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In this paper we consider TT̄ deformations in the context of pp waves obtained from gravity duals. We
propose a deformation of AdS5 × S5 similar to the deformation of the single trace TT̄ deformation of
AdS3 × S3 × T4 with NS-NS flux, and study it through the Penrose limit, concluding that it must
correspond to some dipole theory, probably noncommutative. We TT̄ deform the world sheet string for the
AdS5 × S5 pp wave, and find a corresponding spin chain Hamiltonian. Finally, directly TT̄ deforming the
spin chain Hamiltonian obtained from the ppwave, we find that it corresponds to an equivalent Berenstein-
Maldacena-Nastase (BMN) sector of the N ¼ 4 super Yang-Mills.
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I. INTRODUCTION

The TT̄ deformations of quantum field theories in two
dimensions, defined by Zamolodchikov in [1,2], which
are of special importance for integrable theories, have
attracted a lot of interest recently. Although originally
defined as deformations of renormalized theories, through
the normal ordered product of the energy-momentum
tensors T and T̄ [more precisely, the detTμν operator,
so 1

8
ðTαβTαβ − ðTα

αÞ2Þ], in point splitting regularization, it
was soon realized that one can equivalently define the
theory by deforming the classical Lagrangian density by
det Tμν at each step of the deformation, thus finding closed
forms for the Lagrangian, at least in the scalar case [3,4].1

This also leads to deformations of the classical solutions
of the theory, see [6–9]. In higher dimensions, the
equivalent of the TT̄ deformations is less understood,
and there are several proposals of deformations [4,10,11]
(although one can also simply extend the TT̄ deformed
actions to higher dimensions [9]).
Given that the most interesting applications are to

conformal and integrable field theories, a natural question

is this: Can one define a gravity dual that corresponds to
the TT̄ deformations? A first such proposal was consid-
ered in [12], though it just stated that the deformation
amount to giving Dirichlet boundary conditions at a finite
cutoff position from the original boundary, in the
Renormalization Group (RG) direction, r ¼ rc. This,
however, is not quite the definition one would like, namely
to have a deformed gravity dual of the deformed boundary
field theory.
That has been obtained, in a certain sense, in the case of

string theory in the AdS3 × S3 × T4 with NS-NS flux,
considered in [13,14], with a boundary theory given by
Mp=Sp, where M is a conformal field theory (CFT) with
central charge c ¼ 6k, and k is the number of NS5 branes, p
is the number of fundamental strings, with the duality to the
symmetric product space known to be valid for k ¼ 1. In that
case, one can construct string world sheet vertex operators
that correspond to the operators in the boundary CFT that are
“single trace,”

Pp
i¼1 Oi, where Oi is an OðxÞ ∈ M that

lives in the ith factor in the CFT product space. Then the
usual TT̄ deformation of the CFT would be of a “double
trace type,” namely the product of TðxÞ and T̄ðxÞ, both of
which are single traces

Pp
i¼1 TiðxÞ in the CFT, and each

have a corresponding string world sheet (integrated) vertex
operator for the bulk theory. Yet what is easier to understand
in the gravity dual is instead the “single trace” deformation,

Dðz; z̄Þ ¼ A
Xp
i¼1

TiðzÞT̄iðz̄Þ; ð1:1Þ

that has a corresponding (integrated) vertex operator for the
bulk string world sheet, and it has been shown [15] to be
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1Note that there are arguments [5] that the TT̄ deformations are
generically thermodynamically unstable at high temperature.
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given by a TsT transformation of the bulk in the CFT2

directions x and t, and to have many of the properties of the
usual TT̄ deformation of CFT2.
We want then first to ask this: Can we generalize this

construction to the CFT4 case, i.e., to the AdS5 × S5

background? We would take the agnostic point of view,
and construct a gravity dual, then try to understand the
deformation of N ¼ 4 SYM (super Yang-Mills) it corre-
sponds to, by taking a Penrose limit, which usually
simplifies a lot the analysis [16].
Reversely, the second question we ask is this: What is the

TT̄ deformation of the string worldsheet for the AdS5 × S5

(maximally supersymmetric) pp wave, and what does it
correspond for the spin chain in N ¼ 4 SYM? We can
either deform the string world sheet theory, then discretize
it to obtain a corresponding spin chain Hamiltonian, or
consider the deformation of the original pp wave spin
chain Hamiltonian directly, employing a TT̄ deformation
procedure for one-dimensional (quantum mechanics)
Hamiltonians, which we do using the procedure defined
in [17].
The paper is organized as follows. In Sec. II we review

the two-dimensional case, for the gravity dual to the single
trace TT̄ deformation, and its TsT construction. In Sec. III
we apply the procedure to the four-dimensional case. In
Sec. IV we take the Penrose limit of the gravity duals to the
single trace deformation for AdS3 × S3 × T4, and then to
the proposed AdS5 × S5 deformation, and finally propose
an interpretation for the deformation in N ¼ 4 SYM. In
Sec. V, we consider the TT̄ deformation of the maximally
supersymmetric pp wave obtained in the Penrose limit of
AdS5 × S5, first as a deformation of the string world sheet,
discretized to give us a deformed spin chain Hamiltonian,
and then finally as a deformation of the quantum mechani-
cal spin chain Hamiltonian (obtained from the pp wave)
itself, and propose a dual interpretation for this spin chain
from N ¼ 4 SYM. In Sec. VI we summarize and list open
questions. In the Appendix we review the derivation of the
TT̄ deformation of a general quantum mechanical model.

II. TST TRANSFORMATIONS AND TT̄
DEFORMATIONS: TWO-DIMENSIONAL CASE

In the context of the AdS=CFT correspondence, in
particular in the AdS3=CFT2 case, there is a proposed
relation between the TT̄ deformation of the CFT2 at the
boundary and a “single-trace” TT̄ deformation on the string
world sheet in the bulk [13,14], of the type

TðzÞT̄ðz̄Þ≡ A
X
i

TiðzÞT̄iðz̄Þ: ð2:1Þ

Specifically, considering the AdS3 × S3 × T4 solution
with NS-NS flux (using the notation in [15]),

R−2ds2 ¼ e2ρð−dt2 þ dx2Þ þ dρ2 þ 1

4
ðσ21 þ σ22 þ σ23Þ

þ ds2ðT4Þ

H ¼ −2e2ρdt ∧ dx ∧ dρþ 1

4
σ1 ∧ σ2 ∧ σ3; ð2:2Þ

and a constant dilaton Φ ¼ Φ0, the boundary CFT is given
byMp=Sp, whereM is a CFTwith central charge c ¼ 6k,
and k is the number of NS5-branes and p is the number of
fundamental strings (we restrict to k ¼ 1 if we want to be
sure that we have the symmetric product boundary CFT). In
the Bρ0 ¼ Bρ1 ¼ 0 gauge, we have B01 ¼ −e2ρ.
Note that in this paper we will restrict to solutions with

NS-NS flux; the case of Ramond-Ramond (R-R) flux is not
known to be related to a single-trace TT̄ deformation of a
tensor product CFT, hence we will not analyze it; its pp
wave limit will also be considerably different due to the
different fluxes.
Then, as observed in [15], the TT̄ deformed solution

(corresponding to the single trace TT̄ on the world sheet) in
the notation in [18] (the volume of T4 is ð2πlsÞ4v),

ds2

l2s
¼ kð−dt2 þ dx2Þ

l2s
R2 þ e−2ϕ

þ kdϕ2 þ kds2S3 þ ds2T4 ;

e2Φ ¼ vk
p

e−2ϕ

l2s
R2 þ e−2ϕ

≡ e2Φ0
e−2ϕ

l2s
R2 þ e−2ϕ

;

H ¼ −
2e2ϕ

ð1þ l2s
R2 e2ϕÞ2

dt ∧ dx ∧ dϕþ kl2s
4

σ1 ∧ σ2 ∧ σ3;

ð2:3Þ

can be obtained as a TsT transformation in the CFT2

directions x and t (though there is no proof of the relation to
TsT outside this specific case).
To see that, write the TsT transformations from [19],

with −2γ ¼ l2s=R2 (note that the overall scale of the metric
is RAdS ¼ kl2s). We have a T duality on ϕ1 (isometry
direction), then ϕ2 → ϕ2 þ γϕ1, then T duality back on ϕ1.
In the shift step, this changes the metric as

ds2 ¼ ĝ11dϕ2
1 þ ĝ22dϕ2

2 þ 2ĝ12dϕ1dϕ2 þ 2ĝ23dϕ2dϕ3 þ 2ĝ24dϕ2dϕ4 þ � � � →
ds2 ¼ ĝ11dϕ2

1 þ ĝ22ðdϕ2 þ γdϕ1Þ2 þ 2ĝ12dϕ1ðdϕ2 þ γdϕ1Þ þ 2ĝ23ðdϕ2 þ γdϕ1Þdϕ3 þ � � � ⇒
Ĝ11 ¼ ĝ11 þ γ2ĝ22 þ 2γĝ12;

Ĝ1i ¼ ĝ1i þ γĝ2i; ∀ i ≠ 1; ð2:4Þ
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and similar relations for other fields (if there are any). On
the other hand, for T duality, the Buscher rules are

G̃11 ¼
1

G11

; G̃1i ¼
B1i

G11

;

G̃ij ¼ Gij −
G1iG1j − B1iB1j

G11

;

B̃1i ¼
G1i

G11

;

B̃ij ¼ Bij −
G1iB1j − B1iG1j

G11

;

Φ̃ ¼ Φ −
1

2
logG11: ð2:5Þ

Then, indeed, after a T duality in time t, we get (dropping
the R factors)

ds2 ¼ −e−2ρdt2 þ 2dtdxþ dρ2 þ 1

4
ðσ21 þ σ22 þ σ23Þ

þ ds2ðT4Þ;

Φ ¼ Φ0 −
1

2
log e2ρ;

B01 ¼ 0: ð2:6Þ

After the shift x → xþ γt, we find

ds2 ¼ dt2ð−e−2ρ þ 2γÞ þ 2dtdxþ dρ2 þ 1

4
ðσ21 þ σ22 þ σ23Þ

þ ds2ðT4Þ;

Φ ¼ Φ0 −
1

2
log e2ρ;

B01 ¼ 0: ð2:7Þ

And after the T duality back on t, we find

ds2 ¼ e2ρð−dt2þ dx2Þ
1− 2γe2ρ

þ dρ2 þ 1

4
ðσ21þ σ22þ σ23Þþ ds2ðT4Þ;

Φ¼Φ0 −
1

2
loge2ρ −

1

2
logðe−2ρ − 2γÞ

⇒ e2Φ ¼ e2Φ0
e−2ρ

e−2ρ − 2γ
;

B01 ¼ −
e2ρ

1− 2γe2ρ
⇒H01ρ ¼ −

2e2ρ

ð1− 2γe2ρÞ2 : ð2:8Þ

The TsT background above is an example of a
Yang-Baxter transformation. It corresponds to the classical
r matrix

r ¼ 1

2
P0 ∧ P1; ð2:9Þ

where P0 and P1 are generators of the Poincaré group. In
general

r ¼ A ∧ B; ð2:10Þ

where we say that the transformation is said to be Abelian if
½A;B� ¼ 0. See [20] to see how we can build the deformed
backgrounds.
For a background of the form AdSd ×M10−d, TsT

deformations of the inner space M10−d give marginal
deformations of the CFTd−1, while TsT deformations of
the AdS (anti–de Sitter) space give massive theories.
In the AdS3 × S3 × T4 case, the Yang-Baxter deforma-

tion r ¼ 1
2
P0 ∧ P1 gives the dual of the TT̄ deformation.

