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In this article, we study the structure of static spherical stars made up of a nonrelativistic polytropic fluid in
linearized higher-curvature theories of gravity (HCG). We first formulate the modified Lane–Emden (LE)
equation for the stellar profile function in a gauge-invariant manner, finding it boils down to a sixth-order
differential equation in the generic case of HCG, while it reduces to a fourth-order equation in two special
cases, reflecting the number of additional massive gravitons arising in each theory. Moreover, the existence
of massive gravitons renders the nature of the boundary-value problem unlike the standard LE: some of the
boundary conditions can no longer be formulated in terms of physical conditions at the stellar center alone,
but some demands at the stellar surface necessarily come into play. We present a practical scheme for
constructing solutions to such a problem and demonstrate how it works in the cases of the polytropic index
n ¼ 0 and 1, where analytical solutions to the modified LE equations exist. As physical outcomes, we clarify
how the stellar radius, mass, and Yukawa charges depend on the theory parameters and how these
observables are mutually related. Reasonable upper bounds on the Weyl-squared correction are obtained.
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I. INTRODUCTION

Motivations for considering higher-curvature theories of
gravity (HCG), whose action is generically of the form

Sg ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
fðRμ

νρσ; gμνÞ ð1Þ

with f being any nonlinear scalar function of the Riemann
tensor Rμ

νρσ and metric gμν, come from several aspects of
gravitation and even date back to the earliest days in the
history of relativistic theories of gravity. Viewed as quantum
corrections to General Relativity (GR), various possibilities
of f have been so far argued, e.g., for a resolution of
cosmological singularities [1], a cure for the ultraviolet
divergence [2], and so on. A rather modern view is to regard
it as a low-energy effective theory descending from as-yet-
unrevealed high-energy physics like superstring theories.
See, e.g., [3,4] for general reviews on HCG.
Classical dynamics of HCG can be characterized in

terms of the inherent dynamical gravitational degrees of
freedom (d.o.f.), which most clearly manifest in the linear
approximation. When deviation from the flat space-time,
hμν ≡ gμν − ημν, is small, the generic action (1) can be
approximated by lowest-order terms in curvature. In the

linear approximation, only terms up to quadratic order are
relevant, and such terms can be organized as

Sg ¼
1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − αCμνρσCμνρσ

þ βR2 þOðRμ
νρσÞ3Þ; ð2Þ

where G is the Newton constant, R is the Ricci scalar, Cμνρσ

is the Weyl curvature tensor, the coefficients α and β have
the units of length squared, and we have made a reasonable
assumption on f that GR should recover in the small
curvature limit. Note that the above action is fully general up
to quadratic order owing to the fact that the Gauss–Bonnet
combination is topological in four dimensions. As revealed
by Stelle [5], the particle content of the above full quadratic
curvature gravity (QCG) consists of, on top of the zero-
mass spin-2 graviton, a spin-2 graviton with “mass” m2 ¼
1=

ffiffiffiffiffiffi
2α

p
and a spin-0 graviton with “mass” m0 ¼ 1=

ffiffiffiffiffi
6β

p
.1

Also shown by him is that the massive spin-2 is a ghost
with negative kinetic energy and provides a repulsive
Yukawa force, whereas the massive spin-0 is attractive.
Afterwards, analogous analyses on the dynamical d.o.f of
QCG in nonflat background geometries were carried out
in the case of (anti-)de Sitter space [6] and even any
Einstein manifolds [7]. On the other hand, a background-
independent Hamiltonian analysis of the full fðRiemannÞ*tonosaki(a)tap.st.hirosaki-u.ac.jp

†Corresponding author.
tachinami(a)tap.st.hirosaki-u.ac.jp

‡sendouda(a)hirosaki-u.ac.jp

1To be precise, m2 and m0 have the dimension of inverse
length.
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gravity was presented in [8]. For a recent review on QCG,
see [9].
In order to seek possible observable signatures of HCG

and their consequences, a full study on the polarizations of
gravitational waves on the flat background has been
conducted recently by the present authors in [10]. As
remarked, what is significantly useful in studies of linear-
ized HCG is its equivalence to a multigraviton theory.
In [10], we have employed a gauge-invariant formalism and
identified all the independent helicity variables that propa-
gate in a vacuum. Future developments in gravitational-
wave observations along this direction should help examine
the viability of HCG.
In this paper, our interest is drawn to nonvacuum

situations in which gravity is sourced by nonrelativistic
fluid matter. As the characteristic of the matter source, we
adopt the polytropic relation P ¼ Kρ1þ1

n between the
pressure P and mass density ρ as the equation of state
(EOS) and consider static spherically symmetric configu-
ration. In the Newtonian limit, the matter equation of motion
(EOM) in such a setup settles down to the hydrostatic
equilibrium condition in a familiar form. In GR, this
condition can be cast into the so-called Lane–Emden
(LE) equation. Solutions to the LE equation offer simple
yet reasonable stellar structure models. Moreover, resultant
relations between the stellar characteristic quantities such
as the radius, mass, and central density can be used as
scrutinies of adopted laws of physics such as the equation of
state of the constituting matter.
Naturally and importantly, stellar structure is quite

sensitive to any modifications of gravity. There have been
various attempts to probe gravity at work in the stellar
interior, including general polytropic stars [11–20],
nuclear-burning stars [21–24], white dwarfs [25,26], and
neutron stars [27–30]. We refer the reader to an extensive
review paper on these subjects by Olmo et al. [31], while
we feel the necessity of supplementing the following
remarks greatly relevant to the present research. To our
best knowledge, an analogue of the LE equation in generic
QCG was derived by Chen and Shao in a little-noticed
paper in 2001 [11]. They incorporated Yukawa potentials
of the extra massive gravitons into the hydrostatic equi-
librium condition and derived a sixth-order differential
equation. They even obtained analytical solutions for the
polytropic indices n ¼ 0 and 1, although they seem
incorrectly presented for some reason and their analysis
on the observables was limited to the perturbative changes
in the stellar radius. Also, along the same line, a simpler
“Rþ R2” version of the LE equation, which is a fourth-
order equation, was derived in Chen et al. [12] in 2001
and analytical solutions for n ¼ 0 and 1 were found.
Unfortunately, these 2001 papers seem to have drawn little
attention until very recently (even from the present
authors), and they are missing in the review [31].
Instead, people have followed an equivalent but less

tractable formulation presented much later in the fðRÞ
context [13].
The goal of our present study will be to perform a

diagnostic of HCG by means of astrophysical observations
of stellar structure. In doing so, we have to deal with higher-
order LE equations in HCG. Since the modified LE equation
is, in the maximal case, a sixth-order differential equation, it
requires six boundary conditions. Furthermore, as experi-
enced in past studies [11–13], an essential discrepancy from
the standard, second-order case we are to face is that the
problem is no longer formulated as a simple initial value
problem. We first clarify the origin of this property in a
gauge-invariant formalism. Then we rigorously derive the
boundary conditions for the higher-order LE equations from
the hydrostatic equilibrium condition. In the meantime, we
will highlight the difference of our treatment from the past
ones. Finally, we present a systematic way of constructing
solutions compatible with our boundary conditions and
demonstrate how it works for the cases of n ¼ 0 and 1,
taking advantage of the existence of analytical solutions.
Though out of scope of this paper, our scheme is applicable
to any polytropic index n for which numerical integration is
inevitable.
The organization of this paper is as follows. In Sec. II, we

consider hydrostatic equilibrium in a nonrelativistic static
star in linearized HCG. We employ a gauge-invariant
formalism and derive basic equations for gravitational
potentials. Then adopting the polytropic relation as the
EOS, we derive the modified LE equation. In Sec. III, we
derive the boundary conditions from the behavior of the
gravitational potentials at the stellar center via the hydro-
static equilibrium condition. In Sec. IV, we demonstrate a
scheme for the construction of the solutions to the modified
LE equations. In the meantime, we discuss semiobserva-
tional bounds on the QCG modifications to GR. Finally we
summarize the present work and give some conclusions
in Sec. V.
Throughout the paper, we will work with natural units

with c ¼ ℏ ¼ 1. Greek indices of tensors such as μ; ν; � � � are
of space-timewhile Latin ones such as i; j; � � � are spatial.We
adopt the mostly-positive sign convention for the metric,
so the Minkowski metric in the Cartesian coordinates is
ημν ¼ diagð−1; 1; 1; 1Þ. □≡ ημν∂μ∂ν and △≡ δij∂i∂j are
the d’Alembert andLaplace operators in the flat background.
The Riemann tensor is defined as Rμ

νρσ ¼ ∂ρΓμ
νσ − � � �.

II. HYDROSTATIC EQUILIBRIUM AND THE
MODIFIED LE EQUATIONS IN HCG

In this section, we formulate the hydrostatic equilibrium
condition in linearized HCG in terms of gauge-invariant
variables. Adopting a polytropic equation of state, together
with the assumption of staticity and spherical symmetry, we
reproduce the higher-order differential equations for the
stellar profile function derived in [11,12]. The derived
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equations can be viewed as extensions of the standard LE
equation in GR.

