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In this paper, we carry out a systematic study of the prospect of testing general relativity with the inspiral
signal of black hole binaries that could be detected with TianQin. The study is based on the parametrized
post-Einsteinian (ppE) waveform, so that many modified gravity theories can be covered simultaneously.
We consider black hole binaries with total masses ranging from 10M⊙ ∼ 107M⊙ and ppE corrections at
post-Newtonian (PN) orders ranging from −4PN to 2PN. Compared to the current ground-based detectors,
TianQin can improve the constraints on the ppE phase parameter β by orders of magnitude. For example,
the improvement at the −4PN and 2PN orders can be about 13 and 3 orders of magnitude (compared to the
results from GW150914), respectively. Compared to future ground-based detectors, such as ET, TianQin is
expected to be superior below the −1PN order, and for corrections above the −0.5PN order, TianQin is still
competitive near the large-mass end of the low-mass range [10M⊙; 103M⊙]. Compared to the future space-
based detector LISA, TianQin can be competitive in the lower-mass end as the PN order is increased. For
example, at the −4PN order, LISA is always superior for sources more massive than about 30M⊙, while at
the 2PN order, TianQin becomes competitive for sources less massive than about 104M⊙. We also study the
scientific potentials of detector networks involving TianQin, LISA, and ET, and discuss the constraints on
specific theories such as the dynamic Chern-Simons theory and the Einstein-dilaton Gauss-Bonnet theory.
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I. INTRODUCTION

Pushing the experimental limit on testing general rela-
tivity (GR) is essential in helping find out the breaking
point of the century-old theory and revealing the deeper
nature of gravity. GR has been tested under a variety of
conditions, such as with solar system experiments and
astrophysical observations [1], yet no sure sign of beyond
GR effect has been found [2]. Gravitational waves (GWs)
generated from the very early Universe or by extremely
compact objects such as black holes can help extend the
realm of testing GR to the genuinely strong-field regime.
Since the first detection of GWs by LIGO, and Virgo [3,4],
many tests of GR have been carried out and all the GW data
has been found to be consistent with GR so far [5–16].
Space-based GW detection in the millihertz frequency

band enjoins rich types, large numbers, and diverse spatial
distributions of GW sources, and expects many GW signals
that are large in magnitude and/or long in duration [17–19].
These factors make the millihertz frequency band the
golden band in GW detection, bearing great importance

in fundamental physics [20], astrophysics [21], and cos-
mology [22]. So for a space-based detector, it is of great
importance to study its potential in testing GR [23].
A difficulty in assessing the capability of a space-based

GW detector in testing GR is the lack of a unique direction
for the task. The success of GR against experimental tests
has resulted in a lack of effective guidance in the con-
struction of modified gravity theories, leading to a rather
diversified literature that people are using the Lovelock
theorem [24,25] to navigate the theoretical landscape [26].
The many different types of GW signals expected for a
space-based detector only add to the complexity of the task.
There have been a few strategies to deal with the

problem. For example, one can focus on testing if the
detected GW signals are consistent with the predictions of
GR, such as residual test, inspiral-merger-ringdown coinci-
dence test, polarization test, and so on. One can also
employ waveform models that use a set of purely phe-
nomenological parameters to signify possible deviation
from GR and use the observed data to place constraints on
these parameters. Both schemes have been used by the
LIGO-Virgo-KAGRA Collaboration [5–8]. For more
focused treatment, one can use phenomenological wave-
forms that are tailored to a chosen set of modified gravity
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theories, then one not only can place constraints on several
theories simultaneously, but can also translate the results to
an individual theory if needed. A good example here is the
parametrized post-Einsteinian (ppE) waveform [27], which
is based on the post-Newtonion (PN) approximation and is
most suitable for binary systems in their early inspiral stage
and with comparable component masses.
In this paper, we use the ppE waveform to carry out a

systematic study of the prospect of using TianQin to test
GR. TianQin is a planned space-based GW detector
expected around 2035 [28–31]. The target frequency
band of TianQin is between 10−4 Hz and 1 Hz [32,33],
and the expected sources include galactic ultracompact
binary (GCB) [34], massive black hole binary (MBHB)
[35,36], intermediate-mass black hole binary (IMBHB)
[37], intermediate-mass black hole binary (IMBHB) [38],
stellar-mass black hole binary (SBHB) [39], and stochas-
tic gravitational wave background (SGWB) [40]. There
might also be unexpected sources [29,41]. A series of
work has been carried out to assess the scientific potential
of TianQin, such as on studying the astrophysical history
of galaxies and black holes [34,35], the dynamics of
dense star clusters and galactic centers [38], the nature of
gravity and black holes [42–46], the expansion history
of the Universe [47,48], and the fundamental physics
related to the very early Universe [49–51]. This work is
part of the effort.
Apart from doing a broad test of GR by using the ppE

waveform, we study how the results look like for individual
modified gravity theories. For this purpose we use two
theories as examples; the dynamic Chern-Simons (dCS)
theory and the Einstein-dilaton Gauss-Bonnet (EdGB)
theory. There is no particular reason why these two theories
are chosen, apart from the fact that the ppE waveforms are
known in these theories. The deviation of these two theories
from GR are controlled by two coupling constants, αEdGB
and αdCS, whose current upper bound will be given in later
sections.
We also carry out a parallel study of some other

detectors as a comparison and to figure out the scientific
potential of detector networks made of these detectors.
Important examples include the third-generation ground-
based detectors, Cosmic Explorer (CE) [52] and Einstein
Telescope (ET) [53], and the space-based detector,
LISA [54]. Since there have been results on the joint
detection of TianQin and CE [55], we focus on ET and
LISA in this paper.
The paper is organized as follows. In Sec. II, we

summarize the main existing works that are related to
this one. In Sec. III, we recall the basic results on the ppE
waveform. In Sec. IV, we present the methods and key
assumptions used in the calculations. In Secs. V and VI,
we present our main findings. The paper concludes with
a summary in Sec. VII. Throughout this paper, we use the
natural units in which GN ¼ ℏ ¼ c ¼ 1.

