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The dust ball collapse is studied in the context of the “rainbow metric” approach (where the matter content
is supplemented with a scalar field perturbation) to the Oppenheimer-Snyder collapse scenario within the
framework of loop quantum cosmology. The global spacetime structure is determined for this scenario
and subsequently used to evaluate the entanglement entropy via a slight adaptation of existing formulas.
The resulting model is shown to qualitatively resemble the Reissner-Nordström black hole spacetime, in
particular, it still contains singularities, which allows us to define the entropy only for portions of the null
infinity. The consequence of these results for the black hole information loss paradox is discussed.
Furthermore, the results in presence of the scalar field are used in discussion regarding the viability of the
selected scenario, in particular, the assumption of stationarity used to determine the exterior metric.
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I. INTRODUCTION

A. Motivation

The existence of singularities in general relativity is a
widely accepted yet troublesome prediction, especially
when one tries to include in the physical picture the
quantum aspects of reality. Infinite curvatures usually
featured at such make them impassable barriers to making
deterministic predictions at the classical level already. The
situation becomes even worse once one tries to reconcile
general relativity (GR) with other fundamental laws of
physics. That is particularly visible in the process of black
hole formation. Notably, one of the most challenging
puzzles related with this process is the black hole infor-
mation loss paradox—the description using a formalism of
quantum fields on fixed black hole background indicates a
breakdown of predictability of the theory [1]—the violation
of the unitarity of the quantum fields evolution. However,
the history of the development of physical models/theories
teaches us that such deficiencies are usually indicators of
the limits to the descriptions applied rather than funda-
mental features of physical reality. For that reason, it is
generally believed that a more advanced prescription,
possibly reconciling the principles of general relativity
with quantum physics, will be free from said deficiencies.
Such description would then most likely change the causal
structure of a spacetime describing a black hole formation
and evaporation process.

One of the approaches in building these descriptions is
the one where the spacetime geometry and the nongravita-
tional fundamental interactions are treated on the same,
namely, quantum footing. One attempt at building such a
theory is loop quantum gravity (LQG), built around a
central principle of strict background independence of
fundamental components of physical systems description.
While its mathematical foundations are well established,
the yet unresolved ambiguities and the very high level of
technical complication have made it next to impossible
to extract exact quantum dynamical predictions in essential
physical scenarios. For that reason, the community
exploited a multitude of its simplifications. One (probably
most widely studied) is symmetry-reduced variants of the
full framework tailored for specific classes of geometries—
a prominent example here is loop quantum cosmology
(LQC). The achievement of such is a replacement of
big bang singularity with quantum bounce [2]. That may
suggest the analogous phenomenon in the black hole
interior. There, quantum gravity effects should prevent
the formation of black hole singularities. Instead, the
collapsing matter is expected to bounce and possibly
reemerge in a white-hole-like region. This constitutes the
so-called black-to-white hole transition paradigm [3,4].
The removal of singularities drastically changes the space-
time global structure—in principle, an observer located at
future infinity can reconstruct the entire spacetime, thus
resolving the information loss paradox by restoring the
unitarity of the evolution. However, figuring out whether
(and how) this paradigm is realized requires probing
an actual gravitational collapse scenario within the
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considered framework (be it an extension to LQC or a more
involved one).

B. Gravitational collapse in polymer quantization

So far, several approaches to formulating a consistent
quantum description of black holes within LQG-related
frameworks have been pursued and discussed in the
literature. This includes the so-called reduced phase space
quantization (in the form of several distinct approaches)
that has been widely applied to black-hole-related scenar-
ios. These are based on the fact that in GR there exists a
wide class of black hole spacetime descriptions admitting
spatial symmetries, further implementing an idea of per-
forming the symmetry reduction of a given model precedes
the quantization. Probably the most known and studied
(classical) candidate for this scheme is Schwarzschild
spacetime, where the spherical symmetry allows to reduce
the description to a 1þ 1 dimensional one. The particular
construction of the framework has been performed in
several ways.
One of them is the so-called midisuperspace approach

[5,6], where the dimensional reduction is based specifically
on spherical symmetry and the (mentioned above) reduc-
tion to a 1þ 1 system, which is quantized then per analogy
with full LQG with quantum geometry states represented
by the spin networks now living on one-dimensional graphs
(chains). There, the resulting (reduced) constraint algebra is
a true Lie algebra [7–9]. The existing works implementing
this scenario suggest a modified global spacetime picture
resembling the classical Reissner-Nordström one, but with-
out its singularities [7,8].
Another approach taken is the use of isometry between

homogeneous cosmological Kantowski-Sachs spacetime
and the Schwarzschild black hole interior, allowing (due
to the homogeneity of the former) the quantization via a
direct application LQC tools [10–13]. However, these
problems generically suffer from the fact that the embed-
ding of Kantowski-Sachs spacetime in the Schwarzschild
one is singular, which led to spurious quantum gravity
effects at the black hole event horizon, making the process
of extending the resulting geometry to the black hole
exterior difficult. To resolve this problem, several phenom-
enological modifications to the LQC formalism have been
proposed, however, due to their ad hoc nature and violation
of certain properties considered essential in LQC (well
definiteness of the theory in the so-called fiducial cell
expansion limit), they are far from satisfactory.
A much more successful variation of this approach is

based on the property that in symmetry-reduced spherically
symmetric spacetime, being a 1þ 1 dimensional system,
the roles of radius and time could be interchanged. This
allowed to construct a quantum description of a static black
hole exterior that is an analog of the LQC one [14], thus
giving a consistent quantum picture. Even there, however,
one observes the discrepancies for classical GR limit in the

form of a modification by an effective force decaying with
radius slower than the Newtonian one. This modification,
while extremely weak, will become dominant as one
approaches spatial infinity, thus possibly affecting the
existing (and already experimentally tested) framework
of gravitational waves.
Beyond static/stationary spacetimes the reduced phase

space quantization can also be applied to Lemaître-Tolman-
Bondi class of spacetimes [15–18]. In particular, one
can modify the classical Lemaître-Tolman-Bondi (LTB)
spacetime dynamics by imposing phenomenological LQC-
inspired effective dynamics modifications (holonomy cor-
rections). Notably, such modifications induce bouncing
the Oppenheimer-Snyder collapse scenario [15,16]. In
subsequent work implementing this approach, an attempt
to recover a picture of a black hole to white hole transition
within a single (semi)classical universe was made [19].
There, however, the reported global spacetime structure
picture (Penrose diagram) showed strong violation of
causality by the dust particles—a result inconsistent with
the calculations presented in that work.
Alternatively, one can quantize an inhomogeneous

classical model by introducing the discretization of the
spacetime coordinates. Then, each node of the constructed
lattice is subject to the LQC quantization procedure, and the
resulting total Hilbert space is the tensor product of Hilbert
space at each node. The outcome of the employed frame-
work is the singularity-free effective spacetime [18].
Yet another category of approaches is the spin foam

