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In recent years, significant progress has been made in the computation of conservative and dissipative
scattering observables using the post-Minkowskian approach to gravitational dynamics. However, for
accurate modeling of unbound orbits, an appropriate effective-one-body (EOB) resummation of the post-
Minkowski results that also accounts for dissipative dynamics is desirable. As a step in this direction, we
consider the electromagnetic analog of this problem here. We show that a six-parameter equation of motion
encapsulates the effective-one-body dynamics for the electromagnetic scattering problem appropriate to
third order in the coupling constant. Three of these six parameters describe the conservative part of the
dynamics, while the rest correspond to the radiation-reaction effects. Here we show that only two radiation-
reaction-related parameters are important at the desired order, making the effective number of parameters in
our formalism to be 5. We compute the explicit forms of these five parameters by matching EOB scattering
observables to that of the original two-body ones computed by Saketh et al. [Phys. Rev. Res. 4, 013127
(2022)]. Interestingly, our formalism leads to a conjecture for the subleading angular momentum loss, for
which no precise computations exist. In addition, we demonstrate that the bound-orbit observables
computed using our method are in perfect agreement with those calculated using unbound-to-bound
analytical continuation techniques. Finally, we qualitatively discuss the extension of our formalism to

gravity.
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I. INTRODUCTION

With the dawn of gravitational wave (GW)
astronomy [1-5], a new avenue has opened up to explore
the deeper aspects of astrophysics and fundamental phys-
ics. Additionally, the GW detectors’ network is expanding
and being upgraded at a promising pace [6-8]. Future
gravitational wave detectors, like the Cosmic Explorer and
Einstein telescope, will have a very high signal-to-noise
ratio and potentially help test general relativity (GR) in
strong-gravity regimes [9,10]. This, in turn, has led to an
increasing demand for accurate theoretical modeling of
binary systems in GR and beyond. Among the several
complementary theoretical perspectives on the two-body
problem in relativistic gravity, the study of scattering
dynamics has recently attracted much attention.

The post-Minkowskian (PM) scheme [11-14], wherein
one computes the classical scattering observables in a weak
field expansion and without restriction on velocities, has
benefited from the recent progress made in scattering
amplitude computations and other quantum field theory
techniques [15-41]. Although PM formalism is naturally
adapted for two-body gravitational scattering, one can
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also extract information about bound binary systems
from the scattering results by mapping to effective-
one-body (EOB) [12-14], effective-field-theory (EFT)
methods [16,17] and judicious analytic continuation pre-
scriptions [22,42]. Therefore, in particular, the PM scheme,
in conjunction with EOB, furnishes a promising theoretical
framework to address the full binary dynamics in GR.

Initially formulated for the post-Newtonian (PN) frame-
work, the EOB formalism in GR has been extended only
recently for the PM approach [12]. A variant of the EOB
formalism for PM that is more compatible with scattering-
amplitude-based techniques has also been developed [43].
The vast majority of PM literature until now, however, has
focused on the conservative sector of the binary gravita-
tional dynamics. The same is true about the literature on
EOB resummation of PM results. However, dissipation and
radiation are key features of binary systems. Therefore, it is
imperative to have a better theoretical understanding of
the dissipative effects in such systems. However, there
have been promising developments in this field in recent
years [25,28,33,37,44-48] that are pretty promising.
Important progress can be made by constructing an EOB
formalism that systematically accounts for dissipative and
conservative effects at the necessary order in PM approxi-
mation and naturally connects to scattering-amplitude-
based methods.

© 2023 American Physical Society


https://orcid.org/0000-0003-3193-1900
https://orcid.org/0000-0002-7666-4116
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.024033&domain=pdf&date_stamp=2023-07-14
https://doi.org/10.1103/PhysRevResearch.4.013127
https://doi.org/10.1103/PhysRevResearch.4.013127
https://doi.org/10.1103/PhysRevD.108.024033
https://doi.org/10.1103/PhysRevD.108.024033
https://doi.org/10.1103/PhysRevD.108.024033
https://doi.org/10.1103/PhysRevD.108.024033

KARTHIK RAJEEV and S. SHANKARANARAYANAN

PHYS. REV. D 108, 024033 (2023)

In light of this, it is instructive to look at a closely related
but more easily tractable problem, namely, to set up the
EOB formulation of binary scattering dynamics in electro-
magnetism (EM). The scattering of charged particles in EM
and, more generally, Yang-Mills theories is of significant
interest. Although the difficulties introduced by nonlinear-
ities are absent, the classical scattering problem in the
Abelian gauge theory shares some of the technical hurdles
one runs into in GR [49]. Moreover, the more direct gauge
theory results may also be used to build the corresponding
gravity results by using an appropriate version of the
double-copy relations [50-53]. Hence, the EOB formalism
for EM theory, which is the focus of this paper, not only
serves as a useful toy model but also potentially as a source
of ingredients to construct the gravity results. Recently, an
EOB formalism for conservative and dissipative PM
dynamics was put forward in [54]. The approach we set
out to describe here is different in spirit from the one
described in [54] and, therefore, we hope that the same can,
in turn, motivate a novel approach to EOB for dissipative
PM dynamics.

The paper is organized as follows: We review the
classical electromagnetic scattering in Sec. II. Then in
Sec. III, we describe the effective-one-body formalism
adapted to address the relativistic EM scattering dynamics.
The formalism is further elaborated in Sec. IV and,
concluded by solving the unknown parameters in Sec. V.
In Sec. VI, we illustrate the application of our formalism for
extracting results concerning bound orbits. Then, in
Sec. VII, we also present a brief comparison of our
approach with certain other ones. We conclude with a
summary and outline the future outlook in Sec. VIII. In the
Appendixes, we outline some of the mathematical details
concerning our work that are not explicitly discussed in the
main text.

Throughout the paper, we shall follow the (4, —, —, —)
signature, ¢ = 1, and the notation k = 1/(4ze,), where ¢,
is the vacuum permittivity. We also follow the notations:
A+ B =A"B,, where A* and B" are two four-vectors and

|V 2=_VeV, fora spacelike vector V*.

II. REVIEW OF THIRD-ORDER
POSTLINEAR RESULTS

The postlinear (PL) approach is analogous to the PM
scheme, where one seeks a formal series solution to the
classical scattering problem in gauge theory. Like the PM
scheme, the series is expanded in the coupling constant
without any restriction on the velocities of the scatterers.
For example, in Ref. [55], the scattering up to second order
in the coupling was performed for EM (and GR). Recently,
Saketh er al. [49] extended Westpfahl’s results for EM to
the third-order scattering problem, which we shall refer to
as 3PL. As mentioned in the Introduction, the key result
of this work is a prescription for a convenient EOB

resummation of the EM scattering results up to 3PL and
including leading-order dissipative effects due to radiation
reaction (RR). As we show, our approach is also efficient in
providing a one-to-one correspondence between certain
observables concerning bound and unbound orbits. Before
discussing the EOB formalism, we briefly review 3PL
results, closely following Ref. [49]. (Also, see Ref. [56] for
a closely related discussion, but using modern amplitude
methods).

