PHYSICAL REVIEW D 108, 024048 (2023)

Nonlinearities in the tidal Love numbers of black holes
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Tidal Love numbers describe the linear response of a compact object under the presence of external tidal
perturbations, and they are found to vanish exactly for black holes within General Relativity. In this paper
we investigate the tidal deformability of neutral black holes when nonlinearities in the theory are taken into
account. As a case in point, we consider scalar tidal perturbations on the black hole background, and find
that the tidal Love numbers may be nonvanishing depending on the scalar interactions in the bulk theory.
Remarkably, for nonlinear sigma models, we find that the tidal Love numbers vanish to all orders in

perturbation theory.
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I. INTRODUCTION

Black holes and gravitational waves represent two of the
most striking predictions of General Relativity, and they
come along when one considers a binary system of black
holes orbiting around each other and emitting gravity
waves as the coalescence proceeds. The measurement of
this gravitational radiation therefore provides a powerful
tool to shed light on the nature of gravity in its most
extreme regime and on the search for signatures of new
physics [1].

Within this theory, the black hole mass, angular momen-
tum, and electric charge uniquely define their multipolar
structure. The latter is not relevant during the early stages of
the inspiral phase of a compact binary, since the two bodies
behave as point masses [2]. However, as the orbital
separation sufficiently decreases due to gravitational wave
emission, the tidal interactions between the two bodies
become important, and higher-order post-Newtonian cor-
rections come into action. These tidal effects are usually
described in terms of the tidal Love numbers [3]. The tidal
Love numbers depend on the internal properties and
structure of the deformed compact object, and are found
to impact gravitational wave emission at fifth post-
Newtonian order [4].

Assuming General Relativity, the tidal Love numbers of
nonrotating and spinning black holes are found to be
exactly zero [5-14]. This result has generated a problem
of “naturalness” in the gravitational theory [11] and reveals
underlying hidden symmetries of General Relativity
[15-26]. This property is, however, fragile, since it is
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broken in higher dimensions [15,27-31], in the context of
modified gravity [32-35], or due to environmental effects
around the black holes [36-40].

Known results on tidal Love numbers usually assume
linear response theory, based on a weak external tidal field,
and consider free massless perturbations on the black hole
background. General Relativity, on the other hand, is a
nonlinear theory. The issue of nonlinearities has been
deeply investigated in the context of black hole perturba-
tion theory and quasinormal modes [41-49]. It has recently
received further interest since black hole merger simula-
tions have shown that not only first-order but also second-
order effects are relevant to describe ringdowns [50-56].

In this paper we investigate the role of nonlinearities in
the context of tidal deformations. For simplicity, we focus
on self-interacting scalar fields on a fixed Schwarzschild
background, treating interactions perturbatively. Scalars are
simpler to deal with, since they avoid the issue of parity-
even and -odd perturbation mixing that would arise for
spin-1 (electromagnetic) and spin-2 (gravitational) non-
linearities, as well as issues of gauge invariance.

In a linear theory, a basis of two linearly independent
solutions can be chosen to have the correct growing/
decaying behavior at spatial infinity and regularity/diver-
gence behavior at some finite distance. They correspond to
the usual “external source” and “response” components.
The Love number is easily defined as the relative coef-
ficients of these two independent solutions. However, one
can no longer separate them in a nonlinear theory, such that
defining the Love number becomes subtle. Despite this
difficulty, the presence of fall-off tails may still signal a
tidal response in a nonlinear way. Therefore, for different
self-interactions, we compute the solution of the scalar
perturbations on the black hole background and determine
their asymptotic behavior to look for tails at each multipole.

© 2023 American Physical Society
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We consider three families of interacting scalar theories:

(1) Potential interactions. Specifically, we consider
power-law operators ¢". In this case, we find that
a tail is generated at second order in perturbation
theory.

(ii) Derivative interactions. Specifically, we consider
(0¢)* as the simplest shift-symmetric interaction. In
this case, we find that a tail is generated at first order in
perturbation theory. This is an immediate conse-
quence of the higher-derivative nature of the operator.

(iii) Non-linear sigma model, G;(¢)od'o¢’. We place

no restriction on the target space metric G;(¢),
other than it is nonsingular in the field region of
interest, such that we can adopt Riemann normal
coordinates. In particular, G;;(¢) need not be flat.
Remarkably, in this case we will prove the absence
of a tail to all orders in perturbation theory.

The nonlinear sigma model is the closest scalar analog to
General Relativity, in the sense that, exactly like the
Einstein-Hilbert term, G;;(¢)o¢'d¢’ includes exactly
two derivatives and possibly all powers of the field. The
fact that we find no tail in this case is striking and
suggestive of an underlying symmetry.

The paper is organized as follows. In Sec. II we briefly
review the notion of Love numbers, both in Newtonian
gravity and in General Relativity. In Sec. III we provide
details about the nonlinearities involved in the computation
of the Love numbers for a scalar tidal perturbation. We
study a few illustrative examples of nonlinear scalar
theories in Sec. IV, while dedicating Sec. V to the study
of the nonlinear sigma model. Finally, we conclude in
Sec. VI. Three appendixes are devoted to technical details.

II. BRIEF REVIEW OF TIDAL LOVE NUMBERS

In this section we review the formalism to compute the
tidal Love numbers for a black hole. We start by discussing
their analog with the electric polarizability of a material,
and then define the Love numbers both in the Newtonian
and full relativistic regime. For the latter, we focus on
massless spin-0 tidal perturbations, assuming for simplicity
a Schwarzschild black hole background. The interested
reader can find a more comprehensive discussion in
Refs. [15,16,20].

A. Electromagnetic response

Computing Love numbers is in fact closely similar to the
calculation of the electric polarizability of a material, such as
a dielectric material under a static external electric field. The
static problem outside the material (in vacuum) is simply
given by Laplace’s equation for the electric potential @,

V20 = 0. (1)

The general solution is given by

o= e ( ; fﬁ)Yfm(@ ».

where Y,,,’s are the real spherical harmonics. The first term
com’ Y 4y, is simply the potential for the external electric
field. The second term c,, fﬁ Y s, characterizes the induced
multiple of the material, with 1,,, identified as the electric
polarizability of the object.

In practice, in order to calculate 4,,,, one must specify
the properties of the material. For instance, given a relation
between the polarization vector and the electric field inside
the material,

Pl = yWLE + D EIE + (3)

with y(") being the nth order susceptibility tensor, one can
solve the electrostatic problem inside the material, and then
match the solution with Eq. (2) at the surface of the object
to satisfy the boundary condition of regularity. A well

known example is a linear dielectric (13 = )(E) solid sphere
of radius R in an arbitrary external electric field. In this
case, @ is solved by

3 £+1
B P XCR R )
q>0utside - E me <I‘ - 20+ 1+ f)( (7 Yfm(a’ §0),

Z.m
20+ 1
<I>~:§V7fY 0.¢), 4
inside o fm2f+1+f)(r fm( (P) ( )

where V,,, quantifies the potential for the external electric
field. It is clear that the induced multiple moment is
proportional to the susceptibility y. The strength of the
induced multiple moment can be thought of as the electric
counterpart of the gravitational Love number.

In the following we solve the analogous problem of a
gravitational perturbation deforming a compact object,
which we will assume to be a Schwarzschild black hole,
both in Newtonian and FEinstein gravity.

B. Gravitational response: Newtonian limit

The gravitational response of a spherically-symmetric
body to external tidal perturbations is captured by the tidal
Love numbers. Consider a spherical body of mass M,
possibly spinning, and assumed to be at the origin of a
Cartesian coordinate frame. The body is subjected to an
external gravitational field U,y applied adiabatically.

Assuming spherical symmetry, the field can be expanded
in multipole moments as

[Se]

ext - Z f' (5)

=2

in terms of its distance r from the body, the multi-index
L=i---i,, and the symmetric trace-free multipole

024048-2



NONLINEARITIES IN THE TIDAL LOVE NUMBERS OF BLACK ...

PHYS. REV. D 108, 024048 (2023)

moments &; . This external gravitational perturbation indu-
ces a deformation in the body, which develops internal
multipole moments given by

GI, = / dx 5p(¥)x) (6)

where Op is the body’s mass density perturbation, and
x<L> = xil .o .xif‘

Expanding the external source and induced response in
spherical harmonics Y.,

SmeSL/ dQntys, ; ImeIL/ dQntyg,. (7)
s? s?

where dQ = sin #d0d¢, and n’ = x' /||, the total potential
of the system can be written as

eSSy,

=2 m=-¢

(¢ -2)! (2¢ - 1)1 G,
X [Té’fmrf—T rf+1 . (8)

Assuming that the external tidal perturbation is adiabatic
and weak, linear response theory dictates that the response
multipoles are proportional to the perturbing multipole
moments as

(£ =2)!

Wﬁm (0)r f_Hgfm( ). 9)

Glfm(w> -~

where @ is the perturbation frequency. The size of the
object, r;,, will later be identified with the Schwarzschild
radius in the black hole case, r;, = 2GM. The dimension-
less coefficients 4,,, describe the tidal response and can be
expressed in terms of @ as

Aom 2 kpp + (@0 —mQ) + ..., (10)

where m is the azimuthal harmonic number, and Q the
body’s angular velocity. The real term in Eq. (10) encodes
the static response, and the corresponding coefficients k,,,
are called tidal Love numbers. The imaginary contribution
ivg,, describes dissipation effects. For the sake of our
discussion we will assume static perturbations (v = 0) and
therefore neglect dissipative effects.