III. TST TRANSFORMATIONS AND TT̄
DEFORMATIONS: FOUR-DIMENSIONAL CASE

In dimensions higher than two, the definition of TT̄
deformations is not unique: there are several proposals.
The first paper to deal with this, [4], notes that the two-

dimensional deformation

∂tS ¼ 1

2

Z
d2x

ffiffiffi
g

p ½ðϵμνϵρσÞTμρTνσ� ¼
Z

d2x
ffiffiffi
g

p
detTμν

ð3:1Þ

can be generalized by noting that in two dimensions
ϵμνϵρσ ¼ gμρgνσ − gνρgμσ , and then the above deformation
can be trivially generalized to any dimension to the
quadratic form

∂tS ¼ 1

2

Z
d2x

ffiffiffi
g

p ½ðgμρgνσ − gνρgμσÞTμρTνσ�; ð3:2Þ

which now however is not a determinant anymore. They,
however, do not explore this further, other than to say that,
for a single scalar field (with X ¼ ð∂μϕÞ2), one gets

∂tL ¼ ðD − 1Þ
�
D
2
L2 − 2X∂XLL

�
: ð3:3Þ

Instead, they consider the generalization with a deter-
minant to an arbitrary power α, ð− detTÞ1α,

∂tS ¼ 1

α −D

Z ffiffiffi
g

p �
−

1

D!
ϵμ1…μDϵν1…νDTμ1ν1…TμDνD

�1
α

;

ð3:4Þ

and find that they can write a closed form expression of
the deformed Lagrangian of a free scalar field for any D

for α ¼ 1, f 1
2t ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tðX=2ÞD−1

p
− 1�g 1

D−1, but otherwise
the deformation can be considered for any α and any
potential V.
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The subsequent paper of Marika Taylor [10] considers,
instead of the two possibilities above, another one, a
quadratic form similar to the above, but where the trace
part has the coefficient 1=ðD − 1Þ,

∂tS ¼
Z

dDx
ffiffiffi
g

p �
TμνTμν −

1

D − 1
Tμ

μTν
ν

�
; ð3:5Þ

and argues that it is the correct generalization in view of the
holographic proposal of McGough et al. [12].2

But we can consider that the same arguments used
by [15] to find that the single-trace deformation on the
world sheet, giving before a CFT2 TT̄ deformation, is equal
to a TsT transformation in the boundary directions, can be
used to argue that the same is true for AdS5 × S5: the TT̄
deformation is defined by the TsT transformation.
Furthermore, in the AdS5 × S5 case, the TsT trans-

formation is (conjectured to be) dual to noncommutative
deformations of the N ¼ 4 SYM theory [21–25]. In order
to obtain a metric that is Lorentz invariant (though, of
course, the B field is not), one has to consider non-
commutativity in the (01) and (23) directions, correspond-
ing to two successive TsT transformations, one in the (01)
directions, followed by another in the (23) directions. As
in [21,22], the construction must be done in Euclidean

signature, so that the results in the (01) and (23) directions
are the same, and that there are no apparent singularities (in
Minkowski signature, the (01) TsT transformation results in
a factor of 1 − γ2e4ρ instead of 1þ γ2e4ρ, even though TsT
is a symmetry of the string theory).
For a single TsT transformation, in the (01) Euclidean

directions, we start with Bij ¼ 0, Φ ¼ Φ0 and

ds2 ¼ e2ρðdt2 þ dx⃗2Þ þ dρ2 þ ds2
S5
: ð3:6Þ

Then after T duality on t, we still find B ¼ 0, and

ds2 ¼ e−2ρdt2 þ e2ρdx⃗2 þ dρ2 þ ds2
S5
;

Φ ¼ Φ0 −
1

2
log e2ρ: ð3:7Þ

After the shift x → xþ γt, where x ¼ x1, we still have
B ¼ 0, and

ds2¼dt2ðe−2ρþγ2e2ρÞþ2γe2ρdtdxþe2ρdx⃗2þdρ2þds2
S5
;

Φ¼Φ0−
1

2
loge2ρ: ð3:8Þ

Finally, after the T-duality back on t, we have

ds2 ¼ e2ρðdt2 þ dx2Þ
1þ γ2e4ρ

þ e2ρðdx22 þ dx23Þ þ dρ2 þ ds2
S5
;

B01 ¼
γe2ρ

e−2ρ þ γ2e2ρ
⇒ H01ρ ¼ ∂ρB01 ¼ −

4γ

ðe−2ρ þ γ2e2ρÞ2 ;

Φ ¼ Φ0 −
1

2
log e2ρ −

1

2
logðe−2ρ þ γ2e2ρÞ ⇒ e2Φ ¼ e2Φ0

e−2ρ

e−2ρ þ γ2e2ρ
: ð3:9Þ

But rather, for a TsT transformation in the directions (01) and one in the directions (23), but with the same parameter, we
obtain, like in [21,22], a Lorentz invariant metric, though with a non-Lorentz invariant B field,

ds2 ¼ e2ρð−dt2 þ dx⃗2Þ
1þ γ2e4ρ

þ dρ2 þ ds2
S5
;

B01 ¼ B23 ¼
γe2ρ

e−2ρ þ γ2e2ρ
⇒ H23ρ ¼ H01ρ ¼ ∂ρB01 ¼ −

4γ

ðe−2ρ þ γ2e2ρÞ2 ;

Φ ¼ Φ0 − log e2ρ − logðe−2ρ þ γ2e2ρÞ ⇒ e2Φ ¼ e2Φ0

�
e−2ρ

e−2ρ þ γ2e2ρ

�
2

: ð3:10Þ

This is consistent with the results in [21,22]. We can now
Wick rotate back to Minkowski signature.

IV. PENROSE LIMIT OF SINGLE-TRACE
TT̄ DEFORMATIONS OF AdS3 × S3 × T4 AND
AdS5 × S5=N = 4 SYM CORRESPONDENCE

In this section, we want to understand the proposed
single-trace TT̄ deformation of AdS5 × S5 from the point of
view of N ¼ 4 SYM. When a gauge/gravity duality is
difficult to understand, it helps to consider the Penrose

2Note that in [11] a deformation for which the trace part has
coefficient 2=Dwas considered as the correct one for deforming a
Maxwell theory of Abelian p forms to a Born-Infeld-type one,
including cases with S duality, similar to what happens in D ¼ 2
and D ¼ 4.
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limit, which will simplify both sides of the duality.
Moreover, it is interesting to understand what, if any, is
the deformation of the spin chain in the BMN limit?

A. Review of Penrose limit for AdS5 × S5

in Poincaré coordinates

Since the metric (3.10) is written in Poincaré coordi-
nates, it is worth first reviewing the method for dealing with
Penrose limits in Poincaré coordinates, since it is somewhat
unusual. Note that we could consider transforming the
metric in the equivalent of AdS global coordinates, since
then the map to the CFT side is better understood. It is not
clear if that is equivalent to what we do here.
Unlike the Penrose limit in global coordinates, where the

limit is easy to do, and the null geodesic sits in the center of
AdS, at ρ ¼ 0, the Penrose limit in AdS in Poincaré
coordinates involves motion in an extra coordinate. The
method was developed in [26] and later, in more specific
detail, in [27], where it was done for the (near horizon limit
of) Dp-branes in Poincaré coordinates, that includes the
AdS5 × S5 case. It was further used in similar cases in [28].
In both cases, the essential point is that the null geodesic
involves, besides t, motion in two spatial coordinates, one
being the isometry direction and the other the radial
direction.
That is different from the case of motion along a single

isometry direction, discussed for instance in [29]. In this
latter case, for motion in xλ, dxi

dλ ¼ δiλ, so we need no
acceleration in that direction, leading to the conditions
(imposed on the geodesic)

Γi
λλ ¼ 0: ð4:1Þ

For static and diagonal metrics, ∂tgij ¼ 0 and g0i ¼
g0i ¼ 0, the geodesic equation for i ¼ t is always satisfied,
and for motion in an isometry direction, ∂λgμν ¼ 0, we
obtain the simple condition

gil∂lgλλ ¼ ∂
igλλ ¼ 0; ∀ i: ð4:2Þ

Anyway, back to our more general case, for motion in
two directions, following [27], for the case p ¼ 3, i.e.,
for D3-branes giving AdS5 × S5 in Poincaré coordinates,
with metric

ds2 ¼ R2
ð−dt2 þ dx⃗23 þ dz2Þ

z2
þ R2dΩ2

5; ð4:3Þ

where we write the metric in S5 by separating in an angle,
plus an S4,

dΩ2
5 ¼ dψ2 þ sin2 ψdΩ2

4: ð4:4Þ

We consider the null geodesic for motion in ðt; z;ψÞ. It is
not completely obvious that this will give the same as the

motion at fixed ρ ¼ 0 in global coordinates (in the center of
AdS), but we find this is true after the fact, since we get the
same pp wave.
The method involves the following: (1) writing an

effective Lagrangian for motion in ðt; z;ψÞ. From it, we
find the geodesic in terms of a null affine parameter λ that
will be xþ in the end. (2) Then, in terms of that motion on
the geodesic, we change coordinates from ðt; z;ψÞ to
ðλ; β;ϕÞ defined such that we end up with the metric in
the form stated by Penrose as always possible, and leading
to the pp wave in Rosen coordinates. (3) We take the limit
to get the ppwave in Rosen coordinates, and then (4) apply
the usual transformation to get the Brinkmann coordinates.
Applying it for the metric (4.3), we get (1) the effective

Lagrangian for ðt; z;ψÞ motion (taking out the irrelevant
R2 factor)

L ¼ −z−2_t2 þ z−2 _z2 þ _ψ2; ð4:5Þ

which must be taken together with the constraint L ¼ 0, for
a null geodesic (ds2 ¼ 0). Since L is independent of t, ψ
(only on the derivatives), the corresponding equations of
motion are integrated to integrals of motion,