(covariant LQG) approach to the black-to-white hole
transition [20–24]. Unlike in the canonical approaches
discussed above, there one implements the (simplifications
of the) analog of path integral description—the spin foam
formalism [25,26]. The evolution of the system is captured
via transition amplitudes. The general strategy is to start
with an effective metric continuing from the trapped to the
antitrapped region of the black-hole-like/white-hole-like
interior (in a certain limit, the metric becomes the interior of
the Schwarzschild black hole). Next, Kruskal-like geom-
etry is glued to the former. However, that procedure is
nontrivial for subregions of expected high Planck regime.
Consequently, spin foam amplitudes are utilized to deter-
mine the dynamics there. The resulting global picture
describes a black-to-white hole transition.
In this work, we focus on the so-called rainbow metric

approach [27–29] to the Oppenheimer-Snyder collapse
scenario. Its main idea is to consider the evolution of
quantum fields in (symmetric) quantum spacetime, from
which the semiclassical effective background metric
emerges (is derived). In the context of our work, this
matter field is represented by a massless scalar field. The
resulting effective geometry is mode dependent, that is,
each mode of the scalar field induces a different effective
(semi)classical metric (hence the name rainbow). In par-
ticular, one can examine quantum dynamics of gravitational
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degrees of freedom (quantized according to LQC) coupled to
the scalar field quantized according to the Schrödinger
picture. The Schrödinger-like equation describes the evolu-
tion of the total system, which can be solved with semi-
classical methods. Then, the resulting approximate evolution
of the system (accounting for the backreaction of back-
ground geometry) is identified with the evolution of standard
quantum field theory (QFT) living on some classical back-
ground spacetime (also called “rainbow metric” or dressed
background metric). In this way, the effective mode-
dependent geometry emerges in the formalism.

II. RAINBOW METRIC APPROACH
TO OPPENHEIMER-SNYDER COLLAPSE

In this section, we introduce a model of the loop quantum
corrected Oppenheimer-Snyder collapse scenario. We con-
sider both pure dust ball collapse and a similar scenario
accounting for massless scalar field perturbations. The
interior of the dust ball, being flat and homogeneous, is
quantized via LQC methods. We obtain an effective bounc-
ing Friedmann-Lemaître-Robertson line element for that
region. However, we do not quantize the exterior. Instead,
we assume a general form of a black-hole-like metric there—
an Eddington-Finkelstein line element with the unspecified
metric component—and the exact form of such will be
determined from the junction conditions on the boundary
surface (in this case, the surface of the collapsing ball).
Finally, we are able to construct a conformal diagram (the
so-called Penrose diagram) for the resulting spacetime.

A. Dust ball interior

In order to model the interior of the collapsing dust ball,
we follow the formalism developed in [27–31]. A classical
action describing the interior consists of gravitational
degrees of freedom coupled to matter fields: the dust field
T and the massless scalar field ϕ. A flat Friedmann-
Robertson-Walker (FRW) line element is imposed for
the background geometry, and then the Arnowitt-Deser-
Misner formulation is constructed. The canonical quanti-
zation is performed in a hybrid way being a standard in
LQC: polymer quantization is adapted for the gravity
sector, while the matter fields are quantized in standard
Schrödinger representation. The theory is further depar-
ametrized with respect to the dust field T (playing the role
of internal time). More precisely, the Hamiltonian con-
straint takes the form of a linear symmetric operator
defined on the suitable domain in the kinematical Hilbert
space HT ⊗ Hgrav ⊗ Hϕ (where Hgrav is the gravitational
Hilbert space),

Ĥ ¼ IT ⊗ ðĤgrav ⊗ Iϕ þ ĤϕÞ − iℏ∂T ⊗ Igrav ⊗ Iϕ; ð2:1Þ

where Ĥgrav and Ĥϕ are the gravitational and scalar matter
terms, respectively. Solving the quantum constraint

(as a step in the Dirac program of quantizing systems
with constraints) corresponds to finding the states annihi-
lated by this operator, a condition which takes the form
mathematically resembling the Schrödinger equation with
the dust field potential T being the analog of time,

iℏ∂TΨðT;v;ϕÞ ¼ ðĤgrav ⊗ Iþ I⊗ ĤϕÞΨðT;v;ϕÞ: ð2:2Þ

Here, the wave function ΨðT; v;ϕÞ is the decomposition
of the state with respect to the (generalized) eigenstates:
ðTj of the dust potential, jvi of the oriented volume (for
the geometry subspace), and ðϕj the scalar field operators,
respectively. This allows us to interpret the constraint as
an evolution equation for the (free—no longer con-
strained) state jΨðTÞi ∈ Hgrav ⊗ Hϕ “at the moment T.”
The potential T becomes thus an internal material clock,
the product Hgrav ⊗ Hϕ takes the role of the physical
Hilbert space, and the operator Ĥgrav ⊗ I þ I ⊗ Ĥϕ is an
analog of a free Hamiltonian. This procedure can be
performed (following [32]) in the full loop quantum
gravity setting [31] and, in context of LQC, has been
described in detail in [33] (though with use of a different
material clock) and (in the dust clock context) [30]. On the
other hand, without invoking the deparametrization, the
physical Hilbert space and the physically meaningful
notion of evolution can be found with use of the group
averaging technique [34] and the formalism of partial
observables [35]. In the context of LQC it yields the
results mathematically consistent with the deparametriza-
tion described above (see again [33] for the details).
The gravitational Hamiltonian is of the form of a

relatively simple composite operator,

Ĥgrav ¼ −
3πGℏ2

2αo

ffiffiffiffiffiffi
jv̂j

p
sin2ðb̂Þ

ffiffiffiffiffiffi
jv̂j

p
; ð2:3Þ

being a function of:
(i) The rescaled oriented volume operator v̂ acting on

basis states as the multiplication one v̂jvi ¼ vjvi
and is proportional to the oriented volume of the
dust ball interior V̂ ¼ αov̂, where the constant
αo ≔ 2πγ

ffiffiffiffi
Δ

p
l2
Pl is, in turn, expressed via the

LQC area gap Δ (which equals Δ ¼ 4
ffiffiffi
3

p
πγl2

Pl)
and Barbero-Immirzi parameter γ. In further con-
siderations, we take the value of the latter as
determined in [36,37] γ ¼ 0.2375:

(ii) The holonomy component N̂ ≔ dexpðib=2Þ that acts
on jvi as a unit shift operator: N̂ jvi ¼ jvþ 1i.
The “sine” operator stands then for sinðb̂Þ ¼
−i=2ðN̂ 2 − N̂ −2Þ.

The pair v̂; N̂ is the quantum counterpart of the (expo-
nentiated for the second element) pair of classical canonical
variables ðv;bÞ of which Poisson bracket equals fv;bg ¼
−2=ℏ, though one has to remember, that in LQC the
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operator corresponding to b does not exist. The basic
commutation relation between our elementary operators

is ½v̂; N̂ � ¼ −N̂ .
In general, the scalar field ϕ can be decomposed into an

assembly of decoupled harmonic oscillators. As usual in
the framework [27,29], we pick a single oscillator with
wave vector k, and write

