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Study of charmonium decays to KKz in the B — (K2Kx)K channels
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A study of the Bt —» KJKTK~zn" and B" — KQKTK 'z~ decays is performed using proton-proton

collisions at center-of-mass energies of 7, 8 and 13 TeV at the LHCb experiment. The K% K7 invariant mass
spectra from both decay modes reveal a rich content of charmonium resonances. New precise
measurements of the 7, and 7.(2S) resonance parameters are performed and branching fraction
measurements are obtained for Bt decays to ., J/y, 1.(2S) and y., resonances. In particular, the first
observation and branching fraction measurement of BT — yK°z% is reported as well as first
measurements of the B¥ — K’KTK~z+ and B* — KK+ K"z~ branching fractions. Dalitz plot analyses

of n. = Kngr and 7.(2S) - KgKﬂ.’ decays are performed. A new measurement of the amplitude and
phase of the Kz S-wave as functions of the Kz mass is performed, together with measurements of the
K§5(1430), K;(1950) and ao(1700) parameters. Finally, the branching fractions of y.; decays to K*

resonances are also measured.
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I. INTRODUCTION

Understanding strong interaction effects in exclusive
weak decays of heavy hadrons is of importance to gain
information on fundamental aspects of the phenomenology
of strong and weak interactions. In two-body nonleptonic
decays such as B — (¢c)K, a simple factorization method
has been adopted to compute nonleptonic decay amplitudes
[1]. The method involves expressing the hadronic
matrix elements of four-quark operators in the effective
Hamiltonian inducing the decay as the product of two
matrix elements of quark currents. It has been successful,
such as in the description of the B — #.K and J/wK decays
[2]. However, it clearly misses important effects, since it
fails to describe the B — y.K mode. Indeed, in this mode
the factorized amplitude involves the matrix element of the
(¢c)y s vector (V) and axial (A) currents between the
vacuum and y ., resonance, which vanishes due to charmed
vector current conservation and parity conservation. In
contrast, the measured B — y.K branching fraction is
sizable [3], clearly indicating that the nonfactorizable part
of the amplitude plays an important role [4]. Additional
observations of new B — y.,X decay modes are therefore
of interest.

“Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/108(3)/032010(41)

032010-1

The only established strange scalar meson is the
K{(1430) resonance, whose parameters are yet to be
precisely measured [3]. Scalar resonances decaying to
Kr are particularly interesting, since many amplitude
analyses of heavy-flavor decays involve a Kz system
[5], whose theoretical description is a source of large
systematic uncertainty. A widely used method of modeling
the Kz S-wave relies on the results from Ref. [6], which
consists of a large threshold enhancement described by a
scattering length term and a relativistic Breit-Wigner (BW)
function describing the K{;(1430) resonance. A similar
behavior is observed in the Kz S-wave measured in D™
decays [7-9]. Still unresolved is the possible existence of a
broad scalar resonance, x/K{(700), claimed by several
experiments [3]; its existence would suggest the possible
presence of tetraquark states in the light meson system [10].

Further information has been obtained from the Dalitz
plot analysis of 5, decays to KKz with the 7, meson
produced in two-photon interactions, and in an extended
K7 mass region [11]. Due to its large width, the description
of the line shape of the Kj(1430) resonance could be
complicated by the effects of the opening of the K and K7/
thresholds. The decay of the K{j(1430) resonance to K7 has
been observed in a Dalitz-plot analysis of 17, - KTK™n
[12], and its branching fraction has been found to be small.
Its decay to K7’ has been observed in Refs. [13,14].
Another resonance, K{j(1950), seen in the Kz decay mode
[6], is still to be confirmed. Evidence for the K{;(1950) —
K#' decay mode has been found in a Dalitz-plot analysis of
n, = KTK™n' decays [14].

In the Dalitz-plot analysis of the 5, — yatz~ decay, a
new a,(1700) resonance has been observed in the 7z mass
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spectrum [14] and recently confirmed in the a((1700) —
K2K decay mode [15]. The ay(1700) decay to K2K is
therefore expected to contribute to 7./5.(2S) - K2 Kn
decays. To date, no Dalitz-plot analysis of 7,.(2S) has been
performed.

The y.; — K2K= decay has been studied in Ref. [16] in
w(2S) — yK2Kn decays with 220 + 16 events and a low
background. By fitting to the Kz mass projections, partial
branching fractions to K* resonances have been mea-
sured. Given the small dataset, only upper limits have
been obtained for some y. — K*X decay modes, and
therefore further measurements of these branching frac-
tions are useful.

The BY —» KJK"K~z" and B" — KQK" K"z~ decays
have been previously studied in Refs. [17,18], but their
branching fractions are yet to be measured. New large
datasets may therefore help in clarifying several of the
above-listed issues related to light-meson spectroscopy and
B to charmonium decays.

This paper is organized as follows: Sec. II describes the
LHCb detector; Sec. III, the signal candidate selection
procedure; Sec. IV, the study of various mass spectra;
Sec. V, the measurement of the charmonium-resonance
parameters; Sec. VI, the efficiency evaluation; Secs. VII
and VIII, the Dalitz plot analysis of the 5. and 7.(2S)
mesons, respectively; Sec. IX, the study of y.; decays; and
Sec. X, the measurements of various branching fractions.
Finally, Sec. XI summarizes the results.

II. DETECTOR, SIMULATION AND ANALYSIS

The LHCb detector [19,20] is a single-arm forward
spectrometer covering the pseudorapidity range 2 < 5 < 5,
designed for the study of particles containing b or ¢ quarks.
The detector elements that are particularly relevant to this
analysis are these: a silicon-strip vertex detector (VELO)
[21] surrounding the pp interaction region that allows ¢
and b hadrons to be identified from their characteristically
long flight distance; a tracking system that provides a
measurement of the momentum, p, of charged particles;
and two ring-imaging Cherenkov detectors that are able to
discriminate between different species of charged hadrons.
Muons are identified by a system composed of alternating
layers of iron and multiwire proportional chambers. The
entire dataset collected with the LHCb experiment during
runs 1 and 2 is used, corresponding to center-of-mass
energies /s =7, 8 and 13 TeV and comprising an
integrated luminosity of 9 fb~!. The online event selection
starts with a trigger [22], which consists of a hardware
stage, based on information from the calorimeter and muon
systems, followed by a software stage, which applies a full
event reconstruction. During offline selection, trigger
signatures are associated with reconstructed particles.
Since the trigger system uses the transverse momentum
of the charged particles with respect to the beam axis, pr,

the phase-space and time acceptance is different for
events where signal tracks were involved in the trigger
decision (called trigger on signal or TOS throughout) and
those where the trigger decision was made using infor-
mation from the rest of the event only (no TOS). Data
from both trigger conditions are used and studied sepa-
rately for consistency tests and the evaluation of system-
atic uncertainties.

Simulation is required to model the effects of the detector
acceptance and the imposed selection requirements. In the
simulation, pp collisions are generated using PYTHIA [23]
with a specific LHCb configuration [24]. Decays of
unstable particles are described by EvtGen [25], in which
final-state radiation is generated using PHOTOS [26]. The
interaction of the generated particles with the detector, and
its response, are implemented using the Geant4 toolkit [27]
as described in Ref. [28].

Two types of simulations are performed: (1) where
the BT is decayed according to a phase-space model
and (2) where the B decays as Bt — (c¢¢)K, where (c¢)
indicates a charmonium resonance decaying to Kngr by
phase space.

III. EVENT SELECTION

The present work reports a study of the two B+ decays'
B* - KK K*x* (1)

and
Bt —» K)K"K*tn~, (2)

with K — 7z~ Decays of the K3 are reconstructed in
two categories: the first involving K(S) mesons that decay
early enough for the pions to be reconstructed inside the
VELO; and the second containing Kg mesons that decay
later such that track segments from the pions are outside the
VELO. These categories are referred to as long K
(indicated in the following with K9;;) and downstream
K? (indicated in the following with K9, respectively.
While the K9, category has better mass, momentum and
vertex resolution, there are approximately twice as many
K9, candidates. Candidate B particles are formed by
combining the K9 candidate with three other charged
tracks, having a total charge of one, performing a global
vertex fit to the decay tree and requiring the B* candidate to
originate from one of the primary pp collision vertices in
the event. Selection criteria and efficiency measurements
are performed separately for each Kg category. To suppress
backgrounds, in particular combinatorial background
formed from random combinations of unrelated tracks,
the events satisfying the trigger requirements are filtered by

'"The inclusion of charge-conjugate processes is implied
throughout the paper.
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FIG. 1. Invariant "z~ mass distribution for (a) KgLL and (b) KgDD candidates. The full (red) line indicates the fit results and the
dashed (blue) line the background contribution. The vertical dashed lines indicate the region used to select the Kg signal.

a loose preselection, followed by a multivariate selection
optimized separately for each data sample. Selection
requirements are tuned to minimize correlation of the
signal efficiency with kinematic variables, resulting in
better control of the corresponding systematic uncertain-
ties. Consequently, the selection relies minimally on the
kinematics of the final-state particles and instead exploits
the topological features that arise from the detached vertex
of the Bt candidate. These include the following: the
impact parameters of the BT candidate and its decay
products, the quality of the decay vertices of the B™ and
Kg candidates and the separation of these vertices from
each other and from the primary vertex.

The preselection of K and B* candidates requires, for
each track, the presence of appropriate particle identifica-
tion (PID) information and imposes invariant mass selec-
tions around the known K9 and B* particle masses. The
separation of signal from combinatorial background is
achieved by means of a boosted decision tree (BDT)
classifier [29,30], implemented using the TMVA toolkit
[31]. The multivariate classifier chosen for this analysis
is a BDT with a gradient boosting algorithm [32], separated
for K3, and K2y, data. The classifiers are trained using
simulated signal decays, composed of samples (a) and
(b) described in Sec. II with proportions corresponding to
the resonance composition observed in the data (see
Sec. IV). The simulation also matches the relative propor-
tions of the dataset at the various center-of-mass energies. It
is assumed that the efficiencies for the reconstruction of the
decays displayed in Egs. (1) and (2) are the same. For the
background input to the training, data in the lower and
upper sidebands of the BT signal region are used. The
composition of the background sample reflects the data-
taking conditions and the decays in Eqs. (1) and (2) are
used in equal proportions.

The optimization of the BDT classifier working point is
performed by scanning the figure of merit

N.
§———__ (3)

\/Nsig +kag’

where Ng, (Npy,) represents the signal (combinatorial
background) yield in the signal region. The yields are
evaluated in a +2.56 window around the BT mass, where ¢
is the mass resolution, through fits to the KK K~z mass
spectra using two Gaussian functions sharing the same
mean for the signal and a linear function for the back-
ground. Figure 1 shows the z7 7z~ invariant-mass distribu-
tions at the K candidate vertex, separated for K3, and
KgDD, after selecting candidates using the optimized figure
of merit S defined in Eq. (3).

The two z'z~ invariant mass distributions are fitted
using the sum of two Gaussian functions sharing the same
mean, with o; and o, resolutions, and a linear function
for the background. An effective resolution is computed as
6= fo, + (1 — f)o, where f is the fraction of the first
Gaussian contribution. The resulting effective resolutions
for the LL and DD categories are o7; = 2.53 MeV and
opp = 6.46 MeV. The Kg signals are selected within 3.00
of the fitted K mass of 497.8 MeV.”

In order to facilitate the extraction of the B and K9
signal and combinatorial background components from
these invariant-mass spectra, no kinematic mass constraint
is applied to the K3 and BT signals. To improve the mass
resolution (see Sec. IVA), the energy of the selected
candidate K2 is computed as

EKg = \/P%(g + m?(g’ (4)

where p K? is the reconstructed K momentum and m K the

known K2 mass. Compared with the resolution obtained
from the use of the K(S) mass constraint, this method gives
the same resolution for the KYKKr invariant mass and a
slightly worse resolution, by ~6%, for the K(S)Kzr invari-
ant mass.

Particle identification of the three charged hadrons is
performed using the output of a probabilistic neural

*Natural units with # = ¢ = 1 are used throughout this paper.
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FIG. 2. Distributions of KK *K~z" invariant mass for (a) K, and (b) K2y, candidates and distributions of KK+ Kz~ invariant
mass for (c) K(S)LL and (d) K(S)DD candidates. The full (red) lines indicate the signal component and the dashed (blue) lines the
background. The vertical dashed lines indicate the regions used to select the BT signals.

network (NN) trained on the output of all the subdetectors.
The figures of merit are expressed as Px = NNy (1 —NN,,)
for kaon identification and P, = NN (1 — NN) for pion
identification, where NN, and NNy are the NN proba-
bilities for pion and kaon identification, respectively.
Thresholds are applied to these quantities to maximize
the significance of the BT -candidate invariant-mass peak
as a function of Pg or P,.