A. Equations of motion

In order to derive linear equations of motion, we begin
with calculating the second-order perturbation of the

gravitational action (2) plus a minimally coupled
conservative matter. As the matter source, we adopt a
perfect fluid with energy density ϵ and pressure P coupled
with scalar-type gravitational perturbations. The scalar
sector of the second-order perturbative action is then
given by

ð2ÞS ¼ 1

16πG

Z
d4x

�
−6Φ□Φ − 4Φ△ðΨ −ΦÞ − 4

3
α½△ðΨ −ΦÞ�2 þ βðð1ÞRÞ2

�
þ
Z

d4x½−Ψϵþ 3ΦP�; ð3Þ

where Ψ and Φ are gauge-invariant linear scalar perturbations and

ð1ÞR ¼ −6□Φ − 2△ðΨ −ΦÞ ð4Þ

is the Ricci scalar at the linear order. See Appendix A for the definition of the gauge-invariant variables and B for the
derivation of the action. Varying the action with respect to Ψ and Φ, we obtain the field equations

△

�
−2Φ −

4

3
α△ðΨ −ΦÞ − 2βð1ÞR

�
¼ 8πGϵ;

ð1ÞRþ 2△Φþ 4

3
α△2ðΨ −ΦÞ þ 2βð−3□þ△Þð1ÞR ¼ −24πGP: ð5Þ

In the static case, the coupled equations (5) can be
reduced and reorganized in a neat way. To see this, we
introduce an alternative set of gauge-invariant variables

Ψ2 ≡ 1

2
Ψ −

1

2
Φ;

Ψ0 ≡ −Ψ − 2Φ; ð6Þ

where, as will be clarified shortly, the subscripts refer to the
spin s of the massive gravitons. For later convenience we
denote the inversion of the above as

Ψ ¼ −α2Ψ2 − α0Ψ0;

Φ ¼ β2Ψ2 þ β0Ψ0 ð7Þ

with

α2 ¼ −
4

3
; α0 ¼

1

3
; β2 ¼ −

2

3
; β0 ¼ −

1

3
: ð8Þ

Note that these coefficients are normalized so that α2 þ
α0 ¼ −1 and β2 þ β0 ¼ −1. By taking linear combinations
of (5) after reducing □ to △, we obtain the decoupled
equations for the gauge-invariant variables Ψs as

△Ψ2 − 2α△2Ψ2 ¼ 4πG

�
ϵþ 3

2
P

�
;

△Ψ0 − 6β△2Ψ0 ¼ 4πGðϵ − 3PÞ: ð9Þ

One may already notice the similarity of the above two
equations. Furthermore, with the nonrelativistic approxi-
mation jPj ≪ ϵ ≃ ρ with ρ being the rest mass density of
the fluid, these reduce to exactly the same form

ð△ −m2
sÞ△Ψs ¼ −4πGρm2

s ð10Þ

with s ¼ 2, 0, where we have introduced the “mass”
parameters m2

2 ≡ 1=ð2αÞ and m2
0 ≡ 1=ð6βÞ.

The key property inherent in these fourth-order equa-
tions is that the gauge-invariant potentials Ψs can be
expressed as the difference of two variables

Ψs ¼ ϕs − ψ s; ð11Þ

where ϕs and ψ s are required to satisfy the following
Poisson and Helmholtz equations,

△ϕs ¼ 4πGρ; ð12Þ

ð△ −m2
sÞψ s ¼ 4πGρ; ð13Þ

respectively. An immediate implication of this decomposi-
tion being possible is that ϕs is the massless graviton in GR
while ψ s originates from the extra massive d.o.f. with spin s
arising in HCG. Indeed, these Helmholtz equations are
reminiscent of the Klein–Gordon equations satisfied by the
helicity-0 d.o.f.’s with the same masses identified in [10].
Note, however, that there is a certain difference in the
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current definition of the variables from the vacuum case. See
also [11,12] for an analogous discussion for decomposing a
higher-order equation into second-order equations in the
presence of matter. Since the Poisson equations (12) for
both s are identical, as are their solutions, we may omit the
subscript s for ϕs: ϕ≡ ϕ2 ¼ ϕ0. Then the original gauge-
invariant variables can be represented as

Ψ ¼ ϕþ α2ψ2 þ α0ψ0; ð14Þ

Φ ¼ −ϕþ β2ψ2 þ β0ψ0 ð15Þ

with the coefficients given by (8).
It may be worth mentioning here the “massive” limit

with m2
s → ∞. Then, only terms in proportion to m2

s in the
fourth-order equation (10) remain, reducing to a conven-
tional Poisson equation for Ψs. Also, Eq. (13) in this limit
imposes ψ s ¼ 0, and we have Ψs ¼ ϕ. Another interesting
limit is the massless limit, m2

s → 0, where one expects
ψ s → ϕ. However, a caution to be given here is that a
vanishingly small value of the mass parameter m2

s corre-
sponds to a huge absolute value of the expansion coefficient
in the action (2) (α or β), for which the validity of the small-
curvature approximation may be questioned.

B. Gravitational potentials

Our next task is to express the gravitational potentials in a
compatible way with adequate boundary conditions. On
the one hand, asymptotic flatness requires limjx⃗j→∞Ψ ¼
limjx⃗j→∞Φ ¼ 0, so the boundary conditions to be imposed
on Ψs are limjx⃗j→∞Ψ2 ¼ limjx⃗j→∞Ψ0 ¼ 0. Also, all these
perturbative variables must be bounded in the whole spatial
domain. The same should also hold for ϕ and ψ s.
Hereafter we specialize to a spherically symmetric

configuration, where every quantity becomes a function
of the radial coordinate r and the Laplace operator reduces
to △ ¼ 1

r2
d
dr ðr2 d

drÞ. We shall impose regularity at the stellar
center r ¼ 0 and flatness at r → ∞. The solution to the
Poisson equation (12) satisfying these demands is the
conventional Newtonian potential:

ϕs ¼ ϕ ¼ −G
Z

∞

r
dr0

mðr0Þ
r02

ð16Þ

with the enclosed mass mðrÞ being

mðrÞ≡ 4π

Z
r

0

dr0 r02ρðr0Þ: ð17Þ

If the matter is confined within a finite radius R like a star,
ρðr ≥ RÞ ¼ 0, then the enclosed mass is constant outside
the stellar radius, mðr ≥ RÞ ¼ mðRÞ≡M, so the exterior
potential is

ϕðr ≥ RÞ ¼ −
GM
r

: ð18Þ

The total mass M can be measured at remote distances
using Kepler’s law, for instance.
On the other hand, we shall treat the massive modes with

a little more care. The general solution to the Helmholtz
equation (13) with two integration constants, C1 and C2, is

ψ s ¼ −
G
r
ðσsðrÞ coshmsr − χsðrÞ sinhmsrþ C1 sinhmsr

þ C2 coshmsrÞ ð19Þ

with the two functions σs and χs with the dimensions of
mass being

σsðrÞ≡ 4π

ms

Z
r

0

dr0 r0ρðr0Þ sinhmsr0;

χsðrÞ≡ 4π

ms

Z
r

0

dr0 r0ρðr0Þ coshmsr0: ð20Þ

For a star with the finite radius R, likewise, these quantities
have a constant value outside the star:

σsðr≥ RÞ ¼ σsðRÞ≡Σs; χsðr≥RÞ ¼ χsðRÞ≡Xs: ð21Þ

In this case, regularity at r ¼ 0 requires C2 ¼ 0, while
asymptotic flatness fixes the other constant as

C1 ¼ Xs − Σs ¼
4π

ms

Z
R

0

dr rρðrÞe−msr ≡ Is: ð22Þ

Thus, the spin-dependent massive potential is determined as

ψ s ¼ −
G
r
ðσsðrÞ coshmsrþ ðIs − χsðrÞÞ sinhmsrÞ: ð23Þ

Outside the star, it reduces to a Yukawa-type potential
characterized by the graviton massms and the total “charge”
Σs as

ψ sðr ≥ RÞ ¼ −
GΣse−msr

r
: ð24Þ

As a consequence, the total gravitational potential Ψ within
the distancem−1

s from the star surface acquires Yukawa-type
modifications.
Note that the enclosed “charges” σs and χs are both

positive-semidefinite for positive mass density ρ as is the
case for the enclosed mass m. They are divergent in the
massive limit, ms → ∞, but the extra potential ψ s con-
verges to 0 in this limit. On the other hand, in the massless
limit, ms → 0, the enclosed charge σs tends to the same
value as the enclosed mass as σs ¼ mþOðm2

sÞ, while χs is
divergent as χs ¼ Oðm−1

s Þ, and ψ s tends to the conven-
tional potential ϕ as expected.
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Since these gravitational potentials have been so con-
structed to satisfy Eq. (12) or (13), their derivatives are
necessarily continuous up to second order everywhere. On
the other hand, the third derivatives involve dρ=dr and
therefore are discontinuous at the stellar surface.

C. Hydrostatic equilibrium: Sixth-order
master equation

For the time being, we assume the graviton mass
parameters m2

s’s are both bounded, leaving discussions
of the limiting cases to the next subsection, in which either
or both of the m2

s’s are taken to infinity.
Given the gauge-invariant potential Ψ, the hydrostatic

equilibrium condition in the Newtonian gauge reads

1

ρ

dP
dr

¼ −
dΨ
dr

; ð25Þ

where the (outward) radial acceleration − dΨ
dr is obtained by

differentiating (14) as

−
dΨ
dr

¼ −
Gm
r2

− α2
dψ2

dr
− α0

dψ0

dr
: ð26Þ

One can deduce from the above expression that the sign of
the coefficient αs is crucial in determining the direction of
the force exerted by the massive graviton of spin s, i.e.,
attractive or repulsive. Due to the reverse signs of α2 ¼
−4=3 and α0 ¼ 1=3, the two massive gravitons work in
opposite ways.
By supplying an equation of state P ¼ PðρÞ, the hydro-

static equilibrium condition (25) reduces to an equation for
the single function ρ. At this stage, however, (25) is an
integro-differential equation for ρ since the functionsm and
ψ s on the right-hand side involve radial integrations. In
other words, in order to obtain an equivalent differential
equation, one has to extract ρ from m and ψ s. Let us first
follow the standard procedure in GR, i.e., operate 1

r2
d
dr r

2 on
the both sides:

1

r2
d
dr

�
r2

ρ

dP
dr

�
¼ −4πGρ − α2△ψ2 − α0△ψ0: ð27Þ

Since we have assumed both m2
s’s are bounded, we can

safely use the Helmholtz equations (13) for ψ2 and ψ0 to
obtain

1

r2
d
dr

�
r2

ρ

dP
dr

�
¼ −α2m2

2ψ2 − α0m2
0ψ0: ð28Þ

Here, a crucial difference from the case of GR is that this is
still an integro-differential equation since ψ s involves
integrals of ρ in a nontrivial manner. Another striking
difference from GR is that the standard source term −4πGρ
has been canceled out. These would appear to imply a

thorough change in the structure of the governing equation
compared to GR. We will see, however, one can take an
appropriate limit of the above equation to find the correct
expression in GR.
Hereafter we adopt the polytropic relation P ¼ Kρ1þ

1
n as

the EOS for the stellar matter, where K is the normalization
constant and n is the constant called the polytropic index.
We introduce a length scale

l≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1ÞPc

4πGρ2c

s
; ð29Þ

where the quantities with the subscript “c” denote the
values at the stellar center, such as ρc ≡ ρðr ¼ 0Þ and

