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Gravitational wave memory is a nonoscillatory correction to the gravitational wave strain predicted by
general relativity, which has yet to be detected. Within general relativity, its dominant component known as
the null memory can be understood as arising from the backreaction of the energy carried by gravitational
waves, and therefore, it corresponds to a direct manifestation of the nonlinearity of the theory. In this paper,
we investigate the null-memory prediction in a broad class of modified gravity theories, with the aim of
exploring potential lessons to be learned from future measurements of the memory effect. Based on
Isaacson’s approach to the leading-order field equations, we in particular compute the null memory for the
most general scalar-vector-tensor theory with second-order equations of motion and vanishing field
potentials. We find that the functional form of the null memory is only modified through the potential
presence of additional radiative null energy sources in the theory. We subsequently generalize this result by
proving a theorem that states that the simple structure of the tensor null-memory equation remains unaltered
in any metric theory whose massless gravitational fields satisfy decoupled wave equations to first order in

perturbation theory, which encompasses a large class of viable extensions to general relativity.
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I. INTRODUCTION

The first direct measurement of gravitational waves [1]
opened a new window to probe the fundamental physics of
gravitation. Together with subsequent observations [2,3],
this has given hope to the idea that one day soon we may
find an eventual glimpse beyond the currently unquestioned
theoretical bedrock, general relativity (GR), which has so
far passed all tests with flying colors [4—13]. A particularly
interesting prediction of GR is the gravitational wave
memory effect [14—18] (see also [19-22]), which manifests
itself as a permanent displacement of test masses within an
idealized gravitational wave detector. Gravitational wave
memory is an interesting effect because its dominant
contribution is sourced by the outgoing gravitational
radiation itself and is therefore a direct manifestation of
the nonlinearity of GR. Moreover, for compact binary
coalescences, the measurable component of the memory
effect is most sensitive to the merger dynamics of the
system [23]. The recent discovery of gravitational waves
therefore begs the question of whether we can use future
observations of the memory effect to test the “ability
of gravity to gravitate” and, moreover, probe the high-
curvature regime of the merger of compact objects. On top
of that, the manifestation of memory is directly connected
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with supertranslations of the Bondi-Metzner-Sachs (BMS)
group of asymptotically flat spacetimes [24-27] and can
also be related to Weinberg’s soft-graviton theorem [28,29].
Gravitational wave memory therefore also represents a
window for experimental tests of the fundamental sym-
metries of spacetime.

Observational probes of general relativity through gravi-
tational wave memory require both the detection of the
memory effect and the modeling of beyond-GR memory
effects that can be searched for in the data. On the detection
front, while the memory effect has not yet been observed,
the prospects of its detection are positive, both with future
ground-based experiments [30-35], as well as the eagerly
awaited Laser Interferometer Space Antenna (LISA) mis-
sion [23,36,37]. On the modeling front, only recently have
there been several concrete efforts to compute the memory
effect beyond GR. Within a post-Newtonian (PN) expan-
sion (i.e., an expansion of the field equations in weak
fields and slow motions [38]) of Brans-Dicke (BD) theory
[39-41], a new memory contribution originating from a
dipole-dipole coupling was found [42—44]. Another way to
compute memory hinges on the structure of asymptotically
flat spacetimes, in particular, on the relation of memory to
BMS balance laws at future null infinity [26,27]. BMS
balance laws were recently derived in BD theory [45-48]
by showing that the theory retains the same asymptotic
group structure as in GR, despite its altered peeling
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properties. The resulting memory component was shown to
match the earlier PN calculation [44]. Moreover, different
aspects of the scalar memory within BD theory were
investigated in [49,50]. More recently, the memory effect
was also computed for dynamical Chern-Simons (DCS)
gravity [51,52] by establishing the corresponding BMS
balance laws [53,54].

In this paper, we begin a broad investigation of the
gravitational wave memory in theories beyond GR, which
will be crucial for the creation of future, memory-based
probes of gravity. For now, we will restrict ourselves to the
study of the so-called null memory [21], which can be
thought of as being sourced by the energy flux of
the outgoing massless radiation fields themselves [17].
This is motivated by the expectation that for binary
coalescences the ordinary memory associated with
unbound massive objects of the system, including remnant
kicks, will generally be subdominant, a statement that is
confirmed both in GR [15,55] and in BD theory [44].
Moreover, to put this study on firm footing, we choose to
only consider so-called dynamical metric theories of
gravity (see Definition 1), i.e., local and covariant theories
with a symmetric and locally flat, physical metric tensor
that is the only field that couples minimally to matter, while
any additional dynamical gravitational field exclusively
couples to the metric. Moreover, we choose to only
consider metric theories with massless gravitational fields
and therefore for simplicity only consider operators with at
least two powers of derivatives, which in particular imposes
vanishing field potentials.

These requirements select a specific class of theories that
are local-Lorentz invariant and preserve the geodesic
deviation equation of GR, which is at the heart of current
gravitational wave observations. However, it should be
mentioned that it is sometimes computationally advanta-
geous to rewrite a metric theory through field-dependent
transformations of the metric, which might result in an
apparent violation of the minimal coupling requirement
with respect to the redefined metric. A restriction to metric
theories of gravity therefore more precisely corresponds to
only attributing physical significance to gauge-invariant
observables associated with the physical metric. Such an
idea is, in fact, strongly suggested by the Einstein equiv-
alence principle (see, e.g., [41,56]).

Dynamical metric theories of gravity can be classified by
the number and type of gravitational fields they contain, as
well as by their governing evolution equations. The desire
for the inclusion of additional fields derives from a theorem
by Lovelock [57], which, under certain theoretically and
observationally desirable assumptions, establishes that GR
is the only theory that propagates two massless, spin-2
degrees of freedom. More precisely, Lovelock’s theorem
asserts that in four dimensions, the Einstein equations are
the unique, second-order field equations of a covariant and
local theory with a single metric tensor. Similarly, at the
level of amplitudes, GR can be proven to be the unique

gauge-invariant theory of interacting, massless, spin-2
particles with second-order equations of motion [58,59],
confirming earlier work based on the requirement of
Lorentz invariant S-matrices [60].

These theorems imply that a broad class of still-viable
departures from Einstein gravity necessitate the introduc-
tion of new gravitational fields [61]. Indeed, additional
gravitational degrees of freedom are, for instance, a generic
prediction of string theory compactifications (see, e.g.,
[62-66]) and Kaluza-Klein reductions [67,68], in particular
of higher-dimensional Lovelock gravity [69]. Such addi-
tional gravitational fields naturally introduce additional
radiative modes to the theory, which can be excited through
various mechanisms in gravitational wave sources, such as
in compact binary coalescences, as investigated in detail for
many theories (see, e.g., [70-85])

On general grounds, it can be expected that additional
propagating degrees of freedom in the theory of gravity
will greatly affect the null memory, as, in principle, null
memory is sensitive to any radiative losses. How exactly
does the presence of additional null sources modify null
memory and can there be other types of modifications?
These are the questions we focus on and answer in this
paper. We begin in Sec. II by developing a novel way to
understand the null memory from the so-called Isaacson
approach, in which the metric tensor is decomposed into a
high- and a low-frequency part. Within this framework, the
null memory naturally arises as a low-frequency back-
ground perturbation induced by the coarse-grained energy
density carried by any high-frequency perturbations present
in the theory.

We then proceed to apply this approach explicitly to the
most general massless scalar-vector-tensor (SVT) gravity
theory with second-order equations of motion [86].
Section III first defines the theory and presents its propa-
gating degrees of freedom and gravitational polarizations,
while Sec. IV calculates the associated null memory. The
beyond-GR null-memory result of this calculation [pre-
sented in Egs. (92) and (101)] encompasses many popular
modified-gravity theories and matches with the memory
extracted from the asymptotic symmetry approach in
BD theory [45,46], as we explicitly demonstrate in
Appendix C. Moreover, we further exemplify the general-
ized Horndeski result by offering the explicit correspond-
ences to scalar-Gauss-Bonnet (SGB) gravity [62,64,65,87]
and double-dual Riemann gravity [88-90]. The beyond-GR
null-memory results of Sec. IV are also presented both in
terms of the transverse-traceless part of the components of
the metric perturbation, as well as in terms of the elements
of the spin-weighted spherical harmonic expansion of the
metric perturbation. A proof of the key identity [see
Eq. (96)], which allows us to establish the equivalence
between these representations, is provided in Appendix B.

We continue in Sec. V by generalizing these results
further through the development of a new theorem, which
proves that the structure of the null-memory equation
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remains in fact unchanged for theories which to first order
on a flat background satisfy decoupled massless wave
equations. This assumption is met by arguably almost any
massless and local-Lorentz invariant metric theory of
gravity, whose effective field theory (EFT) structure
remains stable under the inclusion of deviations from
GR. In other words, the theorem proves that the beyond-
GR null memory simply receives additional contributions
proportional to the energy flux of any new, propagating
gravitational degree of freedom, similar to contributions
from ordinary massless matter fields.

Interestingly, the results described above suggest that
one may be able to use future gravitational wave memory
observations not only as a probe of the highly nonlinear
regime of gravity, but also as a largely model-agnostic test
for additional gravitational degrees of freedom in nature.
We discuss these future research directions in the
Conclusion presented in Sec. VI. Henceforth, we use a
(=, +, 4+, +) metric signature and set ¢ = 1 throughout.

II. GRAVITATIONAL MEMORY
IN THE ISAACSON PICTURE

The gravitational null (or nonlinear) memory in GR can be
understood as originating from the Einstein equations within
the Landau-Lifshitz approach [18,19]. We will argue in this
section, however, that the equations at the root of the memory
arise rather naturally from the alternative Isaacson viewpoint,
which identifies the null memory as a low-frequency
perturbation of the background spacetime that is parametri-
cally distinct from the high-frequency waves that generate
the memory through backreaction of the stress energy carried
by the waves. Moreover, this shift of perspective provides
stringent arguments for the necessity of a spacetime averag-
ing over the radiative memory-source tensor.

For convenience, we first offer a quick review of the
arguments originally brought forth by Isaacson [91,92] (see
also [93-95]) within GR in Sec. I A. This will also allow
us to set the notation. Toward the end of Sec. IT A, we then
explore how the memory equation naturally arises from the
coarse-grained low-frequency Isaacson equation. These
arguments are then generalized in Sec. II B to more general
dynamical metric theories of gravity with an arbitrary
number of gravitational fields on top of the metric.

A. Isaacson picture and null memory in GR

Consider GR, hence a theory on a four-dimensional
manifold .7 with Lorentzian metric g,, and an associated
Levi-Civita connection, governed by the FEinstein equa-
tions. Omitting any matter contributions for simplicity,1 the
vacuum Einstein equations can be written as R, = 0. The

'In this work, we will only be interested in regions outside any
potential matter sources of the system.

first part of this subsection will closely follow the treatment
in [93,95].

Within the Isaacson picture [91,92], the notion of
gravitational waves propagating on an arbitrary back-
ground spacetime is given physical meaning by a clear
separation of scales. More concretely, one requires the
separation

fo<fu (1)

between a slowly varying background of frequencies lower
than f; and high-frequency perturbations, i.e., gravitational
waves, of characteristic frequency f . We therefore decom-
pose the metric as

9w = g/llz/ + h/I;II/’ (2)

where a super- or subscript L and H indicate the depend-
ence of a quantity on the low or high frequencies,
respectively. Because of the clear separation of physical
scales, this decomposition is actually unique and does not
depend on the chosen coordinates. Moreover, the metric
perturbations are assumed to be of small amplitude

|| = Ol). 3)

where @ < 1 compared to the background g, = O(1).*In
conclusion, there are two small parameters at hand, namely,
the amplitude of the perturbations a, as well as the ratio of
frequencies f;/fy. Moreover, since the scale on which
the low- and high-frequency components of the metric
[Eq. (2)] vary is determined by f; and fy, respectively,
one schematically has that dgh, < O(f,) and ohf, =
O(afu) [931.

At this point, a comment on the choice of separation of
scales Eq. (1) in frequency space is in order. In the literature
(for instance, in the original work by Isaacson [91,92]),
the distinction between a “slowly varying” background and
a wavelike perturbation is usually made by imposing a clear
separation in terms of scales of spatial variations L; and
Ly, instead of temporal variations characterized through
scales of frequency f; and fp. Hence, instead of Eq. (1)
one demands Ly < Lp, also known as a short-wave
expansion, where the scale Ly is associated with the
characteristic wavelength of the wavelike perturbation.
Demanding Ly < Lp is in principle distinct from
Eq. (1). This is because, while Ly and fy are naturally
related through the dispersion relation of the high-
frequency wave, this is a priori not the case for the
variations L; and f; of the background, where the notion
of slowly varying in time or in space are in principle
unrelated. However, the two choices are interchangeable in
the sense that the conclusions drawn below would remain

2Locally, we can always choose a coordinate system in which
the diagonal elements of g%, are of O(1).
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the same if the condition Ly < Ly was assumed instead of
Eq. (1). The only difference would be that the distinction
between the slowly varying background and wave pertur-
bation would be drawn at a different level (see Ref. [95] for
more details).3

In light of Eq. (2), we can now expand the vacuum
Einstein equations. Writing the Ricci tensor as a sum of its
background component and an infinite series of operators
depending on increasing powers in hﬁ,, one finds

0= R [0"]+ R [6" W]+ R (5" h"]

2%

+ i R g, (4)

nv
i=3

Let us explain the new notation we have introduced. The
quantity . O[A, B] denotes the expanded operator O at Nth

order in the perturbation field B, as computed with the
background A. For example,

for some tensor perturbation H w and background metric
Guv» such that also

vp + v/)vyH;m

] S
(I)Rvo'[g’ H] = _ng (vo’vﬂH
-V,V,H

Hp

-V, V,H,,). (6)

Let us now estimate the size of the operators that appear
in Eq. (6). The second operator in the sum in Eq. (4),
namely, (I)Rﬂy[gL,h”], is clearly maximally of O(af?%).
Indeed, due to the separation of scales given by Eq. (1), any
contribution for which a derivative acts on a background
metric instead of the perturbation field will be parametri-
cally suppressed. Similarly, the second perturbation of the

Ricci tensor (z)R,w (see, e.g., [93,95] for the exact form)
also only involves two derivative operators, as any term in
Eq. (4), and therefore, (2)R,,y[§L’ hH) = O(a2f%). Except
for the background term (O)Rm/ whose order we will
M)R}w in
Eq. (4), maximally of O(a™f%), is therefore suppressed
compared to the leading-order terms in (N>R/w of O(a" f%)

address later in the discussion, every term (

whenever M > N, and we can rewrite Eq. (4) as

*Yet, from the point of view of current gravitational wave
detectors on Earth, it is actually the condition Eq. (1) that allows
for a clear distinction between gravitational waves and the
background [95].

0 = (O)le[gL] + (1)RMD[QL7 hH] + (Q)le[gLv hH]
? O(af?) O(2f2)
+0(d f3). (7)

To continue, we want to solve Eq. (7) to leading order in
our bivariate expansion, by also imposing the decomposi-
tion of this equation into low- and high-frequency parts,
thus only equating terms with comparable frequency
behavior. This can be viewed as performing a multiple-
scale analysis of this problem. Such a decomposition
leads to the following key observations. First, clearly
the background term (O)R;w’ which is independent of the

high-frequency field, only contains low-frequency modes.

Similarly, any terms coming from (1) Ruw» which are linear

in high-frequency perturbation fields, will only contribute
to the high-frequency equations. On the other hand, and
quite crucially, the quantities (2)RM,, at second order in

perturbation fields will contain contributions both at the
level of fy, as well as at the background scales f;, since
two different high-wave-vector modes can combine to form
a low-frequency contribution.

A natural and practical way to single out the low-
frequency part of an expression is to perform an average
(...) over a spacetime region4 with averaging kernel of
characteristic scale f; < f,, < fg. For instance, the low-
frequency part of (Q)R/w’ which we will denote as [(Z)R#D]L,

satisfies [(Z)RW]L = <(2)R ). The high-frequency part can

uv
then be determined through [(Z)RMD]H = (Z)R;w - <(2)R;w>'

One can also think about the averaging procedure as a type
of coarse graining, which integrates out over the small
scales we are not interested in [93,95]. In the following,
such an averaging will also turn out to be crucial to promote
the energy-momentum flux to a gauge-invariant, and
therefore, physically meaningful, quantity. Several averag-
ing schemes could be applied, but their details are not
essential, as long as the following properties hold [92-96]°:
(I) the average of an odd number of short-wavelength
quantities vanishes; (II) total derivatives of tensors average
out to zero; (IIT) as a corollary of the above, integration by
parts of covariant derivatives are allowed. See also [97] for
a discussion of these three properties.

*In this work, we will primarily be interested in the asymptotic
region far from any matter source. In that case, a mere spatial
average over several wavelengths or a temporal average over
several periods would actually suffice (see Ref. [95] for more
details), but for the sake of generality, we choose here to work
with a spacetime average.