Ĥϕ ¼ 1

2
α−1o v̂−1 ⊗ P̂2

k þ 1

2
k2α1=3o v̂1=3 ⊗ Q̂2

k; ð2:4Þ

where Q̂k; P̂k are, respectively, position and momentum
operators representing the single harmonic oscillator with
commutation relation ½Q̂k; P̂k� ¼ iℏ [27].
To ultimately determine the dynamics coming from (2.2),

we move to so-called effective dynamics. Even though
solving (2.2) in the genuine quantum regime is practically
possible yet laborious, we can regard the quantum evolution
of expectation values of observables as quantum-corrected
trajectories living on classical phase space with an effective
Hamiltonian. More precisely, all the physical information on
the quantum state can be captured by a set of quantum phase
space coordinates: expectation values of observables corre-
sponding to basic quantum variables (describing a given
system) and the generalized central Hamburger moments
encoding the quantum corrections in the order-by-order
basis [38].1 The extended coordinates have a well-defined
Poisson algebra structure. Furthermore, it is possible to
expand each quantum observable as their function. Applying
that property to the Hamiltonian, it is then possible to write a
closed, yet infinite (countable), set of equations of motion
capturing the quantum evolution. By introducing a cutoff of
this system above a certain chosen order, one arrives to a
finite system of classical equations of motion incorporating
quantum corrections up to that order.
The discussed procedure is well understood for the

sets of basic observables (quantum counterparts of basic
classical variables) forming a Heisenberg algebra. Adapting
it for the polymer quantization is a bit more challenging, yet
does not pose any significant conceptual challenges. In that
context one can ask about a leading order evolution, that is,
to neglect quantum corrections on the second order and
higher. Contrary to a common expectation, this will not
bring us back to the classical dynamics, as the modified
structure following from polymer quantization will be
preserved. In order to see that, we first choose for the
geometry degrees of freedom a triad of basic coordinates—

the expectation values ðv≔ hv̂i;sb≔ hði=2ÞðN̂ 2−N̂ −2Þi;
cb≔ hð1=2ÞðN̂ 2þN̂ −2ÞiÞ. For the matter part we in turn
select the expectation values of observables corresponding
to the original classical canonical variables ðQk; PkÞ

with Poisson bracket fQk; Pkg ¼ 1. Furthermore, we
assume that there exists a sufficiently large set of semi-
classical states Ψðv;sb;cb;Qk;PkÞ peaked on the selected
variables. Then, in the zeroth order approximation the
effective Hamiltonian Heffðv; sb; cb; Qk; PkÞ is a zeroth
order term in expansion of hΨðv;sb;cb;Qk;PkÞjðĤgrav þ ĤϕÞj×
Ψðv;sb;cb;Qk;PkÞi becoming

Heffðv; sb; cb; Qk; PkÞ

¼ −
3πGℏ2

2αo
vs2b þ

1

2
α−1o v−1P2

k þ 1

2
k2α1=3o v1=3Q2

k: ð2:5Þ

At this point, we can write a set of equations of motion for
the set of chosen 5 variables. We note, however, that for
as long as we neglected all the higher order quantum
corrections we can reintroduce back the variable b such
that sinðbÞ ¼ sb and cosðbÞ ¼ cb. Upon setting the Poisson
structure fv;bg ¼ −2=ℏ, we reproduce the correct algebra
structure of ðv; sb; cbÞ, thus bringing the system to the form
consistent with that corresponding to the heuristic effective
dynamics introduced in [39]. The effective Hamiltonian
will then take the form

Heffðv;b; Qk; PkÞ ¼ −
3πGℏ2

2αo
v sin2ðbÞ

þ 1

2
α−1o v−1P2

k þ 1

2
k2α1=3o v1=3Q2

k:

ð2:6Þ

The Hamilton’s equations for it provide us with the set of
effective equations of motion, that is,

8>>>>><
>>>>>:

_v¼ 3πGℏ
αo

vsinð2bÞ;
_b¼−3πGℏ

αo
sin2ðbÞ−α−1o ℏ−1v−2P2

kþ 1
3
α1=3o ℏ−1k2v−2=3Q2

k;

_Qk¼α−1o v−1Pk;

_Pk¼−k2α1=3o v1=3Qk;

ð2:7Þ

where the dot denotes differentiation with respect to T.
The above system needs to be solved with initial conditions
ðvin;bin; QkðinÞ; PkðinÞÞ. Throughout this work we set
binð0Þ ¼ π=2, which corresponds to setting the “time
origin” T ¼ 0 at the bounce.
Having defined the description of the dynamics of the

collapsing dust ball interior, we are now ready to determine
the rainbow metric. Suppose that the interior is effectively
described by a classical FRW line element,

g̃abdxadxb ¼ −ÑðTÞdT2 þ ã2ðTÞdx2: ð2:8Þ
1An example of such objects are variances and correlations of

basic variables, being central moments of order 2.
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One can construct regular QFT on that fixed background
and the metric components of (2.8) will be extracted from
the proper identification of the scalar field’s Hamiltonian
ingredients. The corresponding Hamiltonian for a single
mode k of the massless scalar field is then given by [27]

ˆ̃Hϕ ¼ ÑðTÞ
2ãðTÞ ðP̂

2
k þ k2ãðTÞ4Q̂2

kÞ: ð2:9Þ

Now we can compare (2.9) to (2.4), in order to relate the
elements of the above effective description with variables
in which we describe the (effective zeroth order) quantum
dynamics,

8<
:

ÑðTÞ
2ãðTÞ ¼ α−1o v−1;

ÑðTÞãðTÞ ¼ α1=3o v1=3:
ð2:10Þ

Solving the above yields ÑðTÞ ¼ 1 and ã ¼ ðαovÞ1=3.
When the scalar field is neglected in this system
(Qk ¼ Pk ¼ 0) an analytic solution for the scale factor
is available [30],

ãðTÞ → aðTÞ ¼ ðαovðTÞÞ1=3

¼
�
9π2G2ℏ2vin

αo
T2 þ vinαo

�
1=3

; ð2:11Þ

otherwise, aðTÞ has to be determined by numerical meth-
ods. Having that, the interior geometry is completely
determined. Indeed, one can write the line element with
the coordinates ðT; r;ΩÞ as

ds2− ¼ −dT2 þ aðTÞ2dr2 þ r2aðTÞ2dΩ2; ð2:12Þ

where dΩ ¼ dθ2 þ sin2 θdφ2. Finally, the mass of the
collapsing ball is related with the dust field energy density
in the following way:

M ¼ ð4π=3ÞρR3; ð2:13Þ

in which R ¼ ra is the physical radius. In the semiclassical
approximation taken, the dust energy density takes the form
ρ ¼ pT=a3, where pT ¼ −Heff [29].

B. Exterior metric and junction conditions

In the considered model, the exterior of the collapsing
ball is a spherically symmetric asymptotically flat2 (region
of) spacetime that is either vacuum (in absence of the scalar
field) or contains a residual scalar field corresponding to the

particular single mode selected in constructing the rainbow
metric scenario. In classical GR the process of dust ball
collapse has been studied extensively (see, for example,
Chapter 3.8 of [40]). In particular, it is a well-established
result that starting from the requirements of spherical
symmetry and staticity one ends up in the class of metrics
that can be expressed in Eddington-Finkelstein coordinates.
We carry this insight as a well-motivated assumption to this
(quantum geometry modified) scenario,3 essentially follow-
ing (though in more precise manner) the analysis of [29].
To be more precise, in what follows we assume that there

exists an exterior region described by the following form of
the metric written in either ingoing Eddington-Finkelstein
coordinates ðv; X;ΩÞ,

ds2þ ¼ −FðX; vÞdv2 þ 2dvdX þ X2dΩ2; ð2:14Þ
or the outgoing ones,4 with ðu; X;ΩÞ,

ds2þ ¼ −FðX; uÞdu2 − 2dudX þ X2dΩ2: ð2:15Þ
The regions described by each of the above systems are
a priori distinct yet, in principle, an overlap between them
may (and, in fact, as we will show further in, does) exist.
We further assume, that in both the incoming and out-

going region the function F does depend on the coordinate X
only. Physically this is a requirement of the existence of a
(timelike) Killing field in the exterior of the dust ball. This is
a strong assumption that will significantly affect the global
spacetime structure of the system, and its consequences will
be discussed in the conclusions.
In the coordinate system used to characterize the interior

the surface Σ of the collapsing ball is parametrized as
xα ¼ ðT; r ¼ rb ¼ const:Þ, which is also the trajectory of
the comoving inertial observer (the dust particle at the ball
surface). Alternatively, in the region where the exterior is
described by (2.14) it can be written in the exterior
coordinates as xα ¼ ðv ¼ VðTÞ; X ¼ RðTÞÞ.5 Now let
ya ¼ ðT; θ;φÞ be a coordinate system on Σ. The metric
induced, respectively, from the interior/exterior one takes
there the form

ds2−jΣ ≔ h−abdy
adyb ¼ −dT2 þ r2ba

2dΩ2; ð2:16Þ
and

ds2þjΣ ≔ hþabdy
adyb ¼ −ðF _V2 − 2 _V _RÞdT2 þ R2dΩ2;

ð2:17Þ

2This requirement, while incorporated for a physical reason,
does not affect the following considerations. The asymptotic
flatness has not been imposed as a condition in any step of the
calculations.