Pc ≡ Pðr ¼ 0Þ ¼ Kρ
1þ1

n
c . The nondimensional radial coor-

dinate ξ and graviton mass parameters μs are defined by

ξ≡ r
l
; μ0 ≡m0l; μ2 ≡m2l: ð30Þ

The stellar mass density and pressure are conveniently
replaced by the nondimensional profile function θðξÞ as

ρ ¼ ρcθ
n; P ¼ Pcθ

nþ1: ð31Þ

By definition, θ is normalized to unity at the center,
θc ≡ θðξ ¼ 0Þ ¼ 1. The value of ξ at the first positive zero
of θ is denoted as ξR and is related to the stellar radius as
R ¼ ξRl. The Laplacian operator is nondimensionalized as
△ξ ≡ 1

ξ2
d
dξ ðξ2 d

dξÞ ¼ l2
△, and the hydrostatic equilibrium

condition (28) for the polytropic EOS reads

△ξθ ¼ −
α0μ

2
0ψ0 þ α2μ

2
2ψ2

4πGρcl2
: ð32Þ

Now let us complete our task to obtain a differential
equation for θ from the above expression. Since ψ s as given
by (23) is a formal integration of the Helmholtz equa-
tion (13), it reduces in turn to the source term 4πGρ by an
operation of the Helmholtz operator △ −m2

s. Note that the
Helmholtz operators are commutable. Thus, operating
ð△ξ − μ22Þð△ξ − μ20Þ and using the Helmholtz equations
for ψ2 and ψ0, we obtain a sixth-order differential equation
for θ:

ð△ξ − μ20Þð△ξ − μ22Þ△ξθ þ ðα0μ20 þ α2μ
2
2Þ△ξθ

n

þ μ20μ
2
2θ

n ¼ 0: ð33Þ

This is our master differential equation for the nonrelativ-
istic stellar structure in HCG. The fact that this is a sixth-
order differential equation, as opposed to the second-order
Lane–Emden equation in GR, is a direct consequence of the
existence of three physical degrees of freedom in generic
HCG. For a derivation of (33) via a different route, see [11].
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D. Limiting cases

While we assumed finiteness of the graviton massesm2
s’s

in the derivation of the full equation (33), one would expect
it contains various limiting cases corresponding to sub-
classes of HCG. When either of the mass parameters μ22 or
μ20 is taken to infinity, i.e., either α or β appearing in the
HCG action (2) vanishes, the gravity theory should be
reduced to “Rþ R2” (μ22 → ∞) or “Rþ C2” (μ20 → ∞), and
when both μ2s blow up, i.e., both α and β go to zero, the
theory should recover GR. In particular, in the last case, the
standard LE equation (see below) should be reproduced
somehow. As we confirm shortly, this is indeed the case:
taking either or both μ2s’s to infinity leads to correct variants
of the LE equation in the corresponding subclasses of
gravitational theories, although one should be fairly cau-
tious when taking such limits since they lead to changes in
the order of differentiation, reflecting the changes in the
number of dynamical d.o.f.’s.
As announced, when μ20 → ∞ and μ22 → ∞, the theory

reduces to GR. In this limit, only terms in proportion to the
product μ20μ

2
2 in (33) should remain, reducing it to a second-

order differential equation

△ξθ þ θn ¼ 0: ð34Þ

This is nothing but the standard LE equation in the
Newtonian limit of GR.
Next, when only μ22 → ∞, the theory reduces to

“Rþ R2” gravity. Then, retaining the terms in proportion
to μ22 in (33) leads to a fourth-order equation

ð△ξ − μ20Þ△ξθ − ðα2△ξ þ μ20Þθn ¼ 0: ð35Þ

By recalling α2 ¼ −4=3, one can straightforwardly show
that the same equation derives by starting from the
“Rþ R2” action, i.e., (2) with α ¼ 0. This equation was
first derived by Chen et al. [12] in 2001, but their paper
seems to have drawn little attention for long. For example,
the authors of Refs. [13,14] have made attempts to solve an
equivalent but relatively more intricate integro-differential
equation.
The other limit μ20 → ∞ corresponding to the “Rþ C2”

gravity reduces (33) to a similar fourth-order equation

ð△ξ − μ22Þ△ξθ − ðα0△ξ þ μ22Þθn ¼ 0: ð36Þ

To our best knowledge, this equation has not been obtained
in the literature. A crucial qualitative difference from (35)
is the positive sign of the coefficient α0 ¼ 1=3, which, as
remarked before, determines whether the extra gravitational
force is attractive or repulsive.
For later convenience, we shall write the above fourth-

order equations in the common form

ð△ξ − μ2sÞ△ξθ þ ðð1þ αsÞ△ξ − μ2sÞθn ¼ 0; ð37Þ

where we have used α2 þ α0 ¼ −1.

E. Stellar mass formulae

It might be useful to give a formula for the total stellar
mass M in terms of derivatives of the profile function θ
evaluated at the stellar surface. By virtue of (33), M can be
written as

M ¼ 4πl3ρc

Z
ξR

0

dξ ξ2θðξÞn

¼ −
4πl3ρc
μ22μ

2
0

ξ2R
d
dξ

× ½ðα2μ22 þ α0μ
2
0Þθn þ ð△ξ − μ22Þð△ξ − μ20Þθ�ξR : ð38Þ

In the fourth-order limit, i.e., either μ0 or μ2 goes to ∞, the
expression reduces to

M ¼ 4πl3ρc
μ2s

ξ2R
d
dξ

½ð△ξ − μ2sÞθ þ ð1þ αsÞθn�ξR : ð39Þ

In the GR limit, it recovers the standard formula

M ¼ −4πl3ρcξ
2
R
dθ
dξ

����
ξR

: ð40Þ

III. BOUNDARY CONDITIONS

Now we move on to discuss boundary conditions for the
profile function θ. Since the master equation (33) is sixth
order in differentiation, there is a need for six independent
conditions, a priori. We shall demonstrate how all such
conditions can be derived as the requirements for the
compatibility with the hydrostatic equilibrium condition.
Here, we take the same strategy as in GR in the sense that
we aim at imposing all the conditions on the values of θ and
its derivatives at the stellar center. It will turn out, however,
that this is made only partially successful by the massive
nature of the extra gravitational potential.
Let us start by expressing the equilibrium condition (25)

in terms of θ as

θ0 ¼ −
l−1

4πGρc

dΨ
dr

; ð41Þ

where and hereafter the prime denotes differentiation with
respect to ξ. In order for this condition to hold at a given
point, one has to ensure all the derivatives of both sides
match at that position. Therefore, apart from the normali-
zation θc ¼ θð0Þ ¼ 1, the derivatives at the stellar center

θðnÞc ≡ dnθ
dξn ð0Þ are restricted to be consistent with the

behavior of the potential Ψ ¼ ϕþ α2ψ2 þ α0ψ0 there.
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Indeed, one finds the expansion of the potentials to a
sufficient order as

G−1ϕ ¼ G−1ϕð0Þ þ 2π

3
ρð0Þr2 þ π

3

dρ
dr

ð0Þr3 þ π

10

d2ρ
dr2

ð0Þr4

þOðr5Þ;

G−1ψ s ¼ −msIs þ
�
2π

3
ρð0Þ−m3

sIs
6

�
r2 þ π

3

dρ
dr

ð0Þr3

þ
�
π

10

d2ρ
dr2

ð0Þ þ πm2
sρð0Þ
30

−
m5

sIs
120

�
r4 þOðr5Þ:

ð42Þ

From above, it is immediately seen that the radial accel-
eration at the stellar center vanishes, limr→0 − dΨ

dr ¼ 0,
which implies θ0c ¼ 0 via (41). Hence, the following two
boundary conditions have so far been obtained:

θc ¼ 1; θ0c ¼ 0: ð43Þ

These two conditions just suffice in the case of the second-
order LE equation (34). In this case, all the higher
derivatives at the stellar center are readily read off as

θ00c ¼−
1

3
; θ000c ¼ 0; θð4Þc ¼ n

5
; θð5Þc ¼ 0; � � � : ð44Þ

By contrast, four more boundary conditions than (43) are
required in order to solve the full sixth-order differential
equation (33). They are found from derivatives of (41) as

θ00c ¼ −
1

4πGρc
lim
r→0

d2Ψ
dr2

¼ 1

3

X
s¼0;2

αsμ
3
s ιs;

θ000c ¼ −
l

4πGρc
lim
r→0

d3Ψ
dr3

¼ 0;

θð4Þc ¼ −
l2

4πGρc
lim
r→0

d4Ψ
dr4

¼ −
1

5

X
s¼0;2

αsμ
2
s þ

1

5

X
s¼0;2

αsμ
5
s ιs;

θð5Þc ¼ −
l3

4πGρc
lim
r→0

d5Ψ
dr5

¼ 0; ð45Þ

where we have normalized the constants Is appearing in the
massive potentials ψ s to

ιs ≡ Is
4πl3ρc

¼ 1

μs

Z
ξR

0

dξ ξθðξÞne−μsξ ð46Þ

and iteratively applied the conditions arising from lower
derivatives to the higher ones. It is observed that some

quantities at the stellar center, θ00c and θ
ð4Þ
c , are now related to

the stellar global quantity Is, which was moreover intro-
duced to guarantee flatness at spatial infinity. Of course, the

values of Is are as yet undetermined since the profile
function θ has not been solved at this stage. Therefore,
these expressions of the boundary values should be
considered merely formal; the problem is not formulated
as a simple initial value problem as in GR, but we will have
to perform some matching procedure between the boundary
values at the stellar center and the integrals of the solution
over the whole domain. Note that the stellar radius ξR is
simultaneously determined by this procedure.
We also derive the boundary conditions for the fourth-

order case (37), where four boundary conditions are
required in total, two of which are (43). The remaining
two are

θ00c ¼ −
1

4πGρc
lim
r→0

d2Ψ
dr2

¼ −
1

3
−
αs
3
ð1 − μ3s ιsÞ;

θ000c ¼ −
l

4πGρc
lim
r→0

d3Ψ
dr3

¼ 0: ð47Þ

Note that θ00c differs from that for the sixth-order equation.
For comparison, we would like to clarify the differences

between past studies and ours with respect to the boundary
conditions. In the full sixth-order case, Chen and Shao [11]
state that they imposed continuity of (an analogue of) the
gravitational potential and its derivatives at the stellar
surface r ¼ R. In our construction, on the contrary, their
(dis)continuity is already inherent in Eqs. (16) and (23) as
remarked at the end of Sec. III. So, we have failed to find a
direct analogue of our Eq. (45) in their paper. In the reduced
fourth-order case, Chen et al. [12] again mention continuity
at the stellar surface, and we faced the same difficulty.
Capozziello et al. [13] (and Farinelli et al. [14]) are less
talkative about the boundary conditions except for (43).

