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It is known that a source-free Yang-Mills theory with the normal conformal Cartan connection used as the
gauge potential gives rise to equations of motion equivalent to the vanishing of the Bach tensor. We
investigate the conformally invariant presymplectic potential current obtained from this theory and find that
on the solutions to the Einstein field equations, it can be decomposed into a topological term derived from the
Euler density and a part proportional to the potential of the standard Einstein-Hilbert Lagrangian. The
pullback of our potential to the asymptotic boundary of an asymptotically de Sitter spacetime turns out to
coincide with the current obtained from the holographically renormalized gravitational action. This provides
an alternative derivation of a symplectic structure on scri without resorting to holographic techniques.We also
calculate our current at the null infinity of an asymptotically flat spacetime and in particular show that it
vanishes for variations induced by the Bondi–Metzner–Sachs group of asymptotic symmetries. In addition,
we calculate the Noether currents and charges corresponding to gauge transformations and diffeomorphisms.
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I. INTRODUCTION

The interest in the conformal completions of Einstein
spacetimes [1–8] stems from their applications in the
analysis of the asymptotics of solutions, as well as the
holographic theory. It leads to considerations that use both
Einstein’s equations and conformal geometry simultane-
ously. This is not straightforward since Einstein’s equations
are not conformally invariant. In fact, they become singular
at the conformal boundary, which makes the analysis of the
equations complicated. Moreover, natural structures such
as the symplectic potential and Noether charges cannot be
defined at the boundary in a straightforward way. For
example, one needs to perform a renormalization procedure
to obtain a symplectic potential at the conformal boundary
[3,9]. The regularization is defined in a specific gauge, the
so-called Fefferman-Starobinski coordinate system [3,5]. It
is interesting to try to find another, more natural way of
obtaining the pullback of the potential.
In four-dimensional spacetimes, a conformally invariant

condition for satisfying vacuum Einstein’s equations with a
(possibly vanishing) cosmological constant Λ is the van-
ishing of the Bach tensor [10]. This way, the space of
Einstein metrics is naturally immersed in the space of Bach
flat metrics. Bach’s equations were used to study the
structure and stability of the conformal boundary in

Einstein spacetimes [11–13]. They share many properties
with Einstein’s field equations. In particular, they form a
well-posed evolution system [13,14] and are obtained from
a Lagrangian [15]. The success of the application of these
equations to general relativity leads to a natural question of
whether the symplectic potential or Noether currents of this
auxiliary theory can be of some use in the Einstein theory.
In this paper, we propose a possible way of exploiting the

relation between the spaces of Einstein and Bach flat
metrics by pulling back into the former the geometrical
conformally invariant structure with which the latter is
equipped. We construct a conformally invariant presym-
plectic potential current for the Bach theory and show that
its pullback to the space of Einstein metric tensors with a
nonvanishing cosmological constant differs from the pre-
symplectic potential current for the Einstein theory by
trivial terms. The advantage of this approach is that due to
the conformal invariance, our current is automatically
finite at the conformal boundary (scri) of asymptotically
(anti–)de Sitter spacetimes. This way, one can obtain
currents that are well defined at all spacetime points
simultaneously, both in the bulk and on scri. We show,
using the Fefferman-Graham coordinates, that the pullback
of this current to scri of an asymptotically de Sitter
spacetime coincides with the symplectic potential current
obtained by the method of holographic renormalization
[3,5]. For the sake of completeness, we also consider the
case of an asymptotically flat spacetime and calculate the
new symplectic potential on its null boundary. However,
since in the case of a vanishing cosmological constant the
potential only consists of a trivial, topological term, the
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result lacks a clear physical meaning and in fact vanishes
for variations generated by the diffeomorphisms belonging
to the Bondi–Metzner–Sachs (BMS) group of asymptotic
symmetries of an asymptotically flat spacetime.
To achieve this, we will use two different Lagrangians for

the Bach theory, both of which have interesting but different
properties. They differ by a topological term (the Euler-
Gauss-Bonnet term [16]), and thus their symplectic currents
are related. The first Lagrangian is conformally invariant,
which we ensure by using the normal conformal Cartan
(NCC) connection [17–22] (closely related to the local
twistor connection [21–23] as well as to the tractor calculus
[20,24,25]) as the gauge potential in the (also conformally
invariant) Yang-Mills Lagrangian. The corresponding
symplectic potential current defined in terms of the Cartan
connection is conformally invariant. The second Lagrangian
is not conformally invariant; however, its symplectic current
restricted to the space of solutions of Einstein field equations
with a cosmological constant is proportional to the sym-
plectic potential of general relativity. The pullback of the
Yang-Mills symplectic potential current to the space of
Einstein metric tensors with a nonvanishing cosmological
constant becomes a linear combination of symplectic poten-
tial currents of the gravitational Lagrangian and the Euler
Lagrangian, respectively.

A. Notation and conventions

We consider a four-dimensional manifold equipped with
a (pseudo-)Riemannian metric. In Secs. II and III the metric
can have any nondegenerate signature, while in Sec. IV we
restrict ourselves to spacetimes with the Lorentzian sig-
nature diagð−;þ;þ;þÞ.
To express fields on the manifold we will use both

orthonormal tetrads, as well as holonomic tetrads corre-
sponding to a coordinate system. In the first case, we shall
use the indices a; b; c;… ¼ 0, 1, 2, 3 to enumerate the
elements of the tangent and cotangent tetrads, components
of tensors with respect to those tetrads, and tetrad con-
nection one-forms. On the other hand, to express tensors
and the metric connection in terms of a coordinate system
we will use greek letters α; β; γ;… ¼ 0, 1, 2, 3. The normal
conformal Cartan connection and its curvature have values
in a 6 by 6 matrix algebra—we will use the uppercase
indices I; J; K;… ¼ 0;…; 5 to identify their components.
In Sec. IV we also use indices i; j; k;… ¼ 1, 2, 3 and
A;B;C;… ¼ 2, 3 to identify subsets of the Fefferman-
Graham and Bondi-Sachs coordinates, in a way which is
explained in more details in the corresponding subsections.

II. NORMAL CONFORMAL
CARTAN CONNECTION

A. Definition

We will now provide a working definition of the NCC
connection. A more elegant geometric definition of this

structure can be found in [18], and the relation between the
two formulations is explained in [19]. It is also worth
mentioning that Penrose’s notion of the local twistor
connection [21–23] is simply the spinorial version of the
NCC connection.
We start by considering a four-dimensional manifold M

endowed with a spacetime metric tensor

g ¼ ηabθ
a ⊗ θb; ð1Þ

where ηab is a constant, nondegenerate, symmetric matrix
of signature ðp; qÞ and ðθ0;…; θ3Þ is a locally defined
cotangent frame dual to a tangent frame ðe0;…; e3Þ. The
matrix ηab and its inverse ηab will be used to raise and lower
the tetrad indices a; b; c;…. The choice of a coframe
defines a volume form

Vol ≔
1

4!

