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Universal Teukolsky equations and black hole perturbations
in higher-derivative gravity
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We reduce the study of perturbations of rotating black holes in higher-derivative extensions of general
relativity to a system of decoupled radial equations that stem from a set of universal Teukolsky equations.
We detail a complete computational strategy to obtain these decoupled equations in general higher-
derivative theories. We apply this to six-derivative gravity to compute the shifts in the quasinormal mode
frequencies with respect to those of Kerr black holes in general relativity. At linear order in the angular
momentum we reproduce earlier results obtained with a metric perturbation approach. In contrast with this
earlier work, however, the method given here applies also to postmerger black holes with significant spin,

which are of particular observational interest.
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I. INTRODUCTION

Gravitational wave (GW) observations probe the char-
acteristic spectrum of quasinormal modes (QNMs) of black
holes [1-9]. Moreover, they will do so with high precision
in the not-too-distant future [10-23].

QNMs of black holes are only significantly excited in
highly dynamical processes such as binary coalescences.
However the spectrum of QNMs is independent of the
specific excitation mechanism, making it a key strong-field
fingerprint of the stationary state to which systems like
binary collisions relax [24]. This is especially so since the
QNM spectrum of black holes in general relativity is fully
determined in terms of just two parameters: the black hole
mass and angular momentum. Advanced GW observations
therefore offer a promising route to constrain compact
objects that are alternatives to black holes and even
modifications to general relativity [25-31].

Working in Einstein’s theory, the precise predictions of
QNMs in terms of the black hole mass and angular
momentum were calculated long ago. This was first done
for static black holes, based on metric perturbations
exploiting spherical symmetry [32-36]. Later this was
done for Kerr black holes using curvature perturbations,
the algebraically special (Petrov type D) nature of the Kerr
metric and its hidden symmetries [37-43]. A key property
of the Kerr QNM spectrum in general relativity is that it is
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fully governed by the Teukolsky equation, a single
(decoupled) separable second-order differential equation.1

In contrast with these results, we lack similarly detailed
predictions of the gravitational spectrum of compact
objects that differ from rotating black holes in general
relativity, either by their very nature or on account of
modifications to general relativity. Here, despite a wide
array of results for nonrotating [50-60] and slowly rotating
compact objects [61-67], it has remained a challenging
open problem to obtain the spectrum of highly spinning
black holes. This state of affairs is particularly problematic
since it is precisely this regime that is of key observational
interest [68,69].

The reason it is difficult to find the QNM spectrum in the
presence of significant rotation is simple: the fortunate
extended symmetry of Kerr black holes is generally lost.
This being said, recently significant progress was made to
extend the use of the Teukolsky equation to a more general
setting [70,71]. Yet, the key challenge in the light of
forthcoming GW observations remains: we need a suffi-
ciently general theoretical framework that can be employed
in explicit theories to extract specific QNM predictions that
are precise enough to compare theory with (future) obser-
vations. The goal of this work is to provide a complete
solution to this problem.

We first construct a set of universal Teukolsky equations,
along the same lines as [70,71]. That is, we formulate in full

1Notwithstanding these impressive results, high-precision
numerical calculations, alternative approaches to various limits,
and analytical properties of the spectrum of rotating black holes
in vacuum four-dimensional general relativity continue to be
active areas of investigation. See e.g. [44—49].
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generality the specific combination of Bianchi identities
that reduce to the usual Teukolsky equations when the
background is a Ricci-flat Petrov type D spacetime. The
universal Teukolsky equations apply to any background
geometry and to any theory, since the theory dependence
only enters through the presence of an effective stress-
energy tensor on the right-hand side of the FEinstein
equation. Next we describe in detail how to evaluate these
equations for fluctuations around rotating black hole
solutions that deviate perturbatively from Kerr. Finally,
by following the approach of [72], we show how to
effectively separate these equations into a set of radial
equations.

This three-step strategy can be applied in full generality
in any theory.2 Here we apply it explicitly to the case of a
general effective field theory (EFT) extension of general
relativity with six-derivative corrections. We obtain the
modified radial Teukolsky equations analytically in a slow-
spin expansion and we integrate these to find the correc-
tions to the Kerr QNM frequencies. In addition to several
consistency checks, we perform a highly nontrivial test of
the validity of our approach by matching our results against
earlier studies based on metric perturbations [66]. Contrary
to the latter, the approach implemented here lends itself
more readily to a high-order expansion in spin, hence
allowing us to study perturbations of black holes with
higher angular momentum. The entire approach is sche-
matically summarized in Fig. 1.

The structure of the paper is as follows. First, in Sec. II,
we review the broad class of EFT extensions of general
relativity for which we wish to compute QNMs. In the
next three sections we devise a strategy to accomplish this
goal. In Sec. III we derive the universal Teukolsky
equations and outline how to evaluate these perturbatively
around a Kerr black hole, in the spirit of [70,71]. In
Sec. IV we provide the required ingredients to evaluate
these equations explicitly. In Sec. V we explain how the
equations can effectively be separated, and thereby
reduced to a set of radial equations. In Sec. VI we obtain
these equations for the six-derivative EFT extension of
Einstein gravity introduced in Sec. II. We solve these
numerically in two different ways and obtain explicit
results for the shifts in the QNM frequencies that pass
several consistency tests. We provide some closing
remarks in Sec. VIL

In practice, some steps of the computation rely on having an
analytic expression for the corrected Kerr background expressed
as a power series in the spin (cf. Sec. IVA), which is needed
to obtain the radial equations analytically. Most extensions of
general relativity allow for such solutions, including general
higher-derivative gravities and scalar-tensor theories like Einstein-
scalar-Gauss-Bonnet gravity and dynamical Chern-Simons theory
[73]. Our method can also be applied even if an analytic solution is
not known, but it becomes more involved in that case.

II. EFFECTIVE FIELD THEORY OF GRAVITY

To compute quasinormal modes and make actual model-
based predictions one needs to fix a theory to work with.
This is an important aspect of the problem of moving beyond
Einstein gravity and has the advantage over more phenom-
enological approaches that it can be folded into different
aspects of the binary two-body problem, rather then merely
parametrizing the ringdown. Although we will set up our
computational framework as generally as possible, part of
our goal is to get explicit results. Therefore, we must fix a
theory. To do so, we will work with the leading-order
corrections to general relativity within an EFT perspective
on gravity. As an additional advantage, this approach aligns
naturally with certain technical assumptions we will make
for practical reasons. In particular, we will work perturba-
tively away from general relativity.

The EFTs we consider consist of all possible covariant
actions that can be constructed from the curvature alone.
Assuming a characteristic length scale # which is small
compared to the characteristic scales of the binary problem,
such a theory naturally organizes itself as a perturbative
series in higher-derivative terms

1

S:@ d4X\/—g{R+f4E(6)+f6£(8)+"'}. (21)

In four dimensions, the four-derivative terms do not modify
the vacuum FEinstein gravity solutions, which is the reason
why these do not appear in the EFT above. In this paper we
will focus on the leading corrections to Einstein gravity,
corresponding to the general six-derivative Lagrangian [73]

‘C(é) = ﬂevRﬂupaRpaéyRﬁy/w + loddRﬂupURpaéyie&yﬂy? (22)

where

RHvpo — %e"”aﬂRaﬂ/"’ (2.3)
is the dual Riemann tensor. Note that, precisely because of
the appearance of R¥°, the second cubic term violates
parity. It is convenient for the discussion in the next section
to write the equations of motion of this theory as
— pap(0)

G, =0T, (2.4)
where G, is the Einstein tensor and T,(fy), playing the role
of an effective stress-energy tensor, reads

(2.5)

voaf} uavp?

I
T = =Ry Py + 5 L9 = 2P,

where

3/10dd

6 el af 1o af} o
PLVLU = 3/16vR;w( /jRa/Jpo + (R/w( /}Ra/}/)o' + Rpa( /}Raﬁ;w)'

(2.6)
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Schematic overview of the approach we develop in this paper to compute the spectrum of quasinormal modes of black holes

with significant spin beyond Kerr black holes in general relativity. Dashed lines indicate an approximate or perturbative relation.

One may also include eight-derivative corrections, with a
general Lagrangian given by [74]

ﬁ(g) = 6162 + 6262 + €3Cé, (27)

with

C = RynR"°,

C =Ry, R (2.8)

Hvpo

Since the main goal of this paper is to illustrate the validity
of our approach to compute black hole QNMs, we will only
consider the six-derivative theories. The study of perturba-
tions in the eight-derivative theory will be carried out in a
coming publication [75].

Although interesting, we will not include additional
fields as in say [50-54,63,67,70,71,76-80], but most of
our results could straightforwardly be extended to those
theories as well.

III. THE UNIVERSAL TEUKOLSKY EQUATIONS

In this section, we derive what we call the “universal
Teukolsky equations.” This should simply be taken to mean
that we write down in full generality a particular combi-
nation of Bianchi identities that reduce to the Teukolsky
equations for perturbations around a Petrov type D space-
time. This approach has previously been taken to higher-
order perturbations of rotating black holes in general
relativity [81]. As it is a particularly technical exercise,
we shall only present the essential pieces here and refer the
reader to Appendix A for more details. The final expres-
sions can be found in (3.15) and (3.17).3

A. Derivation

The schematic form of the Teukolsky equation is as
follows,

3The expressions found here are, in part, described in [82].
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D[ea”7 Vabc](v[yRa/i]ap) =0, (31)
with D]e,#. 7] a linear, first-order differential operator
depending on the choice of a null frame e,” and the
associated spin connection y,,.. That is to say, the
Teukolsky equation is in essence a linear differential
operator acting on the differential Bianchi identities. The
frame is often explicitly written as’

g/w = —21(//11,) + ZI’H(ﬂﬁ’l,/). (33)

In terms of the frame, the spin connection is defined as

Yabe = ea”ecyvueby' (34)

We shall follow the Newman-Penrose (NP) and Geroch-
Held-Penrose (GHP) approaches to (3.1) but without
making any assumptions on the spacetime or NP frame
along the way. It should be noted that although these

el =1, e =, est = m, eyt = mt, methods are well suited to the task, they are notation heavy.
(3.2)  We mostly follow the convention of [83].
For the frame (3.2), the different components of the spin
and is chosen to satisfy connection are denoted by
Kk =-m"l"V,I,, o =-m'm"V,I,, o' = n'm*V,m,, K = n'n*V,m,,
p =—-m'm*V,1,, p=n"m'V,m,, T =-m'n*V,I,, ' =n"l"V,m,,
1 1
€e=-5 (n* 'V, 1, + m' 'V iy, ), € = 3 (n*n*V, 1, + m"n*V,im,,),
1 1
p = 5 (n*m*V 1, + mtm*V,m,), p= ~3 (n*m*V, 1, + m'm*V,m,), (3.5)
while writing the different curvature components as
1 ) 1 1 ) 1 L
¢OO = ER/u/l”l > ¢22 = ER;wn”n > ¢Ol = ER;wlﬂm > ¢2] = ER;wnﬂm s
1 1
¢02 = ERﬂ,/m"m", ¢11 = Z<R/"/lﬂny + Rﬂvm"ﬁl’“), R = —ZRMDl”n” + ZRWm”I’h”, (36)
and
\PO == Caﬂﬂylamﬂl"m’“, \Pl == Caﬂﬂyl“nﬂl”m", lI’z == lIl’z == Caﬂwlamﬂﬁﬂ‘n”,
lP3 - \P/l - Caﬁwl“nﬁﬁi"n”, lP4 - lP6 - Caﬂﬂbn“ﬁlﬂn”ﬁl”. (37)
|
We will, for practical computational purposes, reexpress the wonp () = {1, 1}, wonp(n*) = {—1,—1},
final answers simply with this NP notation, but for B
compactness, it is useful to work covariantly with respect wanp(m') = {1, -1}, wepp(m) = {-1.1}.  (3.10)

to the local rescalings

W et > ek,

m* — emk, mt > e ik, (3.8)
where 4, 0 € R. More generally, one then says an object X
transforms with weight wgyp(X) = {p, ¢} if it transforms

under the change of frame (3.8) as
X = 5+i0+50-i0) x| (3.9)

such that the weights of the frame fields are

*Note that we use /m* to denote the conjugate of m* but in the
rest of the quantities conjugation will be denoted by *.

