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Black-hole binary spin precession admits equilibrium solutions corresponding to systems with (anti)
aligned spins. Among these, binaries in the up-down configuration, where the spin of the heavier (lighter)
black hole is co(counter)aligned with the orbital angular momentum, might be unstable to small
perturbations of the spin directions. The occurrence of the up-down instability leads to gravitational-
wave sources that formed with aligned spins but are detected with precessing spins. We present a Bayesian
procedure based on the Savage-Dickey density ratio to test the up-down origin of gravitational-wave
events. This is applied to both simulated signals, which indicate that achieving strong evidence is within the
reach of current experiments, and the LIGO/Virgo events released to date, which indicate that current data
are not informative enough.

DOI: 10.1103/PhysRevD.108.024024

I. INTRODUCTION

Gravitational-wave (GW) detections provide measure-
ments of the intrinsic properties of astrophysical black holes
(BHs), notably their masses and spins. At the time ofwriting,
ground-based interferometers LIGO and Virgo have
observed about 70 mergers of stellar-mass BHs with false
alarm rates<1 yr−1 [1–4] and substantially more detections
are expected from the upcoming observing runs [5,6].
GWs emitted during the inspiral of BH binaries are

mostly beamed along the direction of the orbital angular
momentum L. If the spins of the two BHs S1;2 are
misaligned with L, couplings between these three momenta
cause them to precess [7,8]. The resulting motion imparts
characteristic modulations to the amplitude and phase of
emitted GWs. From an astrophysical perspective, measur-
ing spin precession is important to elucidate the possible
astrophysical formation pathways of BH binaries, with
large spin misalignments thought to be indicative of
sources formed via dynamical interactions [9,10].
Configurations with spins that are either aligned or

antialigned with the orbital angular momentum are equi-
librium solutions of the relativistic spin-precession equa-
tions. This means that binaries that are exactly aligned will
remain so. There are four such cases, which we refer to as
up-up, down-down, down-up, and up-down, where “up”
(“down”) indicates spins that are parallel (antiparallel) to

the orbital angular momentum and the direction before
(after) the hyphen refers to the more (less) massive BH.
Crucially, equilibrium does not imply stability.
Reference [11] showed that, while up-up, down-down,
and down-up binaries are always stable, up-down binaries
can be unstable to spin precession. For these sources,
infinitesimal perturbations to the spin directions cause large
precession cycles. In particular, up-down binaries are stable
at early times and turn unstable at the critical orbital
separation [11],

rUDþ ¼ ð ffiffiffiffiffi
χ1

p þ ffiffiffiffiffiffiffi
qχ2

p Þ4
ð1 − qÞ2 M; ð1Þ

where χi ¼ Si=m2
i are the Kerr parameters of the BHs, q ¼

m2=m1 ≤ 1 is the mass ratio, andM ¼ m1 þm2 is the total
mass of the system.1 The up-down instability was first
derived using a post-Newtonian (PN) approach [11] and
then confirmed using both independent PN codes [12,13]
and numerical-relativity simulations [14].
Measuring the up-down instability in GW data would

provide a direct observation of an exquisite feature of the
two-body problem in general relativity. At the same time,
the up-down instability might also dilute the effectiveness
of the spin orientations in discriminating BH-binary for-
mation channels: GW sources that are observed with
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precessing spins in the LIGO/Virgo band did not neces-
sarily form with misaligned spins. Rather, the spins used to
be (anti) aligned and became misaligned before merger.
The flip side of the same coin is that observing unstable
binaries will point toward a formation channel that can
conceivably explain binaries with up-down spins. Notably,
this might include AGN disks surrounding supermassive
BHs [15,16], where the spins of embedded stellar-mass BH
binaries are expected to either align or antialign with the
angular momentum of the disk [17].
The up-down instability provides a testable prediction

for GW observations. Reference [18] showed that unstable
up-down BHs do not disperse in the available parameter
space but converge to a well-defined endpoint late in the
inspiral. This is a precessing configuration where all three
angular momenta S1, S2, and L are coplanar, and further-
more, the two BH spins are collinear, namely [18],