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ηj

p
εabcdθ

a ∧ θb ∧ θc ∧ θd

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ηj

p
θ0 ∧ θ1 ∧ θ2 ∧ θ3; ð2Þ

whose components we will denote by ϵabcd¼
ffiffiffiffiffiffiffiffiffiffiffiffijdetηjp

εabcd.
The NCC connection corresponding to a given choice of

tetrad θa is defined as a matrix of one-forms,

A ¼

2
64

0 θb 0

Pa Γa
b θa

0 Pb 0

3
75; ð3Þ

where Γa
b are the tetrad connection one-forms defined by

the properties

dθa þ Γa
b ∧ θb ¼ 0; Γab ¼ −Γba; ð4Þ

while the one-forms Pa ¼ Pabθ
b are defined by minus the

Schouten tensor, that is,

Pa ≔
�
1

12
Rηab −

1

2
Rab

�
θb; ð5Þ

where Rab and R are the Ricci tensor and Ricci scalar,
respectively. In this notation, the Riemann tensor of g can
be represented as a two-form

Ra
b ≔

1

2
Ra

bcdθ
c ∧ θd ¼ dΓa

b þ Γa
c ∧ Γc

b: ð6Þ

B. Conformal rescalings and Lorenz transformations

The special property of the NCC connection is the way it
transforms upon rescalings [19]

g0 ¼ f2g; θ0a ¼ fθa; f ∈ C∞ðMÞ; ð7Þ
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namely

A0 ¼ h−1Ahþ h−1dh; ð8Þ

with

h ¼

2
664

1
f 0 0

f;a

f2 δab 0

f;cf;c

2f3
f;b
f f

3
75; ð9Þ

where

f;aθa ≔ df: ð10Þ

Of course, for the local (pseudo)rotations, that is

g0 ¼ g; θ0a ¼ Λa
bθ

b; ð11Þ

where ηabΛa
cΛb

d ¼ ηcd, the transformation law (8) still
applies, with

h ¼

2
64
1 0 0

0 Λa
b 0

0 0 1

3
75: ð12Þ

Both the matrix (9) corresponding to the conformal
rescaling of the tetrad and (12) associated with a (pseudo)
rotation represent elements of the group SOðpþ 1; qþ 1Þ
identified with the group SOðQÞ of 6 by 6 matrices hwhich
preserve the form Q,

hIKhJLQIJ ¼ QKL; ð13Þ

with

Q ¼

2
64

0 0 −1
0 η 0

−1 0 0

3
75: ð14Þ

C. Curvature

The curvature of the NCC connection is represented by a
matrix obtained from A by the standard formula

F ¼ dAþ A ∧ A; ð15Þ

and a calculation yields

F ¼

2
64

0 0 0

DPa Ca
b 0

0 DPb 0

3
75; ð16Þ

where

DPa ¼ dPa þΓa
b ∧ Pb; Ca

b ¼
1

2
Ca

bcdθ
c ∧ θd; ð17Þ

and Ca
bcd stands for the Weyl tensor of g. The curvature

satisfies the Bianchi identity

DAF ≔ dF þ A ∧ F − F ∧ A ¼ 0 ð18Þ

and the transformation law

F0 ¼ h−1Fh ð19Þ

under a transformation of A given by (8) for
any h ∈ SOðQÞ. As a result, complex identities of
Riemannian geometry satisfied by the Weyl tensor can
be written in an elegant and graceful way.

D. Relation with the Bach tensor

Another conformally invariant operation in four-dimen-
sional geometry is the Hodge dual of a differential two-
form. We can apply it to the curvature F and find that
[19,21]

DA⋆F ≔ d⋆F þ A ∧ ⋆F − ⋆F ∧ A

¼

2
64

0 0 0

Bac⋆θc 0 0

0 Bb
c⋆θc 0

3
75; ð20Þ

where Bab is the Bach tensor,

Bab ¼ 2∇c∇½bPc�a − 2PcdCcadb: ð21Þ

What is particularly important from the point of view of
applications to Einstein’s theory of gravity is that

Rab ¼ Ληab ⇒ Bab ¼ 0 ð22Þ

and that the second equality above is conformally invariant.
Hence, the Bach tensor is an obstacle to the metric tensor
being conformally Einstein. Its vanishing is not a sufficient
condition, though—there are known examples of space-
times with Bab ¼ 0 which are not conformally Einstein
[19,26,27], found among the homogeneous Fefferman
metric tensors. As we can now see, in terms of the NCC
connection, this obstacle becomes D⋆F.

III. CARTAN-YANG-MILLS THEORY

A. Cartan-Yang-Mills Lagrangian

Inspired by (20) and (22) we define on the space of
η-orthonormal coframes θa (1) a Lagrangian by inserting
the NCC connection A into the standard Yang-Mills
Lagrangian,
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LCYMðθÞ ¼
1

2
FI

J ∧ ⋆FJ
I; ð23Þ

and name it the Cartan-Yang-Mills Lagrangian. The
coframes are defined locally on M; however, the
Lagrangian is independent of the transformations (8)—
hence, it is uniquely defined on the entire M. Moreover,

LCYMðθÞ ¼ LCYMðfθÞ; f ∈ C3ðMÞ; ð24Þ

hence, the Lagrangian is manifestly conformally invariant.
As a matter of fact, it follows from (16) that

LCYMðθÞ ¼
1

2
FI

J ∧ ⋆FJ
I ¼

1

2
Ca

b ∧ ⋆Cb
a

¼ 1

4
CabcdCabcdVol; ð25Þ

which makes it clear that despite LCYM being defined as a
function of θa, it depends only on g ¼ ηabθ

aθb. The right-
hand side (RHS) of (25) is encountered in literature.
However, we want to take advantage of the particular
properties of the NCC connection and the Yang-Mills
Lagrangian.

B. Variations and the field equations

Varying the Lagrangian with respect to θa and “integrat-
ing by parts,” we obtain

δLCYMðθÞ ¼ δAI
J ∧ DA⋆FJ

I þ
1

2
FI

J ∧ ðδ⋆ÞFJ
I

þ dðδAI
J ∧ ⋆FJ

IÞ: ð26Þ

The term involving δ⋆ vanishes due to the fact that the left
and right duals of the Weyl tensor coincide [28]:

⋆Ca
b ¼

1

2
ϵabc

dCc
d; ð27Þ

where ϵabcd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffij det ηjp

εabcd; hence, it is constant, inde-
pendent of θa. Breaking down the first term, we obtain [19]

δLCYMðθÞ ¼ 2δθa ∧ Bab⋆θb þ dðδAI
J ∧ ⋆FJ

IÞ: ð28Þ

From the first term, we obtain the equations of the theory,

Bab ¼ 0; ð29Þ

equivalent to

DA⋆F ¼ 0: ð30Þ

C. Symplectic current potential

From the second, exact term in the RHS of (28) we
obtain the symplectic current potential

ΘCYMðθ; δθÞ ¼ δAI
J ∧ ⋆FJ

I: ð31Þ

It is conformally invariant due to (8) and (19),

ðδAI
J ∧ ⋆FJ

IÞðfθ; fδθÞ
¼ ððh−1δAhÞIJ ∧ ⋆ðh−1FhÞJIÞðθ; δθÞ
¼ ðδAI

J ∧ ⋆FJ
IÞðθ; δθÞ: ð32Þ

A short calculation, using the explicit form of the NCC
connection and its curvature associated with a given
orthonormal tetrad (3), (16), gives the detailed form

ΘCYMðθ; δθÞ ¼ 2δθa ∧ ⋆DPa þ δΓa
b ∧ ⋆Cb

a: ð33Þ

D. ΘCYM at Einstein metrics

When θa defines an Einstein metric tensor, that is when

Rab ¼ Ληab; ð34Þ

our very symplectic current potential (33) takes a simpler
form,

ΘCYMðθ; δθÞ ¼ δΓa
b ∧ ⋆Cb

a; ð35Þ

where the first term in (33) vanishes due to the fact that (34)
implies Pa ¼ − Λ

6
θa and Dθa ¼ 0.