The Newtonian regime considered so far represents the
long-distance approximation to full General Relativity. In
the following we will therefore discuss tidal Love numbers
for a Schwarzschild black hole assuming a massless spin-0
perturbation in a full relativistic theory.

C. Gravitational response: General relativity

We now turn to the gravitational response of a black hole
in General Relativity, which for concreteness we assume to
be Schwarzschild:

2 _ 2, Lo a0
ds*=—f(r)dr +f(r)dr +r=dQ*;
Using black hole perturbation theory, one can consider
massless fields perturbing the black hole geometry. The
simplest example is a tidal spin-2 perturbation, which
describes the presence of a companion in a binary system.

For the sake of our discussion we will focus on a scalar
tidal field ¢, which is responsible for the generation of a
scalar Love number. The dynamics of a free real scalar field
is governed by the action

f(r):1—r7h. (11)

-3 [ drv=iony. (12)

Since the background is invariant under rotations, we can
decompose ¢ into spherical harmonics,

xX) =Y W(t.r)r Y, (0.0). (13)
£.m

The action can then be simplified by integrating over the
angular variables. Introducing the tortoise coordinate r,,
with dr, = dr/f, we obtain

l
=3 [anar (Jrip =3 S5 v ).
Zm 2
in terms of the scalar potential
ce+1)  ff
V()(I‘)Ef#“r—, (15)
r r
where primes denote radial derivatives (f' = df/dr). The

resulting equation of motion takes the form of a
Schrodinger equation
d>¥(r,)
drl

+ (@ = Vo(r)¥(ry) = 0. (16)
In the zero-frequency limit, imposing regularity of the
solution at the black hole horizon rj,, and matching to the
external source at spatial infinity » — oo, one finds that ¥
can be expanded asymptotically as

—2¢-1
W(r)~c rit! [1 —|—~'—|—k§f) <L> —Q—} (17)
T

The first term ~7“*! denotes the external tidal field applied

at spatial infinity, while the second term ~r~* encodes the

response. The coefficient kéf) denotes the scalar Love

number. Its value depends on the assumed background
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geometry. For a Schwarzschild black hole kgf)

vanish identically.

The procedure outlined above is called Newtonian match-
ing, since the extraction of the Love numbers for the full
relativistic case is based on the comparison between this
series expansion and the nonrelativistic gravitational poten-
tial. There is, however, an intrinsic ambiguity in this
procedure, due to the overlap between the source series
and the response contribution [12,16,27], where subleading
corrections to the source appear to have the same power in r
as the response in the physical case £ € N. In order to
properly define the Love numbers through a matching
procedure, an interesting approach consists of performing
an analytic continuation to the unphysical region £ € R [12],
where the source and response series do not overlap.
Obtaining such a solution can, however, be challenging,
and depends on the theory at hand. Furthermore, this
definition of tidal Love numbers may also be problematic
due to gauge invariance.

In order to get around these issues and provide a gauge
invariant definition, one can instead identify the relevant
operators describing tidal effects in the point-particle
effective field theory approach. This approach is based
on the realization that, at very large distance, a black hole
behaves as a point particle, and corrections due to its finite
size and internal structure are encoded in higher-derivative
operators in the effective theory.

The most general action describing the interactions
between an external scalar field and the point particle
worldline, up to field redefinitions and down to second
order in the bulk scalar field, is given by [15]

is found to

5= [ dr=iony

Rt T TP Laop

X (6(a1 e 'aaf)r¢)2:| s (18)

where e denotes the vielbein, and (- - -); the symmetrized
traceless component of the enclosed indices. The bulk
action is just that of the free scalar field, Eq. (12). The first
two terms in the worldline action describe the worldline
trajectory; the term g¢h encodes the scalar hair carried by the
point particle which, in the black hole context, is absent due
to the no-hair theorems [57-59]; and the last term is the
leading-order finite-size effective operator, where the
Wilson coefficients 1, indicate the worldline definitions
of black hole static response coefficients. From a Feynman
diagrammatic level, one can interpret this quadratic oper-
ator as a vertex, with one of the external fields behaving as a
background and the other as a response at infinity.
Solving the corresponding equation of motion in the
zero-frequency limit one obtains the full field solution ¢ as

()
x 14 24(=1) *—2f—l}; x=
wr(1-¢)

38}

(19)

where ¢, ..., is a symmetric traceless tensor. This can be
matched to the full relativistic solution obtained in Eq. (17)
to extract the gauge-invariant scalar Love numbers as [15]

(k- ¢)
4 ﬂ:‘;iQ 2 r2f+1' (20)
2£ 2 1) 2 h
r()

This result holds at the linear level. In principle, by adding
terms with more powers of the fields to the effective action,
one can study the nonlinear response of the system. This is
the approach we will pursue in the next section.

2o =k(=1)

III. NONLINEARITIES IN THE TIDAL LOVE
NUMBERS: FORMALISM

In this section we describe two different kinds of
nonlinearities that may affect the computation of the tidal
Love numbers. The first kind of nonlinearity is related to
the assumption of linear response, and arises when one
goes to the next-to-leading order in the applied external
field. The second kind is instead based on a theory which is
inherently nonlinear, such as General Relativity, but keep-
ing the assumption of linear response theory.

These nonlinearities are described by two different
expansion parameters: for the first kind, we are perturbatively
expanding in the tidal response, which is proportional to the
size or compactness of the tidally deformed object; for the
second kind, we are expanding in the strength of the external
applied field, which is parametrized by the coupling constant
of the theory at hand, e.g., the Planck mass for General
Relativity. This emphasizes the different nature of the non-
linearities we will describe in this section.

A. Beyond linear response theory

One of the main assumptions in the computation of the
Love numbers relies on linear response theory, according to
which the amount of deformation captured in the mass
quadrupole is proportional to the strength of the external
applied field.

The same assumption is usually performed also in
electromagnetism, where the electric dipole at leading
order is proportional to the external electric field.
However, one can generalize the response by including
higher-order corrections in the electric field. Indeed, the
nonlinear response of a conducting body to an external
electric field is described by the electric dipole, with a
power expansion in the electric field as [60]
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D, = A3 (1, %)E, (t,X) + 2a)(t, X)E, (1, %) E, (1, %)
Ao (1, %), (1, D) E, (1, ) EH(£,X) + ..., (21)

where E, = F,, u” covariantly defines the electric field in
the body’s rest frame, and A(") are the susceptibility tensors,
which are symmetric in their indices. We shall refer to
Df,z) = ff,)p(t X)E,(1,X)E,(t,X) as the second-order non-
linear dipole moment, to D/(f) :/1,(;),,,;(1, X)E,(t, )?)E/,(t,
X)E,(t,X) as the third-order nonlinear dipole moment,
and so on for higher-order terms.

Assuming Lorentz invariance and parity conservation,
the index structure of the tensor susceptibilities is con-
strained, such that they can be decomposed in a set of scalar
susceptibilities as [61]

1 1 1

/1/81’) = /1(() )g;w + A(l )QI,ﬂQZ,y;
PTG :

uvp 0 (gyUQ&p + gl//)ql,ﬂ + gp/}‘]Z,L/)?

NORNTG o
wpe = A0 " 9(uwYpo) + 1 (g/ADQ3,pq4.zr + perms)
3
+ lg )ql,qu,DQ3,pq4,av (22)

/dre[;%ﬂ 00, )

(2)
10,85

26,124,124
3
W,
20,126,126,12¢,)

+ 2.
C1.02,05

+
162,63,

where the lower indices a;, b;, c¢; and d; are properly
contracted in a Lorentz invariant and traceless way, such
that £3 = |£) — ¢,|,....,£, + ¢, for the second line, and
similarly for the third line. The list of coefficients

@ ()
iyt et

bers. From a Feynman diagrammatic level, we would expect
in this case diagrams with more lines either as a background,
i.e., a nonlinear source, or as a nonlinear response.

In the following we will not consider this kind of
nonlinearity, which we expect to be subdominant compared
to the one at the linear level, due to the higher number of
derivatives involved. We leave their study to future work.

capture the nonlinear tidal Love num-

B. Nonlinear bulk theory

The second kind of nonlinearities may arise from the
theory one considers. For example, when studying a black

(0a,---0ay, ) (0o, -0, B) (9, -

in terms of the background metric g, and body’s momen-
tum g*.

The analogy of the electric dipole in the context of
gravity is provided by the quadrupole moment, which can
be as well expanded in a power series

- 1 = 2
I”D(t,x) = ﬁvim(t x)E/m(t’x)

22 (LR E (1, 3) Egs(1.%) + ... (23)

in terms of the electric and magnetic fields, built from

the Weyl tensor C,,, as E, =C,,,u’u’ and B,

(%C) ot U = eaﬂ,,,,C,,g u’u°, where u* denotes the body
four-velocity.

From this analogy one can appreciate the role of higher
operators in determining the nonlinear response of the
object to the external perturbation. Such operators also arise
in an effective field theory approach, as higher-derivative
operators in the Lagrangian. Considering a scalar field ¢,
the worldline action would receive next-to-leading terms
built out of the derivative of the scalar field as

(0a,---Ouy, ) (00, -0, ) (O(c, 00, b)

.05,3)¢)(a(d| ...adm¢) + ..., (24)

hole perturbed by an external spin-2 tidal field, such as its
companion in a binary system, the theory at hand, i.e.,
Einstein gravity, is inherently nonlinear. This nonlinearity
has been investigated extensively in the literature in the
context of black hole perturbation theory and quasinormal
modes, e.g., [41-49]. Although the dimensionless ampli-
tude of the metric perturbations are negligibly small when
we observe them at detectors, they are relatively large near
the black hole, so nonlinearities may play an important
role at gravitational wave detectors, see in particular
Refs. [50-56] for recent developments in the context of
black hole ringdown.

