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Entanglement is better teleported than transmitted
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We show that, for the purpose of quantum communication via a quantum field, it is essential to view the
field not only as a medium for transmission but also as a source of entanglement that can aid in the
communication task. To this end, we consider the quantum communication scenario where Alice is initially
entangled with an ancilla and intends to communicate with Bob through a quantum field, so as to make Bob
entangled with the ancilla. We find that if Alice and Bob communicate by directly coupling to the quantum
field, then they can generate negativity between Bob and the ancilla only at orders that are higher than
second perturbative order. We then present a protocol based on quantum teleportation in which Alice and
Bob consume entanglement that they obtained from the field via interaction or harvesting. We show that
this protocol can transfer negativity already to second perturbative order.
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I. INTRODUCTION

Conventional communication technologies focus on the
transfer of classical information. For the development of
quantum communication technologies it is important to
model not only the transfer of classical information but also
the transfer of quantum information, such as the transfer of
entanglement with an ancilla.

Here, we investigate protocols for transferring entangle-
ment with an ancilla, via an intermediary system such as a
quantum field. Such protocols can be important, for
example, for quantumly linking up smaller modules of a
larger quantum memory Or processor.

Studies on communication through a quantum field have
already revealed several new phenomena that have no
analogs in classical communication. For example, it is known
that classical information can be transmitted through a
quantum field without transferring energy from a sender
to areceiver [ 1]. Since the receiver must provide energy to the
field to extract the encoded information, this protocol is
called quantum collect calling. Another protocol is quantum
shock wave communication [2]. A quantum shock wave can
be formed by using senders that emit from spatially separated
locations in spacetime, thereby mimicking a single sender on
a superluminal trajectory. It was found that in this setup the
multiple emitters can not only be used for conventional beam
shaping (up to a classical shock wave pattern), but that it is
possible to further shape the beam, beyond classical limi-
tations, by preparing the emitters in a suitably entangled state.

Of particular importance for our purposes here is the fact
that quantum fields quantum fluctuate, even in the vacuum
state. These quantum fluctuations represent a source of
noise for any quantum system that interacts with the
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quantum field. The quantum fluctuations of a quantum
field therefore generally hinder classical and quantum
communication via a quantum field.

In [3], a method was introduced by which a receiver of
information from a quantum field can effectively reduce the
impact of the quantum noise in the field. The method is
based on the fact that the fluctuations of a quantum field at
different spacetime points are generally correlated [4,5].
This means that a receiver that employs multiple receiving
devices at different spacetime points is gaining some
additional ability to tell noise from signal and can therefore
effectively improve the signal to noise ratio.

The receiver’s devices can also be chosen spacelike
separated from the sender. Those receiving devices receive
no signal from the sender but they register quantum noise.
This quantum noise is correlated with the noise in those
receiving devices that also receive a signal. Therefore,
the noise-only receivers are still able to help reduce the
receiver’s overall signal to noise ratio. In this sense, the
classical channel capacity of communication through a
quantum field can be superadditive, as shown in [3].

The phenomenon that correlated auxiliary noise can be
used to improve the signal to noise ratio has been further
explored in a study with neural networks [6]. These results,
the so-called of “utilizing correlated auxiliary noise”
(UCAN) method, indicates opportunities for machine-
learned quantum error correction. In this case, the corre-
lated auxiliary noise consists of quantum fluctuations in
environmental degrees of freedom that have inadvertently
become entangled with the quantum processor.

For our purposes here, it is important to note that
the occurrence of correlations between quantum field
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fluctuations at different points is closely related to the
existence of entanglement in the vacuum state. For example,
consider two localized quantum systems that couple to a
field, i.e., so-called Unruh-DeWitt (UDW) detectors [7,8], or
detectors for short. Trivially, if two detectors are coupling to
the field at timelike or lightlike separation, they can become
entangled through interaction via the field. However, even if
the two detectors are coupling to the field in spatially
separated regions, they can nevertheless become entangled,
namely by extracting preexisting entanglement from the
field. This phenomenon, called entanglement harvesting,
has been extensively studied in flat and curved spacetimes
(see, e.g., [9-32]). For example, the harvested entanglement
can be used to detect spacetime curvatures and topol-
ogies [14,33-36]. Entanglement harvested from the field
can be used not only to detect spacetime structures but also to
improve the efficiency of communication. The quantum
channel of communication through a quantum field using
UDW detectors was introduced in [37]. In [38], it has been
shown that entanglement harvested or generated through a
quantum field can be used to enhance the average telepor-
tation fidelity. For an analysis of entanglement and transfer
fidelity in a wider context, see also [39].

In this paper, we study the ability of harvested entangle-
ment to improve communication efficiency. We analyze two
different scenarios (a) transmission and (b) teleportation. In
the former setup, a sender and a receiver, Alice and Bob,
communicate by simply coupling their detectors to the field.
In the latter case, Alice and Bob first prepare entanglement
through entanglement harvesting, and then they implement a
teleportation protocol by consuming it. As a quantifier of
communication, we adopt negativity with an ancillary
system that is transferred from Alice to Bob. In perturbative
analysis, we find that the negativity cannot be transmitted to
the second order in the coupling constant, while the neg-
ativity can be teleported of the second perturbative order.

