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This paper investigates the integrability properties of Einstein’s theory of gravity in the context of
accelerating Newman-Unti-Tamburino (NUT) spacetimes by utilizing Ernst’s description of stationary and
axially symmetric electrovacuum solutions. We employ Ehlers transformations, Lie point symmetries of
the Einstein field equations, to efficiently endorse accelerating metrics with a nontrivial NUT charge. Under
this context, we begin by rederiving the known C-metric NUT spacetime described by Chng, Mann, and
Stelea in a straightforward manner and in the new form of the solution introduced by Podolsky and Vratny.
Next, we construct for the first time an accelerating NUT black hole dressed with a conformally coupled
scalar field. These solutions belong to the general class of type I spacetimes and, therefore, cannot be
obtained from any limit of the Plebanski-Demianski family whatsoever, and their integration needs to be
carried out independently. Including Maxwell fields is certainly permitted; however, the use of Ehlers
transformations is subtle and requires further modifications. Ehlers transformations not only partially rotate
the mass parameter such that its magnetic component appears, but also rotate the corresponding gauge
fields. Notwithstanding, the alignment of the electromagnetic potentials can be successfully performed via
a duality transformation, hence providing a novel Reissner-Nordstrom-C-metric NUT black hole that
correctly reproduces the Reissner-Nordstrom-C-metric and Reissner-Nordstrom-NUT configurations in the
corresponding limiting cases. We describe the main geometric features of these solutions and discuss

possible embeddings of our geometries in external electromagnetic and rotating backgrounds.
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I. INTRODUCTION

In the understanding of the gravitational interaction,
exact solutions of Einstein field equations play a funda-
mental role. In many cases, these solutions allow one to
study, by means of analytic computations, several phenom-
ena of classical and semiclassical gravity with significant
astrophysical implications. As a matter of fact, the most
iconic exact spacetimes are given by black holes, today
widely accepted to be primordial for the formation of
galaxies [1,2] and the production of gravitational waves as
a result of binary black hole mergers [3]. In addition, their
mechanic and thermodynamic features are essential in the
semiclassical description of gravitational systems, provid-
ing a first glance on the interplay of gravity and quantum
field theory. It is fair to state that the Schwarzschild [4]
and Kerr spacetimes [5], describing the gravitational field
of a static and a rotating source, respectively, are the
most famous black hole spacetimes in general relativity
(GR). Along with their charged extensions, the Reissner-
Nordstrom [6,7] and Kerr-Newman [8] spacetimes, and the
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so-called C-metric [9] and Taub-NUT geometries [10,11],
known to represent accelerating black holes and twisted
spacetimes with a gravitomagnetic interpretation, respec-
tively, they make part of the general class of spacetimes
known as the Plebanski-Demianski family [12]. The
Plebanski-Demianski spacetime is the most general type D
solution of Einstein-Maxwell equations, and it represents
a pair of charged rotating black holes, endowed with
Newman-Unti-Tamburino (NUT) charge, that accelerate
from each other in opposite directions. Including the
presence of a cosmological constant, this family depends
on seven continuous parameters, which can be (although
not straightforwardly) identified with the mass m, angular
momentum a, NUT charge /, acceleration parameter @, and
electric e and magnetic g charges. In practice, subfamilies
of black holes and their combinations need to be obtained
from the general Plebanski-Demianski line element [12]
by performing special limiting procedures, a process that
differs from being direct and that, on occasion, clouds the
interpretation of the metric parameters [13]. The Plebanski-
Demianski geometry has been initially studied by several
authors, especially the case which represents a spinning
C-metric, a pair of rotating black holes accelerating from
each other in opposite directions [14—18]. Along these

© 2023 American Physical Society


https://orcid.org/0000-0003-3445-8151
https://orcid.org/0000-0002-6949-7882
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.024059&domain=pdf&date_stamp=2023-07-25
https://doi.org/10.1103/PhysRevD.108.024059
https://doi.org/10.1103/PhysRevD.108.024059
https://doi.org/10.1103/PhysRevD.108.024059
https://doi.org/10.1103/PhysRevD.108.024059

JOSE BARRIENTOS and ADOLFO CISTERNA

PHYS. REV. D 108, 024059 (2023)

lines, Hong and Teo [19] found a convenient set of
coordinates in which the metric polynomials of the
C-metric can be easily factorized. This allowed one not
only to rapidly identify the corresponding Killing horizons,
but also to perform a deeper analysis of the causal structure
of this spacetime. These findings motivated Griffiths and
Podolsky [14] to perform a similar construction for the
Plebanski-Demianski metric, which on this new form'
depends on the six independent parameters m, a, a, 1, e,
and ¢ and a seventh parameter, the so-called twisted
parameter @ that is ultimately related to both angular
momentum and NUT charge. In this form, almost all limits
on the Plebanski-Demianski metric are direct to take, from
which highlight the spinning C-metric and the Kerr-NUT
spacetimes and their charged generalizations. As the
Plebanski-Demianski line element represents at the end
of the day a sort of spinning C-metric with NUT charge,
it seems natural to wonder what the nonrotational limit of
this spacetime is. In this form of the line element, there is
no direct obstruction for this limit to be performed, and
actually a simple stationary metric is obtained. However,
this metric is found to not possess any conical singularities,
as it is known, the sources of the acceleration, and, even
more, the acceleration parameter @ becomes a redundant
parameter that can be removed by a suitable coordinate
transformation. It was then conjectured that an accelerating
NUT line element does not exist, at least in the wide class
of the Plebangki-Demiafiski family. Notwithstanding, an
accelerating NUT family of black holes was introduced by
Chng, Mann, and Stelea [20] by using a precise generating
solution technique based on the symmetries of the dimen-
sionally reduced Lagrangian of GR obtained by a timelike
compactification from dimension four to three. This sol-
ution, which in fact does represent a NUT black hole with a
nontrivial acceleration, was proven to not belong to the
special type D family given by Plebanski-Demianski and
to have general algebraic properties and, in fact, is of the
general type I. As a consequence, this metric could have
not been obtained by any limiting process acting on the
Plebanski-Demianski solution. A more convenient form
of the metric and a full geometric analysis of this novel
solution was given by Podolsky and Vritny [21], where
Killing horizons, algebraic classification, conformal com-
pletion, and causal structures were studied in detail.
Recently, the same authors have found a refined set of
coordinates to represent the Plebanski-Demianski metric,
with and without a cosmological constant [22,23],2 and
have finally cleaned out the presence of the nonindependent

'In this paper, we focus on the case in which the cosmological
constant vanishes. This is strictly related with the fact that the
generating solution technique we shall use to construct our new
geometries does not apply for A # 0.