A. Kinematics

We consider relativistic EM scattering of two particles of
rest masses m; and charges ¢;, respectively, where i = 1, 2.
We solve the scattering problem as a function of the
asymptotic initial momenta p/' and the asymptotic initial
impact parameter vector b¥. The initial momenta, in turn,
can be written in terms of the initial velocities u; as
Pl = m!. By definition, b *u; =0, for i = 1, 2. While
most of the results do not depend on the sign of g; x ¢,, for
concreteness, we will assume g; g, < 0. This will allow us
to connect some EM results to gravitational results.

It is often convenient to rephrase these initial data
in terms of certain center-of-momentum (COM) and
“relative” quantities. The standard definitions for the initial
relative velocity v, the corresponding Lorentz factor y, and
the COM energy E are

1 P1° P2 (1)

:}/: s
1 -2 mn,

E* = (py + p2)* = mi + m3 + 2mymyy
=M?>+2mM(y — 1), (2)
where the total mass M = m + m, and the reduced mass

m = m;m,/M. In addition, the COM velocity U* and the
“relative momentum” P# are defined as

(Pl + 1h)

o =P, (3)
Pﬂ:é[(lh'U)plf—(pl *U)p3l, (4)
1P| = (%) (myv), (5)

where | P| is the magnitude of the spacelike vector P*. With
the above definitions, we find that the magnitude of initial
COM angular momentum J has the form

7= 171l = (' ) o), (6)
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B. PL scattering dynamics

The scattering dynamics is described in terms of the
worldlines Z(;), parametrized by the proper time 7; of the
respective particle. Further, we can describe the electro-
magnetic field generated by the particles by the gauge
potential A¥. Assuming the Lorentz gauge condition
9,A* = 0, the worldlines are solutions to the following
set of coupled differential equations:

OA#(x) = 4nkJ* (x)

2
=4r [Zqi/dni’;é“(x—zi)} (Maxwell’sEq.),

i=1

(7)
mz;=q;F",(2;)Z
2kq? .
+T(Z,~+Ziz['z1) (Lorentz-Dirac Eq.),  (8)

where F,, = (d,A, —9,A,) denotes the external field
acting on a given particle, and the effects of the self-field
are encapsulated in the second term on the rhs of
Eq. (8). The exact scattering worldline functions z%(z;)
self-consistently satisfy Eqs. (7) and (8), with the ini-
tial conditions Z(—o0) = uf, lim, _,_,,z,(7;) * b = b*, and
lim,,_,_,,25(7,) *b = 0.

However, even in the EM case, the exact solutions z%(z;)
are not available. Therefore, in the PL approach, one resorts
to an iteration scheme, wherein one starts by expanding the
worldlines as a series in coupling constant %,

Z/f(T]) = b# + M/le + kZ(IUM(Tl) + kzzgz)ﬂ(’[])
3@+ (9)

(1) = hyry + k2 (23) + P2 (1)

+ 13 () + .. (10)

Note that the zeroth-order solutions describe the free
straight-line trajectories. The above series ansatz is then
fed into Eqgs. (7) and (8) to iteratively solve the corrections
to the straight-line paths at progressively higher orders in k;
hence, the name “postlinear formalism.” In Ref. [49], the
)

i

solution of the worldlines up to z

m,-Zl@ (7;) were explicitly computed and, from them, the

relevant scattering observables were also extracted.
Unfortunately, the precise forms of the 3PL worldlines
are rather lengthy and not quite illuminating. Hence, in the

(7;) and momenta up to

"Technically, the series expansion is about a dimensionless
quantity kK = kq,q,/J. However, we can be sloppy about it if we
are sufficiently careful about the regime of validity (k < 1) of the
results.

next subsection, we shall briefly summarize the scattering
observables presented in Ref. [49].

C. Scattering observables

In this subsection, we concentrate on three scattering
observables—scattering angle y, magnitude of the radiated
angular momentum 6/, and the radiated COM energy 0E—
computed in Ref. [49], which are relevant to the current
work. The scattering angle y is defined via

_API b o _API b
[bl[P(co)]|b[[P]

+ O(k*), (11)

siny =
where Ap/| = m;z;(c0) — m;z;(—o0) is the net impulse on
particle 1 and |P(o0)| is the final relative momentum. The
3PL result for y is [49]

X = Xcons T Xrads (12)

2kq,q, )_ ﬂk%]%q% h (J/)
my|b|lv* 2m*y?|bPv?
231 q3[(2 = 3) i (y) — 6uv*y?]
3m3|b|3y51)6

/’L/COXIS -

hy(7)
+ O(k*),

S0 [(6 )
3m|b)PPyv® [\m?  m3
319, {1 tanh~!(v)
mymy \yv* r*o?

(13)

Xrad =

)}hm Lo, (14

where y.ons(1raq) denotes the conservative (radiative) part
of the scattering angle. The symmetric mass ratio (v) and
h,(y) are defined as

v=", mm:%:Mmewn.uﬂ

The radiated angular momentum &/ is the negative of the
binary system’s net change in total angular momentum.
Hence, 6J = J; — J, where J; and J; are the initial and
final angular momenta, respectively. With this definition,
the radiated angular momentum in the COM frame &6/
reduces to

8 = k260, + K36J5 + -+,
__4Rqiqmy Kq_%Jrq_%)
3[blhy,(r) [\mi  m3
3q192 (L _tanh™'(v)

mymy \yv>  p’v’ )]+O(k3)- (17)

(16)

The radiated linear momentum K* is defined as the
negative of the sum of impulses on both particles. Hence,
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K* = —Aph — Aph, where Ap! =m;z{(c0) — p, for
i =1, 2. The radiated COM energy SF is then defined
as K*U, and reduces to

SE = K*E, + K36E; + - - (18)
_ k3 q3 43 [3]/2 +1 (q_% q_%)
4bPh(y) | 3rv \mi  m3
L=D@2+ Y (gim  gm _G(r) 4142
3yv mj m3 yv mpnm;
+ O(k*), (19)
(3y*+1) ( tanh~!(v) 4
G@y)= y— - y—=12% (20
"=y yv Gop 71 20

As mentioned earlier, the main aim of this work is to devise
an EOB formulation that, in addition to effectively captur-
ing the perturbative information contained in the above
two-body scattering observables, also encapsulates certain
nonperturbative aspects. This latter feature, in turn, can
potentially enable us to go beyond the scope of the weak
field regime of PL and also gain insights into the bound
binary dynamics.

III. EFFECTIVE-ONE-BODY FORMALISM:
THE SETUP

The EOB formalism is the canonical transformation that
maps the dynamics of a relativistically interacting two-
body system to that of a single particle in an external
background. More specifically, the EOB maps the compact
binary dynamics of general relativity to the test particle
motion in an external background metric. The EOB
formalism, first introduced in the seminal paper [14] and
further developed in several works [57-60], is now rou-
tinely used in the detection of gravitational waves in LIGO-
VIRGO-KAGRA.