II. SUMMARY OF EXISTING RESULTS

A lot of works have already been done on using the
inspiral signals detected by the space-based detector LISA
to test GR. Early works included using signals from
extreme mass ratio inspiral systems to test the no-hair
theorem [56,57] and using signals from neutron stars
inspiraling into intermediate-mass black holes to test the
Brans-Dicke theory [58].
For systems with comparable component masses, Berti

et al. have considered using inspiral signals to constrain the
massive Brans-Dicke theory by introducing leading-order
corrections to the PN waveform [59]. Arun et al. used a set
of phenomenological phase parameters (one for each PN
order) to characterize the deviation of an modified gravity
theory from GR [60] and placed constraints on these
phenomenological phase parameters [60,61]. This is the
precursor to the ppE method [27], which uses a new set of
phenomenological parameters to replace the phenomeno-
logical phase parameters, by dividing out the corresponding
velocity factor at each PN order.
Cornish et al. studied how the ppE parameters can be

constrained by future detectors, such as aLIGO/aVirgo and
LISA [62]. Huwyler et al. investigated the potential of
using LISA to constrain the ppE phase parameter β, as to be
defined in (2), with MBHB [63]. The ppE formalism has
also been used to place constraints on specific modified
gravity theory, such as Brans-Dicke theory [64], Lorentz-
violating gravity [65], G(t) theory [66], and theories with
massive gravitons, modified dispersion relations or dipole
radiation [67–71].
After the direct detection of GWs, Yunes et al. analyzed

the constraints on the ppE phase parameters using the
GW190514 and GW151226 signals, and translated the
results to some specific modified gravity theory [14].
Chamberlain et al. studied how some future detectors (four
possible configurations of LISA, aLIGO, Aþ, Voyager,
CE, and ET-D) can constrain the ppE phase parameter β
and some modified gravity theories (including dipole
radiation, extra dimensions, G(t) theory, Einstein-aether
theory, khronometric gravity, and massive graviton theory),
by using some example GW signals [72].
After the multiband work on SBHB by Sesana [73],

Barausse et al. employed the ppE formalism to show that
the multiband observation with aLIGO and LISA can
improve the expected constraints on the GW dipole
radiation by six orders of magnitude [74], Carson et al.
studied constraints on the ppE parameters with multiband
observation using CE and several space-based detectors
(LISA, TianQin, DECIGO, and B-DECIGO) [55], and
they have also analyzed the multiband enhancement on
constraining the EdGB theory and the IMR consistency
test [75].
Comparing to these existing works, we will do a more

thorough exploration on how the constraints on the ppE
parameters will depend on different source parameters,
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different detectors, different detection schemes, and pos-
sibly, also different detector networks.

III. THE PARAMETRIZED POST-EINSTEINIAN
WAVEFORM

Black holes binaries are ideal systems for testing GR, for
the strong field condition they can provide and for the less
environmental contamination that often affects other astro-
physical systems. The evolution of a black hole binary can
be divided into three phases; inspiral, merger, and ring-
down. During the inspiral phase, the two components of
the system start widely separated and their velocities are
relatively small. The corresponding waveforms can be well
modeled through the PN approximation for systems with
comparable component masses. In GR, the frequency
domain waveform is given by

hGRðfÞ ¼ AðfÞeiψðfÞ;
ψðfÞ ¼ 2πtc þ ϕc þ Σ∞

k¼0ϕ
PN
k uðk−5Þ=3; ð1Þ

where f is frequency, AðfÞ is the amplitude, tc and ϕc
are the coalescence time and phase, respectively,
u ¼ ðπMfÞ1=3 is a characteristic velocity, M ¼ η3=5M
is the chirp mass, M ¼ m1 þm2 is the total mass,
η ¼ m1m2=ðm1 þm2Þ2 is the symmetrical mass ratio,
and ϕPN

k is the phase coefficient at the (k=2) PN order.
Note ϕPN

k is completely determined by the source param-
eters for a binary black hole system [76]. In this paper, we
use the sky-averaged response so both the plus and cross
mode can be represented by (1), and all quantities in (1) are
assumed to be defined in the detector frame.
The ppE waveform was proposed [27] to study modified

gravity theories whose inspiral waveform has the same PN
structure as (1). The difference between a given modified
gravity theory and GR resides in how the amplitude and the
coefficients ϕPN

k depend on the source parameters. Suppose
the modified gravity theory correction only happens at a
particular PN order or keeping only the leading-order
correction, the waveform is given by

hppEðfÞ ¼ hGRðfÞð1þ αuaÞeiβub ; ð2Þ

where α and β are the ppE parameters, and a and b are the
ppE-order parameters, satisfying

b ¼ k − 5; a ¼ bþ 5: ð3Þ

GR is recovered with α ¼ β ¼ 0.
The original work of [27] has only considered the two