∂L
∂_t

¼ −2E ¼ constant;
∂L
∂ _ψ

¼ 2μ ¼ constant; ð4:6Þ

which together with the constraint L ¼ 0 give three differ-
ential equations for tðλÞ, zðλÞ, ψðλÞ,

_t ¼ z2E; _ψ ¼ μ;

_z2 ¼ _t2 − z2 _ψ2 ⇒ _z ¼ �z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2E2 − μ2

q
: ð4:7Þ

Then we get

μλ ¼
Z

Ez=μ dy

y
ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − 1

p ;

dψ
dz

¼ � μ

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2E2 − μ2

p ;

dt
dz

¼ E
zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2E2 − μ2
p ; ð4:8Þ

integrated to

z ¼ zλ;

t ¼ tλ −
β

E
þ μϕ;

ψ ¼ ψλ þ Eϕ; ð4:9Þ

where tλ and zλ refer to
R

dt
dλdλ and

R
dz
dλ dλ, respectively, and

the coefficients of the β;ϕ extra terms (independent of λ,
so “constants” from the point of view of the previous
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integration) are chosen such that this change of coordinates
gives gλβ ¼ 1, gλϕ ¼ 0, as we will shortly see.
Indeed, by differentiation we obtain

dt ¼ dt
dλ

dλ −
dβ
E

þ μdϕ ¼ z2Edλ −
dβ
E

þ μdϕ;

dψ ¼ dψ
dλ

dλþ Edϕ ¼ μdλþ Edϕ;

dz ¼ dz
dλ

dλ ¼ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2E2 − μ2

q
dλ; ð4:10Þ

and (2) by substituting this in the metric (4.3), we obtain

R−2ds2 ¼ 2dλdβ −
dβ2

E2z2
þ 2μ

E
dβdϕ
z2

þ dϕ2

�
E2 −

μ2

z2

�

þ dx⃗2

z2
þ sin2ðψλ þ EϕÞdΩ2

4; ð4:11Þ

which is exactly in the form stated by the Penrose theo-
rem (2dVdU þ αdV2 þPi βidVdY

i þPi;j Ci;jdYidYj).
We can therefore (3) take the Penrose limit by rescaling

with R and taking R → ∞,

U ¼ λ ¼ u; V ¼ β ¼ v
R2

; Yi ¼ yi

R
; ð4:12Þ

where Yi stands for Ω4;ϕ; x⃗3. Specifically then

Ω⃗4 ¼
y⃗4
R
; ϕ ¼ φ

R
; x⃗3 ¼

x⃗03
R
: ð4:13Þ

The resulting pp wave in Rosen coordinates is

ds2¼2dudvþdφ2

�
E2−

μ2

z2

�
þdx⃗023

z2
þsin2ψλdy⃗2

4 ; ð4:14Þ

and where z ¼ zðλ ¼ uÞ;ψλ ¼ ψλðλ ¼ uÞ.
For the (4) transformation to Brinkmann coordinates, we

have in general

gij ≡ eai e
b
jδab ⇒

u ¼ xþ;

v ¼ x− þ 1

2
_eaieibx

axb;

yi ¼ eiaxa; ð4:15Þ

leading to the Brinkmann form pp wave,

ds2 ¼ 2dxþdx− þHðxþ; xiÞðdxþÞ2 þ dx⃗2

H ¼ Aabxaxb

Aab ¼ ëaieib: ð4:16Þ

In our case, we obtain the vielbeins

eφφ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −

μ2

z2

s
; ex

0
x0 ¼

1

z
; eyy ¼ sinψλ; ð4:17Þ

so the new coordinates are

λ ¼ u ¼ xþ; φ̃ ¼ φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −

μ2

z2

s
; x̃ ¼ x

z
;

ỹ ¼ y sinψλ; z ¼ zðxþÞ; ð4:18Þ

and x− is not needed.
Then

Aỹ ỹ ¼
1

sinψλ

d2

dλ2
sinψλ ¼

1

sinψλ

d
dλ

�
cosψλ

dψ
dλ

�

¼ tan−1 ψλ
d2ψλ

dλ
−
�
dψλ

dλ

�
2

¼ 0 − μ2; ð4:19Þ

and given that

d
dλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −

μ2

z2

s
¼ μ2

z
; ð4:20Þ

we obtain also

Ax̃ x̃ ¼ z
d2

dz2
1

z
¼ −z

d
dλ

�
1

z2
dz
dλ

�
¼ −z

d
dλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −

μ2

z2

s
¼ −μ2;

Aφ̃ φ̃ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

z2

q d2

dλ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −

μ2

z2

s
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − μ2

z2

q d
dλ

μ2

z

¼ −
μ2

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

z2

q dz
dλ

¼ −μ2; ð4:21Þ

so in the end we obtain the usual pp wave,

ds2 ¼ 2dxþdx− − μ2ð˜x⃗3 ˜x⃗3 þ φ̃ φ̃þ˜y⃗4 ˜y⃗4ÞðdxþÞ2
þ d˜x⃗23 þ dφ̃2 þ d˜y⃗24: ð4:22Þ

B. Penrose limit of single-trace TT̄ deformation
of AdS3 × S3 × T4

As a warm-up exercise, we first do the Penrose limit on
the single-trace TT̄ deformation of AdS3 × S3 × T4, where
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we know for sure that the deformation is given by the TsT
transformation.
The metric is (reintroducing the factor of R2 which was

needed for the pp wave limit, as it is taken to infinity, now
corresponding to R2

AdS ¼ kl2s , and writing the metric on S3

as above, in terms of a ψ and an S2)

R−2ds2 ¼ e2ρð−dt2 þ dx2Þ
1þ 2γe2ρ

þ dρ2 þ 1

4
ðdψ2 þ sin2 ψdΩ2

2Þ

þ ds2ðT4Þ: ð4:23Þ

Note that, strictly speaking, R ¼ RAdS → ∞ can be
obtained only for k → ∞, in which case we cannot observe
any potential phase transition in k.
Then (1) the effective Lagrangian for motion in ðt; ρ;ψÞ

is (ignoring the overall R2)

L ¼ −
e2ρ

1þ 2γe2ρ
_t2 þ _ρ2 þ 1

4
_ψ2: ð4:24Þ

It is independent (explicitly) on t and ψ , so the Lagrange
equations of motion are integrated with integrals of motion,

∂L
∂_t

¼ −2
_te2ρ

1þ 2γe2ρ
¼ −2E ¼ constant;

∂L
∂ _ψ

¼ 1

2
_ψ ¼ 2μ ¼ constant; ð4:25Þ

giving

_t ¼ e−2ρð1þ 2γe2ρÞE; _ψ ¼ 4μ: ð4:26Þ

The constraint L ¼ 0 (from ds2 ¼ 0, null geodesic)
gives

_ρ2 ¼ e2ρ

1þ 2γe2ρ
_t2 −

1

4
_ψ2 ⇒ _ρ

¼ �e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ 2γe2ρÞ − 4μ2e2ρ

q
; ð4:27Þ

so that we obtain

λ ¼ �
Z

eρdρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ 2γe2ρÞ − 4μ2e2ρ

p
¼
Z

dðeρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − e2ρð4μ2 − 2γÞ

p ;

¼ 1

4μ2 − 2γ
arcsin

 
eρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ2 − 2γ

p
E

!
; if 4μ2 − 2γ > 0;

dψ
dρ

¼ �4μ
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2ð1þ 2γe2ρÞ − 4μ2e2ρ
p ;

dt
dρ

¼ E
e−ρð1þ 2γe2ρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2ð1þ 2γe2ρÞ − 4μ2e2ρ
p : ð4:28Þ

Then the coordinate transformation ðt; ρ;ψÞ to ðλ; β;ϕÞ
that puts gλβ ¼ 1; gλϕ ¼ 0 is (we fix the coefficients of β;ϕ
in this way)

dρ ¼ dρ
dλ

dλ ¼ e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ 2γe2ρÞ − 4μ2e2ρ

q
dλ;

dψ ¼ dψ
dλ

dλþ Edϕ ¼ 4μdλþ Edϕ;

dt ¼ dt
dλ

dλ −
dβ
E

þ μdϕ ¼ e−2ρEð1þ 2γe2ρÞdλ

−
dβ
E

þ μdϕ: ð4:29Þ

Indeed, (2) substituting the above transformation in the
metric (4.23) we obtain

R−2ds2 ¼ 2dλdβ −
dβ2

E2

e2ρ

1þ 2γe2ρ
þ 2μ

E
dβdϕ

e2ρ

1þ 2γe2ρ

þ dϕ2

�
E2

4
−

μ2e2ρ

1þ 2γe2ρ

�
þ dx2e2ρ

1þ 2γe2ρ

þ sin2ðψλ þ EϕÞdΩ2
2 þ ds2ðT4Þ: ð4:30Þ

Taking the (3) Penrose limit as usual by R → ∞, with

U ¼ λ ¼ u; V ¼ β ¼ v
R2

; Yi ¼ yi

R
; ð4:31Þ

where Yi stands in for ϕ;Ω2; x; T4, so

ϕ¼ φ

R
; Ω⃗2 ¼

y⃗2
R
; x¼ x0

R
; T4 ¼

T 0
4

R
; ð4:32Þ

and where ρ ¼ ρðλ ¼ uÞ;ψλ ¼ ψλðλ ¼ uÞ, we obtain the
pp wave metric in Rosen coordinates,

ds2 ¼ 2dudvþ dφ2

�
E2

4
−

μ2e2ρðuÞ

1þ 2γe2ρðuÞ

�

þ ðdx0Þ2e2ρðuÞ
1þ 2γe2ρðuÞ

þ sin2ψλðuÞdy⃗22 þ ds2ðT 0
4Þ: ð4:33Þ

The dilaton is unchanged through the coordinate changes,
and is

e2Φ ¼ e2Φ0

1 − 2γe2ρðuÞ
: ð4:34Þ
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The B field with the correct power of R in front is

B01dt∧ dx¼−R
e2ρðuÞ

1þ 2γe2ρðuÞ
dt∧ dx;

→R
e2ρðuÞ

1þ 2γe2ρðuÞ
e−2ρðuÞð1þ 2γe2ρðuÞÞEdu∧ dx;

¼−Edu∧ dx0: ð4:35Þ

On the other hand, on the S3, we have

HS3 ¼ R2
1

4
σ1 ∧ σ2 ∧ σ3 ⇒ BS3 ∼R2ψdΩ1 ∧ dΩ2; ð4:36Þ

so in the Penrose limit, we get (ψ ¼ 4μxþ in the Penrose
limit)

BS3 ∼ 4μxþ sin2 4μxþdy1 ∧ dy2: ð4:37Þ

To go to (4) the Brinkmann coordinates, we first define
the vielbeins,

eφφ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

4
− μ2

e2ρ

1þ 2γe2ρ

s
; ex

0
x0 ¼

eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γe2ρ

p ;

eyy ¼ sinψλðuÞ; ð4:38Þ

so the coordinate change is

λ ¼ u ¼ xþ;