Incidentally, the original paper of Buonanno and
Damour [14] cites an old work of Brezin et al
(BIZ) [61], which essentially discusses an EOB formalism
for EM as one of the primary inspirations. The BIZ paper
used an approximate summation of the “crossed-ladder”
Feynman diagrams of 2 — 2 EM scattering amplitude,
which essentially recovered the eikonal asymptotic behav-
ior and arrived at the bound-state energy spectrum E, by
inspecting the poles of the corresponding Green’s function.
Although this approximation did not effectively capture the
centrifugal effects, their expression for E, correctly
accounted for the recoil effects. The BIZ expression for
the two-body bound-state energy E, can be mapped to the
relativistic one-body spectrum ¢, of a particle, with mass
being the reduced mass, moving in a static Coulomb
potential as E2 = m7 + m3 + 2(m, + m,)e,. However,
the BIZ paper does not account for the radiative effects.

In the present discussion, we shall formulate an EOB
approach to EM that is naturally adapted for the classical
PL scheme. In the rest of this section, we briefly discuss
EOB basics for completeness. In the following sections, we
explicitly show that our proposal efficiently accounts for
the leading-order radiation-reaction effects. We also quali-
tatively discuss how our proposal can be extended to GR.

A. EOB kinematics

As mentioned above, the starting point of EOB formal-
ism is establishing a map between relevant quantities of the
original two-body problem and the effective-one-body
system. Because of the choice of canonical transformations,
this mapping has some freedom. Here, we consider a choice
introduced in [43] in the context of EOB formalism for PM
gravity. This choice allows the conservative EOB dynamics
up to 3PM to be cast as the motion of a particle in an
effective metric. In contrast, the conventional mapping used
in Refs. [14,57] leads to modifying the standard mass-shell
condition. Moreover, the new mapping introduced in [43]
also connects more directly with the results of the original
two-body scattering observables.

The three key ingredients of the EOB mapping are as
follows: (i) energy map, (ii) momentum map, and (iii) angu-
lar momentum map. The total energy E, the relative
momentum P#, and the angular momentum J for a system
of free particles are defined in Egs. (2), (4), and (6),
respectively. We shall denote the energy, spatial momen-
tum, and angular momentum of the reduced mass in the
effective-one-body description by ¢, p#, and j, respectively.
The EOB mapping amounts to the following identification:

2 2 2
E° —m7 —mj

e=—— 12 (21)
P = h,(r)P", (22)
J=hr)J, (23)

|b] = |b], (24)

X =7 (25)

where £, (y) is defined in Eq. (15). The last two equations
above emphasize that the impact parameters and scattering
angles of the original two-body system and the EOB
problem are identified. It is easily seen that j = muvy|b|,
|p| = mvy, and € = my, as is desired.

B. EOB dynamics

Let x#(z) = (t(z),X(7)) denote the effective worldline
that describes the relative dynamics of the two-body such
that mx’ = p’, where the dot (*) denotes derivative with
respect to the proper time of the reduced mass. The final
ingredient of the EOB formalism for PL is a prescription for
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effective dynamics for x*, which encapsulates all the
information contained in the two-body scattering observ-
ables up to the desired order.

The success and utility of the conventional EOB for-
malism for GR stem from the fact that, once the relevant
parameters of the effective dynamics are fixed by matching
the appropriate observables to a given order of an approxi-
mation scheme (like, for instance, PM, post-Newtonian),
the EOB formalism can make sensible predictions even a
bit beyond the regime of validity of the original approxi-
mation scheme. This feature can be attributed to the fact
that the EOB formalism implicitly resums the approximate
series expansion (i.e., either PM or PN expansions) and
effectively translates the same to a systematic deformation
about the test-particle limit (i.e., v — 0). For instance,
by construction, the effective metric in the PN EOB
formalism can be viewed as a v-deformed Schwarzschild
metric with the mass parameter being M = m; + m, (see,
for instance, [14,57,60]).

Motivated by this, we seek an EOB dynamics for the PL.
formalism that can also be viewed as a deformation of the
test-particle limit in EM. The equation of motion in the test-
particle limit m;/m, — 0 is given simply by the Lorentz-
Dirac equation,

2

UG,
i = PO+ S e, (20

where F(©) v 18 the static Coulomb field generated by the
charge g¢,. It is instructive to define the Coulomb force-field
tensor F(¢) w Via F ) w=qF ) u- The Coulomb force-

field tensor can be written in terms of the vector potential
A© . which takes the form

k
A©), — ( ez o, 0). (27)

The Lorentz-Dirac equation, recast in terms of the
Coulomb force-field tensor, is given by

iy /A c U
mlxﬂ_f( )/‘Dx

2k 2 2
n m |:<q_12> F({))ﬂy,axljxa_’_ <q_l3> (]:'(c);zyj:(c)ya)'ca

3 mj my
—Floa Floy 5P %)
2k (g
+5 (%) f<f>ﬂmxvxax6] +O(KY). (28)
1

We neglect the O(k*) terms since they will not be relevant
for the 3PL results. Now, motivated by the form of the test-
particle limit given by Eq. (28), we propose that the EOB
dynamics is described by the following deformed Lorentz-
Dirac equation:

mit = F, i

2%k
+ —3’” {Aﬂy,ama + B(FH, F¥ (i = F, T iP5, )

2k
+ ?C}' ﬂy,aajc”y'c“jc"] +0(k*), (29)

where A, B, and C are three parameters of dimensions
q3/m3, g3/m3, and ¢{/m3, respectively. Although we have
motivated the above EOB equation of motion as a natural
deformation of the Lorentz-Dirac equation, in the spirit of
conventional EOB formalism in the gravitational case, the
same deformed dynamics can be shown to follow from
general principles, like Lorentz invariance, gauge invari-
ance, etc., and some minimal further assumptions, as we
discuss in Sec. VII A. This alternative perspective, akin to
the effective-field-theory approach, signifies that Eq. (29) is
not entirely ad hoc.

The proposed deformation of the dynamics has two
distinct aspects: (i) the deformation of the conservative
force field (or, equivalently, the potential); F () w = Fu
(or, equivalently, A() x — A,), and (ii) the deformation of
the radiation-reaction force; accomplished by replacement
of the coefficients g3/m?, g3 /m3, and ¢}/m3 in the leading
radiation-reaction term in square brackets on the right-hand
side of Eq. (28) by, respectively, A, B, and C. While the
former captures the conservative part of the two-body
dynamics, the latter encodes the radiative effects. As in
gravity, we consider a static and radial external force field.
Further, we can assume the following form for the
deformed potential:

'Aﬂ - (¢, 0’ 0’ 0)7 (30)

= (kqiqx\"
r)=E a5 7). 31
#(1) n_l(rM)wy) (31)

In the limit v — 0O, the scalar potential ¢p must reduce to
kq,q,/r. We shall explicitly see that this is indeed the case.
Moreover, it is also easy to see that the conservative
dynamics is effectively described by the following
Hamiltonian:

H(p.%) = \/p*p+m*+¢(|7), (32)

where X and p are the effective-one-body coordinate and
momenta, respectively. In particular, Hamilton’s equations
of motion that follow from H, namely, dx’/dt = 0,i’H and
dp'/dt = —0,H, can be shown to be equivalent to the
conservative limit (i.e., A, B, C — 0) of Eq. (29).