GW polarization modes found in GR and has focused on
quasicircular orbits for the black hole binaries. Extensions
have been made to include extra polarization modes [77],
time domain waveforms [78], eccentricity [79] and envi-
ronmental effect [80]. For any particular modified gravity

theory, the relation between the theory and the ppE param-
eter can be established by calculating corrections to the
evolution of the binary orbits [81]. In this way, the
ppE parameters have been calculated for a series of theories,
such as Brans-Dicke gravity [64], screened modified gravity
[82], parity-violating gravity [83], Lorentz-violating gravity
[84], noncommutative gravity [85], and quadratic modified
gravity [86]. For the EdGB and dCS theories that will be
considered in this paper, the ppE parameters have also been
calculated [86].
The leading-order modification from EdGB starts at

the−1PN order, corresponding to b ¼ −7 and a ¼ −2. The
ppE parameters are [86]

αEdGB ¼ −
5ζEdGB
192

ðm2
1s̃2 −m2

2s̃1Þ2
M4η18=5

;

βEdGB ¼ −
5ζEdGB
7168

ðm2
1s̃2 −m2

2s̃1Þ2
M4η18=5

; ð4Þ

where ζEdGB ≡ 16πᾱ2EdGB=M
4, ᾱEdGB is the coupling

between the scalar field and quadratic curvature term in
the theory [87], and s̃n≡2ð

ffiffiffiffiffiffiffiffiffiffiffiffi
1−χ2n

p
−1þχ2nÞ=χ2n, n ¼ 1; 2,

is the spin-dependent scalar charge of the nth component,
with χn being the effective spin. The current best constraint
on the theory comes from the observation of GW200115,
giving

ffiffiffiffiffiffiffiffiffiffiffiffiffiffijᾱEdGBj
p

< 1.1 km [9,88–90].
The leading-order modification from dCS starts at the

2PN order, corresponding to b ¼ −1 and a ¼ 4. The ppE
parameters are [81,86]

αdCS ¼
57713η−14=5ξdCS

344064

��
1 −

14976η

57713

�
χ2a

þ
�
1 −

215876η

57713

�
χ2s − 2δmχaχs

�
;

βdCS ¼ −
1549225η−14=5ξdCS

11812864

��
1 −

16068η

61969

�
χ2a

þ
�
1 −

231808η

61969

�
χ2s − 2δmχaχs

�
; ð5Þ

where δm ≡ ðm1 −m2Þ=M, χs ¼ ðχ1 þ χ2Þ=2, χa ¼
ðχ1 − χ2Þ=2, ξdCS ≡ 16πᾱ2dCS=M

4, and ᾱdCS is the coupling
constant of the Chern-Simons correction [91]. The current
best constraint on the theory comes from the observation of
neutron star systems, giving

ffiffiffiffiffiffiffiffiffi
ᾱdCS

p
< 8.5 km [92]. So far

one is unable to place a meaningful constraint on the dCS
theory using GW data directly, due to a lack of a viable
waveform.

IV. METHODS AND ASSUMPTIONS

We use the Fisher information matrix (FIM) method to
estimate the constraints on the ppE parameters α and β, and
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on the theory specific couplings ᾱEdGB and ᾱdCS. The whole
parameter space is given by

θ⃗ ¼ fM; η; DL; tc;ϕc; χ1; χ2; θnonGRg; ð6Þ

where DL is the luminosity distance, and θnonGR stands for
the non-GR parameters such as α, β, ᾱEdGB, and ᾱdCS.
Assuming a large signal-to-noise ratio (SNR) and

Gaussian noise, the uncertainties in the waveform param-
eters are characterized by

Δθa ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hΔθaΔθai

p
≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þaa

q
; ð7Þ

where h…i stands for statistical average and Γ−1, the
covariance matrix, is the inverses of FIM [93,94],

Γab ¼
�
∂h
∂θa

���� ∂h
∂θb

�
: ð8Þ

When a signal is observed by multiple detectors simulta-
neously, the combined FIM is

Γtotal
ab ¼ Γð1Þ

ab þ Γð2Þ
ab þ…; ð9Þ

where 1; 2;… denote different detectors, the detectors are
assumed to be independent and their noises uncorrelated.
The inner product in (8) is defined as

ðpjqÞ≡ 2

Z
fhigh

flow

p�ðfÞqðfÞ þ pðfÞq�ðfÞ
SnðfÞ

df; ð10Þ

where SnðfÞ is the sensitivity of the detector. The low- and
high-frequency cutoffs are taken to be

flow ¼ max½fPNlow; fDlow�;
fhigh ¼ min½fISCO; fDhigh�; ð11Þ

where fDlow and fDhigh mark the endpoints of the sensitivity

band of the detector, fISCO ¼ ð63=2πMÞ−1 is the frequency
at the innermost stable circular orbit (ISCO), and

fPNlow ¼ ð8πη3=5MÞ−1ð5η3=5M=TtcÞ3=8; ð12Þ

FIG. 1. Anticipated amplitude spectrum density curves for
TianQin, LISA, and ET.