Strictly speaking, requiring these properties introduces an
error that would be relevant at higher orders in perturbation
theory, e.g., boundary terms arising from integration over a box of
finite size do not vanish completely. We will, however, not be
concerned by any of these higher-order corrections in this paper.
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Considering all of the above while solving Eq. (7) to
leading order, we arrive at the following set of equations:

R, 10 = _<<2>RMD[§LvhH]>, (8)

uv

(1)R/w [gL’ hH] =0. (9)

Equation (8) is the leading-order, low-frequency equa-
tion, which we can interpret as telling us that the back-
ground curvature is modified by the backreaction of the
coarse-grained operator <(2)R/w> of high-frequency gravi-

tational waves. This is because, in the absence of other
matter sources, the order of (O)R , is simply determined by
i

the leading-order gravitational wave operator that contrib-
utes to the low-frequency equations. Quite naturally, the
right-hand side of Eq. (8) is therefore interpreted as the
energy-momentum (pseudo)tensor of gravitational waves
[91-93,95]

((Z)R”D[QL,hHD x (z)tl?f. (10)
On the other hand, Eq. (9) is the leading-order, high-
frequency equation, and it simply corresponds to a propa-
gation equation for the leading-order gravitational
waves hf.

This concludes the review of the basic textbook intro-
duction to the Isaacson picture, which we can now use to
construct a well-defined equation that will naturally give
rise to null memory in GR. Let us then make the additional
assumption that the low-frequency background metric gﬁy
can be further split into a time-independent piece 7,, of
amplitude O(1) and a low-frequency correction Shf,.
The time-independent metric 7, is assumed to solve
the vacuum Einstein equations, but it need not be the
Minkowski metric. In fact, we chose here to work with a
time-independent background solution #,,, only for the sake
of simplicity, but a generalization to a background that
varies slowly at O(f, < f,) would not change the results
obtained below. The background metric is then split via

gﬁv :flﬂl/—'_ah[];l/’ (11)
where we assume that
|6y, = O(B), (12)

and # < 1. Up to order O(a?ff%) and O(aff%), Eqgs. (8)
and (9), respectively, become

oR 1 =0. (13)

(1)R;w[’_77 5hL} = _<(2)le[’_7’ hH])? (14)

Rl 1] =0, (15)

One can view 7, and 5h,€,, as the homogeneous and
particular solutions of Eq. (11), respectively, where 5h%, is
the low-frequency component determined by the back-
reaction of the energy-momentum carried by gravitational
waves. In general, the background geometry 7,, can be
viewed as being sourced by some matter field content
outside the region of interest.

Even though we have introduced here a third small
parameter S, in addition to f; /fy and a, these parameters
cannot all be independent of each other. Since 5hﬁv is
determined through the coarse-grained backreaction of the
high-frequency gravitational wave perturbations, the scale
of f is determined through Eq. (14) to be

gl (16)

fi
because () R, [7, Sht] = O(Bf2) and (Z)R;w[ﬁ’ hH] =

O(a*f%), hence the requirement that f < 1 imposes a
hierarchy between the two expansion parameters f;/fy
and «, namely,(’

a<<Jj:—L. (17)

H

The scenario captured by the assumption in Eq. (11) also
encompasses the asymptotic region of an asymptotically
flat spacetime around an isolated source. More precisely, in
the limit to null infinity, the metric satisfies g,, = n,, +

O(1/r) in a set of coordinates {t,x,y,z)}’ and where r =

\V/X? + y* + 72 is the radial source-centered coordinate. In
the following, we will frequently employ the loose termi-
nology “limit to (future) null infinity” to describe the
asymptotic behavior of a quantity as r — oo at a fixed
asymptotic retarded time u = ¢ — r and therefore take the
limit up to the first nontrivial term in the r expansion.8

®Note that the original work by Isaacson [91] explicitly only
considers the situation in which a ~ f;/fy.

More formally, we choose to work in the asymptotic rest
frame of the source [93,98]. Since we will neglect any linear or
ordinary memory contributions, and henceforth also any remnant
kicks, we are not concerned with more rigorous definitions of
BMS rest frames in this paper.

This abuse of terminology mainly arises because of the
precise formulation of asymptotic flatness defined though the
existence of a conformal completion (# = .# U .7, §,,) where
O = Q%g,,, with boundary .# of topology $* x R at null

infinity, where Q =0 and V,Q # 0 (see, e.g., [27,99-102]).
Thus, the conformal completion is a manifold with actual
boundary at null infinity, whose nontrivial limit corresponds to
leading-order terms in the expansion in r on the physical
spacetime.
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With this in mind, we can now make a few observations
about the metric in the limit to null infinity. The back-
ground metric 7, defined in Eq. (11) asymptotes to the
Minkowksi metric 7,,. Moreover, as we will explicitly see
in Sec. IV, the low-frequency perturbation to the back-
ground metric 5h%, naturally describes the gravitational null
memory in GR. This is because in a suitable gauge, Eq. (14)
reduces to

D8, o< ()R . 1), (18)
where
@kl h] o (0,hIL0, 5. (19)

This is the equation whose solution &A%, yields a gravita-

tional memory contribution that is sourced by the coarse-
grained energy-momentum carried by the high-frequency
gravitational wave h[f, [18,19].

Since 7, is time independent and g‘}ﬁ,, varies on the scale
f1, the latter corresponds to the characteristic frequency of
the gravitational null memory in GR. Interestingly, Eq. (16)
implies that the null memory is enhanced by an additional
factor of f2,/f% compared to terms at O(a?). This parallels
the observation in [19], that, while the hereditary time
integral of oscillatory corrections scales with the orbital
timescale, the memory scales with the radiation-reaction
timescale instead. However, note that an estimate of f
above does not represent a faithful estimate of the ampli-
tude of the memory, mostly because one has to take into
account that the memory correction also falls off as 1/r,
which boosts its amplitude up to roughly 10% of the
(nonmemory) oscillatory signal (see also [17]).

Moreover, we want to point out that the inequality in
Eq. (17) is indeed satisfied in astrophysical systems of
interest to ground- or space-based gravitational wave
detectors. The amplitude of gravitational waves is typically
of O(1072?) and O(107") for ground- and space-based
detectors, respectively. The high-frequency f, can be
approximated with the frequency at merger, which for a
10°M, and 10°M,, (total) mass binary is approximately
fn~10>Hz and fy ~ 107" Hz for ground- and space-
based detectors, respectively. The characteristic frequency
of the memory can be estimated from the inverse of the rise
time of the memory at merger, which is approximately
10°M, where M is the total mass of the binary (see,
e.g., Fig. 1 in [23]). The low-frequency f; for a 10>°M,
and 10°M, (total) mass binary is then f; ~10 Hz
and f; ~ 1072 Hz for ground- and space-based detectors,
respectively.

We want to conclude this subsection by defining some
terminology that will be important to distinguish two
similar, but in truth very different, notions used in this
paper (see also [91]). The first one is the notion of

high-frequency perturbations as defined in this section,
which are introduced in contrast to the slowly varying field
content of the background. We henceforth choose to use
the terminology ‘“waves” for such perturbation fields.
Hence, gravitational waves denote the high-frequency
perturbations of the physical metric. On the other hand,
we want to reserve the term “radiation” to denote fields that
escape to null infinity, to which we can associate a power
that is irreversibly carried away from a localized source.
In particular, the polarization modes of the physical metric
in the limit to null infinity will be called gravitational
radiation. Interestingly, such a distinction is important
in order to properly address the manifestation of gravita-
tional memory. This is because, in light of the discussion
above, null memory is a low-frequency perturbation, and
hence, according to the preceding definition, it is not a
“gravitational wave.” On the other hand, memory does
escape to null infinity as a component of the polarization
modes of the physical metric (as a direct consequence of the
definition of memory, which will become clear in Sec. IV),
and therefore, it is part of the gravitational radiation emitted
by the system.

B. Isaacson picture and null memory beyond GR

We now want to generalize the above arguments to more
generic dynamical metric theories of gravity with space-
time (.#,g), where the metric g,, couples minimally to
matter and nonminimally to a number of additional
dynamical gravitational fields, which we will collectively
refer to as W. Moreover, as already mentioned in the
Introduction, for simplicity we will further restrict
ourselves to theories, for which each term in the action
carries at least two derivative operators. While the main
steps will remain similar to the above treatment within GR,
there are a few important differences that we will high-
light below.

A generic dynamical metric theory is governed by a set
of vacuum field equations, which we schematically denote
as G, = 0 for the metric equations and J = 0 for all other
field equations. We will primarily be interested in the
equations for the metric, hence, the generalized vacuum
Einstein equations g,w = 0. Therefore, henceforth, we
mainly only explicitly write down this equation in the
derivation that follows, but in principle, the considerations
below also hold for any of the additional field equations.

Let us again postulate a separation of frequency scales

fulfu <1, (20)

and assume that it is possible to this time not only
decompose the metric, but also any other gravitational
field into a low-frequency background and high-frequency
perturbation component

G = i + it Y=L pH, (21)
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For simplicity, we will assume that all high-frequency
perturbations can be captured by the same small expansion
parameter a, such that

LoHk

[PH| = O(a), (22)

where a < 1, although in practice of course the amplitudes
of each field wave might be different. In general, one can
assume that the gravitational wave tensor perturbations will
dominate the expansion of the field equations. This is so if
one assumes that deviations from GR must remain small.
Here we will assume that this is the case, and therefore, we
ignore the situation in which there are waves of the
additional fields ¥ but no gravitational waves present in
the spacetime.9

Let us start by again expanding the field equations in the
perturbation fields

[Se]

0= (0)gl“’ T (l)gﬂl/ + (2)g;w + Z; (i)gﬂw (23)

where, compared to Eq. (4), the respective arguments are
given by replacing g& — {g*, ¥t} and A — {nf1,PH}.
On very general grounds, we can still expect that the
background terms (0>gﬂy will only contain low-frequency

modes, while the terms in (])QW,, which are linear in

perturbation fields, will only contribute to the high-
frequency equations. In contrast to GR, however, the terms
in this expansion might involve operators with more than
two derivatives. This implies that for a generic metric
theory of gravity, the order counting needs to be modified.
In particular, it is crucial to ensure that in the expansion in
Eq. (23), the higher-order terms in «a remain negligible,
such that we can still solve the equations of motion order by
order. As we will now argue, under certain assumptions,
this requirement can be met, such that the beyond-GR
complications do not affect the main character of the results
in Egs. (8) and (9).

In the following, we will separately consider theories
with and without any higher-order derivative interactions.
Let us first consider the latter, and work with the metric g,
and any additional fields ¥ in dimensionless natural units.
Since by assumption any term involves exactly two
derivative operators, at each order N in «, there might
be terms of O(a" %), O(@" frfL), or O(a¥ f3), just as in
GR. Because of the assumption in Eq. (20), it is clear that
for each N, the term of O(a"f%) dominates. Thus, the
order counting remains the same as in GR [cf. Eq. (7)] and
the arguments in Sec. Il A go through.

’Note that if the waves of a particular additional gravitational
field are parametrically smaller in amplitude than the gravita-
tional waves, then it might be that the effect of that wave only
comes in at higher orders and would therefore drop out of our
leading-order analysis.

Let us now consider beyond-GR theories with field
equations that have interactions with more than two
derivatives in the action. By dimensional analysis, each
such term must be multiplied by a corresponding power of
a dimensionful coupling, which we will collectively denote
as ¢. Theories involving such higher-order derivative
interactions are generally further subclassified in two
different types: (i) theories with higher-derivative inter-
actions that still admit equations of motion at second order
in derivative operators (hence, only up to two derivative
operators per field) and (ii) theories whose equations of
motion are higher order in derivatives.

A restriction to theories with second-order field equa-
tions is usually motivated by the Ostrogradski theorem
[103]. This theorem states that, quite generally, theories
with field equations involving more than two time deriv-
atives per field possess ghost instabilities. Such instabilities
are rooted in a Hamiltonian that is unbound from below.
Yet, solutions to theories with higher-order field equations
can nevertheless be stable within the so-called small-
coupling approximation (see, e.g., [5]). More precisely,
the small-coupling approximation hinges on an EFT point
of view (see, e.g., [104—107]), in which the higher-order
derivative terms can be viewed as (quantum) corrections,
which may leave traces in observables within the regime of
validity of the EFT. This is indeed the case, for example, in
DCS gravity [51,52], which propagates a ghost degree of
freedom [108] that can be eliminated if one imposes the
small-coupling approximation [5].

If one assumes that a quantization of the theory is
inevitable, however, then the first type of theory described
above also needs to be understood as an EFT, for which
quantum corrections are required to remain under control
(see, for instance, [109,110] for a study of quantum
stability of subclasses of covariantized Galileon theories).
Moreover, an EFT point of view for any theory involving
higher-order derivative interactions is further motivated by
the observation that such theories are generally believed to
only be well posed in the weakly coupled regime (see e.g.
[111,112]). Horndeski theories can only be shown to be
well posed in this regime [113], while the well posedness of
other higher-order derivative theories still needs to be
proven. By “well posedness” of a theory, here we mean
more precisely that the hyperbolic partial differential (field)
equations have a well-posed initial value problem and can
be meaningfully evolved in numerical simulations, which is
guaranteed if the system is strongly hyperbolic [112]. Such
a restriction to the weakly coupled regime effectively
translates into the requirement that the couplings of terms
involving more than two derivative operators remain small
compared to the highest-frequency scale fj.

The arguments above therefore naturally suggest that one
should only apply such theories in regimes in which the
coupling € of any term in the action that involves more than
two derivatives is treated as small when compared to the
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energy scale of the perturbations. Such a small-coupling
requirement then enables us to include such higher-derivative
theories in our analysis. More precisely, we demand that for
any scale of energy f below the scale of validity of the EFT,
we have

efu < 1. (24)

This directly implies that the leading-order terms in the
expansion in Eq. (23) are again dominated by «, in the sense
that any operator <M>g/w’ maximally of O(af%(fye)’)

for some i >0, remains subdominant compared to the
leading-order terms in ( N>gw of O(a" f%,(fne)’), whenever

M > N.

The above is all we need to establish the analog to
Eqgs. (8) and (9) for the case of generic metric theories. The
arguments above imply that we may solve the generalized
field equations in Eq. (23) to leading order in @, while
ensuring that any higher-order correction remains sub-
dominant. Moreover, because of the split between low- and
high-frequency equations, which we insist is crucial in this
case, we can consider the leading-order contributions of the
low- and high-frequency equations separately. Just as in
GR, these equations will be given by the low-frequency
terms from <(2)QW> and (o)gm/ [determined through back-

reaction of the coarse-grained contribution <(2)g,w), at most
of O(af?%)] and the high-frequency contribution (l)g,w at

most of O(a?f%), respectively, while all other contribu-
tions will be of higher order. Thus,

09ul{7" ] = =()Gul{g" 1} (R P1Y), - (25)

0 Gul{d B (W =0, (26)
while now
{09! * o1, (27)

captures the effective energy-momentum contribution of all
of the high-frequency perturbations. For later reference, we
explicitly also state here the leading-order low- and high-
frequency equations for the additional field equations
J =0, which similarly read

oI [{7" P} = (o) UG 3 {n PH)]), (28)
(1)j[{§L, YLy, {hH, ] = 0. (29)

Following the GR derivation, let us further decompose
the background metric and background field into time-
independent pieces 7, and ¥, and time-dependent pieces
(with characteristic frequency f;) 6hf, and S%*, namely,

Gy = Ml + SN, YL =g, + 5PL, (30)

where the set {7, . ¥y} = 7, solves the background equa-
tions of motion Guwlito) = 0, and where

6l [8FF] = O(B). (31)
where f <« 1. Equations (25), (26), (28), and (29) to
leading order [i.e., to O(a*f%) and O(af?), respectively]
become

Gl {5RE,S¥LY) = —(, G lio. (W ¥7Y)).  (32)
(1)'-7[’_70’ {5hLv5‘PL}] = —<(2)«7[’_707 {hH7lI’H}]>’ (33)
(1)gm/[ﬁ07 {th \PH}] =0, (34)

< [ito. {n",¢1}] = 0. (35)

Observe that the relation in Eq. (16) S~ a2f%/f7 still
holds [at least for the tensor perturbations for which we
know a priori that in the presence of gravitational waves
the right-hand side of Eq. (32) does not vanish].

Let us close this section by commenting on the number
of derivatives involved in each term of the equations above.
Note that because of the small-coupling assumption in
Eq. (24), the number of derivative operators involved in
each leading-order term is no longer restricted. However,
for theories satisfying second-order equations of motion
[hence, also including theories of type (i) above] and in the
asymptotic region of an asymptotically flat spacetime
(which we will be interested in, in this work), any operator
at first order in perturbation fields ;G [fo. {hf1, ¥H}] and
1y [0 {n" P }] involves exactly two derivatives. This is
because the maximum number of derivatives per field is
two, while any term involving a derivative acting on the
Minkowski background will vanish. Moreover, anticipating
the results in Sec. V below, we will show that in the limit to
null infinity, this implies that also the low-frequency
contribution (G, [fio. {A",¥"'}]) will only involve two
derivatives. This statement will actually also hold for many
theories of type (ii). However, for some of them, a stronger
assumption than Eq. (24) is needed, namely that

efy <1, (36)
which assures that any term in ;) G, [fo, {#", ¥"'}] involv-

ing more than two derivatives is of higher order. This
statement will be further discussed in Sec. V D.
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III. THE BASICS OF MASSLESS SVT GRAVITY

As a first application of the approach to the Isaacson
picture discussed in the previous section, we will use that
framework to calculate the backreaction of the energy-
momentum carried by wave perturbations in the limit to
null infinity for a concrete set of metric theories beyond
GR. This will not only confirm that the induced, low-
frequency metric perturbation indeed corresponds to the
null memory, but it will also provide a formula for the null
memory in theories for which the memory has not yet been
explored. For now, we choose to restrict our study to the
leading-order effects in the asymptotic region of asymp-
totically flat spacetimes, mainly because this is the simplest
situation from which observationally relevant conse-
quences can be drawn.