cos θ1 ¼
χ1 − qχ2
χ1 þ qχ2

; ð2Þ

cos θ2 ¼
χ1 − qχ2
χ1 þ qχ2

; ð3Þ

ϕ12 ¼ 0; ð4Þ

where θi indicate the tilts angles between Si and L, and ϕ12

indicates the azimuthal angle between the two BH spins
measured in the orbital plane. After the instability is
triggered, binaries reach this analytical endpoint after the
orbital separation has decreased by only ≲100M [18].
Therefore, binaries that form as up-down and become
unstable will appear in our detectors with spin orientations
that are well approximated by Eqs. (2)–(4).
In this paper, we perform Bayesian parameter estimation

of precessing BH binaries in the endpoint of the up-down
instability. Should an unstable up-down binary enter the
LIGO band, can we tell that this source was originally
stable and aligned? In statistical terms, this is a model-
selection problem between a broader hypothesis where
binaries are generically precessing and a narrower hypoth-
esis with constraints given by Eqs. (2)–(4). We apply this
line of reasoning to both simulated signals and the current
catalog of GW events. By employing the Savage-Dickey
density ratio, we compute the odds in favor of the up-down
hypothesis over that of generically precessing BH binaries.
Crucially, this only requires an inference run with the
uninformative prior, with the odds computed by post-
processing the recovered posterior samples.
In Sec. II, we derive the statistical framework and

describe how it can be used to assess whether observed
binaries are in the endpoint of the up-down instability. In
Sec. III, we present our results for an injection campaign
and real sources, and also demonstrate that evolving binary
BH spin posteriors backwards in time is a useful diagnostic

when investigating the up-down instability. We finish with
our conclusions in Sec. IV.

II. METHODS

A. Gravitational-wave signals

We first consider synthetic GW signals from individual
binary BH coalescences on quasicircular orbits and target
the statistical inference of all 15 parameters of the problem.
These are two detector frame massesm1;2, 6 spin degrees of
freedom (magnitudes χ1;2, tilts θ1;2, azimuthal angles ϕ12

and ϕJL), and seven extrinsic parameters (luminosity
distanceDL, sky location α, δ, polar angle θJN , polarization
ψ , coalescence time tc, and phase ϕc).
Signals are analyzedusing theparallel versionof the BILBY

inference code [19,20].Weuse the IMRPhenomXPHMapprox-
imant [21] for both injection and recovery. We consider a
three-detector network made of LIGO Livingston, LIGO
Hanford, and Virgo at the sensitivity expected for the
upcoming O4 run. We use data segments of 4 s, a sampling
frequency of 2048 Hz, a low-frequency cutoff of 20 Hz, and
zero noise. Spin orientations are quoted at a reference
frequency of 20 Hz. We use the DYNESTY sampler [22] with
2048 live points, a randomwalk samplingmethod, a number
of autocorrelation equal to 50, and a likelihood that is
marginalized over time and distance.
Our priors are those commonly used in the standard

LIGO/Virgo analyses [1–4]. In particular, detector-frame
component masses are distributed uniformly in m1;2 ∈
½5; 100�M⊙ with bounds in mass ratio q ∈ ½1=8; 1� and
detector-frame chirp massM ∈ ½10; 60�M⊙ while spins are
distributed uniformly in magnitude χ1;2 ∈ ½0; 0.99� and
isotropically in directions.
In the following, we also postprocess GW data using

publicly available posterior samples for the GWTC-2.1 [3]
and the GWTC-3 [4] data releases. Among the available
datasets, we use results from the IMRPhenomXPHM wave-
form model where the merger rate is uniform in comoving
volume and source-frame time. We consider binary BH
mergers with false alarm rates<1 yr−1 in at least one of the
detection pipelines. From these, we exclude all the events
that potentially contain a neutron star. The resulting list of
69 events is reported in Table I.
When needed, we covert between PN orbital separation r

and GW frequency fref using the 2PN expressions from
Ref. [8].

