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In modified gravity theories, such as the Brans-Dicke theory, the background evolution of the Universe
and the perturbation around it are different from that in general relativity. Therefore, the gravitational
waveforms used to study standard sirens in these theories should be modified. The modifications of the
waveforms can be classified into two categories; wave-generation effects and wave-propagation effects.
Hitherto, the waveforms used to study standard sirens in the modified gravity theories incorporate only the
wave-propagation effects and ignore the wave-generation effects; while the waveforms focusing on the
wave-generation effects, such as the post-Newtonian waveforms, do not incorporate the wave-propagation
effects and cannot be directly applied to the sources with non-negligible redshifts in the study of standard
sirens. In this work, we construct the consistent waveforms for standard sirens in the Brans-Dicke theory.
The wave-generation effects include the emission of the scalar breathing polarization /4, and the corrections
to the tensor polarizations /., and h,; the wave-propagation effect is the modification of the luminosity
distance for the gravitational waveforms. Using the consistent waveforms, we analyze the parameter
estimation biases due to the ignorance of the wave-generation effects. Considering the observations by the
Einstein Telescope, we find that the ratio of the theoretical bias to the statistical error of the redshifted chirp
mass is two orders of magnitude larger than that of the source distance. For black hole-neutron star binary
systems like GW 191219, the theoretical bias of the redshifted chirp mass can be several times larger than the

statistical error.
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I. INTRODUCTION

The Hubble constant describes the present expansion rate
of the Universe [1]. The recent local measurement of the
Hubble constant from the type Ia supernovae explosions is a
factor of 9% larger than the large-scale measurement from
the cosmic microwave background data. This discrepancy is
5S¢ and is called the Hubble tension [2]. In addition to these
methods, gravitational waves (GWs) can be used to deter-
mine the Hubble constant. Since the GWs emitted by the
compact binaries are well modeled and the measured
waveforms can be used to determine their cosmological
distances. Such binaries are called standard sirens [3,4]
which are the GW analog with electromagnetic standard
candles. Combined with the redshift of the GW sources, the
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Hubble constant can be measured by the observation of the
standard sirens. The detection of the binary neutron star
merger event GW170817 in both GWs and electromagnetic
waves is the first realization of the measurement of the
Hubble constant by the standard siren [5]. Standard sirens
can provide new insight into the solution of the Hubble
tension [6]. For a review of the standard sirens, please
see [7].

The Hubble tension can also be solved by the modified
gravity theories [8]. It has been shown that the tension
between the local and large scale measurement of the
Hubble constant can be smoothed out if the observational
data are interpreted in the Brans-Dicke theory rather than
in general relativity (GR) [9]. The Brans-Dicke theory is a
scalar-tensor theory which is an extension of GR with a
massless scalar field [10]. A large and growing body of
literature has investigated GWs in scalar-tensor theories
[11-17]. The gravitational waveforms emitted by inspiral-
ing compact binaries have been calculated systematically

© 2023 American Physical Society
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using the post-Newtonian (PN) method [18,19] when the
gravitational fields are weak and the orbital velocities are
small. The leading order Newtonian quadrupole wave-
forms have been obtained in [20]. Then, the higher PN
order contributions to the waveforms were calculated in
different approaches [21-25]. In these PN waveforms, the
binary system is modeled as two-point particles moving
along circular orbits. In recent years, the eccentricity of
the orbit [26], the spins of the components [27,28], and the
tidal interaction between the components [29] have been
incorporated into the waveforms. However, these wave-
forms and other waveforms focusing on wave-generation
effects [15,30,31] cannot be used to study standard sirens
in cosmological distances with non-negligible redshifts
because they are calculated on the Minkowski background.