Open charm production in the B decays is significant,
with the presence of several signals of D, D° and D} in
two-body and three-body mass combinations. The largest
contributions are due to D — K3K*K~ decays in BT —
KIK*K~n" decays (17.4+0.2)% and D° - K"z~ decays
(6.4+0.1)% in BT - KSKTK"n~ decays. As both D°
signals have large signal to background ratios, they are
removed from the BT -candidate samples. The D° —
KKK~ contribution is removed by requiring |m — mg| >
3.56, where m indicates the KKK~ invariant mass, with
my = 1864.6 MeV and ¢ = 4.5 MeV for K9, data and
6 = 6.3 MeV for K9, data. The background from D° —
K"z~ decays is removed by requiring |m — mgy| > 3.50,
where m indicates the K+ 7~ mass, with my = 1864.5 MeV
and ¢ = 8.4 MeV. In both cases the D° parameters are
extracted from a fit to the data, using a Gaussian function and
a linear polynomial for signal and background, respectively.

Figure 2 shows the KSK ™K~ 7" and KK K"z~ invari-
ant mass spectra, after the optimized offline selection

requirements, separated by Kg category. The distributions
are fitted to a sum of two Gaussian functions sharing
the same mean values and a linear background function.
The fits give an average B™ -mass value of 5280 MeV
and an average width of 6 = 17.7 MeV. Signal candidates
are selected in a window of +2¢ of the fitted BT mass,
common to the four datasets. Table I lists the fitted
yields and purities (P) in the BT signal region for the
different datasets, where the purity is defined as P =
Nio/ (Nsig + Nyig). The dependence of P on the collision
energy and data-taking conditions is approximately uni-
form for all the four datasets, simplifying the Dalitz-plot
analyses reported in the following. Approximately

TABLE 1. Fitted B" signal yield and purity for BT —
K)KTK=n" and BT — KYK'"K 'z~ final states separated by
K type.

Final state B signal yield BT purity [%]

K3K*K-n*
KY 21460 + 220 80.0 0.2
K3 52690 =+ 420 69.5+0.2
KKK n~
Ky 17730 + 220 82.0+0.3
K3 40730 4 320 79.9+£0.2
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0.02% of events contain multiple BT decay candidates, as
selected with the above procedure, and therefore their
effect is considered negligible. An inspection of the z 7z~
mass spectra for K%, and KQ, candidates after all
selections, and in the B signal region, shows K(S) signals
with negligible background.

IV. MASS SPECTRA

The KJKr invariant-mass spectra for events in the B*
signal region, summed over the K9, and K3, datasets,
are shown in Fig. 3 for B¥ -» KSK"K~z" and BT —
KQKTK*n~ final states. The lower and upper mass side-
bands around the B™ signal peak are defined in the ranges
[-60, —40] and [40, 6], respectively, with 6 = 17.7 MeV.
The corresponding KgKﬂ' invariant mass spectra, repre-
sentative of background candidates, are superimposed onto
the K(S)Kﬂ' invariant mass spectrum from the B™ signal
region. The BY — KQK"K*z~ final state has two kaons
with the same charge and therefore both combinations are
included in the KYK7 invariant-mass spectrum.
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FIG. 3. Invariant K%Kﬂ mass distributions for (a) BT —
KIKTK-z* and (b) Bt - KKK *7~ candidates (two entries
per event).

There are 119,198 entries and 159,694 combinations
in the KKz invariant mass spectra from the two B*
decay modes, respectively. The KJKz invariant-mass
distributions show a signal at threshold in the position
of the f(1285) resonance and a broad complex structure
in the 1.5 GeV mass region. A D° — K2Kx signal can be
observed, due to the open-charm final state B* — DK™,
Prominent signals of 5., J/y, y., and n.(2S) can be
observed in both invariant-mass spectra. A broad enhance-
ment in the 7. mass region is present in the KKz mass
spectrum from BT sidebands. The effect can be under-
stood as due to the presence of prompt 7, — KgK 7 decays
[33] reconstructed using an incorrect decay chain. The
structure above 1.9 GeV that appears mostly in the
sidebands is due to the reflection from D° — K3z "z~
decays, where one pion is misidentified as a kaon. The
strong 5, signal present in the data allows for a test of the
agreement between data and simulation for the PID. PID
is removed for each final-state kaon and pion in turn on
both data and simulation, and the #,. event losses due to the
kaon (3%) and the pion (0.4%) identification are com-
pared. The results for data and simulation agree within 2¢
and this effect is therefore ignored.

A. Mass resolution

The mass resolution is obtained from simulated data. In
this analysis it is used to perform fits to the invariant-mass
spectra and obtain resonance parameters in which the
effects of the mass resolution are expected to be significant,
in particular in fitting narrow charmonium states. As the
resolution functions are mass dependent, they are evaluated
in specific mass intervals, namely the #.—J/y mass region,
defined in the [2.90-3.15] GeV region, and the y.,—#.(2S5)
mass region, defined in the [3.46 — 3.70] GeV region. Due
to the presence of two types of reconstructed K3 with
different resolutions, the mass resolution is computed
separately for K, and K%, data. The resulting mass-
difference distributions are well described by the sum of a
Gaussian and a crystal ball function. The width (o) of the
dominant Gaussian contribution is 8.8 MeV (9.9 MeV) in
the n.—J/y mass region and 10.3 MeV (12.0 MeV) in the
Ze1-1(2S) mass region for the K9, (K3pp) data.

V. MEASUREMENT OF CHARMONIUM-
RESONANCE PARAMETERS

The measurements of charmonium-resonance parame-
ters are performed with binned fits to the KKz invariant-
mass spectra separately in the #.—J/y and the y.;—#.(2S)
mass regions in the ranges shown in Figs. 4 and 5,
respectively. In both invariant-mass regions, the BT —
K)K*K~=z* and B - KJKTK*z~ data are fitted sepa-
rately. Since the experimental resolutions for K(S)LL and
KQ, data are different, a simultaneous fit to the two
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FIG. 4. Invariant KgKﬂ.' invariant mass distributions, with the
known J/y mass subtracted, in the #,—J/yw mass region for
(@) B > KYKTK~zn" and (b) B" — KK"K"zn~ candidates.
The results of the fits are overlayed.

invariant-mass spectra is performed, sharing only the
resonance parameters. In the fit to the 5.~/ /y mass region,
the J/yw width is fixed to the known value [3] and the Kg Kn
mass value is shifted by the J/y mass: m' = m —m,,,,
where m;,, is fixed to the known value [3]. Here, all
resonances are described by simple nonrelativistic BW
functions

1

P Gy =y =i

(5)
convolved with the appropriate mass resolution functions.
The backgrounds, which are due to a combination of B —
K2KKn decays and incoherent KKz production, are
represented by first-order polynomials. Table II lists the
fitted resonance parameters and yields, together with fit p
values. A comparison with PDG [3] averages shows
improvements both in the mass and width of the 7,
resonance, with the J/y mass in good agreement with
the known value. A small negative shift, consistent with
zero, can be seen on the fitted J/w mass. The good
description of the J/y line shape, whose observed width
is dominated by the mass resolution, demonstrates the good
agreement of the mass resolution in data and simulation.

m(K3K*7~) [GeV]

FIG. 5. Invariant KKz mass distributions in the y.;—7.(2S)
mass region for (a) B" - KQK K=" and (b) BY — KQK "K' n~
candidates. The results of the fits are overlayed.

Systematic uncertainties include the following sources.
The bin width is varied from 2.5 to 3.0 MeV and the
background shape is changed from linear to a second-order
polynomial. The 7. component is allowed to interfere with
the background that has a significant contribution from the
B™ decay. The interference is parametrized as

f(m) = |Anres‘2 + |Ares|2 +c- 2Re(AnresA;Fes)v (6)

where A, is the nonresonant amplitude and |A,|* is
described by a linear function. The resonant contribution is
constructed as A, = a - BW(m) - exp(i¢), where a and ¢
are free parameters and BW(m) is the Breit-Wigner
function of Eq. (5) describing the 7, line shape convolved
with the experimental resolution. The coherence factor, c,
is a free parameter. It is found that the interference model
produces a small improvement in the description of the
data with fitted phases of ¢ = 1.596 +0.009 rad and
¢ =1.631 £0.011 rad, both close to z/2, for B" —
K)KTK=n" and B" — KQK*"K 'z~ data, respectively.
The deviations of the fitted resonance parameters from
those obtained without interference are included as sys-
tematic uncertainties.
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TABLE 1. Fitted 5., J/y, n.(2S), and y., parameters. For the J/y the m’ = m —

statistical, the second systematic.

my,, value is reported. The first uncertainty is

Final state p-value [%] Resonance Mass [MeV] Width [MeV] Yield
K(S)K+K‘n-+ 16.3 e 2984.84 +£0.23 + 1.01 30.0£0.7+0.2 17700 £ 190
J/w —-0.27+0.11 £ 0.61 0.0929 (fixed) 3386 + 70
KgK*Kﬂr‘ 1.5 e 2985.19 £0.24 + 1.88 29.44+0.8 +0.8 17210 £ 210
J )y —0.81 £ 0.11 £ 0.67 3310 £ 80
Average e 2985.01 £0.17 £ 0.89 29.74+05+0.2
J/w —0.54 +0.08 £0.45
KgK*Kvﬁ 46.6 17.(25) 3636.92 +£0.71 + 1.50 11.70 +2.04 +1.39 1960 + 80
Xel 3509.32 £ 0.70 + 0.84 0.88 (fixed) 1300 £ 50
KgK*Kﬂr‘ 53 17.(25) 3639.28 +0.84 + 3.83 9.18 +£2.67 +1.70 1720 £+ 100
Xel 3510.35 £ 0.69 + 1.00 1460 + 70
Average 17.(25) 3637.90 £ 0.54 + 1.40 10.77 £1.62 £+ 1.08
Xel 3509.84 + 0.69 + 0.64

The systematic uncertainty associated with the back-
ground model is evaluated by varying the BDT classifier
selection working point, resulting in a variation of the B
purity of around +5%. The average value of the absolute
values of the two resulting variations of the resonance
parameters is used to quantify the systematic uncertainty
associated to the background level. Starting with the fitted
functions from the reference fit, 400 pseudoexperiments are
generated and fitted. The average value of the deviations of
the fitted parameters is included as a systematic uncertainty.

TABLE III. Summary of systematic uncertainties on J/y and
1, resonance parameters.

m(1,) T'(n.) Am(J/y)
Contribution [MeV] [MeV] [MeV]
B > KAK*K~n*
Bin width 0.03 0.12 0.08
Background 0.04 0.01 0.01
Interference 0.84 0.09 0.15
Fit bias 0.01 0.02 0.04
Momentum scale 0.56 0.56
BDT variation 0.07 0.12 0.16
Resolution 0.00 0.01 0.00
Squared sum 1.01 0.19 0.61
Bt - KOKTK*n~
Bin width 0.02 0.01 0.03
Background 0.11 0.09 0.05
Interference 1.79 0.74 0.36
Fit bias 0.00 0.09 0.07
Momentum scale 0.56 0.56
BDT variation 0.10 0.06 0.05
Resolution 0.00 0.01 0.00
Squared sum 1.88 0.75 0.67

The momentum-scale uncertainty is evaluated as 0.030
[34], where Q is evaluated as the difference between the 7,
mass and the sum of the masses of the decay particles.
The uncertainties on the resonance parameters arising
from the limited sizes of the simulation samples, used to
obtain the resolution functions, are obtained by fitting the
K(S)Kﬂ.' invariant-mass spectrum from 400 pseudoexperi-
ments where, in each fit, all the parameters describing the
resolution functions are varied randomly from a Gaussian
distribution defined by their statistical uncertainties.
Table III gives the resulting contributions to the systematic
uncertainties which are then added in quadrature.

A similar model is used to fit the y.—#.(2S) mass
region, shown in Fig. 5, with the fit results summarized in
Table II together with the inverse-variance-weighted aver-
ages of the fitted parameters from the two B* decay modes.
In this case, the y,.; width is fixed to the known value [3].
The inverse-variance method is also used, here and in the
following, to evaluate average systematic uncertainties. A
comparison of the results listed in Table II with PDG [3]
measurements shows improvements both in the mass and
width of the 7.(2S) resonance, with the y.; mass in good
agreement with the known value. Systematic uncertainties
on the fit parameters are evaluated in a similar way as for
the n.—J /y fit except now the 7.(2S) is allowed to interfere
with the background. The fit with interference returns
relative phases of ¢=1.524+0.05rad and ¢ = 1.82 £
0.09 rad for the B* - KJK K~ 7" and B" - KKK "n~
final states, respectively (similarly close to z/2). The
presence of signals corresponding to the h.(1P) and
¥ (1P) resonances is explored by adding additional com-
ponents to the fit function and resonance parameters fixed to
the known values [3]; their yields are found to be consistent
with zero. A summary of the systematic uncertainties,
together with their quadratic sum, is given in Table I'V.
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TABLE IV. List of the systematic uncertainties on the y,.; and
1.(28) parameters.