IV. SOLUTIONS FOR n= 0 AND 1

In this section, we present analytical solutions for the
polytropic indices n ¼ 0 and 1 in each class of HCG.
While some of them are known in the literature, we present
them in a more complete form clarifying every step of how
the boundary conditions are used to determine integration
constants.
Before moving on, we summarize the solutions to the LE

equation (34) in GR, which should be recovered in the GR
limit of HCG. The exact solutions for n ¼ 0, 1 satisfying
(43) are well known:

θLE0 ¼ 1 −
ξ2

6
; θLE1 ¼ sin ξ

ξ
: ð48Þ

There is also an exact solution for n ¼ 5, θLE5 ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2

3

q
, but this does not have a finite radius. The

stellar radius R in each case is

NONRELATIVISTIC STELLAR STRUCTURE IN HIGHER- … PHYS. REV. D 108, 024037 (2023)

024037-7



R0 ¼
ffiffiffi
6

p
l0; R1 ¼ πl1; ð49Þ

where we have stressed here the length scale l depends on
n. The masses and the internal potentials are respectively
given by

M0 ¼
4

3
πR3

0ρc ¼ 8
ffiffiffi
6

p
πl3

0ρc; M1 ¼
4

π
R3
1ρc ¼ 4π2l3

1ρc;

ð50Þ

and

ϕ0ðr < R0Þ ¼ −
GM0

R0

3R2
0 − r2

2R2
0

;

ϕ1ðr < R1Þ ¼ −
GM1

R1

�
1þ sinðπr=R1Þ

πr=R1

�
: ð51Þ

A. Fourth-order limit for “R+R2”
and “R+C2” theories

Next we discuss the cases where either α or β is zero,
for which the gravitational theory reduces to “Rþ R2”
(α ¼ 0) or “Rþ C2” (β ¼ 0), respectively. Then the sixth-
order master equation (33) reduces to the fourth-order
equation (37).

1. n = 0

For n ¼ 0, Eq. (37) reduces to an inhomogeneous linear
equation

ð△ξ − μ2sÞ△ξθ − μ2s ¼ 0; ð52Þ

which depends on the mass parameter μs but not on the
coefficient αs. The solution, however, depends on the spin
of the massive graviton, i.e., gravitational theory, as αs
appears in the boundary conditions (47). A procedure to
find a general solution to equations of the type of (52) is
summarized in Appendix C. Following it, we find the
general solution

θ ¼ 1 −
ξ2

6
þ A

sinh μsξ
ξ

þ B
cosh μsξ

ξ
þ CþD

ξ
; ð53Þ

where A, B, C, D are arbitrary constants of integration. It
may be interesting to note that Eq. (52) admits the LE
solution in GR as a particular solution, but, as we will see
shortly, it cannot satisfy the boundary conditions at the
stellar center.
The “LE” boundary conditions (43), θc ¼ 1 and θ0c ¼ 0,

are so restrictive than they appears that three constants can
be determined as B ¼ D ¼ 0 and C ¼ −μsA, and we are
left with the form with only one constant:

θ ¼ 1 −
ξ2

6
þ A

sinh μsξ − μsξ

ξ
: ð54Þ

One of the two extra conditions (47), θ000c ¼ 0, has been
already satisfied at this stage, and the last condition on θ00c
plays the role in fixing A. Indeed, the second derivative
evaluated at the center ξ ¼ 0 is

θ00c ¼ −
1

3
þ Aμ3s

3
: ð55Þ

Comparing this with (47), we find the relation between A
and ιs to be

A ¼ −αsðμ−3s − ιsÞ: ð56Þ

As we discussed in Sec. III, the value of ιs (46) in general
involves an integral of the profile function over the stellar
radius, which can never be determined before the solution
is known. In this sense, determination of A is subject to an
appropriate matching procedure for the overall consis-
tency. In the case of the polytropic index n ¼ 0, however,
constancy of the stellar density, ρ ¼ ρc, makes the match-
ing procedure considerably simpler, as the integral ιs does
not explicitly depend on θ. Nonetheless, even in this case,
evaluation of ιs is not trivial since the undetermined stellar
radius ξR appears in its expression as

ιs ¼
1 − ðμsξR þ 1Þe−μsξR

μ3s
: ð57Þ

At any rate, after eliminating A, the solution satisfying all
the boundary conditions is obtained as

θ ¼ 1 −
ξ2

6
− αs

ðμsξR þ 1Þe−μsξR
μ2s

sinh μsξ − μsξ

μsξ
: ð58Þ

This expression indicates there is always nonzero
deviation from the n ¼ 0 LE solution.
The above solution is still considered “formal” since the

stellar radius ξR must be fixed by solving the consistency
condition θðξRÞ ¼ 0, which cannot be done analytically
even in this simplest case. In each case of the limiting
theories, “Rþ C2” or “Rþ R2”, given the corresponding
value of αs, the radius ξR becomes a function of the mass
parameter μs. The solution in “Rþ R2” gravity, with s ¼ 0
and α0 ¼ 1=3, is identical with Eq. (30) of Ref. [13],2 while
the solution in “Rþ C2” gravity, with s ¼ 2 and
α2 ¼ −4=3, seems to have been undiscovered in the

2There is a discrepancy between the numerical factor in
Eq. (28) with (31) of Ref. [12] and ours.

TONOSAKI, TACHINAMI, and SENDOUDA PHYS. REV. D 108, 024037 (2023)

024037-8



literature. Once ξR is determined, the stellar mass M and
charge Σs can be evaluated via their expressions for n ¼ 0:

M¼ 4πl3ρcξ
3
R

3
; Σs ¼ 4πl3ρc

μsξR coshμsξR− sinhμsξR
μ3s

:

ð59Þ

For the sake of completeness, we also present the gravi-
tational potential inside the star

Ψðr≤RÞ¼−
GMð3R2−r2Þ

2R3

−αs
GΣs

r
msr−ð1þmsRÞe−msR sinhmsr

msRcoshmsR−sinhmsR
: ð60Þ

Before showing numerical results, let us overview some
analytical properties of the solution (58). Considering
ξ < ξR, it reduces as θ → θLE0 ¼ 1 − ξ2=6 when the GR
limit μ2s → ∞ is taken. When the massless limit μ2s → 0, at
the opposite extreme, is taken, the profile function reduces
as θ → 1 − ð1þ αsÞξ2=6, where the coefficient αs plays a
crucial role. In “Rþ R2” gravity, α0 ¼ 1=3, the modifica-
tion to the profile merely amounts to a moderate shrinkage
of the stellar radius ξR from the Lane–Emden value of

ffiffiffi
6

p

to 3=
ffiffiffi
2

p
, a decrease by a factor of 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α0

p ¼ ffiffiffi
3

p
=2.

This reflects the attractive nature of the spin-0 graviton in
HCG. On the other hand, in “Rþ C2” gravity, α2 ¼ −4=3,
the profile function no longer acquires a positive zero,
failing to express a star with a finite radius. This is
explained by the repulsive nature of the spin-2 graviton,
whose strength exceeds that of the attractive force mediated
by the ordinary massless graviton. In reality, however, as
long as these gravitons have a finite mass, their effects are
restricted within a finite range r≲m−1

s , and the stellar
radius remains finite in any case.
Figure 1 shows typical examples of the solution (58) in

each gravity theory with different mass parameters μ2s . We
see that the stellar radius in “Rþ R2” gravity is smaller

than the value in GR, whereas it is larger in “Rþ C2”
gravity. This reveals that, as anticipated, the massive spin-0
graviton arising from the addition of R2 term provides an
attractive force and the massive spin-2 from the C2 term
provides a repulsive force.
The modifications in the stellar global quantities, i.e.,

radius, mass, and charge, are depicted in Fig. 2. The top
panel shows the normalized stellar radius ξR ¼ R=l against
the mass parameter μ2s. When μ2s is increased, R=l quickly
converges to the GR value R=l ¼ ffiffiffi

6
p

in both gravity cases,
as expected. On the other hand, when μ2s is decreased, the
difference between the natures of the two theories signifies:
in the massless limit of “Rþ R2” gravity (red), the limiting
value of the radius is finite, R=l → 3=

ffiffiffi
2

p
, while in the

same limit of “Rþ C2” gravity (blue), in contrast, it blows
up. The bottom panel shows the dependences of the total
mass M and the total charge Σs, both appropriately
normalized, on the graviton mass μ2s . When μ2s goes to
infinity, M quickly converges to the values of GR,
M=ð4πl3ρcÞ ¼ ðR=lÞ3=3 ¼ 2

ffiffiffi
6

p
as expected, whereas

Σs increases unboundedly. This is phenomenologically
not problematic because the observable gravitational

FIG. 1. The profile function θ in “Rþ C2” gravity (blue) and
“Rþ R2” gravity (red) for the polytropic index n ¼ 0. The
massive spin-2 (spin-0) graviton provides a repulsive (attractive)
force. As the graviton mass μ2s increases, the profile converges to
the n ¼ 0 LE solution in GR, θLE0 ¼ 1 − ξ2=6 (gray).