B. Savage-Dickey density ratio

Given the data d associated with a measurement and
model hypothesis H characterized by parameters θ, the
Bayesian evidence is defined as

ZðdjHÞ ¼
Z

Lðdjθ;HÞπðθjHÞdθ; ð5Þ
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where L is the likelihood and π is the prior distribution.
Model selection in favor of, say, a “narrow”modelHN over
a “broad”modelHB requires computing the posterior odds,

O ¼ ZðdjHNÞ
ZðdjHBÞ

πðHNÞ
πðHBÞ

; ð6Þ

where the first term (ratio of the evidences) is the Bayes
factor B. Values of the posterior odds are often associated to
descriptive terms using the so-called Jeffrey scale [23],
where j lnOj < 1 is classified as “inconclusive,” 1 <
j lnOj < 2.5 is classified as “weak” evidence, 2.5 <
j lnOj < 5 is classified as “moderate” evidence, and
j lnOj > 5 is classified as “strong” evidence. The sign of

the log Bayes factor indicates which of the two models is
statistically favored, with lnO > 0 signaling a preference
forHN overHB. In the following, we consider equal model
priors such that O ¼ B.
Let us now assume that model HN is nested within HB.

That is, among the parameters θ ¼ fφ; γg, a subset of
parameters φ is common to both models, while the other
parameters γ are constrained to γNðφÞ in the narrow model.
Let us also assume that the prior on φ is the same for the
two models. In symbols, this is

πðφjHNÞ ¼ πðφjγ ¼ γNðφÞ;HBÞ: ð7Þ

Within these assumptions, the Bayes factor in favor of the
narrow model reduces to

B ¼
Z

pðφ; γ ¼ γNðφÞjd;HBÞR
πðφ0; γ ¼ γNðφÞjHBÞdφ0 dφ: ð8Þ

A formal proof of Eq. (8) is presented in the Appendix. For
the specific case where γN does not depend on φ, one has

B ¼ pðγ ¼ γNjd;HBÞ
πðγ ¼ γNjHBÞ

; ð9Þ

where the numerator (denominator) corresponds to the
posterior (prior) marginalized over the common parameters
φ. Equation (9) is the so-called Savage-Dickey density ratio
[24]. The key, practical advantage of both these expressions
is that theyonly dependon the broadmodelHB.Onedoesnot
need to perform inference in the narrow model HN, which
can be challenging for nontrivial submanifolds γNðφÞ. It is
sufficient to sample the broad model HB and then evaluate
the resulting posterior and prior probability densities at the
location prescribed by the narrow model.

C. Application to up-down binaries

For the specific case we are addressing here, the broad
model HB is that of generically precessing BH binaries
described in Sec. II A. The narrow model HN consists of
binaries in the endpoint of the up-down instability, which
are subject to the three constraints of Eqs. (2)–(4). From
these, we define the parameters γ ¼ fγ1; γ2; γ3g, where

γ1 ¼
cos θ1 − cos θUDðq; χ1; χ2Þ

2
; ð10Þ

γ2 ¼
cos θ2 − cos θUDðq; χ1; χ2Þ

2
; ð11Þ

γ3 ¼
1

π
arctan

�
sinϕ12

cosϕ12

�
; ð12Þ

and

TABLE I. Current GW events and their Bayes factors in favor
of the up-down hypothesis over generic spin precession. We
select events with false alarm rates <1 yr−1 in at least one of the
LIGO/Virgo searches, excluding those that can potentially
include a neutron star.

Event ln B Event ln B

GW150914 0.14 GW190731_140936 0.11
GW151012 0.54 GW190803_022701 0.11
GW151226 0.50 GW190805_211137 0.61
GW170104 −0.02 GW190828_063405 0.3
GW170608 0.18 GW190828_065509 0.15
GW170729 0.47 GW190910_112807 −0.06
GW170809 0.26 GW190915_235702 0.29
GW170814 −0.06 GW190924_021846 0.31
GW170818 0.58 GW190925_232845 0.24
GW170823 0.26 GW190929_012149 −0.15
GW190408_181802 0.02 GW190930_133541 0.59
GW190412 0.6 GW191103_012549 0.58
GW190413_052954 −0.01 GW191105_143521 0.06
GW190413_134308 0.07 GW191109_010717 −0.83
GW190421_213856 0.09 GW191127_050227 0.31
GW190503_185404 −0.04 GW191129_134029 0.33
GW190512_180714 0.33 GW191204_171526 0.79
GW190513_205428 0.48 GW191215_223052 0.11
GW190514_065416 −0.01 GW191216_213338 0.27
GW190517_055101 0.53 GW191222_033537 −0.16
GW190519_153544 0.35 GW191230_180458 0.25
GW190521 −0.26 GW200112_155838 0.07
GW190521_074359 −0.42 GW200128_022011 0.46
GW190527_092055 0.23 GW200129_065458 0.63
GW190602_175927 0.44 GW200202_154313 0.1
GW190620_030421 0.52 GW200208_130117 −0.04
GW190630_185205 −0.15 GW200209_085452 0.21
GW190701_203306 0.05 GW200216_220804 0.26
GW190706_222641 0.8 GW200219_094415 0.05
GW190707_093326 0.04 GW200224_222234 0.2
GW190708_232457 0.15 GW200225_060421 −0.11
GW190720_000836 0.58 GW200302_015811 0.05
GW190725_174728 0.39 GW200311_115853 0.32
GW190727_060333 0.44 GW200316_215756 0.57
GW190728_064510 0.32
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cos θUDðq; χ1; χ2Þ ¼
χ1 − qχ2
χ1 þ qχ2