An extension of the Pleban$ki-Demianski solutions with a
cosmological constant has been constructed in the framework of
metric-affine gravity [24].

twist parameter . This represents the final form of the
Plebanski-Demianski spacetime and is constructed in such
a manner that all limiting cases are clearly obtained with no
need for further changes of coordinates; it reads’

1 0 . 51 2 p?
ds Q2< 2 {dt (asm 0+ 4lsin > )d(p] +—Q dr

2
p L
+05 do? +p—2 sin?@ladt — (r* + (a + l)z)dqo]z) ,

(1.1)

where
—1 —azaijlzr(l—ﬁ—a cos 6), (1.2)
2 =71+ (I+a cos )2, (1.3)

P
P(0) = <1 aa

—m7+(l+a COS 9))

aa
X <1—az—+lzr_(l—|—a COS 6)), (14)

or)=(r—ry)(r—r_) (1 + aa%r)

a
x (1 at!
—aa——-—=r .
a*+ P
The roots of the metric polynomial Q(r) define the two
black hole Killing horizons

(1.5)

r+:=m+\/m2+lz—a2—ez—gz, (1.6)

r_:=m—\/mz—i—lz—az—ez—g2 (1.7)
that are accompanied by two accelerating horizons
located at

1 a®>+ 12

PPTEIE (1.8)

Ty =

The a — 0 limit is, therefore, completely transparent,
showing the outsider behavior of the NUT C-metric black
hole with respect to the Plebanski-Demianski family.
Indeed, 2 and P tend to one; no conical singularities
emerge and, therefore, no acceleration whatsoever. The
metric simply represents a charged NUT black hole.

In this work, we aim to rederive the Chng, Mann, and
Stelea solution [20] by making use of a different, but

*We follow the same notation given by Podolsky and
Vratny [22,23] and constrain ourselves to the case A = 0.
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theoretically close, solution generating technique. The
Ernst scheme [25,26] describes stationary and axially
symmetric spacetimes in Einstein-Maxwell theory. It is
known that Einstein-Maxwell theory written in terms of the
Ernst potentials enjoys a set of Lie point symmetries known
as Ehlers symmetries [13], from which the nontrivial,
Harrison [27] and Ehlers [28] transformations can be
used to obtain novel solutions in electrovacuum. In their
electric and magnetic versions,* Harrison transformations
electrify a given seed spacetime or embed the seed on an
electromagnetic background, respectively [29-32]. On the
other hand, Ehlers transformations are known to add NUT
charge or to embed the seed on a rotating (swirling)
background [33]. We shall apply an Ehlers transformation
on the standard C-metric, written in intuitive spherical
coordinates, to find in a few steps the convenient form of
the Chng, Mann, and Stelea solution [20] provided by
Podolsky and Vratny [21]. Then we present, for the first
time, an accelerating NUT black hole dressed by a
conformally coupled scalar field. This requires a specific
treatment in order for the Ernst scheme to be appli-
cable [34]. Several solutions of this kind have been
previously reported [35-39]; however, none of them are
in the context of accelerating NUT spacetimes. In technical
terms, this is due to the algebraically general nature of
accelerating NUT metrics. A natural step forward is to
endorse these spacetimes with electromagnetic charges.
At first glance, this could be achieved by simply adding
NUT charge via an Ehlers transformation acting onto a
Reissner-Nordstrom C-metric. Nonetheless, it has been
shown that in order to add NUT parameter on a given
charged spacetime an enhanced Ehlers transformation is
required that, along with the usual Ehlers map, includes an
extra duality transformation that restores the alignment of
the corresponding gauge fields [40]. As a matter of fact,
Ehlers transformations rotate the mass parameter in such a
manner that its magnetic component becomes nontrivial but
rotating at the same time the electromagnetic potentials.
Here, we construct the NUT extension of the Reissner-
Nordstrom C-metric spacetime, showing how the corre-
sponding line element correctly reproduces the NUT
Reissner-Nordstrom limit with an aligned gauge potential
if the naive Ehlers map used in the uncharged case is
improved with a simple duality transformation.

This paper is structured as follows: In Sec. II, we shortly
review the Ernst scheme for stationary and axially sym-
metric solutions in Einstein-Maxwell theory. We put
particular emphasis in explaining how to produce new
solutions by means of Harrison and Ehlers symmetry
transformations. Section III is devoted to rederive the

*Electric and magnetic versions differ by a double Wick rotation
on the corresponding Levis-Weyl-Papapetrou (LWP) line element,
and their names are given by the effect that, in particular, Harrison
transformations exert on a given seed spacetime.

Chng, Mann, and Stelea solution a la Podolsky and
Vratny by making use of an electric Ehlers transformation.
We continue with Sec. IV extending our findings to the case
in which a conformally coupled scalar field is introduced in
the matter sector. We explain how the Ernst scheme is
extended to this theory and how to integrate such a solution.
Section V is destined to the construction of NUT Reissner-
Nordstrom C-metric configurations, where we explicitly
show the line element, its corresponding nonaccelerating
limit, and how the alignment of the gauge field can be
retrieved by a duality transformation. Finally, we conclude
in Sec. VI with a discussion of our results and with a list of
possible avenues that can be explored to continue studying
these geometries.