It is well known that Hamiltonian formalism cannot
describe generic dissipative systems. For the special case of
dissipative forces that are linear in velocity, one can employ
the Rayleigh dissipation function [62]. However, this
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approach fails to describe a more general class of dis-
sipative features. For a discussion of this issue and a
modified Hamiltonian formalism that can accommodate
generic dissipative systems, see Ref. [63]. Nevertheless, we
can study the classical evolution using the effective
deformed Lorentz-Dirac equation. The parameters A and
B, in the radiation-reaction terms therein, can be assumed in
the following form:

1 5 mipmy
2 2 2 2
q1 q3 q1 9>
B - k) k) —a —a
ﬂl(y 7)( % %m) +ﬂ2(” 7)( ?+m3)
9192
s 34
AW (34)

Here, we expect a;(0,7) = $,(0,7) +ﬂ2(0 y) = 1, so that
the Lorentz-Dirac equation is retained in the test-particle
limit. To accommodate all potential terms of the required
dimension that can be generated from ¢, q,, m;, m,, one
would have naively assumed an infinite series expansion
for both A and B based on the dimension analysis. For
instance, one could have added terms proportional to
q1/(gam3), q1®/(g5¥m3), etc., to the ansatz for A.
However, from the form of dissipative scattering observ-
ables 6J and OF, given by Egs. (16) and (18), respectively,
one can guess that the finite expansions in Egs. (33) and
(34) would suffice. On the other hand, the form of C can
only be fixed when the dissipative variables are known to
O(k*), which is currently unavailable. However, fortu-
nately, the parameter C does not contribute to either y or
SE, up to O(k*). Hence, we shall ignore this term for the
most part, barring some comments at a few junctures.

In summary, up to third order, we have three sets of
unknown dimensionless parameters in the EOB dynamics:
{¢1. 2.3}, {ar. an}, and {By, B>, B3 }. The next step is to
determine the explicit forms of these parameters by
matching the observables of the EOB problem to those
of the original two-body problem, as discussed in
Sec. IIT A.

IV. EFFECTIVE-ONE-BODY FORMALISM:
THE OBSERVABLES

The effective potential ¢(r), as defined in Eq. (31), is
characterized by an infinite set of coefficients {¢,|n =
1,2,3,...}. However, as mentioned earlier, for results up to
3PL, the subset {¢,®,,p3} would suffice. We can fix
{¢1, P>, 3} by matching the conservative part of the
scattering angle of the EOB problem to that of the original
two-body problem; whereas, to fix A and B, we shall do a
similar exercise with the leading-order radiated angular
momentum and radiated energy. Therefore, our next step is
to solve the scattering problem of the EOB system to 3PL.

A. Perturbative approach to the EOB dynamics

As described in Eq. (29), we now solve the hyperbolic-
like orbits of the reduced mass, interacting with an effective
conservative force F(r) and a radiation-reaction force.
Because of the system’s symmetry, the entire scattering
orbit will be constrained on a plane, where we introduce the
polar coordinate system (r, ). As is standard in the study
of orbital dynamics, for convenience, we introduce the
variable u =1/|X| = 1/r. Now, we want to obtain the
function u(#) that mathematically represents the orbit. In
the spirit of the PL scheme, we shall solve the scattering
orbit u(0) as a series in the coupling constant. To this end,
we expand as follows:

u(6) :’”— sing+ (’“1]1"2) () + (’“’—{qz)zaz(e)

J
(k(héh)

=u ( —|—ku1( )+k2142( )+k3u3(9)+"', (35)

where j is the initial angular momentum. Let us denote the
angular momentum along the orbit of the EOB particle by
J(0). Because of the radiation reaction, J () is not a
constant along the orbit. It is also convenient to expand the
varying angular momentum 7 (0) in powers of k as
follows:

mr20

2 3
—j+ (kq]l.qz> 7,(0) + (k"}‘”) T3(0) + -
Ej+k2j2<9)+k3j3(9)+"'. (36)

J0)

Note that -dependent corrections start only at O(k?), the
reason for which will be clear shortly. Similarly, we can
also expand the energy function £(0) as

E@)=e+¢
—c+ (k‘“.qz)zé‘z(e) + <@>353 )+

J J
=c+ k& (0) +KE(0) + - -, (37)

where ¢ = mt. The evolution equations of u(6), 7(6), and
& can be derived from Eq. (29) and the mass-shell condition
written in polar coordinates. The orbit is a solution to the
following differential equation:

e 8/ 82 jl

jzu/ + j3u/

u 4+ u— =0, (38)
where the prime (') denotes derivative with respect to 6.
The rates of change of angular momentum and energy
function take the forms
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2k F F?
70 =" () -5 (G +

/ —
€109) = 3 m m m?

Now, we can perturbatively solve the system of the three
equations (38)—(40) in powers of k. To this end, we need to
substitute Eq. (35) into the three equations and iteratively
solve the system. In particular, the equation of motion of
the orbit at the nth order can be cast in the following form:

w4y + U, (U Uy ... ttg) = 0. (41)
On the other hand, the equation describing the dissipation
of energy and angular momentum simplifies to

j:l = Tn(un—Z’ Up—35.ees MO)’ (42)

5;1 = Pn(un—Z’ Up—35 .5 MO)‘ (43)

1. Comments on the C-dependent RR term

Although we have displayed the C-dependent RR term
in Eq. (29) for generality, as we show in this subsection, the
observables at O(k?) are independent of C. To see this, we
first rewrite the C-dependent RR term as a total derivative,
modulo O(k*) terms,

4k*mC 4k*mC d
5 Fhartt AT = T [
+ O(k). (44)

Substituting the rhs of the above expression in Eq. (29), we
see that the contribution to the energy radiated from this
term goes at most as lim,_, o [u?(7) — u*(—7)] and, hence,
vanishes at O(k?). Similarly, the C-dependent piece of the
rate of change of angular momentum, Eq. (39),

49 d
”2 “f> ko0 + O(KY). (43)

4RXC (T*W W’ F T
o (o

m m
is also a total derivative. Since u — 0 at the asymptotes, it
follows that the contribution of the above term to 67
vanishes at O(k?). Thus, from the above two observations,
one can naively conclude that C cannot be fixed with the
knowledge of O(k?) observables. On the other hand, the
same observations also indicate that we may predict
the subleading contribution to 6/ from only knowing the
explicit forms of the coefficients A and B, whose explicit
forms are not available in the literature. In Sec. VA, we
discuss this in detail.

j_—z jz

2km {A(ju}'_j(u’)zdu}) _B<j€.7:2> +2_k2
3m

2k (T F  J*uuo,F
)-l-?C( 3 + 5 )} (39)

m

C(J?ud BuF + ud, F) — (u')*(20,F + aﬁfu)))] . (40)

|
B. Scattering observables: The conservative parts

We define the conservative scattering angle y..,s as the
part of the total scattering angle y that can be attributed
to the dynamics generated by the conservative potential
while neglecting the radiation-reaction terms. The standard
formula below gives the conservative scattering angle
to be