: ð13Þ

While not unique, we find this parametrization convenient
because all the γi are defined2 in ½−1; 1� and the up-down
endpoint is mapped to γ ¼ ð0; 0; 0Þ. We apply the trans-
formations of Eqs. (10)–(12) to both prior and posterior
samples, estimate the corresponding probability density
functions using three-dimensional kernel density estima-
tion (KDE), and evaluate the Bayes factor from Eq. (9). We
use Gaussian kernels and a bandwidth of 0.2 [25].
An example of this procedure is shown in Fig. 1. We

consider a synthetic source in the endpoint of the
up-down instability with tilt angles cos θ1 ¼ cos θ2 ¼
cos θUD ¼ 0.103 and ϕ12 ¼ 0. The injected system has
m1 ¼ 49.5M⊙ m2 ¼ 39.4M⊙, χ1 ¼ 0.92, χ2 ¼ 0.94,
DL ¼ 845 Mpc, θJN ¼ 0.37, ϕJL ¼ 5.71, α ¼ 6.11, δ ¼
0.24, ψ ¼ 2.28, tc ¼ −0.069 s (in GPS time), and
ϕc ¼ 5.12. The prior and posterior KDEs are evaluated at
the origin of the fγ1; γ2; γ3g cube (black lines in Fig. 1). The
Savage-Dickey estimate of the Bayes factor is ln B ¼ 5.11.

For equal priors, this corresponds to strong evidence that the
source is indeed in the up-down endpoint. Figure 1 also
shows that the posteriors of the rescaled parameters γi are
somewhat close to a multivarate Gaussian distribution; this
not a generic feature but rather a consequenceof the relatively
high signal-to-noise ratio (SNR), which for this specific
injection is 60.

III. RESULTS

A. Comparing posteriors

Before reporting Bayes factors, it is informative to
compare posterior distributions against the predictions of
Eqs. (2)–(4). This a preliminary step which is often used to
identify promising candidates for amodel-selection analysis.
We consider six synthetic signals describing binary BHs

that are in the endpoint of the up-down instability when
entering the LIGO band at the reference frequency of 20 Hz.
We use the same set of source parameters as in Fig. 1. In
particular, we fix the detector-framemasses and inject source
waveforms with SNR ¼ 150, 100, 80, 60, 40, 20, corre-
sponding to luminosity distances DL ¼ 338, 508, 634, 845,
1268, 2538 Mpc. The PN orbital separation of the binary at
fref ¼ 20 Hz is r20 Hz ≃ 10M, while the critical separation
for the instability is rUDþ ¼ 266M. The condition rUDþ −
r20 Hz > 100M ensures that the predicted endpoint well
describes these unstable up-down sources [18].
Our results are shown in Fig. 2, where each panel

correspond to a different source. The upper subpanels
compare the posterior distributions of cos θ1;2 (as obtained
from our parameter-estimation analysis) against that of
cos θUD [as obtained from substituting the posterior sam-
ples of q; χ1; χ2 into Eq. (13)]. Note how the prior
distribution of cos θud peaks toward positive values, while
those of cos θ1;2 are flat. Close agreement between the
posteriors of cos θ1, cos θ2, and cos θUD provide a quali-
tative (but not quantitative) indication that the theoretical
prediction of the up-down instability is a reasonable
description of the data. The lower subpanels report the
posterior distribution of sinϕ12, where values close to zero
0 indicate a preference for the up-down hypothesis.
As expected, posteriors for the lowest SNRs tend to

cover a large portion of prior range. As the SNR increases,
the recovered posteriors approach the injected values that
define the endpoint of the up-down instability. In particular,
for the case of the highest SNR ¼ 150, we find cos θUD ¼
0.122þ0.068

