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We consider the target space theory of bosonic and heterotic string theory to first order in α0 compactified
to three dimensions, using a formulation that is manifestly T duality invariant under Oðd; d;RÞwith d ¼ 23

and d ¼ 7, respectively. While the two-derivative supergravity exhibits a symmetry enhancement to the U
duality group Oðdþ 1; dþ 1Þ, the continuous group is known to be broken to Oðd; d;RÞ by the first α0

correction. We revisit this observation by computing the full effective actions in three dimensions to first
order in α0 by dualizing the vector gauge fields. We give a formally Oðdþ 1; dþ 1Þ invariant formulation
by invoking a vector compensator, and we observe a chiral pattern that allows one to reconstruct the
bosonic action from the heterotic action. Furthermore, we obtain a particular massive deformation by
integrating out the external B field. This induces a novel Chern-Simons term based on composite
connections that, remarkably, is Oðdþ 1; dþ 1Þ invariant to leading order in the deformation parameter.
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I. INTRODUCTION

Our goal in this paper is to explore some features
arising in the interplay of higher-derivative α0 corrections
of the effective actions of string and M theory and the
duality properties that these theories are expected to exhibit
for certain backgrounds. Arguably the simplest duality
property of string theory is T duality, which states that
theories compactified on toroidal backgrounds Td related
by Oðd; d;ZÞ transformations are physically equivalent,
even though these backgrounds may be radically different
as ordinary geometries. This means that conventional
Einstein-Hilbert gravity looks quite different on these
backgrounds, yet “stringy gravity” supposedly cannot tell
the difference. Even larger duality groups arise for par-
ticular theories and backgrounds. In this paper, we consider
compactifications to three spacetime dimensions, which are
particularly interesting since in the supergravity limit the
corresponding T duality group Oð7; 7Þ is enhanced to larger
groups, and discrete subgroups of these so-called U duality

groups are conjectured to be dualities of the full string=M
theory [1,2]. Concretely, Oð7; 7Þ is generally enhanced to
Oð8; 8Þ, which for type II string theory or M theory is then
further enhanced to E8;8 (a noncompact form of the largest
finite-dimensional exceptional Lie group). The effect of α0
corrections on the E8;8 enhancement is difficult to study,
since in type II string theory, the corrections start at α03 with
eight derivatives, but luckily in three dimensions, there is
the smallerU duality group Oð8; 8Þ that can be discussed in
bosonic and heterotic string theory whose α0 corrections
start with four derivatives. [For heterotic string theory, the
U duality group is really Oð8; 24Þ but we truncate the
vector fields, which reduces the group to Oð8; 8Þ.]
At the level of the low-energy effective target space

actions, the T duality property manifests itself in dimen-
sional reduction (Kaluza-Klein compactification on Td and
subsequent truncation to massless modes), by exhibiting a
global symmetry under the continuous group Oðd; d;RÞ.1
The effective target space theories also receive an infinite
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1The enhancement to the continuous group can be understood
as follows: The T duality group Oðd; d;ZÞ is discrete for purely
geometrical reasons because the symmetry transformations of
fields need to be compatible with the periodicity conditions of the
torus, but in dimensional reduction, all memory of the torus has
disappeared, explaining the enhancement to the continuous
group. In contrast, the discrete T duality group Oðd; d;ZÞ is
not visible in the low-energy effective actions compactified on
tori without truncation. This requires a genuine double field
theory [3,4].
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number of higher-derivative corrections governed by the
inverse string tension α0, and it is known that the α0
corrections preserve the continuous Oðd; d;RÞ [5,6] (see
Ref. [7] for a review). Generalizing previous work on
cosmological reductions to one dimension (cosmic time)
[8–10], we have recently determined the Oðd; d;RÞ invari-
ant effective actions to first order in α0 for general
reductions along d dimensions [11,12]. We apply this
effective action to compactifications to three dimensions,
with the goal to explore the fate of the duality enhancement
to Oðdþ 1; dþ 1Þ. (Here, d ¼ 7 for heterotic string theory
and d ¼ 23 for bosonic string theory, but for our discus-
sion, d is really a free parameter, and so we sometimes only
speak of Oð8; 8Þ for the sake of vividness.)
In contrast to T duality, which is a feature of classical

string theory and preserved by all α0 corrections, the U
dualities capture features of the quantum theory. Therefore,
one should perhaps not expect supergravity to exhibit U
duality symmetries beyond zeroth order in α0 without also
including quantum corrections. A simple argument based
on a scaling symmetry of the two-derivative theory in fact
shows that the continuous U duality group is not preserved
to higher order in α0 [13,14]. Indeed, the Einstein-Hilbert
term in string frame,

IEH ¼
Z

dDx
ffiffiffi
g

p
e−ϕR; ð1:1Þ

has a global R ≃ Oð1; 1Þ scaling symmetry with constant
parameter λ, which acts as gμν → eλgμν and ϕ → ϕþ D−2

2
λ.

This Oð1; 1Þ becomes part of the U duality group, but a
typical higher-derivative coupling of the form

α0
Z

dDx
ffiffiffi
g

p
e−ϕRμνρσRμνρσ; ð1:2Þ

is not invariant, but rather scales with e−λ, hence breaking
the symmetry. Intriguingly, however, the complete order α0
action, including all matter couplings, scales homo-
geneously. There is hence a formal scaling invariance if
one declares α0 to scale with eþλ. Below we will employ a
similar scheme to establish a formal Oð8; 8Þ invariance.
The above scaling argument avoids the need to actually

compute the effective action in, say, three dimensions, but
by itself, it is not sufficient to show that the discrete
subgroup is not realized in supergravity because for the
discrete group, the scaling symmetry in fact trivializes, as
we will discuss. We therefore revisit the problem and
compute the complete order α0 effective action in three
dimensions, starting from the results of Refs. [11,12] and
using, perturbatively in α0, on shell transformations to
dualize the vector gauge fields into scalar fields. In the two-
derivative theory, this transformation shows the enhance-
ment from Oð7; 7Þ to Oð8; 8Þ (or E8;8) because the new
scalars organize into a larger coset matrix MMN , with

Oð8; 8Þ indices M;N ∈ ⟦1; 16⟧. As expected, to first
order in α0, one finds that the continuous Oð8; 8Þ is no
longer present. The manifest symmetry is ISOð7; 7;RÞ, i.e.,
Oð7; 7;RÞ times 14-dimensional translations that act as
shifts on the scalars originating from dualization.
While Oð8; 8Þ is not a symmetry of the four-derivative

action, we find it advantageous to employ a formulation
that, as alluded to above, exhibits a formal invariance under
this group upon introducing a nondynamical compensator.
Specifically, for this, we can choose a constant vector uM

in the fundamental representation, in terms of which the
effective action takes an Oð8; 8Þ invariant form. The true
theory then arises for a fixed vector uM pointing in a
particular direction. Even though it is in principle always
possible to restore a broken symmetry in a formal manner
by introducing an unphysical tensor compensator whose
fictitious transformations absorb the failure of the actual
theory to be invariant, this approach turns out to be
technically useful. In particular, it allows us to observe
an intriguing “chiral pattern” of the four-derivative action,
namely that only one chiral projection of uM is needed to
write the action. To explain this, recall that given the
Oð8; 8Þ, coset matrix M and invariant metric η one can
define the projection operators

PMN ¼ 1

2
ðηMN −MMN Þ; P̄MN ¼ 1

2
ðηMN þMMN Þ;

ð1:3Þ

onto two subspaces of opposite “chirality.” The four-
derivative action turns out to be fully determined by an
Oð8; 8Þ invariant function F of a two-tensor and a vector
argument, respectively, as follows

I1 ¼
1

4

Z
d3x

ffiffiffiffiffiffiffiffi
−gE

p n
aF ½M; Pu� þ bðF ½M; Pu�Þ⋆

o
:

ð1:4Þ

Here ⋆ denotes a Z2 action, which is implemented on the
coset matrix as M → ZtMZ, where Z obeys Z2 ¼ 1 but
is not an Oð8; 8Þ matrix. Under this Z2, the projectors (1.3)
are interchanged:

P → ZtP̄Z; P̄ → ZtPZ: ð1:5Þ

The parameters a, b determine the theory: The heterotic
action is obtained for ða; bÞ ¼ ð−α0; 0Þ and the bosonic
action for ða; bÞ ¼ ð−α0;−α0Þ. The Z2 action, which
exchanges a and b, has a higher-dimensional analog,
sending the B field B → −B, which is a symmetry of
the bosonic action but not of the heterotic action. Since it is
the same function F that determines the “Z2 dual” terms
in the action, it follows that the bosonic action can be
reconstructed from the heterotic action.

ELOY, HOHM, and SAMTLEBEN PHYS. REV. D 108, 026015 (2023)

026015-2



The above parametrization in terms of ða; bÞ, together
with the Z2 action, mimic the structure of double field
theory at order α0 [15,16]. The crucial “experimental”
observation provided by our computation is that the
compensator uM in Eq. (1.4) appears only in a “chiral”
or projected form or, alternatively, that there is the formal
“gauge invariance” under u → uþ ηP̄Λ. (Note that this
comes very close to an actual symmetry enhancement, with
an O(8) acting only on indices with a “barred” projection,
but this viewpoint is not quite consistent as the projectors
are field dependent and hence not compatible with global
symmetries.) We do not have an explanation for this chiral
pattern, but it would be interesting to explore whether it
persists, at least for subsectors, to higher orders in α0. This
would provide indirect constraints on the allowed higher-
derivative couplings.
As the second main result of our paper, we consider a

particular massive deformation, as a window into more
general gauged supergravities in presence of α0 corrections.
The latter would be important in order to study, for
instance, the fate of Kaluza-Klein truncations on spheres
in presence of higher derivatives. The massive deformation
we consider is obtained by integrating out the external B
field. In three dimensions, its field strength is on shell a
constant that is usually set to zero in dimensional reduction.
Keeping instead this constant m while integrating out the B
field leads to a massive deformation, which for the two-
derivative theory, includes a potential term for the dilaton
and a Chern-Simons term for the Kaluza-Klein vectors Aμ

M

[17]. Including then the order α0 corrections, one obtains
additional couplings, which include a Chern-Simons term
based on composite connections, with the latter originating
from the scalar-dependent Green-Schwarz deformation
uncovered in Refs. [11,12] (and given a worldsheet
interpretation in Ref. [18]). Specifically, introducing an
Oð8; 8Þ frame field V, the compact part of its Maurer-
Cartan form V−1dV ¼ P þQ defines composite Oð8Þ ×
Oð8Þ connections Q. The topological or Chern-Simons
terms of the massive deformation at order α0 and order m
then read

Ið1Þtop ¼ ðaþ bÞm
Z

tr

�
Q ∧ dQþ 2

3
Q ∧ Q ∧ Q

�

−
a − b
4

m
Z

tr

�
ω ∧ dωþ 2

3
ω ∧ ω ∧ ω

�
þOðm2Þ; ð1:6Þ

where ω denotes the Levi-Civita spin connection (so that
for a − b ≠ 0, this action includes topologically massive
gravity as a subsector [19]). Unexpectedly, the Chern-
Simons terms are hence Oð8; 8Þ invariant to leading order
in m, although the full theory is not. This is remarkable, for
there are now two parameters expected to break U duality,
α0 and m, yet for the leading Chern-Simons terms, Oð8; 8Þ

is restored. Again, we do not know what the physical
significance of this observation is, and it remains to explore
more general gaugings.
The remainder of this paper is organized as follows. In

Sec. II, we give a short review of the duality enhancement
in three dimensions for the two-derivative theory, with a
particular focus on the scaling symmetries before and after
dimensional reduction since these feature prominently in
the subsequent discussion of α0 corrections. In Sec. III, we
compute the effective action in three dimensions to first
order in α0 by perturbatively dualizing the vector gauge
fields into scalars, and we exhibit the chiral pattern
explained above. We then turn in Sec. IV to a massive
deformation, which is obtained by integrating out the
external B field, with a focus on the resulting Chern-
Simons terms for composite connections that exhibit an
enhancement to the full U duality group to first order in the
mass parameter. We conclude with a short outlook in
Sec. V, while various identities and intermediate results
are collected in appendices.