φ̃ ¼ φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

4
− μ2

e2ρ

1þ 2γe2ρ

s
;

x̃ ¼ x0
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2γe2ρ
p ;

ỹ ¼ y sinψλðuÞ;
z ¼ zðλ ¼ u ¼ xþÞ; ð4:39Þ

and x− does not need to be written.
Then, for the Brinkmann metric, we find

Aỹ ỹ ¼
1

sinψλ

d2

dλ2
sinψλ ¼ tan−1 ψλ

d2ψλ

dλ2
−
�
dψλ

dλ

�
2

¼ 0 − 16μ2: ð4:40Þ

Moreover, using that

d
dλ

�
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2γe2ρ
p �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ 2γe2ρÞ − 4μ2e2ρ

p
ð1þ 2γe2ρÞ3=2 ; ð4:41Þ

we find

Ax̃ x̃ ¼ e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γe2ρ

q
d2

dλ2

�
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2γe2ρ
p �

;

¼ e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γe2ρ

q
d
dλ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ 2γe2ρÞ − 4μ2e2ρ

p
ð1þ 2γe2ρÞ3=2

#
;

¼ −
4

ð1þ 2γe2ρÞ2 ½ð1þ 2γe2ρÞðγE2 þ μ2Þ − 6γμ2e2ρ�;

ð4:42Þ

and also

Aφ̃ φ̃ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

4
− μ2 e2ρ

1þ2γe2ρ

q d2

dλ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

4
− μ2

e2ρ

1þ 2γe2ρ

s
;

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

4
− μ2 e2ρ

1þ2γe2ρ

q d
dλ

�
−4μ2

eρ

ð1þ 2γe2ρÞ3=2
�
;

¼ −8μ2
1 − 4γe2ρ

ð1þ 2γe2ρÞ2 : ð4:43Þ

The pp wave metric is then

ds2 ¼ 2dxþdx− þHðxþÞðdxþÞ2 þ dφ̃2 þ dx̃2

þ d˜y⃗22 þ ds2ðT4Þ; ð4:44Þ

and

HðxþÞ ¼ Aφ̃ φ̃φ̃
2 þ Ax̃ x̃x̃22 þ Aỹ ỹ

˜y⃗22: ð4:45Þ

Also, we have found λðρÞ, and we saw that λ ¼ xþ, so
inverting it, we get

eρðxþÞ ¼ Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ2 − 2γ

p sin
�
xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4μ2 − 2γ

q �
; if 4μ2 − 2γ > 0:

ð4:46Þ

The string action is written, as usual, in the gauge
xþ ¼ τ, and the conformal (unit) gauge

ffiffiffi
h

p
hab ¼ ηab,

and with ϵ01 ¼ þ1, we get
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Sstring ¼ −
1

4πα0

Z
2πα0pþ

0

dσ
Z

dτ½ηabGμν∂aXμ
∂bXν þ ϵabBμν∂aXμ

∂bXν þ 2πα0ΦRð2Þ�;

¼ −
1

4πα0

Z
2πα0pþ

0

dσ
Z

dτ

�
ηab
X
i≠�

∂aXi
∂bXi − 8μ2φ̃2

1 − 4γe2ρðτÞ

1þ 2γe2ρðτÞ
− 16μ2 ˜y⃗22

−4x̃2
ð1þ 2γe2ρðτÞÞðμ2 þ γE2Þ − 6γμ2e2ρ

ð1þ 2γe2ρðτÞÞ2 − E∂1x0 þ 4μxþsin2ð4μxþÞð∂0y1∂1y2 − ∂1y1∂0y2Þ
�
: ð4:47Þ

Note that x0 ¼ xe−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γe2ρ

p
and y ¼ ỹ= sinð4μxþÞ ¼

ỹ= sinð4μτÞ in the above (for the B field).

C. Penrose limit of proposed single-trace TT̄
deformation of AdS5 × S5

Wemove on to the most interesting case, of the proposed
single-trace TT̄ deformation of AdS5 × S5, and we repeat
the procedure.
For the solution

R−2ds2 ¼ e2ρð−dt2 þ dx⃗23Þ
1þ γ2e4ρ

þ dρ2 þ dψ2 þ sin2 ψdΩ2
4;

B01 ¼ B23 ¼
γe2ρ

e−2ρ þ γ2e2ρ
;

e2Φ ¼ e2Φ0

�
e−2ρ

e−2ρ þ γ2e2ρ

�
2

; ð4:48Þ

we consider motion in ðt; ρ;ψÞ, with the effective
Lagrangian

R−2L ¼ −
e2ρ_t2

1þ γ2e4ρ
þ _ρ2 þ _ψ2; ð4:49Þ

and equations of motion

∂L
∂_t

¼ −
2e2ρ_t

1þ γ2e4ρ
¼ −2E;

∂L
∂ _ψ

¼ 2 _ψ ¼ 2μ ¼ const:; ð4:50Þ

so

_t ¼ e−2ρEð1þ γ2e4ρÞ;
_ψ ¼ μ; ð4:51Þ

plus the condition of null motion, so L ¼ 0, i.e.,

_ρ2 ¼ e2ρ_t2

1þ γ2e4ρ
− _ψ2 ⇒ _ρ¼�e−ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ γ2e4ρÞ− μ2e2ρ

q
;

ð4:52Þ

integrated to

λ ¼ �
Z

eρdρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ γ2e4ρÞ − μ2e2ρ

p
¼ 1

Eγ

Z
dðeρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
γ2
− μ2

4E4γ4
þ
�
e2ρ − μ2

2E2γ2

�
2

r : ð4:53Þ

We obtain

dψ
dρ

¼ �μ
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2ð1þ γ2e4ρÞ − μ2e2ρ
p ;

dt
dρ

¼ �E
e−ρð1þ γ2e4ρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2ð1þ γ2e4ρÞ − μ2e2ρ
p ; ð4:54Þ

leading to the change of coordinates

dρ ¼ dρ
dλ

dλ ¼ dλe−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ γ2e4ρÞ − μ2e2ρ

q
;

dψ ¼ dψ
dλ

dλþ Edϕ ¼ μdλþ Edϕ ⇒

ψ ¼ ψλ þ Eϕ;

dt ¼ dt
dλ

dλ −
dβ
E

þ μdϕ;

¼ e−2ρEð1þ γ2e4ρÞdλ − dβ
E

þ μdϕ; ð4:55Þ

which when substituted in the metric leads to (we obtain
gλϕ ¼ gλλ ¼ 0, gλβ ¼ 1)

R−2ds2 ¼ 2dλdβ −
dβ2

E2

e2ρ

1þ γ2e4ρ
þ 2dβdϕ

μ

E
e2ρ

1þ γ2e4ρ

þ dϕ2

�
E2 − μ2

e2ρ

1þ γ2e4ρ

�
: ð4:56Þ

Take the Penrose limit,

U ¼ λ ¼ u; V ¼ β ¼ v
R2

; Yi ¼ yi

R
; ð4:57Þ

so specifically

ϕ ¼ φ

R
; Ω⃗4 ¼

y⃗4
R
; x⃗3 ¼

x⃗03
R
; ð4:58Þ
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and ρ ¼ ρðλ ¼ uÞ, ψλ ¼ ψλðλ ¼ uÞ. We obtain the pp
wave metric in Rosen coordinates,

ds2Rosen¼2dudvþdφ2

�
E2−μ2

e2ρðuÞ

1þγ2e4ρðuÞ

�

þsin2ðψλðuÞÞdy⃗ 2
4 þðdx⃗ 0

3Þ2
e2ρðuÞ

ð1þγ2e4ρðuÞÞ2 : ð4:59Þ

For the B field, we find (since dt ∧ dx1 þ dx2 ∧ dx2 →
1
REe

−2ρðuÞð1 − γ2e4ρðuÞÞdu ∧ dx01)

B ¼ R
γ

1þ γ2e4ρ
ðdt ∧ dx1 þ dx2 ∧ dx3Þ;

¼ γEe2ρðuÞdu ∧ dx01; ð4:60Þ

and the dilaton remains the same,

e2Φ ¼ e2Φ0

ð1þ γ2e4ρðuÞÞ2 : ð4:61Þ

To go to the Brinkmann coordinates, we note that

eφφ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

e2ρ

1þ γ2e4ρ

s
; e

x0j
x0i
¼ eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ γ2e4ρ
p δji ;

e
uj
yi ¼ sinψλðuÞδji ; ð4:62Þ

so the coordinate transformation is

λ ¼ u ¼ xþ; ỹ ¼ u sinψλðuÞ;

φ̃ ¼ φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

e2ρ

1þ γ2e4ρ

s
; z ¼ zðλ ¼ u ¼ xþÞ;

˜x⃗ ¼ x⃗0
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ γ2e4ρ
p : ð4:63Þ

Then, we find

Aỹ ỹ ¼
1

sinψλ

d2

dλ2
sinψλ ¼ tan−1 ψλ

d2ψλ

dλ2
−
�
dψλ

dλ

�
2

¼ 0 − μ2: ð4:64Þ

Moreover, using that

d
dλ

�
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þγ2e4ρ
p �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þγ2e4ρÞ−μ2e2ρ

q
1−γ2e4ρ

ð1þγ2e4ρÞ3=2 ;

ð4:65Þ

we find

Ax̃ x̃ ¼ e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2e4ρ

q
d2

dλ2
eρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ γ2e4ρ
p ;

¼ e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2e4ρ

q
d
dλ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1þ γ2e4ρÞ − μ2e2ρ

q

×
1 − γ2e4ρ

ð1þ γ2e4ρÞ3=2
�
;

¼ −
E2ð1þ γ2e4ρÞ − μ2e2ρ

ð1þ γ2e4ρÞ2 2γ2e2ρð3 − γ2e4ρÞ

− ð−2E2γ2e2ρ þ μ2Þ 1 − γ2e4ρ

1þ γ2e4ρ
; ð4:66Þ

and also

Aφφ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2 e2ρ

1þγ2e4ρ

q d2

dλ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

e2ρ

1þ γ2e4ρ

s
;

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2 e2ρ

1þγ2e4ρ

q d
dλ

�
−2μ2

eρð1 − γ2e4ρ

ð1þ γ2e4ρÞ3=2
�
;

¼ −2μ2
1 − 8γ2e4ρ − γ4e8ρ

ð1þ γ2e4ρÞ2 : ð4:67Þ

Then the pp wave metric is

ds2 ¼ 2dxþdx− þ
h
Aφφφ

2 þ Ax̃ x̃
⃗x̃23 þ Aỹ ỹ

⃗ỹ24
i
ðdxþÞ2

þ dφ̃2 þ ðd ⃗x̃3Þ2 þ ðd ⃗ỹ4Þ2; ð4:68Þ

and the string action, in the light-cone gauge with
xþ ¼ τ, is

Sstring ¼ −
1

4πα0

Z
2πα0pþ

0

dσ
Z

dτ
h
ηabGμν∂aXμ

∂bXν þ ϵabBμν∂aXμ
∂bXν þ 2πα0ΦRð2Þ

i
;

¼ −
1

4πα0

Z
2πα0pþ

0

dσ
Z

dτ

	
ηab
X
i≠�

∂aXi
∂bXi − 2μ2φ̃2

1− 8γ2e4ρðτÞ − γ4e8ρðτÞ

ð1þ γ2e4ρðτÞÞ2

−μ2 ˜y⃗24 − ⃗x̃23

�
ð−2E2γ2e2ρðτÞ þ μ2Þ 1− γ2e4ρðτÞ

1þ γ2e4ρðτÞ
þE2ð1þ γ2e4ρðτÞÞ − μ2e2ρðτÞ

ð1þ γ2e4ρðτÞÞ2 2γ2e2ρðτÞð3− γ2e4ρðτÞÞ
�


þ γe2ρðτÞ∂σx01;

ð4:69Þ
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and note that in the above, x0 ¼ x̃e−ρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2e4ρ

p
(for the

term coming from the B field).
As a simple check, note that the γ → 0 limit of the above

reduces to the string on the maximally supersymmetric pp
wave, with parameter μ (the bosonic part of the action).