FIG. 2. Dependence of Δβ on M at different PN order for TianQin, with sources in the low-mass range.
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where Ttc is the difference between the time when the
signal is firstly picked by the detector and the time when
the binary coalesces. In this paper, we will only consider
GW events whose coalesce times coincide with the time
when the detector stops operation, so Ttc ¼ Tob, which is
the total observation time. The formula (12) is derived
assuming the circular orbit evolution with Newtonian
point-particle approximation [95].
For the detectors we consider TianQin [32], LISA [96],

ET [53], and the twin constellation configuration of
TianQin [35,42]. The sky-averaged Michelson sensitivity
of TianQin can be modeled as [32,35],

SnðfÞ ¼
10

3

�
1þ

�
2fL0

0.41

�
2
�
SNðfÞ; ð13Þ

where we use the following noise model [32,34,40]:

SNðfÞ ¼
1

L2
0

�
4Sa

ð2πfÞ4
�
1þ 10−4 Hz

f

�
þ Sx

�
: ð14Þ

Here L0 ¼
ffiffiffi
3

p
× 108 m is the arm length,

ffiffiffiffiffi
Sa

p ¼
1 × 10−15 m=s2=Hz1=2 is the residual acceleration on each
test mass, and

ffiffiffiffiffi
Sx

p ¼ 1 × 10−12 m=Hz1=2 is the displace-
ment measurement noise in each laser link. The sensitivity
band of the detectors are chosen as

fDlow ¼ 10−4 Hz; fDhigh ¼ 1 Hz; for TianQin;

fDlow ¼ 10−6 Hz; fDhigh ¼ 1 Hz; for LISA;

fDlow ¼ 1 Hz; fDhigh ¼ 104 Hz; for ET: ð15Þ

An illustration of amplitude spectral density of TianQin,
LISA, and ET is shown in Fig. 1.
All detectors are limited to one year of operation, except

in part of Sec. VA, when the effect of Tob is discussed.

FIG. 3. Dependence of Δβ on M at different PN order for TianQin, with sources in the high-mass range.

FIG. 4. Dependence of Δβ on η at the −1PN order for TianQin.
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FIG. 5. Dependence of Δβ on the symmetric mass ratio at different PN orders for TianQin.
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For TianQin, all binaries used in the calculation are
assumed to reach their ISCOs right when TianQin finishes
a three month observation (except in Sec. V B, which is
dedicated to cases when ISCOs are reached when TianQin
is in between observation time windows). So only the last
0–3 months and 6–9 months data will be used for TianQin.
The frequency bounds in the integrals are modified
accordingly.
It will be also worth considering a scenario in which twin

constellations of TianQin are present, whose orbital planes
perpendicular to each other and both nearly perpendicular
to the ecliptic [34,35,38,39,42]. In this case, the twin
constellations can operate in alternation to fill up the
observation gaps. Note that this scheme will not affect
the sensitivity of each detector.
The GR waveform hGR in (2) is generated using

IMRPhenomD [97,98]. We take tc ¼ 0, ϕc ¼ 0, χ1 ¼ 0.4,
and χ2 ¼ 0.2 in all the calculations, and we only consider
ppE corrections starting from the PN orders in f−4PN;
−3.5PN; � � � ; 2PNg, corresponding to b∈ ½−13;−1�, and
black hole binaries with total masses in the range
[10M⊙; 107M⊙]. Only sources in the lower-mass end will
be observable by ET, so we roughly divide the mass range
into two sectors; the low-mass range, M∈ ½10M⊙;103M⊙�,
and the high-mass range, M ∈ ½103M⊙; 107M⊙�. All plots
in this paper will be made separately for these two mass
ranges.
A laser interferometer type detector is more sensitive to

the phase of a GW signal than to the amplitude of the
signal, so the ppE parameter β is more severely constrained
than α, while only in limited cases that the effect of the
parameter α is not negligible (wewill show this explicitly in
Sec. VI B). So for most part of the discussion, we will focus
on the constraints on β.

V. PROJECTED CONSTRAINTS ON β

In this section, we discuss the expected constraints
on the ppE parameter β. Our main findings are the
following.

A.What kind of sources are the best for constraining β?

Although all components of the FIM contribute to
Eq. (7), the dominant contribution comes from

ΓðbÞ
ββ ¼

�
∂h
∂β

���� ∂h
∂β

�
¼ 4

Z
fhigh

flow

u2bhGRh�GR
SnðfÞ

df

≃
5π2b−4=3

24D2
L

ηð5þ2bÞ=5Mð5þ2bÞ=3
Z

fhigh

flow

fð2b−7Þ=3

SnðfÞ
df:

ð16Þ

One can see thatM, η,DL, and Tob are the main parameters
affecting the constraints on β, and the effect may differ for

different PN orders. The luminosity distance DL contrib-
utes rather trivially through an overall scaling,

Δβ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þββ

q
∝ DL; ð17Þ

and so we will not consider it any longer.
The total mass contributes to Δβ through two places.