On the other hand, the spin coefficients with definite
weight are

wanp (k) = {3, 1}, wanp(0) = {3, -1},
wanp(p) = {1, 1}, wanp(7) = {1, =1},

while €, €, 5, ' are used to construct the GHP derivatives
of definite weight

(3.11)

P = (I°V, — pe — ge*),
o = (m*Vy—pp+qp”),

p/ — (nava +p€/+q€/*)’
o = (mava + pﬂ/ - Qﬁ*)v
(3.12)

as acting on an object of weight { p, ¢}. In this notation, the
Bianchi identities that we will use are

024040-4
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I)/lPO - 61P1 - 6¢01 + p¢02 = /)/\PO - 4’[‘1’1 + 36‘1‘2 + G/*(ﬁoo - 2‘[/*(}’701 - 21('4531 + 264511 + ,0*¢02, (3133)
p‘P4 — 6/"}‘3 - 6/¢21 + p/¢02* = plP4 — 4’1,'“1"3 + 30/\1"2 + 0*¢22 - 2T*¢21 — 2K/¢(>§1 + 20/¢11 + p/*¢82, (313]3)
and
PWs — 0¥y — P'ohy + 0'hyy = —tWy + 4p"¥5 = 3K’y + T°hyy — 20" by — 20'5, + 261y + K oy, (3.14a)
P, — 0"¥y — Py + dpoo = —7'¥o + 4p¥1 — 3c¥, + 7 oo — 20" Po1 — 205, + 2k¢11 + K Poy- (3.14b)
|
These expressions (and the additional identities) can be  with
found, for instance, as (4.12.36)—(4.12.41) in [84]. We
r'emark that. thls reference uses a “mostly mlnus” conven- Ogo) =2[(b—4p—p*) (P =)
tion. In addition, the curvature tensor R* 4 is defined with
opposite sign. Consequently, our definitions for the spin —(0—dr—=7")(0' - ) =3V, (3.16a)
coefficients are made with opposite signs compared to
(4.5.22) of [84] as are the curvature scalars, compared to (1 P ey I
(4.11.10). On the other hand, (3.7) are the same as (4.11.9) Oy =42k(F = p") = 20(8' - ")
of [84]. The result of these choices is that the +2(P'k) = 2(0'0) + 59], (3.16b)
Bianchi identities in our GHP notation agree with [84].
Ez\rﬁﬂheless, as a check, we have independently derived ng) — 6l — 00, (3.16¢)

Now, applying P and 0 to, respectively, the Bianchi
equations (3.13a) and (3.14b), one finds, upon summing,
the result

O (Wo) + 04 (1) + OF (%) =8x(TY + T + T,
(3.15)
J

Tg)) = (6 —* - 47)[(13 - 210*)Tlm - (6 - T/*)T”]
+ (B =4p = p")(0 = 20)T 1y, = (P = p") T
(3.16d)

T = Liob = k)T = Bo(B = %) = (b = 4p = p7) = D& )Ty = 2[o(0 — T = ) + (o) T

2

+ [36(0 — 27%) + 3k(P' = 2p")|T},, — [3x(0' = 7*) — k" (0 — 47 — 7'*) = 3(c*)|T

+ [Ka + G(p - 2,0 - 2/)*> + 213(6) - lI10]<Tln + Tmrh) - Z[K(p—p _/)*> + D(K)]Tnm?

Téz) =3[k Ty + 66™T ),

and’

82Ty = 2¢0,
871'Tmm = 2¢O2v

8T 1y = 2¢o1,

8T i = 2¢h21. (316g)

Naturally, T}, T}, etc., are the components of the stress-
energy tensor in the basis (3.2). This enters in Einstein equations
as G, = 8xT,,. In the case of the higher-derivative corrections

we have the Eq. (2.4) and hence we must use 87T, = f“T,(fD).

(3.16¢)

(3.16f)

8xT = —R, 82(Ty, + Tpim) = 411 (3.16h)

Here, (3.13a) and (3.14b) were additionally used to
replace 0¥, and PY¥,. Moreover, several other relations
between the spin coefficients and curvature scalars were
used along the way. Relevant additional identities and
details can be found in Appendix A. Similarly, applying P’
and O to respectively the Bianchi equations (3.13b) and
(3.14a), one finds, upon summing, the result

0 () + 0" (wy) + 0% (¥,) =8x(T) + 7+ T1)),
(3.17)

024040-5
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with
OO =2[(b' —4p' = p*) (= p) — (0 =47 — 7*) (0 — 7) — 3%, (3.18a)
O = 42K (P = p*) = 20 (D — 7*) + 2(PK') — 2(d0”) + 5¥s]. (3.18b)
0% = 6lkx’ — 00, (3.18¢)
TO) = (0 =7 = 42) (P = 20 T — (0 = 7)T ] + (B = 4p/ = p) (' = 26) T — () = /) T, (3.184d)
1
T4 = > [0’V — KT - [36'(P—p*) — 6" (P = 4p' — p"*) = P(6")|T,,, = 2[0'(0/ = 7' = 7*) + ()| T
+ [36(8 = 27%) + 3K/ (P — 2| Ty — [36(0 — 7%) — K* (8 — 47 — %) = & ()| T
+ [ + 0 (P =2p" = 2p") +2P'(0') =Wy l(T) + Tppi) = 2[K' (P = p' = p"*) + P/ ()] T (3.18e)
7_22) =3[K'cT,, + 6'6" Ty il (3.18f)
and
8”Tnn - 2¢227 877"Tlm - 2¢017 87[Tﬁ1 m 2¢627 87[an71 - 24521’ (318g)
87T = _R’ 8”(Tln =+ Tmrh) = 4¢11' (318h)

More details can again be found in Appendix A but suffice
it to say that, aside from the key observations that were
made long ago for the case of rotating black holes [37—42],
the derivation of these expressions is an exercise in trans-
lation and algebra. Yet, it is important to emphasize no
assumptions are made on the spacetime or NP frame to
derive (3.15) and (3.17). Nevertheless, we have sugges-
tively grouped together terms based on quantities that
would vanish in a Petrov D spacetime in an aligned frame.

In order to be entirely explicit, as is useful to do actual
calculations, the NP versions of (3.15) and (3.17) are given
in Appendix A in (A33) and (A35).

B. Linearization

Contrary to the Teukolsky equations, the equations
derived in the previous section apply for any four-
dimensional spacetime and any choice of NP frame.
Also contrary to the Teukolsky equations, they are thus
totally unpractical. Our goal is now to approach the middle
ground, where we are close enough to the Teukolsky
equations to use their nice properties while still being very
general in terms of applicability. The key assumption going
into this is the perturbative nature of the corrections.
All observations so far indicate that this is likely a good
assumption [24] but it should be stressed that non-
perturbative corrections to the spectrum are also of
interest [85-87]. These will not be captured here.
Moreover, in light of the pseudospectral instability of these
modes such corrections could imply an entirely different

|
spectrum [88-90]. However, the time-domain response
relevant for observations is more robust [91]. Therefore,
we would still expect the perturbative corrections we
compute to be relevant for the observed ringdown.

In general, although there are of course other relations
between these variables, the Egs. (3.15) and (3.17) involve
the frame e, spin connection ¥, the (Ricci) curvatures’
¢ap, and Weyl scalars ¥;, so they take the form

giZ(ea’ Yabes ¢abv \.Pl) = gi2 ((1)7 \.Pl) = 07 (319)
where we will denote the variables excluding ¥; collec-
tively as @. Consider a perturbation over a solution, so we
make €, = éa + 5ea’ Yabe __> 7abc + 5}/11176’ ¢ab __> ¢ab +
O¢pyp (so in general ® — d + 6P), and ¥; - ¥, 4 6¥;,
where the bar on top of a given quantity denotes that it is
evaluated on the background. The equations above then
yield two linear equations for the perturbations

Esp 12(8F;) + Es0,12(6P) = 0, (3.20)

®Note however that Ricci curvature will be replaced by the
effective stress-energy tensor by imposing the Einstein’s equa-
tions. In the case of higher-derivative theories like in (2.4), the
effective stress-energy tensor is a function of the frame, spin
connection, and Weyl curvature, since at leading order in a
perturbative expansion we only need to evaluate it on a solution
of the (uncorrected) vacuum Einstein’s equations—this is, on a
Ricci-flat spacetime.

024040-6
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where Esy 1o(+) and Es 15 (+) are linear differential oper-
ators. In principle, these equations involve all perturbed
variables. However, a simplification occurs if the back-
ground geometry corresponds to a corrected vacuum (Ricci
flat) Petrov-D solution. By this we mean that the solution
only departs perturbatively from the vacuum Petrov type D
due to, say, higher-derivative corrections. This is in
particular the case for rotating black holes in the
theory (2.1).

As a bookkeeping parameter, we introduce A to keep
track of the departure from vacuum Petrov type D [e.g., in
the case of higher-derivative corrections this could be #* or
7% in (2.1)]. We will work at linear order in A, since we are
only interested in the leading corrections. Then, our back-
ground geometry will have

B=v" 2w, =0 a0, (321

with in particular

‘1’80) — 0 — q,gw =9 —, (3.22)
2 (0 0 0

boo = P01 = b2 = ¢gl) = ¢< )= ¢<22> =0, (3.23)

R0 — g0 = 50) — 5(0) — g, (3.24)

on the assumption that the uncorrected background is of
Petrov type D and that the frame is chosen to be adapted to
the principal null directions. The corrections to these
quantities will nevertheless be nonvanishing in general.

When we evaluate the linearized equation (3.20) on this
type of background, one can see that the operators Esg 1o
become of order A, which we denote by

Es0,12(6®) = A5 ., (6D). (3.25)

On the other hand,
Esp2(8%,) = DY (8%0) + A0y ,(8%,).  (3.26)
Esw2(8¥;) = DY(8%,) + 285 L,(6¥),  (3.27)

where Dg are the Teukolsky operators for 6%, on the

Kerr background,

=2[(P—4p—p*)(F =)
—(0-d4r—7")(0' - 7') = 3% ]Ikenr-

=2[(P' = 4p" = p")(P—p)

— (0 =47 —7*)(0 — 7) — 3¥5]|kerr- (3.28)

Then, to first order in A, the equations become

D) (5%W,) + AlEYy - (8F,) + ESo o (50)] =0, (3.29)
D) (%,) + AES _,(8¥) + Exg,(50)] = 0. (3.30)

Now, for every perturbed quantity, its value will be the one
on Kerr plus a linear correction,
5@ = 50 4 2501, (3.31)

Thus, at first order in A,
equivalent to

the previous equations are

0 1 0 1
D) (5%W,) + A€ ., (B¥) + £l L, (60O)] =0, (3.32)

D) (5%,) + AE5y _, (3¥")) + 5 _,(500)] =0. (3.33)

Note that we intentionally do not split 6%y, =

5‘1‘6?2 +/16‘I‘82, as we will write an equation for the
complete variables ¥, 4.
In fact, every zeroth-order perturbed quantity can be

determined in terms of the Teukolsky variables 5‘1‘(()0) and

6‘1‘&0), that is

500 = 500 (5P sy = 500 (5%, 5¥,) + O(4).