To illustrate this, let us focus on parity-odd perturbations.
At the linear level the metric perturbation ‘PRI&, around a
Schwarzschild black hole satisfies the familiar Regge-
Wheeler equation [62],

024048-5



DE LUCA, KHOURY, and WONG

PHYS. REV. D 108, 024048 (2023)

( " View (1)) 4 . 03)

2
ars

The Regge-Wheeler potential Vyy takes a form similar to
the one obtained above for a scalar field. One can go
beyond linear level, and focus on “higher-order” terms in
the metric perturbations,

Wrw = P + P (26)

From a perturbative expansion it was shown that the
second-order perturbations satisfy the same linear set of
equations as the first-order perturbations, but with addi-
tional terms quadratic in the first-order perturbations, that
may be thought of as “sources” for these equations.

Explicitly, ‘I‘g&, satisfies a Regge-Wheeler equation,

02

(53— Vo) o =008 )
*

which now includes a nonlinear source in the first-order
perturbations S (‘I‘l(;\?v2 ).

In the rest of our paper we focus on this second kind of
nonlinearity in the context of interacting scalar tidal
perturbations around a Schwarzschild black hole. The
corresponding procedure for tensor perturbations is left
to future work.

Allowing for bulk self-interactions characterized by an
operator O(¢), the worldline effective field theory action
(18) generalizes to

s=—1 [ @t [(a¢)z n a0<¢>}

o

g, T¢>2] | (28)
;m ( ‘)

1 2
dre [5 eiiix, — m7 + g9

The dimensionless coefficient a will act as a bookkeeping
device to do perturbation theory in O(¢). Let us stress that
we work at the same order in the tidal response, i.e., we
neglect nonlinear terms arising when one goes beyond
linear response theory, as discussed in the previous section.

The addition of the operator O(¢) in the action modifies
the scalar equation of motion, which now schematically
reads

O¢ = r;>S(9). (29)

Tn contrast with first-order perturbations, at second-order
tensor modes are not gauge invariant. This requires the definition
of gauge-invariant quantities in order to make gravitational wave
predictions [43-46,48,56].

where the source term S(¢) is derived from O(¢), and the
overall factor of 732 is included for convenience. Notice
that we are treating the scalar field as a test perturbation on
a fixed black hole background. This implies that we are
neglecting the role of the scalar field in the energy
momentum tensor when solving for the background
Einstein’s equations. Our main focus is to investigate the
role of interactions in the theory governing the external
tidal perturbation on a fixed black hole background.

We will solve the equation of motion in the static limit

g'b = 0 with a decomposition into spherical harmonics,

¢()_C)) = Z¢frn(r) Yfm (0’ (ﬂ) (30)
Zm

In the background of a Schwarzschild black hole, the
differential equation is of the form

Lopen(x) = S(dem(x)), (31)

where, as before, x = r/r;, and we have introduced the
differential operator

—1) 42
EfEx(x ) d

2x6-1d _£(£+1)

¥ d? X2 dx x2 (32)

As the source term S(¢) contains the coupling a, we solve
the above equation perturbatively:

Gon(X) = B+ aply + PPl + ... (33)

At any order in perturbation theory, the solution to Eq. (31)
reads (omitting the angular multipole indices)

P(x) = bp™ (x) + c¢™(x)

N / d ¢ () (x) =™ (y)p" (x)

o= DWiE ). 0y S

(34)

where b and c¢ are constants, and the integral is indefinite.
Notice that S(¢(y)) is the source term evaluated at the
lower-order solutions. The mode functions ¢*(x) are
solutions to the homogeneous equation, and are explicitly
given by

() = Q26— 1), (35)

Here P, is the usual Legendre polynomial at integer ¢, and
0O,(x) is the Legendre Q with the choice of branch cut at
x € (=1, 1). Explicitly,
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0/(x) = Peloog

Furthermore, we have defined the Wronskian

x+1

)—Z%Pmm_k(x). (36)

1

W™ (x), ¢~ (x)] = ¢ (x)0:0™ (x) — ™ (x)0,0p™ (x) = — =T’ (37)
where in the last step we have used Eq. (35). Thus the general perturbative solution simplifies to
P(x) = b (x) + c¢(x) =2 / “dy <¢+ )¢~ (x) — ¢~ (y)¢*(X))y28(¢(y)>- (38)
At the zeroth order in «, the solution is of course just the homogeneous one,
¢ (x) = 609" (x) + ¢ (x). (39)

Imposing regularity at the horizon selects ¢p™ as the only solution, since ¢~ — log(r — r;,) as r — r;,. In other words, we set

¢® =0 to obtain

¢ (x) = bO¢*(x) = bOP,(2x - 1). (40)

Asymptotically, the mode functions behave as ¢*(r) ~ " and ¢~(r) ~ r~*~! for r — co. Since only ¢ is allowed, and
grows asymptotically, this proves the vanishing of the scalar Love number in the free theory.

At first order in a, the general solution (38) gives

¢ (x) = g (x) -2 / dy(¢* ()¢~ (x) = ¢~ (»)gp" ())y*S(¢) (v)). (41)

We have set b(!1) = 0 without loss of generality, since a ¢p*
contribution would only renormalize the zeroth-order
solution. Correspondingly, to avoid unnecessary super-
scripts, we will simply make the replacement b(*) — b and
write the zeroth-order solution in Eq. (39) as ¢(©)(x) =
b¢p™ (x). Both the particular solution and ¢~ in Eq. (41)
may contain divergent terms at the horizon. In order for
the full solution to be regular at the horizon, the divergent
terms must cancel each other. This give a condition on the
free coefficient ¢(!). The presence of a tail after imposing
boundary conditions is then interpreted as a tidal Love
number. In the next section we will compute the Love
numbers for different interacting scalar field theories.

IV. NONLINEARITIES IN THE TIDAL LOVE
NUMBERS: EXAMPLES

Following the above discussion on non-linearities in the
computation of the tidal Love numbers, we now consider
interacting scalar theories on a fixed Schwarzschild black
hole background and extract the corresponding tidal
response.

In this section we consider two classes of scalar self-
interactions: i) potential interactions of the power-law form
¢"; and ii) higher-derivative interactions, specifically (d¢)*.
We will find that a tail is generated both in the ¢” and (d¢)*
cases, arising respectively at second order and first order in
perturbation theory. In Sec. V we will consider a third class
of interacting theories, namely the general nonlinear sigma
model G;(¢h)0¢p'o¢p’. We will find that the nonlinear sigma
model is tail-less to all orders in perturbation theory, for
arbitrary target-space metric G;;(¢).

A. Potential power-law interactions (O(¢h) ~ ¢")

Let us first consider the action of a scalar field with a
power-law interaction,

1 n
s=- o307 4al). @)
n
with corresponding equation of motion

O¢ = ag™". (43)

024048-7



DE LUCA, KHOURY, and WONG PHYS. REV. D 108, 024048 (2023)

As outlined in Sec. III B, we solve this equation perturbatively in «, in the static limit (cﬁ = 0) and working with a spherical
harmonics decomposition. The zeroth-order solution, which is regular at the horizon, is given by Eq. (40). The first-order
solution is given by Eq. (41), which in this case gives

#000) = -2 [Tay (¢+<y>¢-<x> - ¢-<y>¢+<x>)y2<¢+<y>>"-k (44)

where we have substituted ¢(*) = b within the source term. Crucially, since ¢ (y) is a Legendre polynomial, the source
term ~¢"~!(y) inside the integral is also a polynomial. In other words, the general solution (44) is just a suitable linear

combination of terms of the form

o (x) = Vg (x) -2 / " dy <¢+ D)~ (x) — = (y)g* <x>)y2+k, (45)

for non-negative integers k. As shown in Appendix A,

imposing regularity at the horizon fixes the constant c,((l) to

(k+3-7¢),

(k4+2)py (46)

c,({l) =2

where (q), = F(F‘f;)f) is the rising Pochhammer symbol. It is

straightforward to deduce that there is no tail associated to
this solution for any multipole, that is, the nonlinear Love
numbers vanish at first order for power-law interactions.
The details are given in Appendix A.

Importantly, however, a tail does manifest itself at order
a?. The reason is simple. The first-order solution includes
log terms. When substituted into the source term at second
order, the source integral generates a dilogarithm,
Liy(1 — x), which has a tail asymptotically. We will show
this explicitly for the simplest cases of quadratic (n = 2)
and cubic (n = 3) terms.

Quadratic case (n = 2): Although a mass term does not
technically qualify as an interaction, it nicely illustrates all
the relevant physics, and has the technical advantage that
the source term is linear. Indeed, resurrecting the multipole
indices, Eq. (44) gives

#0) () = g7, (x) = 2b / "dy (¢;-m D)7 (%) = D7 ()b <x>)y2¢;m<y>. (47)

As advocated, different (£, m) modes do not mix.
Let us focus on (¢,m) = (2,0) for concreteness. The first-order solution (47), which is regular at the horizon, is
explicitly given by

b
o) (x) = 05 <45x4 + 1523 — 44x2 4+ 8(6x2 — 6x + 1) log x — 40x + 24) . (48)

Since this only features positive powers of x, there is no tail asymptotically. Therefore, the first nonlinear tidal Love number
is zero. However, let us draw our attention to the presence of a logarithmic term in the solution, which may indicate a mixing
between source and response. As shown in Appendix A, this term arises when the coefficient c(!) is chosen to cancel the
nonregular term log(x — 1) in the inhomogeneous source with the one contained in ¢~ (x), leaving a log x contribution in the
solution. This logarithm is also responsible for generating a tail at next order in perturbation theory.