3This expectation has been, in fact, confirmed in a followup
[41] of the preliminary presentation [42] of our results.

4Adding this class of metric is necessary due to dynamic
bounce of the dust ball interior.

5Although we have already named the physical radius in (2.13)
as R, we also use this letter to name the X ¼ RðTÞ on Σ. We will
show below that these quantities are, in fact, identical.
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where the dot denotes differentiation with respect to T.
The four-velocity of an observer comoving with the surface
is lα ¼ ∂xα=∂T. Let nα be a normal to Σ; we impose
nαnα ¼ 1, nαlα ¼ 0 (we then choose nα so that it points
outside the collapsing ball). Then its components are
n−T ¼ 0, n−r ¼ a or

nþv ¼ −
_R= _Vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F − 2 _R= _V
q ; ð2:18Þ

nþX ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F − 2 _R= _V

q : ð2:19Þ

Now we can write junction conditions:
(1) The continuity of metric time-time component

h−TT ¼ hþTT implies

F _V2 − 2 _V _R ¼ 1; ð2:20Þ

(2) whereas from h−θθ ¼ hþθθ, we have

R ¼ rba: ð2:21Þ

(3) The requirement of the continuity of the extrinsic
curvatures Kþ

ab ¼ K−
ab, where Kab ≔ nα;β

∂xα
∂ya

∂xβ

∂yb [40]

gives

FnþX þ nþv ¼ 1 ð2:22Þ

as a consequence of K−
θθ ¼ Kþ

θθ, and
(4) similarly,

nα;βlαlβ ¼ 0; ð2:23Þ

follows from K−
TT ¼ Kþ

TT .
Following [29], we would like to encode the physical

volume of the collapsing ball as V ¼ αov ¼ a3, which
follows from the cosmological origin of the implemented
treatment. This choice via (2.21) (from which follows that
V ¼ ð4=3ÞπR3) fixes the ball comoving coordinate radius
as rb ¼ ð4π=3Þ−1=3.
The above system of junction conditions is soluble.

Equations (2.20)–(2.22), combined with an additional
requirement so that the exterior metric is of the Lorentzian
signature F − 2 _V= _R > 0, F < 1, yield

F ¼ 1 − _R2; ð2:24Þ

on the surface Σ. That relation will be crucial in the
following analysis. Due to assumed symmetries of the line
element (2.14), we can invert the relation (2.21) to find T2ðXÞ

and subsequently write FðT2ðXÞÞ. For the case of pure dust
ball collapse, where the scale factor is given by (2.11),
we have

T2ðXÞ ¼ αoðX3 − αor3bvinÞ
9π2G2ℏ2r3bvin

: ð2:25Þ

Thus,

FðXÞ ¼ 1 − _R2ðT2ðXÞÞ

¼ 1 −
4π2G2ℏ2r3bvin

αoX
þ 4π2G2ℏ2r6bv

2
in

X4
: ð2:26Þ

According to (2.13), we can identify the mass of the dust ball
to beM ¼ 2π2Gℏ2r3bvin=αo. Then, the above formula takes a
more familiar form,

FðXÞ ¼ 1 −
2GM
X

þ 2GMαor3bvin

X4
: ð2:27Þ

Note, that this result is consistent with the form of the metric
found in studies of LTB spacetime with phenomenological
corrections [15]. The metric component (2.27) has two roots,
X− and Xþ, (where we choose the order Xþ > X−) for
masses,

M > Mext ≔ 16αor3b=ð9
ffiffiffi
3

p
G2ℏÞ ≈ 0.83mPl; ð2:28Þ

[equivalently forvin > 8α2o=ð9
ffiffiffi
3

p
π2G3ℏ3Þ], exactly one root

for M ¼ Mext, and no roots for M < Mext. Throughout the
rest of thiswork,we restrict the discussion toM ≫ Mext since
only then the semiclassical approximation used to determine
the effective interior metric is sufficiently accurate. For low
masses, especially those of the order of mPl, the quantum
origin of themetric makes the presented treatment unreliable.
This issuewill be discussed in more detail in the conclusions.
When the scalar field is included, the algorithm specified

above is still applicable, however, now [due to lack of a
closed formula for aðTÞ] the function FðXÞ can be
determined only numerically.
At this point, RðTÞ can be easily extracted since the

explicit form of the scale factor is known, so it remains
to solve for VðTÞ to completely determine the trajectory of
the dust ball. Equations (2.20) and (2.24)6 combined
together give

_VðTÞ ¼ sgnðTÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − FðTÞp þ 1

FðTÞ : ð2:29Þ

6We can rewrite (2.24) as _R ¼ sgnðTÞ ffiffiffiffiffiffiffiffiffiffiffiffi
1 − F

p
since _R > 0 for

T > 0, and _R < 0 for T < 0. That is because of the time reflection
symmetry T → −T of (2.11) (note that R ¼ rba). The same
situation is for the case when one incorporates (a single mode of)
scalar field (scale factor is given numerically).
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We employ the following strategy for solving the above.
First, we notice that the function jðTÞ ≔ _VðTÞðT − T1Þ×
ðT − T2Þ is regular for all times T, where T1 ≔ TðX−Þ > 0
and T2 ≔ TðXþÞ > 0 accordingly to (2.25). This property
allows us to define a function

_̃VðTÞ ≔ _VðTÞ − C1

ðT − T1Þ
−

C2

ðT − T2Þ
; ð2:30Þ

with constants C1 ¼ jðT1Þ=ðT1 − T2Þ and C2 ¼ −jðT2Þ=
ðT1 − T2Þ, which is also regular. Finally, VðTÞ can be
determined via integrating out the regular and singular
terms of _VðTÞ,

VðTÞ − Vð0Þ ¼
Z

T

0

_̃VðTÞdT þ C1 log jT − T1j

þ C2 log jT − T2j − C1 log jT1j
− C2 log jT2j: ð2:31Þ

The similar construction can be performed for the
outgoing line element (2.15) by repeating the above steps.
In that case, we extract an equation