II. ERNST SCHEME

The Ernst scheme [25,26] provides an elegant frame-
work in which to study stationary and axially symmetric
spacetimes within Einstein-Maxwell theory. It usefulness
relies in the ability it has to disclose certain symmetries
of the electrovacuum theory that allow the generation
of nontrivial solutions starting from a known seed. In
concrete terms, Einstein-Maxwell field equations for a
general stationary and axisymmetric spacetime given by
the LWP metric and a stationary and axially symmetric
Maxwell field

ds* = —f(dt — wde)* + f~[p>de?* + ¥ (dp* + dz?)],
(2.1)

A=Adt+A,dg (2.2)
can be cast in a completely equivalent form, the Ernst
equations

(Re& + |D2)V2E = VE - (VE +20°VD),  (2.3a)

(Re & + |®)V?D = VD - (VE +20*VD),  (2.3b)
- . . . .

where V and the various vectorial quantities are under-

stood in Euclidean space with cylindrical coordinates

(p, @, 7). The so-called Ernst potentials are defined as
E=f—|®P+iy. ®=A+id, (24

where Zl(/, and y, known as twisted potentials, are charac-

terized via the differential equations

»xVA,=p ' f(VA, + oVA,) (2.5)

and

G xVy=—p 1 fVw —2p x Im(®*VD). (2.6)

024059-3



JOSE BARRIENTOS and ADOLFO CISTERNA

PHYS. REV. D 108, 024059 (2023)

It is important to remark that, due to the integrability features
of the Einstein-Maxwell system, the function y(p, z) decou-
ples, and it is uniquely determined by the functions f(p, z)
and w(p, z). This form of the electrovacuum field equations
can be proven to enjoy a set of Lie point symmetries, known
as Ehlers symmetries [13], given by

& = A&, O = \®,, (2.7a)
(‘: - (‘:0 + lb, q) — (D(), (27b)
SO cI)O
= B (D = N 2.7
1+ i/&, 1+ )&, (27¢)
g = 50 - 2ﬂ*q)0 - |ﬁ 2, (I) - (DO +ﬂ, (27d)
£— go . 7 ® — QSO + CDO . ’
1- 2(1*(1)0 - |a| 50 1 - 2a*<I>o - |a| 50
(2.7e)

where a, f#, and A are complex parameters while b and ; are
real. After reducing the pure gauge transformations, we are
left with (2.7c) and (2.7¢), the so-called Ehlers [28] and
Harrison [27] transformations. Because of their Lie point
symmetry nature, the action of the transformations leaves
the Ernst equations unchanged while at the same time
producing new nonequivalent geometries. Notice that LWP
metric (2.1) is not the unique choice for a general stationary
and axisymmetric line element. As a matter of fact, we can
act on it with a discrete double-Wick rotation producing the
nonequivalent configuration

ds* = f(do — wdt)? + f~'[e* (dp* + dZ?) — p*dt*], (2.8)

A=A dt+A,dy, (2.9)
that gives rise to the very same Ernst equations (2.3). Here,
d=A,+ iA, and
@ x VA, =p7 f(VA, + wVA,). (2.10)
This ansatz is usually referred to as the magnetic LWP
ansatz. Then, the effect of Harrison and Ehlers transforma-
tions on a given seed spacetime crucially depends on which
ansatz they act [30], i.e., (2.1) or (2.8). The Harrison map is
known to electrify a given seed when acting on (2.1), while it
embeds a seed spacetime of the form (2.8) in an electro-
magnetic universe [29]. On the other hand, Ehlers trans-
formations add a NUT parameter to a given seed when
acting on (2.1) while embedding the initial spacetime in a
rotating (swirling) background when acting on (2.8) [33].
For our purposes, it is useful to consider the enhance-
ment in which a minimally coupled scalar field is intro-
duced in the matter sector. It was proven in Ref. [34] that
the Ernst scheme survives the addition of such a field; in

fact, the reduced action principle in terms of the Ernst
potentials reveals that in the Einstein-Maxwell-scalar case
the set of Ehlers symmetries (2.7) needs to be comple-
mented by the trivial transformation ¥ — ¥ = ¥, while
Ernst equations are complemented with the corresponding
Klein-Gordon equation for W. This ensures the feasibility of
Ehlers transformations as an effective solution generating
technique when dealing with black holes with scalar hair.
Most spacetimes with scalar hair are easily found in the
so-called Einstein-Maxwell-conformal-scalar theory; this
means in the Jordan frame in which the scalar field is
conformally coupled to the curvature scalar [41—47]. Both
theories, with minimally and conformally coupled scalar
fields, are related by means of the conformal map known as
Bekenstein transformations [48]. These transformations
provide a vehicle to transport all the machinery of the
Ernst scheme to theories with conformally coupled scalars.
It is then enough to consider a seed spacetime in the Jordan
frame, transform it to the minimally coupled frame (in
which Ehlers transformations can be applied), and move
back to the conformally couple theory to obtain new
solutions in the Einstein-Maxwell-conformal-scalar sector.

With these tools at hand, in the next sections we will
rederive the Chng, Mann, and Stelea solution [20], apply
these results to the case in which a conformally coupled
scalar field is considered in the matter sector, and explore
the construction of charged accelerating NUT geometries.

III. DRESSING THE C-METRIC WITH NUT

The aim of this section is to construct the accelerating
NUT black hole of Chng, Mann, and Stelea [20], written
in the coordinates provided by Podolsky and Vréatny [21].
The steps are very clear. We take the known C-metric in
spherical-like coordinates, and we dress it with a NUT
charge via an electric Ehlers transformation [28]. Thus, we
start from

, 1T . dR?  Rd6?
= a2 G g
+ R*P(0) sin? 9d¢2] , (3.1)
where
Q(R,0) =1+ AR cos 0, (3.2)
Q(R) = (1 - A%R?) <1 —2?M>, (3.3)
P(6) =1+ 2AM cos 0. (3.4)

Here, A and M stand for the acceleration parameter and the
mass of the black hole, respectively [49]. The standard use
of the Ernst scheme requires one to compare metric (3.1)
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with the electric LWP ansatz (2.1), from which it is direct to
recognize the seed functions

o
fo= o2 (3.5a)
_ VPOR sin 6 ngsi“ o (3.5b)
wy = 0. (3.5¢)

This is done in order to write the seed Ernst potentials.
Note that seed quantities are denoted by the subindex O.
Therefore, the seed potentials are given by