(3.34)

Therefore, at the end of the day we should be able to write
the equations explicitly as

0 1 1
D) (8%0) + AESy, 12(8%0) + Eby, 12(8%4)] =0,

DO (8%,) + Al (%) + Exg, 5(6%4)] =0. (3.35)
These are two coupled equations for the two variables
0¥ 4. In order to obtain these equations, we first need to
obtain explicitly the relations (3.34). We will achieve this
by finding the leading-order (general relativistic) metric
perturbations associated to solutions to the Teukolsky

equations in a procedure known as metric reconstruction.

C. Implementation

In practice, to obtain the Eq. (3.35) we proceed as
follows. For every quantity ® = {¥;, €., Vapc}, We must
find its explicit expression as

D = D + 5D (6%,, 6¥,), (3.36)
where @ is the background value of the corresponding
quantity, consisting of its Einstein gravity value plus a
correction,

@ =00 4 100, (3.37)
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and 6@ (6%, 5¥,) is the solution of the perturbed quantity
in the Kerr background expressed in terms of 6%, and 6¥,.
We remark that the term @ (6%, 5%,) involves no higher-
derivative corrections; it is the perturbed quantity as
obtained in Einstein gravity.

We then insert (3.36) into (3.15) and (3.17) keeping the
terms linear in the fluctuations 6@ to first order in A. In this
process we can also reduce the number of derivatives in the
terms proportional to A by making use of the zeroth-order

Teukolsky equations D(B((S‘I‘M) = 0. The result is then the
two equations (3.35). In order to carry out this computation
we need two ingredients:

(1) the Newman-Penrose description of the background

geometry (with higher-derivative corrections), and

(2) the solution for every perturbed quantity in the

Einstein gravity case (without corrections) expressed
in terms of 0¥, and 6¥,.
We address these points in the next section.

There is a last observation that must be made. In general,
it will be convenient to work with complex metric pertur-
bations. However, this comes at the price that complex
conjugates in the NP formalism are not actual complex
conjugates. Instead, the conjugate variables become inde-
pendent and they satisfy their own equations. We need to
consider in particular the equations for 6% and 6¥}. Thus,
together with (3.15) and (3.17), we also need to consider
their “conjugated” versions, which yield two equations for
0¥} and 8%} analogous to (3.35). Therefore, at the end we
will obtain four coupled linear equations for 6%, 6'¥4, ¥,
and oY¥;.

IV. INGREDIENTS FOR THE COMPUTATION

In this section, we start moving from the abstract
conceptual outline as spelled out in the previous section
and developed along similar lines as [70,71] to the specific
and explicit computation.

A. Newman-Penrose description of the background
geometry

The solutions of (2.1), perturbatively in the higher-
derivative couplings, take the form

T = i) + A3, (4.1)

_(0) . . . . . .
where g,(w) is a solution of vacuum Einstein equations (i.e., a

Ricci flat metric) and ZJLL) is the correction at linear order in

the higher-derivative couplings which, as in the previous
section, we keep track of through the bookkeeping param-
eter A. In the case of the rotating black hole solutions, we
use the following ansatz to capture the deviations with
respect to Kerr [73],

d32:-<1-21‘24 ’_ml) a2~ (1421) M =5 4y
+(14+1H5)Z (%Jri—x;)
+(141H,) <r2+a2+w> (1—x?)d¢?,
(4.2)
where
S=r’+d’x*  A=r-2Mr+d*, (43)

and x = cos@.” The metric gf,%) is in this case the Kerr

metric in Boyer-Lindquist coordinates, while g,(,‘J is para-

metrized by the four functions H;(x, r),

AMar(1—x2
g\ dxrdxr = H,d* — p, Mar1=x)
(Y 4
LA T 1-22
2Mra®(1-x2
+H4<r2+a2+7m2( x)>(1—x2)d¢’)2.

(4.4)

The solution depends on the two constants M and a, which
represent the total mass and specific angular momentum as
long as the H; functions satisfy appropriate boundary
conditions [73], which we assume. We also introduce
the dimensionless spin parameter y = a/M. Here
we consider solutions with |y| < 1, as the extremal limit
lx| ~ 1 poses additional difficulties and should be studied
separately. For |y| < 1, the solutions for the H; functions
can be expressed as a convergent power series in y, and they
take the form®

0 n ‘Inmx(n'p)

Hgn'p’q)xp ra,

(4.5)

"We remark that it is computationally faster to use
the algebraic x variable as opposed to the trigonometric 6
variable.

*In order to determine the convergence of the spin expansion
one can perform standard convergence tests, like the root test,
with a high-order expansion of the solution—in our case, we used
the solution to order . These tests indicate that the power series
is indeed convergent in the exterior of the black hole, with a
radius of convergence |yn.| ~ 1. Furthermore, in the case of
certain observables the convergence of the spin expansion can be
checked explicitly as the full series can be summed up analyti-
cally [92,93].
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for certain coefficients H E"’p ) that one can compute. We

have computed these solutions to order O(y*°), which we
believe would suffice for most purposes up to spins y ~ 0.9.
For smaller spins, much less terms are required to obtain
high accuracy. The availability of this high-order solution
will not yet be fully exploited here, since we will only make
use of an O(y%) expansion in Sec. VI, but it is important for
future applications. The solution could otherwise be
obtained numerically by solving the system of linear partial
differential equations satisfied by the H; functions, but we
find this less practical.

Let us also take note that the event horizon of the
metric (4.2) is located at

r. =M+ \VM?*-ad?,

and this is not modified by the higher-derivative correc-
tions. This is because we are making a coordinate choice
in (4.2) that guarantees that the horizon is always located
at (4.6).

Let us now provide the Newman-Penrose description of
this spacetime. We again consider a null tetrad e, that we
denote by

(4.6)

e =1, et = nt, e3 = mt, e =mt, (4.7)

and that satisfies

gﬂ” = —Zl(ﬂl’lb) + 2m(”n'1,,). (48)

Just like for the metric, the tetrad vectors are given by their
Kerr value plus a correction,
(4.9)

ea” = e<0)a” +/1€(l)aﬂ'

For the tetrad in the uncorrected Kerr geometry, we use the
Kinnersley tetrad [83]

4+ a? a

oo el
l(o) - < A E} 17 0’ A>5 (4'10)

1
W= (P @ -0, (A1)
j 1

mh = <ia\/1 —x2,0.—V1-22, ! . (412
(0) V1—x2 \/ié’* ( )

] 1
= —iav1=x%0,-V1—-x2, — ! >—,
© ( V1=x2) V28

(4.13)
where

{=r—iax. (4.14)

As is well known, this frame has the property that it is
aligned with the principal null directions of the Kerr metric.
Therefore, in this frame, one in particular has (3.22)
and (3.24)

PO B0 O _ g0 _o,  (415)
0 — g0 = 50) — 70) —, (4.16)

as used in the previous section. Then, the correction to the
tetrad can be found from the correction to the metric Q,(,IJ

in (4.4) as

1 _ ! a
e(l)aﬂ j— __gél)g(o)ﬂ e(O)lIﬂ'

: (4.17)

There is additional gauge freedom in the choice of e(;),*,
corresponding to infinitesimal Lorentz transformations of
the uncorrected frame. One may use this freedom to set to
zero some of the components of the spin connection or
some of the Weyl scalars (in particular, ¥; and V).
However, this makes the form of the tetrad much more
complicated, so in practice it seems more efficient to work
with the simple choice given by (4.17). This will be the
background tetrad we use throughout.

Once the tetrad is determined, obtaining the coefficients
of the spin connection as well as the Weyl scalars, that we
need for our computations,9 is just an straightforward task
that we carry out with the help of software.

B. Metric reconstruction of Kerr perturbations

In order to find the master equations (3.35) we also need
to express every perturbed quantity on the Kerr back-
ground in terms of the Teukolsky variables. The most
efficient way to accomplish this is by reconstructing the
metric perturbation. From the metric perturbation, the
remaining perturbed quantities can be straightforwardly
computed.

Following [94], one can reconstruct the metric pertur-
bation on the Kerr background as follows,

Mohy,, = — % vﬂ [§4vac(ﬂawﬂ} - %vﬂ {(C*)étvaé(uau)ﬂ} ’

(4.18)

where
C;layﬁ = 4(1//()}’1[},1’71&]1’1[,/77%] + l//4l[ﬂma]l[,,mﬁ]), (419)
é;wwﬁ = 4(1//8nb,ma]n[,,mﬁ] + l//Zl[ﬂﬁia]l[yﬁlﬁ]). (420)

Oy - C . .
Ricci curvature, although nonvanishing, is not needed.
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The variables y 4 and y 4 satisfy the Teukolsky equations,
but they are in general different from the Weyl scalars
0%y4, 0¥ 4. They are, however, proportional to them, as
we show below. Let us also note that we will be working
with a complex metric perturbation. This implies that
conjugate quantities in the NP formalism are not complex
conjugates anymore, but actually independent quantities.
Therefore, w4 and g, have to be treated as independent
variables.

Since these variables satisfy Teukolsky equations, they
can be separated as

Wo = eOHIIR, ()8 (x), (4.21)
Wi = eTHIIRY(1)S (x), (4.22)
W = eI (1S (), (4.23)
Wi = e ()R (DS (x). (424)

where the S;(x), R,(r), and R:(r) functions satisfy the
angular and radial Teukolsky equations

oo

2
+ {(aa))zx2 —2sawx + By, — M] S, =0, (4.25)

1 -2

d dR;
DR, = A= — AT 2 VR, =0, 4.26
k= o o B vr 0, (@26)
d dR;
DR = ASHT [ ASHI S L YR — 0, 4.27
2R . [ - } + VR; (4.27)
with
V = (am)? + o*(a® + r*)? — 4damMrw
+isQam(r — M) = 2Mw(r* — a*))
+ A(=a*w? + s — By, + 2irsw), (4.28)

and angular separation constants B,,."° Note that the
conjugate variables R} satisfy the same equations as R;.
Now, since the time dependence is separated as e we
can express the metric perturbation explicitly as

""These are related to the more conventional definition of
angular separation constants in the literature, denoted ;A;,, by
By, = ;A;,, + s. However, the advantage of using B, is that they
are the same for s = +2 and s = —2 and hence we do not need to
distinguish between the two cases.

i i

_ 4 a
w — = 3IMo v/} [g Vac(u p)ﬁ] - 3IMo

h v/i[(C*)4v(té(ﬂay)ﬂ]’

(4.29)

We have checked by direct computation that this metric
perturbation indeed satisfies the linearized Einstein’s equa-
tions R, = 0.

From h,, we can obtain the perturbation of the
NP frame,

1
Se = — 3 hasg V12 0" . (4.30)

where g,g;,) is the Kerr metric and é<0)aﬁ is the frame (4.10).

It is then straightforward (but computationally heavy) to
obtain the perturbation of the spin connection 6y ;. and of
the Weyl scalars 6¥;, ¥} which are the quantities we need
to evaluate the universal Teukolsky equations (3.15), (3.17)
and their conjugates.