_UðTÞ ¼ −sgnðTÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − FðTÞp þ 1

FðTÞ ; ð2:32Þ

which can be analogously solved—the qualitative differ-
ence is the fact that the singular points are time reflected
T → −T. We emphasize that VðTÞ, UðVÞ deliver coordi-
nate values at the Σ and also label ingoing/outgoing
surfaces (geodesics), respectively—the more detailed
analysis will be presented at the end of this section.
In Fig. 1, we present the solutions VðTÞ, UðTÞ for pure

dust ball collapse (the scale factor (2.11) is incorporated)
and for the dust perturbed with a single mode of the scalar

field VkðTÞ; UkðTÞ (the scale factor is given numerically,
however, (2.29) and (2.32) still hold).
Now, we wish to determine the global causal structure of

the resulting spacetime. To achieve so, it is convenient to
introduce a metric in double null coordinates. Line ele-
ments (2.14) and (2.15) possess one piece of the ingoing
and the outgoing null coordinate, respectively. Notice that
the constant values of those at Σ label corresponding
ingoing/outgoing null surfaces in the exterior. Since we
have solved for VðTÞ, UðTÞ for all times of T, we have
obtained “foliation” of the exterior with either ingoing or
outgoing null surfaces. Hence, there exist regions of the
exterior where (2.14) and (2.15) overlap. The consistency
of the description demands that, for example, the null
condition du ¼ 0 [coming from (2.15)] is the same as the
condition dv − 2

FðXÞ dX ¼ 0 [coming from (2.14)]. This is

equivalent to the following relation:

dv − du ¼ 2

FðXÞ dX: ð2:33Þ

Plugging the above into either (2.14) or (2.15) makes the
exterior to be described with ðu; v;ΩÞ and

ds2þ ¼ −FðXÞdudvþ X2dΩ2: ð2:34Þ

Next, we want to find out what are the boundaries of the
exterior. We study the behavior of an affine parameter on
null geodesics (surfaces). Consider u ¼ constant, radial
null geodesic, and let v be the parameter. The parametriza-
tion can be represented as ðuðvÞ ¼ constant; v; 0; 0Þ, so the
tangent vector ismα ¼ ð0; 1; 0; 0Þ. The corresponding four-
acceleration satisfies mα

;βm
β ¼ 1

2

dFðXÞ
dX mα. It means that v is

not affine. However, we can extract the affine parameter,

say λ, specifically from d2λðvÞ
dv2 ¼ 1

2
dF
dX

dλðvÞ
dv (an arbitrary

parameter always can be related to the affine one [40]).
When we implement the condition (2.33), particularly,

dX
dv

¼ 1

2
FðXÞ; ð2:35Þ

we arrive at

d2λðXÞ
dX2

¼ 0; ð2:36Þ

so X is the affine parameter (that is not true when
FðXÞ ¼ 0). Next, the strategy is to analyze how X varies
on the whole family of u ¼ constant geodesics. Suppose
we start moving along the null geodesic towards the future
from a point at Σ. To see how X changes in time v, it is
necessary to solve (2.35) with a proper initial condition.
Given a point T ¼ constant at Σ, we can read off the initial
v ¼ VðTÞ from Fig. 1. We conclude that for starting
points T∈ ð−∞;−TðXþÞÞ∪ ð−TðX−Þ;∞Þ, where TðX−Þ,

20

FIG. 1. Time coordinate trajectories (VðTÞ; VkðTÞ) and (UðTÞ;
UkðTÞ) of the surface of the collapsing dust ball. Initial conditions
are vin¼10, bin¼π=2, Qk;ðinÞ ¼Pk;ðinÞ ¼0.3, Vð0Þ¼Vkð0Þ¼0,
Uð0Þ ¼ Ukð0Þ ¼ 0 and also k ¼ G ¼ c ¼ ℏ ¼ 1, γ ¼ 0.23….
Pairs of singular points are visible; they reflect the existence of
horizons.
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TðXþÞ—singular points of Fig. 1—are taken to be positive
according to (2.25), the affine parameter X increases and
reaches X → ∞ when we move along the geodesic towards
the future. Surprisingly, for starting points T ∈ ð−TðXþÞ;
−TðX−ÞÞ, X decreases and reaches X → 0. At that limit, the
Kretschmann scalar diverges, which reveals the existence
of coordinate-independent singularity, particularly the
timelike one. The analogous steps are done for the

v ¼ constant family of geodesics, and the conclusions
concerning the global picture stay the same. Also, we
notice that surfaces of X ¼ Xþ and X ¼ X− are null—the
right-hand side of (2.35) vanishes. They represent the
black/white hole event and inner horizons, respectively.
We summarize the above construction in Fig. 2.

III. ENTANGLEMENT ENTROPY

With the global spacetime structure of the model
established, we can now turn our attention to the main
topic of this article—the problem of information loss. In its
essence, it is a loss of unitarity in the evolution of quantum
fields over a spacetime containing an evaporating black
hole. In particular, the pure state of a matter (for example, a
scalar field) incoming from past null infinity becomes a
mixed state at the future null one. In an attempt to measure
this process several notions of entropy associated with the
field have been introduced, in particular, some definitions
of the entanglement entropy. In our work, we will use the
renormalized entanglement production. The calculation
will reveal qualitative properties relevant in the context
of the paradox. In particular, we want to verify whether we
can obtain characteristic up-then-down behavior of the
(paradox-free) Page curve [43–46]. The entropy essentially
quantifies how much entanglement is produced by a test
massless scalar field when evolved from the past null
conformal infinity (further denoted as J −) to the future null
one (denoted as J þ) in asymptotically flat spacetime.
Specifically, it measures how entangled the field vacuum is
(when evolved from J − to J þ) in a subregion of J þ to its
complement (in principle, full J þ corresponds to a pure
state). The actual entropy calculation procedure employs
the so-called ray-tracing map, where one sends outgoing
light rays terminating at J þ all the way back to their origin
at J − and measures their “compression” with respect to
affine null parameters normalized using the asymptotic
structure. More precisely, let u and v be affine parameters at
J þ and J −, respectively. Light rays marked by u are
traveled back in time along radial null geodesics (geometric
optics approximation) so that the mapping pðuÞ ¼ v relates
the parameters associated with each ray reaching J −. The
entanglement entropy production of the region ½−∞; u�
can then be evaluated via a generalization of the Larsen-
Holzhey-Wilczek entropy [44] for spherically symmetric
and asymptotically flat spacetimes [45],

SðuÞ ≔ lim
u0→−∞

Sðu; u0Þ

¼ lim
u0→−∞

1

12
log

ðpðuÞ − pðu0ÞÞ2
_pðuÞ _pðu0Þðu − u0Þ2

¼ −
1

12
log _pðuÞ: ð3:1Þ

Here, the dot denotes differentiation with respect to u. The
last equality is satisfied in cases when limu→−∞ _pðuÞ ¼ 1

FIG. 2. Conformal diagram for the resulting exterior spacetime.
The ball of matter with the surface Σ collapses and then expands
in a new universe after the “bounce” at T ¼ 0. Inner X ¼ X− and
outer X ¼ Xþ horizons are formed. Timelike singularity is
present at X ¼ 0.
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holds (which due to the complicated structure of the
spacetime in our model is not a given here). The finiteness
of SðuÞ at all times of u is a necessary condition for the
unitarity of the evolution [46]. If SðuÞ is negative, then it
means that the state is less correlated than the Minkowski
vacuum [46].
For our model, with its particular global spacetime

structure (see Fig. 2), both the future and past null infinity
consist of two disconnected portions each. The ray tracing

then relates the first connected portion J ð1Þ
þ to only a part of

J ð1Þ
− , whereas the rays terminating at J ð2Þ

þ originate at both
J ð1Þ

− and J ð2Þ
− .