−0.061 and ϕ12 ¼ 0.004þ0.460
−0.485 (where we quote the

median and 90% credible interval), compared to the
injected values cos θUD ¼ 0.103 and ϕ12 ¼ 0.
Note that systematic effects are not captured in both

these results and the rest of the paper because we perform
zero-noise runs and use the same waveform model for both
injection and recovery. Waveform systematics in the
specific region of parameter space where the up-down
instability take place still need to be investigated.

FIG. 1. Joint posterior distributions of the rescaled parameters
γ ¼ fγ1; γ2; γ3g defined in Eqs. (10)–(12). Contour levels corre-
spond to 50%, 90%, and 99% credible regions. Red dashed lines
in the 1D marginals indicate the 90% credible intervals. Solid
black lines mark the location of the narrow model γ ¼ 0, i.e., the
endpoint of the up-down instability. Black scatter points indicate
the value of the posterior (red) and prior (blue) distributions at the
endpoint, which are the key ingredients entering the Savage-
Dickey evaluation of the Bayesian odds.

2The trigonometric manipulation in Eq. (12) is necessary
because ϕ12 ∈ ½0; 2π�.
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We further note a common feature that characterize all
cases shown in Fig. 2, including those at low SNR. While
the recovered values of cos θ1;2 depart from the injected
values as the SNR decreases, the medians of cos θUD tend to
remain closer to that of the injected endpoint. This seems to
indicate that, if the source is truly in the endpoint of the up-
down instability, the estimator cos θUD might be more
accurate than cos θ1;2. We interpret this as a consequence of
more accurate measurements of q and χ1;2 compared those
of the spin tilts. This implies we can measure what the
endpoint of a binary would be from the q − χ posteriors.
However, inferring that the given source is in fact in its
endpoint requires computation of posterior odds.

B. Model selection

While comparing posteriors as in Fig. 2 provides a useful
indication of a potential up-down signature, this statement
needs to be quantified with a full Bayesian model selection.

For the same series of six injections, Fig. 3 shows the Bayes
factor in favor of the up-down hypothesis over that of generic
BHbinaries computed using the Savage-Dickey density ratio
(orange points). TheBayes factor increases from ln B ∼ 1.96
for SNR ¼ 20 (weak evidence) to ln B ∼ 6.89 for SNR ¼
150 (strong evidence). While this is a controlled experiment
where the true source parameters are injected in the up-down
configuration, the successful recovery of a large value of B
indicates that data are informative about this property in a
concrete measurement setting.
We repeat the same study for six additional series of BH

binaries in the up-down endpoint with different parameters
θ (gray points), which are part of the broader set of
injections described in Sec. III D. As expected, the
Bayes factor increases with the SNR in all cases, though
the overall normalization depends on the other source
parameters. For the case discussed above and shown with
orange scatter points, a strong evidence in favor of the
nested model is achieved at SNR≳ 60—values within

FIG. 2. Panels from left to right and from top to bottom show parameter-estimation results for the same GW source injected at
decreasing (increasing) values of the SNR (luminosity distance DL). The upper subpanels show posterior distributions of cos θ1 (blue),
cos θ2 (green), cos θUD (orange), and the prior distribution of cos θUD (dark red); the prior distributions of cos θ1;2 are flat. The lower
subpanels show posterior (pink) and prior (dark red) distributions of sinϕ12. Black vertical lines indicate the injected values. Dashed
vertical lines mark the medians of each distribution while shaded areas indicate the 90% credible intervals.
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reach of next LIGO-Virgo observing run [6]. However, this
is not generic. We find that the distinguishability power
critically depends on the source parameters. Even among
this limited set, there are cases that provide only weak or
even inconclusive evidence even at SNR ¼ 150.

