ψð4160Þ and
χc2ð1FÞ are 2D and 1F dominant states, respectively.

2þþ

1−− Whole F0 wave P0 wave D0 wave

Whole 73.9 59.5 3.4 × 10−3 0.620
D wave 60.1 57.1 3.4 × 10−4 0.031
S wave 1.9 × 10−3 1.1 × 10−5 5.3 × 10−4 3.7 × 10−5

P wave 0.644 0.029 9.0 × 10−4 0.367
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4. χ c2ð1FÞ
χc2ð1FÞ is a F0 dominant P0 −D0 − F0 mixing state.

In the nonrelativistic limit, similar to the cases of ψð3770Þ
and ψð4160Þ, we have two choices: one is that only F0
wave contributes, and the other is that both the P0 and F0
waves have contributions since the P0 wave from F3 and F4

terms and the P0 wave from F5 and F6 terms both

contribute significantly, but their contributions also
cancel out.

D. Bottomonium’s radiative decays

At present, experiments have detected some bottomonia,
and their masses are [37]

Mϒð2SÞ ¼ 10023 MeV; Mϒð3SÞ ¼ 10355 MeV; Mχb0ð1PÞ ¼ 9859 MeV;

Mχb1ð1PÞ ¼ 9893 MeV; Mχb2ð1PÞ ¼ 9912 MeV; Mχb0ð2PÞ ¼ 10233 MeV;

Mχb1ð2PÞ ¼ 10255 MeV; Mχb2ð2PÞ ¼ 10269 MeV: ð16Þ

In our model, the corresponding predicted masses are

Mϒð2SÞ ¼ 10023 MeV; Mϒð3SÞ ¼ 10369 MeV; Mχb0ð1PÞ ¼ 9859 MeV;

Mχb1ð1PÞ ¼ 9892 MeV; Mχb2ð1PÞ ¼ 9912 MeV; Mχb0ð2PÞ ¼ 10241 MeV;

Mχb1ð2PÞ ¼ 10273 MeV; Mχb2ð2PÞ ¼ 10289 MeV: ð17Þ

It can be seen that the theoretical values agree much better
with the experimental data than in the case of charmonium,
but similar to the case of charmonium, we choose the
experimental masses for calculation.
The ϒð1DÞ, ϒð2DÞ, and ϒð1FÞ have not been detected

by the experiment. So in our calculation, their masses
are taken from our previous study [38], Mϒð1DÞ ¼
10130 MeV, Mϒð2DÞ ¼ 10435 MeV, and Mϒð1FÞ ¼
10372 MeV. Our results of bottomonium radiative decays

are shown in Table XII, for comparison. Theoretical results
from other models and data from PDG are also shown in the
same table.
Since the mass of the bottomonium is very heavy, the

relativistic correction is small. Then from Table XII, we can
see that, except for the channels ϒð3SÞ → χbJð1PÞγ, which
have large uncertainties in theory, the results by most of the
theoretical models are in agreement, at least comparable
with each other, and also consist with data from PDG.

TABLE XII. The decay widths (keV) of ϒ → χbJγ.

Process Ours [39] [40] [41] [44] [45] [46] [47] PDG [37]