II. DUALITY ENHANCEMENT
IN THREE DIMENSIONS

In this section, we discuss some general aspects of the
bosonic and heterotic string effective actions dimensionally
reduced to three spacetime dimensions. We review the
scaling symmetries in higher dimensions (prior to any
dimensional reduction) and in three dimensions, as a
preparation for the discussion of duality enhancement from
Oðd; dÞ to Oðdþ 1; dþ 1Þ that is expected to be a feature
of string theory in three dimensions. We close the section
with a discussion of field redefinitions, which are needed
once higher-derivative corrections are included.

A. Scaling symmetries

The bosonic parts of the bosonic and heterotic string
effective actions coincide at the two-derivative order upon
truncating the Yang-Mills gauge fields of the heterotic
theory. They describe the dynamics of a metric ĝμ̂ ν̂, a two-

form B̂μ̂ ν̂ and a dilaton ϕ̂ in D ¼ 26 and D ¼ 10 dimen-
sions, respectively. In the string frame, the two-derivative
action is given by

IðDÞ
0 ¼

Z
dDX

ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂
�
R̂þ ∂μ̂ϕ̂∂

μ̂ϕ̂ −
1

12
Ĥμ̂ ν̂ ρ̂Ĥ

μ̂ ν̂ ρ̂

�
;

ð2:1Þ

with the Ricci scalar R̂ and the field-strength Ĥμ̂ ν̂ ρ̂ ¼
3∂½μ̂B̂ν̂ ρ̂�. It features several global scaling symmetries, with
group Rþ ≃ Oð1; 1Þ and constant parameter λ, that we list
in the following.
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(i) Constant dilaton shift:

ðDilatonDÞ∶ ϕ̂ → ϕ̂þ λ; ĝμ̂ ν̂ → e2λ=ðD−2Þĝμ̂ ν̂;

B̂μ̂ ν̂ → e2λ=ðD−2ÞB̂μ̂ ν̂: ð2:2Þ

(ii) On shell “trombone” symmetry:

ðTromboneDÞ∶ ϕ̂ → ϕ̂; ĝμ̂ ν̂ → e2λĝμ̂ ν̂;

B̂μ̂ ν̂ → e2λB̂μ̂ ν̂; ð2:3Þ

which leaves invariant the equations of motion but
rescales uniformly the action.

(iii) Scaling of the internal volume: as we are interested
in dimensional reductions down to three dimensions,
we consider a splitting of the D-dimensional coor-
dinates Xμ̂ into fxμ; ymg, with μ ∈ ⟦1; 3⟧ and m ∈
⟦1; D − 3⟧ and decompose the fields as in Ref. [20]:

ĝμ̂ ν̂ ¼
�
gμν þ Að1Þp

μ GpqA
ð1Þq
ν Að1Þp

μ Gpn

GmpA
ð1Þp
ν Gmn

�
; ð2:4aÞ

B̂μ̂ ν̂ ¼
�Bμν − Að1Þm

½μ Að2Þ
ν�m þ Að1Þm

μ BmnA
ð1Þn
ν Að2Þ

μn − BnpA
ð1Þp
μ

−Að2Þ
νm þ BmpA

ð1Þp
ν Bmn

�
; ð2:4bÞ

eϕ̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðGmnÞ

p
eΦ: ð2:4cÞ

With this decomposition, and keeping the dependence on all coordinates, the action (2.1) features the additional scaling
symmetry

ðVolumeD−3Þ∶

8>>><
>>>:

ym → e−λym;

Φ → Φþ ð3 −DÞλ;
gμν → gμν;

Bμν → Bμν;

8>>>>><
>>>>>:

Gmn → e2λGmn;

Bmn → e2λBmn;

Að1Þm
μ → e−λAð1Þm

μ ;

Að2Þ
μm → eλAð2Þ

μm;

ð2:5Þ

corresponding to the GLð1Þ subgroup of the GLðD − 3Þ
action on the internal coordinates.
These three scaling symmetries are summarized, in the

three-dimensional variables of Eq. (2.4), in Table I. These
scaling symmetries are at the origin of three-dimensional
symmetries essential to the duality enhancement.

B. Scaling symmetries in three dimensions

We now consider the three-dimensional theory, which
follows from toroidal compactification of the action (2.1)
on TD−3 and a subsequent truncation to the zero modes.
Using the parametrization (2.4), this amounts to neglec-
ting the dependence on the internal coordinates ym.

We furthermore move to the Einstein frame by resca-
ling the metric, gμν → gEμν ¼ e−2Φgμν, which yields the
action [20]

I0 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
RE − ∂μΦ∂

μΦ −
e−4Φ

12
HμνρHμνρ

þ 1

4
Trð∂μG∂μG−1Þ þ 1

4
TrðG−1

∂μBG−1
∂
μBÞ

−
e−2Φ

4
Fð1Þm
μν GmnFð1Þμνn −

e−2Φ

4
HμνmGmnHμν

n

�
;

ð2:6Þ

TABLE I. Scaling behavior of the fields (2.4) under the transformations (2.2), (2.3) and (2.5). We display the
charges q of each field φ, representing the transformation φ → eqλφ. For convenience, we have indicated the shifted
dilaton Φ and Einstein frame metric gEμν ¼ e−2Φgμν rather than the dilaton ϕ̂ and the string frame metric gμν.

eΦ gEμν Bμν Gmn Bmn Að1Þm
μ Að2Þ

μm

ðDilatonDÞ 1=ðD − 2Þ 0 2=ðD − 2Þ 2=ðD − 2Þ 2=ðD − 2Þ 0 2=ðD − 2Þ
ðTromboneDÞ 3 −D 2D − 4 2 2 2 0 2
ðVolumeD−3Þ 3 −D 2D − 6 0 2 2 −1 1
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with

Hμνρ ¼ 3∂½μBνρ� − ð3=2ÞðAð1Þm
½μ Fð2Þ

νρ�m þ Fð1Þm
½μν Að2Þ

ρ�mÞ;
Hμνm ¼ Fð2Þ

μνm − BmnF
ð1Þn
μν ; ð2:7Þ

where Fð1Þm
μν ¼ ∂μA

ð1Þm
ν − ∂νA

ð1Þm
μ is the abelian field

strength for Að1Þm
μ , and similarly for Að2Þ

μm. This action is
invariant under the following scaling symmetries:

(i) Constant dilaton shift:

ðDilaton3Þ∶

8>><
>>:

Φ→Φþ λ;

gEμν → gEμν;

Bμν → e2λBμν;

8>>><
>>>:

Gmn → Gmn;

Bmn → Bmn;

Að1Þm
μ → eλAð1Þm

μ ;

Að2Þ
μm → eλAð2Þ

μm:

ð2:8Þ

(ii) On shell “trombone” symmetry:

ðTrombone3Þ∶
8<
:

Φ → Φ;

gEμν → e2λgEμν;

Bμν → e2λBμν;

8>>><
>>>:

Gmn → Gmn;

Bmn → Bmn;

Að1Þm
μ → eλAð1Þm

μ ;

Að2Þ
μm → eλAð2Þ

μm:

ð2:9Þ

(iii) Internal rescaling:

ðT dualityÞ∶
8<
:

Φ → Φ;

gEμν → gEμν;

Bμν → Bμν;

8>>>>><
>>>>>:

Gmn → e2λGmn;

Bmn → e2λBmn;

Að1Þm
μ → e−λAð1Þm

μ ;

Að2Þ
μm → eλAð2Þ

μm;

ð2:10Þ

which corresponds to the Oð1; 1Þ subgroup of the T duality group OðD − 3; D − 3Þ.
Table II summarizes these symmetries. They do not directly arise from the reduction of the higher-dimensional scaling

symmetries of Sec. II A. Rather, the scaling symmetries in three dimensions originate from the mixing of the higher-
dimensional ones:

ðDilaton3Þ ¼ ðDilatonDÞ þD − 3

D − 2
ðTromboneDÞ − ðVolumeD−3Þ;

ðTrombone3Þ ¼ ðTromboneDÞ − ðVolumeD−3Þ;

ðT dualityÞ ¼ ðD − 3ÞðDilatonDÞ −D − 3

D − 2
ðTromboneDÞ þ ðVolumeD−3Þ: ð2:11Þ

C. Oðd + 1; d + 1Þ enhancement

T duality and Oðd; dÞ As already mentioned, the scaling
symmetry (2.10) is part of the bigger T duality symmetry
group OðD − 3; D − 3Þ ¼ Oðd; dÞ (with d ¼ 23 and d ¼ 7
in the bosonic and heterotic cases, respectively). The
invariance under Oðd; dÞ is best displayed upon packaging
the d2 scalar fields Gmn and Bmn into the Oðd; dÞ matrix

HMN ¼
�
Gmn − BmpGpqBqn BmpGpn

−GmpBpn Gmn

�
; ð2:12Þ

parametrizing the coset space Oðd; dÞ=ðOðdÞ × OðdÞÞ, and
regrouping the vector fields Að1Þm

μ and Að2Þ
μm into a single

Oðd; dÞ vector

TABLE II. Scaling behavior of the fields (2.4) under the
transformations (2.8)–(2.10). We display the charges q of each
field φ, representing the transformation φ → eqλφ.

eΦ gEμν Bμν Gmn Bmn Að1Þm
μ Að2Þ

μm

ðDilaton3Þ 1 0 2 0 0 1 1
ðTrombone3Þ 0 2 2 0 0 1 1
ðT dualityÞ 0 0 0 2 2 −1 1
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Aμ
M ¼

 
Að1Þm
μ

Að2Þ
μm

!
: ð2:13Þ

The action (2.6) then takes the form [20]

I0 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
RE − ∂μΦ∂

μΦþ 1

8
Trð∂μH∂

μH−1Þ

−
1

12
e−4ΦHμνρHμνρ −

1

4
e−2ΦF μν

MHMNF μνN

�
;

ð2:14Þ

with the field strengths F μν
M ¼ 2∂½μAν�M and Hμνρ ¼

3∂½μBνρ� − ð3=2ÞA½μMF νρ�M. We choose the metric signa-
ture to be ð−1; 1; 1Þ. The Oðd; dÞ indices are raised and
lowered using the Oðd; dÞ -invariant metric

ηMN ¼
�

0 δmn

δm
n 0

�
: ð2:15Þ

In particular, HMN ¼ ηMPHPQη
QN is the inverse of the

generalised metric HMN .
The action (2.14) is invariant under the Oðd; dÞ trans-

formation

gEμν → gEμν; Φ → Φ; HMN → LM
PLN

QHPQ;

Aμ
M → LM

NAμ
N; Bμν → Bμν; ð2:16Þ

with LM
N ∈ Oðd; dÞ, i.e. LM

PLN
QηPQ ¼ ηMN . In three

dimensions, the three-form field strength Hμνρ is on shell
determined by a constant, which we set to zero for now. In
Sec. IV, we will explore the massive deformations arising
for a non-vanishing three-form.
From Oðd; dÞ to Oðdþ 1; dþ 1Þ The action (2.14)

hides a symmetry enhancement from Oðd; dÞ to
Oðdþ 1; dþ 1Þ, thanks to the duality between vector
and scalar fields in three dimensions [1]. Contrary to T
duality, this enhanced symmetry does not leave the dilaton
invariant: It combines in particular the Oð1; 1Þ scaling
symmetry (2.8) to the Oðd; dÞ symmetry (2.16) as
Oðd; dÞ × Oð1; 1Þ ⊂ Oðdþ 1; dþ 1Þ. The enhancement
is made manifest by dualizing the two-form field strengths
F μν

M into gradients ∂μξM of scalar fields through the
introduction of a Lagrange multiplier term in the action2:

Ĩ0 ¼ I0 þ
Z

d3x
1

2
εμνρF μν

M
∂ρξM: ð2:17Þ

The equations of motion of ξM give the Bianchi identity for
F μν

M. There is therefore no need for the vector fieldsAμ
M,

and we can consider F μν
M as independent fields. Their

equations of motion, given by

F μν
M ¼ e2Φϵμνρ∂ρξNHNM; ð2:18Þ

are algebraic: We can eliminate the two-forms F μν
M from

the action in favor of the scalars ξM. The action then reads

Ĩ0 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
RE − ∂μΦ∂

μΦþ 1

8
Trð∂μH∂

μH−1Þ − 1

2
e2Φ∂μξMHMN

∂
μξN

�
: ð2:19Þ

The Oð1; 1Þ and Oðd; dÞ transformations (2.8) and (2.16) ofAμ
M imply, by use of Eq. (2.18), the following transformations

of ξM:

Oð1; 1Þ∶ ξM → e−λξM; Oðd; dÞ∶ ξM → LM
NξN: ð2:20Þ

The action Ĩ0 depends on the metric and on 1þ d2 þ 2d ¼ ðdþ 1Þ2 scalar fields. The scalar fields can be organized into
the Oðdþ 1; dþ 1Þ matrix

MMN ¼

0
BB@

HMN þ e2ΦξMξN e2ΦξM −HMPξ
P − 1

2
e2ΦξMξPξP

e2ΦξN e2Φ − 1
2
e2ΦξPξP

−HNPξ
P − 1

2
e2ΦξNξPξP − 1

2
e2ΦξPξP e−2Φ þ ξPHPQξQ þ 1

4
e2ΦðξPξPÞ2

1
CCA: ð2:21Þ

Here, the Oðdþ 1; dþ 1Þ indices are split as M ¼
fM;þ;−g with respect to Oðd; dÞ × Oð1; 1Þ, while the
Oðdþ 1; dþ 1Þ-invariant metric takes the form

ηMN ¼

0
B@

ηMN 0 0

0 0 1

0 1 0

1
CA: ð2:22Þ

Then, the action (2.19) becomes

Ĩ0 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
RE þ

1

8
Trð∂μM∂

μM−1Þ
�
: ð2:23Þ

2Here and in the following, εμνρ denotes the Levi-Civita
symbol, and ϵμνρ is the associated tensor.
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It is manifestly invariant under the Oðdþ 1; dþ 1Þ trans-
formation

gEμν → gEμν; MMN → LM
PLN

QMPQ; ð2:24Þ

with LM
N ∈ Oðdþ 1; dþ 1Þ.

Oðdþ 1; dþ 1Þ transformations Let us have a closer
look at the Oðdþ 1; dþ 1Þ symmetry. The generators
TMN of Oðdþ 1; dþ 1Þ can be decomposed into
Oðd; dÞ components as

TMN ¼ fTMN; TMþ; TM−; Tþ−g: ð2:25Þ

The TMN generate the Oðd; dÞ transformation

gEμν → gEμν; Φ → Φ; HMN → LM
PLN

QHPQ;

ξM → LM
NξN; ð2:26Þ

while Tþ− generates the Oð1; 1Þ scaling symmetry

gEμν → gEμν; Φ → Φþ λ; HMN → HMN;

ξM → e−λξM: ð2:27Þ

The charged generators TMþ generate the constant shifts

ξM → ξM þ cM ð2:28Þ

and the components TM− lead to complicated non-linear
transformations.
Frame formalism For later convenience, let us define the

frame fields

VM
A ¼

0
BB@

EM
A eΦξM 0

0 eΦ 0

−ξPEP
A − 1

2
eΦξPξP e−Φ

1
CCA; ð2:29Þ

so thatMMN ¼VM
AδABVN

B, with the ð2dþ2Þ×ð2dþ2Þ
identity matrix δAB. EM

A is the frame field associated to
the Oðd; dÞ generalized metric, i.e., HMN ¼ EM

AδABEN
B,

and we denote the inverse by EA
M. As for the “curved”

Oðdþ 1; dþ 1Þ indices M, we split the flat indices as
A ¼ fA; þ̂; −̂g. These flat indices are raised and lowered
using the flat version of the invariant tensor (2.22):

ηAB ¼ VA
MηMNVB

N ¼

0
B@

ηAB 0 0

0 0 1

0 1 0

1
CA; ð2:30Þ

with VA
M the inverse frame field and ηAB ¼ EA

MηMNEB
N .

The frame fields can be used to define the Maurer-Cartan
form ðV−1

∂μVÞAB ¼ PμA
B þQμA

B, where

PμA
B ¼

0
B@

PμA
B 1

2
eΦEA

M
∂μξM − 1

2
eΦ∂μξMEM

CδCA
1
2
eΦ∂μξMEC

MδCB ∂μΦ 0

− 1
2
eΦ∂μξMEM

B 0 −∂μΦ

1
CA; ð2:31Þ

QμA
B ¼

0
B@

QμA
B 1

2
eΦEA

M
∂μξM

1
2
eΦ∂μξMEM

CδCA

− 1
2
eΦ∂μξMEC

MδCB 0 0

− 1
2
eΦ∂μξMEM

B 0 0

1
CA; ð2:32Þ

such that ðPμδÞAB and ðQμδÞAB are symmetric and anti-
symmetric, respectively. Sometimes it is also convenient to
use the basis in which ηAB is diagonal and has the form

ηAB ¼
�−δab 0

0 δā b̄

�
; ð2:33Þ

with the index split A → fa; āg; a; ā ∈ ⟦0; d⟧. In this
basis, the Maurer-Cartan components Pμ

AB can be ex-
pressed in terms of an Oðdþ 1Þ bivector Pμ

aā:

Pμ
AB ¼

�
0 Pμ

ab̄

Pt
μ
āb 0

�
: ð2:34Þ

D. Field redefinitions

The presence of higher-derivative corrections makes it
possible to perform field redefinitions that are perturbative
in α0, and previous works showed that they are necessary to
exhibit duality symmetries [8]. We denote by Ĩ1 the part of
the action of order α0 (after dualization of the vector fields),
so that Ĩ ¼ Ĩ0 þ Ĩ1 þOðα02Þ is the total action. In the same
manner as in Refs. [9,10], we consider field redefinitions of
the form

φ → φþ α0δφ; ð2:35Þ
where φ denotes a generic field. Under such redefinitions,
the variation of Ĩ0 is
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δĨ0 ¼ α0
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p h
δΦEΦ þ δgμνE Egμν þ TrðδH−1EHÞ þ Eξ

MδξM
i
; ð2:36Þ

where3

EΦ ¼ 2□Φ − e2Φ∂μξMHMN
∂
μξN; ð2:37aÞ

Egμν ¼ REμν − ∂μΦ∂νΦþ 1

8
Trð∂μH∂νH−1Þ − 1

2
e2Φ∂μξMHMN

∂νξN

−
1

2
gEμν

�
RE − ∂ρΦ∂

ρΦþ 1

8
Trð∂ρH∂

ρH−1Þ − 1

2
e2Φ∂ρξMHMN

∂
ρξN

�
; ð2:37bÞ

EHMN ¼ −
1

4

h
□HMN þ ðH∂μH−1

∂
μHÞMN þ e2Φ∂μξM∂μξN − e2ΦHMP∂μξ

P
∂
μξQHQN

i
; ð2:37cÞ

Eξ
M ¼ e2Φ

�
□ξNHNM þ 2∂μΦ∂

μξNHNM þ ∂μξN∂
μHNM

�
; ð2:37dÞ

and □ ¼ ∇μ∇μ. As we will not consider orders in α0 higher than one, there is no need to compute how the redefinition
affects corrections Ĩ1 to Ĩ0 of order Oðα0Þ: This variation will generate Oðα02Þ terms. The expressions of the shifts δφ can
then be chosen to cancel given terms in Ĩ1. In the following, we will use these redefinitions to cancel terms that contain as
factors the leading two-derivative contributions from the field equations, as was done in Ref. [12]. These factors can be
replaced as follows:

□Φ ⟶ QΦ ¼ 1

2
e2Φ∂μξMHMN

∂
μξN;

REμν ⟶ Qgμν ¼ ∂μΦ∂νΦ −
1

8
Trð∂μH∂νH−1Þ þ 1

2
e2Φ∂μξMHMN

∂νξN;

□HMN ⟶ QHMN ¼ −ðH∂μH−1
∂
μHÞMN − e2Φ∂μξM∂μξN þ e2ΦHMP∂μξ

P
∂
μξQHQN;

□ξM ⟶ QξM ¼ −2∂μΦ∂
μξM − ∂μξNð∂μH−1HÞNM: ð2:38Þ

These replacements and the associated field redefinitions
are summed up in Table III.

III. FOUR-DERIVATIVE ACTION
IN THREE DIMENSIONS

We now revisit the symmetry enhancement of Sec. II in
the presence of first order α0 corrections. To this end, we
start from the manifestly Oðd; dÞ invariant four-derivative
action of Ref. [12] and perform the dualization of the vector
fields as in Eq. (2.18) above. We then express the resulting

TABLE III. Replacement rules for the terms carrying the leading two-derivative contribution from the field
equations descending from the two-derivative action (2.19) and associated field redefinitions. The explicit
replacement rules are given in Eq. (2.38).

Term in the action Field redefinitions Replacement

α0X□Φ δΦ ¼ − 1
2
X α0XQΦ

α0XμνREμν δgμνE ¼ −XðμνÞ þ gμνE Xρ
ρ α0XμνQgμν

α0TrðX□HÞ δHMN ¼ 4XMN α0TrðXQHÞ
α0XM□ξM δξM ¼ −e−2ΦHMNXN α0XMQξM

3Note that, as HηH ¼ η, H is a constrained field and that
the derivation of EH by variation of the action must be done
carefully [10].
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action in terms of Oðdþ 1; dþ 1Þ quantities upon intro-
duction of a nondynamical compensator, which reveals an
interesting structure of the action. Higher-order corrections
obstruct the Oðdþ 1; dþ 1Þ symmetry enhancement of the
two-derivative action as is most straightforwardly seen by
tracking the fate of the scaling symmetries discussed in
Sec. II. Typical four-derivative corrections to the action
(2.1) are of the form [21]

I1 ∝ α0
Z

dDX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂

×

�
R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂ −
1

2
R̂μ̂ ν̂ ρ̂ σ̂Ĥ

μ̂ ν̂ λ̂Ĥρ̂ σ̂
λ̂ þ…

�
: ð3:1Þ

Under the transformations (2.2), (2.3), and (2.5), the action
I1 transform homogeneously with the charges4

ðDilatonDÞ ðTromboneDÞ ðVolumeD−3Þ
I1 −2=ðD − 2Þ −2 0

:

ð3:2Þ

Both the dilaton shift and the trombone symmetries are
broken by α0 corrections. With the translation (2.11), the

charges of I1 under the three-dimensional symmetries
(2.8)–(2.10) are

ðDilaton3Þ ðTrombone3Þ ðT dualityÞ
I1 −2 −2 0

: ð3:3Þ

In particular, the T duality scaling Oð1; 1Þ ⊂ Oðd; dÞ is
preserved in presence of first order α0 corrections, in agree-
ment with the arguments of Ref. [5]. The presence of Oðd; dÞ
was explicitly verified in Refs. [11,12] at first order in α0. The
symmetry under the dilaton shift (2.8), however, is broken,
and so is the symmetry enhancement from Oðd; dÞ to
Oðdþ 1; dþ 1Þ. In the following, we formulate the α0
corrections to the three-dimensional action (2.23) in terms
of the Oðdþ 1; dþ 1Þ objects defined in the previous
section, by introduction of a nondynamical compensator.