The solution at order o is

P2 (x) = @7, (x) =2 / "dy (@ )7 (%) = $7 ()b <x>)y2¢;1,2, ). (49)

Notice that ¢(!), and its logarithmic contribution, now appears under the integral. Focusing again on (Z,m) = (2,0), we
obtain
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64

. 1 8
—m(@cz —6x+ 1)Lip(1 —x) + —(x0 +...) + —=(x* + ...) log x, (50)

b—l 2) —
P20 (%) 84 245

where the ellipses denote lower, positive powers of x, and Li, (1 — x) is the dilogarithm. The latter is regular at the horizon,

but generates inverse powers of x asymptotically:

o 64b (11 43-60logx (1 S
ey (. ~)). 1
20) > 11505 ( 6r 242 18002 | O\F (51

The relevant term for £ = 2 is the 1/x> contribution. The presence of this term shows that the second-order nonlinear Love
number may be nonzero.

However, a note of caution should be stressed at this point. At the nonlinear level, a mixing between the source and the
response is present in the full solution ¢(?). It is therefore unclear whether this tail should be interpreted as a response or a
subleading correction to the source. The situation is cleaner at the first nonlinear level, where we can track the presence of a
tail from the particular solution or from the homogeneous ¢~ solution. A possible resolution to this problem would require
analytic continuation, which, however, is not doable for operators of this form.

Cubic case (n = 3): In this case the source is quadratic in the lower-order solution. At first order, Eq. (44) gives

Ph(x) = Vg, (x) — 207 / “dy (rﬁm (M7 (X) = $70 (V)b (X))yzcij”mlfzmzqﬁ}] VP50, (), (52)

where the Clebsch-Gordan coefficients C?l’”ml ¢,m, enforce the angular momentum selection rule £ = £; ® ¢, and a sum
over the relevant values of 7, m;, 5, m, is understood.

To give an example, let us focus on the contribution from the zeroth-order modes (¢;, m;) = (2,0). According to the
selection rules, they generate a response in the sectors

(£1.m) ® (£2.m5) = (2,0) ® (2.0) = (0.0). (2,0). and (4,0). (53)

The (2,0) ® (2,0) contributions to these sectors, imposing regularity at the horizon, are given by

2
(1) b 6 5 4 3 2 .
- — 144 244 — 4 —21+81
bog (%) 210\/;T.<90x x4 72x" = 9x° +4x” + 8x +38 ogx),
2
Wey__0 < 6 5 4 2 2 >
x) = 60x° —90x° +45x" — 11x* —10x +6 +2(6x* —6x + 1)1logx |;
2
1
Pl (x) = TN <3240x6 — 25925 + 2117x* — 10504x3 + 11034x> — 3572x + 277
+ 48(70x* — 140x> 4 90x2 — 20x + 1) log x> . (54)

These have no tail at spatial infinity, i.e., the first nonlinear tidal Love number is zero. As in the quadratic case, notice the
presence of logarithmic terms, which indicate a possible mixing between source and response, and are responsible for
generating a tail at next order.

The solution at order o is

#0 = 7,040 [ (qﬁ;m )7 (x) = 70 )b, <x>)y2051';,lfzmz¢zml O 6). (59)

Notice that the source term now features ¢+ (y)¢(!)(y). Focusing once again on the zeroth-order modes (#;,m;) = (2.0),
the second-order solution receives contribution from all the modes generated at first order, i.e.,
(¢5,my) = (0,0),(2,0), (4,0). The resulting (¢,m) = (2,0) mode function, obtained by summing these several
contributions and imposing regularity, is given by
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17 .
b3Sy (x) = — S0%0n ———(6x? — 6x + 1)Liy(1 — x)
285 8 .
t2004r* ) Tgggy () logx

(56)
where the ellipses denote lower, positive powers of x. The

important piece, as in Eq. (50), is Li,(1 — x), which once
again generates a 1/x? tail near spatial infinity:

43 —60logx 1
T 180007 +O<F>>'

(57)

1763 1 1
#2(0) 5 (

50827\ 6x 2422

Similarly to the quadratic case, the second-order nonlinear
Love number may be different from zero, even though this
interpretation lacks support due to the possible mixing
between source and response.

(0g)*]
As our second class of examples, consider a theory with
higher-derivative interactions,

B. Derivative interactions [O(¢) ~

(1) '
'cfd)fm = —Z(Zb3 (fzc?glr;nlfzmzf3mz¢f|m1 (qﬁ;;;m +

3 f Vi, m
—2ab ( Cflm] £am,, f‘;nl';¢flml¢f';nlg

s=- [ @y Loy o)

with corresponding equation of motion given by
O¢ = —a(op)*Tep — 200" p* PV, V . (59)

As before, we solve this equation perturbatively in @, in the
static limit (¢) = 0) and working with a spherical harmonics
decomposition. In this case we will find that a tail is
generated already at first order.

The zeroth-order solution, regular at the horizon, is
given by Eq. (40). Since ¢*) = 0, Eq. (59) at first order
reduces to

OV = —2a0¢p V¢ OV, V0. (60)

As shown in Appendix B, by expanding in spherical
harmonics and using the properties of the Schwarzschild
background, this equation can be simplified to

f Viz¢m
¢f1m3> +Zﬁcf]ljnlﬁmzzf;m;¢f|ml¢fgm; ¢£2m2

1 Tn »ntm

+ + +
flm]f7m2f3m3¢f]ml¢f3m3>¢f2m2’ (61)

where L, is defined in Eq. (32), and the scalar, vector and tensor Clebsch-Gordan coefficients are defined in Appendix B [see
Eq. (B8)]. Thus the source term is characterized by different contributions, which are all responsible for generating a tail in the

solution.

To give an example, consider the contribution from the zeroth-order modes (£;, m;)

the generation of modes

(Z1,m) ® (£2,m)) ® (£3,m3) = (2,0)

Focusing on the response in the mode (¢, m) =
reads

540

b (x) = = (647

® (2,0) ® (2,0) =

—6x—|—1)(2L12(1—x)+10g2x)—m(x ) 49

= (2,0). At first order in @ we expect

(0,0),(2,0),(4,0), and (6,0). (62)

(2,0), the solution at order «, after imposing proper boundary conditions,

17820 810
: (30x2 — 86x + 33) logx.  (63)

The dilogarithm Li, (1 — x) is once again responsible for generating a 1/x* tail near spatial infinity:

g (x) D

B s s
T x o 2x?

L343 _5;6:3) logx) . (%)) _ (64)

Therefore the first nonlinear Love number does not vanish for higher-derivative interacting theories.
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Given the examples shown in this section, we conclude
that the number of derivatives present in the relevant
operator describing the scalar field interactions seems to
provide a good indication of the vanishing or presence of a
tail in the field solution. In particular, from the proof briefly
described above and shown in Appendix A, a number of
derivatives larger than two seems to generate a source term
in the equation of motion (lgp = r,,2S(¢h) ~ x*, with k < 2,
that gives rise to a nonvanishing tail already at first order.
For potential interactions, the equation of motion leads to
logarithmic terms at first order, which results in a tail at
second order.

V. NONLINEAR SIGMA MODEL

As our final example case, we consider nonlinear sigma
models:

s=- [axmaGuparey|. (6

From a quantum field theory perspective, this class of
theories represents the closest scalar analog to General
Relativity. Indeed, like the Einstein-Hilbert term,
G (¢)od'o¢’ contains exactly two derivatives and, in
principle, all powers of the field. Like General Relativity,
the nonlinear sigma model admits a geometric interpreta-
tion. The connection can be made quite precise, since
Einstein’s equations contain a O(2, 1) ¢ model, irrespective
of the symmetries of the background [63]. As we will show
in this section, this class of interacting theory has exactly
vanishing Love number to all orders in perturbation theory.

For the example to be nontrivial, it is of course essential
that the metric function G;; in general describes a curved
target space, such that the theory is not reducible to
decoupled free fields. By choosing a Riemann normal
coordinate at ¢’ =0, the target space metric can be
expanded as

1
Gy =06 — §R1KJL(0)¢K¢L + O(¢*). (66)

We will focus on the perturbative regime in which the
Riemann tensor R;x;;(0) and its covariant derivatives
V.. VRk;(0) are small and can be treated perturba-
tively. As long as the field space is not Riemann flat, this is
an interacting theory.

The equation of motion for ¢ is simply

O¢' + T, (4)9, 9" 0" = 0, (67)

where 'k, denotes the Christoffel symbols associated with
G,;. Therefore, by expanding I'k; around the origin using
the Riemann normal coordinate, the perturbative series
solution can be defined.

Remarkably, we will prove that this model has no tail at
all orders in perturbation theory. The detailed proof, given
in Sec. V B, can be understood intuitively as follows. If the
field space is Riemann flat, then the theory can be reduced
to a number of decoupled free scalars, which we already
know are tail-less. On the other hand, one can choose field-
space coordinates such that the flat metric is expressed in
some nontrivial function of ¢’. Since this is just a field
redefinition of the free scalars, the solution in this basis also
has no tail, as long as the field redefinition can be done
perturbatively. Now, consider the more general case of a
nonflat target space. The key observation is that, when
Eq. (67) is solved perturbatively, there is no distinction
between a curved field space and a flat field space with a
nontrivial metric. Therefore there is no tail in general.