One is through the factor,

ΔβðbÞ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1

ðbÞÞββ
q

∼M−ð5þ2bÞ=6; ð18Þ

which improves withM monotonically for b ¼ −2;−1 and
worsens with M monotonically for b < −2.1 The other is
through the bounds in the integral,

ΔβðbÞ ∼
�Z

fhigh

flow

fð2b−7Þ=3df
SnðfÞ

�
−1=2

; ð19Þ

which does not have a clear trend and is different for
different detectors.
The dependences of Δβ on M at different PN orders

are shown in Figs. 2 and 3. For all the plots, we take
DL ¼ 500 Mpc, η ¼ 0.22 for sources in the low-mass
range, and DL ¼ 15 Gpc, η ¼ 0.22 for sources in the
high-mass range.
One can see that the impact of the total mass on the

constraint can be significant. For example, at the 2PN order,
the difference in the low-mass range can reach three orders
of magnitude, while for the −4PN order, the difference in
the high-mass range can reach more than eight orders of
magnitude. One can also see that Δβ in the low-PN order
case is better constrained with low-mass sources while that
in the high-PN order case is better constrained with high-
mass sources.

FIG. 6. Dependence of Δβ on Tob at the −1PN order for
TianQin.

TESTING GENERAL RELATIVITY WITH TIANQIN: THE … PHYS. REV. D 108, 024030 (2023)

024030-7



FIG. 7. Dependence of Δβ on the observation time at different PN orders for TianQin.
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One can conclude from Figs. 2 and 3 that the ratios of Δβ
between adjacent orders with same source tend to be roughly
a constant. Using (16), such ratio can be estimated as

ΔβðbÞ

Δβðbþ1Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR fhigh
flow

u2 fð2b−7Þ=3
SnðfÞ dfR fhigh

flow
fð2b−7Þ=3
SnðfÞ df

vuuut ; ð20Þ

hich is around the order of Oð10−2Þ to Oð10−1Þ. This result
suggests that the lower PN constraint are always more
stringent than the higher PN ones. But from Figs. 2 and 3,
one can see that the 0PN constraint is less stringent than the
0.5PN result. This is caused by a strong correlation with
mass, which is also mentioned in [72].
The symmetric mass ratio η also contributes to Δβ

through two places. One is through the factor

ΔβðbÞ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1

ðbÞÞββ
q

∝ η−ð5þ2bÞ=10; ð21Þ

which improves with η monotonically for b ¼ −2;−1 and
worsens with η monotonically for b < −2. The other is
through the low-frequency cutoff,

fPNlow ∝ η−3=8; ð22Þ

which improves the constraints monotonically with grow-
ing η.
The dependences of Δβ on η at different PN orders are

shown in Figs. 4 and 5. Three sets of sources with variable η
have been used as examples:

(i) SBHB: M ¼ 70M⊙, DL ¼ 200 Mpc, with SNR
ranging from 3.8 to 9.2 as η varies from 0.08 to 0.25;

(ii) IMBHB: M ¼ 2 × 103M⊙, DL ¼ 2 Gpc, with
SNR ranging from 24.0 to 48.4 as η varies from
0.08 to 0.25;

(iii) MBHB: M ¼ 2 × 106M⊙, DL ¼ 15 Gpc, with
SNR ranging from 132.2 to 255.3 as η varies from
0.08 to 0.25.

One can see that the constraints vary mildly with η. One can
also see that, for MBHB and SBHB, the variation is mostly
dominated by (21) and (22), respectively.
The total observation time Tob contributes to Δβ through

the low-frequency cutoff,

fPNlow ∝ T−3=8
ob : ð23Þ

The dependences of Δβ on Tob at different PN orders are
shown in Figs. 6 and 7. Four sources have been used as
examples:

(i) SBHB: M ¼ 70M⊙, DL ¼ 200 Mpc, with SNR
ranging from 8.8 to 16.1 and 4.1 to 7.6 as Tob
varies from 1 year to 10 years for q ¼ 2 and q ¼ 10,
respectively;

(ii) IMBHB: M ¼ 2 × 103M⊙, DL ¼ 2 Gpc, with SNR
ranging from 46.3 to 48.9 and 25.6 to 29.5 as Tob
varies from 1 year to 10 years for q ¼ 2 and q ¼ 10,
respectively.

Here q ¼ m1=m2 is the mass ratio. Ten different values of
Tob have been considered, ranging from one year to
ten years.
One can see that Tob can have significant impact on Δβ.

Of course, the effect of Tob will no longer be important
when Tob is already large enough and no significant SNR
can be further accumulated when Tob is increased.
For example, only around 20% and less than 3% SNR
accumulated after four years of observation for SBHB and
IMBH, respectively, compared to ten years. And the effect
of Tob on Δβ is especially substantial at lower-PN orders.
For example, at the −4PN order, expanding the observation
duration from four to ten years can enhance constraints by
around 4.9 and 2.3 times, respectively, for SBHB and
IMBH. While at the 2PN, these gains are only about 58%
and 21%, respectively.
To summarize, not considering the true abundance of

sources at different astrophysical distances, the best
sources to constrain β at the positive PN orders is
MBHB, with masses M > 104M⊙; the best sources to
constrain β at PN orders ½−3PN;−0.5PN� is IMBH, with
masses M ∈ ½102M⊙; 104M⊙�; and the best sources to
constrain β at PN orders below −3PN is SBHB, with
masses M < 102M⊙. In comparison to the results of
GW150914 [14], TianQin would improve the constraints
by many orders of magnitude, ranging from 13 orders of
magnitude at the −4PN order to about three orders of
magnitude at the 2PN order.

FIG. 8. Dependence of Δβ on Tm at the −1PN order for
TianQin.