A. Dualization of the vector fields

Wewill treat the cases of the bosonic and heterotic string
effective actions at the same time, using the notations of
Ref. [16]. Our starting point is the manifestly Oðd; dÞ
invariant action of Ref. [12]

I ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂

μΦþ 1

8
Trð∂μH∂

μH−1Þ − 1

4
F μν

MHMNF μνN

−
aþ b
8

�
RμνρσRμνρσ þ 1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ − 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ

þ 1

8
F μν

MHMNFN
ρσF μρPHPQF νσQ −

1

2
F μν

MHMNF μρNF νσPHPQF ρσ
Q

þ 1

8
F μν

MF ρσMF
μρNF νσ

N −
1

2
RμνρσF μνMHMNF ρσN

−
1

2
F μν

MðH∂ρH−1
∂
νHÞMNF

μρN þ 1

4
F μρMHMNF ν

ρ
NTrð∂μH∂νH−1Þ

�

þ a − b
4

�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ − 1

16
F μν

MF ρσMF μνPHPQF ρσQ

þ 1

4
RμνρσF μν

MF ρσM þ 1

8
F μν

Mð∂ρH∂
ρH−1ÞMNF μν

N

þ 1

4
F μν

Mð∂μH∂ρH−1ÞMNF νρ
N

�
þOðα02Þ

�
; ð3:4Þ

having eliminated the two-form Bμν by virtue of its three-
dimensional field equations as in (2.19) above. The bosonic

and heterotic actions correspond to ða; bÞ ¼ ð−α0;−α0Þ and
ða; bÞ ¼ ð−α0; 0Þ, respectively [16].
In order to express this action in terms of Oðdþ 1; dþ 1Þ

covariant objects, we first switch to the Einstein frame

gμν → gEμν ¼ e−2Φgμν; ð3:5Þ
and use the fact that in three dimensions, the Riemann
tensor can be expressed as

4In Eq. (3.2) and (3.3), we give the charges of I1 under the
trombone symmetries using as convention that the charges of IðDÞ

0
and I0 under these transformations are 0; i.e., we drop the global
factor under which the lowest order equations of motion are
rescaled.
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Rμνρσ ¼ Sμρgνσ þ Sνσgμρ − Sμσgνρ − Sνρgμσ; ð3:6Þ

in terms of the Schouten tensor Sμν ¼ Rμν − 1
4
Rgμν.

Next, we dualize the vectorial degrees of freedom to scalar
ones. To this end,we proceed aswe did for the two-derivative
action, and introduce a Lagrange multiplier term to the
action:

Ĩ ¼ I þ 1

2

Z
d3x εμνρF μν

M
∂ρξM: ð3:7Þ

The equations of motion of ξM still gives the Bianchi iden-
tities for F μν

M. But, considering F μν
M as an independent

field, its equations of motion δĨ=δF ¼ 0 now contain
corrections of order α0. These equations are algebraic in F
and can be solved perturbatively in α0. The solution takes
the form

F μν
M ¼ F ð0Þ

μν
M þ α0F ð1Þ

μν
M; ð3:8Þ

where F ð0Þ
μν

M is a solution of δĨ0=δF ¼ 0, as given in

Eq. (2.18). The exact expression of F ð1Þ
μν

M is not necessary
for our purpose, as we now show. Equation (3.8) is algebraic
and can be introduced in the action (3.7), which, schemati-
cally, takes the following form:

ĨðF ð0Þ þ α0F ð1ÞÞ ¼ Ĩ0ðF ð0ÞÞ þ I1ðF ð0ÞÞ

þ α0F ð1Þ δĨ0
δF

ðF ð0ÞÞ þOðα02Þ; ð3:9Þ

where I1 is the four-derivative action. The dependence on
F ð1Þ is thus proportional to the equation of motion of F at
order α00, evaluated at its solutionF ð0Þ. Then, at first order in
α0, the corrections to the duality relation (2.18) cancel out in
the action, and the lowest order relation can be used to dualize
the vectors.
Applying this procedure, after some computation, the

four-derivative part of the action (3.4) turns into

Ĩ1 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p
e−2Φ

�
−
aþ b
8

�
1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ − 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ

þ 4∂μΦ∂
μΦ∂νΦ∂

νΦþ 1

4
e4Φ∂μξM∂νξM∂μξN∂νξN

−
1

4
e4Φ∂μξMHMN

∂νξN∂
μξPHPQ

∂
νξQ −

1

2
e4Φ∂μξMHMN

∂
μξN∂νξPHPQ

∂
νξQ

þ 1

2
e2Φ∂μξMðH−1

∂νH∂
νH−1ÞMN

∂
μξN −

1

2
e2Φ∂μξMðH−1

∂
μH∂νH−1ÞMN

∂
νξN

−
1

4
e2ΦTrð∂μH∂

μH−1Þ∂νξMHMN
∂
νξN þ 1

4
e2ΦTrð∂μH∂νH−1Þ∂μξMHMN

∂
νξN

− 2e2Φ∂μΦ∂νΦ∂
μξMHMN

∂
νξN þ 4REμνRE

μν − R2
E þ 4□Φ□Φþ 8□Φ∂μΦ∂

μΦ

þ 4∇μ∇νΦ∇μ∇νΦ − 8∇μ∇νΦ∂
μΦ∂

νΦ − 8REμν∇μ∇νΦþ 8REμν∂
μΦ∂

νΦ

− 4RE∂μΦ∂
μΦ − 2e2ΦREμν∂

μξMHMN
∂
νξN þ e2ΦRE∂μξMHMN

∂
μξN

− 2e2Φ□Φ∂μξMHMN
∂
μξN þ 2e2Φ∇μ∇νΦ∂

μξMHMN
∂
νξN

�

þ a − b
4

�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ − 1

4
e4Φ∂μξM∂νξM∂μξPHPQ

∂
νξQ

−
1

2
e2ΦRE∂μξM∂

μξM þ e2ΦREμν∂
μξM∂

νξM − e2Φ∇μ∇νΦ∂
μξM∂

νξM

þ e2Φ□Φ∂μξM∂
μξM þ e2Φ∂μΦ∂νΦ∂

μξM∂
νξM −

1

4
e2Φ∂μξMð∂νH−1

∂
μHÞMN∂

νξN
��

: ð3:10Þ

We now convert all second order derivatives in Eq. (3.10) into products of first order derivatives to allow comparison with
the basis of Oðdþ 1; dþ 1Þ-invariant four-derivative terms of Ref. [12]. To do so, we first use integrations by parts so that
all the second order derivatives appear in the leading two-derivative contribution of the equations of motion (2.37). Using
furthermore the field redefinitions of Sec. II D, we obtain the action
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Ĩ1 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p
e−2Φ

�
−
aþ b
8

�
−∂μΦ∂

μΦ∂νΦ∂
νΦþ 1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ

þ 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ − 1

64
Trð∂μH∂

μH−1ÞTrð∂νH∂
νH−1Þ

þ 1

4
e4Φ∂μξM∂νξM∂μξN∂νξN −

1

4
e4Φ∂μξMHMN

∂νξN∂
μξPHPQ

∂
νξQ

þ 1

4
e4Φ∂μξMHMN

∂
μξN∂νξPHPQ

∂
νξQ þ 1

2
e2Φ∂μξMðH−1

∂νH∂
νH−1ÞMN

∂
μξN

−
1

2
e2Φ∂μξMðH−1

∂
μH∂νH−1ÞMN

∂
νξN − 2e2Φ∂μΦ∂νΦ∂

μξMHMN
∂
νξN

þ 1

2
∂μΦ∂νΦTrð∂μH∂

νH−1Þ − 1

4
∂μΦ∂

μΦTrð∂νH∂
νH−1Þ þ e2Φ∂μΦ∂νξM∂

μHMN
∂
νξN

�

þ a − b
4

�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ þ 1

4
e4Φ∂μξM∂νξM∂μξPHPQ

∂
νξQ

−
1

4
e2Φ∂μξMð∂νH−1

∂
μHÞMN∂

νξN −
1

2
e2Φ∂μΦ∂

μΦ∂νξM∂
νξM −

1

8
Trð∂μH∂νH−1Þ∂μξM∂νξM

þ 1

16
Trð∂μH∂

μH−1Þ∂νξM∂νξM þ e2Φ∂μΦ∂
μξMð∂νH−1HÞMN∂

νξN
��

: ð3:11Þ

Explicitly, we have used the following order α0 field redefinitions:

δgμνE ¼ −
aþ b
8α0

�
−4e−2ΦRμν

E þ 2e−2ΦgμνE RE þ 8e−2Φ∂μΦ∂
νΦ − 2e−2ΦgμνE ∂ρΦ∂

ρΦ

þ 1

2
e−2ΦTrð∂μH∂

νH−1Þ − 1

4
e−2ΦgμνE Trð∂ρH∂

ρH−1Þ − 3gμνE ∂ρξMHMN
∂
ρξN

�
−
a − b
4α0

∂
μξM∂

νξM;

δΦ ¼ −
aþ b
8α0

�
2e−2ΦRE − 4e−2Φ□Φ −

3

2
∂μξMHMN

∂
μξN

�
−
a − b
4α0

1

4
∂μξM∂

μξM;

δξM ¼ −
aþ b
4α0

e−2Φ∂μΦ∂
μξM −

a − b
4α0

e−2ΦHMN∂μΦ∂
μξN; ð3:12Þ

in the notations of Eq. (2.35).

B. Oðd + 1; d + 1Þ-covariant formulation

We now aim to express the action (3.11) in terms of Oðdþ 1; dþ 1Þ-covariant objects. We define the Oðdþ 1; dþ 1Þ
currents J μ ¼ ∂μMM−1 for the matrix M from Eq. (2.21). Explicitly, this current takes the form

J μM
N ¼

0
B@

J μM
N J μM

þ −e2Φ∂μξPHP
M

e2Φ∂μξPHPN 2∂μΦ − e2ΦξPHPQ
∂μξQ 0

J μ−
N 0 −2∂μΦþ e2ΦξPHPQ

∂μξQ

1
CA; ð3:13Þ

with

J μM
N ¼ ∂μHMPHPN þ e2ΦðξM∂μξPHPN −HMP∂μξ

PξNÞ;

J μM
þ ¼ ∂μξM − ∂μHMPHPQξQ þ 2∂μΦξM − e2ΦξPHPQ

∂μξQξM þ 1

2
e2ΦξPξP∂μξQHQ

M;

J μ−
N ¼ −∂μξN − ξP∂μHPQHQN − 2∂μΦξN þ e2ΦξPHPQ

∂μξQξ
N −

1

2
e2ΦξPξP∂μξQHQN: ð3:14Þ
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In terms of this object and using the Oðd; dÞ decomposition of Appendix A, the four-derivative action (3.11) can be cast into
the rather compact form

Ĩ1 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p
e−2Φ

	
þ a
4

�
−

1

32
TrðJ μJ νJ μJ νÞ − 1

16
TrðJ μJ μJ νJ νMηÞ

−
1

64
TrðJ μJ νÞTrðJ μJ νÞ þ 1

128
TrðJ μJ μÞTrðJ νJ νÞ

þ e−2Φ
�
−
1

2
ðuPηJ μJ νJ μJ νPuÞ þ 1

2
ðuPηJ μJ μJ νJ νPuÞ − 1

2
ðuPηJ μJ νJ νJ μPuÞ

−
1

4
TrðJ μJ νÞðuPηJ μJ νPuÞ þ 1

8
TrðJ μJ μÞðuPηJ νJ νPuÞ

�

þ e−4Φð−2ðuPηJ μJ νPuÞðuPηJ μJ νPuÞ þ ðuPηJ μJ μPuÞðuPηJ νJ νPuÞÞ
�

þ b
4

�
−

1

32
TrðJ μJ νJ μJ νÞ þ 1

16
TrðJ μJ μJ νJ νMηÞ

−
1

64
TrðJ μJ νÞTrðJ μJ νÞ þ 1

128
TrðJ μJ μÞTrðJ νJ νÞ

þ e−2Φ
�
1

2
ðuP̄ηJ μJ νJ μJ νP̄uÞ − 1

2
ðuP̄ηJ μJ μJ νJ νP̄uÞ þ 1

2
ðuP̄ηJ μJ νJ νJ μP̄uÞ

þ 1

4
TrðJ μJ νÞðuP̄ηJ μJ νP̄uÞ − 1

8
TrðJ μJ μÞðuP̄ηJ νJ νP̄uÞ

�

þ e−4Φð−2ðuP̄ηJ μJ νP̄uÞðuP̄ηJ μJ νP̄uÞ þ ðuP̄ηJ μJ μP̄uÞðuP̄ηJ νJ νP̄uÞÞ
�


: ð3:15Þ

Here, we have defined the projectors5

PMN ¼ 1

2
ðηMN −MMN Þ and

P̄MN ¼ 1

2
ðηMN þMMN Þ; ð3:16Þ

and the Oðdþ 1; dþ 1Þ compensator vector

uM ¼ f0; 1; 0g; ð3:17Þ

which parametrizes the breaking of the symmetry group
Oðdþ 1; dþ 1Þ at the four-derivative order. The action
(3.15) enjoys a formal Oðdþ 1; dþ 1Þ invariance, which is
broken by the explicit choice (3.17) for the vector uM. This
is manifest in the above form for all terms except the
explicit dilaton prefactor, but it even holds for these factor
thanks to the relations (3.22) below.
It is interesting to note that the above action (3.15) has

the chiral structure

Ĩ1 ¼
1

4

Z
d3x

ffiffiffiffiffiffiffiffi
−gE

p faF ½M; Pu� þ bðF ½M; Pu�Þ�g;