FIG. 2. The dependences of the stellar radius R (top), mass M
(bottom, solid), and charge Σs (bottom, dashed), each appropri-
ately normalized, on the graviton mass μ2s for the polytropic index
n ¼ 0. The stellar radius and mass are larger in “Rþ C2” gravity
(blue) and smaller in “Rþ R2” gravity (red), but they both
approach the GR values of

ffiffiffi
6

p
and 2

ffiffiffi
6

p
, respectively, as the

graviton mass μ2s increases. The charge Σs blows up in the GR
limit, but the potential ψs then tends to 0. In the massless limit of
“Rþ R2” gravity, the limiting values are: R=l → 3=

ffiffiffi
2

p
and

M ≃ Σs → ð ffiffiffi
3

p
=2Þ3MLE

0 . In “Rþ C2” gravity, these quantities
grow unboundedly as the spin-2 graviton mass μ22 approaches to 0.
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potential ψ s securely converges to 0 in this limit. A similar
behavior of the charge is observed in the study of neutron
stars in [30]. In the massless limit of “Rþ R2” gravity
(red), the limiting values of the stellar mass and charge are
M ≃ Σs → ð ffiffiffi

3
p

=2Þ3MLE
0 , while they both grow unbound-

edly in “Rþ C2” gravity (blue) in accordance with the
increase in the radius.
Finally, Fig. 3 shows the relations between M and R

(solid) and Σs and R (dashed), where the variables are
appropriately normalized. The M–R curve reproduces the
trivial relation for n ¼ 0: M ¼ 4π

3
R3ρc. Σs diverges when

the radius approaches to the GR value R=l ¼ ffiffiffi
6

p
as

expected from the bottom panel of Fig. 2. The fact that
the value of Σs is comparable to M as long as μ2s ≲Oð1Þ
implies that there is significant modification to the Newton
law within distances shorter than m−1

s from the stellar
surface.
The radius R of a polytrope star is in proportion to the

length scale l related to the physical conditions at the
stellar center, such as the central density ρc and pressure Pc,
see (29). In this sense, there is a degeneracy between these
physical conditions and gravity, including any possible
modifications to GR, in measurements of stellar radius, for
which it is incapable to quantify the effects of the massive
gravitons independently of the properties and individual
conditions of stellar matter. Nevertheless, we here argue
that, without going into direct comparisons with observa-
tional data, huge deviations in radius from the GR value
with the same physical condition, as represented by l,
should be disfavored. For instance, in “Rþ C2” gravity, we
may consider a radius R which is twice as large as the GR
value, RLE ¼ ffiffiffi

6
p

l, to be unlikely enough. In order to have
the ratio R=RLE ≤ 2, the spin-2 graviton mass must exceed
0.12, which can be interpreted as an upper bound on the
parameter

ffiffiffi
α

p
=l ¼ 1=

ffiffiffiffiffiffiffi
2μ22

p
< 2.0.

2. n = 1

For the polytropic index n ¼ 1, the fourth-order equa-
tion (37) reduces to a linear homogeneous equation

△
2
ξθ þ ð1þ αs − μ2sÞ△ξθ − μ2sθ ¼ 0: ð61Þ

In order to find the solution, we “factorize” the differential
operator to rewrite the above equation as

ð△ξ þ λ2þÞð△ξ − λ2−Þθ ¼ 0 ð62Þ

with the “roots”

λ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ αs − μ2sÞ2 þ 4μ2s

p
� ð1þ αs − μ2sÞ

2

s
: ð63Þ

It is obvious from the expression that λ� are positive real
irrespective of αs and μ2s (as long as μ2s > 0). The general
solution is a superposition of the fundamental solutions for
the (homogeneous) Helmholtz equations with eigenvalues
−λ2þ and λ2−, hence

θ ¼ Aþ
sinλþξ

ξ
þBþ

cosλþξ
ξ

þA−
sinhλ−ξ

ξ
þB−

coshλ−ξ
ξ

:

ð64Þ

Let us determine the integration constants one by one.
By imposing the LE boundary conditions (43), θc ¼ 1 and
θ0c ¼ 0, three constants are fixed as Bþ ¼ B− ¼ 0 and
A− ¼ ð1 − AþλþÞ=λ−. Thus we find3

θ ¼ sinh λ−ξþ Aþðλ− sin λþξ − λþ sinh λ−ξÞ
λ−ξ

: ð65Þ

As in the case of n ¼ 0, one more boundary condition
θ000c ¼ 0, being one of the remaining two in Eq. (47), is
already satisfied at this stage. On the other hand, the not yet
used second derivative θ00c is given in terms of the constant
Aþ as

θ00c ¼
λ2− − Aþλþðλ2þ þ λ2−Þ

3
: ð66Þ

From (47), we find the relation between Aþ and the stellar
global quantity ιs to be

Aþ ¼ λ2− þ 1þ αsð1 − μ3s ιsÞ
λþðλ2þ þ λ2−Þ

: ð67Þ

Here, unlike the n ¼ 0 case, ιs involves integration of θ,
Eq. (65), so it necessarily contains the undetermined

FIG. 3. The normalized mass M=ð4πl3ρcÞ (solid) and the
normalized charge Σs=ð4πl3ρcÞ (dashed) versus the normalized
radius R=l for the polytropic index n ¼ 0. The mass M and
radius R in both gravity cases approach the values in GR (black
star) as the graviton mass μ2s increases.

3A similar, but not identical expression is presented in Eq. (38)
of Ref. [12].

TONOSAKI, TACHINAMI, and SENDOUDA PHYS. REV. D 108, 024037 (2023)

024037-10



integration constant Aþ. Such an intermediate expression
for ιs looks somewhat tedious, but has a simple linear (since
n ¼ 1) dependence on Aþ:

ιs ¼
λ− − e−μξRðλ− cosh λ−ξR þ μ sinh λ−ξRÞ

λ−μsðμ2s − λ2−Þ
þ Aþ
λ−μsðμ2s − λ2−Þðμ2s þ λ2þÞ

n
−λþλ−ðλ2þ þ λ2−Þ

þ e−μξR ½λþðμ2s þ λ2þÞðλ− cosh λ−ξR þ μs sinh λ−ξRÞ
þ λ−ðλ2− − μ2sÞðλþ cos λþξR þ μs sin λþξRÞ�

o
: ð68Þ

Substituting this into (67) gives back a linear equation for
Aþ, which can be explicitly solved as

Aþ ¼
�
λþ þ λ−ðλ2− − μ2sÞðλþ cos λþξR þ μs sin λþξRÞ

ðμ2s þ λ2þÞðλ− cosh λ−ξR þ μs sinh λ−ξRÞ
�−1

;

ð69Þ

where we have used the characteristic equations for λ� to
reduce the expression. In this way, we have found the profile
function θ for n ¼ 1 satisfying all the boundary conditions.
One should recall here that this expression is “formal”
because it involves the stellar radius ξR, which can only be
found numerically by solving the consistency condition
θðξRÞ ¼ 0. Nonetheless, the expression ceases to contain ξR
in the massive and massless limits. In both gravity theories,
the massive limit, μ2s → ∞, is the n ¼ 1 LE solution in GR,
θ → θLE1 ¼ ξ−1 sin ξ. On the other hand, in the massless
limit, it reduces as θ → sinð ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ αs
p

ξÞ=ð ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αs

p
ξÞ. This

represents a rescaled LE solution for “Rþ R2” gravity with
α0 ¼ 1=3, whereas it no longer has a finite radius for
“Rþ C2” gravity with α2 ¼ −4=3.
Figure 4 compares the n ¼ 1 solutions for “Rþ C2”

(blue) and “Rþ R2” (red) theories with different values of
μ2s with the n ¼ 1 LE solution (gray). As in the n ¼ 0 case,
in “Rþ R2” (“Rþ C2”) gravity, the radius becomes smaller
(larger) than GR. In the GR limit, μ2s → ∞, the LE solution
is recovered and the stellar radius R=l converges to the GR
value of π. On the other hand, in the massless limit, μ2s → 0,
the radius for “Rþ R2” gravity converges to the rescaled
value as R=l →

ffiffiffi
3

p
π=2, whereas it increases unboundedly

for “Rþ C2” gravity. All these qualitative properties are
shared by the n ¼ 0 case as plotted in the top panel of Fig. 2.
Unlike the n ¼ 0 case, here again, the stellar mass M

and charge Σs explicitly depend on θ, and hence one has
to express them by substituting (65) together with (69)
into (17) and (20), respectively, and evaluating them at the
surface r ¼ R using the numerical value of ξR for each
choice of the mass parameter μ2s. Fortunately, in the
current case, the integrations can be carried out analyti-
cally, giving explicit expressions for the mass and charge:

M ¼ 4πl3ρc
λ2þλ3−

½−Aþλ3−ðλþξR cos λþξR − sin λþξRÞ − λ2þðAþλþ − 1Þðλ−ξR cosh λ−ξR − sinh λ−ξRÞ�;

Σs ¼
4πl3ρceμsξRðλ− cosh λ−ξR sin λþξR − λþ sinh λ−ξR cos λþξRÞ

λþðλ2þ þ μ2sÞðλ− cosh λ−ξR þ μs sinh λ−ξRÞ þ λ−ðλ2− − μ2sÞðλþ cos λþξR þ μs sin λþξRÞ
; ð70Þ

where we have taken advantage of maintaining Aþ in the expression ofM. Similarly, one can also evaluate the gravitational
potential Ψ ¼ ϕþ αsψ s inside a star by manipulating (16) and (23), which also have analytical expressions in this case:

ϕðr ≤ RÞ ¼ −
GM
R

�
1þ R − r

r
ðAþλþ − 1Þλ2þðλ−ξ cosh λ−ξ − sinh λ−ξÞ þ Aþλ3−ðλþξ cos λþξ − sin λþξÞ

ðAþλþ − 1Þλ2þðλ−ξR cosh λ−ξR − sinh λ−ξRÞ þ Aþλ3−ðλþξ cos λþξR − sin λþξRÞ
�
;

ψ sðr ≤ RÞ ¼ −
Σse−msR

r
ðλþ cos λþξR þ μs sin λþξRÞ sinh λ−ξ − ðλ− cosh λ−ξR þ μs sinh λ−ξRÞ sin λþξ

λþ cos λþξR sinh λ−ξR − λ− sin λþξR cosh λ−ξR
: ð71Þ

Figure 5 shows the M–R (solid) and Σs–R (dashed)
relations, where the quantities are appropriately normal-
ized. These diagrams indicate similar trends to the n ¼ 0
case previously shown in Fig. 3, where the qualitative

dependences of M and Σs on μs are indeed very similar: as
the graviton mass μ2s increases, M approaches to the GR
value MLE

1 while Σs is divergent on both the branches. On
the other hand, their behaviors contrast with each other in

FIG. 4. The solutions in “Rþ C2” gravity (blue) and “Rþ R2”
gravity (red) together with the LE solution in GR (gray) for the
polytropic index n ¼ 1.
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the massless limits, μ2s → 0, where M and Σ0 converge to
the rescaled LE mass M ≃ Σ0 → ð ffiffiffi

3
p

=2Þ3MLE
1 for

“Rþ C2” gravity, whereas both M and Σ2 grow unbound-
edly for “Rþ C2” gravity.
In the case of “Rþ C2” gravity, from an argument that

n ¼ 1 polytrope stars should not acquire a radius and mass
much larger than those in GR, we can place a reasonable
lower bound on the spin-2 graviton mass. For instance, in
order to have R=RLE < 2, we obtain μ22 > 0.12. This can be
converted into an upper bound on the theory parameter α in
the “Rþ C2” action:

ffiffiffi
α

p
< 2.0l.