Q

80:@’

(3.6)

where indeed the potential @, vanishes and the seed is
uncharged. In addition, &, is real, corresponding with the
static character of the seed metric. With these at hand, we
apply the Ehlers transformation’ (2.7¢c) and obtain the
transformed Ernst potential (free of any subindex)

&o 0/
= = , 3.7
where we have defined the quantity
AR,0) =1+ o 3.8
(R,0) =1+ ic - (3.8)

The electromagnetic potential remains null: ® = 0. To read
the transformed metric components, we make use of the
definition of the Ernst potential, which now is composed by
real and imaginary parts. From the real part, we identify

0/ fo
=Re(é) == =", 3.9
f e( ) |A|2 |A 2 ( )
where |A]> = AA. The imaginary part of &,
2 94
7 =Im(€) = _CQ|/<|2’ (3.10)

provides us, via Eq. (2.6),6 with the form of the rotating
function w:

5Airning to maintain the notation given by Podolsky and
Vrétny, we change the real parameter j to c.
®We use the orthonormal frame defined by the ordered triad

(€r.€,.€9), so then €, x ép =—éy and €, x €y = €. The

9 Z
—

graldien; gperator is then defined as V o< \/OR % &z + VP 5, +

VP sin 099 €p-

AP(Q)R?sin” 0
w(R,Q):Zc(ZMcosH—i—w). (3.11)

Q(R,0)?

Ehlers transformations always endorse an imaginary part
on the transformed Ernst potential. Therefore, it always
implies the appearance of some sort of rotation [via (2.6)],
NUT charge in the electric case, or swirling rotation in the
magnetic one [30]. Recalling that Ehlers transformations
do not affect the metric function y, y = y,, it is possible to
verify that

dRrR> R?

e (dp? + dz?) = e¥ (dp* + dz?) = <Q + Pd92>f0,

(3.12)

a result that, along with the definitions for f and w, can be
plugged into the LWP ansatz (2.1) to deliver the trans-
formed metric

. Q(R)
ds* = QR0 [— AR [dt—Zc <2M cos 0
AP(O)R? 2
—Q—% sin26>d<p} + |A(R,0)?

2 12 dR2 d—92
X (R P(6)sin 9d¢2+Q(R)+R2P(9))]. (3.13)

At this stage, the construction is completed, and it remains
only to establish the connection between the real parameter
¢ and the NUT charge /. For this to be done, we define a
new mass parameter via the relation

m= VM-,

which together with the definitions

r+Em—|—\/m2+l2,
ro=m—vVm?+1

allows one to find a proper change of coordinates to bring
down the metric in an explicit NUT form. Keeping in mind
that

(3.14)

(3.15)

(3.16)

ry+r_=2m, (3.17)
ro—r_=2vVm?+ P, (3.18)
ro(ro—ro)=ri+10, (3.19)

we perform the change of coordinates R — (r — r_) and

(ro=r.)
+r+

The metric terms change as

t— 7 together with the reparametrization ¢ — /7.
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O(R) AP(O)R* | 2 ro—r_ 9Q(r) .
— W dt —2c| 2M cos 0 + S}(T’Q)Z Sln2 0 d(p - — . R2<r, 9) [dT — ZI(COS 0 + AT(I‘, 9) Sll'l2 Q)dQD]Z,
(3.20)
|
2y Ty —T- symmetry of the Einstein-dilaton-Maxwell theory has been
IA(R, O)°R* — . RE(r.0), identified, of which the effect is to embed a given seed on
’ an external magnetic field [50]. Moreover, this system has
2 2 : >
AR, 0)] N r-R(r, 9), (3.21) been shown to exhibit internal symmetries allowing for
O(R) ry Q(r) a deeper exploration of its black hole spectrum [51,52].
. . On the other hand, in higher dimensions, a magnetizing
where we have defined the new metric functions transformation has been also identified, providing Melvin
solutions in arbitrary dimensions [53]. A particularly
Q(r.0) = 1+ A(r—r_)cos 6. (3.22) appealing extension of the Ernst scheme is the one in
which a minimally coupled scalar field is included in the
P(0) = 1+ A(ry —r_)cos 0, (3.23) matter sector [34]. As explained before, Harrison and
5 5 Ehlers symmetries remain as valid Lie point transforma-
Q)= =A(r=r))(r=r)(r=ry). (324 (ions of this theory and, therefore, open the road for the
5 exploration of the integrability properties of Einstein-
T(r.0) = PO)(r=r-) (3.25)  Maxwell-scalar theory in a wide variety of cases. Making

(ry —ro)Q(r,0)*"
R*(r,0) = !

_ri—i—l2

-]

[ri(r —-r )} + P
(3.26)

Up to a conformal factor that can be disregarded by a
conformal rescaling of the line element, we find the final
form of the spacetime to be

1 Q(r)
9= Q0 op [_ R2(r,0)
+ AT (r,0) sin? 0)dgp|> + R>*(r, 0)

[dr — 2I(cos 6

x (P(G) sin? Odg? + S(Fr) + g(ee)ﬂ. (3.27)

This precisely coincides with the accelerating NUT space-
time presented by Podolsky and Vritny [21]. The corre-
sponding limits are clean, either A — 0 or [ — 0; thus, we
recover the NUT or C-metric black holes with no further
changes of coordinates. We do not intend to provide a
detailed description of the geometric features of this
solution, as it has been already done in Ref. [21].

IV.ACCELERATING NUT BLACK HOLES WITH A
CONFORMALLY COUPLED SCALAR DRESS

The Ernst solution generating technique is, in principle,
intrinsic to four-dimensional Einstein-Maxwell theory;
then it is expected that Ehlers transformations apply only
in the context of black holes with scalar hair. However,
a few counterexamples have been found. A particular

use of Bekenstein transformations [48], all these new
solutions can be mapped to the Einstein-Maxwell-
conformal-scalar scenario, in which they often represent
black hole spacetimes. In this section, we apply all this
machinery to construct an accelerating NUT black hole
with a conformally coupled scalar dress. Black holes with a
conformally coupled scalar field have been deeply inves-
tigated in many contexts, but in the case where acceleration
and NUT charge are combined in the absence of rotation.
This is, again, due to the fact that when doing so we depart
from the Plebanski-Demianski family. The strategy follows
from the previous section, now augmented with the use of
the Bekenstein map.