A. Explicit example

Before giving the general proof, it is instructive to work
out an explicit example with two scalar fields ¢ and y.
Consider the interacting theory

5= [ a0+ 2002 + 5 00
+ atﬁ)(aﬂgbd")(] , (68)

corresponding to the field space metric

Gypp=1+2pp; Gy =Gy=ady; G, =1. (69)
It is easy to check that this metric is not Riemann flat, as
long as a # 0. The coefficient f explicitly breaks the
exchange symmetry ¢ <> y, and ensures that the absence
of tails demonstrated below is not an artefact of this
symmetry.

The equations of motion can be expressed as

o 02)(245 - ﬂ 2 a¢ 2
W= e M T e
M. R SRV R —)

1 — 22 ¢* + 25 1 -2 > + 2P

(70)

As before, we work in the static limit ((}5 =y =0) and
decompose the fields in spherical harmonics. Furthermore,
we solve the equations perturbatively in a and f, treating
these as the same order in the expansion. In other words, the
fields are expanded perturbatively as

d=¢ O + V) 4@ 4
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where ¢(1) = a0 + ppO1) | p@ = @220 4 202 L gpp(-D) | etc.
The zeroth-order equations are just [Jp(®) = [Iy(®) = 0, with regular solution given as before by

P (x) = O (x) = b (x). (72)

At first order in a and f, the equations of motion simplify to

O = —agt (97'V)* - p(ag )
Oy = —ay© (302, (73)

As shown in Appendix C, expanding in spherical harmonics and using the properties of the Schwarzschild background,
these equations can be simplified to

(1) 3 1 + + Vi,tm +
£f¢fm =—ab <f¢f|ml¢f2m2 Cymy,Cymy,C3m; _2¢f|m]¢f2mch|1:n]f2m2,f3m3>¢f3m3
2 4 Vitm .
- ﬁb (f¢t’1ml¢f2mch}]nml fzmz 2 ¢f1ml¢t’2mchllfnl f,mz)

(1) _ 3 + + AVptm +
‘Cf)(fm = —ab f¢f|ml¢f2m2 flm] Comy,C3my ﬁ¢f|m1¢f2mch|m].fzmz,f3m3 ¢f3m3’ (74)

in terms of properly defined scalar, vector and tensor Clebsch-Gordan coefficients. Notice that, since ¢ and y are identical at
zeroth order, the solutions will be symmetric at first order in a. However, the presence of the interaction term with coupling
p breaks this symmetry, leading to different solutions for the two fields.

Similarly to what was done in the previous examples, let us consider a zeroth-order mode (¢;, m;) = (2,0), which will
generate at first order the following modes due to selection rules (£,m) = (£;,m;)® (£2.my) @ (£3,m3) =
(0,0),(2,0), (4,0), (6,0). The corresponding solutions for ¢(!) are

3V/5 3
P (x) = —ab31:1/;(x — D)x(12x* = 24x% + 1822 — 6x + 1) —ﬁb277.t(x — 1Dx(3x2 = 3x 4+ 1);
(1) 3 15 23 /5 3 2
Py (x) = —ab’ — Tan x(3x* =3x + 1)(6x3 = 12x% + Tx — 1) — pb 7 —x(6x~ —12x* +7x—1);
My 33\/_ 2 2 .
Py (x) = ab 7()6_ 1)x(=108x* +216x> — 127x> +19x + 1) + pb \/_(x— Dx(17x* = 17x + 4);
T
AU (x) = ab® =2 |2 2 1)x(118x% — 23627 + 16327 — d5x + 4). (75)
60 1547 V 13

The solutions for y{!) are simply obtained by setting # = 0 in the above, i.e., me qﬁfm |s—o- Evidently, none of these
solutions have a tail at spatial infinity, hence the first-order nonlinear Love number vanishes for this multifield target space
theory. Furthermore, in contrast with the power-law examples [see Egs. (47) and (52)], notice that the first-order solutions

do not have any log x term. This suggests that dilogarithms will not be generated at second order, and we will confirm that
this is indeed the case.

At the next-to-leading order, that is at order az, ﬂ2 and af, the equations of motion become

O = a*¢ Oy 02(0¢V)* - adpM) (97 V)* = 2a¢ V#4010, V) + 2app©? (04 ©))> +282¢0 (9*))? — 20V 9, p!V
Or® = 00 0)? = ay V() = 20y V09, + app© @ (9 )>. (76)

As shown in Appendix C, these can be rewritten as
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1
275 + + Viplm
£f¢fm - b ¢f;mg¢f4m4¢f;m5 <f¢f|m]¢fzmz flm] ..... sms +ﬁ¢f]ml¢f2mch]ml ,,,,, £sms
(Xb2¢ f(b ¢ cem l¢+ ¢+ Cvlzfm
£3my Cymy P lmy ™~ CymyComy, t’3m3 r2 Cymy P lamy " Cymy Comy,C3my
—2ab2¢ f ¢ ‘m _|_l (1) ¢+ Cvlzfm
£ymy )(flm] £y Clrmy bam tym, 2K em Plrm St imy tom b5m
£ 20B5}  Bbs (FOL o B C o + 5 B B O
Cyamz P ymy ymy Pymy flm] ..... f4m4 r2 Cimy Flymy O ymy,... .0 4my
N o Bl CLE
£3my Cymy Ve ymy flml fzmzf;m3 r2 Cimy Peymy € 1my,Eomy,E3my
2ﬁb f¢ ¢ fm +l¢(1> ¢+ Cvlzfm (77)
f]m] Comy flm].fzmz r2 Cymy Vlamy " ymy . Comy |0
and
Lot = @50} b L 2 b O
CA m C3mz Pl ymy V' Esms Cym Ve my f,m, ,,,,, sms 1"2 Cymy PV omy ¢ my,..., sms
1 + +  oVim
)(z,”3m3 fd)f,ml(pfzmz flml oMy, Cymy pqﬁflmlgbfzmz Cymy,Comy,C3my
—2ab? 1 0+ Cvlzfm
a ¢L”gnu f¢f|m1¢f2m2 f]ml Comy,C3my ﬁqsf]mlqbfzmz Cymy,Cymy,C3my

1 Vi.6m
+ aﬂb4¢f3mg ¢f4m4 <f¢f|m] ¢f2mzc?lnml ..... £4my + ﬁ ¢Z m ¢;;2mch1]§n],...f4m4> . (78)

Following the example above, we can investigate the response in the mode (¢, m) = (2,0). Taking into account the
contributions coming from the various mixings due to the angular momentum selection rules, we get

15V5
15473/

60

$5) (x) = (x = 1)x(6x% — 6x + ){ﬁ%3 (3x2 = 3x + 1) + apb* (279x* — 558x3 + 411x2 — 132x + 20)

<13167)c6 —39501x° + 48171x* — 30507x> + 10743x% — 2073x + 212) };

15V5
15473/2

75
2b5
T 0082
25 (x) = (x = 1)x(6x? — 6x + ){ apb* — = (132x* — 264x3 + 1952 — 63x + 10)

75

2b5
T 0082

(13167)56 —39501x3 4 48171x* — 30507 + 10743x> — 2073x + 212) } (79)

These have no tail, hence the second-order nonlinear Love number vanishes. Furthermore, notice once again the absence of
any log x term, which suggests that dilogarithms will not be generated at the next order.

B. Proof: Nonlinear sigma models generate no tail to all orders in perturbation theory

Let us now prove that the nonlinear sigma model (65) generates no tail at all orders in perturbation theory, for arbitrary

target-space metric.
The starting point is to consider a single field model, with target space metric G(¢). The equation of motion reads

T =~ G 0,6 () (00 (50)

024048-13



DE LUCA, KHOURY, and WONG

PHYS. REV. D 108, 024048 (2023)

Provided that the field space metric is nonsingular, one can
always find a field redefinition ¢(y), such that y solves
Lly = 0. Since the solution for y has no tail at any order, the
perturbative series of ¢, assuming that G(¢) is sufficiently
regular for the series to exist, can be obtained readily and
will have no tail.

Let us take a simple example with one single expansion
parameter a, and rewrite the equation of motion as

Ogp = crd g (). (81)
k=0
The perturbative series

¢ = i adp) = ¢ + apV) + a2p? + ... (82)

i=0

solves the equation of motion order by order in a by

P = D H¢ @,

k Z mj+p+q+k+1= =nJ=

(83)

Since the coefficients ¢, are independent, each source term
labeled by k on the right-hand side,

> H¢ P, (84)

Z mj+p+q+k+1= nJ=

does not give rise to any tail in ¢(") individually. One can
also observe that the solution for lower-order ¢") will
depend on ¢, _;, we can then further conclude that each
term of the form

ZH¢

a¢ (Jj+1)) a;4¢ (j+2)) (85)

with o being the permutation set of fixed {m, ..., my, p, q},
does not give rise to any tail in ¢"). Furthermore, the ¢")
obtained from individual lower-level source terms will not
generate tails for ¢<”/)|n/>n at higher orders subsequently.
With the above knowledge at hand, let us return to the
multifield case in Eq. (67). It can be written as

1 _ 1 M
¢ = chipa ™
i

as long as the metric G;(¢) is regular for the series to exist.
When this equation is solved perturbatively at n th order,
every term on the right-hand side,

Moo pt,  (86)

M- pMio,ptorgt, (87)

takes the explicit solutions of ¢’ from lower order and
therefore has exactly the same form as Eq. (83), with
explicit solutions of the field substituted in. From the
argument of a single field, we can conclude that ¢/(") do not
have tails at all orders in perturbation theory.