ð3:18Þ
with a fixed function F that depends only on M and a
projection of u. The � in the second term indicates the Z2

action, under which M transforms as

M→ ZtMZ; Z ¼
�
Z 0

0 σ3

�
; Z ¼

�
1 0

0 −1

�
;

ð3:19Þ
where

ZtηZ ¼ −η: ð3:20Þ
Consequently, the projectors transform as

P → ZtP̄Z; P̄ → ZtPZ; ð3:21Þ
while furthermore,

e2Φ ¼ uMMMNuN ¼ −2uMPMNuN ¼ 2uMP̄MNuN: ð3:22Þ

In particular, the last equation shows that the dilaton Φ is
invariant under the Z2 action. The chiral form (3.18) of the

5If we had not truncated the vector fields from the 10-
dimensional heterotic action, PMN and P̄MN would correspond
to projection on O(24) and O(8), respectively.
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action implies that the four-derivative action of the heterotic
string (b ¼ 0) encodes the function F , and thereby the
entire action. In particular, the result for the bosonic string
(a ¼ b) follows or can be reconstructed from the heterotic
result. Moreover, in the heterotic case, we note the formal
“gauge invariance”

u → uþ ηP̄Λ; ð3:23Þ

under which the action (3.15) (for b ¼ 0) is invariant.
We may also express the result in terms of the Oðdþ 1;

dþ 1Þ coset currents (2.31). In the basis (2.34), the four-
derivative action (3.15) takes the form

Ĩ1 ¼
α0

4

Z
d3x

ffiffiffiffiffiffi
−g

p
e−2Φ

	
þ a
4

�
TrðPμPtμPνPtνÞ − TrðPt

μPμPt
νPνÞ − TrðPμPt

νPμPtνÞ − TrðPμPt
νÞTrðPμPtνÞ

þ 1

2
TrðPμPtμÞTrðPνPtνÞ þ 4ðPμPt

νPμPtνÞ00 − 4ðPμPtμPνPtνÞ00 þ 4ðPμPt
νPνPtμÞ00

þ 4TrðPμPt
νÞðPμPtνÞ00 − 2TrðPμPtμÞðPνPtνÞ00 − 8ðPμPt

νÞ00ðPμPtνÞ00

þ 4ðPμPtμÞ00ðPνPtνÞ00
�

þ b
4

�
−TrðPμPtμPνPtνÞ þ TrðPt

μPμPt
νPνÞ − TrðPμPt

νPμPtνÞ − TrðPμPt
νÞTrðPμPtνÞ

þ 1

2
TrðPμPtμÞTrðPνPtνÞ þ 4ðPt

μPνPtμPνÞ0̄ 0̄ − 4ðPt
μPμPt

νPνÞ0̄ 0̄ þ 4ðPt
μPνPtνPμÞ0̄ 0̄

þ 4TrðPμPt
νÞðPtμPνÞ0̄ 0̄ − 2TrðPμPtμÞðPt

νPνÞ0̄ 0̄ − 8ðPt
μPνÞ0̄ 0̄ðPtμPνÞ0̄ 0̄

þ 4ðPt
μPμÞ0̄ 0̄ðPt

νPνÞ0̄ 0̄
�


: ð3:24Þ

Here, the 0 and 0̄ components are defined by contracting
out Oðdþ 1Þ × Oðdþ 1Þ vectors as

P0ā
μ ¼ e−ΦũaPaā

μ ; Pa0̄
μ ¼ Paā

μ ũāe−Φ; ð3:25Þ

with ũa ¼ uMVMa, ũā ¼ uMVMā. Spelling out Eq. (3.25)
brings the action into manifestly H gauge invariant form.
In these notations, P and Pt are interchanged under the Z2

action.
More compactly, and using the notations of

Refs. [22,23], the result (3.24) can be rewritten in the form

Ĩ1 ¼
α0

4

Z
d3x

ffiffiffiffiffiffi
−g

p
e−2Φ

�
a
4
FabcdððPμPtμÞabðPνPtνÞcd

− 2ðPμPt
νÞabðPμPtνÞcdÞ þ b

4
F̄ā b̄ c̄ d̄ððPt

μPμÞā b̄ðPt
νPνÞc̄ d̄

− 2ðPt
μPνÞā b̄ðPtμPνÞc̄ d̄Þ

�
; ð3:26Þ

with

Fabcd ¼
3

2
δðabδcdÞ − 6δ0ðaδbcδdÞ0 þ 4δ0aδ0bδ0cδ0d; ð3:27Þ

and F̄ā b̄ c̄ d̄ defined in the same way, exchanging unbared
indices for bared ones. In the case of the heterotic
supergravity, ða; bÞ ¼ ð−α0; 0Þ, Eq. (3.26) consistently

reproduces the weak coupling limit of the U duality
invariant modular integrals conjectured to describe the
exact four-derivative couplings; cf. Refs. [22–24]. (See
in particular Eqs. (4.16) and (4.34) of Ref. [23].6)
We close this subsection with some general remarks on

the symmetry group after inclusion of the first α0 correction.
First, note that the scaling symmetry denoted (Dilaton3)
above, which acts asΦ → Φþ λ, λ ∈ R, actually trivializes
for the discrete subgroup. To see this, we use that these
transformations are embedded into Oð8; 8Þ as

λ ↦ LðλÞ ¼

0
B@

17 0 0

0 eλ 0

0 0 e−λ

1
CA ∈ Oð8; 8;RÞ; ð3:28Þ

but the requirement that this transformation actually
belongs to Oð8; 8;ZÞ; i.e., that all its matrix entries are
integers, then implies that eλ ¼ e−λ ¼ 1 or λ ¼ 0, reducing
(Dilaton3) to the trivial group. Thus, by itself, the fact that
the continuous scaling symmetry is broken by the explicit
e−2Φ prefactors at order α0 is not in conflict with an
Oð8; 8;ZÞ symmetry.
We now turn to to the computation of the sym-

metry group, confirming our above conclusion that the

6We thank Guillaume Bossard for helpful explanations on this
relation.
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continuous Oð8; 8Þ duality group is broken to its geometric
subgroup ISO(7,7). In order to determine the symmetry
group, we note that since the above formulation is
manifestly Oð8; 8Þ invariant provided the compensator
uM transforms as a vector, the actual symmetry group is
given by the invariance group of uM ¼ ð0; 1; 0Þ. Recalling
the index split M ¼ ðM;þ;−Þ, an Oð8; 8Þ matrix reads

LM
N ¼

0
B@

LM
N LM

þ LM
−

LþN Lþþ Lþ−

L−
N L−

þ L−
−

1
CA ∈ Oð8; 8Þ; ð3:29Þ

and is subject to

LM
KηKLLN

L ¼ ηMN : ð3:30Þ

The condition that uM is invariant; i.e., that u0M ¼ 0,
u0þ ¼ 0 and u0− ¼ 1, is quickly seen to imply

LM
− ¼ 0; Lþ− ¼ 0; L−

− ¼ 1: ð3:31Þ

Using this in Eq. (3.30) yields furthermore

LM
N ∈ Oð7;7Þ; LþM ¼ 0; ðL−1ÞNML−

N ¼ −ηMNLN
þ;

Lþþ ¼ 1; L−
þ ¼ −

1

2
L−

MηMNL−
N: ð3:32Þ

Thus, a general Oð8; 8Þ matrix that leaves u invariant is
parametrized in terms of a general Oð7; 7Þ matrix LM

N and
a vector cM:

LM
N ¼

0
B@

LM
N LM

KcK 0

0 1 0

−cN − 1
2
cKcK 1

1
CA: ð3:33Þ

One may verify that the cM, for LM
N ¼ δM

N, acts as

ξ0M ¼ ξM þ cM; ð3:34Þ

and thus precisely parametrize the constant shifts of the
scalars dual to vectors. As expected, we recovered precisely
the geometric subgroup ISO(7,7) of Oð8; 8Þ.

IV. A MASSIVE DEFORMATION

So far, the three form field strength Hμνρ has been set to
zero. We now integrate out the B field explicitly and explore
the deformations induced by a nonvanishing three-form flux.
At the two-derivative level, this results in a topological mass
for the vectors and a potential for the dilaton [17]. We review
this massive deformation and show how it fits in the more
general framework of gauged supergravity. We then extend
the analysis to the four-derivative corrections. In particular,
we show that the resulting massive deformation induces

Chern-Simons terms for composite connections featuring an
enhancement to the full Oðdþ 1; dþ 1Þ to first order in the
mass parameter.

A. Two-derivative action

We first consider the two-derivative action (2.14), which
we rewrite in the string frame as

I0 ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ

×

�
Lð0Þðgμν;Φ;H;Aμ

MÞ − 1

12
HμνρHμνρ

�
; ð4:1Þ

with Hμνρ ¼ 3∂½μBνρ� þΩðMSÞ
μνρ and ΩðMSÞ

μνρ ¼ −ð3=2Þ ×
A½μMF νρ�M the abelian Chern-Simons deformation of the
three-form field-strength [20]. In three dimensions, we can
rewrite the field-strength as7

Hμνρ ¼ −
1

6
hϵμνρ; ð4:2Þ

and I0 becomes

I0 ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ
�
Lð0Þðgμν;Φ;H;Aμ

MÞ þ 1

72
h2
�
:

ð4:3Þ

In the following, we do not specify explicitly the fields on
which Lð0Þ depends. To dualize the degrees of freedom
related to Bμν, we introduce an auxiliary field f and
consider the action

I00 ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ
�
Lð0Þ −

1

2
f2 −

1

6
fh

�
: ð4:4Þ

Taking its variation with respect to f, we get the algebraic
equation of motion

f ¼ −
1

6
h; ð4:5Þ

which can be used in Eq. (4.4) to get back Eq. (4.3), hence
the equivalence between I0 and I00. We now consider I00,
which gives the following equation of motion after varying
with respect to Bμν:

∇μðe−ΦfÞ ¼ 0 ⇒ f ¼ meΦ; m ∈ R: ð4:6Þ

Unlike Eq. (4.5), this equation is not algebraic and, in
general, could not simply be inserted back into the action.