D. Interpretation in N = 4 SYM of the deformation

1. Symmetries

To understand the TT̄ deformation, and more specifically
its Penrose limit, consider first the symmetries of the
gravitational background, and match them against the
symmetries in field theory.
In the case of the pp wave of AdS5 × S5, the initial

symmetry of PSUð2; 2j4Þ, with bosonic subgroup
SOð4; 2Þ × SOð6Þ, gets changed in the Penrose limit to
the pp wave algebra. In particular, SOð4; 2Þ breaks to
SOð4Þ1 × SOð2Þ1, where SOð2Þ1 corresponds to xþ trans-
lations, and SOð4Þ1 rotates the ⃗x̃3 and φ, and SOð6Þ breaks
to another SOð4Þ2 × SOð2Þ2, where SOð2Þ2 corresponds to
x− translations, and SOð4Þ2 rotates the ⃗ỹ4.
Of course, at least as far as the bosonic action goes,

SOð4Þ1 × SOð4Þ2 is actually enhanced to SOð8Þ, but that is
irrelevant, since the 5-form F5 (the coupling to fermions)
breaks SOð8Þ back to SOð4Þ1 × SOð4Þ2.
Now, in the TT̄ deformed case, for the metric, xþ ¼ τ

translation is not a symmetry anymore, so SOð2Þ1 is gone,
and SOð4Þ1 is further broken to SOð3Þ, that rotates x⃗3 only
(no φ). However, the B field breaks further SOð3Þ to
SOð2Þ01, rotating only x2, x3. So, we have the symmetry
SOð2Þ01 × SOð4Þ × SOð2Þ2. But, like in the undeformed
case, there must also be some translation-type generators ei
and e�i , or ai and a†i , that supplement the breaking of the

rotational symmetry during the Penrose limit, giving a total
number of generators equal to the one before the limit
(since the number of generators cannot decrease in the
Penrose limit).
Indeed, before the Penrose limit we have SOð2Þ1×

SOð2Þ2 × SOð6Þ, for x0, x1 and x2, x3 rotations, and for
S5 rotations, for a total of 1þ 1þ 15 ¼ 17 bosonic
generators. But after the Penrose limit we find only
1þ 1þ 6 ¼ 8, so we miss 9 generators. Since the we
have the same −μ2 ˜y⃗24ðdxþÞ2 term as in the undeformed
metric, we have the same 4þ 4 extra Killing spinors (see
[30,31]; ∂i ¼ ∂=∂ỹi)

ξei ¼ − cosðμxþÞ∂i − μ sinðμxþÞỹi∂−;
ξe�i ¼ −μ sinðμxþÞ∂i þ μ2 cosðμxþÞỹi∂−: ð4:70Þ

Then we can write (as in [16]) ai ∼ ei þ e�i and
Mij ¼ xi∂j − xj∂i ¼ iða†i aj − a†jaiÞ, with ½ai; a†j � ¼ δij
(harmonic oscillators) and e ¼ −p− commuting with
everything. We also have h ¼ −pþ ¼ μ

P
i a

†
i ai and this

gives the bosonic algebra. We are still missing one
generator, but this is just M23 ¼ x2∂3 − x3∂2.
Since the SOð4Þ2 symmetry is maintained, and that

corresponded to a R-symmetry rotation of the four positive
J fermions, it seems to suggest that the supersymmetry is
still N ¼ 4.

2. Quantization and eigenvalues vs. SYM
anomalous dimensions

The equations of motion of the modes are

ð−∂2τ þ ∂
2
σ − μ2Þyi ¼ 0; i ¼ 1;…; 4�

−∂2τ þ ∂
2
σ − 2μ2

1 − 8γ2e4ρðτÞ − γ4e8ρðτÞ

ð1þ γ2e4ρðτÞÞ2
�
φ ¼ 0;

	
−∂2τ þ ∂

2
σ −
�
ð−2E2γ2e2ρðτÞ þ μ2Þ 1 − γ2e4ρðτÞ

1þ γ2e4ρðτÞ
þ E2ð1þ γ2e4ρðτÞÞ − μ2e2ρðτÞ

ð1þ γ2e4ρðτÞÞ2 2γ2e2ρðτÞð3 − γ2e4ρðτÞÞ
�


x̃a ¼ 0; a ¼ 2; 3

	
−∂2τ þ ∂

2
σ −
�
ð−2E2γ2e2ρðτÞ þ μ2Þ 1 − γ2e4ρðτÞ

1þ γ2e4ρðτÞ
þ E2ð1þ γ2e4ρðτÞÞ − μ2e2ρðτÞ

ð1þ γ2e4ρðτÞÞ2 2γ2e2ρðτÞð3 − γ2e4ρðτÞÞ
�


x̃1

þ γ∂σ
h
e2ρðτÞe−ρðτÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2e4ρðτÞ

q i
¼ 0: ð4:71Þ

We choose as usual for all the modes

Xi ¼ Xi
0 exp½−iωτ þ ikiσ�; ð4:72Þ

and with the usual rescaling by pþ for the gauge condition, we get for the quantization of the momenta around the σ circle

ki;n ¼
ni

α0pþ : ð4:73Þ
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Then the only simple modes are the ỹis, for which we get
the usual

ðω2
y − k2i − μ2Þỹi0 ¼ 0 ⇒ ω2

y ¼ μ2 þ k2i ⇒

ωy

μ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2i

ðμα0pþÞ2

s
: ð4:74Þ

3. Discretization and spin chain

Consider, as usual, a Z ¼ X1 þ iX2 field that is charged
under the J ¼ i∂ψ in the gravity dual, and the rest we call
Φi, i ¼ 1, 2, 3, 4, and their insertions into Tr½ZJ� corre-
spond to string modes.
The undeformed case (N ¼ 4 SYM) has a ppwave with

SOð4Þ1 × SOð2Þ1 × SOð4Þ2 × SOð2Þ2 symmetry, with the
1 index corresponding to theN ¼ 4 SYM directions, so the
insertions of DiZ ¼ ∂iZ þ ½Ai; Z�, whereas the 2 index
corresponding to the transverse scalar directions, so the
insertions of the Φis.
On the other hand, in the TT̄ deformed case, we have a

pp wave with SOð2Þ01 × SOð4Þ2 × SOð2Þ2 symmetry, and
again the 2 index corresponds to transverse scalar direc-
tions, so insertions of the Φis, and it is unchanged.
Moreover, the interactions coming from the (transverse
part of the) pp wave are the same, so the interaction
Hamiltonian (the potential) in field theory is unchanged,
namely ½Φi;Φj�2.
But the DiZ insertions must change, since now we have

only SOð2Þ × SOð2Þ symmetry, instead of SOð4Þ1. That
should mean a dipole theory change in the kinetic term,
breaking Lorentz invariance, (01) and (23) being singled
out. That happens for the case of noncommutative theories,
for instance (which are examples of dipolelike theories).
Also, SOð4Þ2 ≃ SUð2Þ × SUð2Þ, which means that there is
one N ¼ 2 supersymmetry acting on half of the fermions
[fermions are in some complex representation, so of
SUð2Þ], and another N ¼ 2 supersymmetry on the other
half of fermions (since Lorentz symmetry is broken).
Because the TsT deformation was argued in [21–25] to

be dual to the noncommutative (star product) deformation
of the field theory, it is very likely, though the Penrose limit
could involve extra subtleties, that the dipole theory is
noncommutative. In fact, in [32] the (null) dipole deformed
theory of [33] was related to some TsT deformation, and
the full spin chain [in the SLð2Þ sector, away from the
BMN limit] was described.3

In conclusion, we have the TT̄ deformation, followed by
Penrose limit gives a deformation of theN ¼ 4 SYM in the
kinetic term, for instance through the change of the usual

product with the star product, giving a noncommutative
theory, but other possibilities for the dipole theory could
also happen.

V. TT̄ DEFORMATION OF STRING WORLD
SHEET ON AdS5 × S5 pp WAVE VS. N = 4

SYM SPIN CHAIN DEFORMATION

Next, we consider the opposite order: first Penrose limit,
then TT̄ deformation. That is, we would like to find the TT̄
deformation of the BMN sector of N ¼ 4 SYM. There are
several ways that could be defined, however.