This paper is organized as follows. In Sec. II, we explain
(a) transmission and (b) teleportation scenarios in more
detail to clarify their differences. In Sec. III, we prove a no-
go theorem in case (a), stating that no negativity is
transmitted to the second order of the coupling constant,
regardless of the details of the interaction and the initial
state. In Sec. IV, we analyze case (b). In Sec. IVA, we
briefly review the ordinary teleportation protocol [40]. In
Sec. IV B, we introduce a setup for entanglement harvest-
ing, which is commonly used in the literature. In Sec. IV C,
we propose a slightly adapted teleportation protocol. We
find that negativity can already be transferred to second
perturbative order in this case.

Throughout this paper, we adopt natural units in which
h=c=1.

II. SETUP

In this paper, we investigate the efficiency of transmitting
entanglement by communication through a quantum field.

Concretely, we consider the following setup: A sender,
Alice, has a qubit A, which is initially entangled with and
purified by an ancillary qubit A. The ancillary qubit is
assumed physically distant and will not take part in any
interactions. Alice’s task is to transmit the entanglement
that her system, A, possesses with A to the qubit, B, of the
receiver, Bob.

The ability to communicate entanglement in this way
could be very useful, for example, in order to create one
large (error-corrected) quantum processor or memory from
modules of smaller (error-corrected) quantum processors or
memories. This is because a set of quantum modules only
operates as one big unit; i.e., its Hilbert space dimension is
the product of the Hilbert space dimensions of the modules,
if entanglement can be spread at will across the modules so
that all of this large Hilbert space is accessible. To this end,
one needs to be able to communicate the entanglement that
a qubit possesses with other qubits, i.e., with an ancilla, at
will to qubits in other modules, for example, via the
electromagnetic field. Hence, our setup can be applied: a
qubit A (in one module) is purified by a system A (that may
be spread over one or multiple modules) and the goal is to
communicate the entanglement that A possesses with A to
some qubit B (in another module) via a quantum field such
as a photon or a phonon field.

We analyze two different scenarios: (a) Transmission:
Alice simply couples her qubit A to the field, and then Bob
tries to pick up the encoded information from the field
through the interaction between his qubit B and the field.
(b) Teleportation: Alice prepares another qubit A’. Alice
and Bob first harvest or generate entanglement between
qubits A" and B by interacting with the field. Concretely, we
adopt the UDW detector model, which is most commonly
used in studies on entanglement harvesting. Alice and Bob
perform a quantum teleportation protocol, thereby con-
suming the noisy entanglement resource generated or
harvested through the field. Schematic images of these
setups are shown in Figs. 1 and 2.
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FIG. 1. A schematic picture for transmission. A detector A is
initially purified by another detector A. Quantum information of
A is encoded to the disturbance in the field by interaction, which
then propagates through the spacetime and is later captured by
another detector B. The arrows indicate the flow of disturbance
carrying information.
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FIG. 2. A schematic picture for teleportation assisted by
entanglement generation or harvesting. Alice and Bob first make
detectors A’ and B entangled through interaction with the field.
By consuming this entanglement, they perform a quantum
teleportation protocol. The arrow with a dashed line represents
the transmission of measurement outcome through classical
wireless communication.

As a quantifier of the efficiency of communication, we
adopt the negativity [41] between A and B. Since negativity
is an entanglement monotone, it does not increase by local
operations and classical communication. Furthermore,
negativity is a faithful entanglement measure for a bipartite
qubit system in the sense that it vanishes if and only if the
qubits are in a separable state [42].

We perturbatively calculate the negativity to the second
order in the coupling constant in both setups (a) and (b). In
case (a), we show that no negativity is transferred to the
second order regardless of the details of the interaction
Hamiltonian and the initial state. In case (b), we propose a
teleportation protocol as a variant of the ordinary telepor-
tation protocol [40]. Although no closed formula is
obtained in a general case, we find a condition under
which the teleported negativity is given by a simple
function of the Schmidt coefficient of the initial state of
AA and the state of the entanglement resource A’B. In
particular, when UDW detectors A’ and B are identical and
AA are initially maximally entangled, it is shown that the
negativity between A and B is precisely equal to the
negativity between A’ and B generated (or harvested)
entanglement to the second order in the coupling constant.
As a consequence, our protocol turns out to be optimal in
this case. Based on these results, we find that quantum
information, i.e., entanglement, is better teleported than
transmitted in communication through a quantum field.

III. NO-GO THEOREM FOR NEGATIVITY
TRANSMISSION

In this section, we analyze the efficiency of entanglement
transfer in a transmission protocol. We show that no
negativity is transferred to the second order in the coupling
constant for generic interaction and initial states.

Let us first clarify the setup again. A sender, Alice, has a
qubit A, which is initially purified by an auxiliary qubit A.
She encodes information of a qubit A into an intermediary
system f through interaction between A and f. The
intermediary system is arbitrary, but we call it a quantum
field for simplicity. The disturbance in the quantum field
caused by the qubit A propagates through spacetime. A
receiver, Bob, has a qubit B coupled to the field, which
picks up encoded information from the field.