7The global factor is chosen so that h ¼ ϵμνρHμνρ, with gμν of
signature ð−1; 1; 1Þ.
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One needs to work at the level of the equations of motion.
It can however be checked that, in the particular case we are
considering here, it is consistent to use Eq. (4.6) directly in
the action (4.4) to get

I000 ¼
Z

d3x

� ffiffiffiffiffiffi
−g

p �
e−ΦLð0Þ −

1

2
m2eΦ

�
−
1

6
mεμνρΩðMSÞ

μνρ

�
;

ð4:7Þ

where we ignored a total derivative. I000 is equivalent to I0,
with the degrees of freedom of the two-form Bμν dualized
into m. For m ¼ 0, we recover the action we started with in
Sec. II C.
Let us move to the Einstein frame to discuss further the

properties of the action:

I000 ¼
Z

d3x

� ffiffiffiffiffiffiffiffi
−gE

p �
RE − ∂μΦ∂

μΦþ 1

8
Trð∂μH−1

∂
μHÞ

−
1

4
e−2ΦF μν

MHMNF μνN −
1

2
m2e4Φ

�

þ 1

4
mεμνρAμ

MF νρM

�
: ð4:8Þ

For m ≠ 0, the Oðdþ 1; dþ 1Þ symmetry of the action
(2.23) is broken down to Oðd; dÞ and constant shifts in ξM
[the scaling symmetry (2.8) is broken]. The term quadratic
in m acts as a potential, and the vectors Aμ

M acquire a
topological mass proportional to m, leading to a topologi-
cally massive Yang-Mills theory [19,25] for Uð1Þ2d, with
equations of motion

∇μðe−2ΦF μνNHNM −mϵμνρAρMÞ ¼ 0: ð4:9Þ

The Chern-Simons coupling prevents us from dualizing
the vectors as done in Sec. II C. We can however rewrite
the Yang-Mills gauging of Eq. (4.8) as a pure Chern-
Simons type gauging with gauge group Uð1Þ2d ⋉ T2d
using the on shell equivalence of Ref. [26], where T2d is
a 2d-dimensional translation group. Consider the action

Ĩ000 ¼
Z

d3x
� ffiffiffiffiffiffiffiffi

−gE
p �

RE þ
1

8
Trð∂μM−1

∂
μMÞ

−
1

2
m2e2ΦAμ

MHMNAμN −me2ΦAμ
MHMN∂

μξN

−
1

2
m2e4Φ

�
−
1

4
mεμνρAμ

MF νρM

�
: ð4:10Þ

The induced equations of motion for the vectors are

F μν
M ¼ e2Φϵμνρð∂ρξN þmAρNÞHN

M; ð4:11Þ

which imply Eq. (4.9). It can be checked similarly that
all the equations of motion of Ĩ000 are identical on shell to
those of I000 , upon systematically eliminating ∂μξM using
Eq. (4.11). Thus, I000 and Ĩ000 are equivalent.
The action (4.10) can be nicely rewritten using the

embedding tensor formalism [27,28] of three-dimensional
half-maximal gauged supergravity [29,30] (see also
Ref. [31] for a review and the notations used here). The
bosonic part of the action describes the dynamics of the
metric gEμν, scalars MMN ∈ Oðdþ 1; dþ 1Þ and vectors
Aμ

½MN � via the action

Z
d3x

� ffiffiffiffiffiffiffiffi
−gE

p �
RE þ

1

8
TrðDμM−1DμMÞ − V

�
þ LCS

�
:

ð4:12Þ

The covariant derivative on MMN is

DμMMN ¼ ∂μMMN þ 4Aμ
PQΘPQjðMKMN ÞK; ð4:13Þ

with the gauging given by the embedding tensor

ΘMN jPQ ¼ 1

2
ðηM½PθQ�N − ηN ½PθQ�MÞ; ð4:14Þ

where θMN is symmetric. In full generality, the embedding
tensor contains more representations that we will not need
here. The vectors are described by a Chern-Simons term of
the form

LCS ¼ −εμνρΘMN jPQAμ
MN

�
∂νAρ

PQ

þ 1

3
ΘRSjUVfPQ;RS

XYAν
UVAρ

XY

�
; ð4:15Þ

with fMN ;PQ
KL ¼ 4δ½K½MηN �½PδL�Q� the structure con-

stants of soðdþ 1; dþ 1Þ. Finally, the potential is given by

V ¼ 1

8
θMN θPQð2MMPMNQ − 2ηMPηNQ

−MMNMPQÞ: ð4:16Þ

The action (4.10) then results from the restriction to an
embedding tensor with only nonvanishing component θ−−.
More precisely, a formally Oðdþ 1; dþ 1Þ-covariant form
of I000 is given by
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Ĩ000 ¼
Z

d3x

�
−εμνρθMNAμP

N
∂νAρ

PM

þ ffiffiffiffiffiffiffiffi
−gE

p �
RE þ

1

8
TrðDμM−1DμMÞ

−
1

8
θMN θPQð2MMPMNQ − 2ηMPηNQ

−MMNMPQÞ
��

; ð4:17Þ

with the specific parametrization

Aμ
M− ¼ 1

2
Aμ

M; θ−− ¼ 2m: ð4:18Þ

The covariant derivative is then given by DμξM ¼ ∂μξM þ
mAμM, DμΦ ¼ ∂μΦ, and DμHMN ¼ ∂μHMN . The sym-
metry breaking induced bym ≠ 0 is now translated into the
choice of embedding tensor with θ−− as the only non-
vanishing component, which breaks Oðdþ 1; dþ 1Þ to
Oðd; dÞ and shifts in ξM.

B. Four-derivative action

The two-form degrees of freedom can be integrated out
in the four-derivative action using the same procedure as
the one used in Sec. IVA. With Eq. (4.2), the action (7.16)
of Ref. [12] is given by

Ĩ ¼ I þ
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ

×

�
1

72
h2 þ α0

�
−
1

6
ahþ 1

36
bh2 þ 1

64
ch4
��

; ð4:19Þ

where I is the action (3.4) and8

a ¼ ϵμνρ
�
−
aþ b
8α0

�
2

3
ΩðGSÞ

μνρ −
1

2
F μσ

MðH∂νH−1ÞMNF ρ
σ
N

�

þ a − b
4α0

�
ΩðωÞ

μνρ þ 1

4
F μσ

M
∂
σHMNF νρ

N

��
;

b ¼ −
aþ b
8α0

�
R −

1

4
Trð∂μH∂

μH−1Þ þ 3

4
F μν

MHMNF μνN

�

þ a − b
4α0

1

8
F μν

MF μν
M;

c ¼ aþ b
8α0

5

4
: ð4:20Þ

ΩðωÞ
μνρ is the gravitational Chern-Simons form of heterotic

supergravity, andΩðGSÞ
μνρ is the three-formneeded in theGreen-

Schwarz type mechanism of Ref. [11], which satisfies9

4∂½μΩ
ðGSÞ
νρσ� ¼

3

8
Trð∂½μH∂νH−1

∂ρH∂σ�H−1HηÞ: ð4:21Þ

As previously, we can equivalently write Ĩ as

Ĩ0 ¼ I þ
Z

d3x
ffiffiffiffiffiffi
−g

p
e−Φ

×

�
−
1

2
f2 −

1

6
fhþ α0ðaf þ bf2 þ cf4Þ

�
; ð4:22Þ

with an auxiliary field f. The equations of motion for f are

f ¼ −
1

6
hþ α0ðaþ 2bf þ 4cf3Þ; ð4:23Þ

and can be solved perturbatively in α0:

f ¼ fð0Þ þ α0fð1Þ; with

	
fð0Þ ¼ − 1

6
h;

fð1Þ ¼ a − 1
3
bh − 1

54
ch3

:

ð4:24Þ
As in the two-derivative case, Eq. (4.22) with Eq. (4.24)
gives Ĩ. The equations of motion for Bμν are unchanged and
given by Eq. (4.6) and, again, it is consistent to use them
directly in the action, leading to

Ĩ00 ¼ I þ
Z

d3x
ffiffiffiffiffiffi
−g

p �
−
1

6
mϵμνρΩðMSÞ

μνρ −
1

2
m2eΦ

þ α0ðamþ bm2eΦ þ cm4e3ΦÞ
�
: ð4:25Þ

As a byproduct, observe that we can safely consider the
case m ¼ 0 and recover the actions considered in Secs. II
and III.
Writing this action in terms of Oðdþ 1; dþ 1Þ fields

and an embedding tensor breaking the symmetry to
Oðd; dÞ × Oð1; 1Þ, as we did for the two-derivative action
in Sec. IVA, requires one to reproduce the analysis of
Sec. III with modified rules for the field redefinitions
(given the modified two-derivative equations of motion)
and with the additional terms in Eq. (4.25), as detailed in
Appendix B. All computations done, we get

Ĩ001 ¼ Î1 þ
Z

d3x

	 ffiffiffiffiffiffiffiffi
−gE

p aþ b
8

ð4m2e2Φ∂μΦ∂
μΦþm4e6ΦÞ

þmεμνρ
�
−
aþ b
8

�
2

3
ΩðGSÞ

μνρ

−
1

2
e2ΦDμξMðH−1

∂νHÞMNDρξ
N

�
þ a − b

4
ΩðωEÞ

μνρ

�

;

ð4:26Þ

where Î1 is given by the action (3.15) with all cur-
rents covariantized: Ĵ μ ¼ DμMM−1. Observe that the

8Remember that a and b are of order α0.
9Normalized as in Eq. (14) of Ref. [11]; i.e., H̃μνρ ¼

Hμνρ þ aþb
2
ΩðGSÞ

μνρ .
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Green-Schwarz type mechanism of Ref. [11] generates,
once restricted to three dimensions, a Chern-Simons
term based on composite gauge fields. The properties of
this term are best displayed using the frame formalism of

Sec. II C. In Ref. [11], the Green-Schwarz three-fromΩðGSÞ
μνρ

has been written as a Chern-Simons form for OðdÞ ×OðdÞ
composite gauge fields:

ΩðGSÞ
μνρ ¼ 3

2
CSμνρðQÞ¼ 3

2
Tr

�
Q½μ∂νQρ�δηþ

2

3
Q½μQνQρ�δη

�
;

ð4:27Þ

with QμA
B defined in Eq. (2.32) and δAB the identity

matrix.10 Generalizing this definition to the covariantization
Q̂μA

B of the Oðdþ 1Þ × Oðdþ 1Þ connection QμA
B of

Eq. (2.32) (i.e., defining Q̂μA
B from the covariantized

Maurer-Cartan form V−1DμV), we get

CSμνρðQ̂Þ ¼ 2

3
ΩðGSÞ

μνρ −
1

2
e2ΦD½μξMðH−1

∂νHÞMNDρ�ξN

−
m
2
e2ΦD½μξMF νρ�M; ð4:28Þ

of exterior derivative11

∂½μCSνρσ�ðQ̂Þ

¼ 1

16
TrðD½μMDνM−1DρMDσ�M−1MηÞ

− 2ΘMN jPQF½μνMN ðDρM−1Dσ�MM−1ÞPQ
þ 16ΘMN jPQΘKLjRPF½μνMNFρσ�KLMRQ: ð4:29Þ

Putting this term in the action and eliminating the field-
strength using the dualization relation (4.11) gives

Z
d3xmεμνρCSμνρðQ̂Þ

¼
Z

d3xm

�
εμνρ
�
2

3
ΩðGSÞ

μνρ −
1

2
e2ΦDμξMðH−1

∂νHÞMNDρξ
N

�

þ ffiffiffiffiffiffiffiffi
−gE

p
m2e4ΦDμξMHMNDμξN

�
: ð4:30Þ

Thus, we can write the action (4.26) in terms of the three-
form (4.28):

Ĩ001 ¼ Î1 þ
Z

d3x

� ffiffiffiffiffiffiffiffi
−gE

p aþ b
8

ðm2ð4e2Φ∂μΦ∂
μΦ

þ e4ΦDμξMHMNDμξNÞ þm4e6ΦÞ

þmεμνρ
�
−
aþ b
8

CSμνρðQ̂Þ þ a − b
4

ΩðωEÞ
μνρ

��
:

ð4:31Þ

We can furthermore express the first line in terms of the
Oðdþ 1; dþ 1Þ currents, as done in Sec. III B, and the
embedding tensor (4.18):

Ĩ001 ¼ Î1 þ
Z

d3xm

� ffiffiffiffiffiffiffiffi
−gE

p aþ b
8

�
1

2
θMN ðĴ μĴ

μMÞMN

þ 1

8
ðθMNMMN Þ3

�

þ εμνρ
�
−
aþ b
8

CSμνρðQ̂Þ þ a − b
4

ΩðωEÞ
μνρ

��
: ð4:32Þ

Thus, the massive deformation following from integrating
out the B field induces a gauging of the action (3.15) and
additional couplings. Remarkably, these couplings break
the Oðdþ 1; dþ 1Þ symmetry only due to the gauging
(4.18) of the shift symmetry; no vector compensator is
needed, in contrast to the term Î1. The first line in Eq. (4.32)
features a deformation of the two-derivative action and a
potential. The second line of Eq. (4.32) is given by Chern-
Simons terms based on composite and spin connections.
Most interestingly, to leading order in m, these Chern-
Simons terms are given by

Z
d3xmεμνρ

�
−
aþ b
8

CSμνρðQ̂Þ þ a − b
4

ΩðωEÞ
μνρ

�

¼
Z

d3xmεμνρ
�
−
aþ b
8

CSμνρðQÞ þ a − b
4

ΩðωEÞ
μνρ

�
þOðm2Þ; ð4:33Þ

which is invariant under Oðdþ 1; dþ 1Þ. Although the full
theory exhibits a breaking of the Oðdþ 1; dþ 1Þ U duality
both by the higher-derivative parameter α0 and the mass
deformation m, for the leading Chern-Simons terms, the
full Oðdþ 1; dþ 1Þ is restored. The physical meaning of
this observation has to be investigated, as well as its
extension to more general gaugings.