In order to perform the actual calculation, we first note
that with the form of the line element (2.34) we have
limu→−∞ FðXðu; vÞÞ ¼ limv→∞ FðXðu; vÞÞ ¼ 1, thus the
double null coordinates chosen earlier ðu; vÞ already are
the desired parameters asymptotically affine at null
infinities. The specific pðuÞ evaluation algorithm is the
following. We first recall that inside the dust ball there
exists a distinguished global (within the ball) time T—
proper time of dust particles constant on the homogeneity
surfaces. Then to each ray, we can associate the time T in of
entering and Tout of exiting the ball—see Fig. 2. Since the
chosen coordinate u, v is constant on, respectively, the
incoming and outgoing portion of the ray, the values of
these coordinates are, respectively, UðT inÞ and VðToutÞ
satisfying (2.29) and (2.32). The function pðuÞ appearing
in (3.1) can then be written as

pðuÞ ¼ VðToutðT inðuÞÞÞ: ð3:2Þ

Note that the function UðT inÞ is only piecewise invertible,
thus T inðuÞ is not globally well defined, which will have
crucial consequences for the final result.
In order to find the last missing relation ToutðT inÞwe note

that the difference Tout − T in is simply the time of travers-
ing the dust ball, which can be easily found by integrating
the null condition coming from (2.12),

dT
dr

¼ �aðTÞ: ð3:3Þ

Each ray enters the collapsing dust ball at a point ðT in; rbÞ,
transits the origin of the radial coordinate ðT0; r ¼ 0Þ, and,
finally, reemerges at the point ðTout; rbÞ. The relation
ToutðT inÞ can be found as follows. Given T in, we can solve
for T0 from

R T0

T in
1=aðTÞdT ¼ R

0
rb
dr, consecutively for Tout

from
R Tout
T0

1=aðTÞdT ¼ −
R rb
0 dr. The closed form of each

of the above integrals with the scale factor (2.11) incorpo-
rated can be performed analytically, however, the solution
is not practically useful for deriving the closed form of
desired ToutðT inÞ—the integration outcomes include hyper-
geometric functions. Hence, we solve for ToutðT inÞ

numerically in both cases—the pure dust ball collapse
and the collapse perturbed with the single mode of the
scalar field.
Even though the interior metric as well as FðXÞ have

simple analytic form, the relation pðuÞ could not be found
analytically. Instead, the relation itself and the entropy have
been determined via numerical methods. For that, libraries
of Julia programming language have been used. An example
of the result is presented in Fig. 4. For the presentation
convenience, the entropy function is parametrized by the
time To at which a given ray crosses the coordinate system
origin r ¼ 0. We note several features, some of which are
quite concerning.
First of all, the proposed entropy evaluation could not be

performed globally, as there exist regions of (both future
and past) null infinities where the rays either originate or
terminate at the singularity, and the presented method
(strongly relying on having right asymptotic behavior)
cannot be applied. They are represented by two grayed-
out windows on Fig. 4.
In the regions for which the considered null geodesics

are complete, we can distinguish three domains:
(1) Semiclassical past region, where the rays labeled

with v ∈ ð−∞; v−Þ originate at (a portion of) J ð1Þ
− ,

cross the collapsing dust ball while never crossing

the black hole outer horizon and terminate at J ð1Þ
þ ,

where they are labeled by u ∈ ð−∞;∞Þ. The right-
most formula in (3.1) can be applied directly. We
observe the entanglement entropy growing and
finally reaching infinity as the rays approach the
horizon. Indeed, we see that in the vicinity of u → ∞
(or T inðuÞ → −T2),

_pðuÞ ¼ ∂V
∂Tout

∂Tout

∂T in

�
∂U
∂T in

�
−1

∝ −ðT inðuÞ þ T2Þ;

ð3:4Þ

from which follows SðuÞ ¼ − 1
12
log _pðuÞ → ∞,

as u → ∞.
(2) The deep region, where the rays labeled with v ∈

ðvþ;∞Þ originate at J ð1Þ
− , cross both the inner and

outer horizon of a black hole as well as (sub-
sequently) the white hole ones, then terminate at
J ð2Þ

− . They are labeled by u ∈ ð−∞; u−Þ, where u−

denotes the latest ray terminating atJ ð2Þ
− —see Fig. 2.

These rays are particularly relevant for “probing” the
modified quantum gravity, as they cross the high
(near Planckian) energy density region, where the
quantum geometry effects become dominant. How-
ever, the rightmost equality of (3.1) does not hold. In
the vicinity of u → −∞ (or T inðuÞ → −T1), we have

_pðuÞ ¼ ∂V
∂Tout

∂Tout

∂T in

�
∂U
∂T in

�
−1

∝ T inðuÞ þ T1; ð3:5Þ

RAINBOW OPPENHEIMER-SNYDER COLLAPSE AND THE … PHYS. REV. D 108, 026016 (2023)

026016-9



thus in the desired limit _pðuÞ → 0, which violates
the necessary condition for the applicability of the
discussed equality, which is _pðuÞ → 1). Further-
more, the limit in the middle expression of (3.1)
cannot be taken directly in its present form. This
happens because in the vicinity of u0 → −∞ (or
T inðu0Þ → −T1),

ðpðu0ÞÞ2=ðð _pðu0Þu20ÞÞ
∝ 1=ððlog jT inðu0Þ þ T1jÞ2ðT inðu0Þ þ T1ÞÞ:

ð3:6Þ

In consequence, SðuÞ ¼ limu0→−∞Sðu; u0Þ ¼ ∞—
the formula returns infinity for all u ∈ ð−∞; u−Þ.
One can ask, however, if this formula can be
modified in a way that preserves the physical
meaning of the entropy and gives us finite quantities.
In order to do so, we recall that (3.1) is the limit of
the regular function Sðu; u0Þ, where u0 → −∞ con-
stitutes the “reference point” from which the entropy
is calculated (produced). The possible construction
generalizing the above may be about the choice of
that point, provided that the modification is unam-
biguous. With the reference point being changed,
the redefinition will be accurate up to an additive
constant—one loses the possibility of determining
the beginning point in which the entropy takes the
zero value. Note that entropy difference [according
to the formula (3.1)] with respect to two distinct
points, u and u1, is given by

ΔSðu; u1Þ ≔ lim
u0→−∞

ðSðu; u0Þ − Sðu1; u0ÞÞ

¼ 1

12
log

ðpðuÞ − vþÞ2 _pðu1Þ
ðpðu1Þ − vþÞ2 _pðuÞ ; ð3:7Þ

where we identified limu0→−∞pðu0Þ ¼ vþ. In order
to extract the relevant properties of the above
quantity, we numerically check the population of
the solutions (for various M) as well as we analyti-
cally probe its asymptotic behavior, as u approaches
the boundaries of the deep region from its interior.
In the vicinity of u → u− (or ToutðT inðuÞÞ → T1),
we have

pðuÞ2= _pðuÞ
∝ −ðlog jToutðT inðuÞÞ − T1jÞ2ðToutðT inðuÞÞ − T1Þ
⇒ lim

u→u−
ΔSðu; u1Þ ¼ −∞: ð3:8Þ

Also, in the vicinity of u → −∞, we have

ΔSðu; u1Þ ∝ log
ðpðuÞ − vþÞ2

_pðuÞ : ð3:9Þ

Due to the complicated behavior, we inspect the
expression on the right-hand side of the above formula
numerically. The result is limu0→−∞ΔSðu; u1Þ ¼ −∞.
With the established limits, we conclude that the
formula (3.7) [actually being the entropy difference
accordingly to (3.1)] characterizes the unambiguous
(up to the additive constant) entanglement entropy
production in the deep region. We depict the result in
Fig. 4—the entropy curve rapidly grows from −∞,
reaches a finite maximum, and then again rapidly goes
back to −∞.