0 d
Xcons — T — 2.]/ s ’ (46)
Fain(c) r\/ [(e—¢ ]r e

where 7pin () 18 the conservative piece of the value of radial
coordinate at the closest approach and is given by

DqIQZ¢l UQ%q%( u¢2 + 27/27/024)2) 2
b k k
T'min(c | |+ + 2|b|74 2,4
h WI?‘I%(W% hy1 )
Y KB+ Ok 47
o R O (#)
= |b| + bk + byk* + bs3k® + O(k*), (48)

where b, b,, bs, .. are constant coefficients defined by the
above series. A straightforward computation yields

_ 2kq1q:2¢1h, ﬂkz%ﬂbh (2yve, — qu%)
cons |b|}/mU2 2|b|2y2m21)2
2k3q3q
3oyt 1127 = 3)(ih, = 6rudhr)
= 6uhy) + 677 v 3] + O(k*). (49)

C. Scattering observables: The dissipative parts

From Egs. (39) and (40), and noting that F is O(k), we
see that & and J' are O(k?). Moreover, to solve £() and
J(0) to O(k?), we require only the orbital equation u(6) to
O(k). Solving Eq. (38) iteratively, we get

u(0) = m]W nd + <kq1'q2> <h,,¢} my) (cosf—1)

J
+ O(K3). (50)

Substituting the above in Egs. (39) and (40), and integrat-
ing, we get
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2 (2iAm?y?
j(a) :j— (k%.‘h) < JAam-y U(blhzz) (COSQ— 1) +0<k3), (51)
J 39192
2 3 3,3
£(0) = - <’“1 1@) <27 Amv ¢1h”> sin20 cos 0+ O(K). (52)
J 3919>

We have delegated the rather lengthy expressions for 75 and £5 to Appendix A. An interesting thing to note is that, although
the perturbations of both energy and angular momentum start at O(k?), the radiated angular momentum 6.7 is O(k?), while
the radiated energy &€ starts only at O(k?). More precisely,

8T =-[T(m—y)—T(0)] (53)
_ (kfhfh)z 4Ajy2m21;4>1h,,
J 3919>
3240000 2 2 2) — 2
i (kM) A O GAW ) 2 BO ) ZSARV L o), (54)
J 129,49,
56 = —[€(x - 1) - £(0) 33)
3_.3713,3,272
_ <k6]1.612> my 'k mz v2 hy (4A + 3By*mv?) + O(k*). (56)
J 12g19>

As mentioned in Sec. IVA 1, the third-order contribution to 6/ is indeed independent of C.
|

V. DETERMINING THE EOB PARAMETERS (27* = 3% + 1)(h, = 1)h, — 2551
$s = L

In the previous section, we perturbatively obtained the 2y%v
expressions for u(0),£(0), and J(0), including the radi- o . o .
ation-reaction terms. In this section, we determine the ~ Similarly, we obtain the radiative coefficients {a;} and {/};}
hitherto unknown coefficients {¢;}, {a;}, and {§;} in the ~ USINg the .matc.hmg conditions derived from the EOB
EOB formulation. We also discuss how the EOB formalism ~ Mapping given in Sec. IILA,
can provide a way to obtain subleading contribution to the

(59)

2’U4

2
loss in angular momentum. o€ =6E + ©E)” = 6E + O(k*), (60)
To determine the first set of parameters {¢,, ¢, P53}, we h, 2E
equate the conservative piece of the scattering angle of the
original problem to that of the EOB one. This yields g = 5] + igE + oESJ = 5]+ O(k) (61)
h, E E '
$r=1 (57) The above mapping yields
) = b~ 1 (58) a; = L. a, = ———=— (tanh™!(v) —y%v),  (62)
T 2w "h 2T 0%, '
|
37> —4yh, + 1 (r—=1Gr+1)
hh=—"2537 " P="2535
3y°v°h; 3y’ v h;
4h,[y’v — ytanh~! (v)] + (37> + 1) tanh~! (v) + yv[(4 — 3y)y> — 9y + 4]
Py = S R2 . (63)

This concludes our EOB formalism for the electromagnetic scattering problem, which accounts for the leading-order
radiative effects. Appendix C contains the expansion of the EOB potential in the test-particle limit.
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A. Determining subleading radiated
angular momentum

We now argue how the EOB formalism can be used to
derive the subleading contribution to the angular momen-
tum loss. As mentioned earlier, the direct computation of
this O(k*) term to 6/ is currently unavailable. However,
once the explicit forms of A and B are known, one can use
Eq. (54) along with the EOB mapping from 67 — 6J to
“predict” the third-order contribution to 6J. We find that
this contribution dJ5 is

J 3 4
5Iy= |—(n(2+—=)-30)|sE
’ {3m<”<y+7%2> y)] ’

N 74195 (h, (37 (v* =2) +4) = 3°0?)
12y%Jvh,

}512, (64)

where 6J, and 0E; correspond to the leading-order radiated
angular momentum [Eq. (16)] and energy [Eq. (18)].

VI. RESULTS FOR BOUND ORBITS

In the gravitational case, one of the most important
applications of classical scattering results has been accu-
rately forecasting bound-orbit dynamics. Several promising
methods have been proposed to achieve this, including EFT
methods [16,17] and analytic continuations [22,42]. Here,
we explore using EOB formalism to extract binary-orbit
results from the unbound-orbit ones.

For the EM case, which is the focus of this work, binary
orbits exist for g;q, < 0. These binary orbits satisfy
E < M, which in the EOB language translates to ¢ < m.
The method initiated in Refs. [22,42] corresponds to
obtaining certain bound-orbit results by the analytical
continuation of appropriate scattering observables into
the domain y < 1. As a consistency check of our formal-
ism, we now verify whether we can reproduce the bound
orbits’ results obtained using analytical continuation meth-
ods. In this section, we explicitly evaluate (1) the periastron
shift A® and (2) the energy radiated per orbital period
(AE), and (3) the angular momentum loss per orbital period
(AJ) using the EOB formalism and compare them against
the expressions evaluated using analytic continuation. For
completeness, we have exhibited the expressions from the
analytical continuation method in Appendix D.

To compare bound-orbit results, it is convenient to employ
certain useful variables. We start with the mass-subtracted
energy (or “the nonrelativistic energy”) E,, = E — M. The
bound orbits correspond to those with E,,. < 0. Recalling
that £, < Ocorrespondstoe/m =y < 1, the function &, =
E/M = /1 +2u(y —1) for the bound orbits satisfies
h, < 1. Since h, and y were originally defined for the
scattering problem (for which A,,y > 1), we introduce a
subscript (b) for these variables whenever they specifically

refer to bound orbits; i.e., h,;) and yy) for E,, <O.
Moreover, for bound orbits v = iv,, where v, € R.