Thus, we start by considering a C-metric spacetime in the
context of a conformally coupled scalar theory. We proceed
by translating the solution to the Einstein frame by means
of an inverse Bekenstein map and by applying an electric
Ehlers transformation to add the corresponding NUT
charge. The final form of the solution is obtained by
moving back to the Jordan frame. Our guide action is

1
I= 2,</d4x\/—_g{R — K<gﬂva,,¢ap¢ + éRqﬁZ)] . (4.1)

for which C-metric black holes with conformal scalar
hair have been identified in Refs. [43,44]. In terms of
the acceleration conformal factor, the metric and scalar are
written, respectively, as

, 1 _OR) , R ., R
ds Q(R,G)z{ 72 drt +Q(R)dR +P(6’)d9
+ P(6)R? sin? Hd(pz] , (4.2)
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6 kQ(R.0 K
H(R.0) = \éR — (Q((R,H)) 5 (4.3) Y(R,0) = \/gtanh‘l (ﬁqs(ze,a)). (4.7)

Here, the Bekenstein factor is given by

where

Q(R,0)=1+ARcos 6, (4.4a) Qp(R.0) =1— g‘ﬁ(R’g)z‘ (4.8)

O(R) = (1-A2R*)(R - M) ( R— L) , (4.4b)  Now, we apply an electric Ehlers transformation in order to
1+2AM add the NUT charge. We do not repeat every step, as they
are identical to the previous case, no electromagnetic
AM charges are here included, and the identification of the

P(O)=(1+AMcos0)( 1+————cos@ ), (4.4 g :
6)=(1+ o8 )< + 14+2AM o8 > (44c) seed and transformed Ernst potentials follows in full
analogy with those of the previous section. Thus, we get

M
k= AN (4.44d) 2 QRO [ 0R)

Q(R,0)* | |A(R,0)]*R?

(dt — w(R, 0)dgp)?

In order to proceed, we move to the Einstein frame do? dR?
+ |A(R, 0)|*R? (P(H) sin? 0dg® + —— + —)] ,

1 PO) " OR)
-1 / dx/GIR - k0, W0, W), (4.5) (4.9)
K
. . with
where the metric and scalar read, respectively,
QB(R7 9)2Q(R>2
Qy(R R R R AR,O)F =1+ F———o
dS2 — B( 992) _ Q(2 ) dtz _|_ dR2 + d62 ‘ ( )| Q(R,9)4R4
Q(R.0) R O(R) P(0)
®(R,0) =2¢(2M cos 6 — AT (R, 9)), (4.10)
+ P(0)R? sin? Gd(pz} , (4.6)
and where the function 7 (R, ) is given by

1
(14+AM)*(1 +2AM)Q(R, 0)*(R + k(Q(R,0) —2))?
+ A’M?R*(8A°M?R? — 6AM?R + 14AMR?* + 6M? — 6MR + 5R*) cos* 6
+ 2AMR?*(2 + AM)(2A>M?R?> — 2AM*R + 3AMR* + 2M* — 2MR + R?) cos’ 0
+ (12A3M*R? — 2A*M*R* — 6A3MPR* — 14A’M*R?> + 12A>M>R® + A’M*R*
+4AM*R — 4AMPR? — 2AM?R3 + 4AMR* — 2M* + 4M>R — 2MR? + R*) cos” 0
— 2M(A*MPR* = SA3MPR? + 5A3M?R* + 4A’M3R? — 10A2M*R® + 6A>MR*
+2AM3R + 3AM*R* — SAMR? + 2AR* — M? + 2M?R — MR?) cos 0
— 2A3MPR* + 3A2M*R? + 4A’M>R? — SA’M?R* — 6AM*R + 2AM3R?
+6AM?R? — 4AMR* + 3M* — 6M3R + M*R*> + 2MR® — R%]. (4.11)

T(R,0) = [2A3M3R*(1 + 2AM) cos® 6

Contrary to the previous construction, the function y is more involved, and usually solving (2.6) becomes cumbersome. To
circumvent these technicalities, we have solved @ from the different, but equivalent expression

Vo = |2V, - fﬁ (AVA — AVA). (4.12)
0
Hence, back to the conformal frame, the solution takes the form

L B 10 (dt—w(R,G)d(p)2+|A(R,€)\2R2<P(9)sin29d(p2+d—02+d—R2>], (4.13)

= amor | AR OPR UMD
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where the scalar field and metric functions are given by
(4.3) and (4.4). As a final step, it remains only to make up
the metric in such a way that the NUT parameter naturally
emerges. This proceeds in analogy with the case of
accelerating NUT in GR, yielding

1 Q(r)
~0(r0) [_ R*(r.0)
+R2(r.0) (v‘>< Jsin 0+ S )]

[dr—21(cos 0—AT (r,0))dgp)?

P©)  Q(r)
(4.14a)
- /6 kQ(r,0)
#(r.6)= \/;r—r_—l—k(f}(r,Q)—Z)’ (4.140)
where
Q(r,0) =1+A(r—r_) cos 6, (4.15a)
Q(r) = (1 =A%(r—r_)? <r— r_— T+ ; r_>
X(r_r__2(1—|—A(r+_— ))), (4.15Db)

P(O) = (1 +w cos 9)

A(ry —r.)
x <1 T FA(r, =

) cos 6’), (4.15¢)

T(r,0) = ,,T(: f) : (4.15d)
R*(r,0) = 7& :_ 2 [ri(r —r)?
Lo Pl OF o(r)?|. (4.15€)

Q(r,0)*(r—r_)?