Since the Einstein metric tensors satisfy the equations of
the Cartan-Yang-Mills theory (as their Bach tensor van-
ishes), all currents obtained from the three-form ΘCYM also
apply to them. Therefore, a natural question arises: what is
the relation between ΘCYM and the symplectic current
potential ΘEH of the Einstein-Hilbert action extended to the
space of the η-orthonormal coframes?
To answer this question, we will decompose LCYM into

two parts,

LCYM ¼ 1

4
E þ L1; ð36Þ

where the Euler term [16]

EðθÞ ≔ ϵabcdRab ∧ Rcd ð37Þ

is a topological Lagrangian whose variation only yields the
boundary term:
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δEðθÞ ¼ 2ϵabcdδRab ∧ Rcd

¼ 2ϵabcdDðδΓabÞ ∧ Rcd

¼ 2ϵabcddðδΓab ∧ RcdÞ þ 2ϵabcdδΓab ∧ DRcd

¼ dð2ϵabcdδΓab ∧ RcdÞ; ð38Þ

where we used the property Dϵabcd ¼ 0 which follows
from metric compatibility Γab ¼ −Γba and the Bianchi
identity DRa

b ¼ 0. Let us also define

ΘEðθ; δθÞ ≔ 2ϵabcdδΓab ∧ Rcd; ð39Þ

so that δE ¼ dΘE . The remaining part of the Cartan-Yang-
Mills Lagrangian is

L1ðθÞ ≔ LCYM −
1

4
E

¼ 1

4
ϵabcdðCab ∧ Ccd −Rab ∧ RcdÞ

¼ ϵabcdθa ∧ Pb ∧ Ccd − ϵabcdθa ∧ Pb ∧ θc ∧ Pd

¼ −ϵabcdPa ∧ Pb ∧ θc ∧ θd

¼ −4P½a
aPb�

bVol: ð40Þ

That decomposition is not unique; however, this is the one
that will work for us and provide a suitable decomposition
of our symplectic current potential.
Because of (38), L1 gives the same equations of motion

as LCYM, which are equivalent to the vanishing of the Bach

tensor—see (28). The symplectic current potential ΘCYM
(31), on the other hand, splits into two parts:

ΘCYM ¼ 1

4
ΘE þ Θ1; ð41Þ

where

Θ1ðθ; δθÞ ≔ ΘCYMðθ; δθÞ −
1

4
ΘEðθ; δθÞ

¼ 2δθa ∧ ⋆DPa þ
1

2
ϵabcdδΓab ∧ ðCcd −RcdÞ

¼ 2δθa ∧ ⋆DPa þ ϵabcdδΓab ∧ θc ∧ Pd: ð42Þ

From the decomposition (36) and variations (28), (38)
follows

δL1ðθÞ ¼ 2δθa ∧ Bab⋆θb þ dΘ1: ð43Þ

Hence, Θ1 is a possible choice of the presymplectic
potential current associated with the Lagrangian L1.
Let us compareΘ1 with a presymplectic potential current

ΘEH obtained from the Einstein-Hilbert Lagrangian
⋆ 1

16πG ðR − 2ΛÞ, which can also be written as

LEH ¼ 1

16πG

�
1

2
ϵabcdθa ∧ θb ∧ Rcd − 2ΛVol

�
: ð44Þ

We have

16πGδLEHðθÞ ¼
1

2
ϵabcdð2δθa ∧ θb ∧ Rcd þ θa ∧ θb ∧ δRcdÞ − 2Λδθa ∧ ⋆θa

¼ 1

2
ϵabcdð2δθa ∧ θb ∧ Rcd þ θa ∧ θb ∧ DδΓcdÞ − 2Λδθa ∧ ⋆θa

¼ δθa ∧ ðϵabcdθb ∧ Rcd − 2Λ⋆θaÞ þ d

�
1

2
ϵabcdθa ∧ θb ∧ δΓcd

�
; ð45Þ

where in the last equality we used the property Dθa ¼ 0
which follows from Γa

b being torsion-free. One can check
that [29]

1

2
ϵabcdθb ∧ Rcd ¼ ðRηab − 2RabÞ⋆θb; ð46Þ

therefore, the first term in (45) yields the vacuum Einstein
equations, while the second gives the presymplectic po-
tential current [30]

ΘEHðθ; δθÞ ¼
1

32πG
ϵabcdθa ∧ θb ∧ δΓcd: ð47Þ

If g ¼ ηabθ
a ⊗ θb satisfies the vacuum Einstein equations,

we have Pa ¼ Pabθ
b ¼ − Λ

6
θa. Therefore, DPa ¼ 0 and

Θ1 from (42) reduces to

Θ1ðθ; δθÞjEH ¼ −
Λ
6
ϵabcdθa ∧ θb ∧ δΓcd; ð48Þ

and hence, for those tetrads, Θ1 ¼ − 16πGΛ
3

ΘEH. Therefore,
on solutions of the vacuum Einstein’s equations,

ΘCYM ¼ 1

4
ΘE −

16πGΛ
3

ΘEH: ð49Þ
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In this way, on the Einstein spacetimes, ΘE can be thought
of as a “correction” to the Einstein-Hilbert presymplectic
potential which makes it conformally invariant.

E. Noether currents of LCYM the
Cartan-Yang-Mills Lagrangian

Let LðΦÞ be a Lagrangian form describing a general
theory of fields ðΦiÞi∈I . Its variation with respect to the
fields gives rise to the equations of motion and the
presymplectic potential current

δLðΦÞ ¼ EðΦÞiδϕi þ dΘðΦ; δΦÞ: ð50Þ

A variation δS is a symmetry of the theory if the corre-
sponding variation of the Lagrangian is an exact form

δSLðΦÞ ¼ dZSðΦÞ: ð51Þ

For each such symmetry, we can define an associated
Noether current [31,32]

JSðΦÞ ¼ ΘðΦ; δSΦÞ − ZSðΦÞ: ð52Þ

If Φ0 satisfies the equations of motion, EðΦ0Þ ¼ 0, from
(50) and (51) follow that dJSðΦ0Þ ¼ 0 for any symmetry δS
of L. The Noether current is determined up to the addition
of an exact three-form [33] and depends on the particular
choice of the presymplectic potential and Z. If we consider
a gauge transformation defined by a spacetime-dependent
parameter λ, then by results of [33], as explained in [31],

JλðθÞ ¼ dQλ ð53Þ

for some two-form Qλ when the background satisfies the
variational equations. The form Qλ, called the Noether
charge, is not uniquely determined by Jλ, since one can
freely add to it any closed two-form.
Let us now turn to our Lagrangian LCYM. First, we will

calculate the Noether current associated with the pseudor-
otations and conformal rescalings of the tetrad θa. Under
such a transformation we have δL ¼ 0; therefore, we only
need to consider the presymplectic potential part of (52). As
explained in Sec. II B, the effects of both pseudorotations
and conformal rescalings on the Cartan connection AI

J can
be encoded in a subgroup of the group SOðpþ 1; qþ 1Þ of
matrices preserving the quadratic form (14) according to
the transformation law (8). Hence, the variation of the
connection can be expressed by the element of the algebra
soðpþ 1; qþ 1Þ generating the particular transformation.
Let us denote this generator by γIJ. Then

δγAI
J ¼

d
dt

����
t¼0

ðexpð−γtÞIKAK
LexpðγtÞLJ

þ expð−γtÞIKd expðγtÞKJÞ
¼ AI

Kγ
K
J − γIKAK

J þ dγIJ

¼ DAγ
I
J: ð54Þ

Thus

JγðθÞ ¼ ΘCYMðθ; δγθÞ
¼ DAγ

I
J ∧ ⋆FJ

I

¼ dðγIJ ∧ ⋆FJ
IÞ þ γIJ ∧ DA⋆FJ

I: ð55Þ

In the case when γ generates a conformal rescaling
θa ↦ expðαtÞθa, which is when the matrix expðγtÞ is of
the form (9), one can check that this current vanishes
identically (including off-shell):

JαðθÞ ¼ 0: ð56Þ

This follows from (16), (20), and the fact that such matrices
γ have the form

γ ¼

2
64
� 0 0

� 0 0

� � �

3
75: ð57Þ

On the other hand, in the case when γ generates a matrix
representing a pseudorotation of the form (12), we obtain

JωðθÞ ¼ dðωa
b ∧ ⋆Cb

aÞ; ð58Þ

where ω ∈ soðp; qÞ is the generator of the pseudorotation.
Here again we use (16), (20), as well as the form of the
matrix γ:

γ ¼

2
64
0 0 0

0 ωa
b 0

0 0 0

3
75: ð59Þ

While not zero, this current is conserved for all tetrads, not
only those satisfying the equations of motion DA⋆F ¼ 0.
Next, we will calculate the Noether current associated

with a diffeomorphism generated by a vector field ξ. Since
our theory is diffeomorphically invariant, the variation of
LCYM induced by a variation δξθ ¼ Lξθ is simply the Lie
derivative of LCYM:

δξLCYMðθÞ ¼ LξLCYMðθÞ ¼ ξ ⌟LCYMðθÞ
¼ ξ ⌟

�
1
2
FI

J ∧ ⋆FJ
I

�
; ð60Þ
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where in the second equality we used the fact that the
Lagrangian is a top form. Using the expression for
the presymplectic potential current ΘCYM in terms of the
normal conformal Cartan connection and its curvature (23),
(31), we obtain from (52)

JξðθÞ ¼ LξAI
J ∧ ⋆FJ

I − ξ ⌟
�
1
2
FI

J ∧ ⋆FJ
I

�
: ð61Þ

Note that this current is conformally invariant. Next, we use
the fact that the left and right duals of the Weyl tensor
coincide [28] [see also (27)] to show that

ξ ⌟
�
1
2
FI

J ∧ ⋆FJ
I

�
¼ ξ ⌟

�
1
2
Ca

b ∧ ⋆Cb
a

�

¼ ξ ⌟
�
1
4
ϵbac

dCa
b ∧ Cc

d

�

¼ 1

2
ϵbac

dðξ ⌟Ca
bÞ ∧ Cc

d

¼ ðξ ⌟FI
JÞ ∧ ⋆FJ

I ð62Þ

and hence,

JξðθÞ ¼ ðLξAI
J − ξ ⌟FI

JÞ ∧ ⋆FJ
I

¼ ðdðξ ⌟AI
JÞ þ ξ ⌟ dAI

J − ξ ⌟ ðdAI
J þ AI

K ∧ AK
JÞÞ ∧ ⋆FJ

I

¼ ðdðξ ⌟AI
JÞ − AK

Jðξ ⌟AI
KÞ þ AI

Kðξ ⌟AK
JÞÞ ∧ ⋆FJ

I

¼ DAðξ ⌟AI
JÞ ∧ ⋆FJ

I: ð63Þ

Integrating by parts we obtain the decomposition

JξðθÞ ¼ dððξ ⌟AI
JÞ⋆FJ

IÞ − ðξ ⌟AI
JÞDA⋆FJ

I

≕ dQξ þ ξaCa; ð64Þ

where Ca ¼ −AI
JaD⋆FJ

I are constraints that vanish
whenever the equations of motion D⋆F ¼ 0 hold
and

QξðθÞ ¼ ðξ ⌟AI
JÞ⋆FJ

I ð65Þ

is a possible choice for the Noether charge associated with
ξ. Using it, we can also calculate the associated Iyer-Wald
charge Hamiltonian charge [7,31,32]

=δHξðθ;δθÞ¼ δQξðθÞ−ξ⌟ΘCYMðθ;δθÞ
¼ ðξ⌟AI

JÞδð⋆FJ
IÞþδAI

J ∧ ðξ⌟⋆FJ
IÞ: ð66Þ

Let us examine the behavior of this current under
pseudorotations and conformal rescalings of the tetrad.
Let θa ↦ Ta

bθ
b be such a transformation, that is, Ta

bθ
b ¼

fθa for f ∈ C∞ðMÞ or Ta
b ∈ SOðp; qÞ. Then we have

JξðTa
bθ

bÞ ¼ ΘCYMðTa
bθ

b;LξðTa
bθ

bÞÞ − LξLCYMðTa
bθ

bÞ
¼ ΘCYMðTa

bθ
b;Ta

bLξθ
bÞ þ ΘCYMðTa

bθ
b; ξðTa

bÞθbÞ − LξLCYMðTa
bθ

bÞ
¼ ΘCYMðθa;Lξθ

aÞ þ ΘCYMðθa; ðT−1ÞacξðTc
bÞθbÞ − LξLCYMðθaÞ

¼ JξðθaÞ þ JT−1ξðTÞðθaÞ; ð67Þ

where JT−1ξðTÞ is the current Jγ from (55), where γ is the
element of soðpþ 1; qþ 1Þ corresponding to the generator
of pseudorotations/rescalings T−1ξðTÞ. This, together with
(56) and (58) means that JξðθÞ is invariant under conformal
rescaling of the tetrad, while under a pseudorotation it
changes by the exact three-form (58).
One could also try to obtain an invariant current by using

a covariant Lie derivative [30]

LΓ
ξ θ

a ≔ Lξθ
a þ ðξ ⌟Γa

bÞθb: ð68Þ

The geometric meaning of this operation is that we lift the
vector field ξ to the frame bundle of M horizontally with
respect to Γa

b, consider the pullback of the differential
forms θa to this frame, and calculate the Lie derivative on
the bundle instead of on the base spaceM. The variation of
the tetrad connection associated with δθa ¼ LΓ

ξ θ
a is

LΓ
ξΓa

b ¼ LξΓa
b þ ðξ ⌟Γa

cÞΓc
b − ðξ ⌟Γc

bÞΓa
c

¼ ξ ⌟
�
1
2
Ra

bcdθ
c ∧ θd

�
; ð69Þ
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which one can verify either by considering the tetrad
connection as a one-form on the frame bundle or by
directly checking that

dðLΓ
ξ θ

aÞ þ Γa
b ∧ ðLΓ

ξ θ
bÞ þ ðLΓ

ξΓa
bÞ ∧ θb ¼ 0;

ηacLΓ
ξΓc

b ¼ −ηbcLΓ
ξΓc

a: ð70Þ

Consider now a pair of orthonormal tetrads θa and
θ0a ¼ Ta

bθ
b. The corresponding tetrad connections are

related by the transformation

Γ0a
b ¼ Ta

cΓc
dðT−1Þdb − ðT−1ÞcbdTa

c: ð71Þ

Using (68), we obtain

LΓ0
ξ θ

0a ¼ Ta
bLΓ

ξ θ
b: ð72Þ

Hence, the presymplectic potential current ΘCYM associ-
ated with the variation δθa ¼ LΓ

ξ θ
a is invariant with respect

to arbitrary (pseudo)rotations and conformal rescalings.
Moreover, since the modified Lie derivative LΓ

ξ agrees with
Lξ on objects without free tetrad indices, we have

LΓ
ξLCYMðθÞ ¼ LξLCYMðθÞ ¼ d

�
ξ ⌟

1
2
FI

J ∧ ⋆FJ
I

�
¼ dððξ ⌟FI

JÞ ∧ ⋆FJ
IÞ ð73Þ

(see (62)). Hence, the associated Noether current

J̃ξðθÞ ≔ ΘCYMðθ;LΓ
ξ θÞ − LΓ

ξLCYMðθÞ
¼ 2LΓ

ξ θ
a ∧ ⋆DPa þ ðLΓ

ξΓa
b − ξ ⌟Ca

bÞ ∧ ⋆Cb
a

ð74Þ

depends only on g ¼ ηabθ
aθb and is conformally invariant.

Since

LΓ
ξΓab − ξ ⌟Cab ¼ ξ ⌟ ðRab − CabÞ ¼ ξ ⌟ 2θa ∧ Pb

¼ 2θ½aPb�cξc − 2ξ½aPb� ð75Þ

and

LΓ
ξθ

a ¼ Lξθ
a þ ðξ ⌟Γa

bÞθb
¼ dξa þ ξ ⌟ dθa þ ðξ ⌟Γa

bÞθb ¼ Dξa; ð76Þ

we can rewrite the current (74) as

J̃ξðθÞ ¼ 2Dξa ∧ ⋆Pa − 2ξaPb ∧ ⋆Cb
a

¼ dð2ξa⋆DPaÞ − 2ξaBab⋆θb

≕ dQ̃ξ − ξaC̃a; ð77Þ

where

Q̃ξ ≔ 2ξa⋆DPa ð78Þ

is the Noether charge and C̃a ≔ Bab⋆θb are constraints that
vanish when the Bach tensor vanishes. Note that on the
solutions of the vacuum Einstein equations DPa ¼ 0 and
thus the current vanishes.