V. CONCLUSIONS

In this paper, we have computed the effective action of
bosonic and heterotic string theory in three dimensions to
first order in α0 starting from the known four-derivative
result in manifestly Oðd; dÞ-invariant form and perturba-
tively dualizing the vector gauge fields into scalars. We
have cast the result into a formally Oðdþ 1; dþ 1Þ-
invariant form upon introduction of a non-dynamical

10The δη in Eq. (4.27) is needed to reproduce the right
relative sign in Eq. (34) of Ref. [11].

11Here, we used that ½Dμ;Dν�MMN ¼4Fμν
PQΘPQjðMKMN ÞK

and Fμν
MN ¼ 2∂½μAν�MN þ 4A½μPQΘPQjK ½MAν�N �K.
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compensator uM. The resulting action reveals the in-
triguing chiral pattern (3.18), showing that in particular,
the action of the bosonic string can be reconstructed from
the heterotic action. One may expect that an extension of
this structure to higher orders in α0 will constrain the
potential higher order corrections in a similar way.
Another interesting application of the formally

Oðdþ 1; dþ 1Þ-invariant formulation will be the study
of Oð4; 4Þ triality rotations on the resulting action. This
would, for instance, allow one to relate the inequivalent
higher order corrections obtained from T3 compactification
of chiral N ¼ ð2; 0Þ and nonchiral N ¼ ð1; 1Þ supergrav-
ity in six dimensions, respectively. With the latter corre-
sponding to the standard heterotic corrections (see [32] for
a recent discussion), this may be turned into a prediction of
the α0 corrections of the chiral theory in six dimensions.
As this theory arises from 10-dimensional type IIB super-
gravity compactified on the complex surface K3, this
computation would give profitable insights into the
higher-derivative corrections in ten dimensions.
The other main result of this paper is the massive

deformation identified in Sec. IV upon integrating out the B
field in three dimensions, keeping a constant three-form flux.
As exhibited in Eq. (4.32) above, this gives rise to a
deformation of the target spacemetric and the scalar potential,
as well as to new Chern-Simons terms for composite con-
nections which remarkably exhibit an enhancement to the
full Oðdþ 1; dþ 1Þ to first order in the mass parameter.

Within the general framework of gauged supergravities, such
massive deformations take the form of a particular and
somewhat degenerate example of a general gauging. In this
respect, our results may be viewed as a glimpse into the
structure of the α0 corrections of more general gauged super-
gravities in three dimensions. Of particular interest for holo-
graphic applications would be the study of these deformations
around the AdS3 × S3 background. We hope to come back to
these issues in the future.
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APPENDIX A: Oðd;dÞ DECOMPOSITIONS
OF Oðd + 1; d + 1Þ

We list in the following the Oðd; dÞ decomposition
of the Oðdþ 1; dþ 1Þ terms used in Sec. III B and of
the basis of Oðdþ 1; dþ 1Þ-invariant terms carrying four
derivatives [11].

TrðJ μJ νÞ ¼ −Trð∂μH∂νH−1Þ þ 4e2Φ∂μξMHMN
∂νξN þ 8∂μΦ∂νΦ: ðA1Þ

ðJ μJ νMÞþþ ¼ e4Φ∂μξMHMN
∂νξN þ 4e2Φ∂μΦ∂νΦ: ðA2Þ

ðJ μJ νηÞþþ ¼ −e4Φ∂μξM∂νξM: ðA3Þ

TrðJ μJ νJ μJ νÞ ¼ Trð∂μH∂νH−1
∂
μH∂

νH−1Þ − 8e2Φ∂μξMðH−1
∂νH∂

μH−1ÞMN
∂
νξN

− 16e2Φ∂μΦ∂νξM∂
μHMN

∂
νξN þ 32∂μΦ∂

μΦ∂νΦ∂
μΦþ 4e4Φ∂μξM∂νξM∂μξN∂νξN

þ 4e4Φ∂μξMHMN
∂νξN∂

μξPHPQ
∂
νξQ þ 32e2Φ∂μΦ∂νΦ∂

μξMHMN
∂
νξN: ðA4Þ

TrðJ μJ μJ νJ νÞ ¼ Trð∂μH∂
μH−1

∂νH∂
νH−1Þ − 4e2Φ∂μξMðH−1

∂νH∂
νH−1ÞMN

∂
μξN

− 4e2Φ∂μξMðH−1
∂
μH∂νH−1ÞMN

∂
νξN − 16e2Φ∂μΦ∂

μξM∂νHMN
∂
νξN

þ 32∂μΦ∂
μΦ∂νΦ∂

μΦþ 2e4Φ∂μξM∂μξM∂νξN∂νξN þ 2e4Φ∂μξM∂νξM∂μξN∂νξN

þ 2e4Φ∂μξMHMN
∂
μξN∂νξPHPQ

∂
νξQ þ 2e4Φ∂μξMHMN

∂νξN∂
μξPHPQ

∂
νξQ

þ 16e2Φ∂μΦ∂
μΦ∂νξMHMN

∂
νξN þ 16e2Φ∂μΦ∂νΦ∂

μξMHMN
∂
νξN: ðA5Þ

TrðJ μJ μJ νJ νMηÞ ¼ Trð∂μH∂
μH−1

∂νH∂
νH−1HηÞ − 4e2Φ∂μξMð∂νH−1

∂
νHÞMN∂

μξN

þ 4e2Φ∂μξMð∂μH−1
∂νHÞMN∂

νξN − 16e2Φ∂μΦ∂
μξMðH−1

∂νHÞMN∂
νξN

þ 4e4Φ∂μξMHMN
∂νξN∂

μξP∂
νξP − 4e4Φ∂μξMHMN

∂
μξN∂νξP∂

νξP

− 16e2Φ∂μΦ∂
μΦ∂νξM∂

νξM þ 16e2Φ∂μΦ∂νΦ∂
μξM∂

νξM: ðA6Þ
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ðJ μJ νJ μJ νMÞþþ ¼ −e4Φ∂μξMðH−1
∂νH∂

μH−1ÞMN
∂
νξN − 4e4Φ∂μΦ∂νξM∂

μHMN
∂νξN

þ 16e2Φ∂μΦ∂
μΦ∂νΦ∂

νΦþ e6Φ∂μξMHMN
∂νξN∂

μξPHPQ
∂
νξQ

þ e6Φ∂μξM∂νξM∂μξN∂νξN þ 12e4Φ∂μΦ∂νΦ∂
μξMHMN

∂
νξN: ðA7Þ

ðJ μJ νJ μJ νηÞþþ ¼ e4Φ∂μξMð∂νH−1
∂
μHÞMN∂

νξN − 2e6Φ∂μξM∂νξM∂μξPHPQ
∂
νξQ − 4e4Φ∂μΦ∂νΦ∂

μξM∂
νξM: ðA8Þ

ðJ μJ μJ νJ νMÞþþ ¼ −e4Φ∂μξMðH−1
∂
μH∂

νH−1ÞMN
∂νξN − 4e4Φ∂μΦ∂

μξM∂νHMN
∂
νξN

þ 16e2Φ∂μΦ∂
μΦ∂νΦ∂

νΦþ e6Φ∂μξMHMN
∂
μξN∂νξPHPQ

∂
νξQ

þ e6Φ∂μξM∂μξM∂νξN∂νξN þ 4e4Φ∂μΦ∂νΦ∂
μξMHMN

∂
νξN

þ 8e4Φ∂μΦ∂
μΦ∂νξMHMN

∂
νξN: ðA9Þ

ðJ μJ μJ νJ νηÞþþ ¼ e4Φ∂μξMð∂μH−1
∂νHÞMN∂

νξN þ 4e4Φ∂μΦ∂
μξMð∂νH−1HÞMN∂

νξN

− 2e6Φ∂μξM∂μξM∂νξPHPQ
∂
νξQ þ 4e4Φ∂μΦ∂νΦ∂

μξM∂
νξM − 8e4Φ∂μΦ∂

μΦ∂νξM∂
νξM: ðA10Þ

ðJ μJ νJ νJ μMÞþþ ¼ −e4Φ∂μξMðH−1
∂νH∂

νH−1ÞMN
∂
μξN − 4e4Φ∂μΦ∂

μξM∂νHMN
∂
νξN

þ 16e2Φ∂μΦ∂
μΦ∂νΦ∂

νΦþ e6Φ∂μξMHMN
∂νξN∂

μξPHPQ
∂
νξQ

þ e6Φ∂μξM∂νξM∂μξN∂νξN þ 8e4Φ∂μΦ∂νΦ∂
μξMHMN

∂
νξN þ 4e4Φ∂μΦ∂

μΦ∂νξMHMN
∂
νξN: ðA11Þ

ðJ μJ νJ νJ μηÞþþ ¼ e4Φ∂μξMð∂νH−1
∂
νHÞMN∂

μξN − 4e4Φ∂μΦ∂
μξMð∂νH−1HÞMN∂

νξN

− 2e6Φ∂μξM∂νξM∂μξPHPQ
∂
νξQ − 8e4Φ∂μΦ∂νΦ∂

μξM∂
νξM þ 4e4Φ∂μΦ∂

μΦ∂νξM∂
νξM: ðA12Þ

APPENDIX B: FOUR-DERIVATIVE ACTION WITH MASS DEFORMATION

We detail here the computation of the action (4.26). We first give the rules for field redefinitions as modified by the mass
deformation of the two-derivative action. We then move to Einstein frame, use field redefinitions to convert all second order
derivatives into product of first order derivatives, and finally dualize the vector fields.

1. Field redefinitions

The two-derivative action in Einstein frame with B field integrated out is given in Eq. (4.8). Its equations of motion are

δI000 ¼ α0
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p ½δΦEΦ þ δgμνE Egμν þ TrðδH−1EHÞ þ δAμ
MEA

μ
M�; ðB1Þ

where

EΦ ¼ 2□Φþ 1

2
e−2ΦF μν

MHMNF μνN − 2m2e4Φ; ðB2aÞ

Egμν ¼ REμν − ∂μΦ∂νΦþ 1

8
Trð∂μH∂νH−1Þ − 1

2
e−2ΦF μρ

MHMNF ν
ρN

−
1

2
gEμν

�
RE − ∂ρΦ∂

ρΦþ 1

8
Trð∂ρH∂

ρH−1Þ − 1

4
e−2ΦF ρσ

MHMNF ρσN −
1

2
m2e4Φ

�
; ðB2bÞ

EHMN ¼ −
1

4

�
□HMN þ ðH∂μH−1

∂
μHÞMN þ 1

2
e−2ΦF μνMF μν

N −
1

2
e−2ΦF μν

PHPMF μνQHQN

�
; ðB2cÞ

EA
μ
M ¼ e−2Φ∇νF νμNHNM − 2e−2Φ∇νΦF νμNHNM þ e−2ΦF νμN∇νHNM þm

2
ϵμνρF νρM: ðB2dÞ
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The resulting field redefinitions are as follows:

□Φ ⟶ QΦ ¼ −
1

4
e−2ΦF μν

MHMNF μνN þm2e4Φ;

REμν ⟶ Qgμν ¼ ∂μΦ∂νΦ −
1

8
Trð∂μH∂νH−1Þ þ 1

2
e−2ΦF μρ

MHMNF ν
ρN

−
1

4
gEμνe−2ΦF ρσ

MHMNF ρσN þ 1

2
gEμνm2e4Φ;