The initial state of the total system is assumed to be

0
p,(fx/zBf = [¥){¥|z4 ® 5 ® 1y, (1)

where |¥)(¥|;, denotes a pure state for qubits AA, while
pp and p; are arbitrary states for qubit B and field f,
respectively. We assume that the qubits A and B do not
interact directly with each other and communicate only
through interactions with the field. The general interaction
Hamiltonian is given by

Hy(1) = Y H(t) = Ha(1) + Hp(1) (2)

i=A.B

in the interaction picture. Here, H;() denotes the inter-
action Hamiltonian between the field and the qubit i for
i = A, B. We assume that each Hamiltonian H, is scaled by
a coupling constant 4; and that both are of the same order,
ie., 4; = O(4) for i = A, B for some parameter 4 > 0. We
do not impose any further assumption on the interaction
Hamiltonian. For example, a general form of H,(¢) is
given by

Hy(1) = /IAZXX() Iz ® OQ(fk) (3)
x

for some Hermitian operators XX{) and O}k) on the qubit A

and the field f, respectively. Here, Iz denotes the identity
operator.

As a perturbative series with respect to A, the time-
evolution operator is given by the Dyson series:

U=T exp (—i/dtHI(t)> = Z U, (4)
n=0
where

U =1, (5)

U = (—i) Z /oo drH (1), (6)
i=A,B

—0o0

ve) = (=i 3 / " i / ") ()
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to the second order in A. The reduced state for AB is
expanded as

0 1 2
Pis =p§;+p§;+p§,§+0(ﬂ3% (8)
where
1
/7%; = TrAf(U(l)pAABf +pAABf'U(1)T)’ )

2
P = Traf(UPpiags + piagsUPT + UM g UV,
(10)

Similarly, the partial transpose of the quantum state for
qubits AB is given by
T; 0)T; 1T, 2)T;
=T T 0, )

where T ; denotes the partial transpose with respect to the
qubit system A. ~

The negativity N (p;z) of a bipartite system AB is
defined as the sum of the absolute values of negative
eigenvalues of the partial transposed matrix P;g- We now
calculate the negativity perturbatively. Let

Pin = D

(0)T4
p(O)EU(pAB A)

p(O)H 0) (12)

Pl

0)T
AB
and Hp(o) is the

be the eigenvalue decomposition, where o(p ) denotes

the set of different eigenvalues of pI%OIZTA

EO;TA with an eigenvalue
p©. When the detectors are coupled to the field, the

eigenvalues of p}é are perturbatively expanded as

projector on the eigenspace of p

pi(2) = pO +ap) + 22pP  0(3),  (13)

where i is the label for the degeneracy of the eigenspace

associated with the eigenvalue p(®). The negativity is
defined as

Npip)= Y, Inil (14)

T~
pi€o(py).pi<0

‘When the detectors do not interact with the field, i.e., A = 0,

A and B are not entangled. Therefore, all eigenvalues p(®
)T
AB

Ref. [43], p; € a(pgg) cannot become perturbatively neg-

of p; * are non-negative. In this case, as is emphasized in

ative unless p(©) = 0. Therefore, we will only analyze the
perturbation of eigenvalues p;(4) that vanishes if 1 = 0.

We use the perturbation theory of eigenvalues, which is
reviewed in Appendix A. The first-order corrections 4 pgl)

for p(© = 0 are given by the eigenvalues of the operator

HO(pAB ~)1_[0 (15)
that is restricted to the eigenspace of p%O;T" with eigenvalue
p© = 0. Similarly, the second-order corrections pl(-z) are
the eigenvalues of the following operator:

OT; ()T Mo

pOea(p;) H)\{0}
in the eigenspace of p%O;TA with p© = 0.

There are two key facts that we use in the perturbative

. . . T
calculation. First, since p%ol;

ible, we get

" =pl ® pp and py is invert-

Hy =1I; ® 7. (17)

where I; denotes the identity operator of system A and 7 is
the projector on the kernel of pp. Second, the partial
transpose operation T; commutes with the projector
H() = ]IA ® g, i.e.,

T; ]
My(0;3) = (My07) "4,

T; ]
(033 = (O;51,) "4, (18)

for any linear operator Oj;,. See Appendix B for a proof.
By using Eq. (18), we have

T; 1 T
T (p\) My = (M )Tl,) . (19)

Since zgpp = pprp = 0, we have
M1, = 0 20

(T
g ; 4B )
Therefore, the negativity vanishes to the first order in the
coupling constant.

Now, let us calculate the second-order corrections. By
using Eq. (18), we have

This means that all the eigenvalues of ITj(p ), vanish.

2)T;
Hoﬂ%g Iy
2)T;
= HoTrAf(/’ngf)Ho
2 Ta
= (HonAf(P%/zBf)Ho) !
© [® © , E
= H()TI‘Af dr dr HB(t)pAABfHB(t) HO .

(21)
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In addition, we have

T, T,
Hoﬂ%; ! Il_[oTrAf(P(~ 23})

DT
=Trys (i) ®7p ®]pr£~‘sz;)

— (=) /_ Trap (I, ® 75 ®LH(1)p5),7)  (22)

o]

and

p;l;mno:(—i)/ TrAf(p%?i;;HB(t)]IAA®ﬂ3®]lf). (23)

Therefore, the operator in Eq. (16) is independent of H 4 (¢).