Let us therefore focus on spacetimes that are asymp-
totically flat and expand the metric and any additional
gravitational fields around a Minkowski background

G = N + O(1/7), Y=Y +0O(1/r). (37)
Moreover, we want to consider a particular class of metric
theories of gravity, namely, the most general, massless,
and gauge-invariant'® SVT theories with second-order
equations of motion that include a single U(1) gauge field
A,, with field strength F,,, and a single massless scalar
field @, with vanishing potential. The theory thus prop-
agates 5 degrees of freedom. In terms of the notation of
Sec. IIB, the theory contains a physical metric g,,
together with two additional gravitational fields
¥ = {A,.®}. The restriction to massless fields results
directly from our assumption of trivial potentials. This is
not a severe restriction because massive fields are, by
definition, not expected to source any null memory, which
we focus on in this paper. This section introduces the
theory, as well as the standard first-order wave solutions in
asymptotically flat spacetime. The actual computation of
the gravitational null memory will then be carried out in
the next section.

A. Action and definitions
The action of SVT gravity can be written as (861"

SSVT = 2%0 / d4x\/—_g<i§:; L,->, (38)

1OGauge invariance, signaling a redundancy in the description
of the vector through a tensor-field A, is a direct consequence of
its masslessness and local-Lorentz invariance.
This theory was derived through a decoupling limit of
generalized Proca theories [114] written in gauge-invariant form
by introducing Stueckelberg fields.

where'?
L, = G,(®,X,Y,F,F), (39)

Ly = —G5(@,X)0® + [Gg(q’, X)gaﬁ
+ 63(@, X)V OV, 0|, (40)

Ly = G4(®, X)R + Gy [(O®)? — D, ]
+ G4(¢)’ X)L”Wl/}FﬂvFa/)’

A 1. ua pup
+ G4((D)+5G4X FrF q);wq)aﬂv (41)

G
Ls = G5(®,X)G"®,, — % [(O®)3

- 300D D, + 2B, YD, (42)

with k) = 8xG,, where G, is the dimensionful, bare

gravitational constant and where G;, G;, and é,- are
arbitrary functions of ®, X =-(1/2)V,0V¢®, Y=
vV, oV, oF*F,, F=—(1/4)F"F,, and F=F"F,,
with the Hodge dual F,, =1e,,:F*. The quantity

L is the double-dual Riemann tensor, and it is given by
Lﬂyaﬁ = R;wu/)’ + (Ruﬁgva + Ryagy/)' _ R,u(lgy/)’
1
- RO R~ g, ()

We also define ®,, =V, V,® and G;; = 9dG;/0Z for any
function, and we impose a vanishing potential via
Gy (9,0,0,0,0) = 0 for any integer n > 1. Moreover,
as already mentioned, we will for simplicity omit any
explicit matter contributions, although it is important to
keep in mind that only the metric couples minimally to
matter, while the additional scalar and vector remain purely
in the gravity sector. The corresponding equations of
motion associated with the action presented above can,
for instance, be found in the Appendix of [115,116].

The above action actually defines a large class of
theories. This class generalizes the well-known scalar
Horndeski or covariant Galileon gravity class [117-119],
reducing it when V,A, =0 and reducing to vector
Horndeski gravity [120,121] for a vanishing scalar field.
The theory members of this class are determined by the

choices of G,, G, and G, functionals. For example,
G, = 2w/®)X, G4 = @, and all other G; = 0 correspond
to BD gravity [39,40], while other choices lead to other
theories, like SGB gravity [62,64], and double-dual
Riemann gravity [89,90] (see Sec. IV D for more details).

"Note that up to integrations by part, a term with G3(®, X) =
@ is equivalent to the kinetic term of the scalar, such that we
specifically exclude such a term from Gj.
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B. Leading-order waves

We will now consider the leading-order waves of the
theory presented in the previous section and solve for the
corresponding propagating or radiative degrees of freedom
of the gravitational fields. Moreover, we will also comment
on the direct detectability of the radiation through gravi-
tational wave observations.

1. Radiative degrees of freedom

We start by assuming that we can split all fields between
slowly varying and high-frequency components, as in
Eq. (21) of Sec. II B. Since we are focusing on asymp-
totically flat spacetimes that contain an isolated matter
source, the limit to null infinity naturally selects the
time-independent background solutions [Eq. (30)] by
identifying

’_1;41/ = N> q‘() = ‘PO’ (44)

where 77, and ¥, are the Minkowski metric and asymptotic
field values defined through Eq. (37). In the concrete case
of SVT gravity, we define the zeroth-order background
fields Wy = {ag,. o}, which solve the background-field
equations if we impose
ap, =0, V.00 =0, 0G, =0, (45
where we define (V'G; = G,(¢,, 0, ...,0). The background
equations of motion would actually be solved even for a
nontrivial but constant background vector a,. However, in
order to preserve local-Lorentz invariance, we impose a
vanishing asymptotic value for the vector field.
Moreover, we now assume that the isolated system
produces gravitational radiation, whose physical modes
asymptote to future null infinity with a 1/r falloff. We also
impose a “no-incoming radiation” boundary condition at
past null infinity. We then typically describe the oscillatory
radiation modes in the radiation zone through perturbations
of characteristic amplitude O(a). These perturbations can
therefore be identified with the high-frequency perturba-
tions 17, and W of Sec. II B, so that we have

hl, = h,,, Y" = {a,.¢}. (46)

Note that for these fields, the terms radiation and wave can
thus be used interchangeably. We further want to ensure a
nonvanishing kinetic term for at least the tensor perturba-
tions by imposing (°’G, # 0. For a certain gravitational
wave source within a given theory, the scalar and vector
waves might or might not be excited, depending on the
concrete situation. We assume, however, that a tensor
gravitational wave is present.

To address the leading-order wave propagation in
Egs. (34) and (35), it is very useful to first expand the

action in Eq. (38) to second order in perturbations,I3 which
facilitates the determination of the physical dynamical
degrees of freedom in the theory in terms of gauge-invariant
modes. The second-order action in SVT theory contains a
kinetic term that couples the metric and scalar perturbations
h,, and @. This term can, however, be removed through the
field redefinition

; ©Gu
h/,w = h/w =+ Nuwo @, 0= W . (47)
4
Moreover, the scalar and vector perturbation can be rescaled
so that their kinetic terms in the second-order action are
canonically normalized. The necessary rescaling is

p=pp.,  a,=/(a, (48)
where
g, —20G )
— 2 ( 2X 30
and
0G
¢ = 2 (50)
g,

We require here that the coefficients o, p, and ¢
are real, which is also imposed by the positivity of
the energy carried by the perturbations as we will see
explicitly below. In terms of the new variables in Eqgs. (47)
and (48), the second-order action of SVT theory then
simply reads

-1 A A 1. - 1
o v oaf v ~ ~
(Z)SSVT = Teff/ d*x |:h’u Eﬂyhaﬁ + Zfﬂyfﬂ + zdﬂqo@”(p s

(51)

where we define the field strength of the leading-order

vector perturbation f,, =d,a, —d,a,,

the effective gravitational constant G.; = Go/ VG, as

Keff = 87Z'Geff with

well as the trace i’ = n””fzw. Moreover, EZf stands for the
flat-space Lichnerowicz operator

N 1 . N ~
EDhey = — 7Oy = 20,00,k + 0,0,
- npu(D/:\lt - a{laﬁ/’,\l”ﬁ)], (52)
At this order, the perturbations of O(a?) would contribute an
additional linear term in the action, which is, however, irrelevant

for the equations of motion, and we can safely neglect it at this
stage.
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which allows for compact notation when writing down the
Fierz-Pauli Lagrangian. Indeed, the first term in the action of
Eq. (51) is equivalent to the usual Fierz-Pauli combination

A A 1.4 A Apo A
W E Iy = 7 [0uhap0 i = o, o B!
+ 20,/ 0,h" — 20,9, h%,]  (53)

upon integration by parts. Hence, in terms of new variables,
the second-order action in Eq. (51) is nothing but the
linearized Einstein-Hilbert action with a sum of additional
canonical fields.

Itis well known that perturbed solutions of metric theories
of gravity are subject to gauge redundancies, which can be
understood as arising from the invariance of the action under
coordinate transformations, or equivalently, the invariance of
the spacetime under diffeomorphisms.14 Concretely, pertur-
bations 6h,,, of a given background solution 7,, in a given
coordinate system x* (as well as the perturbations of all other

fields) are only physical up to adding fake perturbations éhiy
to the background that can be removed by a small coordinate
transformation. Thinking actively, a perturbation is fake if
there exists an infinitesimal coordinate transformation that
moves the points from x* — x* = x# + &, with |&] < 1,
such that'’

ﬁ/,w(xl) + hICV(x/) = ﬁllw(x/)’ (54)

where we compare the expressions at the same point x'.
Therefore, the fake perturbations correspond to the Lie
derivative of the background metric hl,(x) = M (X') =
M (X) + O(E) = =Lei,,, + O(£%), such that any pertur-
bation 6h,,, is only physical up the gauge transformation

ohy, — ohy, — Ly, . (55)

The same holds for all other field perturbations 5% on a given
background solution ¥,

SY — &Y — LY. (56)

For the SVT gravity at hand, only the metric perturbation
transforms under this gauge symmetry through L., =
(8% 0l + 2Ma(0,)EY) = 214(,0,) &7, since for the back-
ground solutions in Eq. (45), we have that L.p=
E0,0=0 and Leay = £*d,an — afd,E* = 0. Moreover,

“More precisely, the spacetime solution (.7,g,¥) with a
metric g and additional tensor-fields ¥ defined on the manifold is
physically equivalent to the solution (A, ¢,q,d,¥), where
¢: M — A is a diffeomorphism and ¢, the associated pushfor-
ward [101].

In terms of diffeomorphisms, the active transformation is
given by the pushforward (¢.7),,, whose components are
equivalent to a coordinate transformation #,, defined through
the pullback x* = (¢p*x)* (see, e.g., [101,122,123]).

since we made a split between the low-frequency and high-
frequency parts of the fields, we need to make sure that the
small coordinate transformations also affect only in this
case the high-frequency part of the metric perturbation 4,,,
which therefore transforms as

h;w — h;w - Zna(baﬂ) }f] (57)
Note that this gauge freedom is entirely inherited by the
redefined perturbation variable fzﬂy. On the other hand,
the vector perturbation ¢* inherits a gauge freedom from
the U(1) gauge transformations of the massless vector A*
given by

a, — a, +0,A". (58)

By performing suitable coordinate [Eq. (57)] and U(1)
gauge transformations [Eq. (58)], we can impose at the
level of the equations of motion the following gauge
conditions:

9,i" =0, h'=0, and 9,8 =0. (59
In this gauge, it is no surprise that the leading-order wave
propagation described by Eqgs. (34) and (35) leads to
decoupled wave equations for all the hatted perturbations

0h, =0, Oa,=0,

uv

¢ = 0. (60)

Let us now single out the radiative modes that dominate
in the limit to null infinity. To do so, we perform the
usual 3 4+ 1 decomposition with a spatial orthonormal basis
given by a unit longitudinal or radial direction n’ and
two transverse vectors u' and o', such that §; = n;n; +
u;uj + v;v;. The plane wave solutions of Eq. (60) can then
be expanded in terms of 5 radiative degrees of freedom, 2 of
which appear in the gauge-invariant, transverse-traceless
(TT) tensor part (h, and h,), 2 are transverse vectors (a,,
and a,), and 1 is a scalar §:

ATT 5+ 2y AT A N ~
hij = hyef; +hee, a; =au;+a,v;, @, (61)

where we defined the polarization tensors 6;»; = wilj — v;v;
and e = u;v; + v;u;.

These radiative modes are indeed invariant under the
residual gauge freedom left over after fixing Eq. (59),
which are transformations satisfying (1}, = d,&;; = 0 and
A = 0. While other components of the metric and
vector perturbations are not explicitly gauge invariant
in this approach, this will not be relevant in our con-
siderations, since, in particular, only the radiative modes
will contribute to the gauge-invariant, and hence, physical,
response of a detector in the radiation zone (see Sec. III B 2

below). One could have chosen to work exclusively with
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manifestly gauge-invariant quantities (see, e.g., [94]) at the
cost of having to deal with a priori nonlocal fields. Once
more, however, only certain combinations of them will be
locally measurable in the physical detector response. Yet
another approach would have been to not introduce any
metric perturbations or vector potentials at all, and only
work with manifestly gauge-invariant and local objects
(see, e.g., [22,124]). In the end, all of these approaches are
physically equivalent in the limit to null infinity.

Before proceeding, let us make several observations
about the radiative modes presented above. First, observe
that the tensor polarizations defined above are identical to
the tensor polarizations of the physical metric perturba-
tions: fz+ = h, and h, =h,, and hence, 1A1,-T_,-T = hiTjT.
Second, note that one can construct linear combinations
of the radiative modes that have a certain (tensor s = —2 or
vector s = —1) “spin weight” (see, e.g., [102]), namely,

hijef; —ief) = h. —ih,  (62)
and
a= &T\/iﬁ’l, = &u - ifly, (63)

where 7m; = (1/v/2)(u; —iv;) is a transverse vector of
spin weight s = —1 as determined by its behavior under
rotations about the longitudinal direction. Third, observe
that both the tensor and the vector polarization modes are
transverse, while the tensor modes are, moreover, traceless.
It is convenient to define a transverse projector

J_ijzéij—ninj = uiuj_l—vivj :mlﬁl]+ﬁ1,m], (64)

as well as a transverse-traceless projector
1
J—ijab = J—iaJ—jb - EJ—ijJ—ab' (65)

These projectors can be used to single out the transverse
vector modes and transverse-traceless tensor modes in any
given expression. For instance, we can write

il’iI}T = J-ijozbi:lab’ &’lr = J‘ij&j' (66)

In what follows, we will use the two spin-weighted scalars
in Egs. (62) and (63), together with the scalar perturbation
@ to describe the leading-order tensor, vector, and scalar
radiation, respectively. In coordinates {u,r,Q = (0,¢)}
and asymptotically close to null infinity, these radiative
modes take the general form

(h.a.9) ~ . [f0,0, ). £u(u.0.0). £, (.0.6)] (67)

for some complex functions f}, , and real function f,.

2. Gravitational polarizations

At this point, it is important to realize the difference
between the notion of propagating degrees of freedom of
the gravitational fields, also called modes, discussed above
and gravitational polarizations. The former are gauge-
invariant solutions to the equations of motions for the
leading-order perturbed fields in the theory. The latter are
gauge-invariant radiative modes within the perturbations
of the physical metric that minimally couples to matter,
and which, therefore, can be detected through typical
gravitational wave observations. In order to determine
the admitted gravitational polarizations of a theory, one
must compute the electric part of the Riemann tensor
of the physical metric that enters the geodesic deviation
equation.

In the nonrelativistic and low-frequency regime and in
Fermi normal coordinates, the geodesic equation reads (see,
e.g., [95])

5= _RinOSjv (68)

where s; is the proper distance between nearby geodesics,
while overhead dots represent derivatives with respect to
proper time along the geodesic. This equation is at the core
of all gravitational wave experiments, and it is valid for any
metric theory of gravity, since it is a direct consequence of
minimal coupling to matter and does not depend on the
field equations.

Very generically, a metric theory of gravity admits up to
six polarizations [125,126]. This statement can be under-
stood from the fact that, in the limit to null infinity of an
asymptotically flat spacetime characterized by Eq. (37), the
physical metric can be decomposed as

Guv = My + H}ll/’ (69)

with 77, the Minkowski metric and an arbitrary perturbation
H,, characterizing six distinct gauge-invariant radiation
modes Hp ={H,.,H,,H, H,,H,,H;} of the physical
metric, which fall off as 1/r near future null infinity
[cf. Eq. (67)]. The electric part of the linear Riemann tensor

(I)R;wpo' [, H], which itself is gauge invariant, can then be

written as a sum of these six gauge-invariant polarizations
Hp. More precisely, near future null infinity, one finds that
(see, e.g., [41,94])

1. 1
Ripjo = —EAij + 0<p> (70)
where
Aij = e?}H_,_ + e;(ij + 2n(iu/-)Hu + 2n(,-1jj)Hv
+(uiuj—|—1}jv,-)Hb+ninjHl. (71)
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The structure of the electric part of the Riemann tensor tells us
that, on top of the two familiar tensor modes H , and H,, the
change in proper distance can also arise from two additional
vector modes H, and H, or from a scalar longitudinal H; or
scalar transverse (“‘breathing”) H; mode.

In order to determine the gravitational polarization
content of the leading-order wave within the SVT gravity,
we can simply evaluate the general linear expression in
Eq. (5), namely,

1
Ripjo = ) (0000H ;; + 0;0;Ho — 000;Hy; — 0y0;H ;)
(72)

for H,, — h,,. Decomposing the leading-order wave in
terms of the gauge-invariant degrees of freedom of Eq. (61),
using Eq. (47), one can write
A o, o,
hj=h"—8;,—¢ and hy=—p. (73)
p p
After imposing the falloftf of Eq. (67), and noting that to

O(r~!) we can replace 0; — —n;0,, the electric part of the
linearized Riemann tensor reads

1 /=11
Rigjo = —5 <hij -

O .
) [5ij - ninj];(/’>

= ei*]ﬁJr + eixj}ix = [wiu; + vvilop).  (74)

— 5 (
Thus, whenever ¢ # 0, the theory possesses an additional
scalar breathing polarization within the detector response,
as it is well known from scalar Horndeski theory [127]. On
the other hand, since the massless vector does not couple
nonminimally to the Ricci scalar, the gravitational vector
degrees of freedom will never induce any additional
gravitational polarizations. Therefore, this is a concrete
example of a theory that possesses 5 propagating degrees of
freedom, yet only a maximum of three polarizations of the
physical metric survive.