ϒð2SÞ → γχb0ð1PÞ 1.13 1.62 1.29 0.74 1.19 0.91 1.09 1.09 1.22� 0.23
ϒð2SÞ → γχb1ð1PÞ 1.80 2.45 2.00 1.40 2.28 1.63 1.84 2.17 2.21� 0.23
ϒð2SÞ → γχb2ð1PÞ 1.83 2.46 2.04 1.67 2.58 1.88 2.08 2.62 2.29� 0.30
ϒð1DÞ → γχb0ð1PÞ 15.5 23.4 20.1 12.5 16.5 20.98 19.8
ϒð1DÞ → γχb1ð1PÞ 7.94 12.7 10.7 7.59 9.7 12.29 13.3
ϒð1DÞ → γχb2ð1PÞ 0.416 0.69 0.564 0.44 0.56 0.65 1.02
ϒð3SÞ → γχb0ð1PÞ 0.009 0.027 0.001 0.03 0.12 0.01 0.15 0.097 0.055� 0.012
ϒð3SÞ → γχb1ð1PÞ 0.071 0.067 0.008 0.003 0.0 0.05 0.16 0.0005 0.018� 0.012
ϒð3SÞ → γχb2ð1PÞ 0.075 0.097 0.015 0.11 0.20 0.45 0.0827 0.14 0.203� 0.039
ϒð3SÞ → γχb0ð2PÞ 1.19 1.49 1.35 1.07 1.31 1.03 1.21 3.330 1.20� 0.23
ϒð3SÞ → γχb1ð2PÞ 2.18 2.41 2.20 2.05 2.66 1.91 2.13 2.61 2.56� 0.48
ϒð3SÞ → γχb2ð2PÞ 2.50 2.67 2.40 2.51 3.18 2.30 2.56 3.16 2.66� 0.57
ϒð2DÞ → γχb0ð1PÞ 2.16 3.60 2.9 3.52 5.56
ϒð2DÞ → γχb1ð1PÞ 1.70 0.9 1.58 2.17
ϒð2DÞ → γχb2ð1PÞ 0.091 0.02 0.0608 0.44
ϒð2DÞ → γχb0ð2PÞ 12.5 13.1 10.6 8.35 9.58
ϒð2DÞ → γχb1ð2PÞ 6.14 6.5 4.84 6.74
ϒð2DÞ → γχb2ð2PÞ 0.371 0.4 0.24 0.47
ϒð2DÞ → γχb2ð1FÞ 0.379 0.833 1.6 2.05
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For example, our results of ϒð2SÞ → χbJð1PÞγ and
ϒð3SÞ → χbJð2PÞγ consist very well with experimental
data and the theoretical predictions in Refs. [40,45,46].
Similar to the case of charmonium, because the con-

tributions of wave functions on the two sides of the nodes
strongly cancel each other out, the theoretical errors of
processes ϒð3SÞ → χbJð1PÞγ and ϒð2DÞ → χbJð1PÞγ,
especially the former, are large, resulting in large
differences between the results of different models.

E. Contributions of different partial waves in
bottomonia decays

For the decays of bottomonia, which have the same
quantum numbers with charmonia, the calculations are
similar, and we will not repeat them one by one, but focus
on some different contents. The bottomonium is much
heavier than charmonium, so the relativistic correction of
bottomonium is much smaller than that of charmonium.
This leads to the fact that the content of the small partial
wave in bottomonium is much smaller than the correspond-
ing charmonium case; see Tables I–III for details.

1. ϒð2SÞ → χ b0ð1PÞγ
As expected, we note that in Table XIII, the small

component terms, namely, the P wave and D wave of
ϒð2SÞ, and S0 wave of χb0ð1PÞ make very little contribu-
tion to the decay ϒð2SÞ → χb0ð1PÞγ. The relativistic effect,

Γrel − Γnon-rel

Γrel
¼ 4.43%;

is very small.

2. ϒð2SÞ → χ b1ð1PÞγ
Some details of the channelϒð2SÞ → χb1ð1PÞγ are listed

in Table XIV. We can see that, similar to the process
ϒð2SÞ → χb0ð1PÞγ, the nonrelativistic result plays a major
role in this process. The relativistic effect of this process is

Γrel − Γnon-rel

Γrel
¼ 6.90%:

3. ϒð2SÞ → χ b2ð1PÞγ
In the process ϒð2SÞ → χb2ð1PÞγ, see Table XV for

details, the main contribution to the decay width comes
from the main partial waves of the initial and final states,
that is, from the interaction of S × P0. And the relativistic
effect in this process is 4.89%.

4. ϒð1DÞ → χ b0ð1PÞγ
Similar to ψð3770Þ, ϒð1DÞ is a D wave dominant

S − P −D mixing state. Table XVI shows some details
of the decay ϒð1DÞ → χb0ð1PÞγ; we can see that the
contribution of small partial waves of bottomonia is much
smaller than that of the corresponding charmonia. If the
relativistic corrections comes from the P wave in ϒð1DÞ
and the S0 wave in χb0ð1PÞ, the relativistic effect is

Γrel − Γnon-rel

Γrel
¼ 3.70%:

If both S and P waves in ϒð1DÞ are relativistic corrections,
then the relativistic effect is also 3.75%.

TABLE XIII. Contributions of different partial waves to the
decay width (keV) of ϒð2SÞ → χb0ð1PÞγ.