VI. CONCLUSIONS

Tidal Love numbers describe the tidal response of
compact objects under the presence of external perturba-
tions and thus provide insightful information on their
structure and interior. Within Einstein gravity, the Love
numbers of black holes are found to be exactly zero for
scalar, vector and tensor perturbations. This result has been
obtained assuming linear order in perturbation theory.
However, gravity is by itself a nonlinear theory, so non-
linearities could be important in the estimate of the tidal
Love numbers.

In this work we investigated the role of nonlinearities in
the computation of the tidal Love numbers, focusing on
external scalar perturbations on the background of a
Schwarzschild black hole. We first studied which kind
of nonlinearities may be involved in the theory. The first
kind is based on going beyond linear response theory,
usually assumed when one considers Love numbers. The
second, which is the main focus of this work, is in the sector
of external perturbations.

In particular, we studied interacting scalar fields on a black
hole background and computed the Love numbers for
different types of scalar interactions, treating the interactions
in a perturbative expansion. For power-law interactions, we
found that the Love numbers are still zero at first order in
perturbation theory, but may be different from zero at next-to-
next-to-leading order, even though a proper claim should be
made only once the issue of source-response mixing is
solved. For higher-derivative interactions, we found that the
Love numbers are nonvanishing already at first order. Our
most interesting class of interacting scalar theories is the
nonlinear sigma model. Here we found, remarkably, that the
Love numbers vanish to all orders in perturbation theory. It
would be very interesting to see whether this is the conse-
quence of a symmetry.

Our work is intended only as a first step in understanding
the role of nonlinearities in the tidal deformability of black
holes and, as such, it can be extended in several ways.
Firstly, understanding how to disentangle the source and
response at nonlinear level is crucial to properly extract
Love numbers from the full relativistic solution. Secondly,
it would be interesting to determine the size of the response
when going beyond the assumption of linear response
theory (the first kind of nonlinearity we mention) compared
to the ones arising from the theory. Finally, while we
focused on the interesting case of interacting scalar
perturbations around black holes, in principle external
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tensor perturbations are the relevant one for a binary black
hole system, which could be detected at present and future
gravitational wave experiments. In this case, Einstein
gravity already provides nonlinearities in the game, and
these have recently received attention in the context of
black hole quasinormal modes and ringdown [50-56]. We
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APPENDIX A: VANISHING TAIL FOR SOURCE OF THE FORM y*, k > -2, IN EQ. (45)

We give some analytic properties for the solution (45) with the source of the form S ~ y* for integers k,

w0 =0 -2 (o <¢+<y>¢-<x> - ¢-<y>¢+<x>)y2+'z (A1)
From the explicit expression of ¢~ in Egs. (35) and (36),
b (x >——¢+<x>log( )+be (A2)

we see that only the first term %qﬁ (x)log (xxj) is relevant for any fall-off tail at large r. Therefore, in the inhomogeneous

part we can focus on

- [fas oo o E5) - aoe (L2 oo |
=¢7(x) [— log <xxj) / “dygt (v)y* + / dyg* (v)log (yyj) yz*"]
=—¢"(x) / “dy < / ’ dzcb*(Z)zz*") fylog <yi1>

2+k+¢
A+ a. ym+l

:¢+(x)/xdy( Z ’"y+1 +a_110g)’>y(y14_1)

m=2km#—-1 M

_ ¢+(x)[ _Zz m“j’f 1 (log <x; 1) - _le—]) —a_ <L12(1 ~x) +%log2x>

m=2+k Jj=m
+ <log x—1) ﬂ (A3)
m=max{0,2+k} m + 1 Jj=1

2+k

can always be written in the form ), a,,z"". We therefore

(1)

find that only when k& > —2 there is no powers of %, and the coefficient c;
the horizon,

where in the third equality we have used the fact that ¢ (z)z
is also fixed by the regular boundary condition at

24kt
k+3-¢
CI((1):2 Z am_ _ (k+ )t’, (A4)
w1 (k+2),44

where (¢), = r(rq&)f)

is the rising factorial.
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APPENDIX B: SIMPLIFICATION OF THE SOURCE TERM FOR (o¢)*

In this appendix we show how the source term for the (d¢)* interaction can be simplified. Equation (60) for the first-order
field is

O¢p) = 20"V *¢ OV, V0. (B1)
By expanding the field in spherical harmonics, the derivative and two gradients terms become

aad) = gacac¢ = gac(yfmac¢fm + ¢mefm;c);
vhva¢ = Yfmvbva¢fm + Yfm;haad)fm + Yfm.uab¢fm + ¢mefm;ha’ (BZ)

where we have used the compact notation V,Y,,, = 9,Y,,, = Y,.,. Putting everything together, we get

1
(ﬁfﬁlﬁ%) Yo = —20{[?3 “ bd (Yflmlyfzmza ¢;1m1 ad¢f m, + Ybﬂzmszlml C¢K’1m1 d¢f2m2
+ Yflml Yfzmz;daﬁqs;lmlqs;zmz + Yflml;fyfzmz;d¢;1ml¢;2m2>

X <Yf3m3vbva¢;—3m3 + Yf3m3;baa¢j’;3m3 + Yf3m3;aab¢;3m3 + Yf3m3;ba¢j”_3m3>' (B3)

For a Schwarzschild background, some of these terms are null. What is left is

(1) _ 3 rr ac rr
(£f¢fm)yfm = —2ab (Yflm] Yfzmz Yf3m; ¢f]m1 fzmzv vr¢f3m3 + 29 Yf2m7 Yf’;m'; uyflm] g ¢flm]¢f2m2¢f3m3

ac ,bd + + + ac ,bd + + +
+ g-g Yflml;chzmz;degm3¢flm]¢f2n12vbva¢f3m3 + g g Yflml;chznlz;de3m3;ba¢f]ml¢f2mz¢f3m3> s

(B4)

Using ¢"" = f, together with

vrvr¢;3m3 = ¢;3/;n3 - Vr¢f3m3 ¢Z/;n3 + f¢f3m;.

veveqﬁ};m% o Fr9¢fzm3 = f¢f%m2.

v(/)v(/)qﬁ;—ym -~ (P¢¢fg = rf81n29¢f3m3’ (BS)
Eq. (B4) simplifies to

0 ,f

(£f¢fm)yfm = —2ab’ (fzyflml Yfzmz Yfzmz¢flm1¢f2mz <¢;3/rln3 - ﬁ¢f3m;> 2 7/aCYfzmz Yfzms uYflml c¢f1m1¢f2m2¢f3m3

f 1
+53 '5 yb Yf]lnl CYfzmz de3m1¢f1m1¢f2mz¢fqm; 4 yacybdyflml;CYKZmZ;dY'ﬁmﬁbagb;:]ml¢2m2¢;3m3 ’ (B6)

where y,;, now denotes the metric on the unit 2-sphere.
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Multiplying both sides with Y7, and integrating over the solid angle gives

§)) %
‘Cf¢fm = —2ab’ {f2¢f1m1¢fzm2 (‘p;;;m - _f¢f3m3> /dQYflml Yfzmz Yf3m3 Yfm
f ab *

=+ 2= 2 ¢f1m1¢f2mz¢f;m3 dQ}/ Yflml;a Yfzmz Yf3m3;bem

f cd *
3 ¢f]ml¢,f’2m2¢f3m3 de Yflm];chzmz;de3m3 Yfm
c.,bd *
+ F¢;l”1l¢;2m2¢};m3 / dea y Yf,m];c Yszz;de3m3;hann1}’ (B7)

The above integrals can be collected as scalar, vector and tensor Clebsch-Gordan coefficients, defined as

‘m — * .

Cflm]f21n2f3m3 = /dQYf|m] Yfzmz Y&m; Yfms
Viztm — ab * .

Cf1m1f2m2f3m3 = [ dy Yflmﬁanzmz Yf3m32bem’

CT13_231:”m = [ dQyacybdy Yy Yy Y* (BS)
CymEomytymy VY Cymyse ! Comyidt Eamysbat fme

Thus, the equation of motion becomes

2f

T\3236m

3 f Vi,ém + +
—2ab <Fcf|1}2’ﬂ].f2mz,f3m’;¢fl’n]¢f’;m‘g +3 Cflm]f2m2f3m3¢f]ml¢f3m3>¢f2m2' (B9)

/
(m _ 3( 2 11 f f Vistm
£f¢fm = —2ab (f Cflmlfzmzf;im(ﬁflm] (¢f3m3 ¢f3m;> Cf]lfnlf;mzfgm3¢flml¢f;m3 ¢f2m2

This matches Eq. (61) in the main text.

APPENDIX C: SIMPLIFICATION OF THE SOURCE TERM FOR THE NONLINEAR SIGMA MODEL

In this appendix we provide the computation for the source term in Eq. (74) at first order, and in Egs. (77)—(78) at second
order, for the example case described for the nonlinear sigma model.