Observe that, in the language of Sec. II, H,, here in
principle represents the “total” perturbation, including both
the leading-order high-frequency perturbations, as well as
the low-frequency perturbations /i, and Shf,. Therefore,
H,, will generically also contain the memory component.
In other words, while being a nonoscillatory “Coulombic”
contribution (cf. [17]), memory can still be regarded as a
part of the radiative modes of the physical metric, which
are, in turn, part of the measurable components of the
Riemann tensor in the limit to null infinity. This is nothing
but a rephrasing of the statement that memory is part of the
gravitational radiation, as defined earlier. These memory
modes in the perturbation of the physical metric will inherit
the tensor structure from the leading-order radiation, and
therefore, it is in general not possible for memory modes to

excite a different gravitational polarization from the ones
excited through the leading-order radiation (see also dis-
cussion below). This is because the excitation of additional
polarizations can be associated with nonminimal couplings
between the fields and the Ricci scalar in the full action of
the theory.

IV. NULL MEMORY IN MASSLESS
SVT THEORIES

We will now proceed and compute the memory con-
tribution as sourced by the leading-order radiation of the
SVT theory introduced in the previous section. In general,
the memory effect can be understood by integrating the
linearized geodesic deviation equation [Eq. (68)] twice
using Eq. (70), and then solving for the separation vector
As; = As;(ty) — As;(7y) between an initial time 7, and a
final time 7z, before and after the passage of a gravitational

16
wave

1 )
AS[ NEAAUSJ(TO)' (75)

A permanent change in proper distance As; # 0 character-
izes gravitational memory. More precisely, any piece within
the radiative gravitational polarizations of the physical
metric in A;;, which induces such a permanent displace-
ment, will be called a memory component. Hence, on a
very general basis, metric theories of gravity are expected
to contain memory that can be associated with each of the
six polarizations. This naturally leads to a distinction
between scalar, vector, and tensor memory, where in this
terminology, the terms “scalar,’, “vector,” or “tensor’” refer
to the polarization type that induces a permanent displace-
ment (not to be confused with the tensorial nature of a
leading-order wave that acts as a source of memory, which
is not restricted in any way).

Let us therefore consider the existence of leading-order
waves with small amplitudes of O(a), as described in the
previous section, which satisfy the propagation equations
[Egs. (34) and (35)] and, in practice, are assumed to be
known a priori, and try to solve the leading-order low-
frequency equations [Eqs. (32) and (33)] close to null
infinity. These solutions will determine the low-frequency
background components

sht, = 6hy,,, WL, = {8a,,5¢}. (76)
As we will now see explicitly in the next subsection, these
low-frequency perturbations will in general describe gravi-
tational memory as defined above. In particular, the tensor
memory described by A, as the solution to Eq. (32) will
correspond to the gravitational memory known from GR.

"*Note that we are neglecting here subdominant initial velocity
contributions.
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Can there also be similar nontrivial scalar or vector
memory contributions? Or, in other words, does the
low-frequency equation for the scalar and the vector field
[Eq. (33)] in SVT theories also give rise to a corresponding
scalar and vector memory component? For the vector
perturbations, the answer can be given right away, since
SVT gravity never excites any vector polarizations in the
physical metric. By definition, this directly implies that
SVT gravity will not contain any vector memory either. For
the scalar equation, there is no analogous source entering
the low-frequency equation [Eq. (33)], which simply reads
Udgp = 0. This is, however, not surprising, in the sense that
within the SVT theory that we consider, no scalar source is
radiated to null infinity. Therefore, the only nontrivial null-
memory component is the tensor null memory, which is
what we will focus on henceforth. Moreover, since the low-
frequency perturbation h,, is sourced by radiative modes
that reach null infinity, it is more specifically called a tensor
null-memory component.

A. Tensor null memory: Derivation
of the memory-evolution equation

The right-hand side of Eq. (32) is the memory-source
term given by the averaged second-order metric field
equations as a function of the leading-order waves, and
it can be readily computed and simplified tremendously.
Using the gauge fixing conditions of Eq. (59), as well as the
leading-order equations of motion [Eq. (60)], while also
performing several integrations by parts,'” the result can be
reduced to

(@) (0,hapd,h? + 20,8,0,a% + 20,p0,() o 37

(77)

Observe that this expression only contains two derivative
operators and does not contain any second-order perturba-
tions and any mixed terms between first-order perturbations
of the tensor, vector, and scalar waves. Spacetime averag-
ing removes any second-order perturbations, since they
would depend on the high-frequency scale only, and thus,
they average out. Averaging also allows for integrations by
parts, which is crucial to ensure gauge invariance. The
boundary terms generated upon integration by parts can be
discarded because they introduce higher-order corrections
only [see footnote above Eq. (8)].

Let us comment on the result above. For notational
compactness, Eq. (77) introduces the total effective energy-
momentum tensor fyy | = 198 + 14 + 17, Thus, as in GR
and despite the many nontrivial operators in the full action
of Eq. (38), the result is simply proportional to the sum of

"Recall that integration by parts is permitted due to the
spacetime averaging, which is crucial in this calculation.

known energy-momentum (pseudo)tensors of free bosonic
fields in terms of leading-order perturbations

1, . .
GR _ af
= (0,hap0, 1), (78)
. 1~ A
1, = @ = 0,8,0,0%), (79
1712 2Kef <f;4afv > 2Keff< uaa va > ( )
» 1
4, = ——(0,09,9). 80
i 2Keff< L P0,D) (80)

Because of the spacetime average and the wave equations
[Eq. (60)], this total energy-momentum tensor is con-
served,] as well as traceless

MIZXT =0, n””tz,YT =0. (81)
Furthermore, gauge invariance can easily be checked (see,

e.g., [95]), such that the total stress-energy (pseudo)tensor
only depends on the modes in Eq. (61), namely,

1 A A AT A U
T = . (0,1 0,h};" +20,a70,af +20,p9,p). (82)

The left-hand side of Eq. (32) is the operator (1)g/w

evaluated at the low-frequency perturbation, which will
have the same structure as the operator governing the high-
frequency propagation equation. Thus, within this term, the
low-frequency perturbations can also be decoupled by
performing a redefinition of fields analogous to what we
used for the leading-order radiation [see Eq. (47)], namely,

hy, = Shy, + 1,,650. (83)

Moreover, thanks to the properties of the source term in
Eq. (81), infinitesimal coordinate transformations at the
low-frequency level &5 can be used to once again impose
the gauge conditions'’
08h,, =0, n*sh,, =0, (84)
such that the left-hand side of Eq. (32) reduces to a wave
: S
equation (I)QM:’T o [I8hy,,.
Putting everything together, the metric equation
[Eq. (32)] in the asymptotic region of an asymptotically
flat spacetime described by SVT gravity simply reads

O6h,, = =2kt " (85)

"Conservation follows from the fact that the divergence
commutes with the average and property (II) of the average
procedure (see Sec. I A).

Note that these gauge conditions do not correspond to what is
usually called the TT gauge. Indeed, the TT gauge can, in general,
only be imposed outside of the source (see, e.g., [95]).
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Thus, as in GR, the physical energy-momentum carried by
the leading-order waves induces a new, low-frequency
perturbation 513,” that satisfies a sourced wave equation.
Equation (85) can be viewed as our first key result, as it
essentially already implies that the new low-frequency
component is identified with a null-memory contribution
(see Refs. [18,19,22]) and anticipates that the memory
equation in full SVT gravity is modified in a very minimal
way, independent of the many details at the nonlinear level.
Let us stress, however, that the precise form of the
leading-order TT radiation itself can still depend on the
higher-order terms through modifications in the dynamics
that create the gravitational waves. Such modifications of
the amplitude and phase of the emitted gravitational waves
therefore also alter the memory contribution in an indirect
way. Interestingly, in the case of compact binary coales-
cence, modifications in the TT radiation already simply
arise due to a change in the rate of emitted energy induced
by the emission of additional scalar or vector radiation.

B. Tensor null memory: Solution
to the evolution equation

We will now explicitly present the procedure to solve
Eq. (85) for field points (7, X) in the limit of outgoing null
rays and obtain an explicit formula for the tensor null
memory. Up to the expression for memory in terms of the
TT part of the components of the physical metric pertur-
bation in Eq. (89) below, we will follow the arguments laid
out in [18] (see also [19]), filling in certain useful details.
We then proceed by further simplifying the memory
formula through an explicit rewriting of the result in terms
of coefficients of an expansion in spin-weighted spherical
harmonics. This is also the form in which memory is
naturally extracted from asymptotic BMS balance laws.
Explicitly showing the equivalence of the two different
representations will therefore later allow us to confirm our
results by a direct comparison to recent computations of
BMS balance laws in the special case of BD theory (see
Appendix C).

The wave equation can be solved generically through the
standard retarded Green’s function

R  Keir 4 syt Ot =1 =[x =X
Shy, (x) = 2ﬂ/d x'tp) " (x) o7 . (86)

To transform this expression into a form that is useful to us,
we need to perform several simplification steps. First, we
will switch to spherical coordinates {u, r,Q = (6, ¢)} for
the arguments of the tensor components™ with X = rii,
where 7 is the outgoing radial unit vector and u = — r is
the asymptotic retarded time. This will ease an evaluation

2As it is customary in a large part of the gravitational wave
community, we will still use a Minkowski basis {z, x, y, z} for the
index structure of tensor components.

of the expression close to null infinity, when we take
the limit » — oo at fixed u. We do the same for the
source, such that the integration measure becomes d*x’ —
du'r?dr'd>Q).

Moreover, like for the leading-order waves, the physical
response to the tensor memory outside of the source’’ is
captured by the propagating TT component of the metric
perturbation &i;;" = Shi" of the physical metric, as dic-
tated by the general expression given in Eq. (70). This
means that the measurable effect of the tensor null memory
is given by a projection of the spatial components of
Eq. (86) onto its transverse-traceless part.

The final step required to transform Eq. (86) into a more
suitable form for our calculations is to study the behavior of
the integrand with respect to r/ in order to perform the
radial integration. To do this, we note that, while we are
interested in the behavior of 5lew close to null infinity, the
radiative source term itself also needs to be considered far
from its own source (i.e., in the radiation zone), where the
outgoing leading-order waves are well defined. In particu-
lar, this implies that the leading-order waves satisfy
Eq. (67) with respect to the source variable r/, such that
to leading order in large 7/, the radlatlve  energy- -momentum
tensor takes the form (see e.g., [95])

1 dE
£ (87)

t;w(ul’r,’gl) = r/zd /dQ/ H

Here, the null vector £, is defined as £, = =V, 1+ V,r,
with V;r =n; and the energy flux dE/du'dQ’ only
depends on retarded time u’ and the direction '. This
allows us to use the delta function to perform the radial
integral and arrive at™

dESVT
ShTT (1. r, Q) = eﬁ/ /&Q p

« J—ijab(gz)nanb
r(1=n"-n(Q)) +u—u

The limit to null infinity can now be performed rather
straightforwardly to yield

]. (88)

?'While the source of the null memory is itself constructed
out of null waves within the radiation zone, such that both » and
are large, any location at which the radiative source is nonzero
within the past null cone of a point (t X) where we evaluate
the null-memory component satisfies ' < r (see e.g., [22]).
Thls also Justlﬁes the appr0x1mat10n t ~u+r'n-n.

To O(r~"), we have YT = 1gonin;, while t;y = —tgon;. This
follows from the general structure £ T~ (0,p0,y), together with
the falloff properties Eq. (67), Which imply that we can replace
d; — —n;0y. Moreover, in units with ¢ = 1, we can equate an
energy flux of radiation at speed ¢ with an energy density
1/r2dESVT/dudQ = ety L.

“Recall the formula Sg(x) =3, 8(x —x;)/|¢ (x;)
g(x;) =0 is a root.

Jj?

, where
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R
Y 2nr |5 aqQ’ (1-n

where the superscript TT denotes a projection onto the TT
component via L;;,,(€2) defined in Eq. (65) and where we
define the energy per solid angle as

dESVT "
7@75/ du

Note that Eq. (89) is a well-defined quantity even if 7’ = 7,
since in that case the numerator vanishes as well.

The tensor null memory for SVT gravity can thus be
simply evaluated by inserting the expression for the
radiative energy density in Eq. (82) into the expression
for the time-integrated energy flux in Eq. (90). In terms of
canonically normalized “hatted” variables defined in
Eqgs. (47) and (48), and the expansion in terms of polari-
zation tensors in Eq. (61), the energy density reads

T e

JdESVT
du'dQ

u
_ 2 1,.SVT( 1 /
—r/ du'tyy ' (u',r, Q).
-0

(90)

S— (AP + 12 +4%). (91

eff

T 7, Q) =

However, the physical (in the sense of observationally
relevant) modes are characterized in terms of the perturba-
tions of the original fields that appear in the full action.
Indeed, it is the scalar perturbation ¢ that is associated with
a potentially observable additional breathing mode, as
shown in Eq. (74). Thus, in terms of the physical modes,
the radiative energy density becomes

L. . .
T Q) = 5 (P + Claf £ 207). (92)
€

where we recall the definitions

0aG,, —20¢G
g,
and
(0)G4(I) © GZF

Equations (89) and (92) define the tensor null memory of
massless SVT gravity. These equations indeed represent a
memory component, as one can simply infer from their
functional form. That is, these expressions contain a time
integral over a strictly positive function, which therefore
induces a permanent displacement within the detector
strain. Observe that this tensor null memory is sourced
by all radiative degrees of freedom in the SVT theory,
independent of whether these radiative modes excite

additional gravitational polarizations in the physical metric
or not. More precisely, a nonzero value of ¢, which implies
that the breathing mode is excited (recall the discussion in
Sec. HIIB2), only influences the value of the scalar
prefactor p, but it does not determine whether the emitted
scalar radiation provides an additional tensor memory
source in principle. Moreover, the energy density emitted
in vector modes backreacts to produce tensor memory, even
though they are in no way connected to any gravitational
polarizations of the physical metric.

C. Tensor null memory: Spin-weighted spherical
harmonic decomposition

The tensor null-memory expression in Eq. (89) above
can still be further simplified for practical use. We do so
by first defining the spin-weight s = —2 quantity [recall
Eq. (62)]

8h = 8hi i, (95)
and then determining the value of the coefficients 54" of
its expansion in spin-weighted spherical harmonics (see
Appendixes A 1 and A 5a). Writing the memory in this
alternative form will also ultimately allow a direct com-
parison to the memory arising from BMS balance laws or
within a systematic PN expansion, as we will see below.

The simplest way to obtain the spin-weighted spherical
harmonic coefficients is to first expand the TT-projected
term in the square brackets of Eq. (89) as a geometric
series and then transform the result to a symmetric trace-
free (STF) basis, which can subsequently be related to
the spin-weighted spherical harmonic expansion. In
Appendix A, we gathered a collection of formulas for
different multipole expansions and the relations between
them, and also introduce the notation we use for STF
tensors (see Appendix A 3). As we show explicitly in
Appendix B, the transformation of the TT-projected square
brackets in Eq. (89) in terms of STF tensors results in the
identity [see also Eq. (2.34) in [128]]

i/, T 2221+ 1)
|:7j_':| = J_ ab Z nL_zn/<abL_2>, (96)

1-n-n = (1+2)!
such that
21+ i
TT __ eff
oh!' = ljabzl' L- 2 (l+2>
dESVT
« £ 20 Wy (97)

By comparing to the general STF multipole expansion of a
rank-2 TT tensor written out in Eq. (A30), we immediately
see that the memory only contributes via the electric-parity
multipole, namely,
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d ES VT
doY

2021+ 1)
sy, = Ker 201+ DU A e (u)n! (98)

8zr (14 1)(1 +2)
8V, =0, (99)

where we have relabeled ijL — 2 — L through multi-index
notation.

A change to the pure-spin TT harmonic basis using
Eq. (A37) as well as Eq. (A13) then yields24

d ESVT

4k (l -
5U1m _ Teff /
2(0+2)! Js dq’

This expression can finally be related to the spin-weighted
spherical harmonic expansion through Eq. (A34) to give

() Y™ ().

(100)

2Keff 2
l (I+2)!

5hlsn\1/T =
/dzﬂ’Yl’" (Qr ISVT(u r,Q), (101)
SZ

where £3)T is given by Eq. (92). Note that the angular
integral in this expression can be evaluated analytically as a
sum of 3j symbols by simply also expanding the leading-
order waves in spin-weighted spherical harmonics and
applying the identity in Eq. (AS8), which involves three
spin-weighted spherical harmonics.”

D. Interesting examples

We close this section with a few explicit results for the
tensor null memory of interesting subclasses of Horndeski
gravity, in order to further exemplify the broad scope of the
SVT theory investigated above.

1. Brans-Dicke gravity
Horndeski gravity reduces to BD theory for the choices

2w
G, =—X,
2T o
G4ICD

G; =0 otherwise, (102)

*The memory computed in a PN expansion assumes precisely
this form, as explicitly shown in GR [16] (see also [20]). However,
we define the mass multipole without factoring out the r~!
dependence. Note as well that we could have obtained Eq. (100)
more directly by using the identity in Eq. (A26).