0þþ

1−− Whole P0 wave S0 wave

Whole 1.13 1.08 6.9 × 10−4

S wave 1.08 1.08 0
P wave 5.8 × 10−4 5.2 × 10−6 7.0 × 10−4

D wave 1.8 × 10−7 1.2 × 10−7 5.7 × 10−9

TABLE XIV. Contributions of different partial waves to the
decay width (keV) of ϒð2SÞ → χb1ð1PÞγ.

1þþ

1−− Whole P0 wave (D1,D2) D0 wave (D3)

Whole 1.80 1.67 2.2 × 10−3

S wave 1.73 1.67 5.7 × 10−4

P wave 4.9 × 10−4 1.2 × 10−6 5.3 × 10−4

D wave 1.3 × 10−6 2.0 × 10−6 8.6 × 10−8

TABLE XV. Contributions of different partial waves to the
decay width (keV) of ϒð2SÞ → χb2ð1PÞγ.

2þþ

1−− Whole P0 wave D0 wave F0 wave

Whole 1.83 1.79 2.4 × 10−4 1.2 × 10−7

S wave 1.77 1.74 1.2 × 10−4 5.5 × 10−9

P wave 5.6 × 10−4 3.5 × 10−4 1.7 × 10−5 1.4 × 10−8

D wave 5.1 × 10−8 1.1 × 10−7 8.0 × 10−7 1.8 × 10−7

TABLE XVI. Contributions of different partial waves to the
decay width (keV) of ϒð1DÞ → χb0ð1PÞγ.

0þþ

1−− Whole P0 wave (B1,B2) S0 wave (B3)

Whole 15.5 15.0 4.1 × 10−3

D wave 15.0 14.9 1.2 × 10−6

S wave 1.2 × 10−6 1.2 × 10−4 0
P wave 3.9 × 10−3 8.3 × 10−5 2.9 × 10−3
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5. ϒð1DÞ → χ b1ð1PÞγ
From Table XVII, it can be seen that, although there

are some differences, we can get the same conclusion
of ϒð1DÞ → χb1ð1PÞγ as in the process ϒð1DÞ →
χb0ð1PÞγ. The relativistic effects are 7.33% and 7.21%
in the two choices, similar with ϒð1DÞ → χb0ð1PÞγ.

6. ϒð1DÞ → χ b2ð1PÞγ
This process is similar to the decay ψð3770Þ →

χc2ð1PÞγ, but with a small relativistic effect; see
Table XVIII for details. With the same two choices with
ψð3770Þ → χc2ð1PÞγ, the relativistic effects are 3.19%
and 3.86%.

7. ϒð2DÞ → χ b2ð1FÞγ
ϒð2DÞ is a S − P −D mixing state dominated by 2D

wave. Its radiative decay to the final state χbJð1PÞ or
χbJð2PÞ (J ¼ 0, 1, 2) has many similarities with
ϒð1DÞ → χbJð1PÞγ, and they belong to the same type of
process. So we will not give details about them, only show
the details of the decay ϒð2DÞ → χb2ð1FÞγ in Table XIX,
where χb2ð1FÞ is the 1F0 dominant P0 −D0 − F0 mixing
state. χb2ð1FÞ has not been detected by experiment, and we
predict its mass to be about 10374 MeV [38].
The radiative decay ϒð2DÞ → χb2ð1FÞγ is similar to

ψð4160Þ → χc2ð1FÞγ; the difference is that the relativistic
correction of bottomonium is very small due to its heavy
mass, see Table XIX for details. If we choose the same
conditions, the relativistic effects are calculated as 4.68%
and 4.66%.

F. Discussions about the bottomonia

1. ϒð2SÞ and ϒð3SÞ
These two states are similar to ψð2SÞ and ψð3SÞ; their

wave functions are bothSwave dominantwith small amount
of P and D waves, so they are S − P −D mixing states.
Compared with charmonium, The relativistic correction of
bottomonium is much smaller, which indicates that the
nonrelativistic approximation is good for bottomonium.

2. ϒð1DÞ and ϒð2DÞ
These two states are also S − P −D mixing states. In

their wave functions, D wave is the dominant one, S and P
waves have a small proportion. However, the S wave has
two sources, both of which have a large proportion when
they exist separately, while combined, the total proportion
of S wave is small.