Final state [MeV] [MeV] [MeV]
B > KAK*K~n*

Bin width 0.13 0.17 0.09
Background 0.01 0.99 0.05
Interference 1.30 0.09 0.29
Fit bias 0.02 0.22 0.00
Momentum scale 0.75 0.75
BDT variation 0.09 0.93 0.25
Squared sum 1.50 1.39 0.84
Bt —» KOK"K*n~

Bin width 0.22 0.15 0.10
Background 0.14 1.15 0.09
Interference 3.75 0.70 0.64
Fit bias 0.05 0.55 0.04
Momentum scale 0.75 0.75
BDT variation 0.10 0.87 0.11
Squared sum 3.83 1.70 1.00

A. First observation of B* — y K3z *

Figure 6 shows the K"K~ invariant-mass spectrum for
Bt — KYK*K~z" candidates in the y.—y., mass region,
where a prominent y ., signal can be seen, together with a
weaker signal at the y., mass. Also superimposed is the
K"K~ invariant-mass spectrum from the B* sidebands,
where no y, signal can be seen. For this Bt decay mode,
the PDG [3] reports a branching-fraction upper limit of
B(BT = y.0K*) < 2.1 x 107 [35].

Using a similar method as for the fit to the other
charmonium resonances, a simultaneous binned fit of
the K™K~ mass spectrum for the K%, and K9, data is
performed. The background is parametrized by a second-
order polynomial; the resonance parameters for the y ., state
are unconstrained, while those for the y., component are
fixed to their known values. The y signal is described by
the relativistic spin-0 Breit-Wigner function

1
BW(m) = W’ (7)

my—m
where m is the resonance mass. The mass dependent width
I" is written as

r=r, L% (8)
go m

where Iy is the resonance width and ¢ (gqy) is the
momentum of either decay particle in the two-body
(resonance) rest frame. The y., signal, due to its narrow
width, is described by a simple Breit-Wigner function
[Eq. (5)]; both distributions are convolved with the exper-
imental resolution function modeled, as described in

- LHCb —tow ]

— o' gt 0 Background -
% 2007

=

N

s

g

= 100

=

s

@}

33 34 35 3.6
m(K*K") [GeV]

FIG. 6. Invariant K* K~ mass distribution in the y,, — y., mass

region for B¥ — KQK"K-z* decays. The two K9 datasets are
combined. The results of the fit are overlayed. The curves also
include interference terms and therefore the y ., line shape takes
slightly negative values.

Sec. IVA, by the sum of a crystal ball function and a
Gaussian function having ¢ = 11.9 MeV. In this fit, the
measured y.o mass and width are both shifted by approx-
imately 5 MeV with respect to their known values [3].

Allowing for interference of the y,, resonance with a
nonresonant KK~ component, as described in Eq. (6),
results in the data description shown in Fig. 6, with a p
value = 27.9% and y,, parameters

m(y.0) = 3413.6 = 1.3 MeV,
T(ye) = 12.8 +2.8 MeV, (9)

consistent with PDG averages [3]. The y ., yieldis N, =
1920 £ 90 and the relative phase ¢ = —1.290 £ 0.073 rad.
The fit also returns a y., yield of N, =190+ 30. To
evaluate the significance of the y,., signal, a fit without its
contribution is performed. This results in a ¥ variation of
Ay? =22.5 for the difference of one parameter, which
gives a statistical significance of 4.6¢.

VI. EFFICIENCY

Two types of efficiencies are evaluated, total and local.
The total efficiency describes the effects of the
reconstruction on the BT decay to the 4-body final state,
needed to evaluate the relative charmonium branching
fractions. The local efficiencies are evaluated in specific
KJKn mass regions, i.e. the .~/ /w and y.;—1.(2S) mass
regions, where Dalitz-plot analyses are performed and
descriptions of the Kngt detection efficiency are needed.
The efficiencies are evaluated by generating simulation
samples that undergo the same reconstruction and analysis
selections as the data. The efficiency is evaluated as the
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(©

FIG. 7. Definition of the angles (a) ,, (b) O, and (c) ¢.

ratio of selected over generated distributions projected over
the relevant kinematic variables.

The choice of the phase-space variables which describe
the efficiency is somewhat arbitrary, and a mixture of two-
body and three-body invariant-mass projections is used,
together with variables related to the angular distributions.
A comparison between the py distributions of the B
candidates in simulated samples and in data shows a small
disagreement, which is corrected by weighting the former
to match the latter.

A. Total efficiency

To study efficiencies, simulated events are generated
according to a four-body phase-space model. Since the
physics of the KKz system is of interest, the charged kaon
participating in the decay under study is labeled K, while
the second charged kaon behaves as a spectator and is
labeled K,. Therefore, the reaction can be written
Only BT - KYK"K~z" decays are generated because the
efficiency for B — KXK* K"z~ is expected to be the
same. The generated angular distributions are all uniform;
therefore, any observed variation is due to inefficiency. The
efficiencies are evaluated separately for the K3 ; and K3pp
samples. In both cases the resulting distributions have only
a mild dependence on the KYK7 invariant mass.

The kinematics of a four-body decay are fully described
by five independent variables. Different invariant-mass
combinations have different kinematic bounds, so mass-

0.2 T T

LHCb (a)
Simulation

0.15

0.05

efficiency [a.u.]/(0.025)
o

| |
0.2 0.4 0.6 0.8
mx(KgLLKl)

reduced variables are used instead because they always
range between 0 and 1. They are defined as [36]

_1>,

where m, m,;, and m,, indicate the invariant mass and its
minimum and maximum kinematically allowed values,
respectively. As an example in the above equation,
m,(K2K) for the three-body KK system is computed as

1 m — Myin
m, = —arcos| 2
b2 m

(11)

max — Mmin

1 KUK) — my,
m,(K3K) = —arcos (ZM - 1), (12)
T

Mpmax — Mpin

and My = myo + my and My, = m(K3Kn) — m,, sim-
ilarly for other two-body mass combinations. The angular
distributions make use of helicity angles defined as follows.
In the KQKx rest frame, shown in Figs. 7(a) and 7(b), 0,
(0k,) indicates the angle formed by the K; () with respect to
the KK, (K3r) direction in the K3K | (K2x) rest frame.
Similarly, the angle 0k, is defined by exchanging K with
K. Figure 7(c) shows the definition of ¢x, the angle formed
by the spectator K, with the normal to the K3Kz plane.
The model used to describe the efficiency is obtained in
an iterative manner. First, the variables showing the
strongest deviation from uniformity in the simulation are
chosen. The efficiency projection as a function of the first
chosen variable, m,(K3K,), is fitted using a seventh-order
polynomial labeled as €, (m,(K3K)). Figure 8 shows the

04 LHCb (b)
& [ Simulation i
S C
2 - ]
E L ]
ﬁ - i
g b E
] L ]
b= C ]
() L 4
Gi 1 I I 1 ]
0.2 04 0.6 0.8
mx(K(S)DDKl)

FIG. 8. Efficiency projections (in arbitrary units) on m,(K3K ) for the (a) K3;; and (b) K31, samples for the total B — KK K-zt
dataset. The curves are the results of fits made using seventh-order polynomials.

032010-9



R. AAIJ et al. PHYS. REV. D 108, 032010 (2023)
02— —— 0S5 ———)
~ [ LHCb (a) 1 = [ LHCb (b) 1
8 - Simulation eTotal O (g4F Simulation eTotal ]
g 051 +TOS ] S =TOS
= - } +noTOS S sk +noTOSH
= r Gt 0000 g0, N ; ’ L ¢ PR I R R ”"'"'”". ]
= ¢ = 02 IR ST UE
é 0 05 AH+++J‘+¢+4¢44“‘ """""""" —“-.4""'“7‘-_4‘+ : g H * ': ]
20U (U b s S 01l e, ]
% 4y it ",,*Jt 1 % i;ﬁ AT IREEE **"f*tr 7 E
R T B c. . vy
0 2 3 1 5 0 2 3 4 5

m(KgLLKlﬂ ) [GeV]

m(KZDDKln' ) [GeV]

FIG. 9. Efficiency projections (in arbitrary units) on m(KgK 1) for the (a) KgLL and (b) KgDD simulation samples separated for trigger

conditions.

efficiency projected on m, (KK ) separately for the K9, |
and K3, samples.

The events are then weighted by the inverse of
the efficiency 1/e;(m,(K2K,)) and a second variable
(m,(K2%r)) is chosen which is itself fitted by a seventh-
order polynomial labeled as €,(m,(K3x)). The events are
then weighted by 1/(e;(m (K3K,)) - €;(m(K3x))). The
process continues in this fashion, terminating when, after
weighting, the efficiency is consistent with being uniform
across all the nine considered variables, both on one- and
two-dimensional projections. The total efficiency for each
K(S) category, €¢;; and €pp, is found to be well described by

err = €1 (m(K3K,)) - e2(m(K37)) - e3(m(KSK 7))
~€y(m (K 7)) - es(cos b, ),

epp = €1(m,(K$K1)) - €2(m,(K§n)) - e3(m(K3K 7))
- €4(m (K 7)) (13)

1. Efficiency for different trigger conditions

As described in Sec. II, the reconstructed events belong to
two trigger categories: TOS and no TOS. Separate efficien-
cies are needed for each trigger condition, further divided
into K, and K9, categories. Figure 9 shows the effi-
ciency distributions as functions of the KKz invariant
mass, separated by trigger condition and K9 type. The
efficiency evaluations are performed using the same sample
of generated events and therefore the scale of the distribu-
tions also gives the fraction of the simulation samples
belonging to each category. It is found that the efficiency
has a weak dependence on m(K2K ) for all the considered
samples.

B. Local efficiencies

1. Efficiency in the n.—J |y and y . —n.(2S) mass regions

The efficiency in the 5.~J/y mass region is evaluated
from a dedicated sample of simulated B* — 5.K™ decays,

where the 5, decays to a KQKr state, in which the 7, is
generated according to a BW function and decays uni-
formly in its three-body phase space. These simulations
are used to evaluate the efficiency across the Dalitz plot,
which can be described in terms of two independent
variables, chosen to be m,(K3K ) and cos 0,,. Labeling x =
m,(K2K,) and y = cos 0,, the efficiency map is smoothed
by fitting with a two-dimensional polynomial

e(x,y) = co(1 +c1x+ ey + €3y + e4x® +¢5y% 4 cox7y
+egxy? + cgx + coy? 4 cioxt + eyt ety
+ 1302y + c14xy° + 15X + ¢16x° + €17x%),
(14)

separately for the K, and K3, samples. Figure 10 shows
the fitted two-dimensional efficiency distributions with the
fit projections on m, (KK ;) and cos@,.

The efficiency in the y.,-7.(2S) mass region is com-
puted from the sample of simulated B — K(S)KKR' decays
by selecting events in the [3.46-3.70] GeV mass region.
Due to the size of the simulated sample and because of the
weak dependence of the efficiency on cos 0, the efficiency
model is obtained from fits with seventh-order polynomials
to the efficiency projections on m,(K3K,) and cos,, as
shown in Fig. 11. The efficiency is then parametrized
as € = e, (m (KK )) - €(cos 0,).

VIL. DALITZ PLOT ANALYSIS
OF THE 7, DECAY TO K%Kx

A. Data selection for the B* — K}K*K~x* final state
This section is devoted to the study of the decay
BT -> 5. KT,
Ne — K3K . (15)

where the K meson is considered a spectator. For
simplicity here and in the following, kaons are labeled
using their charge.
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FIG. 10. Two-dimensional efficiency fitted distributions in the 5, mass region for the (a) K%, and (d) K%, samples. Efficiency
projections (in arbitrary units) for (b)—(c) K(S’LL and (e)—(f) K(S)DD simulation. The curves are the results from the fits according to

Eq. (14).

FIG. 11. Efficiency projections (in arbitrary units) in the y.;—#.(2S) mass region for the (a)—(b) KgLL and (c)—(d) K(S)DD simulation.
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FIG. 12. Invariant KKz mass distributions in the 7.~/ /w signal region combining the K3;; and K3, data for (a) B" - KKK~ z*
and (b) B* > KYK* K"z~ decays. The dark-gray area represents the KKz invariant-mass spectrum from the B* sideband; the light-

gray areas indicate the 7, signal and sideband regions.

Possible backgrounds originating from charm decays to
particles amongst the 7, — K(S’K‘ﬂ+ decay products and
the spectator K are investigated, and no open charm
production is observed in any two-body or three-body mass
combinations. The absence of significant structures ensures
that the 7, signal is decoupled from the K+ and the 7,
analysis can be considered as a simple study of the three-
body 7, decay.

The z~ K invariant-mass spectrum, where the 7~ comes
from the K9 decay, shows no evidence of a D background.
Possible backgrounds from pions misidentified as kaons
are considered by assigning the pion mass to each of the
two kaons in the final state. Except for the small D? —
K(S)zﬁzz‘ signal observed in the B sidebands, discussed in
Sec. IV, no charm signal is observed in the resulting two-
body or three-body mass combinations. Also, no evidence
for the B™ decay to the KSK "z "z~ state is observed.