C. Backpropagation

We can further visualize the up-down signature of BH
binaries by backpropagating posteriors samples [13,26]. If
a detected source is truly an unstable up-down binary,
evolving it backward in time should allow us to see it in the
up-down spin configuration instead of the particular pre-
cessing configuration as observed. For a given injection, we
numerically evolve each posterior sample backward from
detection at fref ¼ 20 Hz to past-time infinity at fref ¼
0 Hz using precession-averaged PN equations as imple-
mented in Refs. [27,28]. This procedure requires q, χ1;2,
θ1;2, ϕ12, and r at fref ¼ 20 Hz as inputs and returns the
values of the tilt angles θ12 at 0 Hz (ϕ12 does not enter the
dynamics at infinitely large orbital separations [28,29]).
Figure 4 shows two examples which were selected from

those of Fig. 3. Both sources have SNR ¼ 150; one provides
strong evidence in favor of the up-down endpoint (left panel,
ln B ¼ 6.31) while the other returns an inconclusive result
(right panel, ln B ¼ 0.22). The parameters of the former are
listed in Sec. II C, while those of the latter are m1 ¼ 26M⊙,
m2 ¼ 26M⊙, χ1 ¼ 0.17, χ2 ¼ 0.57, θ12 ¼ 2.15, ϕ12 ¼ 0,
DL ¼ 190.06 Mpc, ψ ¼ 2.89, ϕ ¼ 3.33, α ¼ 3.78,
δ ¼ −0.081, θJN ¼ 0.41, ϕJL ¼ 3.71, and tc ¼ −0.01 s.

FIG. 3. Natural logarithm of the Bayes factor in favor of the up-
down hypothesis as a function of the SNR. We consider the same
sources as in Fig. 2 (orange scatter points) as well as six other
series of BH binaries in the up-down endpoint (gray scatter
points). Horizontal dashed lines indicate the threshold values of
the Bayes factor in the Jeffrey scale. Crosses indicate the sources
shown in Fig. 4.

FIG. 4. Joint posterior distribution of the tilt angles θ1 and θ2 for the sources described in Sec. III C and marked with crosses in Fig. 3.
The left (right) panel shows a case that presents strong (inconclusive) evidence in favor of the up-down hypothesis. Posterior samples are
evolved numerically from fref ¼ 20 Hz (red) to 0 Hz (blue). Solid black lines indicate the injected values. Contour levels mark the 50%,
90%, and 99% credible regions.
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For the binary with large B (left panel in Fig. 4), the
posterior distribution at 0 Hz is constrained to be close to an
aligned binary with up-down spins. In particular, we find
cos θ1 > 0.80 and cos θ2 < −0.99 at 90% confidence. This
result is an additional, visual indication that data taken at
∼20 Hz are well described by a BH binary that used to be
aligned but is being observed precessing.
On the other hand, for the inconclusive case (right panel

in Fig. 4), the joint distribution of cos θ1 and cos θ2 at
fref ¼ 0 Hz occupies a much broader region of the prior
volume (cos θ1 > −0.65 and cos θ2 < 0.41 at 90% confi-
dence). As indicated by the Bayes factor, this is a source
where data are compatible with a variety of precessing
configurations, some that did and some that did not form
with up-down spin directions.

D. Injection campaign

We now investigate the distinguishability of up-down
sources in a wider region of the parameter space. We
construct a set of injections by drawing binaries from the
standard uninformative priors; we sample q and χ1;2 and
enforce cos θ1;2 and ϕ12 from Eqs. (2)–(4). We then impose
the following constraints:

(i) We only consider binaries with rUDþ − r20 Hz >
200M, which is a conservative condition to ensure

that the analytical instability endpoint well describes
binaries that formed in the up-down configuration.

(ii) We further require sources to have SNR > 20, thus
adopting a threshold that is about twice the current
detection limit [1–4]. Spin effects are known to be
challenging to measure [30–32], and the model-
selection problem tackled here inevitably requires
loud signals.

Our results are shown in Fig. 5, where we report the
Bayes factor as a function of the mass ratio q, the critical
separation rUDþ, and the SNR. It is immediate to note that
all injections have mass ratios q≳ 0.8; this is a direct
consequence of selecting binaries with a large value of
rUDþ ∝ ð1 − qÞ−2 [cf. Eq. (1)] and is largely independent of
the total mass M which only enters the source-frame/
detector-frame conversion of the frequency.
Among the 151 sources we select, we find that 31

present inconclusive evidence in favor of the up-down
origin, 45 sources present weak evidence, 73 present
moderate evidence, and 2 present strong evidence (recall
that we are assuming equal model priors such that the
posterior odds and the Bayes factor coincide).
We find a broad trend indicating that binaries with more

unequal masses tend to have larger Bayes factors, while
binaries with close-to-equal masses cover a larger range of
Bayes factors. The value of q is closely correlated with