IV. CARTAN-YANG-MILLS PRESYMPLECTIC
POTENTIAL CURRENT ON THE

CONFORMAL BOUNDARY

A. Asymptotically de Sitter spacetimes

In this section, we restrict our considerations to metric
tensors of the signature ð−;þ;þ;þÞ on the manifold M.
Moreover, we assume that the corresponding spacetime is
asymptotically de Sitter, and therefore, the cosmological
constant is positive throughout this section,

Λ > 0: ð79Þ

A metric tensor g that is asymptotically de Sitter can be
written (or defined) in the Fefferman-Graham gauge, that
is [5],

g ¼ l2

ρ2

�
−dρ2 þ

X∞
n¼0

ρngðnÞij ðρ; x1; x2; x3Þdxidxj
�
; ð80Þ

where the asymptotic expansion amounts to expanding in
ρ > 0 around the boundary I defined by the equation

ρ ¼ 0; ð81Þ

contained in the conformal completion of ðM; gÞ. The goal of
this section is to calculate the symplectic current potential
ΘCYM at I . By comparison, the symplectic current potential
ΘEH is known to be ill-defined in that limit. However, it
follows from the conformal invariance that ΘCYM is well
defined at I .
It will be convenient to use a conformally rescaled metric

tensor that is finite at ρ ¼ 0:

ĝ ≔
ρ2

l2
g ¼ −dρ2 þ

X∞
n¼0

ρngðnÞij dxidxj ð82Þ

and its inverse

ĝαβ∂α ⊗ ∂β ¼ −∂ρ ⊗ ∂ρ þ
X∞
n¼0

ρngijðnÞ∂i ⊗ ∂j; ð83Þ

where the matrix gijð0Þ is the inverse of gð0Þij , while

gijðnÞ ¼ −gikð0Þ
Xn
m¼1

gðmÞ
kl gljðn−mÞ: ð84Þ
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We will use the metric ĝ and its inverse to raise and lower
indices α; β; γ;… on tensors with a hat and g on the
unhatted ones.
We will denote the pullback of the rescaled metric ĝαβ to

I by g
∘
ij. If ĝαβ has the Fefferman-Graham form (82), we

have

g
∘
ij ¼ gð0Þij : ð85Þ

Einstein’s equations (34) imposed on the metric tensor (82)
imply [5,7]

gð1Þij ¼ 0; gð2Þij ¼ R
∘
ij −

1

4
g
∘
ijR

∘
≕ S

∘
ij;

gð0Þijgð3Þij ¼ D
∘ i
gð3Þij ¼ 0; ð86Þ

where S
∘
ij, R

∘
ij, R

∘
are, respectively, the Schouten tensor,

Ricci tensor, and Ricci scalar of g
∘
ij, and D

∘
i is the metric-

compatible, torsion-free connection defined by the metric

tensor g
∘
ij. We will also use the notation

T
∘
ij ≔ gð3Þij : ð87Þ

Equation (84) implies

gijð1Þ ¼ 0; gijð2Þ ¼ −S
∘ ij
; gijð3Þ ¼ −T

∘ ij
: ð88Þ

(Indices i; j;… on S
∘
ij and T

∘
ij are raised with g

∘ ij and

lowered with g
∘
ij).

Let us consider a coframe θa such that

g ¼ ηabθ
aθb; ð89Þ

where ηab ¼ diagð−;þ;þ;þÞ. We will denote its dual
frame by ea. From (80) it follows that for any such tetrad
θa ¼ l

ρ θ̂
a and ea ¼ ρ

l êa, where θ̂a and êa are the ortho-
normal coframe and the dual frame associated with the
rescaled metric ĝ from (82). Let us calculate the pullback of
ΘCYM to I for this particular choice of θa. Since we are
considering an Einstein spacetime (34), we can use the
formula (35)

ΘCYMðθa; δθaÞ ¼ δΓb
c ∧ �Cc

b: ð90Þ

The tetrad connection of θa is [34]

Γa
b ¼ ηaceαce

β
bðcαβγ þ cβγα − cγαβÞdxγ; ð91Þ

where

cαβγ ¼ ηabθ
a
α∂½βθbγ�: ð92Þ

Let us expand the one-forms Γa
b in terms of ρ. First of all,

since θa ¼ l
ρ θ̂

a and ea ¼ ρ
l êa, we have

cαβγ ¼ −
l2

ρ3
ηabθ̂

a
αδ

ρ½βθ̂
b
γ� þOðρ−2Þ

¼ −
l2

ρ3
δρ½βĝγ�α þOðρ−2Þ ð93Þ

and from (91) follows

Γa
b ¼−ρ−1ηacêαcê

β
bðδρ½βĝγ�αþδρ½γ ĝα�β−δρ½αĝβ�γÞdxγþOð1Þ

¼ 2ρ−1ηacêαcê
β
bδ

ρ½αĝβ�γdxγ þOð1Þ
¼ 2ρ−1ηacêα½cê

β
b�δ

ρ
αĝβγdxγþOð1Þ

¼ 2ρ−1ηacêρ½cê
β
b�ĝβγdx

γþOð1Þ: ð94Þ

Moreover, the Weyl tensor is conformally invariant,

Cα
βγδ ¼ Ĉα

βγδ; ð95Þ

and the relation between the volume forms of ĝαβ and gαβ is
as follows:

ϵ̂αβγδ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
jdet ĝj

p
εαβγδ ¼

ρ4

l4

ffiffiffiffiffiffiffiffiffiffiffiffi
jdetgj

p
εαβγδ ¼

ρ4

l4
ϵαβγδ: ð96Þ

Therefore,

ϵ̂αβγδ ¼ ϵαβγδ ð97Þ

(since we use ĝαβ to raise indices on the hatted quantities
and gαβ—on the unhatted). Consequently

⋆Cα
β ¼

1

4
Cα

βγδϵ
γδ
ϵζdxϵ ∧ dxζ

¼ 1

4
Ĉα

βγδϵ̂
γδ
ϵζdxϵ ∧ dxζ ¼ b⋆Ĉα

β: ð98Þ

Since

ĝ ¼ −dρ2 þ g
∘
ijdxidxj þOðρ2Þ; ð99Þ

we have

det ĝ ¼ − det g
∘ þOðρ2Þ; ð100Þ

and thus

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ĝj

p
¼

ffiffiffiffiffiffiffiffiffi
det g

∘
q

þOðρ2Þ: ð101Þ
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Therefore,

ϵ̂ρijk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
jdet ĝj

p
ερijk ¼

ffiffiffiffiffiffiffiffiffi
detg

∘
q

εijkþOðρ2Þ ¼ ϵ
∘
ijkþOðρ2Þ;

ð102Þ

where ϵ
∘
ijk ≔

ffiffiffi
g
∘q
εijk is a three-form defined on a neighbor-

hood of I , whose pullback to I is the volume form on I
induced by the conformal metric ĝ. As a consequence of
(102), we have

1

2
Ĉβ

α
γδϵ̂γδjk ¼ Ĉβ

α
ρlϵ
∘
ljk þOðρ2Þ ¼ −Ĉβ

αρ
lϵ
∘
ljk þOðρ2Þ:

ð103Þ

The pullback of (90) to I is

Θ̃CYM ¼ lim
ρ→0

δΓa
biêαaθ̂

b
βdx

i ∧
�
1

2
Ĉβ

α
γδϵ̂γδjkdxj ∧ dxk

�
:

ð104Þ

Using the formula for the variation of the tetrad connection
(94), we get

Θ̃CYM ¼ lim
ρ→0

δð2ρ−1ηacêρ½cêζb�ĝζiÞêαaθ̂bβdxi

∧
�
1

2
Ĉβ

α
γδϵ̂γδjkdxj ∧ dxk

�
: ð105Þ

Next, we use (103) to obtain

Θ̃CYM ¼ −lim
ρ→0

δð2ρ−1ηacêρ½cêζb�ĝζiÞêαaθ̂bβdxi ∧ ðĈβ
αρ

lϵ
∘
ljkdxj ∧ dxkÞ

¼ −lim
ρ→0

δð2ρ−1ηacêρ½cêζb�ĝζiÞêαaθ̂bβĈβ
αρ

iVol
∘

¼ −lim
ρ→0

δð2ρ−1êρ½aêζb�ĝζiÞθ̂aαθ̂bβĈβα
ρ
iVol

∘

¼ lim
ρ→0

δð2ρ−1êρaêζbĝζiÞθ̂aαθ̂bβĈβαρiVol
∘

¼ lim
ρ→0

2ρ−1ðδêρaêζbĝζi þ êρaδθ̂ci ηcbÞθ̂aαθ̂bβĈβαρiVol
∘

¼ lim
ρ→0

2ρ−1ðδêρaĝβiθ̂aαĈβαρi þ δθ̂ci ηcbθ̂
b
βĈ

βρρiÞVol
∘
; ð106Þ

where Vol
∘

≔ 1
3!
ϵ
∘
ijkdxi ∧ dxj ∧ dxk. Using the fact that the

Weyl tensor is traceless in every pair of indices, we get

ĝβiĈ
βαρi ¼ ĝβγĈ

βαργ − ĝβρĈ
βαρρ ¼ −ĝβρĈβαρρ ¼ 0: ð107Þ

Thus the first term in the last line of (106) vanishes, and we
are left with

Θ̃CYMðθ; δθÞ ¼ lim
ρ→0

2ρ−1δθ̂ci ηcbθ̂
b
βĈ

βρρiVol
∘

¼ lim
ρ→0

2ρ−1δθ̂ci ηcbθ̂
b
j Ĉ

jρρiVol
∘

¼ lim
ρ→0

ρ−1δĝijĈ
iρρjVol

∘

¼ 3

2
δg
∘
ijT

∘ ij
Vol
∘
; ð108Þ

where in the last step we used Eq. (A22) from Appendix A.
Notice that although in general, the presymplectic potential

current depends on the tetrad used to define the normal
conformal Cartan connection and its variation, it turns out
that at the conformal boundary of de Sitter spacetime,
this dependence only manifests through the metric,
g ¼ ηabθ

aθb, and the variation of the metric induced on
I by the conformally rescaled metric ĝ.
Moreover, note that here δg

∘
ij means simply the variation

of the intrinsic metric on I induced by a general variation
δg ¼ l2

ρ2
δĝ. It does not mean that δg has to preserve the

Fefferman-Graham gauge (in which case we could write

δg
∘
ij ¼ δgð0Þij ).
The standard definition of the holographic energy-

momentum tensor on the boundary is [6]

Tij ¼
3l

16πG
T
∘
ij; ð109Þ

which implies
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Θ̃CYM ¼ 8πG
l

δg
∘
ijTijVol

∘
: ð110Þ

On the other hand, the variation of the holographically
renormalized Einstein-Hilbert action,

SGR ¼
1

16πG

Z
M

ðR−2ΛÞVolþ 1

16πG

Z
I

�
2Kþ 4

l
−R

∘�
Vol
∘
;

ð111Þ

yields the following presymplectic potential current
on I [6]:

Θ̃GR ¼ −
l
2
δg
∘
ijTijVol

∘
: ð112Þ

Hence,

Θ̃CYM ¼ −
16πGΛ

3
Θ̃GR: ð113Þ

B. Asymptotically flat spacetimes

We describe an asymptotically flat spacetime using the
Bondi-Sachs gauge (in coordinates Ω, u, xA, where 1

Ω is the
luminosity distance) [35–37]:

gΩΩ ¼ gΩA ¼ 0; guu ¼ −1þ 2MΩþOðΩ2Þ; gAB ¼ Ω−2γAB þΩ−1CAB þOð1Þ;

guΩ ¼ Ω−2 −
1

16
CABCAB þOðΩÞ; guA ¼ 1

2
DBCBA þOðΩÞ; ð114Þ

guu ¼ guA ¼ 0; gΩΩ ¼ Ω4 − 2MΩ5 þOðΩ6Þ; gAB ¼ Ω2γAB −Ω3CAB þOðΩ4Þ;

guΩ ¼ Ω2 þ 1

16
CABCABΩ4 þOðΩ5Þ; gΩA ¼ −

1

2
DBCBAΩ4 þOðΩ5Þ: ð115Þ

Here M is the Trautman-Bondi mass aspect, NAB ≔ ∂uCAB
is the Bondi news tensor, γAB is a unit sphere metric,D is its
covariant derivative, and indices A; B;… on those objects
are raised with γAB. Similar to the asymptotically de Sitter
case, let us define ĝ ≔ Ω2g. Let us also use indices i; j;…

to go over the three coordinates u; xA and define g
∘
to be the

pullback of ĝ to I (i.e., the surface Ω ¼ 0).
From (114) and ĝ ≔ Ω2g, we obtain

ĝ ¼ 2dudΩþ γABdxAdxB þOðΩÞ; ð116Þ

so the pullback of ĝ to I , which we denote by g
∘
, is

g
∘ ¼ γABdxAdxb: ð117Þ

Therefore,

det ĝ ¼ − det g
∘ þOðΩÞ; ð118Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ĝj

p
¼

ffiffiffiffiffiffiffiffiffi
det γ

p
þOðΩÞ; ð119Þ

ϵ̂Ωijk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
jdet ĝj

p
εΩijk ¼

ffiffiffiffiffiffiffiffiffi
detγ

p
εijkþOðΩÞ ¼ ϵ

∘
ijkþOðΩÞ;

ð120Þ

where, as in the previous section,

Vol
∘

≔
1

3!
ϵ
∘
ijkdxi ∧ dxj ∧ dxk

≔
1

3!

ffiffiffiffiffiffiffiffiffi
det γ

p
εijkdxi ∧ dxj ∧ dxk ð121Þ

is a three-form defined in the neighborhood of I , whose
pullback to I is the volume form induced on I by ĝ.
Since our spacetime satisfies Rab ¼ 0, we can calculate

ΘCYM using

ΘCYM ¼ δΓa
b ∧ ⋆Cb

a: ð122Þ

The peeling theorem implies that Cα
βγδ ¼ Ĉα

βγδ ¼ OðΩÞ.
Also,

Γa
b ¼ −Ω−1ηacêαcê

β
bðδΩ½βĝγ�α þ δΩ½γ ĝα�β − δΩ½αĝβ�γÞdxγ

þOð1Þ
¼ 2Ω−1ηacêΩ½cê

β
b�ĝβγdx

γ þOð1Þ: ð123Þ

Hence,
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Θ̃CYM ¼ lim
Ω→0

δð2Ω−1êΩa ê
ζ
bĝζidx

iÞθ̂aαθ̂bβ ∧
�
1

2
Ĉβαγδϵ̂γδjkdxj ∧ dxk

�

¼ lim
Ω→0

2Ω−1
�
θ̂aαδêΩa ĝβi þ δΩαηcbδθ̂

c
i θ̂

b
β

�
dxi ∧ ðĈβαΩlϵ

∘
ljkdxj ∧ dxkÞ

¼ lim
Ω→0

2Ω−1
�
θ̂aαδêΩa ĝβi þ δΩαηcbδθ̂

c
i θ̂

b
β

�
ĈβαΩiVol

∘

¼ lim
Ω→0

Ω−1δĝjiĈ
jΩΩiVol

∘

¼ lim
Ω→0

Ω−1δg
∘
jiĈ

j
uu

iVol
∘
: ð124Þ

Inserting the components of the Weyl tensor calculated in
Appendix B, we obtain

Θ̃CYM ¼
�
δg
∘
uu

�
1

4
CABNAB þ 2M

�
þ 1

2
δg
∘
AB∂uNAB

	
Vol
∘
:

ð125Þ

In this case there is no contribution from the Einstein-
Hilbert potential, since that part of the decomposition (49)
has a proportionality constant of Λ, and thus vanishes for
asymptotically flat spacetimes.
In the special case when δg

∘ ¼ Lξg
∘
for some BMS vector

ξ, we have

Lξg
∘ ¼ 2αg

∘
; ð126Þ

so

Θ̃CYMðLξg
∘Þ ¼ αγAB∂uNABVol

∘
¼ 0; ð127Þ

since the Bondi news tensor is traceless.