The 7, signal region is defined as [2.935-3.035] GeV
while the sideband regions are defined as [2.83-2.88] GeV
and [3.15-3.20] GeV as shown in Fig. 12. The background
under the 7, signal peak has two components: (1) from B*
background, estimated from BT sidebands, labeled in the
following as incoherent and shown as dark-gray areas in

Fig. 12; (2) from B* signal, labeled as coherent and
indicated by light-gray shading in Fig. 12. The relative
fraction of these two components is estimated by integrating
the contents of the dark- and light-gray areas in the 7, lower
and higher sidebands. The resulting incoherent backgrounds
fractions, labeled as f, are listed in Table V together with
the .. event yields in the signal region and purities, separated
for the K9, and K3, data.

B. Data selection for the B* — KgK +*K*z~ final state

This section is devoted to the selection of the decay

BT - 5. KT,

n. — KK n~, (16)
where two identical K+ mesons are present. Because of
this, the two K™ mesons are alternately considered as part
of the 7. signal decay or as a spectator to it, and every
candidate decay therefore appears twice in the sample
under study. This final state is affected by a significant
background from D® — K*z~ decays, which is removed as
discussed in Sec. III. Labeling the spectator K+ as K, the

TABLE V. Candidate events and purities in the 7, signal region and fractions of B™ sideband contributions in the 7. sideband regions
for BY - KK*K~n" and B* — KQK* K"z~ decays. Low and high indicate the lower and higher sideband candidates. Because of the
limited statistics, the values of f are summed for the K3, and K3, data.

Final state K(S’ type Candidates Purity [%] Low f3 [%] High f3 [%]
B > K3K"K~n" K3, 4622 91.8+0.4

Kip 11101 89.0+0.3

Combined K3 29.6 £2.0 31.5£20
BY — KKK+ a~ Ky 5034 843 +0.5

Ko 11439 83.5+£0.3

Combined K9 255+1.5 220+1.2
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FIG. 13. Dalitz plot of . — K3Kx decays for (a) B™
the removal of the D° — K*z~ channel.

K(S) K3~ invariant-mass spectrum shows a small D signal,
and events are removed if they lie within 426 MeV of the
D° mass. No other open-charm signal is observed in other
two-body or three-body mass combinations. The K(S)Kﬂ'
mass spectrum is shown in Fig. 12(b) with indications of
background, signal and sideband regions. Table V gives
information about the event yields, purities and background
composition.

C. Dalitz plot analysis
The 5, Dalitz plot is shown in Fig. 13, for (a) Bt —
K)KTK=n" and (b) B" - KJK"K"z~ data. It is domi-
nated by horizontal and vertical bands due to the presence
of the K}(1430)*° resonances.

1. Dalitz plot analysis method

An amplitude analysis of the KKx final state in the
n. mass region is performed, using unbinned maximum-
likelihood fits. The likelihood function is written as

ﬁ P €x ZIJCCA(x”’yn)A ( n’yn)
ol 20 2iCi Cilaa:
kiBi(xy. yn)
+(1- )X:X:k(lg]’ (17)

where N is the number of events in the signal region. For
the nth event, x, = m*(K°z") and y, = m*(K~n"). The
signal purity (P) is obtained from the fit to the K3Kx
invariant-mass spectrum (see Fig. 4) and listed in Table V.
The efficiency e(x),, y,) is parametrized as a function of
xj, = m(K3K) and y), = cos 6, and described in Sec. VI.
The complex signal-amplitude contribution for the ith
signal component is indicated as A;(x,,y,). The corre-
sponding complex parameter c; is allowed to vary in the fit,

L
(b) -
LHCb
9fb !

mA(K*n ) [GeV?]

2 4 6
mZ(K(S’yr ) [GeV?]

— KKK 7" and (b) KKK z~. The empty horizontal band in (b) is due to

except for the largest amplitude, the (K7 S-wave)K [labeled
in the following as (K7)¢K] in the quasi-model-indepen-
dent (QMI) analysis (Sec. VIID) or the K{;(1430)K in the
isobar model analysis (Sec. VII E), which is taken as the
reference, setting the modulus |c;| = 1 and phase ¢, = 0.
The background probability density function for the ith
background component is indicated as B;(x,,y,), and it
is assumed that interference between signal and back-
ground amplitudes can be ignored. The magnitude of
the ith background component is indicated by k; and is
obtained by fitting to the sideband regions and interpolating
linearly in the signal region. The expressions Iy, A=
JAi(x, y)A%(x, y)e(x',y)dxdy and I, = [ B;(x,y)dxdy
represent normalization integrals for signal and back-
ground. Numerical integration is performed on phase-space
generated events [37] with 5. signal and background
generated according to their experimental distributions.
For resonances with free parameters, integrals are recom-
puted at each minimization step. Integrals corresponding to
the background components, and fits involving amplitudes
with fixed resonance parameters, are computed only once.
Both the K% ; and K3, data are included in the likelihood
function, each dataset with its own efficiency and purity.
The A; amplitudes are taken from Refs. [38,39]. The
standard Blatt-Weisskopf [40] form factors are used at
the resonance vertices with radius r fixed to 1.5 GeV~!.
The decay of the 5. to KKz is governed by strong
interactions with two allowed processes: 7. — a;x and
n. = K; K, where a; indicates an isospin-1 spin-L reso-
nance and K; indicates an isospin-1/2 spin-L resonance.
Conservation of G-parity for the . — a;z case implies L
to be even. For the decay 5. — K} K, G parity relates the
final states K} K and K} K as (K K + GK; K)//2. Since
G parity is positive, it follows that in the Dalitz plot, the
K; K and K} K bands will interfere constructively and all
values of L are in principle allowed. In particular, the
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a0 (980) resonance is described by a coupled-channel Breit-
Wigner function as measured in Ref. [41]. In the following,
all resonances listed in Ref. [3] and satisfying the above
criteria are included or tested in the Dalitz-plot analysis.
The two-body invariant-mass resolution varies with invari-
ant-mass and is approximately 7 MeV in the Kz mass
region between 1 and 2 GeV, much smaller than the width
of the resonances present in this analysis. Therefore,
resolution effects are ignored. The efficiency-corrected
fractional contribution f;, due to resonant or nonresonant
contribution i, is defined as follows:

_ ‘Ci|2 f |Ai(x7 y)|2dxdy
S22 e45(x, ) Pdxdy”

where x and y indicate the Dalitz-plot variables and the
integrals in the numerator and denominator are computed
on a large sample of simulated events generated uniformly
in the decay phase space. The f; do not necessarily sum to
100% because of interference effects. The uncertainty for
each f; is evaluated by propagating the full covariance
matrix obtained from the fit. Interference fractions between
amplitudes i and j are evaluated as

i (18)

_ JeicjAi(x. y)A] (x, y)dxdy
T I eiA (. y)Pdxdy

After the fit, a large simulated sample is prepared, where
events are generated uniformly in the decay phase space
[37]. These events are weighted by the fitted likelihood
function, normalized to the data-event yields and compared
to the data on several invariant-mass and angular projec-
tions. To assess the fit quality, the Dalitz plotis divided into a
grid of n x n cells (n depends on the event yields and Dalitz-
plot size) and only those cells containing at least two
simulated events are considered. A y? estimator is used,

defined as y*> = Zf\éﬁ“s (Nios — Nip)?/€*, where Nii - and
Ni

exp are event yields from data and simulation, respectively.

(19)

Here ¢ = Néxp for cells containing more than 9 entries,

while it is approximated as the average of the lower and
upper Poisson 68% C.L. errors for lower statistics
cells. The figure of merit is defined as y?/ndf where ndf
is computed as Ngjis — Npgr and 7, i the number of free
parameters.

Two amplitude fits are then performed. The first employs
a QMI description of the Kz S-wave (Sec. VII D) and the
second uses an isobar model (Sec. VIIE).

2. Fits to the n, sidebands

The background model is obtained by fitting the 7,
sidebands. An unbinned maximum-likelihood fit is per-
formed by inserting, one by one, all possible a, and a,
resonances decaying to a KgK state and all possible K*
resonances decaying to a Kz state [3] which could

contribute to the KSK final state. To describe the fraction
of background candidates associated to the Bt decay (see
Table V), resonances are described by relativistic Breit-
Wigner functions with appropriate Blatt-Weisskopf [40]
form factors using angular terms just as for the 5, decay but,
for K* resonances, there is no symmetrization requirement
for charged and neutral contributions. Interference is also
allowed between all the contributing amplitudes. The
fraction of background not associated to the BT decay is
assumed to be uniform, except for a small contribution from
K*(892) resonances, described only by relativistic Breit-
Wigner functions. Small open-charm contributions are
described by simple Gaussian functions with parameters
fitted to the data. No efficiency is included in the description
of the sidebands. The amplitudes are numerically integrated
using a phase-space simulation generated according to the
KK invariant-mass distributions in the sidebands shown
in Fig. 12. Contributions which are uniform in the phase
space of the decay, having fixed fractions fp (given in
Table V), are included. Due to the limited sample size in the
sideband regions, the K3;; and K, data are combined.

D. Fit using a QMI description of the Kz S-wave

To measure the / = 1/2 Kz S-wave, the QMI technique
described in Refs. [11,42] is used. In this fit, the Kz S-wave,
being the largest contribution, is taken as the reference
amplitude. The K7 invariant-mass spectrum is divided into
37 equally spaced mass intervals each 50 MeV wide, and
two new fit parameters are added for each interval: the
amplitude and the phase of the Kz S-wave. The amplitude is
fixed to 1.0 and its phase to z/2 at an arbitrary point in the
mass spectrum, chosen to be interval 16, corresponding to a
mass of 1.45 GeV. The number of free parameters associated
to the description of the QMI Kz S-wave is therefore 72. The
Kz S-wave amplitude in bin j is written as

; 1 i oKz i vKOx
Al e = 7§ (af”e‘¢j + afo”e“’ﬁf ), (20)
where the amplitude af”(m) = afo”(m) and the phase
P (m) = qﬁfo”(m) at the Kz mass m. All the
K; (1430)K contributions with L = 0, 2 are symmetrized
in the same way as for the S-wave amplitude.

The fit is initiated by performing a randomized scan
for the Kz S-wave solution with arbitrary start values of
parameters. In addition, expected contributions from
known resonances such as a((980), a,(1320), K3(1430),
ag(1450), a,(1750), and K3%(1900) are included. The
ao(1700) resonance, recently observed in the Dalitz-plot
analysis of 7, — na 'z~ [14] is also included and found to
be significant. The presence of an ay(1950) resonance, for
which some evidence was found in the 7. Dalitz-plot
analysis Ref. [11], is tested, but its contribution is found
to be consistent with zero. In the search for the best
solution, the fit is iterated from the first found solution and
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TABLE VI. Results from the Dalitz-plot analysis of the 5, decay in (top) BY — KSKTK~z", (center) B* —
KJK"K"7~ and (bottom) inverse-variance-weighted averages. The QMI model is used for the Kz S-wave.

Final state

Fraction [%]

Phase [rad]

(Km)sK
a(1450)7
K3(1430)K
a,(1320)x
ao(980) 7
ap(1700) 7
K3(1980)K
a,(1750)x

Sum

#*/ndf = 1706/(1597 — 17) = 1.08

(Km)sK
aog(1450)x
K3(1430)K
a,(1320)x
ay(980)x
ag(1700)7
K3(1980)K
a(1750)x

Sum

2*/ndf = 1686/(1589 — 17) = 1.07

(Km)sK
aog(1450)x
K3(1430)K
a,(1320)x
ay(980)x
a(1700)7
K3(1980)K
a,(1750)x

Sum

Bt > KYKTK=nt
120.6 £2.4 £5.4
24+04+08
16.6 0.8 £0.9
0.7+0.2+0.5
11.3+£0.6+£0.9
15+£02+0.2
28+£03+1.0
0.2+0.1+0.1

156.1+2.7+114

B > KYK* Kz~
106.0 £2.8 8.5
0.8+03+04
17.8£0.9 + 1.0
0.7+0.2+0.5
9.74+0.6+0.3
0.8+£0.240.2
63+0.6=+19
02+02+03

143.7£29+838

B — K)KKn
1144+ 1.8+4.6
14+02+04
17.1£0.6 £0.7
0.7+0.1+0.4
10.5+0.4+£04
1.0£0.1+0.1
35+03+09
0.2+0.1+0.1

148.8 £2.0 £ 4.8

0.
2.48 £0.07 £0.09
431 £0.03 £0.11
4.18+0.10 £0.27
—-2.93 £0.03 +£0.03
2.00£0.08 £0.14
—0.08 £0.07 £ 0.14
-3.56 +0.20 £ 0.24

0.
1.64 £0.14 £ 0.47
4.324+0.03£0.13
4.22+0.11£0.93
—3.02 £0.04 £0.05
2.10+£0.11+£0.24
0.13 +£0.05 £ 0.08
—-3.87+0.22+0.16

0.
2.31 +£0.06 £0.09
4.32+£0.02 £0.08
4.20 +0.08 £0.26
-2.97£0.02+0.03
2.04 £0.06 £0.12
0.06 £ 0.04 £ 0.07
-3.69 £0.15+0.16

TABLE VII. Fractional interference contributions from the Dalitz-plot analysis of the 7. decay in Bt —
KIKTK~n" decays using the QMI model. Absolute values less than 3% are not listed.