The missing crucial step is to establish the link between
the metric variables y; and the Teukolsky variables. To
this end, it is important to observe the following relations
between the four radial variables R, and R}. First of all,
since R, and the “conjugates” R} satisfy the same equation
(and, in the case of QNMs, the same boundary condi-
tions), it follows that they must be proportional, and
therefore,

R:z(”) = Q+2R+2(’">v

RZ,(r) = q2R5(r), (4.31)
for certain constants ¢,,. We will refer to these constants
as polarization parameters, since they determine the
polarization of the perturbations. This will become clear
in Sec. VI. On the other hand, R, and R_, can be related
by means of Starobinsky-Teukolsky (ST) identities, which
we review in Appendix B. These read

R, = C+2A2(D0)4(A2R+2),

R.y = C,(D})*R.,, (4.32)
where D, and Dz) are the operators
; 2 2y _
Dy = a,-l-l(w(r +a*) ma)’
A
; 2 2\ _
D — 9, - 0" +Z ) = ma) (4.33)

The two proportionality constants C., are not indepen-
dent but related by

1

CC,h = K2

(4.34)
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where

K? = D3 + 144M?w?, (4.35)
and D, is the ST constant for the angular functions,
given by (B4). Thus, in sum, the relations (4.31) and
(4.32) imply that the full metric perturbation is determined
once we know one of the R, or R} and the constants ¢,
and C;.

When we use all of these relations, together with the ST
identities for the angular functions—see Appendix B—we
obtain that the Weyl scalars equal the metric variables up to
proportionality constants,

W =P, &V =Py, s==£2. (4.36)
The constants P, P; depend on the polarization parameters
q, and ST constants C, and are given by

p :l+iD2(]+2_iC+261-2’C2
272" 24Mw 6Mw
p . _1_iDwg, iC_1q.,K°
272 24Mw 9%6Mw
. —1+ iD, iC,K?
272 24Mawq,, 6Mwq.,’
1 iD iC_, 2
Pl=— 2 €K 43
2 24Ma)q_2 96M0)q_2

Note that there are two choices for g, and C; for which
P, = P; =1, corresponding to ¢, = g_, = £1 with
1 C . 4
4(D, — g, 12iMw)’ 2T Dy — g, 2iMo’
(4.38)

C+2 —

However, we will not restrict ourselves to this choice of
constants. On the one hand, the choices g, = g_, = £1
correspond to modes of definite parity, and this is not
suitable for theories that violate parity, in whose case
modes of odd and even parity become mixed. On the other
hand, by allowing the ST constants to be general we will be
able to perform a strong consistency check on our results
in Sec. VL

V. MASTER RADIAL EQUATIONS

In the previous section, we have provided the details
needed to obtain explicitly the pair of partial differential
equations (3.35) for the Teukolsky variables and their
conjugate versions. In this section we study these equations

explicitly and we show how they can be effectively
separated into a set of four decoupled radial equations.

A. Evaluation and separation of Teukolsky equations

Let us assume that we are performing perturbation
theory on the background of a rotating black hole in the
theory (2.1)—although most of the discussion in this
section can be applied in generality to any other theory.
Our starting point is the two perturbed Weyl scalars §¥ 4
and their conjugates 6¥;,. We can always separate the
dependence in the ¢ and ¢ coordinates since these are
isometric coordinates. Without loss of generality, we can
additionally decompose the Weyl scalars in spin-weighted
spheroidal harmonics, since these are a basis of functions,
and write

5\}10 — e—iwt+im¢ZP12mR12m (’,.) Slzm (X) ,
l

8, = emiwrimdy "=t pln RI (1) S (x)
l

S = e—iwt-&-im(sz;lmR;lm (F)Sl_"é (x),
1

OW) = ey () PR (ST (). (1)
l

This decomposition depends on the four sets of radial
functions R (r), R:™(r). Also, here we are including the
constants P and P:" that we found in (4.36). There is no
loss of generality in doing this, as we can always reabsorb
these constants into the radial variables. However, the
computation is clearer in this way.

Now, the logic to find the radial Teukolsky equations
goes as follows. We start with a Weyl tensor that we have
decomposed as (5.1). In order to obtain Eq. (3.35) from
(3.15) and (3.17) we need the metric that produced this
Weyl tensor. Of course, we do not know the answer for
higher-derivative gravities. However, we know the answer
for Einstein gravity: every mode in (5.1) comes from a
metric perturbation given by (4.29). Therefore, in the case
of perturbative higher-derivative corrections, the metric
perturbation associated to the Weyl tensor (5.1) will
correspond to (4.29) plus O(4) terms. But these are
irrelevant in order to obtain (3.35), since all the terms
coming from the metric reconstruction are already of order
A. Hence, we simply need to use (4.29).

Using the expansion (5.1), the metric reconstruction
(4.29) and the background solution (4.2) in (3.15) and
(3.17), and expanding to linear order in the fluctuations and
in the higher-derivative corrections, yields equations of
the form
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AY
*l

+4 <hs 00R"STs 4 o~

+’1<9§'760leslm le dr

xlm

R*
4+ <.]ls,0 OR*lmslm lm S Slm érr(l) 1R>i<lm

YIO dr

for s = £2, plus another two conjugate equations. Here D2
is the radial Teukolsky operator defined in (4.27) and
., g, and ji%  are functions of r and x as well as the
black hole spin a, the angular separation constants B,,,, and
the frequency @. These functions additionally depend on the
H; functions of the corrected Kerr metric (4.2). They are
given by very lengthy and non-illuminating expressions that
we have obtained explicitly for the six-derivative theories
(2.2). Note that in the terms proportional to A only first
derivatives appear, as we have used the zeroth-order radial
and angular Teukolsky equations to reduce the derivatives of

hlgher order. For this reason, the functions f% ., bl ., g™ .,

st/’

and JY ; ; depend on the angular separation constants Bj,,.

Let us now make the following two observations. First,
the spin-weighted spheroidal harmonics satisfy the ortho-
gonality relations'’

1
27[/ dxS" (x; aw)SE™ (x; aw) = 8y, (5.3)
-1

which hold even for complex w. We can thus project

Eq. (5.2) into S!™ and obtain an infinite system of radial
equations labeled by the number /',

dem

Pl’m@ZRl moy Z/l (fl’llem 4 fl’lm r + hé’l(;nRa:lm
oo dRIM L dR™
hl lm lllem s
+ “dr + g + gs ar
., AR
R i ) =0, (5.4)
where

dR .,
—P,DUR,, +/1<f+2 R+ fi—— Ir

dR_,
dr

—P_,D,R_,+1 (f—z,oR—z +fa0

5—2
¢ > {—Sé’”Pﬁ’”i)%Ré’” + /1( m GRS 4 flm
i

m
Im Im *lm
S §im g gl R

R—S Slm lm le
s 0,1

2t hoyoR ,+h dR
+200 2 T2

dR*,
+l’l 20R*2+/’l 215 dr

Sém le Slm
\lod +flsn(l)1le_+fxlldr dx)
Slm R*lm Slm
Zs h
ax gy dx)
Sl_n}v Ly le Slm
dx Sl 1 dr d
Slm R*lm Slm
dx +.]s11 dr dx>:|0 (52)
! Slm
= n [t (st ).
U ! Slm
hilm =27 / dxSE™ (hgn;osl_"; + d‘y),
gl\/lzm = 27[/ de{’m (gs i OSI—”é + gén?l d
) Slm
= n [ anste (st + g, 5 ) (59

These are functions of r only.

Second, as the quasinormal modes of the Kerr black hole
consist of a single term with a fixed / and m, in the
corrected QNMs the sum in (5.1) will contain a leading
term while the rest of the terms will be of order A. That is,
for the QNM that we would label with the numbers [/, and
m, we will have RY" = O(1) and R!™ = O(2) for [ # I,
Therefore, at first order in 4, Eq. (5.4) becomes

de om
dr

llom *lom

Pl’m®2Rl’m +4 (fls l(()’leom + fl lom

*lym lom
4 lom dR;" l’lOleom gl’lom dR

h 2
+ dr + 5,0 s,1 dr

o s o AR
+ ji_l(‘)’mR_ISm + jl lom s ) —0. (56)

5.1 dr

and similarly for the conjugate equations. For I’ = [ these
are in total four equations that only involve the variables
RY™, R Dropping the labels for clarity, we find the
master radial equations

07

- dR_, dR*
+2+9+2,0R—2+9+2,1 ar +J+20R_2+J+21 d2>

dR .,
249, oR+95,

dR*
ar +J 20R 0 0,

dr
(5.7)

"'We remark that, in addition to orthogonality, this relation defines our convention for their normalization.
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together with their conjugate counterparts.

We still need to compute the integrals in (5.5) in
order to determine the functions fm = pllm — glim and
jlm. This could be achieved numerically if a numerical
solution for the corrected background is known. However,
a possibility to obtain an analytic result consists in
performing an expansion in the black hole spin
¥ =a/M. On the one hand, we know analytically the
x" expansion of the functions H; determining the back-
ground black hole metric. On the other hand, the spin-
weighted spheroidal harmonics S (x; aw) and the angular
separation constants B;,, have known analytic expansions
for small y = aw [95].12

When we expand the integrand of (5.5) in powers of y,
we find that every term can indeed be integrated analyti-
cally. We thus are able to obtain explicit expressions for the
functions

it (ra.m). gt (ra.w). ji(rao)

(5.8)

1Im

o (r3a,0),

as series expansions in a. By including enough terms in
these expansions, one should be able to obtain an accurate
result, even for moderate or large spins.

The computation of the functions £, pllm glim and ji'm

governing Eq. (5.7) for the theory (2.2) is one of the most
important results of this paper.

B. Decoupling of the radial equations

So far we have been able to reduce the problem of
studying black hole perturbations to a system of four
coupled radial equations (5.7) (and their conjugate ver-
sions) for the variables R; and R}. This problem can
already be tackled with different methods in order to find
the quasinormal modes [60], but it is still much more
involved than the case of a decoupled equation. The idea
to decouple these equations is to use the Starobinsky-
Teukolsky identities (4.32) as well as the relations with the
conjugate variables (4.31). In fact, those relations are
already implicitly assumed in (5.7) through the con-
stants P,.

We note that, upon using the zeroth-order Teukolsky
equations, the ST relationships (4.32) can be expressed in
the form of a first-order operator,

IZStrictly speaking, one should perform a double series
expansion both in y and in y, but for simplicity here we perform
an overall expansion in y using that y = Mwy. This could be
problematic only if w is large, so that |y| > 1, because in that case
one may need to include more terms in the y expansion. However,
the result should converge anyways if enough terms are included
in the overall y expansion. Besides, for the most relevant QNMs,
corresponding to the fundamental modes and a few overtones of
the first few harmonics / = 2,3, ..., we actually have |y| < y.

dR
R,=Cp <A+2R+2 + B d:2>’

dR_
R,=0C, <A—2R—2 +B_, z)’ (5.9)

dr

for given functions A,, B,. Taking a derivative in these
expressions and using again the Teukolsky equations we
obtain similar relations for the derivatives dR.,/dr.
Combining these relations with (4.31), we can always
express any of the R; or R} in terms of any of the other
variables.

All of these relations hold at zeroth order in 4 because the
radial variables satisfy the zeroth-order Teukolsky equa-
tions. Therefore, we are allowed to assume those relations
in the terms proportional to A in (5.7). The result is four
decoupled equations of the form

dR
_Ps@?Rs +4 |:fs,0Rs + fs.l d_s:| - 0,
' r

dR;
—P;DIR; +/1{ R+ s ] =0,

5.10
s,1 dr ( )

for s = 2. The price to pay for the decoupling is that the
functions f; ;, f;; now depend on the polarization param-
eters g, and the ST constants C,. Let us take note that the
dependence on these parameters is of the form

fs,i = fs,i,l + qsfs,i.Z + Csfs,i,3 + Cs‘]—sfs,i,Sv (511)

foi=Fiin v a5 foin + Cqi frin + Coqyq7 i3
(5.12)

where each of the f,; and f7,; are functions or r. We
recall that the coefficients P, and P; (4.37) also depend on
these constants.