B. Full sixth-order equation in generic HCG

Nowwewould like to tackle the full master equation (33)
in generic HCG. The coexistence of the two extra d.o.f.’s of
spin-2 and -0 renders the analysis considerably messy, but
most features of the solutions will be reasonably under-
stood as collective contributions from the spin-2 and -0
d.o.f.’s. Indeed, in most occasions treated in this paper,
either of the d.o.f.’s dominates and the obtained solution
therefore mimics some of those appearing in the previous
fourth-order cases.

1. n = 0

In the case of n ¼ 0, the master equation (33) reduces to
an inhomogeneous linear equation

ð△ξ − μ20Þð△ξ − μ22Þ△ξθ þ μ20μ
2
2 ¼ 0: ð72Þ

The general solutions with six arbitrary constants are found
following the procedure in Appendix C. For nondegenerate
eigenvalues μ0 ≠ μ2, it is

θ ¼ 1 −
ξ2

6
þ A0

sinh μ0ξ
ξ

þ B0

cosh μ0ξ
ξ

þ A2

sinh μ2ξ
ξ

þ B2

cosh μ2ξ
ξ

þ CþD
ξ
: ð73Þ

Although we are not so much concerned with the degen-
erate case μ0 ¼ μ2 ≡ μ, the general solution in such a
special case is

θ ¼ 1 −
ξ2

6
þ A

sinh μξ
ξ

þ B
cosh μξ

ξ
þ Ã sinh μξ

þ B̃ cosh μξþ CþD
ξ
: ð74Þ

As in the fourth-order case, the n ¼ 0 LE solution is again a
particular solution but it will turn out not to satisfy the
boundary conditions.
We shall concentrate on the nondegenerate case (73).

This time we are to impose six boundary conditions in total
as given by (43) and (45). By imposing first the LE
boundary condition (43), we can fix three constants as
C ¼ −μ0A0 − μ2A2 and D ¼ B0 ¼ B2 ¼ 0, and get a
reduced form of the solution

θ ¼ 1−
ξ2

6
þA0

sinhμ0ξ− μ0ξ

ξ
þA2

sinhμ2ξ− μ2ξ

ξ
: ð75Þ

At this point, the above solution already satisfies two of the

four extra conditions in (45), θ000c ¼ θð5Þc ¼ 0, and we are left

with the requirements for θ00c and θ
ð4Þ
c . These derivatives are

written in terms of the remaining constants A0 and A2 as

θ00c ¼ −
1 − A0μ

3
0 − A2μ

3
2

3
; θð4Þc ¼ A0μ

5
0 þ A2μ

5
2

5
: ð76Þ

Then from (45), A0 and A2 are related to the stellar integrals
ι0 and ι2 as

A0 ¼ −α0ðμ−30 − ι0Þ; A2 ¼ −α2ðμ−32 − ι2Þ; ð77Þ

respectively. Thanks to the constancy of ρ for the polytropic
index n ¼ 0, ιs are found to be the same, being independent
of A0 or A2, as in the fourth-order case,

ιs ¼
1 − ðμsξR þ 1Þe−μsξR

μ3s
; ð78Þ

thereby fixing the remaining constants as

A0 ¼−α0
ðμ0ξRþ 1Þe−μ0ξR

μ30
; A2 ¼−α2

ðμ2ξRþ 1Þe−μ2ξR
μ32

:

ð79Þ

Therefore, we get the solution satisfying all the boundary
conditions4:

θ ¼ 1 −
ξ2

6
− α0

ðμ0ξR þ 1Þe−μ0ξR
μ30

sinh μ0ξ − μ0ξ

ξ

− α2
ðμ2ξR þ 1Þe−μ2ξR

μ32

sinh μ2ξ − μ2ξ

ξ
: ð80Þ

FIG. 5. The M–R (solid) and Σs–R (dashed) relations for the
polytropic index n ¼ 1.

4We find this differs from Eq. (30) with (33) of Ref. [11].
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The remaining parameter ξR is numerically determined by
solving the consistency condition θðξRÞ ¼ 0 for given mass
parameters μ2 and μ0. After all, it is clear from the above
expression that the gravitational effects from individual
d.o.f.’s are separated and purely additive in this case.
Moreover, due to the specialness of the n ¼ 0 EOS, where
the mass density ρ is constant, the analytical expressions of
the total stellar mass M and two charges Σ2 and Σ0 are
identical with the ones in the fourth-order case:

M¼ 4πl3ρcξ
3
R

3
; Σs ¼ 4πl3ρc

μsξR coshμsξR− sinhμsξR
μ3s

:

ð81Þ

The gravitational potential inside a star is then found as

Ψðr ≤ RÞ ¼ −
GMð3R2 − r2Þ

2R3

−
X
s¼0;2

αs
GΣs

r
msr− ð1þmsRÞe−msR sinhmsr

msR coshmsR− sinhmsR
:

ð82Þ

Various massive and massless limits of the solution (80) can
be understood from the properties of the fourth-order n ¼ 0
solutions discussed in Sec. IVA 1. Among others, the
spurious double massless limit θ → 1 seems to reflect
some profound aspect of the full purely quadratic gravity.
Some examples of the solution are shown in Fig. 6

together with the n ¼ 0 LE solution θLE0 ¼ 1 − ξ2=6 (gray).
The general tendency is that the lower the spin-2 (spin-0)
graviton mass is, the more effectively the repulsive (attrac-
tive) force works. Quantitatively, though, there is a signifi-
cant difference between these two graviton effects, which
shows up representatively in the case of μ22 ¼ μ20 ¼ 1

(green): repulsion by spin-2 graviton is much more notice-
able than attraction by spin-0, which was observed as well
in the study of neutron stars [30]. This could be understood
as a direct consequence of the ratio of the coefficients being
α2=α0 ¼ −4; in the case of comparable graviton masses,
μ22 ≈ μ20, the influence coming from the massive spin-2
graviton is four-fold stronger in magnitude compared to

spin-0. Moreover, as the spin-2 mass μ22 decreases below
Oð1Þ, the repulsive force can even overcome the attractive
force of the massless graviton so that a star can puff up
unboundedly, whereas the spin-0 attractive force can merely
strengthen gravity by at most a factor of a few, resulting in a
bounded shrinkage of a star.
By solving the consistency condition θðξRÞ ¼ 0 numeri-

cally, we have the dependence of the normalized radius R=l
on the mass parameters, some examples being plotted in
Fig. 7. In the figure, either of the twomasses are varied while
the rest is fixed. The massive limit in this case corresponds to
either of the reduced theories, “Rþ R2” or “Rþ C2”, so the
radius does not converge to the GR value of

ffiffiffi
6

p
; it is only

realized when the both masses are taken to infinity. The
radius remains finite in the massless limit of spin-0 (red and
yellow), whereas it blows up as the spin-2 graviton mass
approaches to 0 (blue and green).

FIG. 6. Examples of the profile functions for the polytropic
index n ¼ 0 compared with the LE solution (gray).

FIG. 7. The μ2s dependences of the normalized radius R=l for
the polytropic index n ¼ 0.

FIG. 8. Typical μs dependences of M (solid black), Σ2 (dashed
blue), and Σ0 (dotted red) for n ¼ 0. In the top (bottom) panel, μ2
(μ0) is varied while the other is fixed.
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Figure 8 shows typical dependences on the graviton
mass μs of the stellar mass M and charges Σs, where they
are appropriately normalized. In the top (bottom) panel, μ22
(μ20) is varied while μ

2
0 (μ

2
2) is fixed to 1. The behavior ofM

can be understood in a similar way to the radius. As for the
charges, when the spin-s graviton mass μ2s goes to infinity,
the corresponding spin-s charge Σs diverges, while the
other charge Σs0 (s0 ≠ s) remains finite. These divergences
do not matter because the potential ψ s vanishes in the
massive limits. On the other hand, in the massless limit of
the spin-s graviton, the spin-s charge Σs tends to the mass
M. The other charge Σs0 has a similar tendency as it is
correlated with the stellar mass M.
After all, each panel in Fig. 9 shows typical relations

between M and R (solid black) and Σs and R (dashed blue
and dotted red), where the values are appropriately nor-
malized. In the top (bottom) panel, μ22 (μ

2
0) is varied while

μ20 (μ
2
2) is fixed. One can confirm from the top panel that the

possible ranges of the stellar radius R and mass M for
varying μ22 are enormously large. On the other hand, for a
given value of μ22, the stellar radius and mass can only vary
within a rather tiny range as seen in the bottom panel.
Figure 10 shows contours of the stellar radius R in the

parameter plane ðμ20; μ22Þ, where on each contour, R has a
multiple of the GR value RLE ¼ ffiffiffi

6
p

l. By demanding any
n ¼ 0 polytrope stars in the universe to have a radius no
larger than some multiple, say twice, of the GR value, one
finds a constraint on the combination of the theory
parameters ðμ20; μ22Þ, or equivalently ðα; βÞ. Since the radius
is sensitive to μ22 for R≳ RLE,

ffiffiffi
α

p
is generally constrained

to below a few l, whereas
ffiffiffi
β

p
is virtually not restricted.