Amplitude 1 Amplitude 2 Fraction [%]
(Kr)sK ag(1450)x -141+1.1
(Kn)gK K3 (1430)K -278+£1.0
(Kn)gK ay(980)x -92+£13
ao(980)x ay(1450)x -3.7+£03
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TABLE VIII. Systematic uncertainties on (left) fractional contributions (%) and (right) phases (rad) in the . Dalitz-plot analysis in the
Bt - KJKTK~n" decay using the QMI model for the Kz S-wave.

Final state Efficiency = Trigger  Purity r Back  Total Efficiency  Trigger  Purity r Back  Tot
(Km)sK 3.27 0.89 1.03 401 048 5.37

ay(1450)x 0.65 0.29 0.24 0.16 0.06 0.77 0.04 0.07 0.03 0.00 0.03 0.09
K;(1430)K 0.02 0.17 0.04 0.86 0.48 1.00 0.08 0.06 0.03 0.05 0.01 0.11
a(1320)x 0.38 0.10 0.34 0.04 0.08 0.53 0.21 0.08 0.14 0.05 0.01 0.27
ay(980)x 0.70 0.05 0.47 0.12 034 092 0.01 0.02 0.02 0.00 0.02 0.04
ay(1700)x 0.12 0.05 0.05 0.08  0.01 0.16 0.10 0.08 0.02 0.00 0.00 0.14
K3 (1980)K 0.04 0.08 0.19 096  0.16 1.00 0.10 0.06 0.04 0.08 0.01 0.14
a>(1750)x 0.05 0.01 0.05 0.03  0.03 0.09 0.04 0.14 0.05 0.11  0.06 0.220

additional resonances are added one by one; the process is
completed when additional contributions give fit fractions
consistent with zero. Spin-1 K* resonances [K*(892),
K*(1410) and K*(1680)] are also tested but their contri-
butions are found to be consistent with zero. The inclusion
of additional spin-0 and spin-2 resonance components with
unconstrained resonance parameters leads to no improve-
ment of the fit quality.

Figures 14 and 15 show the Dalitz-plot projections
with superimposed projections of the fit function for B —
K)K"K~=n" and B" — KK K"z~ data, respectively. The
distributions of the fitted background, interpolated from the
n. and Bt sidebands, are also included. The fractional
contributions and relative phases from the fit are given in
Table VI. There is a significant contribution from interfer-
ence terms, evidenced by a sum of fractions much larger
than 100%. This is a common feature of Dalitz-plot analyses
dealing with several broad resonances having the same
quantum numbers [43]. Interferences between amplitudes
are listed in Table VII for absolute values above 3%.

To test the fit quality, the efficiency-uncorrected
Legendre-polynomial moments P; are computed in each
K=z, K3z and KJK~ mass interval by weighting each
event by a P; (cos 8) function, where @ is the correspond-
ing helicity angle [44]. These distributions are shown in
Figs. 26-28 of the Appendix as functions of the K=z,

K2z and KK~ invariant masses, respectively. The

extracted moment distributions are compared with the
expected Legendre polynomial moment distributions
obtained from simulated data weighted by the fit results.
Good agreement for all the distributions is observed,
which indicates that the fit is able to reproduce the local
structures apparent in the Dalitz plot.

Systematic uncertainties, evaluated separately for the
B* — KYK*K~n" and B* — KQK*K* 7z~ final states, are
summarized in Tables VIII and IX, respectively. The effect
of the efficiency correction, labeled as “Efficiency” in
Table VIII, is evaluated by replacing the two-dimensional
fitted efficiency e(m,(K2K),cos6,)) with the product of
the fits to the efficiency projections € = €;(m,(K2K))-
€>(cos@,). The uncertainty related to trigger effects
(Trigger) is estimated by performing separate Dalitz-plot
analyses of the TOS and no TOS data samples using
appropriate efficiency evaluations. The inverse-variance-
weighted averages are compared with the values from the
reference fit, and the absolute values of the deviations are
taken as systematic uncertainties. The uncertainty on the
signal purity (Purity) is evaluated by performing Dalitz-plot
analyses on datasets selected varying the BDT classifier
requirement, which changes the purity by 45%. Their
inverse-variance-weighted averages are compared with the
values from the reference fit, and the absolute deviations are
taken as systematic uncertainties. The radius r of the Blatt-
Weisskopf factor, by default fixed to 1.5 GeV~!, is varied

TABLE IX. Systematic uncertainties on (left) fractional contributions (%) and (right) phases (rad) in the 7. Dalitz-plot analysis in the
Bt — KYK"K*n~ decay using the QMI model for the Kz S-wave.

Final state Efficiency  Trigger  Purity r Back  Total  Efficiency  Trigger  Purity r Back  Tot
(Kn)gK 6.06 2.94 2.80 439 020 852

ay(1450)x 0.30 0.12 0.24 0.14 0.06 043 0.31 0.35 0.08 0.01  0.01 047
K3 (1430)K 0.32 0.08 0.30 0.88  0.54 1.13 0.09 0.07 0.04 0.06 0.01 0.3
a,(1320)x 0.32 0.09 0.30 0.08 0.11 0.47 0.27 0.13 0.19 005 086 0093
ay(980)x 0.01 0.17 0.02 022 026 046 0.02 0.02 0.03 0.02 0.02 0.06
ag(1700)x 0.12 0.00 0.08 0.08  0.01 0.17 0.18 0.15 0.03 0.00 0.01 024
K3 (1980)K 0.46 0.11 0.43 1.77  0.22 1.89 0.04 0.01 0.06 0.05 0.01 0.08
a(1750)x 0.21 0.10 0.13 0.02 0.03 0.27 0.09 0.02 0.06 0.11  0.19 0.25
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FIG. 16. Comparisons between the fitted Kz S-wave (a) amplitude and (b) phase obtained from the (black) B™ — KgK TK x" and
(red) Bt — K3K"K* 2~ data. Note that the point at 1.425 GeV is fixed at values 1.0 and 1.57 for amplitude and phase, respectively, and
therefore there is no associated uncertainty. The plotted uncertainties are obtained averaging the uncertainties on the two adjacent mass

measurements.

between 0.5 and 2.5 GeV~!. The uncertainty due to the
background model (Back) is evaluated by performing 100
fits to the same dataset, where in each fit all the parameters
describing the background model are randomly varied
within their statistical uncertainties according to a
Gaussian distribution. The absolute values of the averages
of the differences with respect to the reference values are
taken as systematic uncertainties on amplitudes and phases.
Possible fit biases are evaluated by generating, from the
solution found by the fit, 100 pseudoexperiments having the
same size as the data. The average of the differences between
the reference solution and that from the pseudoexperiments
gives an evaluation of the fit bias. It is found that this
contribution is not significant and it is not included in the
list of the systematic uncertainties. The effect of varying
the position of the sidebands, from which the background
model is derived, is investigated and found to have negli-
gible impact on the total systematic uncertainty, and is
therefore ignored. All the contributions are added in quad-
rature (Total).

Figure 16 shows the fitted Kz S-wave amplitude and
phase obtained from the QMI analysis for both the Bt —
K)K*K-zn" and B™ — KQK*K'z~ data, which agree
well. The data show a dominance of the K{(1430) resonant
contribution followed by a sharp drop and a subsequent
signal of the K{j(1950) resonance. A contribution in the
phase motion not continuous with the rest of the distribu-
tion is present in the threshold region of Fig. 16(b). This
behavior may be attributed to the inability of the algorithm
to obtain a correct phase motion in this region of the phase
space due to the absence, in this mass region, of additional
significant resonant contributions in addition to that of the
K{(1430) resonance.

The inverse-variance-weighted average of the Kz S-
wave from the BY - KYK*K~n" and B" — KJK "K'z~
data is shown in terms of the real and imaginary parts of its

amplitude in the Argand diagram of Fig. 17. The plot shows
the expected anticlockwise phase motion due to the
K{(1430) resonance and a second loop due to the presence
of the K§(1950) resonance, observed here for the first time.
Note that it was not possible to observe this behavior in
Ref. [6] due to the presence of two solutions above the mass
of 1.6 GeV.

Systematic uncertainties on the QMI Kz S-wave ampli-
tudes are evaluated as follows. The B* — KSK"K-z" and
BT — KYK"K 'z~ datasets are each fitted independently
using QMI for lower and higher purity selections, averag-
ing the results; this is also done separately for TOS and no
TOS selections. The four solutions are compared with the
reference solution and the absolute values of the deviations
are added in quadrature. The effect on the QMI Kz S-wave
due to the variation of the resonance parameters fixed to

T \ ]
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FIG. 17. Argand diagram for the Kz S-wave averaged over the

QMI results from B* — KIK K~z and BT — KSK T K "7~ data.
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known values, in particular those for the a((980) and
K3(1430) resonances, is tested and found to be negligible.
The numerical values of the resulting QMI Kz S-wave
amplitudes and phases are listed in the Appendix, and this
topic is further discussed in Sec. VIIE.

E. Isobar model 7, Dalitz plot analysis

The QMI method used in the previous section has
allowed information to be obtained about the Kz S-wave
which is produced by a combination of several scalar
resonances. However, the procedure does not give insight
into the parameters of the contributing resonances. An
additional description of the data is therefore performed,
known as the isobar model, which fits the data with a
superposition of known resonances and additional
(unknown or poorly known) states. Both methods are
expected to give similar descriptions of the data.

The fitting method is the same as that described in
Sec. VII D, but in this case all the resonances are described
by relativistic Breit-Wigner functions with parameters
initially fixed to their default values [3]. The search for
the best solution is performed by adding resonances one by
one, using the K{(1430) resonance as the reference
amplitude, and considering as figures of merit, the like-
lihood and y?/ndf behavior, as discussed in Sec. VIID.
It is found that, using only the list of the known resonances
[3], a poor description of the data is obtained. A large
improvement [increased likelihood A(2log £) = 1338 and
decreased y?/ndf] is obtained by adding an additional
scalar Kz resonance with free parameters, labeled in the
following as x(2600) and included in the fit using the
simple nonrelativistic BW function of Eq. (5). Resonances
having poorly known parameters, namely the K;(1430),
K{(1950) and a((1700) resonances, are allowed to
have free parameters. The significance of the K3(1980)
is found to be consistent with zero and its contribution is
removed from the fit. The procedure is developed on the
Bt - K)KT K~z data, because of the better quality of
this final state due to reduced combinatorial background,
and is then tested on the B" — KK "K'z~ final state.
The fit projections are shown in Fig. 18 for the B —
K)K*K-z* data; they are similar for the BT —
KJK*K*z~ data and are shown in Fig. 29 of the Appendix.

The resulting fitted parameters are listed in Table X
together with the estimated significances, evaluated using
Wilks’s theorem [45]. A test is made for the presence of the
low-mass «/K{(700) resonance, with parameters fixed to
average values [3]. The resulting likelihood variation is
A(2log L) = 6.6 for the difference of two parameters
which corresponds to a significance of 1.8¢. The same
is true for the B* - KSK " Kz~ decay where A(2log £) =
12.6, corresponding to a significance of 2.9¢. Replacing the
broad x(2600) resonance with a uniform nonresonant

contribution results in a decrease of the likelihood function
by A(2log £) = 254.

The fitted resonance contributions and relative phases
are given in Table XI. Interferences between amplitudes are
listed in Table XII and shown in Fig. 18 for absolute values
above 3%.

Systematic uncertainties on fractions and relative
phases are evaluated as in Sec. VIID with the addition
of an alternative model for the K{(1430) resonance: a
simplified coupled-channel Breit-Wigner function, which
ignores the small K7 coupling. Its line shape is para-
metrized as

BW(m) — !
—mg—m? = i(py (m)gi, + p2(m)gg,)”

(1)

where my is the resonance mass, gg, and gk, are the
couplings to the Kz and Ky’ final states and p;(m) =
2p/m are the respective Lorentz-invariant phase-space
factors, with p the decay-particle momentum in the
K{(1430) rest frame. The p,(m) function becomes imagi-
nary below the K7’ threshold. The Dalitz-plot analysis is
insensitive to the gg,, parameter, which has been fixed to
g%(”, =0.197 GeV?/c* [14]. A similar method is used for

the evaluation of the systematic uncertainties on the
resonance parameters.