A. First-order equations

The equations of motion for the fields at first order in a and f are given in Eq. (73) as

) = —ag* (39) ~ o902
Oy = —ay© (9 ®)2, (C1)

Expanding in spherical harmonics and specializing to the Schwarzschild background, the equations become
(Lodbn)Y em = =ab* D Yem, (faﬁflmlrﬁfzmz YeumYeum + %r“”aﬁzml%z Yflmuanzmz;O
= 2 $0 B Vi Yo + 7" W Vi ims )
(LAY om = —ab’ ¢t Y em, (f¢f|m| b Y erm Y eymy + %yab¢2ml¢2m2 YflmI;anzmz;h> . (C2)

Multiplying both sides with Y7, and integrating over the solid angle gives
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1
‘Cfd)z(fm - _ab3¢f’;m’{ <f¢f,ml¢f2m2 / dQYflml Yf2m2Yf3m3 Y;m +ﬁ¢2ml¢};m2 / dgyahyf1m1;ayf2mz§be3m3 Y?m)

1
_ﬂbz <f¢f1n1,¢t’2mz /dQYflml Yfzmz Y;m +ﬁ¢;lml¢:’2m2 / deabelml;anzmz;bY;m> ’

1 o1 .
'Cf)(;ﬂ?l = —ab%qﬁf%m} (f¢£|ml¢f2m2 / dQYflml Yfzmzyfzms Yfm +ﬁ¢}—lm|¢;—2m2 / dgyabyflﬂh;anzmﬁbezm} Yfm) . (C3)

By introducing scalar and vector Clebsch-Gordan coefficients, the equations take the simplified form given by Eq. (74).

B. Second-order equations

The equations of motion at second order in perturbation theory, given by Eq. (76), are reproduced here for convenience:

O¢@ = ?p0x02(9¢)2 — agpV) (9yV)?
@ = a0 p02(90)2 — a1V (9¢p)2 = 20y 07 ©)

—2a Q90,71 + 2app02 (94
9, + app®x 0 (0 )2,

_ 2ﬁ@ﬂ¢(0)aﬂ¢(l)
(C4)

)> + 270 (9p))?

Following similar steps as before, the ¢ equation of motion becomes

‘Cfd)fm - azbsd)z,@mg ¢f4m4 ¢fgm; (f¢f|m] ¢f2m2 /dQYfﬂm Yfzmz Yf3m3 Yf4m4 Yf5m5 Y;;m

1
(,lb *
+ ﬁ¢zml d);zmz / de Yf| myia Yfzmz;h Yf3m3 Yf4m4 stms Yfm>

1
ab3¢f’;”’h (f¢f1in1¢fzn12 /dQYflml Yfzmz Yf3m3 Y;m +P¢Zml¢};m2 / deabelml;anzngbe3m3 Yj;m>

Lo a .
- 2ab3¢fgm3 (f)(flm]¢f2n12/dQYf|ml Yfzmz Yf3m3 +,2X<f|)rnl¢};m2/dgy thlmléanzmz;beznﬁ Yfm) : (CS)

Expressing the angular integrals as scalar and vector Clebsch-Gordan coefficients, one obtains Eq. (77). The derivation of

Eq. (78) for )(;2,21 proceeds almost identically.

[1] LIGO Scientific, VIRGO, and KAGRA Collaborations, Tests
of general relativity with GWTC-3, arXiv:2112.06861.

[2] P.C. Peters, Gravitational radiation and the motion of two
point masses, Phys. Rev. 136, B1224 (1964).

[3] E. Poisson and C.M. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press, Cam-
bridge, England, 2014), 10.1017/CB09781139507486.

[4] E.E. Flanagan and T. Hinderer, Constraining neutron star
tidal Love numbers with gravitational wave detectors, Phys.
Rev. D 77, 021502 (2008).

[5] T. Binnington and E. Poisson, Relativistic theory of tidal
Love numbers, Phys. Rev. D 80, 084018 (2009).

[6] T. Damour and A. Nagar, Relativistic tidal properties of
neutron stars, Phys. Rev. D 80, 084035 (2009).

[7]1 T. Damour and O. M. Lecian, On the gravitational polar-
izability of black holes, Phys. Rev. D 80, 044017 (2009).

[8] P. Pani, L. Gualtieri, A. Maselli, and V. Ferrari, Tidal
deformations of a spinning compact object, Phys. Rev. D
92, 024010 (2015).

[9] P. Pani, L. Gualtieri, and V. Ferrari, Tidal Love numbers of a
slowly spinning neutron star, Phys. Rev. D 92, 124003
(2015).

[10] N. Giirlebeck, No-Hair Theorem for Black Holes in Astro-
physical Environments, Phys. Rev. Lett. 114, 151102 (2015).

[11] R. A. Porto, The tune of Love and the nature(ness) of
spacetime, Fortschr. Phys. 64, 723 (2016).

[12] A. Le Tiec and M. Casals, Spinning Black Holes Fall in
Love, Phys. Rev. Lett. 126, 131102 (2021).

[13] H.S. Chia, Tidal deformation and dissipation of rotating
black holes, Phys. Rev. D 104, 024013 (2021).

[14] A. Le Tiec, M. Casals, and E. Franzin, Tidal Love numbers
of Kerr black holes, Phys. Rev. D 103, 084021 (2021).

[15] L. Hui, A. Joyce, R. Penco, L. Santoni, and A. R. Solomon,
Static response and Love numbers of Schwarzschild black
holes, J. Cosmol. Astropart. Phys. 04 (2021) 052.

[16] P. Charalambous, S. Dubovsky, and M. M. Ivanov, On the
vanishing of Love numbers for Kerr black holes, J. High
Energy Phys. 05 (2021) 038.

024048-18


https://arXiv.org/abs/2112.06861
https://doi.org/10.1103/PhysRev.136.B1224
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.80.084018
https://doi.org/10.1103/PhysRevD.80.084035
https://doi.org/10.1103/PhysRevD.80.044017
https://doi.org/10.1103/PhysRevD.92.024010
https://doi.org/10.1103/PhysRevD.92.024010
https://doi.org/10.1103/PhysRevD.92.124003
https://doi.org/10.1103/PhysRevD.92.124003
https://doi.org/10.1103/PhysRevLett.114.151102
https://doi.org/10.1002/prop.201600064
https://doi.org/10.1103/PhysRevLett.126.131102
https://doi.org/10.1103/PhysRevD.104.024013
https://doi.org/10.1103/PhysRevD.103.084021
https://doi.org/10.1088/1475-7516/2021/04/052
https://doi.org/10.1007/JHEP05(2021)038
https://doi.org/10.1007/JHEP05(2021)038

NONLINEARITIES IN THE TIDAL LOVE NUMBERS OF BLACK ...

PHYS. REV. D 108, 024048 (2023)

[17] P. Charalambous, S. Dubovsky, and M. M. Ivanov, Hidden
Symmetry of Vanishing Love Numbers, Phys. Rev. Lett.
127, 101101 (2021).

[18] L. Hui, A. Joyce, R. Penco, L. Santoni, and A. R. Solomon,
Ladder symmetries of black holes. Implications for Love
numbers and no-hair theorems, J. Cosmol. Astropart. Phys.
01 (2022) 032.

[19] L. Hui, A. Joyce, R. Penco, L. Santoni, and A. R. Solomon,
Near-zone symmetries of Kerr black holes, J. High Energy
Phys. 09 (2022) 049.

[20] P. Charalambous, S. Dubovsky, and M. M. Ivanov, Love
symmetry, J. High Energy Phys. 10 (2022) 175.

[21] M. M. Ivanov and Z. Zhou, Vanishing of Black Hole Tidal
Love Numbers from Scattering Amplitudes, Phys. Rev. Lett.
130, 091403 (2023).

[22] T. Katagiri, M. Kimura, H. Nakano, and K. Omukai,
Vanishing Love of black holes in general relativity: from
spacetime conformal symmetry of a two-dimensional re-
duced geometry, Phys. Rev. D 107, 124030 (2023).

[23] G. Bonelli, C. Iossa, D.P. Lichtig, and A. Tanzini, Exact
solution of Kerr black hole perturbations via CFT, and
instanton counting: Greybody factor, quasinormal modes,
and Love numbers, Phys. Rev. D 105, 044047 (2022).

[24] A.Kehagias, D. Perrone, and A. Riotto, Quasinormal modes
and Love numbers of Kerr black holes from AdS, black
holes, J. Cosmol. Astropart. Phys. 01 (2023) 035.

[25] J. Ben Achour, E. R. Livine, S. Mukohyama, and J.-P. Uzan,
Hidden symmetry of the static response of black holes:
Applications to Love numbers, J. High Energy Phys. 07
(2022) 112.

[26] R. Berens and L. Hui, Ladder symmetries of black holes and
de Sitter space: Love numbers and quasinormal modes, J.
Cosmol. Astropart. Phys. 06 (2023) 056.

[27] B. Kol and M. Smolkin, Black hole stereotyping: Induced
gravito-static polarization, J. High Energy Phys. 02 (2012)
010.

[28] V. Cardoso, L. Gualtieri, and C.J. Moore, Gravitational
waves and higher dimensions: Love numbers and Kaluza-
Klein excitations, Phys. Rev. D 100, 124037 (2019).

[29] D. Perefiiguez and V. Cardoso, Love numbers and magnetic
susceptibility of charged black holes, Phys. Rev. D 105,
044026 (2022).

[30] P. Charalambous and M. M. Ivanov, Scalar Love numbers
and Love symmetries of 5-dimensional Myers-Perry black
hole, arXiv:2303.16036.

[31] M.J. Rodriguez, L. Santoni, A.R. Solomon, and L.F
Temoche, Love numbers for rotating black holes in higher
dimensions, arXiv:2304.03743.

[32] V. Cardoso, E. Franzin, A. Maselli, P. Pani, and G. Raposo,
Testing strong-field gravity with tidal Love numbers, Phys.
Rev. D 95, 084014 (2017).