Now, besides the two polarization parameters g, and one
of the C, there is a fourth undetermined constant in the
problem: the frequency w. In order to obtain the QNMs, we
must proceed as follows. We can solve each equation in
(5.10) independently to find the shift in Kerr’'s QNM
frequency,

Oy = Wger + A0y, @ = Wger + A00%,  (5.13)

where @, and w; denote the frequency obtained from the
corresponding equation. The shifts dw, and Jw] are
functions of the various parameters and we can see that
their dependence on them is of the form
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1
5a)s = P— [50)&1 + qsﬁa)s,Z + Cséa)s,?a + CsQ—séa)xA]’
bwy; = —— [qséw;f’l + dwy, + Cbws 5 + qu_séa)jA],
g, P

(5.14)

where dw;; and éwy; are coefficients that we have to
determine numerically. Now, for a QNM, the same fre-
quency must be a solution of all the equations. Therefore,
the following must hold in a QNM solution:

5w+2(q‘w CS) = 5w—2(q‘w CS) = 6w12(qs7 CS)

= du4(q,. C,). (5.15)
These equations fix the value of the polarization parameters
q, allowing us to obtain the QNM frequencies. On the other
hand, as we show explicitly in the next section, the value of
the ST constants C; remains arbitrary because the frequen-
cies are actually independent of these constants. This is a
highly nontrivial fact that cannot be easily concluded from
the form of the equations. Nevertheless, our numeric results
confirm this, as will be discussed in the next section. This is
a strong self-consistency test of our method: it tells us that
the choice of ST constants represents a choice of gauge to
reconstruct the metric perturbation from the Teukolsky
variables. The same behavior is found in general relativity,
where one can reconstruct the metric perturbation in the
ingoing or outgoing radiation gauges, or more generally, as
a linear combination of both [83,94].

VI. QUASINORMAL MODE FREQUENCIES
IN SIX-DERIVATIVE GRAVITY

As an application of our method, we compute the
(I,m) = (2,2) and (3,3) fundamental QNM frequencies
of the six-derivative theory (2.2) to linear order in the
higher-derivative couplings. By following the procedure
outlined in the previous sections we have obtained the
radial equations (5.10) for those modes at order a® and a*,
respectively.13 One last technical obstacle arises in the
computation: we observe that the corrections to the
Teukolsky equations in (5.10) have a singular character
at the horizon because f,; and f;; behave as f, ~ (r —
ry)"tand £, ~ (r — r,)°. This behavior, which arises due
to the fact that we have reduced the order of the equations
of motion by imposing the zeroth-order equations, is
problematic for the following reason. Observe that we
want our variables to behave as Ry ~ (r — r,)” near the
horizon, for a certain y. In that case we have
DR~ (r—r,), but due to the behavior of the f;
functions, the terms proportional to 4 in (5.10) behave in

“In the ancillary files we provide these equations truncated at
order a® [96].

turn as (r — r, )7~ This indicates that the variables R, R}
are not appropriate in the presence of corrections.'* In fact,
we can redefine the variables as"

A

N A dR,
Rs_Rs—’_ﬂ(asRs—’—ﬁs d“>,
r

R: = Rk: +/1<a;ie§+/3§ d{i"), (6.1)
for radial-dependent coefficients ay, fB,, ai, pi. The
equation for the new variables R,, R® can again be
rewritten—after making use of the zeroth-order Teukolsky
equation in the terms proportional to A—in the form
of (5.10), with new functions f,,, fi; that depend on
the a, f,, «, P functions. It suffices to choose these
functions as

Ay

Ps(r) = by (6.2)

ay(r) =,
+

for constants a,, by, and analogously for o} and f;. By
choosing the coefficients a,, b, appropriately, we can
remove the divergences and obtain well-behaved equations

for the variables R, with the functions f“- satisfying jA”S’O ~

(r=r.)% foy1~(r—ry) for r = r,. In fact, with this
choice we find that these functions take a polynomial form

N 4-n
A r A
fs,O(r) :MQZ (M) fs.O,na
n=0
N

Fuat)=m0-r0 3 (1)

n=0

3-n

f.\'.l,n’ (63)

where ]A‘S, ;.» are coefficients and N increases with the order of
the a-expansion. Thus, the resulting equations

N

o PN ~ dR
_PSQ%RS + A |:fs.0Rs + fs,l d}”s:| =Y

. e n. o, dRE
—P;D2R; H[fif,oRHfif,l } =0,

o (6.4)

now have the same behavior as the zeroth-order Teukolsky
equation for r — r, and for r — oo and we can impose the
usual boundary conditions for QNMs. At r =r, the
solution must behave as

“In the case of s = +2 equation, the terms proportional to 4
actually behave as (r — r, )" once we use the value of y from the
uncorrected Teukolsky equation, so the equation is secretly
regular. This is not the case for the s = —2 equation, though.

'We suspect the origin of these singularities lies in the choice
of corrected NP frame (4.17), which is probably singular at the
horizon. A redefinition of the radial variables is therefore
equivalent to choosing a different NP frame.
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Vs
R, ~ <L—1> ,
Iy
i

Vs = —§—

RoMr, —ma] + Ady,, (6.5)

r—a?
where the exponent corresponds to modes falling toward the
black hole horizon and it takes the Kerr value plus a theory-
dependent correction dy,. At infinity r — oo we look for
solutions corresponding to outgoing radiation and hence R
behaves as

RS ~ r—l—2se—ia)(]+/16)r’ (66)
where § is again a theory-dependent coefficient.

In order to find the QNM frequencies we have applied
two different numerical approaches. The first one consists
in performing a direct numerical integration of (6.4) with
the boundary conditions (6.5) and (6.6), implementing a
shooting-method strategy in order to find @. The second
one is based on the approach of [71,97,98], in the spirit of
computing spectral shifts of a perturbed Hermitian oper-
ator. The results we report below were obtained from the
first method, but we checked that the relative difference
between the two methods for the shift in the QNM
frequencies is smaller than 2% for |y| < 0.12 and remains
this small on average for the complete range of values of
angular momentum we study. Let us discuss the cases of the
even- and odd-parity theories independently.

A. Even-parity corrections

We consider Einstein gravity supplemented with the
even-parity six-derivative operator in (2.2). This will
introduce corrections to the Kerr QNM frequencies that
we can express as

4
w = X + Tgvéa), (6.7)
so that dw is a dimensionless coefficient that depends
on the dimensionless spin y. Our goal is to determine this
coefficient.

In the case of parity-preserving corrections, perturba-
tions can be naturally decoupled into modes of odd and
even parity. For the background metric (4.2), a natural
parity transformation corresponds to

(x.9) > (=x.¢ + 7). (6.8)
One can see that this has the effect on the NP frame
(m,,m,) — —(n,, m,). Inaddition, the spheroidal harmon-
ics verify S,(—x) = £S_,(x). Therefore, up to a global sign,
the parity transformation (6.8) is equivalent to R; <> R} at
the level of the metric perturbation (4.29). Hence, we
conclude that the modes of definite parity are those with

R, = *R}, (6.9)
or in other words, this fixes the polarization parameters ¢, to
be g, =¢q_, ==+1. The + sign corresponds to polar
perturbations while the — sign to axial ones. When
q, = =1, we check that, indeed, the conjugate equations
in (6.4) are identical to the nonconjugate ones. Thus, we only
need to consider the equations for R 1o and R_,,and only the
ST constants C; remain unspecified. By solving these
equations and taking into account (4.37) and (5.14), we
obtain that the shifts in the QNM frequencies for each
polarization + take the form

L 147G

SwE = ot — L8
T TG

(6.10)

for coefficients o, yT, p that depend on the dimensionless

angular momentum y and that we determine numerically.
Then, one may think that the ST constants are determined by
the condition that the two shifts are the same (because all the
equations should give the same QNM frequency), so that we
would have the equation éw, , = dw_, for the ST constants.
However, the numerical results indicate strongly that

re = pt, (6.11)

meaning that the QNM frequencies are, in fact, independent
of these constants, which can be chosen arbitrarily.
Furthermore, and even more importantly, the numerical
results also indicate that sw®, = sw?,.

To illustrate this, we compute the shifts dw, for C; = 0
and C; — oo. Let us study first the case of the (I,m) =
(2,2) modes. In Fig. 2 we show the four different results,

ow_, | C_r=c0>
(6.12)

Swiolc 00 0012|c 1m0 0O 2,0

for each polarization obtained from a numerical integration
of (6.4) expanded at order y°. We observe that all of the
frequencies are in fact almost identical for all the values of y
we are plotting. Especially, the two estimations for dw_, are
indistinguishable in these plots, indicating that they are
independent of C_,. These two values remain very close to
each other even for larger values of the spin, up to [y| ~ 0.4.
On the other hand, we observe that the two estimations for
dw,, depart slightly from themselves and from dw_,
already at |y| ~0.2. These small discrepancies can be
explained by the truncation of the spin expansion and by
the different character of the s = 42 and s = —2 equations.
In fact, we expect the equations to yield the same QNM
frequencies only when the complete series in y is included,
but when the series in truncated at a given order we can
only expect the results to agree for small enough y.
In this regard, the equation for s = +2 seems to be quite
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FIG. 2.  Shifts in the polar (top row) and axial (bottom row) QNMs frequencies with (I, m) =

(2,2), as defined in (6.7), due to the

even-parity six-derivative correction in (2.2). We compute these shifts in four different ways using an O(y®) expansion of the Eq. (6.4)
and observe that all the frequencies are approximately the same. This indicates that the result is independent of the ST constants and that

the computation is consistent.

sensitive to the order of the expansion as it converges more
slowly than the s = —2 equation, which turns out to be
more stable. However, the results from both equations
show convergence as more terms are added in the spin
expansion. Thus, we expect that by including additional
orders in y all the estimations will converge even for
larger spins—in principle, we expect convergence for

|

all spins |y| < 1, although many terms may be needed
to obtain a good accuracy for black holes close to
extremality.

In order to perform a quantitative comparison, we can fit
the numerical results to a polynomial in y. Performing a
quadratic fit in the interval —0.1 < y < 0.1 we obtain the
following result for the polar modes,

6a)+2|c ,—0 = (=0.144 + 0.162i) + (0.586 + 0.375i)y + (1.290 — 0.9091) 2,
6a)+2|c+2 o = (=0.144 + 0.162i) + (0.586 + 0.375i)y + (1.290 — 0.909i)>,
Swtyle =0 = (=0.144 + 0.162i) + (0.586 + 0.375i)y + (1.294 — 0.911i)y2,
S, —co = (=0.144 + 0.162i) + (0.586 + 0.375i)y + (1.294 — 0.9114) 2, (6.13)
while for the axial ones we get
S35, = = (0.246 — 0.132i) — (0.289 + 0.560i)y — (1.360 — 0. 337i)y?,
Sw7slc,, -0 = (0.246 — 0.132i) — (0.289 + 0.560i)y — (1.360 — 0.337i)y2,
007,|c o = (0.246 — 0.132i) — (0.289 + 0.559i ) — (1.358 — 0.338i)y°,
S| ,—0o = (0.246 — 0.132i) — (0.289 + 0.559i)y — (1.359 — 0.338i)y>. (6.14)
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Shifts in the polar (top row) and axial (bottom row) QNMs frequencies with (I, m) = (3, 3), as defined in (6.7), due to the

even-parity six-derivative correction in (2.2). We compute the shifts in four different ways using an O(y*) expansion of Eq. (6.4).