>This could in principle simplify the widely used GWMEMORY
PYTHON package for memory computations in GR [129], where
the angular integral is partially performed numerically. We also
note that the GWMEMORY code does not perform any spacetime
averaging.

such that the action given in Eq. (38) becomes

SBD — 211( dxy /=g (@R - — ¢V, @V q)) (103)

with physical metric g,, and where @ is a coupling
constant. Inserting Eq. (102) into Eq. (92), the correspond-
ing energy-momentum (pseudo)tensor sourcing the tensor
memory reads

1 . (0 2
R Bt]t)<|h|2+(2a)+3) ((p—()) > (104)

where kB2 = K/, such that Eq. (101) becomes

Ship, = r\/giz_z))i A eQY(Q)
x /_m d“'<|f'l|2 + (20 +3) (%)2>. (105)

As we show in Appendix C, the result in Eq. (105)
precisely matches the memory extracted from the BMS
balance laws in BD theory, which were previously com-
puted in [45-48], and therefore corrects the formula for the
tensor memory of BD gravity of [49].

Moreover, note that in this theory

0G,e 1
c=——=—=%0,
(0)G4 Po *

(106)
such that according to the results in Sec. III B 2, BD gravity
has an additional breathing polarization. As discussed
above, this fact only minimally modifies the memory
formula of Eq. (105), since w is already constrained to
be a large number (e.g., @ > 4 x 10* due to constraints
from the tracking of the Cassini spacecraft and the Shapiro
time delay [130]). However, the existence of such an
additional scalar polarization makes it in principle possible
to also measure scalar memory, hence, memory within the
scalar polarization of the detector response. Yet, as already
mentioned, we do not find any analogous scalar null-
memory component because there is no analogous null
source for the scalar mode. This agrees with the results in
[45-48] as they do not find a full BMS constraint for the
scalar, which indicates, in the terminology of [46], that the
scalar displacement contribution to the Riemann tensor that
can potentially arise through other mechanisms® is rather a
more general persistent gravitational variable, as opposed
to a true memory component.

26 . I e
See, for instance, [49] where a nonvanishing shift in the
scalar is shown to arise as a consequence of the no-hair theorem.
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2. Scalar Gauss-Bonnet gravity
SGB theory can be obtained by choosing [116,119]

G, = X + 8f#(®)X*(3 —InX),
G; = 4fP)(®)X(7 - 3InX),
Gy =1+4fD(®)X(2 - InX),

Gs = —f1(®)InX, (107)

where f(")(®) = 9"f/0®". This leads to a SGB theory
action®’

§sGB 2’1<0/d4x\/_—g<R_;guvvﬂq)vy<b+ezf(q))g)7
(108)

where the Gauss-Bonnet curvature scalar is defined as G =
—Rm R, = R"°R,,,, —4R"R,, + R* and the Hodge
dual reads R* ,, = 1" R ,;,,. To lowest nontrivial order,
the theory represents GR with a canonical scalar field,
while for constant values of @ the entire theory reduces to
GR because the Gauss-Bonnet term integrates to a boun-
dary term. Although at first glance the correspondence of
SGB to Horndeski theory given by Eq. (107) could suggest
that for nontrivial functions f(®) the SGB term could
actually contribute nontrivially to the memory, this is not
the case. A closer look reveals that

3 OGie | (VGox —2"Gsq)
(O)Gézl © G4 sGB
= lim 1 —4w(X) (£ (go) + 27D (o) X+ = 1,

(109)

where we defined w(X) =2 —InX as well as ™) for the
Nth derivative of f. Hence, the higher-order SGB term does
not modify the memory formula, and the theory simply
contributes through the canonical scalar term within
Eq. (92) as

1. .
P = o (P + 7). (110)

Indeed, in Sec. V, we will show that any term in the action
involving more than two derivative operators will not
modify the tensor memory in an explicit way.

*’Note that while this correspondence is not obvious at the
level of the action, the resulting equations of motion are
equivalent.

Furthermore, since

(0)
o= ﬂ =0,
G,

(111)
SGB gravity does not excite any additional scalar polar-
izations (breathing or longitudinal) within the physical
metric, as opposed to the BD theory considered above. This
result is consistent with the analysis of the polarization
states of SGB theory in [131]. This also implies that SGB
by definition only features tensor null memory.

3. Double-dual Riemann coupling
Similarly, choosing [119,132]

G, =X,
Gs =X,
G; =0 otherwise, (112)
the Horndeski action reduces to
1
SddR — e / d4x\/—_g <R + VﬂdDV,}I)(I)aﬁL”W/’
Ko
1
—Eg"”VMCDVDGD), (113)

where the derivative coupling to the double-dual Riemann
tensor defined in Eq. (43) therefore also leads to second-
order equations of motion. Since this coupling is associated
with a nontrivial G5 function only, we immediately know
that such an additional term will not alter the tensor null-
memory formula. Hence, exactly as for SGB, the memory
is sourced by Eq. (110) and only modified due to the kinetic
term of the scalar and thus by the mere presence of the
possibly propagating scalar mode.

V. TENSOR NULL MEMORY IN DYNAMICAL
METRIC THEORIES

We will now generalize the result of the explicit null-
memory computation of massless SVT theory in the
previous section by proving that, assuming the scenario
outlined in Sec. II B, the functional form of the low-
frequency evolution equation at the basis of the tensor
null memory remains unaltered in the limit to null infinity
for any dynamical metric theory with trivial potentials (see
Definition 1), given a set of minimal assumptions outlined
in Sec. V B below. Together with an additional assumption
on the structure of the radiative energy-momentum tensor
in the limit to null infinity, this further implies directly that
the tensor null memory can still be written as [cf. Eq. (101)]
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-2)!
m _ 20/ ]m
Shl! 1+2 /dQY du iyt o (114)
where (2) w is a conserved and gauge- -invariant generahzed

energy-momentum (pseudo)tensor of the leading-order
radiation in the theory. This (pseudo)tensor contains a
purely GR piece in the form of an Isaacson energy-
momentum tensor and a correction thereof that consists
of a sum of terms, which exclusively depend on high-
frequency perturbations of the additional gravitational
fields.

In a second step, we will explore the scope of the
theorem in Sec. V D by outlining which classes of theories
actually satisfy the underlying assumptions. Before stating
and proving the theorem which allows us to draw the above
conclusions, however, we need to first introduce the so-
called second-variation approach [133], which we present
in the next subsection.

A. The second-variation approach

In the second-variation framework, the low-frequency
metric equation [Eq. (25)], as well as the propagation
equations [Egs. (26) and (29)] can be derived from a
perturbed action. To do so, one first separates the metric, as
well as any other field, into a background and a perturba-
tion, as in Eq. (21), and expands the action S of the theory
to second order in perturbation fields

SV = 03 T 1)S T (25 (115)
With this in hand, one then promotes the action $*¥ to an
effective one $* — S3j; by treating the background fields
and the perturbations as independent fields.

Indeed, one recovers the low-frequency metric equation
[Eq. (25)] by varying the effective action

)Seff[{gL’ @L}]
SR8 S NVIR T
(116)

SY{FE, P, (R, wHY) =

with respect to the independent background metric gﬁy and
a subsequent restriction to low-frequency quantities. More
precisely,

5 sV L
[Seff] =0 (117)

5g,"
gives back Eq. (25), where after the variation, the back-
ground metric is not treated as an independent variable
anymore. Note that the linear piece (I)Seff in Eq. (116) can

always be neglected, because a term linear in perturbation
fields generated through a variation with respect to the

background metric will vanish upon restriction to low-
frequency modes [see property (I) of the average procedure
in Sec. IT A].

Let us see how this comes about explicitly. The variation
of the zeroth-order action <0>Seff simply gives back the
background equation operator of the theory

50,
() eff
< ()G

K7

and thus the left-hand-side in Eq. (25). A variation of (2>Seff,

on the other hand, provides a definition for the effective
energy-momentum (pseudo)tensor of the perturbation
fields via the Hilbert approach, namely,

(118)

(119)

—2 <5( )Seff> =
A /_gL 5%” (2) uv

upon averaging out the small scales. We have already
established that the right-hand side of Eq. (25) is propor-
tional to the energy-momentum tensor of the perturbation
fields in Eq. (27). From that point of view, Eq. (25) can
therefore be understood as a dynamical equation of the
a priori unknown background sourced by the effective
energy-momentum tensor of the perturbation fields.

The propagation equations for the gravitational waves
and any other perturbed field can also be obtained through
this variational approach. The metric equation [Eq. (26)], as
well as all other high-frequency propagation equations of
the additional gravitational fields [Eq. (29)], are recovered
by varying St in Eq. (116) with respect to the correspond-
ing field perturbation. This is because, in general, a
variation of a perturbed action with respect to a perturbation
field yields the same equation that one obtains by per-
turbing the total field equations computed from the full
action [133,134]. Moreover, the action in Eq. (116) is
enough, because we can again safely neglect any linear
piece (USeff; a variation of such a piece would not contain

any high-frequency components.28 Hence, the leading-
order propagation equations [Eqs. (26) and (29)] can be
obtained from

oS3 1% Rk
[(ShT] =0 [W—H =0

(120)

In the following, this approach will enable us to general-
ize the result for tensor null memory in SVT theories
(explicitly computed in the previous section) and will allow
us to explore the boundaries of the validity of the associated

*In fact, a variation of 1)Seff with respect to a perturbation
field would simply give back the corresponding back-
ground equation, and therefore, does not contain any additional
information.
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functional form of tensor null memory. More precisely, we
will show that, after further splitting the low-frequency
fields into a background and perturbation as in Eq. (30) and
in the limit to null infinity, the low-frequency metric
equation [Eq. (25)] that determines the null-memory
component very generally takes on the simple form that
we derived for SVT gravity. That is, the equation reduces to
a massless wave equation for the memory component
sourced by the energy-momentum of the high-frequency
waves [cf. Eq. (85)]. In other words, the equation remains
the same, except for the proportionality coefficient and the
energy-momentum tensor, which is replaced by a corre-
sponding generalization that is still conserved. These
statements will be made precise through the formulation
of an associated Theorem 1.

In particular, the proof of Theorem 1 will be based on the
key observation that in the limit to null infinity, both the
propagation equations [Eqs. (26) and (29)], as well as
the low-frequency energy-momentum tensor in Eq. (25)
(see Lemma 1), actually only depend on the second-order
effective action

(2)5223 = (2)Seff[{’7v Po}. {1, PH}] (121)
evaluated on a flat, but still independent background
o = {Nu- ¥Yo}. By flat, here we mean a metric with a
vanishing curvature, as well as the existence of coordinates,
in which the metric and the fields satisfy d,1,, = 9,%) =0,
so that, in particular, the Christoffel symbols vanish as
well.”

Moreover, in the subsequent derivation of the tensor
null-memory formula of SVT theories in Sec. IV B [starting
from Eq. (85)], the radiative energy-momentum tensor
essentially only played the role of a spectator. Based on
Theorem 1, this observation will then allow us to conclude
that for a very broad class of dynamical metric theories of
gravity, the memory formula remains of the same func-
tional form as in Eq. (101).

B. A theorem for the evolution of memory
in dynamical metric theories

We want to start with a more formal definition of the
dynamical metric theories we will focus on. Based on the
framework outlined in Secs. IT and V A above, we will then
first prove Lemma 1, based on which we establish
Theorem 1 that restricts the functional form of the

¥For GR, more precisely with the assumption of vanishing
torsion and nonmetricity (assumptions that are therefore also
satisfied in our case), it can be explicitly proven that the vanishing
of the Riemann tensor implies that for every point on the
manifold, there exists a chart, in which the metric can be written
as a Minkowski metric. However, we do not prove here the
additional requirement 0,%, = 0, which should therefore be
regarded as an additional assumption.

leading-order, low-frequency metric equation [Eq. (25)]
of such theories in source-centered coordinates describing
the asymptotic null region.

1. Preliminary definitions and lemmas

Definition 1. Dynamical metric theory. Let .#Z be a
four-dimensional oriented and differentiable pseudo-
Riemannian manifold equipped with a Lorentzian metric
g of signature (—1,41,+1,+1) and an associated Levi-
Civita connection I'. By dynamical metric theory, we shall
mean a local and covariant Lagrangian-metric theory on .#
described by an action

1
S =_"

= 2e | dev=dlLale. ¥+ Lalg) - (122)

consisting of a matter Lagrangian L, minimally coupled to
the metric g only, and a gravitational Lagrangian Lg
consisting of scalar terms, each involving at least two
derivative operators that are constructed out of curvature
invariants as well as a set of additional dynamical gravi-
tational fields ¥ that preserve local-Lorentz invariance, and
whose dynamical degrees of freedom are massless.”

We will generally distinguish between three classes of
dynamical metric theories. The first ones are those that only
involve terms in the action with two derivative operators.
On a classical level, such theories can be considered to be
exact, in the sense that they could be, in principle, well
posed as an initial value problem for any values of their
coupling constants.

The other two classes encompass theories with more
than two derivative operators per term, which typically
represent theories admitting higher-order derivative inter-
action terms. Between those two classes, we further
distinguish between theories that still admit second-order
equations of motion and theories which lead to higher
equations of motion. As discussed in Sec. IIB, such
theories require the additional assumption of small cou-
plings €, and they are naturally interpreted as effective field
theories. In our context, a small-coupling approximation is
satisfied for theories admitting second-order equations, if
the assumption in Eq. (24) holds. Moreover, for theories
with higher-order equations of motion, we must in principle
demand the stronger condition Eq. (36). Thus for theories
of the latter class, Lemma 1 below, as well as the statements
in the subsequent Theorem 1 need to be understood as
statements up to factors of O(efy).

3For fields that are not a scalar, we will also assume a local
gauge invariance. However, this does not represent an additional
assumption, since for theories with local-Lorentz invariance,
gauge invariance is in general needed to obtain a description of
massless fields via components of tensor fields (see, e.g., [135]).
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Lemma 1. In the limit to null infinity

=2

S ST
2 () = o Y, (12

ont

and hence, the leading-order energy-momentum tensor
[Eq. (119)] only depends on the flat, second-order effective
action defined in Eq. (121).

Proof—The energy-momentum tensor was defined in
Eq. (119), and therefore, the lemma is proven if we can
show that in the limit to null infinity

flat
O0)5 et _ 02)Segr
5,,,/41/ S ngw ’

where recall here that the background metric must be
treated as an independent field. Since we only consider
local and covariant theories with Levi-Civita connection, a
variation of the second-order action (2)Seff with respect to

(124)

the independent background metric g4, will only arise from
polynomial contributions of the background metric, the
associated covariant derivatives V,, through its Christoffel
symbols f”aﬁ, and contractions of background curvature

invariants R  [g%], the last two of which vanish for a
(0) Hvpo

flat metric by definition. To prove Lemma 1, we therefore
need to show that any term in the nonflat perturbed action

(2>S " that involves background curvature or connection
€

operators does not contribute to the effective stress-energy

tensor (2)t}w at null infinity.

For any term in the perturbed action that contains
curvature or connection quantities, a variation of a curva-
ture or connection coefficient with respect to the back-
ground metric ; can be written as [97]

605, ] / dho/ GV, P57 (125)

for some tensor P?,, upon integration by parts. Such a

contribution vanishes

t 2-2(V,P°,)=0 (126)

@)

due to property (II) of the average (see Sec. Il A). See
Ref. [97] for a pedagogical discussion of the above
two facts.

On the other hand, if the variation of such a term is
hitting a background metric, the resulting term will still
contain either a curvature or a connection operator.
Therefore, any such contribution will vanish in the limit
to null infinity. =

2. Memory evolution theorem beyond GR

Theorem 1. Consider a dynamical metric theory, as
introduced in Definition 1, for which
(1) the assumptions of Sec. II B hold. In particular the
Egs. (20), (22), and (24) are satisfied, such that
the leading-order, low-frequency metric equation
can be written as [Eq. (25)]

0 G lT T1Y) = (G (g B {nH Y],
(127)

while the leading-order, high-frequency propagation
equations [Eqgs. (26) and (29)] are

19w {g" P} AR P} =0, (128)

TG Py AR P = 0. (129)
Moreover, the low-frequency fields can be further
split into a background {7,,., ¥y} =7, that solves
the background equations of motion (())g;w [io) =0

and a small perturbation

Gk, =i, +OhL,, PL =9, +8PL.  (130)

(i) The spacetime is asymptotically flat, which in par-
ticular implies that there exists a chart {z, x, y, z} with
r=+/x*+y*+z* for which g,, =n,, +O(1/r)
and¥ = ¥, + O(1/r) in the limit to null infinity r —
co atfixed u = t — r. The background 17y = {,,,. ¥}
solves the vacuum field equations and preserves local-
Lorentz invariance, with d,%, = 0 for scalar fields
and ¥, = 0 for all other tensor fields and where 7, is
the Minkowski metric.”'