This implies that the second-order corrections pgz)

p©) = 0 are the same as those in the case where H, (1) = 0.
If H,(¢) = 0, the negativity between A and B vanishes to
all orders in A. This implies that the negativity N (p;p)
vanishes to the second order for a general interaction
Hamiltonian in a transmission protocol.

So far, we have assumed that A, A, and B are qubits. The
proof of this section can be directly extended to a general
setup with any finite-dimensional quantum system instead
of qubits as follows: Without loss of generality, we can
assume that the auxiliary system A that is added to purify
the system A is initially in an invertible state. Therefore, the
projector Il is given by Eq. (17). Following the same
argument as in the above, we find that the negativity
vanishes to the second order in the coupling constant. In
this case, although the negativity is still an entanglement
measure, it is not faithful in general since there are
entangled states with vanishing negativity [42].

for

IV. ENTANGLEMENT TRANSFER BY
ENTANGLEMENT-HARVESTING-ASSISTED
COMMUNICATION

In this section, we analyze a quantum teleportation
protocol that makes use of the preexisting entanglement
of the field. It is shown that by consuming the entanglement
harvested from the field, negativity can be transferred to the
second order in the coupling constant.

A. Quantum state teleportation

Let us first review the quantum teleportation proto-
col [40], which enables us to transmit quantum information
perfectly by consuming a Bell state. As we shall see soon,
correlations, including entanglement, with an ancillary
system can also be transmitted by this protocol.

Suppose that a sender, Alice, wants to transmit the state
of a qubit A to a receiver, Bob. We assume that this qubit A
is initially purified by A. The quantum teleportation
protocol consists of the following four steps:

(1) First, Alice and Bob share qubits A’ and B in a Bell
state, given by

D) g5 = \/LE(|9>A’|Q>B +le)ale)g). (24)

where |g) and |e) denote the ground and excited
states, respectively. Here, the qubit A’ and the qubit
B are accessible to Alice and Bob, respectively.
(2) Alice performs a Bell measurement on AA’. Here,
the Bell measurement is the projective measurement

with respect to a Bell basis {|®,) 44 }_, defined by

©,)00 = (0, ® m%ufﬁmm T lboaledn).
(25)

where {|¢,)4. |¢.)4} is an orthonormal basis for A.
We here defined 6, = I and the Pauli operators 6; =

|e) Byl + o) (Bel 02 = i(=|de) (gl + |9pg) (e ),
and 03 = |¢e><¢e| - |¢g> <¢g|
(3) The measurement result 4 = 0, 1, 2, 3 is transmitted
from Alice to Bob by classical communication.
(4) Bob performs a local operation 6, on his qubit B,
depending on the outcome u.
Let us check that the state of the qubit A is perfectly
transferred to Bob in this protocol. Measurement operators
are given by

M;t = ]IA ® ‘q)ﬂ><q)ﬂ|AA’ ® ]IB- (26)

The initial state of AA is assumed to be an arbitrary pure
state:

¥)ia = Z cijli)ale)as c;j€C. (27)
i,j=e.g

After the measurement, the unnormalized selective post-
measurement state is given by

M, (|9) (P34 ® | @) (Polap) M. (28)
Note that
MM|T>AA ® |(I)O>A’B
= (HA ® |(DM><¢0|AA’ ®HB)]IAA ® ‘7; ®]IB|‘P>AA ® Do) 45
= (HA ® |(Dy><q)0|AA’ ®HB)]IAAA’ ® 0';4|lP>AA ®|DPy) g
(29)

holds, where we defined 6, on the subsystem B with
respect to the energy eigenbasis {|g), |e)}. The reduced
state for AB is given by
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Tran (M, () (¥]34 ® |@0)(Po|5) M)

= %@A ® 0,)[¥) (Y]35I ® 0,) (30)

if the measurement result is 4 = 0, 1, 2, 3. Here, |¥);; is
defined by

)iz = Y cylddilis (31)

i.j=e,g

with coefficients c;; defined in Eq. (27). If Bob performs a
local unitary operation u, on B depending on the outcome
u, the reduced state is given by

1 f
pin =7 ® u,0,)¥) (¥l (I3 ® o). (32)
Y

For u, = o,, the reduced state is given by

pig = V) (¥lip, (33)

implying that Bob recovers the state of the qubit A,
including the correlation with A.

B. Entanglement harvesting and generation

In the ordinary quantum teleportation protocol, it is
assumed that the sender and the receiver initially share a
maximally entangled state. In this paper, we explore a way
to enhance the efficiency of communication by entangle-
ment generated or harvested through interaction with a
quantum field.

Here, we review a common setup of entanglement harvest-
ing. Consider a scalar field ¢ in the (d + 1)-dimensional
Minkowski spacetime. If the mass of the field is m, the field
operator is expanded as

(o t—kx) i(wpt—k-x) ) ,

a,tei + ape”

dik
#le.x) = / N (

(34)

where @y := \/|k|> + m?>. The creation and annihilation

operators satisfy
ag, )] = 6 (k — k'), [, ap) = [a}, al,] = 0. (35)
Suppose that Alice and Bob have qubits A’ and B,
respectively. These qubits play the role of an UDW
detector, which is locally coupled to the field. For sim-
plicity, we assume that the detectors are in inertial motion.