A. First try: Discretization of two-dimensional TT̄
deformed string world sheet

Since the BMN spin chain Hamiltonian, describing
N ¼ 4 SYM interactions in the BMN limit, is obtained
from a discretization of the string Hamiltonian on the pp

wave, written in terms of ϕi ¼ aiþa†iffiffi
2

p , just that ai are Cuntz

oscillators at a site, we can try first to discretize the TT̄
deformed string worldsheet Hamiltonian.
Then, by TT̄ deforming the string world sheet

Hamiltonian on the pp wave and discretizing, we should,
almost by definition, obtain the TT̄ deformed spin chain in
terms of Cuntz oscillators: we could, in fact, define the
deformed spin chain like that. The question then is whether
this would be useful, meaning whether the resulting
Hamiltonian can be derived from SYM, or from a deformed
SYM, using the same procedure [16] did for the unde-
formed case.
In [4], a TT̄ deformed Lagrangian density for a

two-dimensional scalar with a potential V was given.
Specializing for the case of just a mass term, V ¼ μ2X2=2,
it is

L¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2λð∂μXÞ2ð1−λμ2X2=2Þ

q
−ð1−λμ2X2Þ

2λð1−λμ2X2=2Þ : ð5:1Þ

If we consider several scalars Xi, we can consider the
independent TT̄ deformation for each of them, and sum the
corresponding Lagrangians, which is what we will do here.
Therefore when discretizing, and when considering

several coordinates (scalars) XI, we obtain the TT̄
deformed Lagrangian

L ¼
Z

dxL →
X
I;i

LI
i ; ð5:2Þ

where, since ð∂μXÞ2 ¼ − _X2 þ ðX0Þ2, and ðX0Þ2 discretizes
as ðXi − Xiþ1Þ2=a2 (a is the length of a step on the chain),
we have (no sum over i and I)

3We thank Fedor Levkovich-Maslyuk for mentioning his work
to us after the first version of our paper appeared on the arXiv.
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LI
i ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λð−ð _XI

iÞ2 þ ðXI
i − XI

iþ1Þ2=a2Þð1 − λμ2I ðXI
iÞ2=2Þ

q
− ð1 − λμ2I ðXI

iÞ2Þ
2λð1 − λμ2I ðXI

iÞ2=2Þ
: ð5:3Þ

Expanding in λ, we get

LI
i ¼

1

2
½ð _XI

iÞ2 − ðXI
i − XI

iþ1Þ2=a2 − μ2I ðXI
iÞ2�

þ λ

�
1

4
ðð _XI

iÞ2 − ðXI
i − XI

iþ1Þ2=a2Þ2 −
1

4
μ4I ðXI

iÞ4
�

þ � � � : ð5:4Þ

The canonical momentum is, in the λ expansion,

pI
i ¼

∂LI
i

∂ _XI
i

¼ _XI
i þ λ _XI

iðð _XI
iÞ2 − ðXI

i − XI
iþ1Þ2=a2Þ þ � � � ;

ð5:5Þ

and the Hamiltonian, in the same expansion,

HI
i ¼ pI

i
_XI
i − LI

i

¼ 1

2
½ð _XI

iÞ2 þ ðXI
i − XI

iþ1Þ2=a2 þ μ2I ðXI
iÞ2�

þ λ

4

�
3ð _XI

iÞ4 − 2ð _XI
iÞ2ðXI

i − XI
iþ1Þ2=a2

− ðXI
i − XI

iþ1Þ4=a4μ4I ðXI
iÞ4
�
þ � � � : ð5:6Þ

Next, in order to find the spin chain Hamiltonian (in
terms of Cuntz oscillators at a site aIi ), we need to write

XI
i ¼

aIie
−iμI t þ ðaIiÞ†eiμtffiffiffi

2
p ; ð5:7Þ

and only at the end of the calculation, after taking the time
derivatives, put t ¼ 0. In the leading term, we obtain

HI
i ¼

aIiðaIiÞ†þðaIiÞ†aIi
2

þ 1

a2

�
aIi þðaIiÞ†ffiffiffi

2
p −

aIiþ1þðaIiþ1Þ†ffiffiffi
2

p
�

2

ð5:8Þ

(this was what was obtained in [16]), but the next term
looks more complicated.
The total Hamiltonian H needs to be diagonalized in

order to find the spectrum. For that, we must define (at least
in the leading term, not clear if we need to modify this for
the other terms) first a Fourier transform,

aj ¼
1ffiffiffiffi
L

p
XL
n¼1

e
2πijn
L bn; ð5:9Þ

then the mixing of forward and backward (left and right)
waves,

bn ¼
cn;1 þ cn;2ffiffiffi

2
p ; bL−n ¼

cn;1 − cn;2ffiffiffi
2

p ; ð5:10Þ

for n ≤ L=2, and finally a Bogoliubov transformation
mixing cs and c†s,

dn;i ¼ αn;icn;i þ βn;ic
†
n;i; i ¼ 1; 2; ð5:11Þ

to obtain a diagonal Hamiltonian. Moreover, one can check
that, in the dilute gas approximation dn;i approximately
satisfy the usual commutation relations (½d; d†� ¼ 1;
½d; d� ¼ 0; ½d†; d†� ¼ 0), and not anymore the Cuntz ones.
We should check that/if the transformation above still

holds, and the commutation relations in the dilute gas
approximation still hold.
However, it does not hold, as we now show.
The Hamiltonian is found as follows. For the one-scalar

Lagrangian, we find

HðλÞ ¼ p _ϕ − L ¼ 1

2λ̄

1þ 2λ̄ϕ02ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λ̄ð− _ϕ2 þ ϕ02Þ

q þ Ṽ; ð5:12Þ

where

λ̄ ¼ λð1 − λVÞ; Ṽ ¼ −
1

2λ̄
ð1 − 2λVÞ: ð5:13Þ

Then, in our case, with XI
i , we have

pI
i ¼

∂LI
i

∂ _XI
i

¼ 4 _XI
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2λ
�
1 − λ

μ2ðXI
i Þ2

2

�
ð−ð _XI

iÞ2 þ ðX0I
i Þ2Þ

r ;

ð5:14Þ

and so the Hamiltonian is
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H ¼ 1

2λ

�
1 − λμ2ðXI

i Þ2
2

�

×
1þ 2λð1 − λμ2ðXI

i Þ2
2

ÞðX0I
i Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2λ

�
1 − λ

μ2ðXI
i Þ2

2

�
ð−ð _XI

iÞ2 þ ðX0I
i Þ2Þ

s

−
1 − λμ2ðXI

iÞ2

2λ

�
1 − λμ2ðXI

i Þ2
2

� : ð5:15Þ

In order to get the spin chain Hamiltonian, we substitute
in it the fields in terms of creation and annihilation
operators, so

ð _XI
iÞ2ðt¼0Þ¼μ2

2

h
−ðaIiÞ2− ða†Ii Þ2þaIia

†I
i þa†Ii a

I
i

i
;

ðX0I
i Þ2¼ðXI

i −XI
iþ1Þ2=a2;

μ2ðXI
iÞ2¼

μ2

2

h
ðaIiÞ2þða†Ii Þ2þaIia

†I
i þa†Ii a

I
i

i
: ð5:16Þ

The explicit formula is somewhat long, so we do not
write it here.
Then, in terms of the Fourier modes of the aIj, namely

aIj ¼ 1ffiffiffi
L

p
P

L
n¼1 e

2πijn
L bIn, where if (approximately, for Cuntz

oscillators at a site acting on states in the dilute gas
approximation) ½ak; a†j � ¼ δjk, we obtain ½bn; b†m� ¼ δnm,
and

XL−1
j¼0

a†Ij a
I
j ¼

XL−1
n¼0

b†In bIn; ð5:17Þ

and

AI
j ≡

h
ðaIj þ a†Ij Þ − ðaIjþ1 þ a†Ijþ1Þ

i
;

¼
XL−1
n¼0

1ffiffiffiffi
L

p
h
e
2πinj
L ðe2πin

L − 1ÞbIn þ e−
2πinj
L ðe−2πin

L − 1Þb†In
i
:

ð5:18Þ

Further, defining the forward and backward (left and

right) waves, bIn ¼ cIn;1þcIn;2ffiffi
2

p , bIL−n ¼
cIn;1−c

I
n;2ffiffi

2
p , the commuta-

tion relations are once again respected, and moreover

b†In bIn þ b†IL−nb
I
L−n ¼ c†In;1c

I
n;1 þ c†In;2c

I
n;2; ð5:19Þ

and

AI
j ¼
XL=2
n¼0

1ffiffiffiffi
L

p
h
e
2πinj
L ðe2πin

L −1ÞbInþe−
2πinj
L ðe−2πin

L −1Þb†In

þe−
2πinj
L ðe−2πin

L −1ÞbIL−nþe
2πinj
L ðe2πin

L −1Þb†IL−n
i
: ð5:20Þ

Until now, the steps are useful and continue to work in
the same way in our Lagrangian.
However, the essential next step does not, since it relies

on making the sum
P

jðAI
jÞ2, and in our case, ðAjÞ2 appears

inside a complicated expression with square root, and only
then it is summed over.
With

XL1

j¼0

ðAI
jÞ2 ¼

XL=2
n¼0

	
−
�
1 − cos

2πn
L

�

×
�
c†In;1c

I
n;1 þ cIn;1c

†I
n;1 þ c†In;2c

I
n;2 þ cIn;2c

†I
n;2

�
þ 2

�
1 − cos

2πn
L

�

×
h
ðcIn;1 þ c†In;1Þ2 − ðcIn;2 − c†In;2Þ2

i

; ð5:21Þ

we would have the Hamiltonian finally in a form in which
we could use a Bogoliubov transformation.
Indeed, for a general Hamiltonian

H ¼ β
aa† þ a†a

2
� α

ða� a†Þ2
2

¼ β

��
1þ α

β

�
aa† þ a†a

2
� α

2β
ða2 þ ða†Þ2Þ

�
; ð5:22Þ

the Bogoliubov transformation is

b ¼ α̃aþ β̃a†; ð5:23Þ

and if we impose that ½b; b†� ¼ 1 (like ½a; a†� ¼ 1), we get
jαj2 − jβj2 ¼ 1. Imposing diagonalization, so no b2 or
ðb†Þ2 terms in H, we obtain the condition�

1þ α

β

�
α̃þb̃� ¼ � α

β
½ðα̃�Þ2 þ ðβ̃�Þ2�: ð5:24Þ

If we have α; β ∈ R, then we can define α̃ − β̃≡ 1ffiffiffi
ω

p ,
α̃þ β̃ ¼ ffiffiffiffi

ω
p

, and obtain

ω1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α=β
1þ 3α=β

s
; ω2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3α=β
1 − α=β

s
; ð5:25Þ

and for both values of ω the diagonal Hamiltonian

H ¼ ω
bb† þ b†b

2
: ð5:26Þ
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B. TT̄ deformation of quantum mechanical spin chain
in N = 4 SYM

If the first try was a deformation of the two-dimensional
system, followed by a discretization, and it was not very
successful (very useful), in that we could not diagonalize
the Hamiltonian to find the spectrum, we can next try to
deform directly the one-dimensional spin chain.
One approach is defined specifically for spin chains.