(iii) There exists a set of leading-order high-frequency
field perturbations Al = W(h",¥") and P¥ =
V(PH) for some functions W and V, for which,
in the limit to null infinity, the leading-order, high-
frequency propagation equations [Egs. (128) and
(129)] reduce to a set of decoupled wave equations
for each field

Ohll, =0, O =0 (131)
pmg:quad="70"upon imposing the Lorenz gauge as
well as tracelessness
P H
hy,, =0,

nhf, = 0. (132)

'Note that asymptotic flatness also requires that any matter
energy-momentum tensor components 7, fall off quickly
enough, so that rzTﬂD has a smooth limit to null infinity.
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Then, in the limit to null infinity, the leading-order low-
frequency metric equation [Eq. (127)] can be written as
Oohy, = ~2keir )1, [o- {n", 9], (133)
where 5%1, satisfies the Lorentz gauge d“ﬁfzﬁy =0, and
where k. = koA (19), with A(ny) a function that only
depends on the Minkowski background. Furthermore,

(Z)t,, has the following properties:

(a) It is conserved, 0" (5)t,,[1o, {hf, ¥HY] = 0.
(b) It can be written as a sum of terms

(2) t/w [’70 s {];Hv lIAIH }]

- (2)2?3[770’ W) + Zp:(z)’;[ﬂo"iﬂ], (134)

where ), tfyR « (0,h0,h""*) and where each @ t;fy

involves two derivative operators.
(¢) It is invariant under infinitesimal coordinate trans-
formations x* — x* = x# + &,

Proof—Let Sep = © )S + )S tbe the effective action
of a dynamical metric theory (see Definition 1), where here
we have ignored the linear term because it will not
contribute to the equations of motion of the perturbations
at leading order [Eqs. (128) and (129)] or to the leading-
order memory-evolution equation [Eq. (127)]. In the
following, every equality or proportionality is to be under-
stood as a statement in the limit to null infinity. Moreover,
proportionalities are relations up to scalar functions, which
may depend on the Minkowski background 5 = {#,,, ¥o}
at null infinity, as well as the dimensionful bare Newton’s
constant K.

With this in mind, let us separately consider the left-hand
side and right-hand side of the leading-order, low-
frequency equation [Eq. (127)], starting with the former.
The left-hand side of Eq. (127) arises from 5(0)Seff /84,

and it simply corresponds to the metric field equation
operator of the theory in terms of the low-frequency fields.
Imposing the split in Eq. (130) into a low-frequency
background 77y = {7,,,. ¥, } that satisfies the vacuum equa-
tions and low-frequency perturbations k%, and 6W*, the
operator splits into a homogeneous piece (O)QW [iio] = 0 and

QM [ii, {6h", 8PL}] [see Bq. (32)].

gﬂy [’70’ {5hL,

8P}, since gk, = n,, + O(1/r) and ¥ = ¥, + O(1/r).
Note that this operator (l)gm [no, {Sht,5PL}] has the

gﬂy[’m’ {on",

S8PH}], which is the operator of the propagation equation
[Eq. (128)] in the limit to null infinity. Therefore,
assumption (iii) also dictates the functional form of the
inhomogeneous piece (l)g}w [no, {6ht, SPL}].

an inhomogeneous part 1

In the limit to null infinity, this becomes ()

same functional form as the operator ()

By assumption (iii), the operator takes the form of a wave
g/w (o, {oh",8%H}] o« Ok}, upon a field

redefinition A/, = W(h",¥") and ¥¥ = V(¥") and after
imposing the conditions in Eq. (132). Thus, there exists a
redefinition i), = W(6hL,, 6¥") together with a suitable
choice of & in a coordinate transformation x* — x* + &,
such that the remaining leading-order operator reduces to a
decoupled wave operator D(Siz/fy. The corresponding gauge
choice is the Lorenz gauge on the rescaled, low-frequency
metric perturbation, 0“5%1, = 0. The existence of this gauge
follows from the conservation of the energy-momentum
tensor ¢ (5)t,, = 0, which in turn can be established from
property (IT) of the average (see Sec. II A). If the total energy-
momentum tensor is moreover traceless, it is possible to
impose tracelessness on 5hlw, and, in this case, Eq. (136)
follows directly by choosing 5h = W(ShL,, sy*). If the
total energy-momentum tensor is not traceless, we can
perform a further redefinition to a trace-reversed variable
555,, = hf;, — 1n,,0h™, which yields Eq. (136) in terms of
this new variable. Thus, the left-hand side of Eq. (127)
includes the homogeneous equation

operator )

(o)g/w[rlO] =0, (135)
and an inhomogeneous contribution given by
(1) Gulo, {Sh, 5¥EY] o OISy, (136)

The right-hand side of Eq. (127) only contributes to the
inhomogeneous equation and is, by definition, the energy-
momentum (pseudo)tensor, which in the limit to null

infinity reduces to t, tulno. (A", P11, In this limit,

we can then write

(i) = 260A () oy, o, {7, ¥}, (137)
where the proportionality can only depend on a scalar
function of the Minkowski background #,, while dimen-
sional analysis requires the presence of a factor of «y.
Combining Egs. (136) and (137) establishes that the
memory-evolution equation can be written as Eq. (133).
The proof of the theorem is finalized if we can establish
properties (a)—(c) of the flat energy-momentum (pseudo)
tensor. Property (a), the conservation of the energy-
momentum  (pseudo)tensor (57, =0, was already
touched upon when describing the left-hand side of
Eq. (127), but let us be more explicit here. This
(pseudo)tensor is conserved because it is defined in terms
of the average of the variation of the second-order effective
action with respect to the background metric [Eq. (119)].
When we take the divergence of this quantity, the derivative
commutes with the average symbol and then hits the
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variation itself, which is a rank-2 (pseudo)tensor. Property
(IT) of the average procedure (see Sec. Il A), however,
guarantees that the average of the divergence of a tensor
vanishes up to boundary terms, which are higher order in
the ratio of the frequency scales. Therefore, the divergence
of the (pseudo)tensor also vanishes up to these boundary
terms, which establishes property (a).

Let us now focus on property (b), which tells us that the
energy-momentum (pseudo)tensor near null infinity can be
decomposed into two terms: a standard GR term and a term
that depends on the perturbations of the additional gravi-
tational fields. In order to establish this property, we must
first massage the second-order effective action near null
infinity. In the limit to null infinity,

flat

H
2 €]
0= Gl 0 0] o [ | (139

flat4 H

H @yH 6(2)Seff
0= ()Tl AR ¥} | =) o (139)

and hence, the Ileading-order propagation equations

[Egs. (128) and (129)] only depend on the , S™ of

Eq. (121). Assumption (iii) of the theorem then implies
that there exists a set of redefined perturbation variables

{fzﬁ,‘i‘H } for which the effective action (2)521:: can be

written as
oS o / d*x /=7 {fzﬂ”ygﬂffzfﬁ+2(6‘i‘[{)2} (140)
b4

The first term is the usual Fierz-Pauli operator with indices
contracted with the independent background metric 7,,.
The second term corresponds schematically to the sum of
kinetic terms of the high-frequency perturbations of the
additional gravitational fields. Up to integrations by parts,
this is the unique action that will lead to a set of decoupled
massless wave equations for the leading-order, high-fre-
quency perturbations upon imposing the adequate gauge
choices of Eq. (132).

With this in hand, we can now establish property (b).
Lemma 1 and the perturbed generalized field equations
imply that, in the limit to null infinity,

flat
< g [ {ilH @H}D x 6<2)Seff o t
@ w0 T ) @

(141)
In other words, in this limit, the effective stress-energy
(pseudo)tensor of radiation, and therefore, also the right-
hand side of the memory equation [Eq. (127)], only
requires knowledge of the flat, second-order effective
action (Z)ng“f‘ as well. Since (Q)Sgét can be written in the

form of Eq. (140), it can be split into a term that only

depends on the metric perturbation A, and another set
of terms, each of which only depends on the field
perturbation W of every additional field ¥ and involves
only two derivative operators. Each of these terms can be
treated separately when computing the radiative energy-
momentum (pseudo)tensor, and hence,

- e
ol :(2>sz[no,h ]+ZW:<2>’,TJ’70’T 1, (142)

where each term only involves two derivative operators.
Moreover, since the metric perturbation piece in the flat,
effective second-order action in Eq. (140) admits the same
form as in GR, the first term is proportional to the radiative
energy-momentum tensor of GR. After imposing the gauge
of Eq. (132), the latter reads

TH 7 Ha,
zfj (9, ht0,h"P), (143)

@
thus establishing property (b).

Finally, let us consider property (c), which states that the
energy-momentum (pseudo)tensor is invariant under infini-
tesimal coordinate transformations. The the assumptions on
asymptotic flatness of the peacetime, together with the split

in Eq. (142) and the assumption that ¥ does not depend

on hfw directly implies that o)1 is invariant under
Hv

infinitesimal ~ diffeomorphisms x* — x* 4+ &,. This is
because the assumption of a local-Lorentz preserving
background with ¥y, = 0 for fields that are not a scalar
and d,%¥, = 0 for scalars implies that the Lie derivative of
the first-order perturbations with respect to a vector field
generating such a diffeomorphism will vanish. Therefore,
only the metric perturbations hfy transform under the gauge

shift. Moreover, since the W perturbations are independent
of hZ, the coordinate gauge transformation only affects the
term ) t’?f, which is invariant upon integration by parts and
after imposing the Lorenz gauge Eq. (132).

Since we have established Eq. (133) together with all
the required properties (a)-(c) of the radiative energy-
momentum tensor (Z)I,w’ we have therefore proven the

theorem. u

3. Technical remarks on the theorem

Let us conclude the discussion of the theorem by making
several technical remarks. First, let us stress that in
assumption (iii), we only require the first-order propagation
equations to reduce to a set of decoupled second-order
wave equations. The two main results of the theorem are
therefore that (1) the decoupling between fields remains
intact even at O(a?) at the low-frequency level; (2) the low-
frequency O(a?) term also only involves two derivative
operators. In particular, the latter directly implies that in any
theory satisfying the assumptions of the theorem, the
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memory equation will only directly depend on terms in the
action that involve two derivative operators. This is nicely
exemplified in the SVT theory result of the radiative
energy-momentum tensor in Eq. (92).

Furthermore, observe that assumption (iii) is quite
generic. Indeed, in any theory satisfying second-order
equations of motion, the first-order propagation equation
will only involve two derivative operators. But as we will
explore in Sec. V D, this is even true for a large class of
theories, whose field equations are higher-order in deriv-
atives. Local Lorentz invariance as well as masslessness
then ensure that the leading-order propagation equation
generically takes the form of a massless wave equation.

Moreover, also a decoupling of the equations at first
order in perturbations is quite generic. First, note that a
Minkowski background ensures that the tensor, vector,
and scalar sectors™ can always be decoupled at leading
order in perturbations, and each of these sectors can
therefore be treated individually. Therefore, potential cou-
plings between perturbations at the level of the leading-
order perturbation equations could only arise within each of
these sectors. We are, however, not aware of any concrete
massless theory that admits such a coupling of first-order
perturbations. Indeed, explicit examples of such coupled
equations typically only arise in theories that include an
explicit mass term, such as, for instance, in massive
bigravity models (see, e.g., [136,137]) or massive multi-
Proca theories [138]. It would, however, be interesting to
explore null memory for such theories with coupled
leading-order perturbation equations, a task we leave for
future work. Also, any typical massless theory involving
multiple interacting vector or scalar fields at the level of the
full action, such as non-Abelian vector fields or typical
scalar multifield models (see, e.g., [139]), naturally decou-
ple to leading order in perturbations on a Minkowski
background, and thus, still abide by the decoupling
assumption in (iii).

C. Relation of the memory-evolution theorem
to the tensor null memory

The form of the memory-evolution equation [Eq. (133)]
for dynamical metric theories (see Definition 1) established
through Theorem 1, precisely corresponds to the memory
equation [Eq. (85)] obtained for the specific example of
SVT gravity considered in Sec. IV. The only difference
is that the energy-momentum (pseudo)tensor of the lead-
ing-order radiation tE,,VT is replaced by a more general
(pseudo)tensor (2)[”,/ which is still conserved and gauge

invariant. The precise form, of course, depends on the
nature of the additional gravitational fields V.

2The terms tensor, vector, and scalar refer here to the
polarization type of each mode.

To make a statement about the resulting tensor null
memory, we will now further assume that in the asymptotic
region far from the source, the radiative energy-momentum
tensor can be written in the form [cf. Eq. (87)]

t ¢,

! @0 K

@ (144)

where £, = —62 + &},n; and the scaling with r of %00 is

~r~23 This is all that is needed to apply the same steps
presented in Secs. IVB and IV C, in order to write the
resulting asymptotic tensor null memory as [see Eq. (101)]

2 [(1—2)! .
Shim = rff ((z+2))! / d2Qytm / du'r?(5)te0,  (145)

where

(146)

@7 fGR+Z

Here, Shi™ are the coefficients of a spin weighted
spherical harmonics (SWSH) expansion of the quantity
Sht = ShE Tm;m;, with ShETT = shE™. This result fol-
lows immediately, because, in the derivation in Secs. IV B
and IV C, the details of the radiative energy-momentum
tensor are irrelevant, since the radiated energy flux rz(z)too
remains untouched after Eq. (144) is established.

The question is now the following: How general is the
assumed structure of the radiative energy-momentum in
Eq. (144)? We will argue that this assumption is not very
restrictive, in the sense that it is expected to be generically
satisfied by dynamical metric theories of Definition 1, and
thus, by most of the viable extensions to GR considered in
the literature, whose fields are massless and obey local-
Lorentz invariance.

To analyze this question carefully, we will first assume
that any of the modes, and hence any of the gauge-invariant
solutions to the leading-order wave equations & and y,
scale as [cf. Eq. (67)]

(b))~ [f0.0.0). o, 0.9)] (147

near null infinity. This implies that the GR piece , )tGyR o

(9, ht 50, h”/} ) satisfies Eq. (144) (cf. Sec. IV B). Using the

considerations in Sec. II B, the additional terms in (2>tq’ can
Hv

be schematically written as

3Recall that in the SVT example, this structure followed from
the general asymptotic falloff behavior in Eq. (67) of the solutions
to the wave equation and the explicit structure of the energy-
momentum tensor.
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7 GH SGH
(2>t}w ~ g (0P 0P, (148)
where we have omitted the index structure to keep the
expression general, and where 5 denotes n background-
field contributions with indices contracted onto the deriv-
atives or the tensor structure of the gravitational fields

themselves. The additional terms in ( t;i take this form

2)

because the leading-order term in <(2)gﬂy> has two deriv-

atives acting on the two leading-order wave perturbations,
which, at most, can be multiplied by background fields #,
in the limit to null infinity. Moreover, due to Theorem 1, the
assumption of decoupled high-frequency propagation
equations ensures that there are no mixed terms between
the metric perturbation 4’ and the other gravitational fields
P (e.g., of the form (0¥ 9h)) or between different types
of gravitational fields (e.g., of the form (aV ot ) if ¥
contains a vector V and scalar ¢).

We will now partially restore the tensor structure.
Requiring that the background preserves local-Lorentz
invariance and upon imposing a Lorenz gauge, we can
rewrite Eq. (148) as

v/ wH 5 pyH
(Z)tl‘f’b~<a”‘P 0, 9",

(149)

where we have explicitly included the indices on the partial
derivatives and assumed that any tensor structure in the first

W that is contracted onto the tensor structure of the second

W is a trace or a scalar. The free indices 4 and v need to be
placed on the two derivative operators because otherwise
the resulting term vanishes either due to the first-order
equations of motion or the Lorenz gauge, upon integration
by parts. Moreover, here we have removed the n copies of
the 7, background fields because by assumption, only
scalar fields can have nontrivial background values, and
therefore, there are no indices to be contracted with
background fields. Together with the falloff Eq. (147) this
implies that Eq. (144) holds.

To continue, we want to be more specific and consider a
concrete type of possible additional gravitational fields,
which covers a large class of theories considered in the
literature. Namely, from now on, we will focus on dynami-
cal metric theories whose additional gravitational fields ¥
are k-form field potentials with an associated Abelian U(1)
gauge symmetry.34 The collection of these additional

#Recall that a differential k-form field ¥ is a totally anti-
symmetric tensor field, which in a coordinate-induced basis can
be written as ¥ = (1/k!)¥, . dx"' A ... A dx*, with k <d
and where “A” denotes the exterior product. Such k-form fields
naturally generalize U(1) vector field potentials because their
field strength .% = d¥ is invariant under Abelian gauge trans-
formations ¥ — ¥ + dA, where A is an arbitrary (k — 1)-form
and d is the exterior derivative. See, for instance, [140,141] for a
review of the topic.

dynamical k-form fields are assumed to describe N addi-
tional propagating gravitational degrees of freedom. Thus,
the theory admits NV independent and propagating solutions
to the wave equations characterized through N modes in the
canonically normalized, second-order action, which we
will denote as yr;, where 1 =1, ..., N. Note that in four
spacetime dimensions, we only consider k-forms for k < 4.
A O-form field simply corresponds to a scalar field, while a
I-form field naturally describes an Abelian vector field,
and, therefore, it carries two propagating degrees of free-
dom. A 2-form field, on the other hand, again only
describes one dynamical mode equivalent to a scalar degree
of freedom (see, e.g., [142]). A 3-form field will not contain
any propagating modes in four dimensions simply because
the components of the associate 4-form field strength are
constant (see, e.g., [143]).35

In Appendix D, we offer the explicit derivation of the
associated tensor null-memory formula for this class of
theories. Provided that the assumptions of Theorem 1 hold,
the end result is

(<§ _T— 2))" /S2 dZQ/YZm(Q/)

u A A N .
<[ du’r2<|h+|2+|hx|2+2|1m2>,

A=1

1
5h5_’1"(u, r)=-—
-

(150)

where /1, , = h, . Recall that for certain theories (see
Sec. III), it is necessary to redefine the tensor perturbation
variable A, = W(h",W") to obtain a perturbation variable
that satisfies a first-order wave equation in the appropriate
gauge. However, the TT component of this redefined
variable, and thus, also the polarization modes &, ., always
correspond to the TT component of the physical metric
present in the detector response szyT H _ hg,,T " The same is
true for the memory component. The need of such a change
of variables to decouple the leading-order equations is,
typically, a sign of the presence of additional gravitational
polarizations.