In the interaction picture, the interaction Hamiltonian is
given by

H(1)= Y H1), (36)

i=A',B

where

Hi(1) = dgs(Opa(1) ® / dxF(x = x,(0)p(t.x).  (37)

Here, 4; denotes the coupling constant, y,(¢) is called the
switching function that describes the temporal characteri-
zation of the interaction, and F;(x) is called the smearing
function that characterizes the spatial extent of the detector
i = A’, B, where x,(t) is the position of the center of mass
of the detector. The monopole moment operator yu;(t) is
defined by

pi(t) = le){glie'™ + |g) (el;e™", (38)

where Q; denotes the energy gap of the detector. Although
the UDW-type interaction is simple, this model is known to
be a good approximation of the light-matter interaction
between atoms and the electromagnetic field when the
exchange of angular momentum can be neglected [18,44].
We assume that the coupling constants for the detectors are of
the same order, parametrized by 1: 1; = O(A) fori = A’, B.
The time-evolution operator is expanded as

U=1T exp (—i / dtHI(t)> (39)
=1+ UW +U® + O3, (40)

U = _i/w deH, (1), (41)

[¢9) t
U = (i) / dr / AH(DH().  (42)
We assume that the initial state is given by

P = 19) (gl ® 19)(gls ® oy (43)

The reduced state for the subsystems A’B is given by

pas =Tt (Upy ® pp ® psUT)

= plop + Py Py + O, (44)

P = 19)(gla ® 1) (gl (45)

pliy = Te (UL + plop UT), (46)

pﬁg = Trf(U(z)pL(%f + U(l)pi%fU(l)"' —i—/)g%fU(z)"'). (47)

For simplicity, we assume that the first moment of the
field vanishes. For example, the vacuum state, squeezed
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states, and thermal states with a quadratic Hamiltonian
. . .- . 1 .

satisfy this condition. In this case, p,, vanishes.
From Eq. (47), the matrix representation of p,p in a

basis {|99) 5. [9€) 4. |€9) a5 |€€) 45} is given by

0 Lpg Lap 0
= 0 Low Luw O
M 0 0 0

+ 024, (48)

where we have defined

U_/M/ dt/ de'yi(t)y; (1)

x e Q=YW (1, x50 x;), (49)

00 t
M = —AA//IB/ dt/ dr

x (e l)y (D p(PYW (L, x05 1 xp)

+ ei(QBt-l_QA/,/))(B(t))(A!(tl)W(t,xB; t’,xA/)), (50)
W(t,x,»;t’,xj)
dk . " -
= [ i FRP,  (51)
(277,') 2Cl)k

and F(k) == [dxF(x
of the second order there is a unique eigenvalue of p A,
that can be negative, given by

1
([’AA’+['BB)__\/([’AA’_['BB) +4MP. (52)

Therefore, we get

N(pag) = NP (pag) + 02, (53)
N@(py) = max {0, -E}. (54)
In particular, if L4, = Lpp holds, the formula is

simplified and given by

N©@ (pas) =

~Lyx).  (59)

Intuitively, the condition L4, = Lpp means that A’ and B
are identical. The expression in Eq. (55) is commonly used
in numerical calculations in the literature on entanglement
harvesting. It has a simple physical interpretation: Since
L depends only on A, it is understood to be a
contribution describing a local noise that A’ picks up.
On the other hand, M depends on 141z and is therefore
related to a correlation between A’B generated by the

interaction. Equation (55) shows that the negativity
becomes positive when the correlation term M is greater
than the local noise term £, 4.

In the following subsection, we will use the quantum
state in Eq. (48) as a resource. We remark that this
expression is valid independently of whether A" and B
are spacelike or causally separated. We will not further
explore the behavior of the negativity in Eq. (55) since this
has already been analyzed in various setups in the literature.

C. Quantum teleportation with noisy resource

Here we calculate the amount of negativity transmitted
by a quantum teleportation protocol by consuming an
entangled resource state given by Eq. (48).

We reviewed the ordinary teleportation protocol in
Sec. IVA, which perfectly transmits the entanglement by
consuming a Bell pair. Here, we propose a slightly adapted
teleportation protocol since our resource is noisy. Instead of
Step (1),

(1’) Alice and Bob extract or generate entanglement
from the field. As a consequence, they share a bipartite
qubit system A’B whose state is given by Eq. (48).

In addition, in our protocol, Bob performs a slightly
adapted local operation in the last step: Instead of Step (4),
(4’) Bob performs a local unitary operation

u, = 0,vp, (56)

where

vp = e ?]e)(elp + 19){gls (57)

and ¢ € R is the argument of M, i.e., M = |./\/l|ei”’.

To perform the local operation in Step (4’), Bob has to
know the parameter ¢, i.e., the argument of M, in addition
to the measurement outcome u. However, this is not
reducing the efficiency of our protocol. This is because
M is the matrix element of the density matrix of the two-
detector system right after the harvesting, and hence it is
fixed in every run of the setup if Alice and Bob agree
beforehand on exactly how they will couple to the field. For
comparison, we analyze the case where Bob does not know
the value of ¢ in Appendix D. We find that the amount of
teleported negativity is reduced if he implements (4) instead
of (4°).