(3) Semiclassical future region, where the rays labeled
with v ∈ ð−∞;∞Þ originate at J ð2Þ

− , again traverse
the dust ball in its expanding phase (after the
bounce), never crossing any of the black/white
hole horizons and terminate at J ð2Þ

− . The light rays
of consideration are labeled by u ∈ ðuþ;∞Þ, where
uþ denotes the earliest ray terminating at J ð2Þ

þ . The
limit limu0→−∞ _pðuÞ cannot be even considered
since there are no rays u < uþ (as they would
need to originate at the singularity)—the rightmost
equality of (3.1) does not hold. Moreover,
limu0→uþSðu; u0Þ ¼ −∞ since in the vicinity of
u0 → uþ (or ToutðT inðu0ÞÞ → T2),

ðpðu0ÞÞ2=ðð _pðu0Þu20ÞÞ
∝ ðlog jToutðT inðu0ÞÞ− T2jÞ2ðToutðT inðu0ÞÞ− T2Þ:

ð3:10Þ

However, the following limit holds
limu0→−∞ _pðuÞ ¼ 1, and an inverted limit, namely
u0 → ∞, in (3.1) (also) implies the rightmost
equality. Indeed, we argue that for the future region,
the formula SðuÞ ¼ − 1

12
log _pðuÞ unambiguously

corresponds to the entropy production, however,
the actual entropy is now defined with respect to
the reference point (see the discussion for the
deep region) taken to be at u0 → ∞. We note that
_pðuÞ ∝ 1=ðToutðT inðuÞÞ − T2Þ in the vicinity of
u0 → uþ (or ToutðT inðu0ÞÞ → T2), so SðuÞ → −∞.
That fact implies that SðuÞ is calculated with
accuracy up to an additive constant. Ultimately,
the entropy grows from −∞, and the growth rate
slows as the time passes from the point correspond-
ing to the white-hole horizon—see Fig. 4.

One particularly interesting question is the one about the
length of the epoch, during which the rays interact with
the quantum-geometry-modified region. In cosmology, the
epoch, when the geometry discreteness effects dominate the
dynamics is extremely short—well below Planck second.
Since the model of the interior is that of LQC, the length of
the epoch when the dust energy density is comparable to
the Planck one will be of the same order. However, the time
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(as measured by the observer at the origin r ¼ 0) during
which the rays interacting with the quantum-modified
regime are passing through the origin may be much longer.
In order to determine that we define the epoch length as
the difference in crossing the origin via the earliest and
latest ray of the distinguished epoch (spacetime region)
ΔT ¼ Tþ

r¼0 − T−
r¼0, where T

þ
r¼0 is the time at r ¼ 0 when

we traversed along the null geodesic to the future from
Tr¼rbðX−Þ > 0 up to r ¼ 0. Analogously, T−

r¼0 is the time
when we traversed to the past from Tr¼rbðX−Þ < 0 to r¼0.
ΔT is also the time of entanglement entropy production
in the deep region—see Figs. 4 and 5. We numerically
calculate ΔT for different masses M—see Fig. 3. For the
mass of the black hole in the center of our galaxy
(Sagittarius A*), we have ΔT ¼ 1.25ð11Þ × 1044tPl,

which is roughly a few seconds. For the solar mass we
have ΔT ¼ 3.020ð86Þ × 1037tPl, which is around one
microsecond.
Finally, the analysis performed for the pure dust ball

collapse has been repeated for the actual scenario of
focus—admitting a (single mode of a) massless scalar
field. It has been established in the previous section already
that the global spacetime structure stays the same, which, in
particular, allows us to define and evaluate the entangle-
ment entropy the same way as above. We then expect the
results to be perturbations of the case, when the scalar field
is absent. The actual calculations have been performed
via the same algorithm as in the pure dust case, with the
exception that now the function aðTÞ needed to be
determined numerically. The process of finding it reduces,
however, to simple numerical integration, thus it had not
significantly increased the level of difficulty. A generic
example of the results of the evaluation of SkðuÞ is
presented in Fig. 5. The shape of the entropy curve stays
the same; the only difference is a slight increase in the sizes
of all the horizons, as the contribution from the scalar field
energy adds to the gravitational effect of the dust. There are
no qualitative changes to the entropy curve due to the
presence of the scalar field. This has unfortunate conse-
quences for the formulated model, which will be discussed
in detail in the next section.

IV. CONCLUSIONS

In this work, we attempted to address the effects of
quantumness of spacetime geometry on the black hole
information loss paradox by evaluating the entanglement
entropy for the physical scenario of the Oppenheimer-
Snyder dust ball collapse described in the framework
inherited from loop quantum cosmology. Our main goal
was the determination of the global spacetime structure and

FIG. 4. Parametric plot of ðT0ðuÞ; SðuÞÞ for the pure dust ball
collapse. T0ðuÞ is taken at r ¼ 0—see Fig. 2. Solutions for UðTÞ,
VðTÞ from Fig. 1 were utilized. All possible null infinities were
related. Three distinct shapes are visible for light rays: (a) semi-
classical past region, (b) deep region, and (c) semiclassical future
region. Grayed-out windows correspond to the existence of the
timelike singularity. Note that u1 ¼ 4.

FIG. 3. ΔTðMÞ for the pure dust ball collapse. Numerical
results and fitted function ΔTðMÞ ¼ 1.372ð20ÞM0.6331ð52Þþ
0.3305ð28ÞM þ 2.318ð38Þ.

FIG. 5. A comparison of ðT0ðuÞ; SðuÞÞ (pure dust ball collapse)
and ðT0;kðuÞ; SkðuÞÞ (dust ball perturbed by scalar field). Analo-
gously, as in Fig. 4, UkðTÞ; VkðTÞ were utilized to calculate
SkðTÞ. Note that u1 ¼ 4.
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evaluating the entanglement entropy in presence of a
(single mode of the) massless scalar field in the so-called
rainbow metric scenario, where the backreaction of the
metric is taken into account. The exact treatment of
the model was a reexamination of the studies in [29]:
the interior of the spherical dust ball has been described
in the loop quantum cosmology setting and its dynamics
approximated via the effective semiclassical dynamics in
the leading (zeroth) order and subsequently glued with two
classes of the Vaidya-like metric via standard gluing
techniques of classical GR [40]. Imposing the assumption
of the existence outside of the dust ball additional trans-
lation Killing field, timelike in the regions where FðXÞ > 0
(making the exterior metric components depend on the
radial coordinate only) allowed to uniquely determine the
spacetime geometry via mixed analytical and numerical
methods, in particular, allowing to write the metric ana-
lytically in the absence of the scalar field.
In both the presence and absence of the scalar field the

resulting global spacetime structure qualitatively resembles
that of the Reissner-Nordström spacetime (see Fig. 2), a
result that was reported already in the studies of the loop
quantum Schwarzschild black hole studied in the mid-
isuperspace framework [7,8] (however, authors claim that
no singularities are present there). The dust ball features the
bouncing behavior characteristic for LQC models, which
leads to the (generally expected) black hole to white hole
transition picture. The exterior of the dust ball admits two
large asymptotically flat regions: past (prebounce or black
hole) and future (postbounce or white hole) ones. The
spacetime features four event horizons: outer and inner
ones of the black and white hole, respectively. The geo-
metric radius of the outer one is (in the domain of validity
of the semiclassical approximations being components of
the treatment) just a slightly corrected radius of a classical
black hole, and the inner one is slightly larger than the
radius of the dust ball at the bounce. In consequence
the studied system realizes the first scenario in the loop
black hole paradigm originally discussed in [4], where the
prebounce and postbounce regions are disconnected—any
causal trajectory between them must pass the region where
the quantum geometry effects are strong.
One particular and worrisome feature of the above

structure is the presence of the timelike singularity char-
acteristic to Reissner-Nordström solutions. That singularly
persists when the scalar field is included and is reachable
from appropriate regions of the future and past null infinity
by the null geodesics. This has far-reaching consequences
for the subsequent stage of our studies.
For the determined structure of spacetime the entangle-

ment entropy was determined via a slight expansion of the
formula found in [45,46] and based on the analysis of the
radial null geodesics. The results for both the pure dust and
dust with scalar field case are qualitatively similar (see
Figs. 4 and 5). In all cases one can distinguish three regions

(epochs) separated by the “singular” regions where the null
geodesics starting (terminating) at the null infinity reach
(originate from) the singularity:

(i) Black hole, where the null geodesics stay entirely in
the causal past of the strong curvature region. There
the entropy grows from zero to þ∞.