Let us now briefly analyze the main features of this
solution.” It is instructive to start by taking the [ =0
and A = 0 limits. The former case, indeed, allows us to
recover the original seed, namely, the accelerating solution
with a conformally coupled scalar dress [43,44]. Recalling
that in the limit / = 0 we have r, = 2m and r_ = 0, we can
obtain

Q(r,0) =1+ Ar cos 0, (4.16a)

Am cos 0

P(O) = (1+2A NH(1+——F——-
(@) = (14+2Am cos )<+1+2Am

>, (4.16b)

A detailed study of this geometry will be given in Ref. [54].

m

0) = (1=w)(r=m)(r= 2

), (4.16¢)

R(r,0) = 12, (4.16d)

on which we can replace m by M and r by R, providing the
seed metric configuration

ds? = ! _O(R) dr* + REdR® + 4o
(1+ AR cos 6)? R? Q(R)  P(9)
+ P(6)r?* sin? Qd(p} , (4.17)

/6 k(1 + AR cos 0)
H(R.9) = \/;R — k(1= AR cos 6)°

More informative in terms of the NUT nature of our
solution is the nonaccelerating limit. Taking A — 0 and
recalling that r, + r_ = 2m, we get

(4.18)

Q(r,0) =1, (4.192)
PO) =1, (4.19b)
O(r) = (r—m)?, (4.19¢)

R(r,0) = r* + 2, (4.19d)

that results into the NUT black hole with scalar conformal
dress presented in Refs. [45,46]:

P+ 1)

ds* = E Z) (dt — 21 cos Odg)? + Er—im)zdrz
+ (2 + 2)(d6? + sin® 0dg?), (4.20)
m2 2
b(r) = \/g—”r_*n;’ (4.21)

This ensures that our NUT charge has been properly
added into the original C-metric seed. As a matter of
fact, both solutions, the seed and the NUT conformally
coupled configuration, retrieve the well-known Bocharova-
Bronnikov-Melnikov-Bekenstein (BBMB) black hole [41,42]
in the corresponding A = 0 and / = 0O limits, a solution that
finally lands on the Minkowski spacetime in the vanishing
mass case. As a matter of fact, the BBMB solution is not
connected with the Schwarzschild black hole; there is no
continuous limit that renders the spacetime free from the
scalar field profile while keeping the mass. This hierarchy of
scalar dressed solutions is depicted in Fig. 1. The horizon
structure of our accelerating NUT solution (4.14) is easily

024059-8



EHLERS TRANSFORMATIONS AS A TOOL FOR CONSTRUCTING ...

PHYS. REV. D 108, 024059 (2023)

type I

spinning accelerating
NUT black holes with a

scalar conformal dress
?

a=0

type 1

accelerating NUT
black holes with a
scalar conformal dress

l= =0

type D type D

NUT black holes with a
scalar conformal dress

C-metric with a scalar
conformal dress =09

Y
type D

BBMB black hole

M=0

type O

Minkowski spacetime

FIG. 1. This diagram represents a hierarchy of solutions with a
scalar conformal dress that continuously connect with the
solution described in this section. On top, there is a spacetime
that includes rotation, acceleration, and NUT charge and that
might be obtained by adding rotation on our spacetime (4.14). As
discussed in our conclusions, it is expected to be of type I and,
therefore, has not been yet found. The corresponding limits / = 0
and/or A = 0 bring us to the well-known type D solutions with
scalar conformal dress.

obtainable due to the factorizable form of Q(r). Four
Killing horizons are identified:

1 1
’5:“_Z:m_‘/’”2+lz_2’ (4.22a)
U DY i S PN
a - A A’ :
2A(m* + 1?)

o, = E—— 4220
" 14+ 24Vm2 + 12 ( )
i =m, (4.22d)

which are given in two pairs, two acceleration horizons and
two black hole horizons. Their appearance on the causal
structure of (4.14) is directly dependent on the range of
the radial coordinate r. A brute-force inspection of the

Kretschmann curvature scalar reveals, through a particu-
larly lengthly and ugly expression, that the spacetime is free
of curvature singularities. As a matter of fact, the initial
singularity at » = 0 of the seed configuration is completely
softened by the addition of the NUT parameter, rendering
our metric fully regular. In consequence, the four Killing
horizons (4.22) are present in our geometry. It is direct to
observe that rj > r, and r;; > rp; however, to completely
determine the relative position of all Killing horizons with
respect to themselves, an extra assumption is needed. A
physically plausible condition is to consider the slowly
acceleration regime, which, in turn, restricts the parameters
A, m, and [ according with

1 1
A<—=—

i M (4.23)
Hence, the horizons satisfy r; <ry <rj <rf. It is
interesting to observe that, contrary to what occurs in the
hairless case, here ry; is not necessarily negative, and a
causal structure might arise with three positive Killing
horizons ry, r};, and r, namely, one acceleration horizon
and a black hole and internal horizon.

On the other hand, it is important to establish a possible
pole of the scalar field profile (r(), a pole that could render
the scalar field profile singular on the outer domain of
communications. In the case of (4.14), the # dependence in
the scalar field profile transforms such a locus in a region.
In fact, it lies at

A(m? + I)(cos 6+ 1)

ro(@) = m — .
o(®) AVm? + >(cos 0+ 1) + 1

(4.24)

We observe that for any value 6 # z such a divergence of
the scalar field profile always lies behind the event horizon
ri;. However, the conflictive locus remains located at the
south pole. This is an awkwardness that has been inherited
from the seed ancestor and that can be removed by applying
a conformal transformation to a very specific frame [54].