The amount of teleported negativity depends on the
initial pure state |¥);, of AA. For example, the negativity
between AB is upper bounded by the initial negativity
between A and A since the negativity is an entanglement
monotone. To calculate the teleported negativity, we con-
sider the Schmidt decomposition of the initial pure state
|¥);, of AA, given by
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¥)ia = D VPilwi)a ® [¢)a. (58)

i=g.e

where {|y;)};_,, and {|#})},_, . are orthonormal bases. It
should be noted that in general, {|¢#})},_, . can be different
from the basis {|¢;)} used to define the Bell meas-

urement in Eq. (25).
After cgmpleting steps (17), (2), (3), and (4’), the reduced
state for AB is given by

i=g,e

Sap =2 Z VPiPj |l//i><Wj|A

i,j=g.e

© (3 (Bloaiiatialanali) ). (59

k,l=g.e

where we have defined

¢ 0 0 M|
0 c Re(Lyz) O
NA'B *= —
0  Re(Lyp) L 0
M| 0 0 l_r
+ 0%, (60)

Li=(Lyn+Lgg)/2, and Lyg:=L4ge?. See Appendix C
for the derivation.

For a general case, we do not have a closed formula for
the negativity of 53, since it is a complicated function
depending on the Schmidt coefficients {p;};, the inner
products {(¢;|#})}, s> and the contributions £;; and | M|
that originate from the noisy entanglement resource state.
For simplicity, we hereafter analyze the case where
{{#:l1) }ix = i This condition is satisfied when we
adopt the basis {|¢}) },_, . that diagonalizes the initial state
of A as the basis {|¢})};,_,. in the definition of the Bell
measurement. It should also be noted that this condition is
satisfied when AA are initially maximally entangled since
the initial state of A is diagonalized in any orthonormal
basis. In this case, we find that the negativity is given by

N (&) = N (E3) + O(), (61)
NO)(E35) += max{0, '), (62)

where

E =L — \/52(1 —4p(1=p)) +4p(1=p)|IMP. (63)

Here, we defined p := p,, which implies p, =1 — p.
Let us now check the consistency of our formula Eq. (61)
with the monotonicity of the negativity. We first remark that

N(&ig) S N(IW)(W]34) (64)

holds for 4 <« 1 since the left-hand side is of the second
order in 4, while the right-hand side is independent of A.
To prove

N (&) < N(pas), (65)

we consider two different cases: (1) When |M|? < £2,

—E<VP-L=0, (66)

where the equality holds for p = 0. Therefore, N'® (&;5)=0
and hence Eq. (65) holds. (2) When |M|?> > £?, we have

—E' <\/IM|* - L < -E, (67)

where the equality in the first inequality holds for p = 1/2.
Therefore, Eq. (65) holds.

When A and A are initially in a maximally entangled
state, i.e., p = 1/2, the formula in Eq. (62) is simplified
and given by

N®)(&5p) = max {0,

M| - L} (68)

If the detectors A’ and B are identical, the formula is further
simplified and given by

N®(&35) = max {0, M| = Ly}, (69)
implying that
N (&35) = NP (pyp). (70)

Therefore, in this case, our protocol is an optimal way to
transmit the entanglement by consuming the harvested
entanglement. Furthermore, it also shows that the nega-
tivity extracted from the field in entanglement harvesting is
always useful in teleporting the entanglement to the second
order in the coupling constant.

It should be noted that our formula in Eq. (61) is valid as
long as the reduced state of the UDW detectors A'B is
given by Eq. (48) for some £;; and M. In other words, our
formula is independent of the details of £;; and M.
Therefore, our result here is applicable to more general
setups, e.g., a teleportation protocol using entanglement in
detectors that is generated or harvested through interaction
with a quantum field in a curved spacetime.

V. CONCLUSIONS AND OUTLOOK

In this paper, we investigated the efficiency of entangle-
ment transfer through an intermediate system, such as a
quantum field. Concretely, we considered the following
setup: a sender, Alice, possesses a qubit A, which is initially
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entangled with an auxiliary system A, while a receiver,
Bob, possesses a qubit B. The aim is to transfer the
entanglement that A initially possesses with A to B so
that then B possesses this entanglement with A. To this end,
Alice and Bob are allowed to each interact with an
intermediary system such as a quantum field. We compared
two different strategies that Alice and Bob may adopt,
namely (a) transmission and (b) teleportation. In case (a),
Alice and Bob only couple their qubits to the field. We
proved that, regardless of the details of the interaction
between the qubits and the intermediary system, in this way
no negativity can be generated between A and B to the
second order in the coupling constant. In case (b), Alice and
Bob first each use an UDW-type interaction to generate or
harvest entanglement via the quantum field. For this
purpose, Alice is using an additional qubit A’, rather than
her qubit A. Crucially, the negativity between the qubits
A’, B does become positive already to the second order in
the coupling constant. Alice and Bob then use a slightly
adapted version of the quantum teleportation protocol
which consumes this noisy resource of entanglement in
order to teleport some of the Alice entanglement with the
ancilla to Bob.