Let us end this subsection by stressing that the tensor
null-memory result in Eq. (150) was obtained without any
knowledge of the precise form of the Lagrangian, and it
simply follows from Theorem 1 and the resulting solution
of the memory-evolution equation. The coupling constants
of a specific theory would then enter through a trans-
formation from the canonically normalized modes r; to the
physical modes of the theory [recall the discussion around
Eq. (92)]. The expression in Eq. (150) should be compared

However, a nontrivial coupling to the metric of such fields
can, for example, lead to a dynamical contribution to the
cosmological constant [144] and may thus still have physical
implications.
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to the result in Egs. (101) and (91), and it represents a
generalization of the explicit SVT theory example we
considered in Sec. IV.

D. Scope of the memory-evolution theorem
and its link to the tensor null memory

We will now explore the scope of the above statements
and, in particular, investigate which theories admit a tensor
null memory of the form Eq. (150). Such theories must, of
course, satisfy the assumptions of Theorem 1. Let us then
restrict ourselves to dynamical metric theories of gravity
that admit an arbitrary number of additional k-form fields in
the gravitational sector (see Appendix D). In particular, this
restriction implies that we focus on theories with Abelian
gauge groups, but similar conclusions should also hold in
the non-Abelian case. A restriction to k-form fields also
implies a limitation to bosonic fields. Fermionic fields do
not usually play the role of a massless force carrier in
known theories. Nonetheless, in principle, it could still be
interesting to enrich metric theories with fermionic fields
in the gravitational sector, an investigation we leave for
future work.

Given these restrictions, there is a large class of theories
for which the tensor null memory takes the form Eq. (150).
The theorem clearly encompasses any covariantized
version of massless k-form Galileon theories [145,146],
restricting the full equations of motion to second order.
Such theories represent a natural generalization of the SVT
class of theories with second-order equations of motion
discussed in Sec. IV. As shown explicitly in Sec. IV D,
these SVT theories contain Horndeski-type theories,
including BD theory [39,40] and other similar scalar-tensor
theories, SGB gravity [62,64], and double-dual Riemann
gravity [89,90].

The memory formula in Eq. (150), however, is not
restricted to theories that satisfy second-order equations of
motion. A first interesting concrete example of a theory that
does not fall under the class of covariantized k-form
Galileon theories is DCS gravity [S51] (see also [52]).
This theory is defined through the action

€2

1 -
R L
JT

- % gﬂvvﬂ(avy(a), (151)

where ¢ is a dimensionful coupling constant and ® is a
(pseudo)scalar field.® This theory is an example of the
effective field theories with higher-than-second-order field
equations discussed in Sec. IIB. In recent years, DCS

%A vanishing of the scalar field potential implies that © is
massless, and the theory is shift symmetric in ®. This modified
theory reduces to GR smoothly when ® is constant or when ¢
vanishes.

gravity has received some attention, mainly because its
rotating black holes have a nontrivial (pseudo)scalar profile
or “hair” [147]. This implies that when such hairy black
holes accelerate, a scalar wave is sourced, which carries
energy-momentum to null infinity.

This fact is what makes DCS interesting from the point
of view of the memory because the scalar wave should
modify the tensor null memory. Just as in SGB gravity (see
Sec. IV D 2), the DCS action expanded to second-order in
perturbations simply reduces to the GR one with a
canonical scalar field near null infinity, because the
Pontryagin density is of higher order in this limit.
Therefore, the linear-order, high-frequency propagation
equations are just given by two decoupled, second-order
wave equations for the metric and the scalar field pertur-
bations. In turn, this fact implies that DCS gravity naturally
falls within the scope of Theorem 1 and admits the tensor
null-memory formula of Eq. (150), with N =1, ¥ — O,
and corresponding leading-order wave mode i, — 9 = 9.
Note, however, that just as in the SGB case, the coupling ¢
does not enter explicitly into the memory equation, but
rather it enters implicitly through the dependence of the
metric and scalar perturbations on the coupling. For DCS
gravity, this result is indeed confirmed by the explicit
computation of the associated BMS balance laws in [53],
from which one can extract the null memory following the
same steps outlined in Appendix C for BD gravity.

The above result can be generalized to a wide class of
theories with higher-derivative field equations. Indeed, any
GR correction involving higher powers of curvature invar-
iants, including nonminimally coupled, massless scalar
fields, satisfies decoupled second-order wave equations
at the linear level [97]. In particular, assuming Eq. (36), this
is even true when the GR corrections involve terms that are
quadratic in the curvature and do not form topological
invariants (as in the DCS cases). Unlike other GR correc-
tions, such theories do in fact lead to higher-order equations
of motion at the linear level in perturbations, when taken at
face value. However, in the small-coupling approximation,
more precisely, if we assume the strong condition Eq. (36),
these contributions are suppressed by factors of O(efy),
where efy < 1, and, therefore, they do not appear at
leading order. Indeed, it was explicitly shown in [97] that
iteratively solving these higher-derivative equations
through order reduction in fact leads again to second-order
wave equations for the metric perturbations. All of this
then immediately implies that, even for these theories,
Theorem 1 holds and the tensor null memory takes the form
of Eq. (150).

Note that the arguments and conclusions above also
naturally encompass metric theories with higher-derivative
terms in the action that do not introduce new gravitational
fields, as for example systematically explored in [107].
Moreover, the statements can be generalized to theories
with nonminimal couplings to other gauge-invariant,
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Abelian, k-form fields. This is because for k > 0, gauge
invariance forces any nonminimal coupling to occur
through the field strength, whose background value van-
ishes when evaluated at null infinity, such that the deriva-
tion in [107] is essentially unaltered. The massless and
covariant (including local-Lorentz invariant) conditions, on
the other hand, ensure that the leading-order propagation
equations reduce to massless wave equations at null
infinity. As discussed in Sec. V B 3, even if multiple vector
or scalar modes are present in the theory, these leading-
order propagation equations typically decouple, and the
assumptions of Theorem 1 are satisfied. Furthermore, just
as for the higher-derivative curvature terms, a small-
coupling approximation can in principle also be applied
to any higher-derivative terms of the additional k-form
fields that are not tuned to lead to second-order equations of
motion. Therefore, it is expected that very generally,
Theorem 1 can be applied to dynamical metric theory with
additional k-form fields, which further implies that the
tensor null memory is given by Eq. (150).

In summary, Theorem 1 suggests that, very generically,
for dynamical metric theories of gravity defined in
Definition 1 in the small-coupling approximation (ensuring
a viable EFT expansion), the tensor null memory is of the
form of Eq. (150). In other words, null memory is modified
in comparison to GR in two ways: (I) through contributions
of the energy fluxes to null infinity of additional, massless,
dynamical degrees of freedom in the theory, and (II)
through modifications in the generation and propagation
of the leading-order tensor perturbations. This simple result
could have interesting implications, as we will explore in
the discussion below. Clearly then, the theorem does not
cover metric theories (a) with additional massive degrees of
freedom or a massive physical metric, such as in massive
gravity [148], (b) with nonlocal effects, (c) with explicit
Lorentz breaking in the gravitational sector, such as in
Einstein-Ather theories [149], and (d) with nonvanishing
torsion or nonmetricity, such as in torsion bigravity
[150,151].

VI. DISCUSSION AND CONCLUSION

Planned space-based detectors, such as LISA [152], or
next-generation ground-based detectors, such as the
Einstein Telescope [153] or Cosmic Explorer [154] are
expected to provide the first detections of the tensor
memory effect in the near future. These observations of
gravitational wave memory may play an important role in
establishing a better understanding of gravity and con-
straining modifications of GR. This is because tensor
memory is a very special, nonlinear correction to the
gravitational wave response. Indeed, the memory’s dom-
inant null component can be understood as being sourced
by the leading-order wave front itself, allowing for
potential consistency checks between the standard
oscillatory part of the response and the memory itself.

The results of the work we have presented, including the
computation of the null memory in the most general,
massless, and gauge-invariant SVT theory with second-
order equations of motion, together with its subsequent
generalizations, is but one of the first steps toward the
possible future exploitation of gravitational wave memory
as a test of GR.

One of the main discoveries we have presented in
this paper is a simple but very generic conclusion [see
Eq. (150)]: The functional form of the tensor null memory
of massless dynamical metric theories of gravity is merely
modified from the GR expectation through the presence of
additional null fluxes due to other gravitational fields
present in the beyond-GR extension. This result could
potentially be exploited to develop a largely model-insen-
sitive test of GR of perhaps the most straightforward
manifestation of new physics: the existence of additional
scalar, vectorial, or tensorial propagating degrees of free-
dom. Since memory is sensitive to any kind of energy-
momentum emitted from the source, such a test would not
only complement ongoing searches for additional gravita-
tional polarizations [155], but also extend the sensitivity of
such tests to scenarios in which additional gravitational
fields do not excite any other polarization modes of the
physical metric.

Much work remains to be done to explicitly construct
such a model-insensitive null-memory test of GR, but let
us suggest some general directions that could be explored.
One direction for future research is to study whether the
oscillatory part of the gravitational wave signal can be
separated from the nonoscillatory part. This could be
accomplished by exploiting the fact that, by definition of
the memory-evolution equation in the Isaacson picture,
the characteristic frequency of the oscillatory component
of the signal is parametrically separated from the fre-
quency of the null-memory part. Therefore, Morlet wave-
lets [156] in a time-frequency analysis may be able to
separate these two components. Based on such a model-
independent analysis, one could imagine developing a
consistency check between the extracted oscillatory part
of the gravitational wave signal and the nonoscillatory
memory contribution. Such a test would require knowl-
edge of the inclination angle and the extraction of both
polarizations, which could, for example, be obtained
through an electromagnetic counterpart and the detection
of the signal with multiple interferometers. On a very
general basis, a potential mismatch between the two
signals could then be interpreted as the presence of
additional propagating (scalar, vector, or tensor) degrees
of freedom.

Another possible approach would be to target as well the
merger sensitivity of the memory signal directly by devel-
oping a parametrization for the beyond-GR memory effect,
akin to the parametrized post-Einsteinian framework used
for the oscillatory signal [157]. Such an approach would
require the construction of a parametric post-Einsteinian
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model for the GR deformation to the null memory through
simple transition functions, such as those studied in [158].
Based on a set of examples of the null memory in specific
beyond-GR theories computed through Eq. (150), such a
parametric model could then be chosen to ensure that the
various specific beyond-GR modifications to the memory
can be recovered by the model. This would in turn allow for
a Bayesian parameter estimation study of the full signal to
attempt to extract the parameters of the post-Einsteinian
tensor memory from the signal.

On the theoretical side, a very interesting future task will
be to generalize our study to ordinary memory [14,22,159]
defined colloquially as the part of the memory that is
sourced by fields that do not reach null infinity. The
typical example of such a source is unbound components
of the matter stress energy of the system itself, which, due
to compact support, are typically assumed to not reach
null infinity. In theories beyond GR, however, the pos-
sibility of additional massive gravitational fields in the
theory represents an additional source of ordinary
memory. In particular, considering massive fields would
allow for the study of a much richer structure of
Ostrogradski-stable vector field theories [114], as well
as a higher-derivative massive 2-form interaction [142],
which can be related to the topological mass generation of
BF theories [160].

Moreover, we would like to mention, that a definition of
the memory-evolution equation as the leading-order low-
frequency equation of motion in the Isaacson picture,
potentially allows for an even broader study of memory
beyond GR. Indeed, in principle, the Isaacson approach
could also be applied to the field equations of theories
which we have explicitly disregarded in this work, such as
theories with nondynamical field content or explicit
Lorentz breaking. In such a general setting, one could
also think about solving the resulting memory-evolution
equation not in the vicinity of null infinity, but in a different
appropriate limit.

This last point could potentially be explored for the study
of the tensor memory in metric theories with broken
diffeomorphism invariance, such as massive gravity theo-
ries [148]. Such an analysis may, however, turn out to be
less straightforward, as the current understanding of
memory is heavily based on the structure of the theory
around null infinity. In the case of massive gravity, other
calculation techniques, such as point-particle source
approximations [161], might be more appropriate for the
computation of its memory contribution. For example,
[162] applied such approximations to massive Fierz-
Pauli theory, but the analysis in this work may need to
be generalized to avoid an unphysical discrepancy with GR
in the small mass limit.

Another avenue for future work would be to investigate a
possible generalization of the BMS balance laws to a wide
class of theories based on the results obtained in this paper.
In light of the close connection between BMS balance laws

and tensor null memory established in Appendix C for BD
theory, our results strongly suggest that the approach of
[45-48] for BD gravity may be readily generalized to the
asymptotic structure of any dynamical metric theories. It
would be interesting to explore this conjecture in detail,
especially with regard to the ordinary memory, which we
have excluded in our analysis. As concerns scalar or vector
null memory, the connection with BMS balance laws is less
clear. In our work, we have not found any nonzero scalar or
vector memory, which parallels the observation that no
analogous BMS constraint can be formulated for scalar
memory within BD theory [45-48]. Recently, however,
[163] suggested that scalar memory in BD theory could be
associated with asymptotic symmetries of a dual descrip-
tion of the scalar sector instead, the implications of which
still remain unexplored.
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APPENDIX A: TRANSVERSE TRACELESS
MULTIPOLE EXPANSION

For convenience, we gather in this appendix a collection
of definitions and formulas from the unifying review by
Thorne [98] for different multipole expansions used in this
work. In particular, we will touch upon spin-weighted
spherical harmonics, pure-spin transverse-traceless tensor
harmonics, as well as STF tensors, all tied to the SO(3)
rotation group and the irreducible representations thereof.
The notation for STF tensors will, however, be adapted to a
more contemporary custom (see, for instance, [38,41,95]).
For more details and derivations, we refer the reader to [98],
while part of the treatment can also be found in [95] and in
the Appendix of [164].
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1. Spin-weighted spherical harmonics
Spin-weighted spherical harmonics can be constructed
from ordinary spherical harmonics through applications of
angular derivative operators

(=) x5 v/Im
1+Y6Y

[>s>0,

ISy 0> 5> . (A1)

[s| > 1,

where the angular derivative operator 0 and its complex
conjugate d are defined through their action on functions f
of spin-weight s. The application of the operator d on a
function f; defines a quantity with spin-weight s 4 1, while
d lowers the spin weight by one unit.

Of = —sin® 6(0y + icsc ) (f, sin™ 0), (A2)
df = —sin™0(dp —icscO)(f,sin*@).  (A3)

They satisfy
(_I)H_m—sYl_m (9, ¢> = sYlm (97 ¢)’ (A4)
/ dQSYIm (9, ¢)s?l/m, (6’ ¢) = 511’5111»1’7 (AS)

S2
VI=s) [+ s+ 1), Ym =3y (A6)
—/(L+5s)(I=s+ 1), Ym=3ym (A7)

Az dz'Q's] Yllm] 5 lemzs3 Y13m3
_ ?=1(2l,»+1)< L L L )( L L L >
dr my my  my —S —S —S83

ifS1+S2+S3:0.