□HMN ⟶ QHMN ¼ −ðH∂μH−1
∂
μHÞMN −

1

2
e−2ΦF μνMF μν

N þ 1

2
e−2ΦF μν

PHPMF μνQHQN;

∇νF νμM ⟶ QA
μM ¼ 2∂νΦF νμM − F νμNð∂νHH−1ÞNM −

m
2
e2ΦϵμνρF νρNHNM: ðB3Þ

2. Einstein frame

We write the action (4.25) in Einstein frame (gμν → gEμν ¼ e−2Φgμν):

I001 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
−
aþ b
8

e−2Φ
�
4REμνRE

μν − R2
E − 8REμν∇μ∇νΦþ 8REμν∂

μΦ∂
νΦ − 4RE∂μΦ∂

μΦ

þ 4∇μ∇νΦ∇μ∇νΦþ 4□Φ□Φ − 8∇μ∇νΦ∂
μΦ∂

νΦþ 8□Φ∂μΦ∂
μΦþ 4∂μΦ∂

μΦ∂νΦ∂
νΦ

þ 1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ − 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ

þ 1

8
e−4ΦF μν

MF ρσMF
μρNF νσ

N þ 1

8
e−4ΦF μν

MHMNF ρσ
NF μρPHPQF νσQ

−
1

2
e−4ΦF μν

MHMNF μρNF νσPHPQF ρσ
Q þ 1

2
e−2ΦðRE þ 2∂μΦ∂

μΦÞF ρσ
MHMNF ρσN

− 2e−2ΦðREμν −∇μ∇νΦþ ∂μΦ∂νΦÞF μρMHMNF ν
ρ
N

−
1

2
e−2ΦF μν

MðH∂ρH−1
∂
νHÞMNF

μρN þ 1

4
e−2ΦF μρMHMNF ν

ρ
NTrð∂μH∂νH−1Þ

þme2Φϵμνρ
�
2

3
ΩðGSÞ

μνρ −
1

2
e−2ΦF μσ

MðH∂νH−1ÞMNF ρ
σ
N

�
−
5

4
m4e8Φ

þm2e4Φ
�
RE − 4□Φ − 2∂μΦ∂

μΦ −
1

4
Trð∂μH∂

μH−1Þ þ 3

4
e−2ΦF μν

MHMNF μνN

��

þ a − b
4

e−2Φ
�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ − 1

16
e−4ΦF μν

MF ρσMF μνPHPQF ρσQ

−
1

4
e−2ΦREF μν

MF μν
M þ e−2ΦREμνF μρMF ν

ρM − e−2Φ∇μ∇νΦF μρMF ν
ρM

−
1

2
e−2Φ∂ρΦ∂

ρΦF μν
MF μν

M þ e−2Φ∂μΦ∂νΦF μρMF ν
ρM

þ 1

8
e−2ΦF μν

Mð∂ρH∂
ρH−1ÞMNF μν

N þ 1

4
e−2ΦF μν

Mð∂μH∂ρH−1ÞMNF νρ
N

þme2Φϵμνρ
�
ΩðωEÞ

μνρ þ 1

4
e−2ΦF μσ

M
∂
σHMNF νρ

N

�
þm2

8
e2ΦF μν

MF μν
M

��
: ðB4Þ
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3. Integrations by part and field redefinitions

We now convert all second order derivatives in Eq. (B4) into products of first order derivatives: We first use integrations
by part so that all the second order derivatives appear in the leading two-derivative contribution of the equations of motion
(B2), and obtain12

I001 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
−
aþ b
8

e−2Φ
�
4∂μΦ∂

μΦ∂νΦ∂
νΦþ 1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ

−
1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ þ 1

8
e−4ΦF μν

MHMNF ρσ
NF μρPHPQF νσQ

þ 1

8
e−4ΦF μν

MF ρσMF
μρNF νσ

N −
1

2
e−4ΦF μν

MHMNF μρNF νσPHPQF ρσ
Q

− e−2Φ∂μΦ∂
μΦF ρσ

MHMNF ρσN þ 6e−2Φ∂μΦ∂νΦF μρMHMNF ν
ρ
N

−
1

2
e−2ΦF μν

MðH∂ρH−1
∂
νHÞMNF

μρN þ 1

4
e−2ΦF μρMHMNF ν

ρ
NTrð∂μH∂νH−1Þ

− 2e−2Φ∂νΦF μρM
∂μHMNF ν

ρ
N þ 1

2
e−2Φ∂ρΦF μν

M
∂
ρHMNF μνN

þme2Φϵμνρ
�
2

3
ΩðGSÞ

μνρ −
1

2
e−2ΦF μσ

MðH∂νH−1ÞMNF ρ
σ
N

�
−
5

4
m4e8Φ

þm2e4Φ
�
−2∂μΦ∂

μΦ −
1

4
Trð∂μH∂

μH−1Þ þ 3

4
e−2ΦF μν

MHMNF μνN

�
þ 4REμνRE

μν − R2
E − 12REμν∂

μΦ∂
νΦþ 4RE∂μΦ∂

μΦ − 4RE□Φþ 8□Φ□Φ

þ 1

2
e−2ΦREF μν

MHMNF μνN − 2e−2ΦREμνF μρMHMNF ν
ρ
N þm2e4ΦðRE − 4□ΦÞ

− 2e−2Φ∂νΦ∇μF μρMHMNF ν
ρ
N þ 1

2
e−2Φ□ΦF μν

MHMNF μνN

�

þ a − b
4

e−2Φ
�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ − 1

16
e−4ΦF μν

MF ρσMF μνPHPQF ρσQ

− 3e−2Φ∂μΦ∂νΦF μρMF ν
ρM þ 1

2
e−2Φ∂ρΦ∂

ρΦF μν
MF μν

M

þ 1

8
e−2ΦF μν

Mð∂ρH∂
ρH−1ÞMNF μν

N þ 1

4
e−2ΦF μν

Mð∂μH∂ρH−1ÞMNF νρ
N

þme2Φϵμνρ
�
ΩðωEÞ

μνρ þ 1

4
e−2ΦF μσ

M
∂
σHMNF νρ

N

�
þm2

8
e2ΦF μν

MF μν
M

−
1

4
e−2ΦREF μν

MF μν
M þ e−2ΦREμνF μρMF ν

ρM −
1

4
e−2Φ□ΦF μν

MF μν
M þ e−2Φ∇μF μρ

∂νΦF ν
ρM

��
: ðB5Þ

Using the field redefinitions (B3), we get

I001 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p �
−
aþ b
8

e−2Φ
�
1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ þ 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ

−
1

64
Trð∂μH∂

μH−1ÞTrð∂νH∂
νH−1Þ þ 1

8
e−4ΦF μν

MHMNF ρσ
NF μρPHPQF νσQ

þ 1

8
e−4ΦF μν

MF ρσMF
μρNF νσ

N −
1

2
e−4ΦF μν

MHMNF μρNF νσPHPQF ρσ
Q

þ 3

16
e−4ΦF μν

MHMNF μνNF ρσ
PHPQF ρσQ − ∂μΦ∂

μΦ∂νΦ∂
νΦ

12Note that here, contrary to what we did in Sec. III, we use partial integrations and field redefinitions before dualizing the
vector fields.
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þ 1

2
∂μΦ∂νΦTrð∂μH∂

νH−1Þ − 1

4
∂μΦ∂

μΦTrð∂νH∂
νH−1Þ

þ e−2Φ∂μΦ∂
μΦF ρσ

MHMNF ρσN − 2e−2Φ∂μΦ∂νΦF μρMHMNF ν
ρ
N

−
1

2
e−2ΦF μν

MðH∂ρH−1
∂
νHÞMNF

μρN þ 1

2
e−2Φ∂ρΦF μν

M
∂
ρHMNF μνN

þme2Φϵμνρ
�
2

3
ΩðGSÞ

μνρ −
1

2
e−2ΦF μσ

MðH∂νH−1ÞMNF ρ
σ
N þ e−2Φ∂σΦF μν

MF σ
ρM

�
− 4m2e4Φ∂μΦ∂

μΦ −m4e8Φ
�

þ a − b
4

e−2Φ
�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ − 1

16
e−4ΦF μν

MF ρσMF μνPHPQF ρσQ

−
1

8
e−4ΦF μν

MF μν
MF ρσ

PHPQF ρσQ þ 1

2
e−4ΦF μρ

MF ν
ρ
MF μσPHPQF ν

σ
Q

þ 1

4
e−2Φ∂ρΦ∂

ρΦF μν
MF μν

M þ 1

32
e−2ΦTrð∂ρH∂

ρH−1ÞF μν
MF μν

M

−
1

8
e−2ΦTrð∂μH∂νH−1ÞF μρMF ν

ρM þ 1

8
e−2ΦF μν

Mð∂ρH∂
ρH−1ÞMNF μν

N

þ 1

4
e−2ΦF μν

Mð∂μH∂ρH−1ÞMNF νρ
N − e−2Φ∂μΦF νρ

Mð∂νHH−1ÞMNF μρ
N

þme2Φϵμνρ
�
ΩðωEÞ

μνρ þ 1

4
e−2ΦF μσ

Mð∂σHMN þ 2∂σΦHMNÞF νρ
N

���
: ðB6Þ

4. Dualization of the vector fields

We now dualize the vector fields into scalars by using the two-derivative dualization Eq. (4.11) in the form

F μν
M ¼ e2ΦϵμνρDρξNHNM; ðB7Þ

with DμξM ¼ ∂μξM þmAμM. We get

Ĩ001 ¼
Z

d3x
ffiffiffiffiffiffiffiffi
−gE

p
e−2Φ

�
−
aþ b
8

�
−∂μΦ∂

μΦ∂νΦ∂
νΦþ 1

16
Trð∂μH∂νH−1

∂
μH∂

νH−1Þ

þ 1

32
Trð∂μH∂νH−1ÞTrð∂μH∂

νH−1Þ − 1

64
Trð∂μH∂

μH−1ÞTrð∂νH∂
νH−1Þ

þ 1

4
e4ΦDμξ

MDνξMDμξNDνξN −
1

4
e4ΦDμξMHMNDνξNDμξPHPQDνξQ

þ 1

4
e4ΦDμξMHMNDμξNDνξPHPQDνξQ þ 1

2
e2ΦDμξMðH−1

∂νH∂
νH−1ÞMNDμξN

−
1

2
e2ΦDμξMðH−1

∂
μH∂νH−1ÞMNDνξN − 2e2Φ∂μΦ∂νΦDμξMHMNDνξN

þ 1

2
∂μΦ∂νΦTrð∂μH∂

νH−1Þ − 1

4
∂μΦ∂

μΦTrð∂νH∂
νH−1Þ þ e2Φ∂μΦDνξM∂

μHMNDνξN

þme2Φϵμνρ
�
2

3
ΩðGSÞ

μνρ −
1

2
e2ΦDμξMðH−1

∂νHÞMNDρξ
N

�
− 4m2e4Φ∂μΦ∂

μΦ −m4e8Φ
�

þ a − b
4

�
−

1

16
Trð∂μH∂

μH−1
∂νH∂

νH−1HηÞ þ 1

4
e4ΦDμξMDνξ

MDμξPHPQDνξQ

−
1

4
e2ΦDμξMð∂νH−1

∂
μHÞMND

νξN −
1

2
e2Φ∂μΦ∂

μΦDνξMDνξM −
1

8
Trð∂μH∂νH−1ÞDμξMDνξM

þ 1

16
Trð∂μH∂

μH−1ÞDνξMDνξM þ e2Φ∂μΦDμξMð∂νH−1HÞMND
νξN þme2ΦϵμνρΩðωEÞ

μνρ

��
; ðB8Þ
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which is equivalent to Eq. (4.26). Note that the terms m
4
ϵμνρF μσ

Mð∂σHMN þ 2∂σΦHMNÞF νρ
N give, upon dualization,

−
m
2
e4ΦϵμνρDμξMð∂νHMN þ 2∂νΦHMNÞDρξN ¼ 0: ðB9Þ

Idem for mϵμνρe−2Φ∂σΦF μν
MF σ

ρM.
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