For the case where the initial state of A is diagonalized in
a basis that is used to define a Bell measurement, we were
able to derive a simple analytic formula for the amount of
transferred negativity, given by Eq. (62). The formula
shows that when the detectors A’ and B are identical and
AA are initially maximally entangled, then our protocol is
optimal in the sense that it transfers exactly the same
amount of negativity from the AA system to the AB system
as the amount of negativity that Alice and Bob’s A’B
system had obtained by interacting with the field.

In summary, if Alice tries to transmit some of her initial
entanglement with an ancilla A to Bob by means of Alice and
Bob merely coupling to an intermediate quantum field, then
this can only succeed to higher than second order in the
coupling constant, irrespective of how they each interact
with the quantum field. Our finding is that, nevertheless, it is
possible for Alice to transfer some of her entanglement to
Bob through the quantum field already to second order in the
coupling constant. To this end, Alice and Bob can use the
fact that they become partially entangled when interacting
with the quantum field. They consume this entanglement to
teleport some of Alice’s entanglement with the ancilla to
Bob, which can be done already to second order. This result
is consistent with the result in [38], where it is shown that the
average teleportation fidelity is increased by consuming the
harvested entanglement.

The above results can be extended to the scenario in
which Alice distributes her entanglement with the ancilla A
to multiple Bobs, B;, for i = 1,2, ..., N. First, we notice
that no negativity can be transmitted to an AB; system to
second order in the coupling constant. This is because the
corresponding calculation for a single Bob, in Sec. 111, still

applies. Second, the teleportation-based protocol still
applies and can transfer entanglement to second order
from the AA system to the AB; systems. Concretely, let us
assume that the N receiving devices are located in spacelike
separated regions. After the entanglement harvesting, the
reduced states of each of the bipartite systems A’B; take
the form of Eq. (48), though the actual matrix elements will
differ for each i, except if the Bobs are distributed
symmetrically around Alice. After Alice performs the
Bell measurement, she classically transmits the outcome
to the N Bobs. Each Bob then performs the corresponding
local unitary operation defined in Eq. (56), and thereby
obtains an amount of negativity with A given by Eq. (62). It
should be very interesting to combine this result with the
entanglement monogamy constraint to derive nonperturba-
tive absolute upper bounds on the amount of entanglement
that can be harvested from quantum fields, as a function of
the type of field and the type of interaction between the
field and localized probes such as UDW detectors.

Our results in this paper show that, for the purpose of
transferring entanglement with an ancilla through a quan-
tum field, the direct method of transmission by simply
coupling the sender and receiver to the field, is not optimal.
We found that it is more efficient for Alice and Bob first to
use the field to either generate entanglement or to harvest
preexisting entanglement and then to use quantum tele-
portation while consuming this entanglement.

This indicates that, for the purpose of quantum commu-
nication through a quantum field, it is essential to view the
quantum field not only as a medium of propagation but also
as a means to generate or harvest entanglement that can
serve as a resource for the quantum communication.
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APPENDIX A: PERTURBATION
OF THE EIGENVALUES

Here we briefly summarize known results on perturbation
of eigenvalues that can be found, e.g., in [43,45]. For more
comprehensive and rigorous arguments, see, e.g., [46].

In this section, we summarize a perturbative method for
calculating the eigenvalues of a Hermitian operator. Let
S(t) be an Hermitian operator, which can be expanded as

S(t) = SO + 181 + 252 + O(#3) (A1)

as t — 0. In the main text, S(#) corresponds to the partial
transpose of the density operator P;g (1), where A is the
coupling constant.
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Let 6(S(©)) denote the set of different eigenvalues of S,
The operator is decomposed as

(A2)

SO ea(50)

where I1 o denotes the projector on the eigenspace of 5©)
with eigenvalue s(©).

The eigenvectors and the eigenvalues of S(r) are
expanded as

s, (1) = i) + ) + 2Dy + OF),  (A3)

s5i(t) = sO 4 tsl(»l) + z2s§2) +0(1), (A4)

where i is the label for the degeneracy of the eigenspace of

S©). We assume that {|y/§0)>}i forms an orthonormal basis

for the eigenspace of S(*) with eigenvalue s, i.e.,

Wl =6, Mo =Y W] (AS)

From the eigenvalue equation, we have

(S = sy =o. (A6)
(SO = syl + (5O = sO)ydl) =0, (A7)
(5@ = s i) + (SO = syt
+ (8O = sO) i) =o. (A8)
From Eq. (A7), we have
w1 = sV (49)

which implies that {sgl)}i are the eigenvalues of an
Hermitian operator I S(I)Hsm) that is restricted on the
eigenspace of S(¥ associated with the eigenvalue s(*). In

addition, {|z//§1) )}; are the corresponding eigenvectors.
Furthermore, we have

1S = s ) + (O = sO) )y =0 (A10)
for s € 6(S©)\{s(?}. Therefore, we have

1 1 0
iy =3 )

by e i), (Al1)
- b ST o,
SO ea(SON L@} j §(0) _ ¢(0) :

1 .. .
where Ci,-) € C are some coefficients, which are not

important for our purpose.
From Eq. (A8), we get

w15 — s

+ 180 =) = 0. (a12)