A. Periastron shift

The leading-order periastron shift is expected at O(k?).
So, we shall next find the conservative bound orbit at this
order. The (conservative) equation of motion for the orbit
takes the form

k
" + o*u + < 61.12612
J

)m)mqslhy(,,) LOW) =0, (63)

k 2
o =1- ( 61].12612) h,,(/,) (¢%hy(h) - 27/(;,)1/(]52), (66)

where the subscript (b) with y and A, refers to bound orbits
(i.., Y(3)> hypy < 1). The orbital equation is

y(,,)kmq] g2 hy)

7 ’

u,(0) = it coslw(0 — )] — (67)

where the constant # can be found by demanding the
mass-shell condition and € just captures the initial con-

dition. Therefore, the periastron shift at O(k?) can be found
from

2
A® =" 27+ O(K) (68)
w
TG @5 hy ) (DT huw) — 27 ()ve2)
_ 192" 0(b) 1j2() (b) —|—O(k4) (69)
k2 2.2
=TI ok, (70)

where in Eq. (70) we have used Eqgs. (57) and (58), along
with the EOB map J = £, j. Note that the above expression
matches exactly with (D2).

B. Energy loss per orbit

Equation (40) gives the general expression for the rate of
change of energy. Hence, the total energy loss per orbital
period of the EOB particle A€ is

AE = —fgfda. (71)

Substituting the bound-orbit solution u,(0) from Eq. (67)
into the above equation yields

1y ) (1l — DEm qiaz¢ihl ;) (4A+3B(yy, — 1)m)

6;°
+ O(k*). (72)

AE=
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Using the EOB mapping in Eq. (60), the above equation
translates to

E:nm3k3q%q%(r%b> -1) [<3y%b> +1) <q§ ra )

25%h 3 m ' ml
(riwy— 1)(37%1,) +1) @am  gm 9192
n 3 T+ ) =G
my  m; mynt,
+O(K*), (73)

where we have also used the explicit forms of A and B as
found in Sec. V to arrive at the final expression. The above
expression matches exactly with that in Eq. (D3).

As a further consistency check, it is instructive to
consider the nonrelativistic limit of the above expression.
To this end, recall the definition of nonrelativistic energy
E, = E—M, so that h,;) = E,./M + 1. Therefore, the
nonrelativistic limit AE,,, of the energy loss takes the form

E5,

4ﬂm2k3q2q2E q q 2
AE, — —— " 21727 (A1 92 Ok*Y). (75
= I (08207 o). (19

AJ =

The above expression matches perfectly with the leading-
order nonrelativistic limit of energy loss computed in
Appendix B.

C. Angular momentum loss per orbit

Equation (39) describes the rate of change of angular
momentum. The angular momentum lost per orbit of the
EOB particle is

AT = - f{ J'do. (76)

Substituting the bound orbit u,(0) from Eq. (67) into the
above equation, we get

B 2mAk? mzq%q%hy(b) (7%17) + 27%1;) Puv) = 1)

A
B3yt =2r2, - 1)K miqiq3h?
+ (b) T 20 Lok, (77)

Now, using the EOB mapping in Eq. (61), we can evaluate
the angular momentum loss per orbit of the original binary
system,

B 2ﬂAk3m2Q%61§hy(b)(—W?b) + YV + hyw) (Vfb) + 27(2b)hy(b) -1)

3J?
7B(r(y = VM i a3hy i) Br ) (v, — Vv = GBrgyy + D)

6J°

Substitution of A and B in the above equation produces a
lengthy expression, which is not illuminating and will
not be given here. However, the final expression thus
obtained matches exactly the one obtained from Eq. (D5).
In other words, AJ from our EOB formalism is precisely
2k38J3 + O(k).

As in the case of energy loss, the nonrelativistic limit of
AJ yields

Enr
AJ_AJW+(’)<M), (79)

AnkPm (g_@)f (80)

AJnr - 2
3J nmy nmy

The above expression for AJ,, matches precisely with the
explicit nonrelativistic computation of angular momentum
loss given in Appendix B.

+ O(kY). (78)

VII. COMPARISON TO OTHER APPROACHES

In the previous section, we demonstrated how to use the
EOB formalism to derive physical quantities for the binary
orbit from the unbound-orbit ones. We also showed that the
EOB formalism gives identical results to the other
approaches. In this section, we compare and contrast our
approach to certain other ones, although mainly concerning
gravitational dynamics, already available in the literature.

A. Effective-field-theory-inspired approach

The EFT-based approach for gravitational binaries of
nonrotating compact objects was pioneered by Goldberger
and Rothstein [64,65]. The extension of the approach that
accounts for the spin was also later developed [66,67]. For a
modern review of the EFT approach to gravitational
dynamics, consult [68]. EFT methods have recently been
used to study PM dynamics [69-74], even including the
radiation effects [45,75-81].

In Sec. III B, we invoked Eq. (29) as a deformation of the
standard Lorentz-Dirac equation to account for the recoil
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effects. However, one can also motivate the same deformed
Lorentz-Dirac equation from EFT-inspired reasoning. To
this end, instead of referring to the Lorentz-Dirac equation,
we can seek the most general form of the radiation-reaction
force that is allowed by symmetries of the system. More
specifically, we look for additions to the Lorentz force
equation that are (1) Lorentz invariant, (2) gauge invariant,
(3) orthogonal to x*. The above assumptions, along with
the fact that F#, = O(k) and kq*/m has dimensions of
length, imply that the allowed terms, up to O(k?), are
proportional to

(AT, (5%, B(FH,FY (i = Fo, F¥ pil i),
KCFF, 4o i 5757}, (81)

where A, B, and C are three parameters of dimensions
q3/m3, q3/m3, and g}/m3, respectively. The idea is to
generate terms by either taking multiple derivatives of 7 and
contraction with an appropriate number of velocity vectors
or taking products of F’s and contracting by an appropriate
number of velocity vectors or acombination of these two. Of
course, while generating these terms, one should be mindful
of the order in & of the same as well as introduce appropriate
coefficients so that the terms have the desired dimension.
The simplest term obtained in this manner, therefore, has the
schematic form d,Fxx, followed by FFx and, finally,
dxoxFx x X, exhausting terms up to O(k?). By extending
this logic, one can write down the radiation-reaction terms to
any desired order and introduce appropriate parameters,
which can be fixed by matching observables of the EOB
problem to that of the original two-body one.

B. Conventional approaches to EOB
for dissipative dynamics

The dissipative effects due to radiation can be accounted
for by adding an appropriate radiation-reaction term to the
equation of motion. Retaining our notation for the polar
coordinates for the relative coordinate, the radiation-reaction
f force can be generically written as f = f,.7 + (f5/ r)6. The
rate of change of total angular momentum and energy takes
the following form [33,82]:

dé dr do

E—Efr‘FEfav (82)
a7
=T (83)

Finding the components {f,, fy} of the radiation-reaction
force requires balancing the energy and angular momentum
emitted to infinity by radiation with that dissipated by the
EOB system. In the gravity case, this PM-inspired approach
was used to determine the radiation response force as a series
in G. To facilitate this, in Ref. [44], the RR force components
were written in terms of two functions ¢, and ¢ o such that

f= (c,+cp)p,%+ﬂé, (84)
r

where p, is the radial component of the relative momentum.
The idea is to find the functions {c,, c,} by an appropriate
matching of the energy and angular momentum radiated as
gravitational waves to, respectively, the energy and angular
momentum lost by the binary system. In the spirit of PM and
further assuming {c,, ¢, } to be functions of only r and |p|?,
Ref. [44] describes the general procedure to find these
functions as a series in G and gives explicit results up
to O(G?).