Accelerating and NUT spacetimes are, from the scratch,
geometrically intricate solutions. It is known that the
acceleration in the former case is due to the presence of
conical defects, defects that are better represented by either
cosmic strings or struts that pull or push the black hole
to infinity, causing its acceleration. On the other hand,
the NUT spacetime possesses the so-called Misner string
topological defect, a sort of topological defect usually
regarded as a semi-infinite rod with spin [55]. Solution
(4.14), as it has been studied already in great detail in
Ref. [21] for the bold case, also contains both type of
topological structures. Its full analysis, along with a proper
study of the algebraic classification of the solution (that
here we have anticipated to be of the algebraically general
type I), will be presented in Ref. [54].
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V. REISSNER-NORDSTROM ACCELERATING
NUT BLACK HOLE

In this section, we tackle the construction of a NUT
version of the Reissner-Nordstrom C-metric. As roughly
mentioned before, the presence of electromagnetic charges
restricts the usefulness of the standard electric Ehlers
transformation as a mechanism of endorsing NUT to a
given spacetime. It was proven in Ref. [40], by adding
NUT onto the Kerr-Newman solution, that the Ehlers map
requires to be complemented with a duality transformation
affecting the electromagnetic potential. Specifically, the
Ehlers map rotates not only the mass, producing the
appearance of the NUT parameter, but also the gauge
vector generating its misalignment. In order to obtain a
properly aligned gauge field, a further duality transforma-
tion, that can be seen as a subcase of (2.7a), is required
to act on the electromagnetic potential. Then, the Kerr-
Newman-NUT solution is obtained. An enhanced Ehlers
transformation, superposing the effect of the original Ehlers
map and the aforementioned duality transformation, was
also provided and shown to correctly add NUT to a
nonaccelerating charged spacetime while simultaneously
maintaining the correct alignment of the electromagnetic
potential. Here, we shall see that complementing the usual
Ehlers map with the aforementioned duality transformation
correctly produces an accelerating NUT Reissner-
Nordstrom solution with the correct alignment of the
electromagnetic potential in the corresponding limiting
cases. To proceed, we start from the line element (3.1)
with metric functions

Q@):(LnﬁRﬂ<l—€¥+et;f),(5U

P(0) = 1+ 2AM cos 6 + A%(e* + g*)cos’0  (5.2)
and with the electromagnetic potential

A= —%dt + g cos 0dep. (5.3)

We consider both electric and magnetic charges. Again, by
comparison, we can easily find the seed metric functions
which take the same form as those of the uncharged
case (3.5). However, due to the presence of the electro-
magnetic charges, we also need to identify the electromag-
netic potentials composing the seed potential ®. This, in
turn, implies the computation of the seed twisted potential
A . Using (2.5), we obtain

(5.4)

5 9
A{/)() == —E

and identify the seed Ernst potentials

0 44 _e+ig

b= R 0T TR

(5.5)

which by means of the corresponding Ehlers transforma-
tions deliver

% _ ez—%—iq2 e+ig
E= L o=—2R 5.6
Here, we have defined
(Q e+

As usual, the new metric functions and the new electro-
magnetic potential can be easily obtained by taking the real
and imaginary parts of £ and ®. For the metric functions,
we have

9
f=ReE+ D = |Xz|2’ (5.8)
while the imaginary part
(% _ e2+2g2)2
Q R

provides, via (2.6), the corresponding function w. We
obtain

o(R,0) = 2c <2M cos 0 — A(e* + ¢*) sin® 0

APR®sin? 0
h— > (5.10)

(14 AR cos 6)?

On the other hand, for the gauge potentials, we observe that

e g(%_eztgz)
- R \Q R
A,(R,g) = RC(Q) = - |/€|2 - CT, (511)
s f(@E-F)
A,(R.0) =Im(®) = — Rk & K/ 5.12
¢(R.0) = Im(®) |A|2+C AP (5.12)

Notice that here we have obtained A,,(R, §) and not the real
magnetic field. It is then necessary to use Eq. (2.5) to obtain
A, for which it is first mandatory to know the explicit form
of the rotation function @. The magnetic field is found to be

eP sin? 0
(1 + AR cos 6)?* cos 6
¢ _wA, (5.13)

A, (R, 0) =c

+ g cos 0

—c _
cos 6

024059-10



EHLERS TRANSFORMATIONS AS A TOOL FOR CONSTRUCTING ...

PHYS. REV. D 108, 024059 (2023)

At this stage, it is useful to proceed with the same
reparametrization of the mass parameter and change of
coordinates performed in the uncharged case provided in
Sec. III. The line element is given by (3.27) with metric
functions

Q(r,0) =1+ A(r—r_) cos 6, (5.14)

PO) =1+ A(r, —r_) cos 0+ A?(e* + ¢%) cos? 0,
(5.15)

Q(r) = (1 =A% r—=r_)?)(r* =2mr— > + * + ¢*),

(5.16)

T(r0) = (:(f)r(_r)s_z(rr_,);)z - i . fi - B
R2(r,0) = r2+1+12 2 (r—r_y?

+ 2 (Q<F>Q_(r(,e;);rgz_)?_()rz’ O, (5.18)

w(r0) = 2T (os 0 4 AT(r.0)sin20), (5.19)

I+
while the corresponding electromagnetic potentials turn
to be
(r—r_)? e
A (r,0) = -
(r.0) R2(r,0) (r—r.)

(Q(r) — (e* + ¢°)Q(r.0)%)

rQ(r, 0 (r—r_)? ’
eP(6)sin’ @

A(r,0)=]————— 0
o(r.0) r, cos 99(r,9)2+gcos
e
- ,O)A (r,0). 5.20
0 0Ar0) (5.20

It can be observed that from the line element it is direct
to obtain the NUT Reissner-Nordstrom metric in the limit
of vanishing acceleration. However, as we have pointed
out before, the Ehlers transformation also rotates the vector
potential, and, as a consequence, the usual gauge field of
the NUT Reissner-Nordstrom configuration is not retrieved.
It has been proposed in Ref. [40] that an extra duality
rotation acting on the vector potential

D - &= (o, (5.21)
with f# a constant, fixes the problem. This was proven for
the case in which the Kerr-Newman solution is affected
by an Ehlers transformation in order to obtain the Kerr-
Newman-NUT spacetime. In addition, the usual Ehlers and

the previous duality transformations were combined to
produce an enhanced Ehlers transformation that automati-
cally adds a NUT parameter onto a charged spacetime with
no extra rotation of the gauge potential. For the sake of
simplicity, here we consider g = 0 and apply the duality
transformation (5.21) in order to align the gauge field in the
corresponding subcases in which either the acceleration or
the NUT parameter vanishes. Before moving to the (z, r)
coordinates and previous to the redefinition of the mass M,
the duality transformed electric and twisted magnetic
potentials are given, respectively, by