FIG. 5. Natural logarithm of the Bayes factor B as a function of the mass ratio q for a set of 151 GW signals injected in the endpoint of
the up-down instability. The critical orbital separation rUDþ is reported on the color bar, and the size of each scatter point is directly
proportional to the three-detector SNR. Horizontal dashed blue lines correspond to the threshold values of the Jeffrey scale for weak,
moderate, and strong evidence. The scatter points connected by vertical lines are sources that were injected and recovered both with
(upper markers, circles) and without (lower markers, triangles) higher-order modes.
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rUDþ from Eq. (1), which implies that pinpointing the
up-down origin of binaries with lower values of the critical
separation rUDþ is going to be somewhat easier (as long as
rUDþ is still sufficiently large that the analytical endpoint
provides a reasonable prediction, see above).
Figure 6 shows Bayes factors and SNRs for the same set

of injections (blue triangles). As expected the two are
positively correlated (cf. Fig. 3), though with a large
dispersion, including several loud sources that still return
an inconclusive model selection. Even SNRs as large as
∼200 do not guarantee a decisive model selection result
since the value of B strongly depends on the specific
parameters of the source.
A key ingredient to this analysis is the inclusion of

higher-order emission modes in the adopted waveform
model. Higher harmonics can break degeneracies between
the mass and spin parameters [21,33–35], thus aiding our
model selection problem. We further investigate this point
by considering seven sources among those with the smaller
and larger values of q from our set and repeat their analysis
without higher-order modes. As expected, we find that the
Bayes factor decreases, with differences (in logarithmic
scale) that are up to ∼1.5.

E. Current gravitational-wave data

Finally, we apply our model-selection analysis as
described in Sec. II B to current GW events reported up
to GWTC-3. We analyze the 69 binary BH coalescences
listed in Table I (see Sec. II A).
Figure 6 (orange circles) compares the Bayes factor and

the source SNR (estimated using the median of the optimal
network SNR posterior samples).
The Bayes factor in favor of the up-down hypothesis for

current GW signals lies within the range ln B ∈ ½−0.8; 0.8�,
which is inconclusive. None of the current events support
the up-down endpoint model, but they do not allows us to
exclude it either. This is somewhat expected given that
SNRs of current event are≲30, which is unlikely to provide
meaningful constraints (cf. Figs. 3 and 6). Our finding
agrees with previous analyses [1–4] indicating that current
data provide loose constraints on the orientations of
individual BH spins, which in turn are key ingredients
in the up-down model selection problem. We conclude that
the current catalog of GW events does not contain prom-
ising up-down candidates.
At the same time, we note that the Bayes factor for the

entire observed catalog
P

i lnBi ≃ 15 shows a preference
for the narrow hypothesis HN. Properly quantifying the
astrophysical relevance of this finding requires a deeper
investigation on the systematics of the single-event Bi’s as
well as additional population modeling to include selection
effects.

IV. CONCLUSIONS

In this paper, we performed parameter estimation of BH
binaries that have encountered the up-down instability [11].
Binaries that are formed with the spin of the heavier (lighter)
BH aligned (antialigned) with the orbital angular momentum
might enter the LIGO/Virgo band with significant spin
precession. Their final configuration (i.e., the endpoint of
the up-down instability) can be computed in closed form [18]
and allows us to test the up-down origin of precessing binary
BHs. More ambitiously, one could also target up-down
binaries as they become unstable (i.e., r ¼ rUDþ) and start
precessing. While worthy of further investigation, the rate of
these events is presumably very low.
We presented a statistical approach based on the Savage-

Dickey density ratio for the calculation of the Bayes factor
and applied it to both simulated signals (which act as a control
set) and currentGWevents. The identification of unstable up-
down binaries depends on the source SNR,with higher-order
emission modes providing an important contribution. At
least within the limited set of injections performed here, we
find that SNRs greater than∼100 are required. However, this
is a necessary but not sufficient condition for the up-down
origin to be distinguishable, as the resulting posterior odds
strongly depends on the source parameters. Our model
selection analysis is slightly more discriminative for sources