1Here “improve” means that the value of ΔβðbÞ is decreasing,
and “worsen” means that the value of ΔβðbÞ is increasing.
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FIG. 9. Dependence of Δβ on the lost observation time at different PN orders for TianQin.
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B. How does the special detection scheme
of TianQin affect the constraints on β?

The basic concept of TianQin envisions a “3 months on
þ 3 months off” observation scheme, in order to cope with
the problem of varying solar angles on the spacecraft [28].
Some of the black hole binaries may merge when TianQin
is transiting from one observation time window to the next,
resulting in a loss of information.
For black hole binaries merging during the nonobserva-

tion period, the integration bounds of (16) need to be
modified,

fPNhigh ¼ ð8πη3=5MÞ−1ð5η3=5M=TmÞ3=8 ð24Þ

and

fPNlow ¼ ð8πη3=5MÞ−1ð5η3=5M=ðT0 þ TmÞÞ3=8; ð25Þ

where we take T0 ¼ 9month and Tm is the length of missed
observation time.
The dependences of Δβ on Tm at different PN orders are

shown in Figs. 8 and 9. Six sources have been used as
examples:

(i) SBHB: M ¼ 70M⊙, DL ¼ 200 Mpc, with SNR
ranging from 8.8 to 6.5 and 4.1 to 3.1 as Tm varies
from 0 day to 90 days for q ¼ 2 and q ¼ 10,
respectively;

(ii) IMBH: M ¼ 2 × 103M⊙, DL ¼ 2 Gpc, with SNR
ranging from 46.3 to 17.8 and 25.7 to 14.0 as Tm
varies from 0 day to 90 days for q ¼ 2 and q ¼ 10,
respectively;

(iii) MBHB:M ¼ 2 × 106M⊙, DL ¼ 15 Gpc, with SNR
ranging from 235.1 to 0 and 132.6 to 1.2 as Tm
varies from 0 day to 90 days for q ¼ 2 and q ¼ 10,
respectively;

Ten different values of Tm have been considered, ranging
from zero to three months.
One can see that the effect of Tm is more significant at

higher-PN orders and for more massive sources. The worst
case scenario is when all the last three months of data right
before ISCO is lost. For MBHBwith q ¼ 2, TianQin would
completely miss all of the signals for Tm > 49 days,
making those signals unlikely to be detected and severe
constraints impossible to cope with. For MBHB with
q ¼ 10, the worst case scenario, i.e., Tm ¼ 90 days, would
result a loss of more than 99% of the SNR [35], making the
signal hardly detectable. If the signal is still detectable, then
the constraints on β would be worsen by about three orders
of magnitude. For IMBH and SBHB, there will be some
amount of SNR left for the signals (for example, about 40%
and 76% SNRs will be left for the above-mentioned SBHB
and IMBH sources with q ¼ 2, respectively), while the
constraints on β will be worsened by about 1–2 orders at the
negative PN orders.

C. How much can a detector network improve
on the constraints on β?

Different detectors are more sensitive to sources with
different total masses, as such, the benefit of a detector
network also varies with systems with different total
masses. In this work, we study the benefit of a few detector
networks, including the twin constellation configuration of
TianQin (TQ Iþ II [34,35,42]), the joint observation with
TianQin and LISA (TQþ LISA), the multiband observa-
tion with TianQin and ET (TQþ ET), and the joint
multiband observation with TianQin, LISA, and ET
(TQþ LISAþ ET). The corresponding results can be
found in Figs. 10 and 12, and in Figs. 11 and 13.
The two constellations in TQ Iþ II operate in a con-

secutive mode, with one starting to observe exactly when the
other stops observation, at a rate of every three month. For
sources in the low-mass range, M ∈ ½10M⊙; 103M⊙�, TQ
Iþ II in general can lead to 2 ∼ 3 times improvement on the
constraints on β compared to TianQin. In the high-mass
range, M ∈ ½103M⊙; 107M⊙�, TQ Iþ II improves over
TianQin in a similar fashion, but the amount of improvement
decreases with the source masses. There is no improvement
of TQ Iþ II over TianQin for sources with a total mass
greater than 9 × 105M⊙. This is because such sources will
merge in less than three months after it enters the TianQin
frequency band at 10−4 Hz, and so TQ Iþ II is effectively in
a one-constellation mode for such sources.
Due to the difference in their most sensitive frequency

bands, TianQin and LISA have different constraining
power at different PN orders and for sources with different
masses; in the low-mass range, M ∈ ½10M⊙; 103M⊙�, the
constraints from TianQin is always better for all non-
negative PN orders, and LISA starts to produce better
constraints in more and more parameter range at the higher-
mass end for lower and lower PN orders; in the high-mass