2. n = 1

In the case of n ¼ 1, the master equation (33) becomes a
linear homogeneous equation, which reads

fð△ξÞθ ¼ 0 ð83Þ

with the characteristic polynomial f being

fðxÞ ¼ x3 − ðμ22 þ μ20Þx2 þ ðμ22μ20 þ α2μ
2
2 þ α0μ

2
0Þxþ μ22μ

2
0:

ð84Þ

This problem can be treated in parallel to Sec. IVA 2,
where we factorized the differential operator into a
product of two Helmholtz operators. Here, the sixth-order
differential operator fð△ξÞ can be cast into a product of
three Helmholtz operators with eigenvalues given by the
three roots of the characteristic equation fðxÞ ¼ 0, and
these roots characterize the solution of (83). Having that
the inflection point of fðxÞ lies at x ¼ ðμ22 þ μ20Þ=3 > 0

and fð0Þ ¼ μ22μ
2
0 > 0, the cubic equation fðxÞ ¼ 0 turns

out to have one and only one negative real root, which we
denote as x ¼ −λ21 with λ1 being real. Whether the other
two roots are positive real or complex depends on the sign
of the discriminant

D≡ ðμ22 þ μ20Þ2ðμ22μ20 þ α2μ
2
2 þ α0μ

2
0Þ2

− 4ðμ22μ20 þ α2μ
2
2 þ α0μ

2
0Þ3

− 4ðμ22 þ μ20Þ3μ22μ20 − 27μ42μ
4
0

− 18ðμ22 þ μ20Þðμ22μ20 þ α2μ
2
2 þ α0μ

2
0Þμ22μ20: ð85Þ

The sign of D in the parameter plane is shown in Fig. 11.
In terms of the area, having D ≥ 0 (blue) is more likely as
it generally realizes in the presence of a large hierarchy
between the graviton masses, that is, when μ0 ≫ μ2 or

FIG. 9. Typical relations betweenM and R (solid black) and Σs
and R (dashed blue for Σ2 and dotted red for Σ0) for n ¼ 0. In the
top panel, μ22 is varied while μ20 is fixed to 1. In the bottom panel,
μ20 is varied while μ22 is fixed to 10 (left) or 1 (right).

FIG. 10. Contours of the stellar radius R in the ðμ20; μ22Þ plane
for the polytropic index n ¼ 0. On the contours from top to
bottom, the ratio of the calculated stellar radius to the GR value,
R=RLE, is 1, 2, 3, 4.
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μ0 ≪ μ2. In this case, less massive graviton is expected to
dominate. The region of D < 0 (red) is only seen around
(to the slight right of) the equality line μ20 ¼ μ22, in which
the massive gravitons are expected to compete with each
other. In either case, we denote the two remaining roots as
x ¼ λ22; λ

2
3, which are positive real if D ≥ 0, or complex

conjugate to each other if D < 0. Using Viète’s formula,
we may write the roots as

−λ21 ¼
μ20 þ μ22

3
þ 2

3

ffiffiffiffi
P

p
cos

�
1

3
cos−1

�
Q

2P
ffiffiffiffi
P

p
�
−
4π

3

�
;

λ22 ¼
μ20 þ μ22

3
þ 2

3

ffiffiffiffi
P

p
cos

�
1

3
cos−1

�
Q

2P
ffiffiffiffi
P

p
�
−
2π

3

�
;

λ23 ¼
μ20 þ μ22

3
þ 2

3

ffiffiffiffi
P

p
cos

�
1

3
cos−1

�
Q

2P
ffiffiffiffi
P

p
��

ð86Þ

with

P≡ μ40 þ μ42 − μ20μ
2
2 − 3

X
s

αsμ
2
s ;

Q≡ 2ðμ60 þ μ62Þ − 3μ20μ
2
2ðμ20 þ μ22Þ − 9

X
s

αsμ
4
s − 18μ20μ

2
2:

ð87Þ

With the use of these roots, the master equation settles
down to the form

ð△ξ þ λ21Þð△ξ − λ22Þð△ξ − λ23Þθ ¼ 0; ð88Þ

which is ready to solve.
For D > 0, the general solution is written in terms of

real-valued functions as

θ ¼ A1

sin λ1ξ
ξ

þ B1

cos λ1ξ
ξ

þ A2

sinh λ2ξ
ξ

þ B2

cosh λ2ξ
ξ

þ A3

sinh λ3ξ
ξ

þ B3

cosh λ3ξ
ξ

: ð89Þ

In the current case, unlike when n ¼ 0, contributions
from the two massive gravitons do not simply separate, as
the eigenvalues λi depend on both of μ0 and μ2. By
imposing three boundary conditions θc ¼ 1, θ0c ¼ θ000c ¼ 0,
we determine four constants as B1 ¼ B2 ¼ B3 ¼ 0
and A1 ¼ ð1 − A2λ2 − A3λ3Þ=λ1, obtaining the reduced
expression5

θ ¼ sin λ1ξþ A2ðλ1 sinh λ2ξ − λ2 sin λ1ξÞ þ A3ðλ1 sinh λ3ξ − λ3 sin λ1ξÞ
λ1ξ

: ð90Þ

To determine the remaining constants A2 and A3, we follow
the same scheme as we employed in the n ¼ 1 fourth-order
case as follows. On the one hand, these constants appear in
the yet unused second and fourth derivatives as

θ00c ¼
−λ21 þ A2λ2ðλ21 þ λ22Þ þ A3λ3ðλ21 þ λ23Þ

3
;

θð4Þc ¼ λ41 þ A2λ2ðλ42 − λ41Þ þ A3λ3ðλ43 − λ41Þ
5

: ð91Þ

Then the boundary conditions on these derivatives in (45)
provide us with the linear relations between the constants
and the stellar integrals ιs:

A2 ¼
λ21λ

2
3 þ

P
s¼0;2 αsμ

2
s ½1þ ðλ23 − λ21 − μ2sÞμsιs�

λ2ðλ21 þ λ22Þðλ23 − λ22Þ
;

A3 ¼
λ21λ

2
2 þ

P
s¼0;2 αsμ

2
s ½1þ ðλ22 − λ21 − μ2sÞμsιs�

λ3ðλ21 þ λ23Þðλ22 − λ23Þ
: ð92Þ

On the other hand, ιs may be calculated by substituting the
profile function (90) into Eq. (46). Thanks to the simpleness
of n ¼ 1 polytrope, these integrations can be analytically
done, and we are allowed to express ιs analytically in a form
linear in A2 and A3, which however we do not present here
as their expressions are too messy and not illuminating.
Then, substituting them into ιs’s in (92) and solving for the
integration constants A2 and A3 just algebraically, we obtain

FIG. 11. The sign of the discriminant D (85).

5We find this different from Eq. (38) of Ref. [11].
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their expressions that include μs and ξR only. As a result, we
arrive at the final analytical expression of the profile
function θ parametrically depending on μs and ξR.
The case with D < 0 can be analyzed in parallel, or by

means of analytical continuation, so we do not redo the
procedure here but only show the general solution. In this
case, denoting the two complex conjugate roots as
x ¼ ðpþ qiÞ2; ðp − qiÞ2, the general solution in terms of
real-valued functions is written down as

θ ¼ A
sin λ1ξ

ξ
þ B

cos λ1ξ
ξ

þ C1

sinhpξ sin qξ
ξ

þ C2

coshpξ sin qξ
ξ

þ C3

sinhpξ cos qξ
ξ

þ C4

coshpξ cos qξ
ξ

: ð93Þ

Lastly, in the special case withD ¼ 0, where the remaining
roots degenerate, λ2 ¼ λ3, the general solution is

θ ¼ A
sin λ1ξ

ξ
þ B

cos λ1ξ
ξ

þ C
sinh λ2ξ

ξ
þD

cosh λ2ξ
ξ

þ C̃ sinh λ2ξþ D̃ cosh λ2ξ: ð94Þ

Figure 12 shows typical solutions for the polytropic
index n ¼ 1 together with the LE solution in GR (gray).
The tendencies can be well understood as consequences of
the competition between the two massive gravitons, viz.,
attraction by the spin-0 graviton dominates for μ0 ≪ μ2
(red) while repulsion by the spin-2 graviton dominates for
μ2 ≲ μ0 (rest).
All the qualitative behaviors of R,M, and Σs with respect

to varying μs are the same as the case of n ¼ 0. As a
consequence, the relationships between M and R (solid
black) and Σs and R (dashed blue and dotted red) shown in
Fig. 13 can be well understood in an analogous way to the
previous cases.
Two radius contours are plotted in Fig. 14, where on each

curve the ratio R=RLE is 1 (top) and 2 (bottom). From this
diagram, one can conclude that the parameter

ffiffiffi
α

p
cannot

exceed a few times l if one requires n ¼ 1 polytrope stars
have radii no larger than 2 or 3 times the GR value.

V. CONCLUSION

In this paper, we studied nonrelativistic polytropic stars
in linearized higher-curvature theories of gravity (HCG).
Our particular aim was at formulating boundary conditions
for the modified Lane–Emden equation with great care for
the peculiarity arising from the massive nature of extra
gravitons and providing a viable scheme for obtaining
solutions to the boundary-value problems.
In Sec. II, we analyzed the hydrostatic equilibrium

condition, starting with the gauge-invariant equations of
motion (5) derived from the second-order perturbative
action (3). In the static configuration, a particular set of

FIG. 12. Typical solutions and the LE solution in GR (gray) for
n ¼ 1.

FIG. 13. Relationships between M and R (solid black) and Σs
and R (dashed blue and dotted red) for n ¼ 1.