One can employ a similar approach for the EM case as
well. As opposed to the top-down approach for RR force in
Ref. [44], our method begins with the most general
expression for the RR force at the desired order, so the
series expansions of the corresponding functions {c,.c),}
are straightforward and follow directly from expanding the
appropriate components of Eq. (29). To this end, we first
assume the functions ¢, and ¢, to have the following
general expansion:

1 kqyq,\? kqyq,\?

1 kqyq,\? kq,q,\?

On the other hand, the radial and angular components of the
RR force in Eq. (29) that, ignoring the C-dependent term,
take the forms

p

2kA
fr = |:T

2kAF 2kmBF? J?
o= 52 () o o

0,F

2
kBT ;ﬂ} s (87)

3mrie

3r €

where F = —0d,¢ and & = mt. In the above equation, we
can use the definition of {c,,c,} from Eq. (84) and the
series expansion for the ¢ obtained in Sec. V to arrive at

c, =

1 {_ 2491 qapihy (_ 16AKvqiq5ah,

r r? 3mr?

| 2BRGERR
3yr3

) + O(k“)}, (89)

o = 1 2AK*q g2, . AARP VG g3y h,
"o 373 3mr?
_ 2B G5 pth (2 + mr?)

3ym*r

> + O(kﬂ}, (90)

where A and B are also as found in Sec. V.
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We can now compare our findings to those related to
gravity [44]: First, in Ref. [44], it was found that demand-
ing 6€ and 67 at O(G?) in the gravitational case fixes the
RR force entirely at that order. For instance, the fact that 6
vanishes at O(k?) implies that ¢, = =3¢, + O(G*). Using
Egs. (89) and (90), it is easy to see that the analogous
condition, namely, ¢, = =3¢, + O(k*), is automatically
satisfied in our formalism.

VIII. SUMMARY AND FUTURE OUTLOOK

We have described the effective-one-body formalism for
conservative and radiative dynamics of a relativistic
electromagnetic binary system. As a concrete illustration
of the formalism, we discussed the details of EOB
dynamics at O(k®). At this order, the system’s symmetry
requires that the EOB dynamics be parametrized by three
conservative parameters {¢;, ¢,, 3} and three dissipative
parameters {A, B, C}. While the former set describes the
conservative potential of the EOB dynamics, the latter
captures the radiation-reaction force. However, physical
arguments show that the parameter C is irrelevant for
observables at O(k*). By matching the conservative part of
the O(k*) scattering angle of the original two-body
problem and that of the EOB system, we found the explicit
forms of the parameters {¢;, ¢, ¢3}. Similarly, by com-
paring the O(k*) radiated energy and O(k?) angular
momentum on both sides, following the EOB mapping
reviewed in Sec. Il A, we found the explicit forms of the
dissipative parameters A, B. With the exact values of
{¢1, P>, 93} and A, B, our formalism describes the full
dynamics of an electromagnetically charged binary system
at O(k%), including certain nonperturbative aspects. As a
further application and cross-check, we have studied the
bound-orbit dynamics of the system at O(k*) using our
formalism. To this end, we focused on calculating three
observables: the periastron shift (A¢), radiated energy per
orbit (AE), and radiated angular momentum per orbit (AJ).
Our results for these observables match perfectly with the
ones expected from the method of unbound-to-bound
analytical continuation.

Interestingly, our formalism leads to a conjecture for the
subleading contribution to the net angular momentum loss
for the unbound orbits (6/3), whose explicit computations
are unavailable yet. The significance of the subleading
angular momentum loss in a scattering encounter is that via
an analytic continuation argument [see Eq. (D5) and, for
more details, [49]]; one can show that 6/5 is directly related
to the leading-order radiated angular momentum per period
in a bound orbit. Using our EOB formalism, we have also
independently shown that this is, in fact, the case. As a
corollary, our formalism leads to the leading-order PL
expression for radiated angular momentum per period for a
bound orbit, valid to all orders in velocity. The non-
relativistic limit of the angular momentum loss can be

independently derived from standard results on dipole
radiation (see Appendix B). We verified that the non-
relativistic limit of our expression for AJ matches precisely
with that obtained by explicit nonrelativistic calculations,
potentially indicating that our conjecture is accurate. It
must be emphasized that a mere analytic continuation of 6/
up to the order available in [49] gives AJ = 0+ O(k?),
rendering the approach essentially futile in making pre-
dictions of leading-order angular momentum loss in bound
orbits. Moreover, as noted in Ref. [49], the explicit
computation of 6J5 (and, by analytical continuation, AJ)
requires first solving the exact forms of the worldlines of
the original scattering particles at O(k3). The solving of the
worldlines at 3PL involves rather cumbersome integrals.
However, if correct, the EOB approach offers an extremely
economical way to derive /3 and AJ. In summary, our
conjecture for the leading-order AJ shows that our EOB
formalism is not only a convenient resummation of the
already available 3PL results, but also has predictive power.

In Sec. VII A, we have briefly discussed a plausible
alternate interpretation of the EOB dynamics in terms of the
EFT framework. However, it is desirable to formalize the
reasoning therein, which will be the subject of a forth-
coming publication. Here, we will briefly outline how one
could achieve this objective. The standard Lagrangian-
based EFT approach cannot efficiently account for dis-
sipative effects. An elegant Lagrangian formulation of
classical dissipative systems, inspired by the Schwinger-
Keldysh formalism for nonequilibrium quantum systems,
was proposed in [63]. For the EOB particle considered in
this work, the application of this formalism starts with the
doubling x* — {x|,x5}, while the Lagrangian takes the
form

L= Len(¥y, 7)) = Lem (¥, X7) + K, %), (91)

where i = 1, 2, L, is the standard quadratic Lagrangian
for a particle in an external electromagnetic field, and K is a
function that cannot be written as a difference of the form
F(, %) = f(x5, ;). The radiation-reaction terms can be
accounted for by an appropriate choice of K(x/, X}'). This
choice, in turn, may be further constrained by the sym-
metries of the systems and expanded in powers of coupling
k in a manner analogous to the standard EFT approach.
Presumably, such a systematic procedure would lead to an
alternate, more rigorous justification for the deformed
Lorentz-Dirac equation given in Eq. (29). Further, it would
be interesting to see if the RR coefficients (i.e., A, B, C,
etc.) can be directly related to the scattering amplitude
analogous to the conservative potential extracted from
amplitudes.