The isobar model allows the separation of the resonance
composition of the Kz S-wave obtained from the QMI
method. A fit to the Kz S-wave amplitude and phase is
performed using the sum of three interfering spin-0
relativistic Breit-Wigner amplitudes:

J(m) = c;BWg-(1430) (m) e + c;BW g (1050) () 2

+ ¢3BW,(a600) (m) e, (22)

where m indicates the Kz mass. In this fit, the mass and
width of the three resonances are fixed to the results
obtained in the isobar model analysis while their coef-
ficients and relative phases are left as free parameters. The
fitted Kz S-wave used in the fit is obtained from the
inverse-variance-weighted averages from the BT —
K)KT K=" and B" — KK K"z~ data. The QMI ampli-
tude and phase, together with the squared amplitude, are
shown in Fig. 19, where the statistical and systematic
uncertainties are added in quadrature and the phase
measurements in the Kz mass region below 0.90 GeV
are not included in the fit. The amplitude and phase of the
data point at a mass of 1.425 GeV are fixed in the QMI
analysis and the reported uncertainties are obtained from
the averages of the two adjacent mass values. The fit has a
p value of 63% and is shown in Fig. 19, together with the
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FIG. 18. Fit projections on the K=z, K3z " and KK~ invariant-mass distributions from the Dalitz-plot analysis of the 5, decay using
the isobar model for the Bt — K(S)K TK~n" data. Panels (a), (c), (¢) show the most important resonant contributions. To simplify the
plots, only resonant contributions relative to that mass projection are shown. Panels (b), (d), (f) show the interference terms for
contributions greater than 3%. The legend in (a) also applies to (c) and the legend in (b) also applies to (d) and (f).

TABLE X. Fitted parameters and significances of the resonances observed in the 7, Dalitz-plot analysis. Significances larger than 106

are evaluated as \/A(2log L).

Resonance Mass [MeV] I' [MeV] A(2log L) Significance
K (1430) 1493 £4 £7 205+7+4
K{(1950) 1980 £ 14 + 19 220 £26 £ 16 316 17.80
ay(1700) 1736 £ 10 £ 12 134 £ 17 £ 61 161 12.7¢
x(2600) 2662 + 59 + 201 480 +£47+72 1338 36.60
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TABLE XI. Results from the Dalitz-plot analysis of the 7. using the isobar model for (top) B — KSK*K-z" decays, BT —
KgK TK*n~ decays (center) and their inverse-variance-weighted averages (bottom).

Final state Fraction [%]

Phase [rad]

Bt - K)KTK~n*

Ki(1430)K 351+ 13429
ap(980) 56+08+1.6
K5(1430)K 154410+ 1.1
a,(1320) 7 11402403
K;(1950)K 39+04+03
ap(1700) 7 17403404
ap(1450) 7 34405408
a>(1750) 7 0.3+0.1£0.1
K(2600)K 63.9+34+8.1
Sum 130.5 +4.0 +8.9

¥*/ndf = 1798/(1589 — 19) = 1.15

B* — KK K*n~

Ki(1430)K 320+ 12428
ay(980)7 49406410
K5(1430)K 138410412
a>(1320) 7 12402403
K;(1950)K 34+04+03
ap(1700) 7 07+02+02
ay(1450) 7 20404407
a>(1750) 7 0.3+0.1+0.1
K(2600)K 598 +3.4+73
Sum 118.1 £2.74+8.0
¥*/ndf = 1738/(1584 — 21) = 1.11
B — KKKz

Ki(1430)K 33.4+£09+20
ao(980) 7 514+05+08
K5(1430)K 14.6 £0.7 + 0.8
a,(1320) 7 11401402
K;(1950)K 37+£03+02
ap(1700)x 11402402
ay(1450) 7 26+03+05
a>(1750) 7 0.3+0.1+0.1
K(2600)K 618+24+54
Sum 1237 £2.7 447

0.
-3.39£0.08 £0.13
3.53£0.03+0.10
—-290£0.11 +£0.26
—0.46 +£0.06 £ 0.63
1.00 £ 0.08 £ 0.17
—4.78 £0.08 £ 0.17
243 £0.17£0.17
—-0.42£0.05+0.14

0.
-337£0.08 £0.11
3.56 £0.03 £0.11
—-2.82£0.11+0.24
—0.42 +£0.06 £ 0.64
1.18 £0.11 £ 0.28
—-4.86 £0.10 £0.22
224 £0.18 £0.17
-0.32£0.05+0.12

0.
—3.38 £0.06 £ 0.08
3.54 £0.02 £0.07
-2.89 £0.08 £0.18
—0.44 £0.04 £0.45
1.05 £0.06 £0.15
—4.82 +£0.06 £0.13
2.334+0.12+0.11
—0.37 £0.03 £0.09

TABLE XII. Fractional interference contributions from the

composition of the fitted resonances. The relative phases

Dalitz-plot analysis of the 7. decay in B¥ — KKK~z decays
using the isobar model. Absolute values less than 3% are not listed.

Amplitude 1 Amplitude 2 Fraction [%]

K5(1430)K ay(980) 7 ~6.1405
ao(980)7 a(1450)7 ~3.6+04
ay(980)7 K(2600)K 144+19
K3(1430)K K3(1950)K ~37+03
K3(1430)K x(2600) K 262+ 1.1
a,(1320)7 K(2600)K —65+07
K3(1950)K K(2600)K 186+ 1.5
ay(1700)x k(2600)K —-4.6 £0.7
ap(1450)7 K(2600)K ~145+1.0

are ¢; =0.66 £0.03 rad, ¢, = —0.08 = 0.09 rad and
¢3 =0.61 £0.05 rad. These values can be used to
compare relative phases with respect to the Kj(1430)
resonance, yielding ¢, —¢; = —0.74 £0.09 rad and
¢3 — ¢ = —0.05 4 0.06 rad. These differences are within
0.65¢ and 2.80, respectively, with respect to the values
obtained from the isobar model listed in Table XI. This
test shows that the Kz S-wave obtained using the QMI
method can be interpreted as due to the sum of the three
interfering K{ resonances observed with the isobar
model. This result is similar to what was observed in
the zz final state in Ref. [46], where the f;(980)
resonance was found to interfere with the broad
6/ fo(500) resonance.
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FIG. 19. Fit to the (a) amplitude, (b) phase, and (c) squared amplitude from the . QMI analysis using the results from the isobar-
model analysis. The black points are obtained using the inverse-variance-weighted averages of the B™ — KiKTK~z" and BT —
KJIK"K"z~ data. The error bars are computed as the quadratic sum of the statistical and systematic uncertainties. The phase
measurements in the Kz mass region below 0.90 GeV are not included in the fit.

VIIL DALITZ-PLOT ANALYSIS
OF 7,(2S) DECAY TO K%Kz

In this section a Dalitz-plot analysis of the #.(2S) decay
to the final state

BT - 5.(2S)KT,
n.(28) = KSK~nt, (23)

is described. Figure 5 shows the K3 Kz mass spectra for the
B - KYK*K=n" and BT — KJKTK'zn~ data. The
1.(28) signal is accompanied by a significant background
contribution which is especially large in the Bt —
KJK*K*z~ data by virtue of the two indistinguishable
particles in the final state. Therefore, only the Bt —
K)KTK-n" data are used for the #5.(2S) Dalitz-plot
analysis. In addition to the background from D° —
KgK TK~ (see Sec. III), additional backgrounds involving

the spectator K* are removed. A significant contribution
from ¢(1020) - KTK~ decays is removed by selecting
events outside the 1.01 < m(KTK~) < 1.03 GeV mass
region, and a small contribution from D — KTK~ 7™
decays is removed in the =26 (6 = 7.8 MeV) mass region
close to the known D; mass. Finally, a significant con-
tribution from Dy — K(S)K ~ decays is removed within
+2.56 (6 = 7.8 MeV) from the known D; mass [3].
Figure 20 shows the resulting KK~z invariant-mass
spectrum in the 7.(2S) region with the signal [3.61—3.67]
GeV and sideband [3.42—3.45] GeV, [3.70—3.73] GeV
regions indicated. Table XIII shows the 7.(2S) event yields
in the signal region, purities and background compositions.
Figure 21 shows the 7.(2S) Dalitz plot. The distribution is
dominated by the K{j(1430) resonance with bands due to
the K*(892) resonance originating from background.
The decay of the 7.(2S) to K3Kx is expected to be very
similar to that of the #,., except for the different size of the
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FIG. 20. Invariant K3Kx mass distribution in the region of the
n.(2S) resonance for B¥ — KYK+*K~-z*t. The n.(2S) signal and
sideband regions are indicated in light gray, while the incoherent
background estimated from the BT sidebands is shown in
dark gray.

available phase space. Therefore, the Dalitz-plot analysis
follows closely the method used for the 7. analysis,
except that, due to the limited statistics and the significant
background, only the isobar model is used. In addition,
all resonance parameters are fixed to those extracted
from the 7, isobar model. The efficiency model used for
the 7.(2S) Dalitz-plot analysis has been described in
Sec. VIB 1. The resulting fitted amplitudes and phases
are listed in Table XV. The Dalitz-plot projections,
together with the fitted background interpolated from
the sidebands and the superimposed fit, are shown in
Fig. 22. Large interference effects are observed, evi-
denced by the high value of the sum of the fractions.
Systematic uncertainties are evaluated in a similar way as
for the 5, Dalitz-plot analysis. In particular, the effect of
the efficiency model is evaluated by replacing the fitted
efficiencies by two-dimensional binned numerical maps.
The effects of the uncertainties on the resonance

TABLE XIII. Candidate events in the signal region, purities and
B* background contributions to the 7.(2S) — K%Kz Dalitz-plot
analysis separated for K9 types. The incoherent background
fractions fp in the low and high sidebands refer to the sum of the
K9, and K2, data.

Purity Low fp  High fp
K type Candidates [%] [%] [%]
K%\ 781 63.0+1.7
Kop 2008  552=+1.1

Combined K? 540+14 551+14

LHCb -
91fb!

m(K~7*) [GeV?]
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FIG. 21. Dalitz plot of n.(2S) —» KKz decays for the BT —
KIKTK~z" sample.

parameters are evaluated by varying masses and widths
by their statistical uncertainties according to a Gaussian
distribution and averaging the absolute values of the
deviations from the reference fit. The effects of the
different sources of systematic uncertainties on the fitted
fractions and phases are listed in Table XIV. Interferences
between amplitudes are listed in Table XVI for absolute
values above 5%.

IX. STUDY OF THE ., DECAY TO KKz

In this section a study is performed of the y.; decay in
the final states:

BT = yuK*,

X1 — KAK~nt, (24)
and

BY — y.K*,

Xer = KK m™. (25)

The K2Kr invariant-mass spectrum in the y.; — 7.(25)
mass region, summed over the K9, and K3, data, is
shown in Fig. 23 for the B" - KKK~z and BT —
K)KTK*n~ final states. The signal region is [3.48-
3.54] GeV and the lower and upper sidebands are [3.39—
3.45] GeV and [3.70-3.76] GeV, respectively. Table XVII
reports the y.; event yields, purities and background
compositions, separated for the K9, and K2, data, for
the B" - KK"K-n" and BT — KYK+tK 'z~ decays.
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FIG. 22. Dalitz-plot projections of the 7.(2S) — K2Kx decays from the B* — KQK*K~z" sample. The solid red line shows the fit
result, the light gray shaded area is the contribution from the fitted sidebands and the dark shaded gray area is the contribution from the
B* sidebands. The empty region in the K3K~ invariant-mass projection is due to the removal of the contribution from D} — K3K~

decays.

TABLE XIV. Systematic uncertainties on (left) fractional contributions (%) and (right) phases in the #.(2S) Dalitz-plot analysis in

Bt — K)K"K~n" decay using the isobar model.

Final state Purity Par r Back  Efficiency  Total  Purity Par r Back  Efficiency  Total
K§(1430)K 1.92 1.25  0.17 0.91 3.26 4.1

K;(1430)K 2.47 0.43 1.24 0.86 3.30 4.4 0.06 0.02 0.04 0.02 0.01 0.08
K§(1950)K 0.60 022 0.37 0.18 0.74 1.1 0.03 0.09 0.08 0.21 0.01 0.24
ay(1700)~ 7" 0.32 0.05 0.29 0.13 0.02 0.45 0.18 0.05 0.11 0.87 0.12 0.90
ay(1450)~ 7" 0.94 0.04 0.19 0.32 0.19 1.03 0.10 0.04  0.09 0.53 0.09 0.56
a(1750)~ =" 0.53 0.15 042 0.11 0.79 1.05 0.03 0.04  0.08 0.38 0.03 0.39
k(2600)K 4.33 328 497 0.01 2.40 7.74 0.04 0.05 0.04 0.02 0.01 0.08
TABLE XV. Results from the Dalitz-plot analysis of 7.(2S) —

077 + 0+ K=t : :
KsKwinthe BY — KsK™ K™z final state using the isobar model. TABLE XVI. Fractional interference contributions from the

Final state Fraction [%] Phase [rad]

K;(1430)K 255433441 0.
K35(1430)K 245+334+44 3.10+£0.11 £ 0.08
K;(1950)K 37413411  —0.82+0.17+0.24
ap(1700)~ 7+ 17+1.1£05 1.22 4 0.32 £ 0.90
ap(1450)~ 7+ 78+£1.94+1.0 1.86 & 0.14 + 0.56
a>(1750)~z* 4941411 —175+£0.15+039
x(2600)K 1242490477  —0.91+0.10 £ 0.08
Sum 192.3 4+ 10.9 + 10.0

22/ndf = 578/(591 — 13) = 1.00

Dalitz plot analysis of the 5.(2S) decay in BY - KSKTK~z"
decays using the isobar model. Absolute values less than 5% are
not listed.