These results pass several consistency tests. First, the
agreement of the O(y") and O(y") coefficients is essentially
perfect. In addition, those coefficients match with good
accuracy the results obtained in [66] following a direct
metric perturbation approach. In fact, in that case we got

Swt =—0.137+0.161i + (0.612+0.376i)y + O(1?),
Sw~=0.244—-0.130i — (0.288 +572i)y + O(x*), (6.15)

which coincide with the results above with an accuracy
better than 5% for S+ '® and around 1% for e~ Finally, the

agreement among the O(y?) coefficients is also excellent.
|

Swtsle.,—o = (=0.265 +0.150i)
0t e = (~0.265 + 0.150i)
w'yle o = (~0.265 + 0.150i)
bl —e = (=0.265 4 0.1501)

and

0.573 + 0.418i)y + (1.401 — 0.463i)y2,

The small discrepancies can be easily attributed to the
numerical precision and to the different behavior of the
equations for a finite truncation of the spin series.

As a further test, we have also computed the (I,m) =
(3,3) modes. The convergence in the spin expansion seems
to be faster than for [ = 2 and in fact, we obtain a similar
accuracy using an expansion of order y* instead of y°. The
four different estimations for the frequencies are shown in
Fig. 3 where we again observe that all of them remain very
close to each other.

Fitting these results to a quadratic polynomial in the
range —0.1 < y < 0.1 yields

+ (0.575 + 0.418i)y + (1.405 — 0.473i)2,
+ (0576 + 0.418i)y + (
+ (0573 + 0.418i)y + (1.398 — 0.463i),2,
+ ( (

1.411 = 0.473i)y2,

(6.16)

SWe suspect that most of this error comes from the results in [66], since the result in (6.13), obtained in four different ways, seems to
be very robust. Additionally, we can quote the results of [58] for static black holes, which in our conventions yield Sw™ ~ —0.144 +
0.163i and dw~ = 0.246 — 0.133i, matching our results here with an error less than 1%.
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807 5]¢,,—o = (0.343 — 0.134i) — (
307 5lc, e = (0.343 = 0.134i) — (
007,|c o = (0.343 — 0.134i) — (
Sy ,—co = (0.343 = 0.134i) — (
We observe excellent agreement among all the coefficients,
including those of y?, and again the results to linear order

reproduce the ones previously obtained in [66], which we
rewrite here for convenience:

St = —0.258 + 0.151i + (0.597 + 0.426i)y + O(3?).
S~ = 0.340 — 0.132i — (0.369 + 447i)y + O(4?).
(6.18)

These results make us confident that the frequencies are
indeed independent of the choice of ST constants and that
both equations s = 2 and s = —2 yield the same frequen-
cies. These highly nontrivial properties, together with the
fact that we reproduce the results at linear order in the spin
of [66], provide a strong test of the validity of our approach
and computations.

B. Odd-parity corrections

Let us now consider the parity-breaking cubic interaction
in (2.2), and write the corresponding shift in the QNM
frequencies as

4
— gKerr + 4 ﬂodd S

5 (6.19)

[0

Since this theory does not preserve parity, we can no longer
decouple polar and axial modes, and these are inevitably
mixed. Thus, the polarization parameters g, have to be
determined at the same time as the frequencies by solving

0.25F
[§ 1 7]
l.. ‘l.‘--‘
o
By
0.20f b
"
s
=
3 .
= o015t . 5W+2|C+2ﬂ0 :.
~ L
- 6w+2|C+24>00 »
'}
]
0.10f o Sw_slc_y0 "y
"
A 6‘*}*2'0—2%00 !!
1
0.05 : :
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X

0.373 + 0.444i)y
0.374 + 0.445i)y
0.372 + 0.445i)y
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2

s

2

s

a

Y (6.17)

1.295 -0.319i
1.301 — 0.318i
1.291 - 0.316i
1.294 — 0.315i

24
X

— — —

= (
= (
= (
= (

—

[

(5.15). Now, based on our experience with the parity-
preserving corrections, we expect the frequencies to be
independent of the choice of ST constants, since these
represent, essentially, a redundancy in our description of
perturbations. To test this, we solve Eq. (5.15) again in the
limits C; — 0 and C; — oo, in which case the s = 2 and
s = —2 equations decouple. For instance, if we set
C., =0, then the condition éw,, = éw’, gives us an
equation for g, which has two solutions. Naturally these
correspond to the two possible polarizations for QNMs, and
in this case g, # £1, indicating that these modes do not
have a definite parity. If instead we set C,, — oo then the
condition 6w, = éw’,, gives us an equation for g_, which
again has two solutions. A similar discussion applies for the
case of dw_, = dw*, for C_, =0 and C_, — oo.

Proceeding in this way, we obtain four independent
estimations for the shifts in the QNM frequencies. If
everything is consistent, the four results should agree.
As a first check, we observe that the two different polar-
izations Sw™ obtained in each case satisfy

Swt = —dw™. (6.20)

This is expected for parity-breaking corrections since they
couple odd- and even-parity modes [60,66]. Thus, we show
only the shifts with Re(dw) > 0, as the other polarization
simply has a shift —dw. In Fig. 4 we show these shifts for
the (I,m) = (2,2) modes while in Fig. 5 we show the
(I,m) = (3,3) ones.

-0.05[ &,

-0.10f ™

Im(dw)

-0.151 ]

-0.201

-0.2 -0.1 0.0 0.1 0.2

FIG. 4. Shift in the (I, m) = (2,2) QNM frequency, as defined in (6.19), due to the odd-parity six-derivative correction in (2.2). We
compute the shift in four different ways using an O(y®) expansion of Eq. (6.4). The four estimations coincide to a very good

approximation, providing a self-consistency test of our method.
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Shift in the (I, m) = (3,3) QNM frequency, as defined in (6.19), due to the odd-parity six-derivative correction in (2.2). We

compute the shift in four different ways using an O(y*) expansion of Eq. (6.4). The four estimations coincide to a very good

approximation, providing a self-consistency test of our method.

We observe that the four different estimations of the QNM frequencies match with very high accuracy. As before, the
matching between the frequencies obtained from the s = —2 equation is almost perfect while the equation s = +2 yields
slightly worse results, for the same reasons we explained above in the case of the parity-preserving corrections.

Performing a quadratic fit in the interval —0.1 < y < 0.1 for the (/,m) = (2,2) modes yields

Swiale,—o = (0.197 = 0.1517) — (0.447 + 0.506i)y — (1.371 — 0.291i)2,
Bwalc o = (0.197 — 0.1517) — (0.447 + 0.506i)y — (1.373 — 0.289i)2,

bw_s|c o = (0.197 = 0.151i) — (0.445 + 0.506i )y — (1.356 — 0.293i) %,

8w _alc o0 = (0.197 = 0.151i) — (0.445 + 0.505i) — (1.354 — 0.296i)2, (6.21)

and in the case of the (/,m) = (3,3) modes we obtain

Swialc,—o = (0.304 — 0.1437) — (0.475 + 0.432i)y — (1.354 — 0.396i)2,
80.2lc,,—o = (0.304 = 0.1437) — (0.475 + 0.4334)y — (1.359 — 0.395i)%,

8w alc o = (0.304 — 0.143i) — (0.473 + 0.433i)y — (1.348 — 0.389i)2,

80_5|¢ —e = (0.304 —0.143i) — (0.473 4 0.4334)y — (1.347 — 0.388i)°, (6.22)

finding excellent agreement in all the coefficients. Finally,
these results compare well with those in [66], which we
reproduce here for convenience,'’

8wy = 0.192 = 0.151i — (0.466 + 0.414i)y + O(42),
Sw35 = 0.304 — 0.144i — (0.493 + 0.438i)y + O(1?).
(6.23)
VII. CONCLUSIONS

We have put forward a general framework to analyze
linearized excitations of rotating black holes that depart

"As already observed in footnote 16 we suspect that our
results here are more accurate than those in [66] and hence the
small discrepancies can probably be attributed to that reference.

[

perturbatively from a Kerr spacetime. These rotating black
holes arise, for instance, in theories of gravity beyond
general relativity. Our approach, schematically summarized
in Fig. 1, has enabled us to reduce the study of such
gravitational waves propagating on these black hole back-
grounds to a system of four radial equations that stem from
the effective separation of the universal Teukolsky equa-
tions, introduced in Sec. III.

The underlying perturbation theory philosophy, to exploit
the vicinity of the algebraically special Kerr black hole, is in
many ways evident and has been developed previously to
various degrees of generality [70-72,99]. Yet, to put this into
practice has proven to be a huge technical challenge, which
lay at the heart of this work. We have provided a detailed
end-to-end strategy to implement the computation and we
have presented the first results that emerge from this.
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This entire computation is the synthesis of much previous
work on the subject. On the one hand, the corrected
Kerr background must be known, for which we used the
results of [73] that expresses the corrections to the Kerr
metric analytically as a series in the black hole spin. On the
other hand, it is necessary to reconstruct the metric pertur-
bation (on the uncorrected Kerr background) from the Weyl
scalars. By using the results of [94] we provided an explicit
map between metric variables and the Teukolsky variables
oW,—see Sec. IV B. Finally, we showed how one can
effectively separate and decouple the Teukolsky equation
by projecting it onto the spin-weighted spheroidal harmon-
ics, as successfully applied by [72] for scalar perturbations.
The series expansion in the black hole angular momentum is
not strictly necessary, yet it turns out to be very important in
practice. The reason is that, contrary to the Kerr metric in
general relativity, rotating black hole backgrounds are
typically not known exactly. Nevertheless, a high-order
expansion in spin allows us to obtain fully analytic radial
equations, postponing the use of numerical methods until the
very last step—the resolution of these equations.

We applied the approach just outlined explicitly to the
case of the six-derivative EFT in (2.2), in order to obtain the
corrections to the QNMs. As we discussed, the QNMs are
determined by the frequency w, by the polarization param-
eters ¢.,, and by the Starobinsky-Teukolsky (ST) constants
C,». In the case of even-parity higher-derivative correc-
tions, one can decouple perturbations of odd and even
parity, which fixes the polarization parameters to be
q.>» = q_, = £1. Given this choice, one should be able
to obtain the QNM frequency by solving any of the radial
Teukolsky equations. Therefore, in order for the result to be
consistent, the two equations (for s = 42) should indeed
yield the same frequencies. On the other hand, parity-
violating higher-derivative corrections mix modes of odd
and even parity and one has to determine the QNM
frequencies simultaneously with the polarization parame-
ters g, by imposing that all radial equations for a given
polarization have the same frequencies. In both cases, the
ST constants should be irrelevant. They represent a choice
of gauge in which one reconstructs the metric perturbation.
Thus, the QNM frequencies should actually be independent
of the ST constants. This is highly nontrivial and provides a
self-consistent check of our results.

In fact, our results in Sec, VI pass three consistency
checks with very high accuracy:

(1) The s = +2 and s = —2 equations give the same

QNM frequencies.

(2) The shifts in the QNM frequencies are independent

of the choice of Starobinsky-Teukolsky constants.

(3) We reproduce the results of [66] for static and slowly

rotating black holes at linear order in the spin

obtained from a metric perturbation approach.
Any one of these tests is, taken on its own, an impressive
consistency check, when one considers the extensive

calculations, expansions, transformations and the various
numerical methods involved in obtaining the results. Given
that they are all satisfied to a good approximation, we are
confident that we have achieved a successful method to
compute spectral shifts of QNMs of rotating black holes
beyond general relativity.

We note that two of the above tests are based on
redundancies in choices associated e.g. to gauge freedom.
In addition to consistency checks, such redundancies allow
some internal estimate of the precision we achieve.
Moreover, the choices turn out to be not equally amenable
to the combination of expansions and numerics that are
used. For example, we observed that the s = 2 equation is
quite sensitive to the order of the spin expansion, making it
less precise. The s = —2 equation is much more stable.
Indeed, the frequencies computed from the s = —2 equa-
tion pass the second test above with high precision even for
high values of the angular momentum. The exact source of
these discrepancies should be understood better such that
the entire approach can be tuned to the optimal choices.