FIG. 10. Dependence of Δβ on M at the −1PN order for
different detector configurations, with sources in the low-mass
range.
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FIG. 11. Dependence of Δβ on the total mass in the low-mass range at different PN orders for different detector configurations.
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range, M ∈ ½103M⊙; 107M⊙�, the constraints from LISA is
always better for all PN orders lower than 1PN, with
TianQin being slightly better at the lower-mass end for 2PN
and 1.5PN. Except in the high-mass range and for PN
orders lower than −2.5PN, the TQþ LISA network always
outperforms the individual detectors by an appreciable
amount, with the most significant improvement occurring
at the 0PN order, by an amount of roughly three orders of
magnitude for all source masses.
Both TianQin and ET can detect sources in the low-mass

range,M ∈ ½10M⊙; 103M⊙�. But there is significant differ-
ence in their capability in constraining β; while ET has a
chance of being better at the lower-mass end for PN orders
no less than −0.5PN, TianQin becomes much better for all
negative PN orders starting from −1PN. It is then interest-
ing to note that the multiband observations of TQþ ET can
always improve the constraints on β by about 1–2 orders of
magnitude compared to individual detectors, even when ET
is not able to place any competitive constraints by itself.
The effect of TQþ LISAþ ET can be best seen com-

paring to those of TQþ ET and TQþ LISA. For the PN
orders at 0PN and higher, TQþ ET is always better than
TQþ LISA, and the constraints from TQþ LISAþ ET
mostly follow that of TQþ ET, becoming slightly better at
the higher-mass end. For the PN orders at −0.5PN and
lower, TQþ LISA starts to become better than TQþ ET at
the higher-mass end, and the constraints from TQþ
LISAþ ET start to get aligned with that of TQþ LISA,
being better than the latter by about 2 ∼ 3 times.
To get an idea on the specific numbers of the constraints

on β, we use a set of example sources for TianQin
[34,35,37–39] to calculate the constraints on β for different
detection scenarios. The sources are listed in Table I and
the constraints are listed in Tables II–VI. Both EMRI
and intermediate mass ratio inspiral (IMRI) are included
in the source list. Although the IMRphenomD and ppE

techniques are not suitable for such sources in principle, we
use them to get an indicative idea of the level of expected
constraints. For the detector configurations, apart from the
ones that have already been considered, we also consider
TianQin with three months of observation time (TQ_3m)
and TianQin with five years of observation time (TQ_5y).
The values in the tables are consistent with features already
displayed in the relevant plots.

VI. EXPECTED CONSTRAINTS ON THE EdGB
AND dCS THEORIES

In this section, we discuss the projected constraints on
the EdGB and dCS theories. Our main findings are the
following.

A. What kind of sources are the best for constraining
the EdGB and dCS theories?

In the EdGB and dCS theories, the leading-order
modifications to the inspiral waveform starts from the
−1PN and 2PN order, respectively, so some features of the
source parameter dependence can already be read off from
the corresponding plots in the last section. So in this
section, we only present the detailed result on the depend-
ence on the total massM and the symmetric mass ratio η, as
these are the two most basic parameters.
The dependence of Δᾱ2EdGB and Δᾱ2dCS on M and η is

plotted in Fig. 14, together with the current bound on
EdGB,

ffiffiffiffiffiffiffiffiffiffiffiffi
ᾱEdGB

p
≤ 1.3 km, from the observations of

GW200115 [88], and the current best constraints on
dCS,

ffiffiffiffiffiffiffiffiffi
ᾱdCS

p
≤ 8.7 km, from the multimessenger observa-

tions of GW170817 [92].
For the dependence on the total mass, two important

features can be noted. Firstly, the constraints on both
theories improves monotonically as the total mass is
lowered, making the low-mass sources the better choice
for constraining such theories. Secondly, the space-based
detectors TianQin and LISA are better suited for con-
straining the EdGB theory, while ET is better suited for
constraining the dCS theory.
For the dependence on the symmetric mass ratio, we

have used three sources as examples:
(i) SBHB: M ¼ 70M⊙, DL¼ 200 Mpc;
(ii) IMBH: M ¼ 2 × 103M⊙, DL ¼ 2 Gpc;
(iii) MBHB: M ¼ 2 × 106M⊙, DL ¼ 15 Gpc.

One can see that sources with smaller η (corresponding to
larger mass ratios) are better suited for constraining both
the EdGB and dCS theories when only the inspiral wave-
forms are used.
The current waveforms of the EdGB and dCS theories

are derived in the small-coupling limit, thus the couplings
in the theories have to satisfy the bound [9,88],

ᾱ2EdGB; ᾱ
2
dCS ≲ m4

2

32π
; ð26Þ

FIG. 12. Dependence of Δβ on M at the −1PN order for
different detector configurations, with sources in the high-mass
range.
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where m2 is the mass of the minor. This bound has also
been plotted in the upper and middle panels in Fig. 14, and
only results in the regions below the bound is considered
reliable. One can see that, although the EdGB theory can

get reliable constraints, all results for the dCS theory are
above the bound and so cannot be taken too seriously.
We have also used the example sources in Table I to

calculate the constraints on ᾱEdGB and ᾱdCS for different

FIG. 13. Dependence of Δβ on the total mass in the high-mass range at different PN orders for different detector configurations.
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detector configurations, these results are presented in
Tables VII and VIII. We find that, with TianQin, there is
chance to use SBHB to constrain

ffiffiffiffiffiffiffiffiffiffiffiffi
ᾱEdGB

p
to the level

Oð10−1Þ km, which is about one order of magnitude
improvement over the current bound.

B. Will the amplitude correction affect the constraints
on the EdGB and dCS theories?

A laser interferometric GW detector can measure the
GW phase much better than its amplitude, and so the
majority work of testing GR does not involve the amplitude
correction, which is characterized by the α parameter in (2).
The effect of the amplitude correction is illustrated in

Fig. 15, where Δᾱ2phase represents the constraints on the
coupling constants ᾱEdGB or ᾱdCS, in the case when only the
phase correction is considered (i.e., assuming α ¼ 0), while
Δᾱ2total represents the corresponding constraint when both the
phase correction and the amplitude correction are considered.
One can see that for sources with a total mass M > 106M⊙
the amplitude correction can bring some improvement on the
constraints. However, since such massive sources cannot
yield competitive constraints on these two theories compared
to sources in the low-mass range, one can conclude that the
amplitude correction is not important for constraining the
EdGB or dCS theory as a whole.