Amplitude 1 Amplitude 2 Fraction [%]

K;(1430)K K(2600)K —23.14+47
K5(1430)K K(2600)K —403+5.0
K;(1950)K K(2600)K 16.0 +4.9
ap(1700)x K(2600)K —6.1+18
ap(1450)x K(2600)K —21.143.0
a>(1750)x K(2600)K ~158+38
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FIG. 23. Invariant K2K7z mass distribution in the region of the y./n.(2S) resonances for (a) BT — KYKtK~zt and

(b) BY - KKKz~ decays. In light gray are indicated the y,,
background estimated from the B™ sidebands.

The y. Dalitz plot for BY — KJK ™K~z data, shown in
Fig. 24, is dominated by horizontal and vertical bands due
to the presence of K*(892) and K3(1430) resonances. A
Dalitz-plot analysis of the y.; decay to the K(S)Kzr state is
not feasible with the present dataset due to its limited
sample size and the high level of background; therefore a
simplified approach, similar to that used in Ref. [16], is
taken where fits are applied to the Kz invariant-mass
projections. The efficiency distribution as a function of
the Kz and K2x invariant masses is computed using the
method described in Sec. VI B 1 and expressed in terms of
m,(K3K) and cos 6,,. Each event in the y.; mass region is
weighted by the inverse of the efficiency. The ratios of the
unweighted over weighted Kz and K3z invariant-mass
distributions are then computed, yielding the efficiency as
functions of the Kz and K3z invariant masses. These
efficiencies are consistent with being uniform, so no
efficiency correction is used in fitting to the Kz or K3z
mass projections.

The background contribution is evaluated using the
sidebands shown in Fig. 23. For each K{ category, the
Kz and Kgﬂ' invariant-mass distributions from the y.;
signal region and from the sidebands are obtained. The

signal region and sidebands. In dark gray is indicated the incoherent

Kr and K(S)ﬂ' invariant-mass distributions in the sidebands
are normalized to the y; fitted purity, and subtracted from
the invariant-mass spectra in the y. signal region,
obtaining the distributions shown in Fig. 25. Prominent
K*(892) and K%(1430) resonances are observed. A fit to
the Kz and K(S)ﬂ' invariant-mass distributions is performed
using an empirical and flexible background shape in
addition to two relativistic Breit-Wigner functions describ-
ing the K*(892) and K%(1430) resonances with parameters
fixed to their known values [3]. The background is para-
metrized as

2
P(m)emtam for m < mg, and

=
)
I

B(m) = P(m)ebotbimtbam®  for m > m. (26)
where P(m) is the two-body phase space
1
Plm) =5 = (g = m, Pl = (mm, ] (27)

and mg, ay, a,, by, by, by are free parameters. The two
functions and their first derivatives are required to be
continuous at m = my, and this constraint reduces the

TABLE XVII. Candidate events and purities of y.; for the B — KXK*K~z* and B" - KK K"z~ final states
separated for the K3;; and K3, data. The incoherent background fractions fj values for the lower and higher
sideband regions are computed for the sum of the K9, and K3, data.

BT decay mode K g type Candidates Purity [%] Low f3 [%] High f3 [%]
KYKtK=n* K. 695 61.3+1.8

Kp 1726 484412

Combined K 46.0+2.4 449+22
KKYK*n~ K. 1031 348+1.5

Kp 2443 36.2+1.0

Combined K9 23.1+12 18.6+0.9
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FIG. 24. Dalitz plot of y.; — K3K~z* decays for the BT —
KYKTK=n" sample.

number of freely varying parameters to four. Figure 25
shows the fits to the background-subtracted Kz and
ngr invariant-mass distributions in the y.; signal region
for both the B* — KQK"K~n" and B* - KIK" K"z~
data. Table XVIII reports candidate yields and fractional
contributions obtained from the fits.

Total
""" Background
“““““ K (892)

“- K,(1430)

80F (a)
r LHCb
60 9!

The inverse-variance-weighted averages of the frac-
tional K*(892) and K3 (1430) contributions obtained from
the fits to the BY - KIK"K~z" and B* - KJK" K"z~
data are listed in Table XIX. The fractional K*(892) and
K3(1430) contributions are converted into y. — K*K
branching fractions (listed in Table XIX) by multiplying
the fractional contributions by the known y,.; branching

fraction [3],

By, — K°K*z7) = (7.0 +£0.6) x 1073, (28)

and correcting for unseen K* decay modes. A comparison
with Ref. [16] shows good agreement, while improving
the statistical uncertainties and significances.

Systematic uncertainties are evaluated as follows. The
deviations using different BDT classifier selections are
evaluated by fitting the lower- and higher-purity datasets
and averaging the absolute values of the deviations of
the fitted fractions in comparing to the values obtained from
the default fit. The differences resulting from the use
of the B" — KK"K n" or BY — KQK"K*n~ decay
modes are also included as systematic uncertainties. The
Blatt-Weisskopf radius r entering in the description of the
K*(892) and the K;(1430) resonances, fixed at 1.5 GeV~!,
is varied between 0.5 and 2.5 GeV~!.

Candidates/(40 MeV)

FIG. 25. Background-subtracted Kz and K(S)ﬂ' invariant-mass spectra from y.; — K(S)Kﬂ' decays for the (a)-(b) Bt — K (S)K TK~x" and
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(©)—(d) BY - KYK"K*n~ data. The results of the fits are overlaid.
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TABLE XVIII.  Results from the fits to the Kz and K97 background-subtracted invariant-mass distributions in the
X1 decay for the (top) BT — KJKTK~z" and (bottom) KYK K"z~ data.

Resonance p value [%] X1 Yield Events Fraction
B > KYK*K~n*

K*(892)° 30 1262 £ 54 101 £ 19 0.080 £+ 0.015
K3(1430)° 140 423 0.111 4 0.019
K*(892)* 56 125 +26 0.099 + 0.021
K35(1430)* 188 +26 0.149 +0.022
Bt — K)KTK*tn~

K*(892)° 64 1244 £ 72 161 +22 0.129 +0.019
K3(1430)° 138 £ 31 0.111 +£0.026
K*(892)~ 35 163 +29 0.131 +£0.025
K3(1430)~ 163 + 36 0.131 £ 0.030
TABLE XIX. Inverse-variance-weighted averages of the fractional contributions for y. decays to K*K

resonances from the B* — KQK*K~z* and B* — KK K"z~ final states. The branching fractions of the y.; —
KJKn decays to K*(892) and the K;(1430) resonances are also included. The reported uncertainties are statistical,
systematic and from the uncertainty on the y.; branching fraction (see text) [3].

Decay mode

Fraction

Branching fraction (x1073)

B(ye, — K*(892)°K°)
By — K;(1430)°K?)
By — K*(892)"K™)
B(rer — K5(1430)YK™)

0.099 £ 0.012 £ 0.004
0.111 £ 0.015 £ 0.005
0.112 +0.016 £ 0.013
0.143 £ 0.018 £ 0.006

1.04 £0.13 £ 0.04 £ 0.09
1.17 £ 0.16 £ 0.05 £ 0.10
1.18 £0.17 £ 0.14 £ 0.10
1.61 £0.19+£0.19+0.14

X. MEASUREMENT OF THE BRANCHING
FRACTIONS OF B* DECAYS TO
CHARMONIUM RESONANCES

This section is devoted to the extraction of the branching

fractions

B(BT — (cc)XT), (29)

where ¢¢ = 0., J /W, xXcos Xe1- X2, Ne(2S) and X indicates
a K" ora K(S)JT+ system. These measurements are per-
formed with respect to the known 7, and J/y branching
fractions [3]:
B(B* - n.K")-B(n. —» K3Kx) = (2.7 +0.6) x 1075,
(30)
and
B(B* - J/wK*")-B(J/y — K}Knx)
= (5.71 £0.52) x 1075, (31)

The entire dataset, selected as described in Sec. III is
used in this section. Efficiency-corrected invariant-mass

distributions are obtained by weighting each event by the
inverse of the total efficiency described in Sec. VI. Fits are
performed to the resulting efficiency-corrected invariant-
mass spectra, and the extracted yields of B decays and of
various charmonium resonances are used to obtain effi-
ciency-corrected ratios with respect to the 7, and J/w
resonances. The procedure is performed separately for
K9, and K, data, which are subsequently combined
by means of inverse-variance-weighted averages.

Prior to evaluating the B™ — KAK"K~z" and BT —
KK K*n~ candidate yields, it is necessary to subtract all
contributions from open-charm production. These are
observed in the two- or three-body invariant-mass spectra
of the B — D, X decays, where X represents one or two
additional particles. The charmed-meson vetoes from the
previous sections are not applied. Since open-charm
resonances may also be present in the B -meson back-
ground, a background subtraction is performed using the
normalized B* -candidate invariant-mass sidebands. This is
achieved by plotting the different two-body or three-body
invariant-mass combinations in each of the two sideband
regions, with both halves as wide as the B™ signal region.
The resulting invariant-mass distributions are then sub-
tracted from the corresponding ones in the signal region. In
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TABLE XX. Resulting yields and total charm fraction from
the fits to the four-body, three-body and two-body invariant-
mass spectra uncorrected for efficiency for the (top) BT —
K{KTK-z* and (bottom) B™ — KJK'K'z~ data, separated
by K9 category. The quoted uncertainties are statistical only.

Resonance LL DD

Bt - K)KTK~n* 27446 + 228 67515 £+ 426
D — K(S)K+ 423 +28 994 + 49
DY - KK~ 99+ 16 185 £26
DO —>K§K‘;r+ 116 £16 319 £28
D’ —» KKK 4895 £ 71 11627 + 109
Sum of charm 5533 + 80 13125 + 125
Charm fraction (%) 20.2+0.3 19.4+0.2
BT no charm 21913 + 242 54390 + 444
BT — K@K*K*n‘ 20950 + 221 47154 + 342
D — KK+ 321 +£17 726 + 51
D’ —» K-zt 1553 +£ 49 2798 + 68
D’ - KYK~mt 366 £ 24 390 £ 30
Sum of charm 2210 + 57 3914 + 90
Charm fraction (%) 10.6 £0.3 83+0.2
BT no charm 18740 + 228 43240 + 354

performing fits to the two- or three-body mass spectra, the
charmed mesons are described by two Gaussian functions,
sharing the same mean, with first- or second-order
polynomials used to model the background. Table XX
summarizes the fit results for the B¥ — KQK*K~z" and
Bt — KK K*z~ data, without efficiency corrections.
The efficiency-corrected K9Kz and K™K~ invariant
mass spectra are fitted as described in Sec. V to obtain
efficiency-corrected yields for 7., J/w (see Fig. 4), y.i,
n.(2S) (see Fig. 5), y.o and y., (see Fig. 6) resonances. The
efficiency corrected KKK~z and KeK"K "z~ invari-
ant-mass spectra are fitted as described in Sec. III (see
Fig. 2). These yields are used to compute the ratios with
respect to the 7. and J/y resonance yields, labeled as

and

N(B* - XK*)

RoX) = NGB S Tk

(33)

respectively, where X labels the charmonium resonance.
Similar expressions are used to calculate the B* four-body
decays ratios R;(B") and R,(B"). Table XXI lists the
measurements of the efficiency-corrected relative ratios.
The following systematic uncertainties are considered. In
fitting for BT -candidate and charmonium-resonance

TABLE XXI. Ratios of efficiency-corrected intermediate-
resonance yields relative to the yield of the (top) 7, and (bottom)
J/y resonances. The first uncertainty is statistical, the second
systematic.

Resonance Bt — KKK~ Bt - KOKTK*n~
R, (B*) 4.14 £0.04 £0.25 3.40+£0.04 £0.09
Ri(J/y) 0.201 £0.005 £ 0.008  0.200 £ 0.005 + 0.013
Ri(xer) 0.082 £0.004 £ 0.003  0.073 £ 0.004 = 0.007
Ri(n.(28)) 0.113+0.0054+0.004 0.109 £ 0.007 £ 0.016
Ry (.0) 0.107 + 0.006 - 0.009

Ry (1.0) 0.011 4 0.003 + 0.001

R, (B) 20.6 £ 0.5+ 0.6 170 £04£0.8
Ra(ne) 4.95+0.12+£0.23 526 £0.24 +£0.29
Rolxer) 0.41+£0.02 £0.02 0.36 £0.02 £+ 0.04
Ron.(28)) 056+ 0.03 +0.02 0.55 + 0.04 + 0.08
Ro(.0) 0.53 = 0.03 + 0.04

Ro(re) 0.06 4+ 0.01 + 0.01

yields, the fit model is varied to use Gaussian functions
sharing or not sharing the same mean on a quadratic, linear
or cubic polynomial background shape. The maximum
deviation from the default fit is taken as the systematic
uncertainty for each parameter. The open-charm fraction is
reevaluated for efficiency-corrected invariant-mass distri-
butions and the difference with respect to the default fit is
considered as a systematic uncertainty. In fitting the K (s) Kn
invariant-mass spectra, the bin size is changed and the
background shape is modified from a linear to quadratic
function. To evaluate the size of the fit bias on the
resonance Yyields, starting from the reference fits, 400
randomized pseudoexperiments are generated according
to Poissionian statistics, having the same sample size as the
original ones, and then fitted. The resonance yields are
compared with the reference fits. In all cases, the deviations
from the reference fits are included as systematic uncer-
tainties. The entire procedure of fitting the invariant-mass
spectra and evaluating the relative ratios is repeated
dividing the data into the different trigger conditions,
TOS and no TOS, whose results are then averaged and
compared with the reference fit. All the systematic uncer-
tainties are added in quadrature to calculate the total
systematic uncertainty.