We are confident that the formalism outlined here for
the EM case can be extended to gravity. However, one
immediate hurdle to a naive extension of our approach to
the GR case is that, even in the test-particle limit, the
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leading-order RR force, as, for instance, described by the
MiSaTaQuWa equation [83,84], is not a simple local
function of the worldline of the particle. Rather, it depends
on the history of the particle as well. Nevertheless, one
might seek a suitable deformation of the MiSaTaQuWa
equation that can serve as the RR term in the EOB equation
of motion.

Alternatively, one might employ the series expansion
approach described in [44] (and briefly revised in
Sec. VII B). Regarding this, in Ref. [44], it was assumed
that ¢, and ¢, are functions of r and |p|. It appears that the
EM analog of this assumption is inconsistent with the
expressions for ¢, and ¢, given by Egs. (89) and (90). It
seems more reasonable to regard {c(i)r, C(i) ) as functions

of both |p|? and (J?/m?r?). Consequently, the assumption

that the RR force can be written in radial gauge appears to
be not true, at least in the EM case. In GR, this assumption
(of dependence on only r and |p|*) may hold, while the
same is violated in EM. If this is the case, it merits
additional investigation and will be the subject of sub-
sequent studies.
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APPENDIX A: THIRD-ORDER ENERGY
AND ANGULAR MOMENTUM

The third-order angular momentum is given by

T3(0) = AT 34)(0) + BT 3(8)(0) + CT 3¢)(0), (A1)
_ PPm*qiqdh, (Pih,(4sin(0) — 20(v? + 2) + v? sin(20)) + 2yvv?h, (20 — sin(26)))
T304) = 5 , (A2)
0j
Mgt pih (40(3y*v* +4) + y** sin(46) — 8sin(26) (y*0* + 1))
T3 = > ; (A3)
48]
4y%m3q,q,v%¢, h,sin® (0
j}(c) _ 1 29 k. 1 ( ) ) (A4)
J
The third-order energy turns out to be
Ey = A&34)(0) + BE3p)(0) + CE3(¢)(0), (AS)
r*hm? @2 q3v? (hp? (=20 + sin(0) + 5 sin(260) — 3 sin(360)) — 8yvv’¢h,sin®(0) cos(0))
E3(a) (0) = 6,3 ’ (A6)
572 4 2 2 442 . .
v h*m*qiq5v"p7(126 — 8 sin(26) + sin(40
53(3) (9) — _ 142 l( ~ ( ) ( )) , (A7)
487
2y hm*q,q,v° ¢ sin®(0) (3 cos(20) + 1
£yo) = - LI O D O Qcos(20)+1) "
J
|
APPENDIX B: NONRELATIVISTIC LIMIT OF D a4 B2
ANGULAR MOMENTUM AND ENERGY LOSS = Gn, ") (B2)

The dipole formula for the rate of radiated angular
momentum loss is [85]

(B1)

where D is the dipole moment vector. For a binary system
of charges, we have

where r is the position vector of particle 2 with respect to
particle 1. In the nonrelativistic limit, the force between the
charges is the simple Coulomb force. Using this fact, the
rate of angular momentum loss

(B3)
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The nonrelativistic orbit is given by r = R/(1 + o cos 8),

2E,,J?
m(kq1q>)
the above equation over one orbital period, we find that the
nonrelativistic limit of angular momentum loss per orbit is
given by

where 62 =1+ ;and R = J?/(kq,q,m). Integrating

A‘Inr

_ 4k nqig3 (611_612)2‘ (B4)

3J? m;  m

The dipole energy loss, on the other hand, has the
following expression [85]:

(B5)

Again, using the fact that the force between the particles is
Coulombic, the above equation simplifies to

APPENDIX C: EXPANSION ABOUT THE
TEST-PARTICLE LIMIT

It is instructive to look at expansions of the EOB
parameters in the symmetric mass ratio v. The effective
potential takes the form

k
#(r) =

| =Dkaar (= 1)k q3q3
r 2ymr?
2r+ DV q}q3

- 2},2(7/ + 1)m2r3 + O<k4) + O(V2)7

(C1)

which has the leading-order term consistent with that
expected from the test-particle limit. On the other hand,
the radiative coefficients have the expansions

a; =1+ (1=y)v+ O0@?), (C2)

dE _2mqiq3 (a1 42 \?
0 a2 <m—] - m—) : (B6) _ 3(tanh™'(0) — 0p?) | 3(y — 1)(vp? — tanh™' () v
* = 233 + 3.3
4 vy
Upon integrating the above equation for one orbit, we get + O@?), (C3)
2
dam* I G3E,, (q1 ¢ \? . R Gl L C4
AE,, = ——— <m1_mz> +OUY).  (BT) Prbr=lt—7"+ (®), (C4)
J
v((=6y* +4y —2)cosh™! (y) +2yBy((y =2)y +3) —4)v) (3y—1)cosh™'(y) +y((5-3y)yr—4)v
fy— ((=6r>+4y-2) 4(7’) yg r(r=2r+3)=4)v)  Br-1) 4()’) 7((3 1)y —4) )
vy + 1o rr+1v
In particular, at the leading order, ; and f; + /3, are both nk*q3q3 4
unity, which is also consistent with the expected test- Ad = thl/(b) + O(k*). (D2)

particle limit.

APPENDIX D: RESULTS FOR BOUND ORBITS
FROM OTHER METHODS

In this appendix, we give the results of the analytical
continuation method for (1) the periastron shift A® [22,42],
(2) the energy radiated per orbital period (AE) [49,86], and
(3) the angular momentum loss per orbital period (AJ) [49].
Following Refs. [22,42], the periastron shift can be found
from the scattering angle by analytically continuing E,,,
and J,

Aq)(Ean) = _)(<Enrv‘]) _)(<Enrv_‘])‘ (Dl)
Note that the left-hand side is defined for E£,,, < 0, while the
right-hand side is written in terms of functions originally
defined for E,, > 0, but analytically continued to the
bound-orbit domain E,, < 0. Hence, from Eq. (13), the
leading-order periastron shift takes the following form:

Similarly, following Refs. [49,86], the energy loss per orbit
can be obtained by analytically continuing the energy, i.e.,

AE(Enr’J) = 5E(Enr",) _5E(Enr’ _J) (D3)
As in the expression for the periastron shift, on the left-
hand side is a function naturally defined for bound orbits
(E,, <0), while the right-hand side is constructed from
analytic continuations of functions originally defined for
scattering orbits (£, > 0). From Eq. (18), the energy loss
per orbit is then given by

E:ﬂm3k3q?q5(ﬁb) -1 {(31/%;,) +1) (q_%+q_§>
2730t 3 m?  m?
v(b) 1 2
N (rw) — 1)(3}’?;,) +1) qim +q§m Gl 919>
3 m? m% (b) mymy
+O(kY). (D4)
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Likewise, the loss of angular momentum per orbit is [49]
AJ(E,,J) =8J(E,..J)+6J(E,.,—J). (D3)

Since the second-order contribution to 6/ is odd in J, the
above equation implies that AJ is O(k*). In particular,

AJ = 2k38J5 + O(kY), (D6)

where 6J5 on the right-hand side of the above equation is to
be understood as the analytic continuation of the same [i.e.,
as given in Eq. (64)] to the domain E,, < 0.
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