V. SUMMARY

Using the normal conformal Cartan connection as a
gauge potential of a Yang-Mills theory allowed us to obtain
a conformally invariant presymplectic potential current
(33). Because of the fact that the Yang-Mills current of
our theory encodes the Bach tensor of the underlying
spacetime (20), the theory’s equations of motion are
satisfied by any tetrad that generates a metric conformally
equivalent to a solution to the vacuum Einstein field
equations. This made it viable to use our potential current
to derive Noether currents and charges (52), (55), (64)
conserved on such tetrads. In particular, we showed that the
current associated with diffeomorphisms is conformally
invariant. Additionally, we described the way in which, on
the solutions to the vacuum Einstein’s equations, the
potential decomposes into a part proportional to the

Einstein-Hilbert presymplectic potential and the topologi-
cal (Euler) term (49). As an example of an application of
this formalism, we calculated the presymplectic potential
current induced by our theory on the conformal boundary
of asymptotically de Sitter spacetime and found out that the
result is proportional to the potential one obtains using a
holographically renormalized gravity action (113). This
provides a mathematically elegant way of obtaining a
symplectic structure on that boundary without resorting
to renormalization techniques. On the other hand, the
potential obtained at the null infinity of an asymptotically
flat spacetime does not seem to have a clear physical
relevance and in fact vanishes for variations induced by the
BMS diffeomorphism group (127), which is to be expected
since in the case of Λ ¼ 0 only the topological part of the
decomposition (49) remains.
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APPENDIX A: ASYMPTOTICALLY
DE SITTER SPACETIMES IN THE
FEFFERMAN-GRAHAM GAUGE

We consider the metric

g ¼ l2

ρ2

�
−dρ2 þ

X∞
n¼0

ρngðnÞij dxidxj
�

ðA1Þ

with an inverse

gαβ∂α ⊗ ∂β ¼
ρ2

l2

�
−∂ρ ⊗ ∂ρ þ

X∞
n¼0

ρngijðnÞ∂i ⊗ ∂j

�
; ðA2Þ

where the matrix gijð0Þ is the inverse of g
ð0Þ
ij and for n ≥ 1 we

have
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gijðnÞ ¼ −gikð0Þ
Xn
m¼1

gðmÞ
kl gljðn−mÞ: ðA3Þ

Imposing vacuum Einstein’s equations Rαβ ¼ Λgαβ on
(A1) with Λ ¼ 3

l2 leads to the following constraints [5,7]:

gð1Þij ¼ 0; gð2Þij ¼R
∘
ij−

1

4
R
∘
gð0Þij ; gð0Þijgð3Þij ¼D

∘
igð3Þij ¼ 0;

ðA4Þ

where R
∘
ij, R

∘
, and D

∘
i are, respectively, the Ricci tensor,

Ricci scalar, and the metric-compatible, torsion-free covar-

iant derivative of gð0Þij .
To calculate the potentialΘCYM, we need theWeyl tensor

of the metric gαβ. Since it is conformally invariant, we will
calculate the Weyl tensor of a simpler metric,

ĝ ¼ ρ2

l2
g ¼ −dρ2 þ

X∞
n¼0

ρngðnÞij dxidxj: ðA5Þ

First, let us introduce the following notation to simplify
expressions:

g
∘
ij ≔ gð0Þij ; S

∘
ij ≔ gð2Þij ¼ R

∘
ij −

1

4
R
∘
g
∘
ij; T

∘
ij ≔ gð3Þij :

ðA6Þ

From (A5) we derive the following Christoffel symbols

(below D
∘
i is the covariant derivative of g

∘
ij and Γ

∘ i
jk are its

Christoffel symbols):

Γ̂ρ
ρρ ¼ Γ̂ρ

ρi ¼ Γ̂i
ρρ ¼ 0; ðA7Þ

Γ̂ρ
ij ¼ ρS

∘
ij þ

3

2
ρ2T

∘
ij þOðρ3Þ; ðA8Þ

Γ̂i
jρ ¼ ρS

∘
i
j þ

3

2
ρ2T

∘
i
j þOðρ3Þ; ðA9Þ

Γ̂i
jk ¼ Γ

∘
i
jkþ ρ2

�
S
∘
ilΓ
∘
ljkþ

1

2
g
∘
ilð2∂ðjS

∘
kÞl− ∂lS

∘
jkÞ

�
þOðρ3Þ

¼ Γ
∘
i
jkþ ρ2

�
D
∘
ðjS

∘
kÞi −

1

2
D
∘
iS
∘
jk

�
þOðρ3Þ: ðA10Þ

Next, we calculate the Riemann tensor:

R̂ρ
iρj ¼ ∂ρΓ̂ρ

ij − Γ̂ρ
kjΓ̂k

ρi ¼ S
∘
ij þ 3ρT

∘
ij þOðρ2Þ; ðA11Þ

R̂ρ
ijk ¼ 2∂½jΓ̂ρ

k�i þ 2Γ̂ρ
l½jΓ̂l

k�i

¼ ρð∂jS
∘
ki − ∂kS

∘
ji þ S

∘
ljΓ

∘
l
ki − S

∘
lkΓ

∘
l
jiÞ þOðρ2Þ

¼ ρðD∘ jS
∘
ki −D

∘
kS
∘
jiÞ þOðρ2Þ

¼ 2ρD
∘
½jS
∘
k�i þOðρ2Þ; ðA12Þ

R̂i
jkl ¼ 2∂½kΓ̂i

l�j þ 2Γ̂i
m½kΓ̂m

l�j ¼ R
∘
i
jkl þOðρ2Þ: ðA13Þ

Lowering the first index, we get the only (up to symmetries)
nonzero components of the Riemann tensor:

R̂ρiρj ¼ −S
∘
ij − 3ρT

∘
ij þOðρ2Þ; ðA14Þ

R̂ρijk ¼ −2ρD
∘
½jS
∘
k�i þOðρ2Þ; ðA15Þ

R̂ijkl ¼ R
∘
ijkl þOðρ2Þ: ðA16Þ

By virtue of (A14), the fact that g
∘ ijT

∘
ij ¼ 0 [7] and

S
∘ ¼ g

∘
ijS
∘
ij ¼ 1

4
R
∘
, we have

R̂ρρ ¼ ĝijR̂iρjρ ¼ −
1

4
R
∘ þOðρ2Þ: ðA17Þ

Furthermore, from (A15) and the Bianchi identity

D
∘
½iR
∘
jk�lm ¼ 0 follows that

R̂ρi ¼ ĝjkR̂ρjik ¼ −ρðD∘ iS
∘
−D

∘
jS
∘
jiÞ þOðρ2Þ ¼ Oðρ2Þ:

ðA18Þ

Finally,

R̂ij ¼ ĝρρR̂ρiρj þ ĝklR̂kilj ¼ S
∘
ij þ 3ρT

∘
ij þ R

∘
ij þOðρ2Þ

¼ 2R
∘
ij −

1

4
g
∘
ijR

∘ þ 3ρT
∘
ij þOðρ2Þ ðA19Þ

and

R̂ ¼ ĝρρR̂ρρ þ ĝijR̂ij ¼
3

2
R
∘ þOðρ2Þ: ðA20Þ

Next, we calculate the Weyl tensor using

Ĉαβγδ ¼ R̂αβγδ − ðĝα½γR̂δ�β − ĝβ½γR̂δ�αÞ þ
1

3
R̂ĝα½γ ĝδ�β; ðA21Þ
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Ĉρiρj ¼ R̂ρiρj þ
1

2
R̂ij −

1

2
ĝijR̂ρρ −

1

6
R̂ĝij

¼ −S
∘
ij − 3ρT

∘
ij þ R

∘
ij −

1

8
R
∘
g
∘
ij þ

3

2
ρT
∘
ij

þ 1

8
R
∘
g
∘
ij −

1

4
R
∘
g
∘
ij þOðρ2Þ

¼ −
3

2
ρT
∘
ij þOðρ2Þ; ðA22Þ

Ĉρijk ¼ R̂ρijk þ ĝi½jR̂k�ρ ¼ −2ρD
∘
½jS
∘
k�i þOðρ2Þ; ðA23Þ

Ĉijkl ¼ R̂ijkl − ðĝi½kR̂l�j − ĝj½kR̂l�iÞ þ
1

3
R̂ĝi½kĝl�j

¼ R
∘
ijkl − 2ðg∘ i½kR

∘
l�j − g

∘
j½kR

∘
l�iÞ þ R

∘
g
∘
i½kg

∘
l�j

− 3ρðg∘ i½kT
∘
l�j − g

∘
j½kT

∘
l�iÞ þOðρ2Þ

¼ C
∘
ijkl − 3ρðg∘ i½kT

∘
l�j − g

∘
j½kT

∘
l�iÞ þOðρ2Þ

¼ −3ρðg∘ i½kT
∘
l�j − g

∘
j½kT

∘
l�iÞ þOðρ2Þ; ðA24Þ

where we used the fact that the Weyl tensor vanishes in
three dimensions.

APPENDIX B: ASYMPTOTICALLY FLAT
SPACETIMES IN BONDI-SACHS GAUGE

One of the ways of describing an asymptotically flat
spacetime in the neighborhood of I (where I is either the
future or past null infinity) is using the Bondi-Sachs
coordinates, where the physical metric satisfies [35–37]

grr ¼ grA ¼ 0; guu ¼ −1þ 2M
r

þOðr−2Þ;
gAB ¼ r2γAB þ rCAB þOð1Þ;

gur ¼ −1þ 1

16r2
CABCAB þOðr−3Þ;

guA ¼ 1

2
DBCBA þOðr−1Þ; ðB1Þ

where M is the Bondi mass aspect and CAB contains the
information about radiation at I (it is equivalent to the
asymptotic shear σ∘ in the notation of Ashtekar). The radial
coordinate r satisfies the condition

detðgABÞ ¼ r4 detðγABÞ; ðB2Þ

from which follows

γABCAB ¼ 0: ðB3Þ

Moreover, the Bondi news tensor is

NAB ≔ ∂uCAB: ðB4Þ

This formalism is equivalent to the method of conformal
completion [1,2,38,39]. After attaching the null boundary,
one can introduce a coordinate system ðu;Ω; xAÞ on a
neighborhood of I which is related to the Bondi-Sachs by
keeping the functions u and xA the same and taking Ω ¼ 1

r.
In those coordinates, we have

gΩΩ ¼ gΩA ¼ 0; guu ¼ −1þ 2MΩþOðΩ2Þ;
gAB ¼ Ω−2γAB þ Ω−1CAB þOð1Þ;

guΩ ¼ Ω−2 −
1

16
CABCAB þOðΩÞ;

guA ¼ 1

2
DBCBA þOðΩÞ; ðB5Þ

so the conformally rescaled metric ĝ ¼ Ω2g extends to I .
The inverse metric components satisfy

guu ¼ guA ¼ 0; gΩΩ ¼ Ω4 − 2MΩ5 þOðΩ6Þ;
gAB ¼ Ω2γAB − Ω3CAB þOðΩ4Þ;

guΩ ¼ Ω2 þ 1

16
CABCABΩ4 þOðΩ5Þ;

gΩA ¼ −
1

2
DBCBAΩ4 þOðΩ5Þ: ðB6Þ

From (B5) and (B6) we calculate the Christoffel symbols
of g:

Γu
uΩ ¼ Γu

ΩΩ ¼ Γu
ΩA ¼ 0; ðB7Þ

Γu
uu ¼

1

2
guΩð2∂uguΩ − ∂ΩguuÞ

¼ 1

2
Ω2

�
−
1

4
CABNAB − 2M

�
þOðΩ3Þ; ðB8Þ

Γu
uA ¼ 1

2
guΩð∂AguΩ − ∂ΩguAÞ ¼ OðΩ2Þ; ðB9Þ

Γu
AB ¼ −

1

2
guΩ∂ΩgAB ¼ OðΩ−1Þ; ðB10Þ

ΓΩ
uu ¼

1

2
gΩu∂uguu þ

1

2
gΩΩð2∂uguΩ − ∂ΩguuÞ

þ 1

2
gΩBð2∂uguB − ∂BguuÞ ¼ OðΩ3Þ; ðB11Þ

ΓΩ
uA ¼ 1

2
gΩu∂Aguu þ

1

2
gΩΩð∂AguΩ − ∂ΩguAÞ

þ 1

2
gΩBð∂ugAB þ 2∂½AgB�uÞ ¼ OðΩ3Þ; ðB12Þ
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ΓA
uu ¼

1

2
gAΩð2∂uguΩ − ∂ΩguuÞ ¼ OðΩ4Þ; ðB13Þ

ΓA
uΩ ¼ 1

2
gABð∂ΩguB − ∂BguΩÞ ¼ OðΩ2Þ; ðB14Þ

ΓA
uB ¼ 1

2
gACð∂ugBC þ 2∂½BgC�uÞ ¼

1

2
NA

BΩþOðΩ2Þ;
ðB15Þ

ΓA
ΩB ¼ 1

2
gAC∂ΩgBC ¼ OðΩ−1Þ; ðB16Þ

ΓA
BC ¼ 1

2
gADð2∂ðBgCÞD − ∂DgBCÞ −

1

2
gAΩ∂ΩgBC ¼ Oð1Þ:

ðB17Þ

Next, we derive some components of the Riemann tensor of
gab:

Ru
uuΩ ¼ 2∂½uΓu

Ω�u þ 2Γu
α½uΓα

Ω�u

¼ Ω
�
1

4
CABNAB þ 2M

�
þOðΩ2Þ; ðB18Þ

Ru
uuA ¼ 2∂½uΓu

A�u þ 2Γu
α½uΓα

A�u ¼ OðΩ2Þ; ðB19Þ

RA
uuB ¼ 2∂½uΓA

B�u þ 2ΓA
α½uΓα

B�u ¼ OðΩ2Þ ¼ 1

2
Ω∂uNA

B:

ðB20Þ

Since Rαβ ¼ 0, we have Cα
βγδ ¼ Rα

βγδ. Therefore,

Cu
uu

u¼ Ĉu
uuΩþOðΩ2Þ¼Ω

�
1

4
CABNABþ2M

�
þOðΩ2Þ;

ðB21Þ

Cu
uu

A ¼ ĝABĈu
uuB ¼ ðγAB þOðΩÞÞĈu

uuB þOðΩ2Þ
¼ OðΩ2Þ; ðB22Þ

CA
uu

B ¼ ĝBCĈA
uuC ¼ ðγBC þOðΩÞÞĈA

uuC þOðΩ2Þ

¼ 1

2
Ω∂uNAB þOðΩ2Þ: ðB23Þ
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