In [34,35] it was argued that the previous integrability-
preserving deformation of spin chains defined by
Bargheer, Beisert, and Loebbert in [36,37] is actually a
TT̄ deformation.
They claim that, first, the seminal paper [3] defining

explicit TT̄ deformations of 2 dimensional QFTs already
defines them via a Bethe ansatz, so it is worth following
the same way to define the TT̄ deformations of spin
chains [35].
They also say that the deformations of the Bethe-Yang

equations

eipjR
YN
k≠j

Sðpk; pjÞ ¼ 1; ð5:27Þ

are via a deformation of the Castillejo-Dalitz-Dyson (CDD)
factor appearing in the S matrix. Specifically, one can keep
the S matrix fixed and modify the equations as

eipjRþiαðXjY−YjXÞ
YN
k≠j

Sðpj; pkÞ ¼ 1; ð5:28Þ

or equivalently, modify the S matrix by multiplication with
a phase (CDD factor),

Sðpj; pkÞ → eiαðXkYk−XkYjÞSðpj; pkÞ: ð5:29Þ

These were the integrable deformations of spin chains
found by [36,37].
In the case of the TT̄ deformation, the claim is that one

can take Xj ¼ pj and Yj ¼ HðpjÞ, but the arguments are
somewhat indirect (in particular, the fact that integrability
must be preserved).
One should also mention the works [38–40] where the

TT̄ deformation of the world sheet string in gravity duals, in
particular on ppwaves, is considered through an analysis of
the world sheet Hamiltonian arising in uniform light-cone
gauge, and is found to equal to the TsT transformation in
time t and one compact direction ϕ in spacetime. For the
AdS3 × S3 case [38], in the massless case one indeed finds
the usual [3,4] two-dimensional deformation of massless
bosons (on the world sheet), though in the massive case and
in the AdS5 × S5 case [39,40] one finds a difference, which
is hard to understand physically. We do not understand this
method and the discrepancy well enough to comment

intelligently on it. Instead, in the method used below, such
discrepancy is not possible by construction.
However, there is a parallel line of inquiry, one that is

also cited by [35] as previous work, by David Gross
et al. [17,41], in which the TT̄ deformation of quantum
mechanics is proposed, based on the holographic proposal
of McGough et al. [12] and AdS2, and a dimensional
reduction from AdS3, and a corresponding one on the
boundary.4,5 This is the approach we will follow here. Note
that there is some controversy about the applicability of this
result to the case with a potential: In [45] it was argued that
the original two-dimensional theory must be conformal
invariant, so no potential can be present. But the controversy
is mostly about semantics: In the Gross et al. prescription,
the definition of the one-dimensional analog of TT̄ defor-
mation was such that it coincides with the holographic AdS2
one of [12]. Otherwise, the reduction prescription from two
dimensions might not work for nonconformal seed theories,
as [45] argued. We will, however, continue applying the
original procedure as it was developed.
In Secs. 3 and 4 of [17], the deformation of quantum

mechanics is defined as6

H ¼
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λ

�P
i
p2
i
2
þ VðfqigÞ

�s

4λ
; ð5:32Þ

which leads to

4Note that there is also a third deformation, in terms of a
bilinear operator, in the papers of Cardy and Doyon [42], and
Yunfeng Jiang [43], though it was not developed further, so we
will not describe it.

5See also [44] for an alternative derivation of this proposal.
6Note some signs are different with respect to [17]. It was easy

to check that the signs were wrong, since the λ → 0 limit does not
work. Instead, [17] has the formula

L ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 4λ

P
i _q

2
i Þð1 − 8λVÞ

p
4λ

; ð5:30Þ

which would correspond to taking λ → −λ AND V → −V
in (5.33). However, in the Hamiltonian, this was not what was
considered, so their formula has incorrect signs.
One observation is that the two-dimensional TT̄ deformed
Lagrangian density is

L ¼ 1 − 2λV
2λð1 − λVÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1þ 2λ

P
ið− _q2i þ q02i Þ�ð1 − λVÞ

p
2λð1 − λVÞ ; ð5:31Þ

and if we naively put q0 ¼ 0 in (5.30), we get a similar (but not
quite! the formula above in two dimensions has the correct sign
for V in the λ → 0 limit; it only matches with their Lagrangian for
V ¼ 0, and rescaling λ by 2) formula to the above, which may be
the reason for the confusion.
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L ¼ −
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 4λ

P
i _q

2
i Þð1 − 8λVÞ

p
4λ

; ð5:33Þ

via

pi ¼ _qi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λV

1þ 4λ
P

i _q
2
i

s
: ð5:34Þ

Further, in [41] it was shown that this TT̄ deformation of
the quantum mechanics replaces the Hamiltonian H with a
function of it, fðHÞ, which means that the eigenfunctions
do not change.
Note that, in general, if

Hðqi; piÞ ¼ fðH0ðqi; piÞÞ; ð5:35Þ

and H0 has conserved quantities, _pi ¼ 0, so ∂H0

∂qi
¼ 0,

then also

∂H
∂qi

¼ f0ðH0Þ
∂H0

∂qi
¼ 0; ð5:36Þ

so all classical integrals of motion remain integrals of
motion, and therefore a classically integrable system
remains integrable after the (TT̄, in this case) deformation.
We see that the Hamiltonian deformation (A12) is very

easy to work with. Anything that we did withH0 and E0 we
can do with HðλÞ and EðλÞ. In particular, we can write the
explicit form in a; a† oscillators, and diagonalize it.
So the discretized pp wave Hamiltonian (dual to the

original spin chain in the dilute gas approximation) (5.8)
can be TT̄ deformed,

HðλÞ ¼ μ
1

4λμ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λμ

X
i;I

�
aIiðaIiÞ† þ ðaIiÞ†aIi

2
þ 1

a2

�
aIi þ ðaIiÞ†ffiffiffi

2
p −

aIiþ1 þ ðaIiþ1Þ†ffiffiffi
2

p
�

2
�s �

; ð5:37Þ

and the deformation can be diagonalized, obtaining (in the
AdS5 × S5 case)

Eðλ;g2N;n=JÞ¼ μ
1

4λμ

0
BB@1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−8λμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þg2N

π2
sin2

πn
J2

svuut
1
CCA:

ð5:38Þ

Note that the discretization and TT̄ deformation are not
commutative. In the previous subsection we TT̄ deformed
first, and then discretized, now we do the opposite. This is
besides the noncommutativity of the TT̄ deformation and
Penrose limit, which is also present: Here we take the
Penrose limit first, then deform, whereas in the previous
section, we first deformed, then took the Penrose limit.

C. Deformation of N = 4 SYM

We now try to interpret the quantum mechanical TT̄
deformation from the point of view of N ¼ 4 SYM.

1. Symmetries and symmetry algebra

We start with an analysis of the symmetries and their
algebra.
Since HðλÞ ¼ fðH0Þ, the global symmetries of the

Hamiltonian continue to be symmetries of the deformed
one. In particular, the SOð2Þ1 × SOð4Þ1 × SOð2Þ2 ×
SOð4Þ2 with, in the bosonic case, SOð4Þ1 × SOð4Þ2
extended to SOð8Þ, continues to hold for the deformed
pp wave Hamiltonian, as it was for the usual pp wave

Hamiltonian. Also true for the N ¼ 4 supersymmetry (or,
more precisely, to the 16 supercharges).
This means that in this case we are dealing with a

deformed sector within N ¼ 4 SYM.
The bosonic symmetry algebra of the string pp wave

Hamiltonian on AdS5 × S5, matching the one of N ¼ 4
SYM, is defined in terms of Killing spinors (see [31]) for
the pp wave variables (with respect to that paper, we have
defined μ ¼ 2λ),

h ¼ ξeþ ¼ −∂þ; ξe− ¼ −∂−;

ξei ¼ − cosðμxþÞ∂i − μ sinðμxþÞỹi∂−; i ¼ 1;…; 8

ξe�i ¼ −μ sinðμxþÞ∂i þ μ2 cosðμxþÞỹi∂−;
ξMij

¼ xi∂j − xj∂i; i; j ¼ 1;…; 4 or 5;…; 8: ð5:39Þ
The algebra is obtained by defining harmonic oscillators

ai ¼ ðei þ ie�i Þ=
ffiffiffi
2

p
, so ½ai; a†j � ¼ δij, then Mij ¼ iða†i aj −

a†jaiÞ and H ¼ H0 ¼ −pþ ¼ μ
P

i a
†
i ai, while e ¼ −p−

commutes with everything.
More precisely, we want to obtain the commutation

relations

½ai; a†j � ¼ eδij;

½ih; a†i � ¼ μa†i ; ½−ih; a†i � ¼ −μai;

½Mij; ak� ¼ −δikaj þ δjkai; ½Mij; a
†
k� ¼ −δika†j þ δjka

†
i :

ð5:40Þ
But the symmetry algebra of the ξs (which we will now

call just ei; e�i ;Mij; h) is, redefining e�i → μe�i ,
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½ei; e�j � ¼ ðμeÞδij;
½h; ei� ¼ μe�i ; ½h; e�i � ¼ −μei;

½Mij; ek� ¼ −δikej þ δjkei; ½Mij; e�k� ¼ −δike�j þ δjke�i :

ð5:41Þ

Then, defining

ai ¼ aei þ ibe�i ; a†i ¼ a�e�i − ib�ei; ð5:42Þ

we obtain

½ai; a†j � ¼ ðjaj2 þ jbj2ÞðμeÞδij; ð5:43Þ

so

jaj2 þ jbj2 ¼ 1

μ
: ð5:44Þ

Moreover,

½−ih; ai� ¼ −μðbei þ iae�i Þ;
≡ −μðaei þ iae�i Þ ¼ −μai ⇒ a ¼ b;

½ih; a†i � ¼ þμðb�e�i − ia�eiÞ;
≡þμða�e�i − ib�eiÞ ¼ þμa†i ⇒ a ¼ b: ð5:45Þ

So we finally have

a¼ b¼ 1ffiffiffiffiffi
2μ

p ⇒ ai ¼
ei þ ie�iffiffiffiffiffi

2μ
p ; a†i ¼

e�i − ieiffiffiffiffiffi
2μ

p : ð5:46Þ

Then we can represent

Mij ¼ iða†i aj − a†jaiÞ; ð5:47Þ

and

ih ¼ μ

e

X
i

a†i ai: ð5:48Þ

We can redefine ai ¼
ffiffiffi
e

p
ãi (since we can treat e as a

number, since it is a central charge: it commutes with
everything, it is ¼ −p− ¼ −pþ), and then we have (we
write H instead of h, to underline the fact that we now talk
about the TT̄ deformed one-dimensional Hamiltonian)

ð�iÞH ¼ μ
X
i

ã†i ãi;

¼
X
n≥1

cn
1

λ
ðλH0Þn ≡ 1

4λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λH0

p �
;

¼
X
n≥1

cn
1

λ

h
λμ0
X
i

ã†0;iã0;i
i
n
;

¼ μ0
X
n≥1

ðλμ0Þn−1
hX

i

ã†0;iã0;i
i
n
: ð5:49Þ

Here e0; ã0;i; ã
†
0;i are the undeformed symmetry gener-

ators (in some abstract sense, equal to e; ãi; ã
†
i , namely they

satisfy the same algebra, though one with μ and another
with μ0), namely their expression in terms of fields are for
the undeformed sector. The algebra of deformed generators
must be the same as of the undeformed generators. The
above relation must be solved for ãi in terms of ã0;i. One
obvious solution is (there does not seem to be a solution
involving only as, no a†s, since the noncommutation of the
two makes it unlikely to disentangle)