(ii) The quantum region, where the null geodesics pass
between the large asymptotically flat regions
through the high curvature region. There the calcu-
lations are significantly affected by the quantumness
and the discreteness of the geometry. Here, the
entanglement entropy can be determined only up
to a global additive constant and grows from −∞,
reaches a certain finite maximum, and again drops
to −∞.

(iii) White hole, where the null geodesics stay entirely in
the causal future of the strong curvature region. There
the entropy (determined again up to an additive
constant) grows from −∞ to some finite value.

Remarkably, the epoch of quantum transition (ii) lasts for
a time proportional in the leading order to the collapsing
dust ball mass, which for astronomical objects ranges
from microseconds to seconds, thus being considerably
longer than expected Planck time order. The presence of
the scalar field mode does not affect the features above. Its
only effect is a slight increase of the horizons’ sizes and
the quantum transition region time length, which is the
effect of the scalar field contributing to the black/white
hole matter content.
The general picture of the gravitational collapse

process and the fate of the black hole information loss
paradox following from the studies in this article is rather
worrisome. First of all, the removal of the spacelike black
hole singularity present in the classical dust collapse
scenario has led to the spacetime featuring timelike
Reissner-Nordström-like singularity. In consequence,
the entanglement entropy could not be determined for
two large portions of the collapsing dust ball evolution.
Furthermore, in the limit of approaching the boundaries of
these regions (portions of the evolution) the values of the
entropy are diverging to infinity. This implies that the
black hole information loss paradox persists in this
picture. Not only the collapsing and expanding matter
epochs are classically separate (connected only through
the region of dominant quantum geometry corrections) but
the spacetime is not singularity free.
The persistence of the singularity has far-reaching

consequences, potentially putting in question the physical-
ity of the model considered. First of all, in classical GR the
Reissner-Nordström solution is unstable. Upon perturba-
tion, it “collapses” into a Schwarzschild-like picture of
matter collapse and black hole formation—the inner
horizon of Reissner-Nordström solution transforms to the
singular hypersurface [47,48]. Therefore, since the field
equations are modified by the polymeric quantum nature of
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the spacetime, the question regarding the stability remains
open, however, it provides a strong indication that pertur-
bations may alter the global spacetime structure of the
model significantly. Second, the timelike singularity per-
sists, once a small (yet nonlinear) perturbation in the form
of a scalar field mode is introduced. In such a case, the
neighborhood of the singularity admits a nontrivial matter
content of which energy density reaches infinity. However,
the existing experience when extracting the dynamics out
of the loop quantized models shows that generically the
loop quantum modification regularizes the singularities
(expectation of which has been discussed already in [49]),
in particular, making the (matter) energy densities and
shears finite. While it is not a rigid proof of the incorrect-
ness of the above model, it provides a strong indication that
more advanced treatment would resolve the newly gen-
erated singularity. This would, however, again strongly
modify the global structure of studied spacetime.
Another deficiency of the model is the fact that, while

featuring event horizons, it does not incorporate a mecha-
nism of black hole evaporation by Hawking radiation. The
matter is reintroduced into the Universe only through the
black-to-white hole transition. One can, however, incorpo-
rate the evaporation effects in a phenomenological way
applied often in classical GR, assuming a slow change of
the dust ball mass due to unspecified interactions with
Hawking quanta passing the horizon and considering a
solution with slowly varying mass. Applying such reason-
ing to the black hole region leads to a decrease of the
collapsing ball mass. In a naive scenario of trusting the
semiclassical approximations used in the construction of
this model all the way, the mass would decrease till
reaching the extreme case [corresponding to the mass
determined via (2.28)] when the inner horizons coincide
with the outer ones. However, one has to take into account
that the derivation of the form of the metric in Sec. II B
relies in its core on the low-order semiclassical approxi-
mation of the loop quantum dust ball Oppenheimer-Snyder
collapse. On the genuine quantum level the system is
consistent with a model studied in [30]. In particular, the
results regarding the form of the physical Hilbert space and
the physical state dynamics can be applied directly here.
From there the variances of the state volume, say VðTÞ, can
be easily found, for example, via the application of methods
of [50]. One can, in particular, find the growth of variance
through the bounce analogous to Eq. (5.35) in [50] (see also
the analysis of the similar problem in [51]) as well as
formulate the analogue of the Heisenberg uncertainty
principle involving the (variations of the) volume and
the mass of the ball in distant past/future. Given that for
near-extremal cases the mass is of mPl order, the relative
variances of the mass and the volume in at least one epoch

will be of the order of the expectation values themselves. In
consequence, the state loses all its semiclassicality [52].7

Being a completely spread-out state, it can no longer be
glued with a classical metric at the surface of the dust ball,
thus rendering the whole procedure inapplicable and its
results physically meaningless. As a consequence, once the
Hawking evaporation is included on the phenomenological
level, only the lower part of the global spacetime structure
diagram (Fig. 2) can be considered reliable. The dust ball
forms a black hole that evaporates till at least the horizon
neighborhood is rendered fully quantum and the descrip-
tion presented here no longer applies.
Given that the main deficiency of the model is the fact

that it still admits singularities (which, as discussed above,
indicates its possible unphysicality), let us recall that the
exterior metric has been determined through gluing con-
ditions at the surface of the dust ball, where the interior
metric has been determined via LQC methods. In general,
the gluing conditions themselves are not sufficient to
determine the exterior metric. For that one would need
some information about the form of quantum analog of
Einstein equations (which is not yet available) and/or addi-
tional boundary data. In absence of these, the solution
has been fixed uniquely by the condition parachuted from
classical dust collapse—stationarity of the exterior. It is this
last condition which, by fixing the solution, leads directly to
the formation of the timelike singularity. Therefore, we
conclude, that in a more accurate physical scenario, the
stationarity will be broken, and the spacetime will need to
be fully dynamical at least in the region corresponding to
the black hole → white hole transition. This, however,
requires further studies, specifically implementing treat-
ments designed for nonperturbative inhomogeneous scenar-
ios. Remarkably, one particularly interesting attempt of a
solution to the problem is presented already in the frame-
work used here [53] where the rhomboid region containing
the singularity is being cut out, in effect, permitting to have a
solution with a single asymptotically flat region. However,
the problem of determining the physics inside the removed
region and whether the nonstationarity should not propagate
to the causal future of it remains open.
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7For the same reason of large variances and ill-defined gluing,
the extremal solution reported in [41] does not exist, being simply
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