2. Pure-spin transverse-traceless tensor harmonics

The electric- and magnetic-parity pure-spin TT harmon-
ics can also be constructed from ordinary spherical har-
monics through

2(1-2)!
T5_21m = r2 7((1 T 2))' J_ijabaaabYlm, (Ag)
2(1-2)!
TBZ[m =r ﬁLljabecd(dab) rndaCYlm, (AIO)

where n; is a unit radial vector, and the TT projector L;;,, is
defined in Eq. (65). They satisfy

(=D)"TE(0.¢) = TH™(0. ¢). (A1)

ﬁ 2 dQTE™ (0, $) T (0. ) = SppSiSpm-  (A12)

3. STF tensors

Denoting a multi-index of [ spatial indices collectively as
L = iyi,...i;, the projection of a tensor component A; onto
its. STF part will be referred to as A(,. Note that
Bi Ay = B)A;), where a sum over [ is implicit.
Moreover, n; stands for the tensor product of [ radial
vectors n;. An expansion in terms of STF tensors n ) =
niy(0,¢) is equivalent to an expansion in spherical
harmonics

4rl! l lm lm
ny = (2l+1)vvzy Y (A13)

Ylm _ ylan — lmn<L>’ (A14)

where Y™ are angle-independent, STF tensors connecting
the two basis. They satisfy

(-n)mym =y (A15)
- , 204+ 1)
yleyle = %5mm" (A16)

4. Relations between harmonics

The pure-spin TT harmonic tensors are related to spin
weight s = £2 spin-weighted spherical harmonics through

TE2m — \2 (Y™ mumy + Y™ mm;),  (A17)
= ‘Lz (Y™ mm; = Y"mmy),  (AL8)

while the relation to the STF basis is given by
TE"™ = L %Jja’zuz’%—% (A19)
TE™ = Lijap % €cd( )}b Lol (A20)

5. Expansion of a rank-2, TT tensor
Using the definitions above, we will now relate the
expansions of an arbitrary, rank-2, TT tensor H };T(u, r,0,p),

in terms of spin-weighted spherical harmonics, pure-spin TT
tensor harmonics, and STF tensors.
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a. Spin-weighted spherical harmonic expansion

Using the transverse null vector of spin-weight s = —1,
. 1. .
m =—(u"—1iv"), A21
\/i( ) (A21)
we can define the spinweight s = —2 scalar quantity

H= HTTm m/ = Him'm’, (A22)
which we expand in terms of spin-weighted spherical

harmonics as

) 1
H=Y > Hm"_ ym™ (A23)
1=2 m=-I
where
H™(u,r) = / d?Q_,Y™"H. (A24)
SZ

b. TT tensor expansion

The general expansion in terms of TT tensor harmonics
reads

00 1

H;l;T — Z Z [Ulngzlm + Vlngﬂm]’ (AZS)
=2 m=-I
where
U (u, r) = A eQrERHT. (A26)
Im _ 2 B2lm iy TT
Vim(u, r) = /Szd QT A" H,; (A27)

The expansion coefficients U and V™ are the electric-
and magnetic-parity multipole moments, respectively, also
commonly known as mass and current multipole moments.
In the literature, it is common to explicitly factor out the r
dependence of mass and current multipole moments, which
we will not do here. Since Hj}" is real, they satisfy

Ulm — (_l)m Ul—m’ ‘_/lm —

(=1)ymyi=m, (A28)

c. STF expansion

The corresponding STF multipole expansion is given by

HiI = 4J-1jahzl' |:Ule 2>

21

+ € Vb)cL—zndL—z] ,

A29
[+1 (A29)

where
LI(l-1)2(+1)! 5
= Qn; LHTT A
Uij2 = 37 200+ 1)(1+2) FanH (A30)
L (=-ni+nt o, TT
ViiL—2 = EW/d QnaL—Zeiabej'
(A31)

d. Relations between expansion coefficients

The multipole moments in a spin-weighted basis are
related to the electric- and magnetic-parity moments as

1
Hlm - Ulm _ ivlm , A32
5 | (A32)
which can be inverted to give

1 _
Ulm — Hlm + -1 mHl—m , A33
U ), (A3)

i _
Vlm - Hlm — (=1 mHI—m . A34
Tl = (CUE (a3

On the other hand, the relation between a STF and a TT
tensor basis is given by

167 (I+1)(1+2)

vt = Qi+ nn\ 20=1) YIUL - (A39)
"= I+ 1_)?221”jL i : er(zl)—(ll;rf)y Vi, (A36)
U, = l— 20 11+ ) Z Yiruyin, o (A37)

v, = —(l; 1)! ; i(l) 5 Z Yimyim - (A3R)

APPENDIX B: PROOF OF EQ. (96)

In this appendix, we provide a derivation of the relation

nin' TT_§°°:2(2I+1)!!
1-n-n| (1+2)

=2

[nL—Zn/@‘jL_z)]Tra (Bl)

where a superscript TT implies a contraction of free indices
with the TT projector with respect to 7, which we defined in
Eq. (65). The proof below is based on private communi-
cations with Blanchet and can also be found in [128].
Proof.—First, note that due to the TT projection, the left-
hand side of Eq. (B1) vanishes for 7’ = 7, while this is also
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true for the right-hand side. Thus, in the following, we
consider the case n’ # 71, which implies |r’ - 7| < 1 such
that we can expand the left-hand side in terms of a
geometric series

[so]
—'/ 7n I 2
= ninj g E nL oM s, (B2)
=

where we use the notation introduced in Sec. A 3. The
remaining task is to rewrite nj; , in terms of its STF

l—n

part n’<l.].L_2> by using the formula [see, e.g., Eq. (A21a)
in [165] ]
(/2]
n; = Zaié{ﬂf”/@_zm}» (B3)
k=0
where
, _ (21=4k+ 1)1
=’ B4
“U“E o2k i (B4)

and where [//2] selects the integer part of //2. Moreover,
the operator { .} on tensor indices A, denotes the sum
D sesA ,» Where S is the smallest set of permutations
of (1. .l), whlch makes A, fully symmetric in L. For
instance,

S(apM}yy = BapMi; + Bailly; + Ogjty; + Spinty
+ 517]”(11 + 51] ab* <B5)
With this in hand,
' oo (5
1— ﬁ/J 7 = Z L2 allcﬁ{ZKn/(ijL—Z—ZK)}‘ (B6)

T
[38)
>~
o

Notice, however, that due to the TT projection with respect
to 7 on the free indices ij and the contraction of the
remaining indices with n; _,, any term which involves one
of the indices i or j within the Kronecker delta, hence terms
containing 6;;, 4, or 6, for any index a, will vanish. For
example, for the term [ =4 and k=1 written out in
Eq. (BS), only the first term will survive. Thus,

[1—2

TT 41 !
E:nLZE:(SZK”ULzzk} ayby,

(]

o0

/ TT
E a b nL—2—2Kn<ijL_2_2K>] s
=2 k=l

(B7)

where

(1-2)!

Do S
K2Rk (1 =2 = 2k)!

(B8)

. I ,
is the number of terms within the sum 5{2K”L—2—2K}-

We can now rearrange the sum over positive integers
[ and k as

(B9)

where we defined p =1 — 2k and, in this context, the
angular brackets [B] of a Boolean expression denote
Inverson brackets,3 7 such that

p
— Z Za]l{ 2kb1+2k [nL 2n<,jL 2>]TT’
=2 k=0
=S
(B10)

where in the last step we simply relabeled p — /. The sum
over k can indeed be resummed explicitly to give

S (DN (142k-2)!
S:
l ;(21+2k+1)!! 2k1(1 - 2)!

2201 43)
-~ /ar(l+3)
221+ 1)1

= 4( +1) , (B11)
(1+2)!

where in the last step we used the identities of gamma
T(I+3)=(1+2)! and [(l+3) =200
Comparing to Eq. (B1), this concludes the proof. [

functions

1 if Bis true,

nverson brackets are defined as [B] = .
0, otherwise
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APPENDIX C: DISPLACEMENT MEMORY
FROM BMS BALANCE LAWS
IN BRANS-DICKE GRAVITY

Starting from the action in Eq. (103), the authors
in [45-48] arrive at the BMS supermomentum flux-balance
law in spherical coordinates {u, r,x'}, x* = {0, ¢} [see,
for instance, Eqgs. (10)—(12) in [48], from which we also
adopt the notation]

Yo
47G |

2
+ DyDN*B + 2w + 3) (g) ] }
0

where D, is the covariant derivative on %, a = a(6, ¢)
is an arbitrary function on S? parametrizing super-
translations, and M denotes the Bondi mass aspect, while
AM = M(u — o0) — M(u — —o0). Moreover, as in [48]
we write
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where ¢,p is the symmetric, traceless, and transverse shear
tensor and ¢; the component of the scalar that falls off as

~1/r. We additionally expand the shear as

éAB = Z'ﬁ’lAﬁ’lB + cmame, <C3)
where in spherical coordinates
1 -
m = —=(0y + isin6o,). (C4)

V2

Using Egs. (C2) and (C3), as well as the definition of the
angular derivative operator [Eq. (A2)], which implies that
we have DyDye*8 = 1(8°c + 8%¢), the flux-balance law
in Eq. (C1) can be rewn'tten as
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To single out the tensor null memory from the above
relation, we can first set the subdominant, left-hand side to
zero. This gives rise to the so-called linear or ordinary
memory. We then rewrite the BMS supermomentum
balance law in Eq. (C5) by moving the second to last term
to the left, while carrying out the u’ integral to obtain
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Furthermore, expanding ¢ with spin-weight s = —2 on the
left-hand side as

c(u,0,¢) = ii

=2 m=—

u)_,Y"(0.¢).  (C7)

and using the relation [Eq. (A6)] (or equivalently, integrat-
ing & by parts),
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as well as choosing a(6, ¢) = Y™(0, ¢), we obtain

P,y = (C8)
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Note that by separating ¢ into its electric- and magnetic-
parity moments of a spin-2, TT tensor harmonic expansion

of the rank-2 TT tensor c¢;; = et cAB (A33)
cm = 1 [Ulm — jvim] (C10)
\/§ c c b

the left-hand side in Eq. (C9) precisely corresponds to
the electric-parity part [Eq. (A34)]. Therefore, finally we
arrive at

Ulm_\/ ll+_2 Ldz
/_oodu {|c|2 (2w+3)<¢0> } (C11)

From the balance laws, we can therefore single out the
total tensor displacement memory, and hence, the lasting
nonzero component within the electric-parity multipole of
the shear ¢, which ultimately induces a lasting offset in the
detector strain. Note, however, that the shear and the scalar
field which enter the balance laws are the total shear and
scalar field at O(r~!) within the full nonlinear theory, and
therefore, in particular, they already contain all possible
memory contributions.”® In order to connect this result with
the computation in Eq. (104) within the setup of the present
work, we should therefore also distinguish between a high-
and low-frequency part of the shear and the scalar

*However, the generalized Bondi news, which enters the
right-hand side of the equation, vanishes as u — o0, where by
assumption no gravitational waves reach null infinity.
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c=cl 4+ g =of +0f, (C12)
and slightly reinterpret the flux-balance law in order to use
it as a tool to compute the low-frequency displacement
memory characterized by the measurable monotonically
increasing and nonoscillatory, time-dependent raise of the
memory, which is what gravitational wave detectors are
sensitive to. We therefore only gradually integrate over
retarded time, while extracting the low-frequency part of
the expression by averaging out the small scales. Note that
in order to compute the full memory, such an averaging is
irrelevant.

After averaging, any cross terms of the form “ctcf” or
“pt @t on the right-hand side in Eq. (C11) will vanish.
Moreover, we assume that we can neglect any contribution
of low-frequency components ¢ cl or gk @t which can be
interpreted as the “memory of the memory.” In other words,
we assume that the source modes for the memory them-
selves have a negligible memory component, which is
indeed a reasonable assumption [129]. Furthermore, impos-
ing ¢(u —» —o0) = 0, we therefore have

~ A\ z+2 /S dar
x/_m <|cH|2 (2w+3)<%>2>, (13)

where c!(u) is the resulting low-frequency correction to
the shear, given high-frequency radiation modes ¢ and
@!!. Here we have used Eq. (C10) with 6V = 0 to rewrite
Eq. (C12) in terms of the shear.

The reason why such a reinterpretation of the balance
law is useful in practice is because typical numerical
relativity waveforms do not capture any memory compo-
nent due to various technical reasons (see, e.g., [19]). Only
recently were people able to compute memory in numerical
relativity based on Cauchy-characteristic extraction [166].

As a last step before finally being able to compare
results, we need to connect the perturbative shear and scalar
field defined here with the perturbations used in the main
text and ensure that these are indeed the same quantities. In
the case of BD theory, the easiest way to establish this
correspondence is to compare the corresponding leading
O(r7!) terms of the electric part of the Riemann tensor. In
[45,46], these terms were computed and found to be [see,
e.g., Eq. (2.44) in [45]1%
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39Note, however, that the authors in [45,46] report the result in
an orthonormal tetrad basis, instead of the spherical coordinates
employed here.

RuAuB = (C14)
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By using the embgddlpg of the unit $° basis e} = 7%,
such that y,p = 6V e} = 2mymp), we can convert the
leading-order expression to a {f, x,y, z} Minkowski basis,

which yields
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where we used that e

e*my = m; and we deﬁned ¢, =Rec and ¢, = —Imc.

Hence, comparing to Eq. (74) with 6 = 1/¢, we obtain the
correspondence

VAB —Zm( mj) 5']‘”1'”]’

ct(u, Q) = }Lrglorh+(u, r,Q), (C15)
cH(u, Q) = rlirgrhx(u, r,Q), (C16)
P (u, Q) = rli_}rgr(p(u, r,Q), (C17)
while therefore as well
cm = limréh™, (C18)

r—o0

such that Eq. (C13) indeed corresponds to the result
in Eq. (105).

APPENDIX D: TENSOR NULL MEMORY
IN A GAUGE-INVARIANT k-FORM
METRIC THEORY

In order to exemplify how generic the assumption given
by Eq. (144) is, we present in this appendix the general
form of the tensor null memory of a particular but fairly
general class of additional gravitational fields. Namely,
we consider an arbitrary number of additional dynamical
k-form connection fields that we schematically denote as
Y, with an associated, Abelian, gauge symmetry for £ > 1
(for k = 0, the field simply corresponds to a scalar field).
The action in Eq. (122) is thus constructed out of curvature
invariants of the metric, as well as field strengths .7 = d¥
that are invariant under Abelian gauge transformations

Y > ¥4 dA, (D1)
where A are arbitrary (k — 1)-forms and d is the exterior
derivative. These dynamical k-form fields are assumed to
describe N additional propagating gravitational degrees of
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freedom. Note that in a local chart-induced basis, a k-form
field reads

1
Y-y

p H
k‘ sty AXFT N dXP N L

A dxtx,

= Ly axx

o (D2)

The assumptions of Theorem 1 are now natural. In
particular, the leading-order propagation equations
[Eq. (129)] of the theory reduce to a set of decoupled
wave equations for the leading-order waves WX upon
imposing the analog of the Lorentz gauge

2k ) (D3)
on each of the field perturbations. This is because, by
assumption, the theory is covariant, locally Lorentz invari-
ant, and massless. Moreover, any term in the action that
would lead to higher-order derivatives in the equations of
motion of the leading-order waves does not contribute
to leading order in the small-coupling approximation
[Eq. (24)]. An additional assumption here is that, in the
limit to null infinity, there is no coupling between different
fields at the level of the leading-order, high-frequency
equation.

Following the proof of Theorem 1, the flat, effective,
second-order action of Eq. (140) can thus be written as
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where g = k + 1, kor = koA (1), and FH = g¥" are the
field strength of the canonically normalized k-form per-
turbations W The first term in Eq. (D4) is again the usual
Fierz-Pauli operator with indices contracted with the
independent background metric 7,,,, while the second term
corresponds to the sum of kinetic terms of all the additional
gravitational, gauge-invariant, k-form field perturbations.

With this explicit form of the flat effective action at hand,
we can now explicitly compute the resulting effective
stress-energy tensor for the additional leading-order waves
(see also [167] for a study of the properties of the energy-
momentum tensor of k-forms)

§ 1 HK
Y= FhT!
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Imposing the equations of motion [Eq. (131)], as well as
the Lorenz gauge [Eq. (D3)], while recalling that the
averaging allows for integrations by parts, the only surviv-
ing terms are

=
@ 2kggy

> (9,940, 955).
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Including the Fierz-Pauli result, the total energy-momentum
tensor therefore reads

1
0,ht ahﬂaﬂ 0, %o, ¥ (D7
sy (3301 + 370, ©

@ =
This (pseudo)energy-momentum tensor is indeed conserved
(and traceless), as well as gauge invariant (both under
linearized diffeomorphisms and gauge transformations of
the k-form fields upon imposing a Lorenz gauge).

The above also means that the (pseudo)energy-
momentum tensor can be written in terms of the radiative
modes of each field, which are the solutions to the wave
equations that we can expand in terms of a polarization
basis. For the metric perturbation, we have the usual TT
tensor modes of the physical metric

THTT __ pHTT __ ,+ ] x 7
hy = = hy'' = ephy + ey hy, (D8)
where
+ Uy X o Xuv + Xuv __
et = e e =2, e =0. (D9)

For the additional gravitational fields ¥, by assumption
they describe N additional radiative modes y,;, where
A=1,...,N. These can be written in some polarization
basis as™

VR = ekipp.  where efhetK = 5™ (D10)
P

These solutions to the wave equation in the limit to null
infinity take the form [cf. Eq. (67)]

}0

(. )~—[ (.0.0). fo(1.0.0). f(u.0.9)]

(D11)

for some real functions f, , ;. Together with the form of the
energy-momentum tensor Eq. (D7) this behavior near null
infinity implies that the radiative energy-momentum tensor
can indeed be written as (see Sec. IV B)

ot = (P P Yt 012)

=1

A practical way of completely fixing the gauge is the use of
spacetime light-cone coordinates, as exemplified, for instance, in
[142] for 2-forms. These polarizations should, however, not be
confused with the gravitational polarizations of the physical
metric defined in Sec. III B 2.
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where £, = -V, t+V,r and the falloffs of Eq. (D11)
impose the scaling 7, ~ r2.

Following Sec. V C, the tensor null-memory formula
therefore takes the form

Shly (u, r) = % | /—8 :L 2: Az PQym(QY)

u A A N .
<[ du’r2<|h+|2+|hx|2+§j|m|2>.
- =1

[5e]

(D13)

Note that the yr here are the canonically normalized modes.
The coupling constants of a specific theory will then enter
the memory formula by transforming back to the physi-
cal modes.

The example presented here could be readily general-
ized by the inclusion of non-Abelian, 1-form gauge fields
with a simple and compact but otherwise arbitrary gauge
group and field strength dF = d¥ + W A ¥. Such theo-
ries are a natural generalization of the SVT theory
considered in this work but would not change the result
significantly, as the background solution requires a
vanishing vector field in this case. Moreover, just as
for massless Abelian fields, no higher-order self-
interaction terms exist in d = 4, which would still lead
to second-order equations of motion [145]. Similarly, in
the same way as Abelian 1-forms can be generalized to
non-Abelian gauge groups, k-forms have non-Abelian
generalizations, which typically require the use of gerbes
(see, e.g., [168,169]). We conjecture, that also in such a
general framework an adapted version of the memory
equation [Eq. (150)] should hold.
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