3. χ bJð1PÞ and χ bJð2PÞ (J = 0; 1; 2)
χbJð1PÞ and χbJð2PÞ (J ¼ 0, 1, 2) are all P0 wave

dominant states. Among them, χb0ð1PÞ and χb0ð2PÞ are
P − S mixing states, where the S wave provides the
relativistic correction. χb1ð1PÞ and χb1ð2PÞ are P −D
mixing states, and the D wave provides the relativistic
correction. While χb2ð1PÞ and χb2ð2PÞ are P −D − F
mixing states, where the D wave alone can be considered
as the relativistic correction, or the D wave and F wave, as
well as the P wave from F3 and F4 terms, can be
considered as the relativistic correction.

4. χ b2ð1FÞ
χb2ð1FÞ is also a typical P −D − F mixing state, but its

wave function is dominated by the F wave and contains
small component of P and D waves. Where the Pwave has
two sources, both of which have a large proportion
separately, while their sum is small.

IV. SUMMARY

We confirm that the wave functions of mesons are not
composed of a single pure wave and contain other different
partial waves, so all the mesons are mixing states. We study

TABLE XVII. Contributions of different partial waves to the
decay width (keV) of ϒð1DÞ → χb1ð1PÞγ.

1þþ

1−− Whole P0 wave (D1,D2) D0 wave (D3)

Whole 7.94 7.99 8.5 × 10−5

D wave 7.31 7.37 1.4 × 10−4

S wave 2.4 × 10−7 3.0 × 10−6 4.9 × 10−6

P wave 0.0132 0.0131 2.9 × 10−7

TABLE XVIII. Contributions of different partial waves to the
decay width (keV) of ϒð1DÞ → χb2ð1PÞγ.

2þþ

1−− Whole
P0 wave
(F5,F6)

D0 wave
(F1,F2,F7)

F0 wave
(F3,F4)

Whole 0.416 0.443 6.6 × 10−4 2.0 × 10−6

D wave 0.387 0.396 9.3 × 10−5 1.5 × 10−6

S wave 2.2 × 10−6 4.2 × 10−6 1.2 × 10−8 3.4 × 10−10

P wave 5.2 × 10−4 1.2 × 10−3 2.6 × 10−4 4.4 × 10−8

TABLE XIX. Contributions of different partial waves to the
decay width (keV) of ϒð2DÞ → χb2ð1FÞγ.

2þþ

1−− Whole F0 wave P0 wave D0 wave

Whole 0.379 0.366 2.2 × 10−4 1.3 × 10−4

D wave 0.371 0.361 2.2 × 10−4 6.2 × 10−5

S wave 2.1 × 10−7 1.5 × 10−7 5.5 × 10−8 3.4 × 10−9

P wave 6.0 × 10−5 1.8 × 10−5 5.8 × 10−8 2.5 × 10−5
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the partial waves of heavy quarkonium and their contri-
butions to radiative electromagnetic decay. The results
show that for the S and P wave dominated states, for
example, ψðnSÞ, ϒðnSÞ (n ¼ 2, 3), χcJðmPÞ, and χbJðmPÞ
(m ¼ 1; 2; J ¼ 0, 1, 2), the dominant S and P waves
provide the main and nonrelativistic contribution, while
the partial waves of the small components mainly contrib-
ute to the relativistic correction.
ψðnDÞ and ϒðnDÞ (n ¼ 1, 2) are D wave dominant

S − P −D mixing states, and χc2ð1FÞ and χb2ð1FÞ are F
wave dominant P −D − F mixing states. But their wave
functions are complicated; we cannot simply only treat the
dominant D wave or F wave as the nonrelativistic con-
tribution, since the S wave in S − P −D mixing state or P
wave in P −D − F mixing state has two sources, and both
sources have large proportions separately, while their
contributions cancel out and are not significant in this
article.

Our results of charmonium electromagnetic decay are
comparable with the experimental data, and the results of
bottomonium are in good agreement with the existing data.
We calculate the radiative decays of themixed states and find
that the ψð2DÞ → χcJð2PÞ, ϒð1DÞ → χbJð1PÞ, and
ϒð2DÞ → χbJð2PÞ (J ¼ 0, 1) transitions have large partial
decay widths, may be helpful to find these undiscovered
particles.
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