; . & &5
A,(R,0) =Re(®) = —ﬁ cos f# — c% sin 3,
- _ 2 (L <) e

A,(R,0) = Im(®) = c% cos ff — |/f|2 sin f3,

(5.22)

from where the dipole magnetic potential is extracted:

A, = % [e2A%sin? O cos 0 + 2AM sin> 0 — (Q + 1)AR
—cos ] cos B+ e cos O sin f— wA,. (5.23)
In the A — O limit, we get that
A, = —ce cos 0 cos f+ e cos 0 sin f—wA,, (5.24)

an expression that can be easily rearranged into the fashion
A, = —wA,, by suitably selecting the constant parameter /5.
Passing to 7, r, and m and rescaling the coordinates z and r
and the parameters m, [, and e by the constant factor

"~ the electric potential reduces to

- b
ro—r_

- er

A, = L (5.25)
namely, to the standard NUT Reissner-Nordstrom gauge
field.® A hierarchy of solutions of this kind is depicted
in Fig. 2.

VI. OUTLOOK

Our study leverages Ernst’s insightful description of
axially symmetric and stationary spacetimes to devise a
novel and more computationally efficient approach for
constructing accelerating NUT black holes. Specifically,
we employed an electric Ehlers transformation on the
conventional C-metric to rederive Chng, Mann, and
Stelea’s solution [20] while also presenting for the first
time its scalar conformally dressed generalization.

*An accelerating version of the NUT Reissner-Nordstrom
black has been also constructed in Ref. [56].
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type I

Reissner-Nordstrom
accelerating
NUT black hole

type D

type I

type D

Reissner-Nordstrom
C-metric

Accelerating
NUT black hole

Reissner-Nordstrom
NUT black hole

type D

type D

type D

C-metric

Reissner-Nordstrom

NUT black hole

Schwarzschild black hole

m =20

type O

Minkowski spacetime

FIG. 2. Hierarchy of solutions contained in the Reissner-Nordstrom accelerating NUT spacetime.

In addition, we provide the Reissner-Nordstrom accelerat-
ing NUT black hole of Einstein-Maxwell theory, providing
the charged extension of the Chng, Mann, and Stelea
solution written in Podolsky and Vratny coordinates. A
duality transformation has been applied on top of the usual
Ehlers map in order to restore the alignment of the gauge
field in the corresponding nonaccelerating limit. As a
matter of fact, the outcome of this procedure is the
obtention of the proper Reissner-Nordstrom NUT black
hole configuration in the vanishing acceleration case.
Indeed, this solution is of type I algebraic nature. In our
constructions, we have found the coordinate system intro-
duced by Podolsky and Vritny [21] to be particularly
useful, as it allows for the transparent identification of the
NUT charge. Moreover, it is the appropriate change of

coordinates, no matter the presence of electromagnetic
charges, that allows for clean nonaccelerating limits. Our
metric in the conformally coupled case possesses clear
limits to well-known subcases, including the conformally
dressed C-metric [43,44] and NUT [45,46] black holes,
which are obtained by taking the limits / — 0 and A — O on
Eq. (4.15), respectively. These conformally dressed space-
times, which depart from the Plebanski-Demianski family,
could not have been obtained from the wide family of
metrics presented in Ref. [44].

It is known that the source of acceleration in these
spacetimes is given by the presence of cosmic strings or
struts, which is an unavoidable consequence of a nontrivial
function P(0) causing a deficit or excess angle on the
metric. To construct accelerating spacetimes with no
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conical singularities, it is necessary to provide an alter-
native mechanism for the acceleration. Therefore, it would
be interesting to explore immersing these types of solutions
in external magnetic fields [34] or in rotating backgrounds
as has recently been done for the standard
C-metric [39]. This can be easily performed by using
magnetic Harrison and Ehlers transformations. There are
several other avenues that can be explored to continue
studying these geometries. In the context of our charged
and hairy accelerating NUT black hole, it would be
desirable to study its Euclidean version and its Eguchi-
Hanson formulation [57,58]. This would allow us to
explore charged and hairy accelerating gravitational sol-
itons, an avenue that has thus far been explored only for the
nonaccelerating case [59]. Additionally, the thermody-
namic analysis of these solutions offers a highly nontrivial
arena for exploration. As is known, the C-metric and NUT
solutions in GR already offer interesting subtleties regard-
ing the computation of their conserved charges and
thermodynamic behavior [60-63]. Therefore, accelerating
NUT geometries provide an interesting class of spacetimes
to test standard methods for computing charges and black
hole thermodynamic laws. On the contrary, investigating
the geodesic motion of accelerating NUT black holes
presents a promising avenue for exploration. Recent find-
ings have demonstrated that geodesic observers in NUT
spacetimes can avoid encountering the Misner string or
experiencing any causality violations, provided that the
constant parameter resulting from the coordinate trans-
formation that determines the position of the Misner
string 1is appropriately restricted [64]. This allows for
reinterpretation of NUT black holes, in some cases as
traversable wormhole geometries with no energy violation
whatsoever [65,66]. Then, it would be interesting to seek

for accelerating NUT traversable wormholes, especially in
the charged case scenario.

Last but not least, a major challenge will be the
construction of a rotating (Kerr-like) extension of these
(charged) accelerating NUT spacetimes. As pointed out in
Ref. [67], an educated guess indicates that adding rotation
to these spacetimes would guide us to a different solution
than the metric contained in the Plebanski-Demiafski
family. This is expectable from the fact that, contrary to
the spinning C-metric with NUT charge contained in the
Plebanski-Demianski line element, here our accelerating
NUT spacetimes are not centered with respect to r = 0 but
with respect to the position of the inner horizon r = r_.
This can be observed from the (r — r_) dependence of the
conformal factor and accelerating horizons. In addition,
the nonrotating solution already departs from the wide
Plebanski-Demianski class, and rotation is not expected to
restore the special algebraic character of this spacetime. An
analytic construction of such a spacetime would be hard to
imagine without the utilization of sophisticated solution
generating techniques; we expect that some light might be
shed on this problem by considering the inverse scattering
method [68].
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