It is rather straightforward to apply the computational
strategy given here more generally in order to compute
perturbative corrections to the QNM spectrum of Kerr black
holes. Natural extensions include going further in the EFT of
gravity, e.g., by including eight-derivative terms in the effective
action, as well as going to higher values of the black hole spin.
For the latter, one simply needs to include enough terms in
the angular momentum expansion so as to get an accurate
result [100], a process that is now entirely algorithmic. We will
report on a thorough analysis of the shifts in the QNM fre-
quencies in these higher-derivative extensions elsewhere [75].

Next, with a little more effort, our method can be
generalized to theories with additional fields, such as
Einstein-scalar-Gauss-Bonnet gravity [101] or dynamical
Chern-Simons gravity [102,103]. In these theories, QNMs
of static [50,52,53] and slowly rotating black holes up to,
respectively, second [63,67] and first order [64,65] in the
angular momentum have been computed using a metric
perturbation approach. In those cases, one needs to take
into account that the stress-energy tensor in the universal
Teukolsky equations (3.15) and (3.17) depends on a scalar
field. Hence, one should be able to obtain a system of radial
equations involving the Teukolsky variables and the scalar
field along the lines of [70,71]. It would be of particular
interest to see if matching results could be obtained with the
methods presented in those works and with the previous
results in [63—65,67]. Indeed, despite our consistency
checks, it would be highly desirable to achieve converging
results from different groups using different approaches.
This could include the analysis of specific limits, such as
the geometrical optics limit [49,104-111], as well as
entirely different methods, such as numerical relativity
beyond general relativity [79,112—123]. Finally, advances
in the latter, together with our work and post-Newtonian/
post-Minkowskian results [74,124—128] could ultimately
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be combined into full theory-based, inspiral-merger-
ringdown waveform templates. The availability of such
waveforms for a broad class of gravitational theories would
help carve out a better motivated theoretical prior on the
space of (potentially) physical waveforms and would re-
present a milestone in our ability to search for physics beyond
general relativity using gravitational wave observations.
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APPENDIX A: NEWMAN/(GEROCH-HELD)-
PENROSE FORMALISM

Here we gather our conventions and useful identities of
the Newman-Penrose (NP) and Geroch-Held-Penrose
(GHP) formalism. Where possible we follow [83].
Recall we have introduced an NP frame

glw = —2l(ﬂl’lb) + 2m(ﬂn"1,,). (Al)

In terms of the frame, the spin connection is defined as

Yabe = ea”ecyvueby' (AZ)
We have additionally defined the conventionally named
spin coefficients in (3.5) as well as the projections of the
curvature components on the NP frame in (3.6) and (3.7).
The main difference between the NP and GHP approaches
is that the latter remains covariant with respect to the local

J

P¥, — 0¥ — Py + Opog = ="y + 4pW| — 3k¥, + 7o — 2p o1 — 26¢5, + 2Ky + K oo,

(“type III”") rotations (3.8). This is theoretically appealing
and leads to more compact expressions but for our final
computational purposes we will translate back to the more
explicit NP formulas. The conventional GHP derivatives
which preserve covariant behavior with respect to the local
frame transformation (3.8) were defined in (3.12).

The key starting point to derive the universal Teukolsky
equations in Sec. III are the Bianchi identities. However,
before presenting these, note the relations between spin
coefficients and curvatures in GHP form:

doo = Pp — 0k — p? + 7'k + " — |o]?, (A3a)
Yy=Po—-0k—(p+p*)o+ (r+7")k, (A3b)
do1 +¥, =-Pxk+br—(r—7*)p—- (" =7)o, (A3c)
b =¥ ==+ —(p—p )+ (p —p)k, (A3d)
by, = —Po+ 0t — 1> —k’* + plo+po’*,  (A3e)

1
Wy + R = —Pp+ 37+ pp" 400 — [t —xc'. (A3f)

These are simply a translation from

Rapea = v07/abd - vd}/abc - Yabf’/lfe (7ced - 7dec>

+ 7afcrlfL)Yebd - 7afd’7feyebc (A4)
into the GHP language. Note that (A3) is Eq. (4.12.32)
of [84] despite the different choices for the metric signature
and Riemann curvature.'® On the other hand it is (2.37)
in [130] for a vacuum spacetime as well as (43) of [83] for a
vacuum Petrov D spacetime (with an appropriately aligned
tetrad). Similarly translating

v[eRab]Cd + 2’7ij7/ai[eij]cd + Znijyci[eRab]jd =0, (AS)

one finds

(A6a)

1
PY, ='W — 81 + P'poo + 5 PR = o'Wy — 20"¥) + 3pWy — 2k¥5 + p"* oo — 27" Po1 — 27¢bg; + 2ph11 + 0" oo,

12

P'W, — 0¥ — 0y + Py = p"¥y — 42W) + 36¥, + 6" oo — 27" o1 — 2kp3, + 26611 + p*oas

(AGb)

(A6c)

1
P, — 0¥, — P'gpg + 0oy — EaR = —K'Wo +2p"¥| — 37, — 26%¥5 + K" oo — 29" o1 — 2p¢3, + 2711 + T oas

(A6d)

8]t differs from [129] by oppositely defined spin coefficients. Their appendix also contains a useful discussion on sign conventions.
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1
Py + P'pog — depg, — oy + ng

= (p 4+ )poo + 2(p + p" )11 — (7' + 277) oy
— 2o+ 7)oy — K" P31 — K21 + 043, + 6" oo
(A7a)
* / / 1
b5 + Py — 011 — d'pop +§6R
= (p'+20")po1 + 2p +p*) 31 — (7 +7°) o
=2t + 7)1 — Koo — Kp2a + 621 + ;.-
(A7b)
Importantly, these include (2.2) and (2.3) in [41], but they
were also presented in full as (4.12.36)—(4.12.41) of [84] as
well as in special cases in (2.39) of [130], and (44) of [83].
They are, in short, well known in the literature but several
conventions are in circulation. The GHP formalism has a
natural symmetry exchanging [ <> n and m < m. The
associated equations are implicit in (A6) as what is known
in this language as the “primed” versions of these equa-

tions. We will not present all of them explicitly but as a
relevant example note that this is how (A6a) or (3.14b)

PY, — 8"¥y — Pehy; + poo
= 7% + 4p¥) = 3c¥; + " Poo — 20" o1 — 20¢p,

+ 2k11 + Koy, (A8)

is related to (3.14a)
P'W; — Wy — P'ghy + 0'ehyy
= =Wy +4p'V3 = 3K, + by — 20" y1 — 20'5,

+ 261y + K o (A9)
|

A last GHP ingredient that is useful for our derivations are
the GHP-commutation relations is

[P.P]=(c"=7)0+ (e =)0 +(p+q)Fpia+(P—q)Fan,
[P,0]=p*0+00' —7"P—kP' +(p+q)Fpi3+(P—q)Fais.
[0.0'|=(p"" =p")P+(p—p" )P +(p+q)Fp34+(p—q)Fqz.

(A10)

when acting on an object of weight {p, ¢}. Here, we have
used a notation associated to the more standard form of a
covariant derivative

b, =-np -1V +m,0+m,0, (A11)
written in terms of the connections B, and €,
D/t = vﬂ + (P + Q)Bﬂ + (P - Q)Qw (A12)
and defining the associated curvatures as
D, DIV = ((p+@)Fpuw + (P = @Q)Fou)V, (Al3)

where V has weight { p, ¢}. In terms of the gauge fields this
becomes

Fg,=V,B,—V,B,, Fo,=V,Q,-V,Q,  (Al4)

Spelled out explicitly, the commutation relations are

1 1
[I)’I)/} _ (T* —T/)a + (T—T’*)él _ p(K'K'/ — + ¥, + by, ——R> _ q(K*K‘/* — \p; + ¢y ——R>,

[.3] = p*d + 08 —"P — kP’ — p(p'k — o +¥)) — q(o

24

24
=P 4 or),

1 1
(0,0 = (p"* =p' )P+ (p—p")P + p<pp’ —-o0' +¥, — ¢y ——R> - q<p*p’* —0'd”" + ¥ — ¢y —QR), (A15)

as can again be compared against (4.12.33)—(4.12.35)
in [84].

To arrive at the generally valid Egs. (3.15) and (3.17),
one first needs to identify the relevant combination of these
identities that are used to derive the Teukolsky equation.
Let us therefore briefly reduce to this case. That is, we
assume a vacuum Petrov type D spacetime and a frame
aligned along the principal null directions of this spacetime

24

|
such that all Weyl curvature components but ¥, vanish.
Similarly, k = ¢ = ¥’ = ¢’ = 0 and all ¢;; vanish. The only
nontrivial surviving equations from (A3), (A6), and (A7)
are (Equation (43) of [83])

2

bp=p?, =7, Pr=(c-7")p, p=(p-p).

W, =-Pp+0d7+pp" —|z, (Al6)
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and (Equation (44) of [83])

p‘PZ = 3[0‘1’2, 6‘1’2 = 3TlP2, (A17)
as well as their primed and conjugated versions. It is the
entirely trivialized (but noncontracted) Bianchi identities
(Aba) and (A6¢c) that will be the key players in the
perturbation analysis. Finally, the commutation relations

(A15) become (Equation (45) of [83])

[b,P]= (7" =7")0+ (r—7*)0 — p(¥y —77) —q (¥} —7*7"),

[p’a} Zp*a—r’*P—i-qp*T’*,
(0,0']=(p"* =p")P+(p—p*)P' + p(pp' +'¥5)

—q(pp" +¥3). (A18)
Consider perturbations of order e around such a back-
ground19 and let
LI"i = Li}i + eé‘Piv Yabe = Yabe T €Y ape- (A19)
For this derivation, which is mainly motivational, we will
not keep track of the “sources” ¢,;,, so assume these still
vanish. On account of the vacuum Petrov type D
assumption for the unperturbed case

Y=V, =¥, =¥, =0, (A20)
¢00 = ¢01 = ¢02 = ¢21 = ¢11 = ¢22 =R= 0, <A21)
k=K =65=5=0. (A22)

We remark that the GHP derivatives will also be perturbed
but only their leading order will play a role so we do not
burden our notation even further by indicating this explic-
itly. Consider P acting on (A6c). The first contribution
comes in at order € and is given by

PP'6%¥, — PasY, = b(p'6%,) — 4P(76¥,) + 3P(66'P,).
(A23)

Similarly acting with d on (A6a) yields
|

(0P + 4p*7 — 20p7)8Y; + 3(P — p* + 3p)P,00 + 3(47 + 7*)W,6x = (80 — 07 — 70 + 4p(P' — p') + 3¥,)8¥,,

and

OPSP| — 3 8%, = —d(70F,) + 43(pdP,) — 30(5«'P,).
(A24)

Now commute P and 0 in (A23) in the term POS¥,. To
leading order, one can use (A18) and finds

PP's¥, — 0bsY, — (5*3 — 7*P)6Y¥,

= P(p'6¥,) — 4b(76%,) + 3P(56P,).  (A25)
Here, we have additionally used the GHP weight
wenp(P1) = WGHP(Caﬁyulan/jl”my) ={2,0}. (A26)

In (A24), which came from (A6a) by acting with 3, one can

replace 0¥, by using (A6c¢c), while conversely in (A25),

which came from (A6c) by acting with P, one can replace

PY¥, using (A6a) (as well as replacing the additional 8,

term from the commutation relation). One finds respec-

tively

OPsY | — 00'6%¥ = —0(76¥,) + 46¥,0p + 4p(P'6¥,

— P8, + 476¥, — 360F,) — 30(5k'P,),

(A27)

and

PP/ 6%, — OPSY, — p* (P68, — p'6Y, + 476¥, — 356P,)

= b(p'6¥,) — 46¥,b7 — (47 + 7')

x (8 6%¥, — 7 6%, + 4pSP, — 36k'Y,) + 3P(50'P,).