Using the listed ratios it is possible to evaluate the
branching fractions as

By(X) = f1-Ri(X) - BB —» n.K") - B(n. - K(s)K”)
(34)

for the 7. mode and

Ba(X) = f>-Ra(X)- BB = J/yK*)- B Jy — K3Kn)
(35)
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TABLE XXII. Measured branching fractions with the 5, resonance as a reference using the (top) B* — K°K* K~z and (bottom)
BT — K°K*K*z~ data. The first uncertainty is statistical, the second systematic and the third due to the PDG uncertainty on the
B™ — 5K branching fraction.

Final state B, (x1077) PDG (x1079)
BT — K°K*K~ ™ 3228 +£033+£1.97+£7.17

Bt — J/wK™" 0.543 £0.012 £ 0.023 £ 0.121 0.571 £ 0.052
BT =y KT 0.222 £ 0.010 £ 0.009 £ 0.049 0.194 £ 0.037
B = . (29)K* 0.306 +0.014 £ 0.010 + 0.068 0344023

26.56 +0.31 £0.68 £ 5.90

0.541 £0.014 +0.035 £0.120
0.196 £0.011 +0.018 £ 0.044
0.295 £0.019 £ 0.042 £ 0.066

BT - K'K*K*n~
Bt - J/wK™*

B+ _)}(CIK+

Bt - 5. (28)K™

TABLE XXIII. Measured branching fractions with the J /i resonance as a reference using the (top) B¥ — K°K+K~z" and (bottom)
BT — K°K*K*x~ data. The first uncertainty is statistical, the second systematic, the third due to the PDG uncertainty on the B* —
J/wK* branching fraction.

Final state B, (x1073) PDG (x107)
Bt — K°KtK~z* 34.01 £0.74 £0.91 + 3.10

BT - n K" 2.83+0.07+0.13 £ 0.26 2.74+0.6
BT - y KT 0.225 £0.011 4+ 0.006 £ 0.021 0.194 £ 0.037

0.327 £0.017 £ 0.015 £ 0.030

28.01 £0.68 +1.35+2.55
3.00£0.14 £ 0.16 £ 0.27

0.206 £0.012 £+ 0.023 £ 0.019

0.313 £0.021 £ 0.044 £ 0.028

Bt - 5. (28K

BT — K°K*tK*n~
BT - n K+

B* _)}(cll(+

BT - 5. (28K

0.3479%

TABLE XXIV. Measured branching fractions using (top) the #,. and (bottom) the J /i resonance as reference for BY — KK+ K~ z+
data. The first uncertainty is statistical, the second systematic, the third due to the PDG uncertainty on the Bt — 5. K+ or Bt — J/wK™"
branching fraction. The PDG reports an upper limit B¥ — y,K** < 0.21 x 1073,

Final state B, (x1073) PDG (x1073)
BT — y oK’z 1.38 +£0.07 £ 0.11 £ 0.32

B* — y. K1 0.87 = 0.20 = 0.08 = 0.20 0.116 + 0.025
Final state B, (x107%)

1.45+0.08 £0.11 £0.16
0.92 +£0.21 £0.08 £0.10

BT — y oK’z
BT = y Kozt

for the J/w mode, where the f; are correction factors for
unseen decay modes, including K° modes. The resulting
measured branching fractions are listed in Table XXII (B,)
and Table XXIII (B,). For the modes involving y. and
X resonances, listed in Table XXIV, the f; parameters
also include the corrections for their known branching
fractions to the KTK~ state, (6.05+0.31)x 10~ and
(1.01 £ 0.06) x 1073, respectively [3].

The Bt — K°KTK~z" and B" - K°K* K"z~ branch-
ing fractions are measured here for the first time. Tension
is found for the B* — y.,K°z" branching fraction with
respect to the PDG value [3], measured only in Ref. [47] to

be (0.116 4 0.022 4 0.012) x 1073 using the y., — J/yy
decay mode as a reference with 76.4 + 14.7 events and a
significance of 4.60. This measurement differs from that
reported here by 2.6¢6 (3.20), using the . (J/y) meson as a
reference and adding the statistical and systematic uncer-
tainties in quadrature.

XI. SUMMARY

A study is presented of BY —» KJK"K 7" and BT —
K2K*K*n~ decays at proton-proton collision energies of
7, 8 and 13 TeV using the LHCb detector. The K3Kx
invariant-mass spectra from both B™ decay modes show a
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rich spectrum of charmonium resonances. New measure-
ments of the 7. and . (2S) masses and widths are performed
resulting in the best determinations from a single measure-
ment. Branching fractions are measured for Bt decays to7,.,
J/w, n.(2S) and y., resonances. Evidence is also found for
the B — y, K%zt decay. Furthermore, the first observa-
tion and branching fraction measurement of B¥ — y K°z*
decays is reported. The first measurements of B*—
K°K*K~n* and B* — K°K* K"z~ branching fractions are
also given. A Dalitz-plot analysis of 7, — K3Kz decay is
undertaken using both a quasi-model-independent approach
for the Kz S-wave and an isobar-model approach. The
K{(1950) — Kr resonance is established and its parameters
are measured. A new parametrization of the Kz S-wave is
obtained, which includes K{(1430), K{(1950) and broad
k(2600) resonances. No evidence for the k(700) resonance is
found in 7. decays. The ay(1700) resonance as well as its
decay to KK are confirmed, and its parameters are mea-
sured. The first Dalitz-plot analysis of the 7.(2S) — KKz
decay is performed. Finally, branching fractions of y. —
K*(892)°K, y.1—K;(1430)°K°, ., —K*(892)"K~ and
X1 — K5(1430)T K~ decays are measured; these measure-
ments are more precise than previous evaluations and
correspond to the first observations of the two y. —
K3(1430)K decay modes.

ACKNOWLEDGMENTS

We express our gratitude to our colleagues in the CERN
accelerator departments for the excellent performance of
the LHC. We thank the technical and administrative staff at
the LHCD institutes. We acknowledge support from CERN
and from the national agencies: CAPES, CNPq, FAPER]J
and FINEP (Brazil); MOST and NSFC (China); CNRS/
IN2P3 (France); BMBF, DFG and MPG (Germany); INFN
(Italy); NWO (Netherlands); MNiSW and NCN (Poland);
MEN/IFA (Romania); MICINN (Spain); SNSF and SER
(Switzerland); NASU (Ukraine); STFC (United Kingdom);
DOE NP and NSF (USA). We acknowledge the computing
resources that are provided by CERN, IN2P3 (France),
KIT and DESY (Germany), INFN (Italy), SURF
(Netherlands), PIC (Spain), GridPP (United Kingdom),
CSCS (Switzerland), IFIN-HH (Romania), CBPF (Brazil),
Polish WLCG (Poland) and NERSC (USA). We are
indebted to the communities behind the multiple open-
source software packages on which we depend. Individual
groups or members have received support from ARC
and ARDC (Australia); Minciencias (Colombia); AvH
Foundation (Germany); EPLANET, Marie Sklodowska-
Curie Actions and ERC (European Union); A*MIDEX,
ANR, IPhU and Labex P2I0O, and Région Auvergne-Rhone-
Alpes (France); Key Research Program of Frontier Sciences
of CAS, CAS PIFI, CAS CCEPP, Fundamental Research
Funds for the Central Universities, and Science and
Technical Program of Guangzhou (China); GVA,

XuntaGal, GENCAT and Program Atraccién Talento, CM
(Spain); SRC (Sweden); the Leverhulme Trust, the Royal
Society and UKRI (United Kingdom).

APPENDIX

The inverse-variance-weighted averages of the numerical
values of the Kz S-wave as a function of the Kz mass from
the Dalitz plot analysis of . mesons in BY — KJKTK~z*
and BT — K2K K"z~ decays are listed in Table XXV.

Figures 26-28 show the K~z ", K3z and KQK~ invariant
mass distributions weighted by Legendre polynomial
moments computed as functions of cos Ok, cos Ox- and

TABLE XXV. Inverse-variance averaged numerical values of
the measured Kz S-wave as a function of the Kz mass. The first
uncertainty is statistical, the second systematic. The values at Kz
mass of 1.425 GeV (in italics) are fixed.

K mass

[GeV] Amplitude Phase [rad]
0.675 0.506 £+ 0.071 £ 0.393 2.827 £0.117 £ 0.202
0.725 0.297 £ 0.065 4+ 0.370 2.726 £0.195 £ 0.562
0.775 0.372 +£0.041 £0.173 2.238 +0.189 £+ 0.734
0.825 0.354 +£0.045 £ 0.314 2.641 +£0.158 +£0.729
0.875 0.378 £0.036 £0.117 2.254 +£0.171 £ 0.492
0.925 0.254 £+ 0.041 £ 0.105 0.823 +0.148 £ 0.362
0.975 0.299 + 0.036 £ 0.125 0.885 £0.127 +0.230
1.025 0.322 £0.032 4+ 0.024 0.875£0.110 £ 0.031
1.075 0.408 £ 0.032 +0.039 0.852 + 0.094 + 0.427
1.125 0.434 £+ 0.030 £ 0.037 0.842 +0.087 £ 0.138
1.175 0.488 +0.029 £+ 0.074 0.937 +0.088 +£0.317
1.225 0.564 £+ 0.029 £ 0.017 0.818 £0.077 4+ 0.220
1.275 0.667 £ 0.027 4+ 0.025 1.021 £ 0.067 & 0.217
1.325 0.710 £ 0.024 4+ 0.025 1.201 £0.063 £ 0.113
1.375 0.780 £+ 0.021 £ 0.010 1.315 £ 0.047 + 0.095
1.425 1.000 1.570

1.475 1.016 + 0.022 £ 0.054 1.786 £ 0.040 £ 0.049
1.525 0.789 £ 0.020 £ 0.026 1.939 £ 0.049 £ 0.028
1.575 0.575£0.019 £ 0.018 2.248 £ 0.060 £ 0.181
1.625 0.302 £ 0.022 +0.038 2.409 £ 0.083 £ 0.179
1.675 0.200 + 0.023 £+ 0.033 1.970 £0.117 £ 0.301
1.725 0.189 + 0.022 £+ 0.025 1.935 £0.127 £ 0.544
1.775 0.279 £ 0.019 £ 0.089 1.491 £0.103 £ 0.324
1.825 0.387 =0.019 4 0.040 1.371 £ 0.097 + 0.123
1.875 0.512 £0.022 +0.106 1.553 £0.092 £+ 0.154
1.925 0.547 £0.021 +0.042 1.520 £ 0.083 £ 0.105
1.975 0.686 + 0.024 + 0.005 1.654 £+ 0.070 = 0.197
2.025 0.720 + 0.025 £ 0.030 1.712 £0.076 £ 0.129
2.075 0.710 £ 0.026 £ 0.016 1.719 +0.073 £ 0.081
2.125 0.642 £ 0.026 4+ 0.025 1.841 £ 0.080 = 0.172
2.175 0.668 £ 0.028 4 0.040 1.898 £ 0.081 £ 0.203
2.225 0.704 + 0.029 £+ 0.033 1.725 £0.083 £+ 0.190
2.275 0.760 + 0.035 £+ 0.063 1.894 £+ 0.081 £+ 0.348
2.325 0.735 £ 0.040 £ 0.091 1.782 £ 0.090 £ 0.346
2.375 0.789 £ 0.050 £ 0.130 1.883 +0.081 £ 0.339
2.425 0.896 + 0.058 £ 0.236 2.081 £+ 0.077 £ 0.329
2.475 0.876 = 0.070 = 0.332 2.088 £ 0.108 - 0.483
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cos 8+, respectively, from the Dalitz plot analysis of the 7. Figure 29 shows the mass projections from the 7,
decay to K¢K using the QMI approach to the fit to B =  Dalitz plot analysis using the QMI model from BT —

0 - —
KKK~z data. KOK*K* 7~ data.
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FIG. 26. Projected K~#" invariant mass spectra weighted by Legendre polynomial moments P (cos 0o ) for n, — K3K~z*t from
Bt — K)K"K~n" data. The drawn curves result from the Dalitz plot fit using the QMI method described in the text.
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