[33] V. Cardoso, M. Kimura, A. Maselli, and L. Senatore, Black
Holes in an Effective Field Theory Extension of General
Relativity, Phys. Rev. Lett. 121, 251105 (2018).

[34] M. Cvetic, G. W. Gibbons, C. N. Pope, and B. F. Whiting,
Supergravity black holes, Love numbers, and harmonic
coordinates, Phys. Rev. D 105, 084035 (2022).

[35] V. De Luca, J. Khoury, and S. S. C. Wong, Implications of
the weak gravity conjecture for tidal Love numbers of black
holes, arXiv:2211.14325.

[36] D. Baumann, H. S. Chia, and R. A. Porto, Probing ultralight
bosons with binary black holes, Phys. Rev. D 99, 044001
(2019).

[37] V. Cardoso and F. Duque, Environmental effects in
gravitational-wave physics: Tidal deformability of black
holes immersed in matter, Phys. Rev. D 101, 064028
(2020).

[38] V. De Luca and P. Pani, Tidal deformability of dressed black
holes and tests of ultralight bosons in extended mass ranges,
J. Cosmol. Astropart. Phys. 08 (2021) 032.

[39] V. De Luca, A. Maselli, and P. Pani, Modeling frequency-
dependent tidal deformability for environmental black hole
mergers, Phys. Rev. D 107, 044058 (2023).

[40] T. Katagiri, H. Nakano, and K. Omukai, Stability of
relativistic tidal response against small potential modifica-
tion, arXiv:2304.04551.

[41] K. Tomita, Non-linear theory of gravitational instability
in the expanding universe, Prog. Theor. Phys. 37, 831
(1967).

[42] R.J. Gleiser, C.O. Nicasio, R.H. Price, and J. Pullin,
Colliding Black Holes: How Far Can the Close Approxi-
mation Go?, Phys. Rev. Lett. 77, 4483 (1996).

[43] R.J. Gleiser, C.O. Nicasio, R.H. Price, and J. Pullin,
Gravitational radiation from Schwarzschild black holes:
The second order perturbation formalism, Phys. Rep.
325, 41 (2000).

[44] M. Campanelli and C.O. Lousto, Second order gauge
invariant gravitational perturbations of a Kerr black hole,
Phys. Rev. D 59, 124022 (1999).

[45] H. Nakano and K. Ioka, Second order quasi-normal mode of
the Schwarzschild black hole, Phys. Rev. D 76, 084007
(2007).

[46] D. Brizuela, J. M. Martin-Garcia, and G. A. M. Marugan,
High-order gauge-invariant perturbations of a spherical
spacetime, Phys. Rev. D 76, 024004 (2007).

[47] C.O. Lousto and H. Nakano, Regular second order pertur-
bations of binary black holes: The extreme mass ratio
regime, Classical Quantum Gravity 26, 015007 (2009).

[48] N. Loutrel, J. L. Ripley, E. Giorgi, and F. Pretorius, Second
order perturbations of Kerr black holes: Reconstruction of
the metric, Phys. Rev. D 103, 104017 (2021).

[49] J.L. Ripley, N. Loutrel, E. Giorgi, and F. Pretorius,
Numerical computation of second order vacuum per-
turbations of Kerr black holes, Phys. Rev. D 103, 104018
(2021).

[50] K. Mitman et al., Nonlinearities in Black Hole Ringdowns,
Phys. Rev. Lett. 130, 081402 (2023).

[51] M. H.-Y. Cheung et al., Nonlinear Effects in Black Hole
Ringdown, Phys. Rev. Lett. 130, 081401 (2023).

[52] S. Ma, K. Mitman, L. Sun, N. Deppe, F. Hébert, L.E.
Kidder, J. Moxon, W. Throwe, N.L. Vu, and Y. Chen,
Quasinormal-mode filters: A new approach to analyze the
gravitational-wave ringdown of binary black-hole mergers,
Phys. Rev. D 106, 084036 (2022).

[53] M. Lagos and L. Hui, Generation and propagation of
nonlinear quasinormal modes of a Schwarzschild black
hole, Phys. Rev. D 107, 044040 (2023).

[54] A. Kehagias, D. Perrone, A. Riotto, and F. Riva, Explaining
nonlinearities in black hole ringdowns from symmetries,
arXiv:2301.09345.

024048-19


https://doi.org/10.1103/PhysRevLett.127.101101
https://doi.org/10.1103/PhysRevLett.127.101101
https://doi.org/10.1088/1475-7516/2022/01/032
https://doi.org/10.1088/1475-7516/2022/01/032
https://doi.org/10.1007/JHEP09(2022)049
https://doi.org/10.1007/JHEP09(2022)049
https://doi.org/10.1007/JHEP10(2022)175
https://doi.org/10.1103/PhysRevLett.130.091403
https://doi.org/10.1103/PhysRevLett.130.091403
https://doi.org/10.1103/PhysRevD.107.124030
https://doi.org/10.1103/PhysRevD.105.044047
https://doi.org/10.1088/1475-7516/2023/01/035
https://doi.org/10.1007/JHEP07(2022)112
https://doi.org/10.1007/JHEP07(2022)112
https://doi.org/10.1088/1475-7516/2023/06/056
https://doi.org/10.1088/1475-7516/2023/06/056
https://doi.org/10.1007/JHEP02(2012)010
https://doi.org/10.1007/JHEP02(2012)010
https://doi.org/10.1103/PhysRevD.100.124037
https://doi.org/10.1103/PhysRevD.105.044026
https://doi.org/10.1103/PhysRevD.105.044026
https://arXiv.org/abs/2303.16036
https://arXiv.org/abs/2304.03743
https://doi.org/10.1103/PhysRevD.95.084014
https://doi.org/10.1103/PhysRevD.95.084014
https://doi.org/10.1103/PhysRevLett.121.251105
https://doi.org/10.1103/PhysRevD.105.084035
https://arXiv.org/abs/2211.14325
https://doi.org/10.1103/PhysRevD.99.044001
https://doi.org/10.1103/PhysRevD.99.044001
https://doi.org/10.1103/PhysRevD.101.064028
https://doi.org/10.1103/PhysRevD.101.064028
https://doi.org/10.1088/1475-7516/2021/08/032
https://doi.org/10.1103/PhysRevD.107.044058
https://arXiv.org/abs/2304.04551
https://doi.org/10.1143/PTP.37.831
https://doi.org/10.1143/PTP.37.831
https://doi.org/10.1103/PhysRevLett.77.4483
https://doi.org/10.1016/S0370-1573(99)00048-4
https://doi.org/10.1016/S0370-1573(99)00048-4
https://doi.org/10.1103/PhysRevD.59.124022
https://doi.org/10.1103/PhysRevD.76.084007
https://doi.org/10.1103/PhysRevD.76.084007
https://doi.org/10.1103/PhysRevD.76.024004
https://doi.org/10.1088/0264-9381/26/1/015007
https://doi.org/10.1103/PhysRevD.103.104017
https://doi.org/10.1103/PhysRevD.103.104018
https://doi.org/10.1103/PhysRevD.103.104018
https://doi.org/10.1103/PhysRevLett.130.081402
https://doi.org/10.1103/PhysRevLett.130.081401
https://doi.org/10.1103/PhysRevD.106.084036
https://doi.org/10.1103/PhysRevD.107.044040
https://arXiv.org/abs/2301.09345

DE LUCA, KHOURY, and WONG

PHYS. REV. D 108, 024048 (2023)

[55] V. Baibhav, M. H.-Y. Cheung, E. Berti, V. Cardoso, G.
Carullo, R. Cotesta et al., Agnostic black hole spectroscopy:
Quasinormal mode content of numerical relativity wave-
forms and limits of validity of linear perturbation theory,
arXiv:2302.03050.

[56] A. Kehagias and A. Riotto, On nonlinear black hole ring-
downs from gauge-invariance and measurements, arXiv:
2302.01240.

[57] J. D. Bekenstein, Nonexistence of baryon number for static
black holes, Phys. Rev. D 5, 1239 (1972).

[58] J. D. Bekenstein, Novel “no-scalar-hair” theorem for black
holes, Phys. Rev. D 51, R6608 (1995).

[59] L. Hui and A. Nicolis, No-Hair Theorem for the Galileon,
Phys. Rev. Lett. 110, 241104 (2013).

[60] R. W. Boyd, Nonlinear Optics, Third Edition (Academic
Press, Inc., USA, 2008).

[61] Z.Bern, J. Parra-Martinez, R. Roiban, E. Sawyer, and C.-H.
Shen, Leading nonlinear tidal effects and scattering ampli-
tudes, J. High Energy Phys. 05 (2021) 188.

[62] T. Regge and J. A. Wheeler, Stability of a Schwarzschild
singularity, Phys. Rev. 108, 1063 (1957).

[63] N. G. Sanchez, The connection between the nonlinear ¢
model and the Einstein equations of general relativity, Phys.
Rev. D 26, 2589 (1982).

024048-20


https://arXiv.org/abs/2302.03050
https://arXiv.org/abs/2302.01240
https://arXiv.org/abs/2302.01240
https://doi.org/10.1103/PhysRevD.5.1239
https://doi.org/10.1103/PhysRevD.51.R6608
https://doi.org/10.1103/PhysRevLett.110.241104
https://doi.org/10.1007/JHEP05(2021)188
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRevD.26.2589
https://doi.org/10.1103/PhysRevD.26.2589