(A28)

Now simplify further, by using (Al7) to replace
¥, = 37¥,, and P¥, = 3p¥,, (Al16) to replace b7 =
(7—7%)p and dp = (p — p*)7, as well as (A3D) to relate
A6k with Pdo using 6%

6k = —6%y + Péo — (p + p*)éo + (T+7%)6k.  (A29)

The results after some extra rewriting are

(A30)

—(0P+4p*7—20p7)6W, —3(P—p* +3p) V.00 —3(47+7*)P,6k = (=PP +p* (P = p) +bp' +p'P— (47 +7) (0 = 7)) 6%,.

(A31)

“This perturbation parameter ¢ should not be confused with the NP e The latter will only appear implicitly here in the GHP

derivatives.
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Written in this way, it is obvious that the sum of both equations will, of all the perturbed quantities, only depend on 6.
Thus we have found the (sourceless) Teukolsky equation for 6%,

[(P—4p—p") (B — ) - (3—dz— )( — &) - 38,]6W, =0, (A32)

as can be confirmed against (58) of [83]. The logic in the main text to derive the universal Teukolsky equations (3.15) and
(3.17) is simply to consider the same combinations and perform the same manipulations but without dropping any terms.

Finally, given the dependence of the GHP derivatives on the GHP weight of the fields they are acting upon, to insert
actual coordinate expressions, it is useful to write these in terms of the more explicit NP forms

O (Wo) + O (W) + OF) (W) = 8x(TY + T4 + TH), (A33)
with

Og’) =2(—p" + 7" + 3+ 40)'V,, = 2m*V "V, + 2(—=V ,(p') + 41"V ,(¢') — 4m"V , (B') + m"V (7))
4 2(4,3/’[/* 4 T/ﬂ/* _ 4ﬂ/ﬂ/* +p/p* — = 4€/p* _|_4€/€* _p/e* + 16Tﬁ/
+ 12pp = 3p7 + 4pp’ — 417’ — 3W¥, — 16pe’ — 12¢€’ + 3¢p’)
+2(=p* +€" —4p =3e)n'V, +2I°V n#V , +2(4e' = p")I'V,, + 2(7 = 4p")m"V (A34a)

OV = —8mHV,,(6) — 8omHV,, + 81"V, (k) + 8knV, — 8cfi" — 8kp/* + 807" + 8ke™* — 400 + 20¥, + 40ke’, (A34b)
o) = 6(kx’ — 60’) (A34c)
2 - ’

T = T, {=21V,(7*) = 2m#V,(p*) = 21V, (B) — 2mHV ,(€) = 2p* " — 23"
+ 8fp* — 2pe* + 8pt’* + dp*t”* + 81p* + et — 2e* 7 + 8Pp + 12f¢ + 8¢}
+ T { IV, (p7) = 20V, (€%) + 20V, (€) — (p*)? — 4pp* + 8pe” — Sep”
+ 3p*e* —2(e*)? + 8ee* — 66 — 8pe} + IV, (T),,) (f* — 37" = 58 — 47)
+ IV (T ) (20" = 3€* +4p + 5¢) + m*V ,(T;) (=3p" + 27" + 56 + 41)
+ Ty{=2mV,,(B*) + m*V (") + 2mHV, (B) + 37" + 82p™ — 2(B™)* + 8/3p"
—5p7* — (v%)? — 4™ — 6% — 8t} + m'V (T, ) (=3p" + €* — 4p — 5¢)
IV, (0, (Ty)) + 1, (B, (Ty) = 9, (9T ,)) =m0, (1, (Ty), (A34d)

’]'gl) =T,:{21'V ,(6) = 20p* + 20€* —2pc — ¥ — 60€} + T, {20(=f"* + 7" +3f 4+ 17) = 2m*V (o)}
£ 0V, (Ty) + IV, (T3)) = 2000, (Ty) + KV, (Ty) + 199, + 300, (T) )
- 3Kﬁ’lﬂvﬂ<Tmm) + l”a’*V”(T”) - 30n”Vﬂ(T”) + 3Kn”V”(T,m)
+ Ty {I"V ,(6") + 30p™ — 4pc’* — p*6’™* — 60€™ —3ec™ + €*6’* — 60€'}
+T,{21"'V ,(6) = 20p* + 20€* = 2pc — ¥, — 6o¢}
+ Ty {m*V (%) + k*p™ = 6kfp* = 3pi* — k*7"* — 4ok + 3kt* — 6Kf' }
1
+ & mN (T ) + 3 (ol'V,(T) —km#V ,(T)) = 2kI'V (T ) = 2T s 1"V, (k)

+ 6T, {c(f —7*) —kp* +k€'} + 2kT ,,, {p* —€* + p + 3¢}, (A34e)

ng) = 3k )Ty + (366™)T s (A34f)

and
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09 w,) + 0Y (@) + 0% w,) =82(TY + 7)) + 7). (A35)

@) 02> =2(=p* + 7 + 3 + 4 )m"V, = 2m*V,m"V,, + 2(=n*V ,(p) + 4n*V ,(€) — 4"V () + m'V (7))

+ 2(4p7F + tff —APPE 4 pp't — w7t — dep + dee™ — pe’* + 167p

+ 1206 =3ft+4p'p — 477 — 3¥, — 16p'c — 126’ + 3€/p)

+2(=p" €% —4p' =3IV, + 20"V, 'V, 4 2(de — p)n#V , 4 2(7 — 4B)m*V (A36a)

(9<_12) =8IV, (k') + 81"V, — 8mHV ,(¢') — 86'm"V,, — 86’ — 8k'p* + 80’7 + 8k'e* — 40pc’ + 20%5 + 40ex’,

(A36b)

0% = 6(xx’' — o0’), (A36¢)
TO) = T\ {=20"V,(7) = 2V, () = 200V, (B) = 2HV ,(¢') — 2p* " — 2"

+ 8ﬂ/pl* _ Zﬂlel* + 8p/T* +4p/*T* + STIPI* + 86/7* _ ZGI*T* + 8ﬁ/ / + 12ﬂ/€l + STIGI}

+ Tmm{””vﬂ(ﬂl*) _ znﬂv”(el*) + 2n;4vﬂ<€/) _ (p/*)Z _ 4p/ /% + Sp/ /% 561 /%

+ 3pl* Ik 2(61*)2 + 8¢'e'* — 6€/2 _ 8p’€'} + nﬂvﬂ(anh)(ﬁ* — 37 — Sﬂ/ _ T’)

1V, (T (2" = 3¢ + 49/ +5¢) + iV, (T,,,)(<3f" + 20" + P/ + 47')

+ Tnn{_2ﬁ1ﬂv/4(/)]*> + }’hﬂvﬂ(‘[*) + Zﬁlﬂvﬂ(ﬂ/) + 3ﬁ*7* + 87//)7* - 2(ﬂ*)2 + 8/)”/)7*

—5p" — (¢*)? =477 — 67 = 87} + V(T ) (=3p" + € — 4p’ — 5¢')

+ nﬂvﬂ (ﬁlvvv(TnﬁL)) + ﬁ’lﬂv/d (nyvl/(TnﬁL)) - nﬂv/d (nyvb(TﬁL ﬁi)) - mﬂvﬂ (myvu(Tnn))’ <A36d)
TY = T, {207V, (6") = 26/ +26'€"* = 2p/6/ =W, = 60°€'} + T, {26/ (=" +7° + 3 +7) = 2"V (')}

+0' (W' (Tin) + 1V, (Ty,)) = 26"V (T )

+ & ("N (T i) + MV, (Ty,)) + 36'm"V (T, )

=3m"V (T ) + no*V ,(T,,) = 36'I'V (T,,) + 31"V (T )

+ T, {n"V ,(6") + 30'p* —4p'c" — p'*6* — 66'¢" —3€'c" 4 €'*6* — 60'¢}

+ T,,{2n*V,(¢') = 20'p"* 4+ 26'¢’* = 2p'c’ — ¥4 — 65’}

—|—T,;1,;l{ﬁ1”V ( l*) _'_K./*/)J* 6K'lﬁl* _ /)7/ / —K' *pk _41./ /% +3K_/ /% 6K_//)7}

1

+&*mV (T ) + 3 (6'n"V ,(T) = k'm"V ,(T)) = 2'n*V (T ) = 2T ;n*V , ()

+ 6T, {0’ (p—7%) = Kp* +Ke} + 26T 1 {p"* — € + p + 3€'}, (A36e)
TE) = (BKx)T, + (300 ) Ty (A361)

APPENDIX B: STAROBINSKY-TEUKOLSKY IDENTITIES

The Starobinsky-Teukolsky identities provide a relation between the Teukolsky equations of spins =5 [40,131,132]—see
also [133] for a modern view on these identities.

Let us start by reviewing the ST identities for the angular functions™ S,(x). Given two spin-weighted harmonic functions
S, and S_, that satisfy Eq. (4.25) and that are normalized according to

“In this section we omit the Im labels for the sake of clarity.
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1
2;;/ dxS,(x)? = 1, (B1)
-1
these are related by
1
So= D—ZL—1L0L1L25+2,
1 + Lo
S = D_L—1L(1)LJL£S—2» (B2)
2

where L, and L} are the operators
|

D2 = [(8 + 6Blm + B%m ? - 8<_8 + Blzm(4 + Blm))my =+ 4(8 - 2Blm

L,= m+nx—aa)\/1—x2—\/l—xzi,

V1 —x? ox
- 0
LZ:%—i—aa)\/l—xz—\/l—xza. (B3)

The constant D, is in fact the same in the two identities on
account of the normalization of the functions, and it is
given by

2 3
_Blm+Blm

+2(_2 + Blm)(4 + 3Blm)m2)y2 - 8m<8 - 1231m + 3B2 + 4(_2 + Blm)’nz)y3

Im

+2(42 —22By,, + 3B2, + 8(=11 + 3B,,,)m* + 8m*)y*

Im

—8m(3B,,, +4(—4 + m?))y> + 4(=7 + By, + 6m?)y® — 8my” + y®]1/2,

where y = aw.
Consider now the radial ST identities. Suppose that we
have two variables R, satisfying the corresponding radial

Teukolsky equations (without corrections)
®32R+2 — O,

g%zR_z - O (BS)

Then, let us define two auxiliary variables as follows,

R_, = A*(Do)*(A’R,),

Ry = (D)*R., (B6)
where D, and D(T) are the operators
Do =0, + i(w(r* 4+ a*) — ma) ,
A
Dl =0, - i(ow(r? +Zz) — ma) (B7)

Then, it follows by direct computation that the variables
R, also satisfy the corresponding Teukolsky equation
D2,R., = 0. Furthermore, when studying black hole
perturbations, we are interested in solutions that satisfy
outgoing boundary conditions at infinity and at the black
hole horizon. The map (B6) preserves these conditions,

(B4)

[

meaning that if the original variables R, satisfy
them, so do the transformed variables R.,. Due to the
unicity of solutions of a second-order ODE with fixed
boundary conditions, it follows that, in fact, the trans-
formed variables must be proportional to the original ones,
R, « R,. Therefore, there must exist two constants C,,
such that

R_, = C ., A*(Dy)*(A’R ),

Riy = C,(D))*R.,, (B3)

The two constants are not independent due to the identity
obtained by applying the map twice,

R = C,CLA% (Do) (AX(D))*Ro). (BY)
This allows one to conclude that
CoaCor =15, (B10)
where the constant K? reads
K? = D3 + 144M?*w?. (B11)
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