1

Since {|1//§0)>} ; are eigenvectors of TT o S(VTT ), we get

W 2ls® = sl

_ Zf

SO ea(SO {50}

0 0 0 0
v 1S 1S )
s _ §0) '

(A13)

Therefore,

2 0
528, = (5@ — s

1

5O 1 (0)
$0) _ 4(0) SUlys,").
5O (SO {50}

(Al14)

This equation implies that {sl(-z)} ; are the eigenvalues of

HV<0)I
> WSU))HN’) (A15)

sOreg(sON (505 TS

s

n@@m_W)

that is restricted on the eigenspace of S() with eigen-

value s(©),

APPENDIX B: A FORMULA
FOR THE PARTIAL TRANSPOSE

To prove Eq. (18), let us first consider the case where
Oup = 04 ® Op. In this case, we have
(Oapls ® Yp) ™+ = (04 ® OpYp) ™
- 01— ® OBYB

= (043)14 ® Y. (B1)

Similarly, (I, ® Y5045) ™4 =1, ® Y5(0,4) holds. Now,
note that any linear operator is expanded as Oyp =
> 02’) ® 05?. With the linearity of the partial transpose
operation, we complete the proof of Eq. (18).

APPENDIX C: DERIVATION OF EQ. (59)
We here explain the detailed derivation of Eq. (59). The
initial state of the total system is given by

%) (¥l3s ® pars, (C1)
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where p,p is the state of detectors after the entanglement
harvesting, given in Eq. (48).

To implement quantum teleportation by consuming the
entanglement resource p 4 g, Alice performs the Bell meas-
urement on AA’. The unnormalized selective postmeasure-

ment state for AB is given by

Eap(m) = Tran (M, [¥) (¥[34 & pA’BMZ)7 (C2)
where
Mﬂ = HA ® |lPﬂ><‘P/4|AA/ ® I
A/
=1; ® [¥,) (Folaw (I ® o)) @, (C3)
Let
W)ia = Z VPilwi)ildi)a (C4)
i=e.g
be the Schmidt decomposition, where {|w;);},,, and

{1¢)4} = 4 are orthonormal basis. The state is expanded as

é:AB Z \/p p] |Wz <V/]|A

i.j=g.e

® ]IB(|¢§><¢/ s ® pap)ls ® 6}4

(Polanls ® 6"

'® Ig[Wo) anr)-
(CS)

After the measurement, Bob performs a unitary operation
u,. The unnormalized state is given by

I ® u &35 (1) ® uff’
=Y b, i) (wla ®

i,j*ge

(Wolan|d:) ()14

® ( ) ® ' 'pun ® 0';4 '® ) ¥o)an).  (C6)
Summing over u, we get
3
Eip = ) Li ® u i)l ® u”
#=0
= X s ® (lusio @,
i,j=g.e
(Z o ® ”/4 PAB ® ‘7/4 '® ”ﬂ >|T0>AA’)
(C7)
The entanglement resource state is given by
. 0 Lgg Lap 0
P 0 Low Luw O
M 0 0 0
+ O(2%) (C8)

in a basis {|g9)s 5, |9€¢) a5, |€9)ap,|e€)yp}. Here, we
adopt u, = o,vp
u, = o,vg (C9)
as Bob’s local unitary operation, where
vp = e ?|e) (elp + 19) (glp (C10)
and ¢ € R is the argument of M, i.e., M = |M|el*. The
operation vg eliminates the phase in M, i.e.,
Iy ® vgpaply ® v
1= Luyu —Lpp 0 0o M
B 0 Ly Ly O
0 Lyg  Laa
| M| 0 0 0
+ 0%, (C11)
where Ly = Lypel?. Since
13
ZZOG ® upypon ) @ u, =nyp  (C12)
—

holds for 5,5 defined in Eq. (60), we get Eq. (59).

APPENDIX D: ON THE ROLE OF vg

We here analyze the case where Bob implements Step(4)
instead of (4’). In other words, he performs o, instead of
0,vp when he receives the measurement outcome y from
Alice. In this case, 1745 in Eq. (60) changes into

WAB:_ZG;!/ ® i ol ® o (D1)
I-cC 0 0 Re(M)
0 L Relyz) O
| 0 Re(Lys) L 0
Re(M) 0 0 i-LC
+ 0(2%). (D2)

Similar to the result in the main text, we can explicitly
evaluate the teleported negativity if {(¢;|¢})}ir = i
Instead of Eqgs. (61)-(63), we have

— NO(E;5) + O(R). (D3)

?(&ip) = max{0.~E"}, (D4)
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where

E" = £—\[/L2(1 = 4p(1 = p)) + 4p(1 - p)(Re(M))>
(D5)

Since —E” < —FE/', the teleported negativity decreases if
Bob performs ¢, instead of 6, v5. In other words, the phase-
eliminating operation vz makes it possible to transfer
negativity more efficiently.

If we further assume that A and A are initially maximally
entangled, i.e., p = 1/2, we get

N (g3,) = max{0, [Re(M)| = Ly} (D6)
Therefore, unless |[Re(M)| = |M]|, it holds
N@(&55) < NP (pag). (D7)

This fact highlights the difference from Eq. (70), showing
that the teleportation protocol is not optimal if Bob
performs o, instead of o,vp.
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