ãi ¼
X
n≥0

c̃n
h
λμ
X
j

ã†0;jã0;j
i
n
ã0;i; ð5:50Þ

which follows from (the following defines the constants cn
and c̃n)

1

4λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λx

p �

≡X
n≥1

cnλn−1xn ⇒

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λx

p �r

≡ ffiffiffi
x

p X
n≥0

c̃nλnxn: ð5:51Þ

Indeed, we can check that then the deformation of the
Hamiltonian is obtained, if we consider that

e ¼ e0 ð5:52Þ

(the central charge is undeformed, and it refers to the same
pþ), but μ is identified with the energy, so μ ¼ EðλÞ
and μ0 ¼ E0.
Then the fact that the deformed and undeformed sym-

metry algebras are the same is obtained from the fact that
both are written in the same way in terms of the creation
and annihilation operators [we just have the relation (5.50)
between the as and a0s].
Thus we have (5.49) relatingH andH0, (5.50) relating ai

with a0;i (and its dagger for a†i with a†i;0), e ¼ e0, and
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Mij ¼
X
n≥0

h
λμ0
X
j

ã†0;jã0;j
i
n
M0;ij: ð5:53Þ

The relation between as and a0s must be one of
equivalence of the two creation/annihilation operator sets,
and consequently of their Fock spaces.
This symmetry algebra must also be obtained from

N ¼ 4 SYM, on the large J charge sector, though it
was not written explicitly in terms of fields in [16], so
we must first do that. Next we must define what are the
deformed generators in terms of the N ¼ 4 SYM fields.
When acting on (undeformed) BMN operators (states in

the BMN sector), we can represent

ðã0;iÞαβ ¼
δ

δðΦiÞαβ
; ðã†0;iÞαβ ¼ ðΦiÞαβIn; ð5:54Þ

where Φi, i ¼ 1;…; 4 are the 4 scalars that are inserted
inside Tr½ZJ�, with their matrix indices, and In refers to
insertion of the matrix element inside the trace.
Next we must define the set of operators of the deformed

subsector. The vacua must be the same, since moreover
e ¼ e0 and this corresponds to having an undeformed pþ,
so undeformed J. Thus consider the same vacuum Tr½ZJ�,
and insert

P
n≥0 c̃nðλμ0

P
j Φj

δ
δΦj

ÞnΦi, and c̃n solved from

cn as suggested above, so

a†im j0i∼
X
l

Tr

"
Zl

 X
n≥0

c̃n

�
λμ0
X
j

Φj δ

δΦj

�
n
!
ΦiZJ−l

#
e
2πml
J :

ð5:55Þ

In this way, we find that, at the same time we have a
deformed BMN sector, and it is equivalent to the original
one. Thus HðλÞ has both the same eigenstates (the
undeformed BMN sector), and the new eigenstates (the
deformed BMN sector), since they are supposed to be
equivalent. Then HðλÞ in the undeformed eigenstates gives
EðλÞ, whereas HðλÞ in the deformed eigenstates gives E0.

2. Comments on the properties of Hλ = f ðλ;H0Þ
As was described in detail in [41], once we have

Hλ ¼ fðλ; H0Þ, with the extra condition of analyticity at
λ ¼ 0, so ∃H0 limit, we can calculate anything in the
deformed theory from the undeformed theory, in particular
the correlations functions are found by a general formula.
Moreover, obviously (with the extra analyticity assumption,
needed for the case of an infinite dimensional Hilbert space)
we have the same spectrum of eigenstates for the two
Hamiltonians.
But note that this does not mean that the Lagrangians are

also related, Lλ ≠ gðλ; L0Þ. We can easily see this in the
formula for L (5.33), in the nontrivial case of V ≠ 0.

Reversely, if Lλ ¼ fðλ; L0Þ, it does not mean
that Hλ ¼ fðλ; H0Þ.
For the DBI example = TT̄ deformation of the V ¼ 0

case in two dimensions,

L ¼ 1

λ

h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λð− _ϕ2 þ ϕ02Þ

q i
; ð5:56Þ

so

p ¼
_ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ λð− _ϕ2 þ ϕ02Þ
q ; ð5:57Þ

so

H ¼ 1

λ

h
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ λp2Þð1þ λϕ02Þ

q i
; ð5:58Þ

so it is not a function of H0 ¼ 1
2
ðp2 þ ϕ02Þ.

VI. CONCLUSIONS AND DISCUSSION

In this paper we have considered TT̄ deformations in the
context of holography, and more specifically in the context
of the pp wave correspondence.
We have applied the TsT procedure of obtaining the

gravity dual to a single trace TT̄ deformation in the AdS3 ×
S3 × T4 case to the AdS5 × S5 case, and used the Penrose
limit to understand it, proposing that the deformation
corresponds to some dipole theory, probably a noncom-
mutative one.
Reversely, we have considered the TT̄ deformation of

the Penrose limit of AdS5 × S5, in two ways. We have
discretized the TT̄ deformation of the world sheet string on
the pp wave, though the corresponding spin chain looks
complicated. We have instead considered the TT̄ defor-
mation of the quantum mechanical model obtained from
the discretization of the string Hamiltonian on the pp
wave, known to correspond to the spin chain one inN ¼ 4
SYM. Based on the corresponding symmetry algebra of
the deformed pp wave theory, we have argued that the
deformation can be understood within N ¼ 4 SYM as
deformation of the (BMN) sector within it, but not of the
theory, obtaining moreover an equivalent sector.
There are many open questions left for further work. The

exact nature of the deformation to N ¼ 4 SYM dual to the
TsT transformed AdS5 × S5 is not yet clear. The spin
chain obtained by discretizing the TT̄ deformed world
sheet string for the ppwave has no good interpretation yet.
One can try to use the same methods considered here in
other holographic cases for dimensions d > 2, for instance
the d ¼ 3 case of the Aharony-Bergman-Jafferis-
Maldacena (ABJM) model, as well as more realistic cases
like the Klebanov-Witten, Klebanov-Strassler, Maldacena-
Nunez, and Maldacena-Nastase ones. In particular
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holographic pp wave theories associated with confining
gauge dynamics analyzed in [46]. Finally, we have only
considered the bosonic part of the string world sheet theory
on the pp wave; it would be interesting to see what
happens when we add the fermions, in all the cases
considered. This is in particular interesting, since one
can construct supersymmetric TT̄ deformations, and the
deformation appears as a supersymmetric descend-
ant [47,48].
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APPENDIX: REVIEW OF DERIVATION OF TT̄
DEFORMATION OF GENERAL QUANTUM

MECHANICAL MODEL

Here we review the derivation in [17] of the TT̄
deformation of general quantum mechanics systems, via
dimensional reduction, assuming the AdS3=CFT2.
In the two-dimensional CFT, it is assumed that the flow

equation is

∂SEðλÞ
∂λ

¼
Z

d2x
ffiffiffi
γ

p
8TT̄; ðA1Þ

and that, along the flow, we have the equation (following
from holography of the TT̄ deformation following [12])

Tμ
μ ¼ −16λTT̄ ¼ −2TðTijTij − ðTi

iÞ2Þ: ðA2Þ

The AdS3=CFT2 gravity dual of Bañados-Teitelboim-
Zanelli-black hole (BTZ-BH) type is

ds2 ¼ ðr2 − r2þÞdτ2 þ
dr2

r2 − r2þ
þ r2dϕ2→bd: r2ðdτ2 þ dϕ2Þ: ðA3Þ

Then the condition on the flow is

Tμ
μ ¼ Tϕ

ϕ þ Tτ
τ ¼ −2λðTijTij − ðTi

iÞ2Þ; ðA4Þ

and

TijTij− ðTi
iÞ2 ¼ TττTττ þTϕϕTϕϕþ 2TτϕTτϕ − ðTτ

τ þTϕ
ϕÞ2;

¼ 2TτϕTτϕþ 2Tτ
τT

ϕ
ϕ; ðA5Þ

so the condition along the flow becomes

Tϕ
ϕ ¼ Tττ þ 4λTτϕTτϕ

4λTτ
τ − 1

; ðA6Þ

and, given that Tμ
μ ¼ Tϕ

ϕ þ Tτ
τ ¼ −16λTT̄ on the flow,

we have

8TT̄ ¼ Tϕ
ϕ þ Tτ

τ

−2λ
¼ ðTτ

τÞ2 þ TτϕTτϕ

1=2 − 2λTτ
τ

⇒
∂SEðλÞ
∂λ

¼
Z

d2x
ffiffiffi
γ

p ðTτ
τÞ2 þ TτϕTτϕ

1=2 − 2λTτ
τ

: ðA7Þ

But, since hTτϕi ¼ hTτϕi ¼ iJ and hTτ
τi ¼ E, by which

we mean more precisely integral over a circle of radius 1,R
Tτϕ ¼ R Tτϕ ¼ iJ and

R
Tτ
τ ¼ E (and implicit factoriza-

tion of the square) besides the Vacuum Expectation Value
(VEV), putting γαβ ¼ δαβ, peeling off the time integral in
SE, we obtain the equation for the energy eigenstates,

∂EðλÞ
∂λ

¼ E2 − J2

1=2 − 2λE
⇒ EðλÞ

¼ 1

4λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λE0 þ 16λ2J2

q �
; ðA8Þ

the usual solution.
Dimensional reduction proceeds as follows: Put Tϕτ ¼

Tτϕ ¼ 0 and Tτ
τ ≡ T, to obtain

∂SE
∂λ

¼
Z

dτ
T2

1=2 − 2λT
: ðA9Þ

Then, again peeling of dτ and using hTi ¼ E (VEV) and
factorization of the square, we obtain the equation for the
energy eigenstates,

∂EðλÞ
∂λ

¼ E2

1=2 − 2λE
⇒ EðλÞ ¼ 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λE0

p
4λ

; ðA10Þ

or, equivalently as we see, just put J ¼ 0 in the two-
dimensional result.
Note that if we take λ → −λ, we obtain

∂EðλÞ
∂λ

¼−
E2

1=2þ2λE
⇒EðλÞ¼−

1−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ8λE0

p
4λ

: ðA11Þ
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See the discussion in the main text with respect to the
signs in H and L.
Now, we assume then that the same relation is true for the

Hamiltonians (since it is valid for all its eigenstates, and the
Hamiltonian is a Hermitian operator), so

HðλÞ ¼ 1

4λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λH0

p �

¼ 1

4λ

0
@1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λ

�X
i

p2
i

2
þ VðfqigÞ

�s 1
A: ðA12Þ
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