VII. SUMMARY

In this paper, we have carried out a detailed study of the
prospect of using TianQin to do a broad test of GR, by using
the inspiral signal of black hole binaries and the ppE wave-
form. We have compared the capability of TianQin to two
other important detectors, ETand LISA, and have studied the
scientific potential of detector networksmade of TianQin and
these detectors. We have also studied the constraints on
specific theories such as the EdGB and dCS theories.
We mainly focus on the constraints on the phase

correction parameter β in the ppE waveform (2), at PN
orders ranging from −4PN to 2PN. For the effect of
different parameters on the constraints on β, we have
mainly focused on the total mass M, the symmetric mass
ratio η, the total observation time Tob, and the missed
observation time Tm (this last one is for TianQin only). We
find that all these parameters have notable effect on the
expected constraints. Depending on the chosen PN order,
there can be orders of magnitude change in the constraints.

TABLE I. A list of example sources.

Type M q DL

SBHB 70M⊙ 2 200 Mpc
IMBHB 2 × 103M⊙ 2 2 Gpc
MBHB 2 × 106M⊙ 2 15 Gpc
IMRI 2 × 105M⊙ 2 × 102 1 Gpc
EMRI 2 × 105M⊙ 2 × 104 1 Gpc
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For example, at the −4PN order, the difference can be more
than eight orders of magnitude when the total mass is varied
in the high-mass range, M ∈ ½103M⊙; 107M⊙�.

The missed observation time of TianQin Tm can also
make a big impact. In the worst case scenarios when all three
months of data is lost right before ISCO, the MBHB signals

FIG. 14. Dependence ofΔᾱ2EdGB (left) andΔᾱ2dCS (right) on the total mass and the symmetric mass ratio. “Current”means the current best
bound fromGWdetection. “Validity”means the bound imposed by (26), and only results below the indicated bound are considered reliable.
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will become hardly detectable, while there can still be partial
SNR left for the SBHB and IMBH signals. For two example
sources considered in this paper, 40% and 76% of SNRs are
found to be left for SBHB and IMBH, respectively. The
constraints on β can be worsened by about 1–2 orders of
magnitude due to the loss of data for the final stage.
We have compared the capability of TianQin to other

detectors. For example, compared with the results of
GW150914 [14], TianQin can improve the constraints
by several orders of magnitude for different PN corrections,
e.g., nearly 13 orders of magnitude at −4PN (with SBHBs)
and nearly three orders at 2PN (with IMRI). Compared to
ET, TianQin is better below the −1PN order, and for
corrections above the −0.5PN order, TianQin is still
competitive near the large-mass end of the low-mass range
½10M⊙; 103M⊙�. Compared to LISA, TianQin can be
competitive in the lower-mass end as the PN order is
increased. For example, at the −4PN order, LISA is always
superior for sources more massive than about 30M⊙, while
at the 2PN order, TianQin becomes competitive for sources
less massive than about 104M⊙.
We have considered multiple detector configurations

involving TianQin, LISA, and ET. We find that:
(1) TQ Iþ II can improve the constraints on β by about

2–3 times, comparing to TianQin alone, in the low-
mass range, while in the high-mass range the
improvement diminishes as the total mass increases;

(2) Except in the high-mass range and for PN orders
lower than −2.5PN, the TQþ LISA network always
outperforms the individual detectors by an appreci-
able amount, with the most significant improvement
occurring at the 0PN order, by an amount of roughly
three orders of magnitude for all source masses;

(3) The multiband observations of TQþ ET can always
improve the constraints on β by about 1–2 orders of
magnitude compared to individual detectors, even

when ET is not able to place any competitive
constraints by itself;

(4) TQþ LISAþ ET is always better than TQþ ET
and TQþ LISA, and the improvement can reach
2 ∼ 3 times.

We have also considered the constraints on specific
theories such as the EdGB and dCS theories. We find that
reliable constraints can be placed on the EdGB theory.
If TianQin can detect a low-mass source with total mass
at the order Oð10ÞM⊙ at about DL ≈ 200 Mpc, then one
can get a constraint on the EdGB theory at the orderffiffiffiffiffiffiffiffiffiffiffiffi
ᾱEdGB

p
< Oð10−1 kmÞ, which is about an order of mag-

nitude improvement over the current best bound. For the
dCS theory, no reliable constraints can be obtained with the
detectors considered in this paper, due to a lack of reliable
waveform beyond the small coupling limit.
We note that the current results can be improved in

several ways, especially the waveform model and statistical
approach. Following that, we will examine how waveform
effects such as precession, eccentricity, and higher-har-
monic mode affect the results. When analyzing the validity
of a specific gravity theory, higher-order PN corrections,
higher-harmonic corrections, and the contribution of the
merger-ringdown phase should all be taken into account.
Furthermore, instead of the FIM, more robust parameter
estimation methods, such as the Bayesian method, should
be employed.
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FIG. 15. Effect of amplitude correction on the constraints on EdGB (left) and dCS (right) theories.
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