FIG. 14. Contours of the stellar radius R in the parameter plane
for n ¼ 1, on which the ratio R=RLE takes 1 (top) or 2 (bottom).
We believe the appearance of a spot beneath the bottom contour is
not physical but due to a lack of numerical precision in our
calculation.
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gauge-invariant variables Ψ2 and Ψ0 as defined in (6)
turned out to be useful to reduce the EOMs into the
decoupled form (10). These fourth-order EOMs have the
general solution in the form of difference of massless part
ϕ and massive part ψ s, which respectively satisfies the
Poisson equation (12) and the Helmholtz equation (13).
As a result, the gauge-invariant gravitational potential Ψ,
which appears in the hydrostatic equilibrium condition
(25), was found as in (14). The equilibrium condition is an
integro-differential equation at this stage. Applying an
adequate higher-order differential operator on both sides
and adopting the polytropic equation of state, we obtained
a sixth-order differential equation (33) for the Lane–
Emden-like variable θ. When either of the graviton masses
is taken to infinity, it reduces to a fourth-order equa-
tion (37) corresponding to “Rþ R2” or “Rþ C2” gravity.
When both go to infinity, it recovers the second-order
Lane–Emden equation (34) in GR.
In Sec. III, we formulated the boundary conditions by

focusing on the behavior of the potential at the stellar
center. This is because the derivatives of the profile
function θ are almost equivalent to those of the potential
Ψ via (41). In order to have a necessary and sufficient
number of boundary data for solving the sixth-order
equation (33), we wrote down the derivatives at the stellar
center up to fifth order as in (45) besides the same
conditions (43) as in GR. We have proven the second
and fourth derivatives cannot be determined locally but are
related to integrals ιs (46) of the as-yet-undetermined
profile function over the stellar interior. This does not
only mean the boundary conditions differ from GR, but
also the nature of the boundary value problem drastically
changes. We also provided the analogous conditions for
the fourth-order equation for “Rþ R2” or “Rþ C2”
theories as in (47), in which the theory-dependent coef-
ficient αs comes into play.
In Sec. IV, we demonstrated how our scheme for solving

the modified LE equations with the appropriate boundary
conditions works for the polytrope indices n ¼ 0 and 1,
where in all cases analytical solutions exist. In these
cases the procedure for determining integration constants
becomes trivial (n ¼ 0) or reduces to solving a linear
algebraic equation (n ¼ 1).
In Sec. IVA, we solved the fourth-order equation (37)

imposing (47). As shown in Figs. 1 (n ¼ 0) and 4 (n ¼ 1),
the dimensionless radius of the star increases (decreases)
compared to GR for “Rþ C2” (“Rþ R2”) gravity, reflect-
ing the repulsive (attractive) nature of the massive grav-
iton. In all cases, as μ2s → ∞, these solutions recover the
Lane–Emden profile in GR (48). The massless limit
can be understood as a GR-like theory with a “renormal-
ized” Newton constant ð1þ αsÞG. In “Rþ R2” gravity,
α0 ¼ 1=3, it mimics GR with a larger Newton constant
4G=3, leading to shrinkage of the radius by a factor

of
ffiffiffi
3

p
=2, while the same limit of “Rþ C2” gravity,

α2 ¼ −4=3, is antigravity with negative Newton constant
−G=3, leading to an infinite radius. We have clarified how
the stellar radius R, mass M, and charge Σs depend on the
graviton mass μs, as shown in Fig. 2 for n ¼ 0. Finally,
diagrams relating the mass M and the charge Σs to the
radius R were obtained in Figs. 3 (n ¼ 0) and 5 (n ¼ 1).
We argued that, in “Rþ C2” gravity, upper limits on the
parameter α in the action (2) can be obtained by requiring
that the stellar radius R not exceed several multiples of the
GR values RLE, which generally leads to

ffiffiffi
α

p ≲ a few × l.
In Sec. IV B, we solved the sixth-order equation (33) in

generic HCG with the boundary conditions (45). Most of
the modification trends as compared to GR arise as a result
of competition of the opposite contributions from the
coexisting massive gravitons. In particular, when the masses
have a large hierarchy, μ2 ≪ μ0 or μ0 ≪ μ2, the graviton
with smaller mass dominates. When the two graviton
masses are at the same order, the contribution from the
massive spin-2 potential tends to be more prominent than
the spin-0, because the coefficient of the former, α2, in the
total potential Ψ is four times as large in magnitude as the
latter, α0. Typical solutions were presented in Figs. 6
(n ¼ 0) and 12 (n ¼ 1), and typical M–R and Σs–R
relations were shown in Figs. 9 (n ¼ 0) and 13 (n ¼ 1).
We also clarified how R, M, and Σs depend on μs, as
exemplified in Figs. 7 and 8 for n ¼ 0. The dependence of
the stellar radius R, in the units of the GR value RLE, on the
two mass parameters ðμ20; μ22Þ were illustrated in Figs. 10
(n ¼ 0) and 14 (n ¼ 1). These will be useful in finding
allowed regions for the QCG parameters ðα; βÞ once an
upper bound on the stellar radius of polytrope stars is
established.
Finally, let us give some prospects for future studies. On

the theoretical side, development of an additional numerical
procedure for imposing the boundary conditions becomes
necessary if one wishes to construct solutions for an
arbitrary polytropic index n. For n ≠ 0, 1, since no
analytical solution is known, one has to somehow numeri-
cally make derivatives at the stellar center and integral of a
solution over the stellar radius match. We plan to present a
viable scheme for this in a forthcoming paper. On the
observational side, the observable characteristics such as
M–R and Σs–R diagrams, as well as the radius contours in
the parameter plane, should offer a way to test HCG
through comparisons with the distribution of known stellar
populations. We also plan to come back to this issue in the
near future.
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APPENDIX A: GAUGE TRANSFORMATIONS
AND GAUGE-INVARIANT VARIABLES

A general metric perturbation hμν about a Minkowski
background can be decomposed into scalar, vector, and
tensor variables as

hμνdxμdxν¼−2Adt2−2ð∂iBþBiÞdtdxi
þ2ðδijCþ∂i∂jEþ∂ðiEjÞ þHijÞdxidxj; ðA1Þ

where vector and tensor variables satisfy ∂iBi ¼ ∂iEi ¼
∂iHij ¼ Hi

i ¼ 0 and the parentheses around tensor indices
denote symmetrization. An active coordinate transformation
xμ → xμ þ ξμðxÞ with ξμ being as small as hμν in magnitude
transforms the metric perturbation, to first order, as

hμν → hμν − £ξημν; ðA2Þ

where £ξ is the Lie derivative along ξμ. ξμ can be
decomposed into the scalar and vector parts as ðξμÞ ¼
ðT; ∂iLþ LiÞ with ∂iLi ¼ 0. It is obvious that this does not
affect the tensor variable:

Hij → Hij: ðA3Þ

On the other hand, the vector variables are transformed as

Bi → Bi þ _Li; Ei → Ei − Li; ðA4Þ

where the dot denotes differentiation with respect to t.
Hence, the following combination is found to be invariant:

Σi ≡ Bi þ _Ei: ðA5Þ

The transformations of the scalar variables are

A→A− _T; B→B−Tþ _L; C→C; E→E−L; ðA6Þ

from which a useful set of invariant combinations is found
to be

Ψ≡ A − _B − Ë; Φ≡ C: ðA7Þ

APPENDIX B: GAUGE-INVARIANT
EXPRESSIONS FOR THE HIGHER-CURVATURE

LAGRANGIANS

In terms of the gauge-invariant variables, the linear
perturbations of the Ricci tensor and Ricci scalar on a
Minkowski background are written as

ð1ÞRij ¼ −□Hij þ ∂ði _ΣjÞ − ∂i∂jΨ − ∂i∂jΦ − δij□Φ;

ð1ÞRi0 ¼
1

2
△Σi − 2∂i _Φ;

ð1ÞR00 ¼ △Ψ − 3Φ̈ ðB1Þ

and

ð1ÞR ¼ −2△ðΨ −ΦÞ − 6□Φ; ðB2Þ

respectively.
The topological nature of the Gauss–Bonnet combina-

tion in four dimensions allows us to rewrite the Weyl-
squared action, up to irrelevant surface integrals, as

SC ≡ −α
16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
CμνρσCμνρσ

¼ −α
16πG

Z
d4x

ffiffiffiffiffiffi
−g

p �
2RμνRμν −

2

3
R2

�
: ðB3Þ

This is then expanded up to second order in the perturbative
variables as

ð2ÞSC ¼ −α
16πG

Z
d4x

�
2ð1ÞRμν

ð1ÞRμν −
2

3
ð1ÞR2

�

¼ −α
16πG

Z
d4x

�
2ð□HijÞ2 þ ð∂i _ΣjÞ2 − ð△ΣiÞ2

þ 4

3
½△ðΨ −ΦÞ�2

�
; ðB4Þ

where surface terms have been discarded. The second-order
perturbation of the Ricci-squared action

SR ≡ β

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
R2 ðB5Þ

is

ð2ÞSR ¼ β

16πG

Z
d4xð1ÞR2

¼ β

16πG

Z
d4x4½△ðΨ −ΦÞ þ 3□Φ�2: ðB6Þ

The interaction Lagrangian for a perturbative energy-
momentum tensor Tμν minimally coupled to gravity is

Sint ¼
1

2

Z
d4x hμνTμν; ðB7Þ

where Tμν can be decomposed into scalar, vector, and
tensor variables as
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T00 ¼ ϵ; T0i ¼ −∂iv − vi;

Tij ¼ Pδij þ
�
∂i∂j −

1

3
δij△

�
σ þ ∂ðiσjÞ þ σij: ðB8Þ

We assume the conservation law ∂μTμν ¼ 0 holds, which
settles down in the decomposed form:

_ϵþ△v¼ 0; _vþPþ2

3
△σ¼ 0; _viþ1

2
△σi¼ 0: ðB9Þ

Then the interaction Lagrangian is rewritten in terms of the
gauge-invariant variables as

Sint ¼
Z

d4x

�
−Aϵþ B△vþ 3CPþ E△

�
Pþ 2

3
△σ

�

− Bivi −
1

2
Ei△σi þHijσ

ij

�

¼
Z

d4x½−Ψϵþ 3ΦP − Σivi þHijσ
ij�; ðB10Þ

where surface terms have been discarded.

APPENDIX C: SOLUTION FOR HIGHER-ORDER
HELMHOLTZ EQUATIONS

We consider a linear inhomogeneous equation of
the form

fð△Þφ ¼ S; ðC1Þ

where f is an nth order polynomial, which we call the
characteristic function, △ the flat-space Laplace operator,
and S a given source function. Without loss of generality,
using the n roots for the characteristic equation fðxÞ ¼ 0,
x ¼ λi (i ¼ 1;…; n), the problem reduces to solving

Yn
i¼1

ð△ − λiÞφ ¼ S: ðC2Þ

We assume λi ≠ λj for i ≠ j for simplicity, but extending
the formula to degenerate cases is straightforward. The
above equation admits a solution of the form φ ¼ P

n
i¼1 φi,

where each φi solves a single Helmholtz equation

ð△ − λiÞφi ¼ ciS ðC3Þ

with the coefficients ci (i ¼ 1;…; n) satisfying the follow-
ing system of n linear equations

Xn
i¼1

ci ¼ 0;

Xn
i¼2

ciðλi − λ1Þ ¼ 0;

Xn
i¼3

ciðλi − λ1Þðλi − λ2Þ ¼ 0;

..

.

Xn
i¼k

ci
Yk−1
j¼1

ðλi − λjÞ ¼ 0;

..

.

Xn
i¼n−1

ci
Yn−2
j¼1

ðλi − λjÞ ¼ 0;

cn
Yn−1
j¼1

ðλn − λjÞ ¼ 1: ðC4Þ
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