FIG. 6. Natural logarithm of the Bayes factor as a function of
the SNR for 151 simulated sources (blue triangles) and 69 GW
events from GWTC-3 (orange circles). Vertical dashed orange
lines indicate the threshold values of the Jeffrey scale for weak,
moderate, and strong evidence. The upper panel shows an
histogram of the Bayes factors.
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with unequal masses and, consequently, with smaller values
of rUDþ. Posterior samples for all the injections presented in
this paper are publicly available at https://github.com/
ViolaDeRenzis/updowninjections [36].
Among the current LIGO/Virgo events, we do not find

promising candidates that could be interpreted as binary
systems that were originally aligned in the up-down
configuration. This result is not surprising, given the
present SNRs which are ≲30.
Future LIGO/Virgo upgrades as well as new facilities

will largely increase the available statistical sample [5,6].
The methodology developed in this paper provides a
straightforward, postprocessing operation that can be per-
formed on posterior samples from future GW catalogs.
Looking ahead, testing the up-down hypothesis is particu-
larly relevant in the context of supermassive BH binaries
observed by LISA. Some of those sources are expected to
have SNRs as large as ∼3000 [37] and their spins might be
brought to the up-down configuration by interactions with
galactic-scale accretion disks [17,38,39].
A future detection of the up-down instability presents the

opportunity to confirm this prediction of the general-
relativistic two-body problem.
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APPENDIX: SAVAGE-DICKEY DENSITY RATIO

Following the notation introduced in Sec. II A, let us
assume that we have some observed data d and two
hypotheses such that

HN∶HB ∧ γ ¼ γNðφÞ: ðA1Þ

With this definition, the evidence of the narrow model is

ZðdjHNÞ¼
Z

Lðdjφ;HNÞπðφjHNÞdφ

¼
Z

Lðdjφ;γ¼γNðφÞ;HBÞπðφjγ¼γNðφÞ;HBÞdφ:

ðA2Þ

One can manipulate the first term in the integrand using
Bayes’ theorem,

Lðdjφ;γ ¼ γNðφÞ;HBÞ ¼
pðφ;γ ¼ γNðφÞjd;HBÞZðdjHBÞ

πðφ;γ ¼ γNðφÞjHBÞ
;

ðA3Þ

and write the Bayes factor in favor of the narrow model as

B ¼ ZðdjHNÞ
ZðdjHBÞ

¼
Z

dφpðφ; γ ¼ γNðφÞjd;HBÞ
πðφjγ ¼ γNðφÞ;HBÞ
πðφ; γ ¼ γNðφÞjHBÞ

:

ðA4Þ

The rule of conditional probability implies

πðφ; γ ¼ γNðφÞjHBÞ
πðφjγ ¼ γNðφÞ;HBÞ

¼ πðγ ¼ γNðφÞjHBÞ

¼
Z

πðφ0; γ ¼ γNðφÞjHBÞdφ0; ðA5Þ

where in the second equality, we have explicitly indicated
the marginalization over the common parameters. This
yields

B ¼
Z

pðφ; γ ¼ γNðφÞjd;HBÞR
πðφ0; γ ¼ γNðφÞjHBÞdφ0 dφ; ðA6Þ

which is equal to Eq. (8).
The Savage-Dickey density ratio is recovered by a

suitable change of variables,

fφ; γg → fφ̄ ¼ φ; γ̄ ¼ γ − γNðφÞg: ðA7Þ

The determinant of the resulting Jacobian is

det
�
∂φ̄=∂φ ∂φ̄=∂γ

∂γ̄=∂φ ∂γ̄=∂γ

�
¼ det

�
1 0

−dγN=dφ 1

�
¼ 1; ðA8Þ

such that, for any probability distribution P, one can simply
write

Pðφ; γ ¼ γNðφÞÞ ¼ Pðφ; γ̄ ¼ 0Þ: ðA9Þ

With this transformation, Eq. (A6) reduces to

B ¼
R
pðφ; γ̄ ¼ 0jd;HBÞdφR
πðφ0; γ̄ ¼ 0jHBÞdφ0 ¼ pðγ̄ ¼ 0jd;HBÞ

πðγ̄ ¼ 0jHBÞ
; ðA10Þ

as reported in Eq. (9); see also Ref. [40].
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