Focusing on the Brans-Dicke theory as an example, the
present work serves as a first step to coherently construct
gravitational waveforms from compact binaries in the
expanding Universe in the modified gravity theories.
Compared with GR, the modified gravity theories can
predict different expansion history of the background
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe
[32] and change the gravitational waveforms which are
perturbations around the background [33]. The modifica-
tions of the waveforms can be classified into two catego-
ries; wave-generation effects [34] and wave-propagation
effects [35]. It is well known that GWs have two tensor
polarizations (A, and h,) in GR [36]. During wave
generation, the modified gravity can induce extra polari-
zation(s) as well as amplitude and phase corrections to the
tensor polarizations [34]. When the waves propagate
through the Universe, the modified gravity can also
produce amplitude and phase correction to the tensor
polarizations [35,37]. However, all previous studies on
the standard sirens in the modified gravity have ignored
the wave-generation effects and used inconsistent gravi-
tational waveforms [38—49]. For instance, see Eq. (14) in
[38] and Eq. (12) in [48].

To construct consistent waveforms which consider both
the wave-generation and wave-propagation effects, we
follow Thorne’s suggestion [50,51] that divides the wave
zone where the waves propagate into local wave zone and
distant wave zone. The local wave zone is near the GW
source and the effect of the background curvature of the
Universe is negligible. Thus, the background spacetime can
be seen as flat in the local wave zone and the PN method
can be used to solve the field equations to obtain the GW
waveforms. Then, using the geometric optics approxima-
tion [39,40,52-55], the waveforms in the local wave zone
propagate into the distant wave zone in which the curvature
of the universe is important. In this way, the waveforms in
the distant wave zone contain both wave-generation and
wave-propagation effects.

In this paper, we construct the consistent waveforms on
the background of an expanding universe in the Brans-Dicke

theory based on the Newtonian quadrupole waveforms
[16,20]. In particular, we obtain the time domain waveforms
of two tensor polarizations and one scalar polarization
(breathing polarization h;,) in the distant wave zone
[cf. Egs. (67)—(73)]. We incorporate the modifications that
originate from both wave generation and propagation. These
waveforms are new results. As mentioned above, the wave-
generation effects include amplitude correction, phase
correction, and additional polarization to the ones in GR;
but in the Brans-Dicke theory, during wave propagation,
there is only amplitude correction, and this amplitude
correction appears as a modification of the electromagnetic
luminosity distance. The modification of the luminosity
distance in the tensor polarizations is consistent with
previous studies [38-49,56], while the modification of
the luminosity distance in the breathing polarization is a
new result. Furthermore, we analyze the parameter estima-
tion biases due to the inconsistent waveforms which ignore
the wave-generation effects. Considering the observation of
the GWs from the black hole-neutron star (BH-NS) binaries
by Einstein Telescope [57] and setting the source parameters
to be that of the BH-NS candidates detected by LIGO/Virgo
[58], we find that the inconsistent waveforms can bias the
redshifted chirp mass significantly while have negligible
influence on the measurement of the distance when the
Brans-Dicke coupling constant saturates the bound imposed
by the Cassini spacecraft [59]. For BH-NS systems like
GW191219, the theoretical bias of the redshifted chirp mass
can be several times larger than the statistical error.

The paper is organized as follows. In Sec. II, we review
the PN waveforms in the local wave zone in the Brans-
Dicke theory. In Sec. III, we construct the geometric optics
equations for wave propagation in curved background
spacetime in the Brans-Dicke theory. In Sec. IV, we apply
the geometric optics approximation to propagate the waves
through the FLRW universe and obtain the waveforms in
the distant wave zone. In Sec. V, we estimate the theoretical
bias due to the inconsistent waveforms. In Sec. VI, we
summarize the results and discuss the prospects for future
research.

For the metric, Riemann, and Ricci tensors, we follow
the conventions of Misner et al. [36]. We adopt the unit
¢ =1, with ¢ being the speed of light. We do not set the
gravitational constant G equal to 1, since the effective
gravitational constant will vary over the history of the
universe in this theory.

II. GRAVITATIONAL WAVEFORMS
IN THE LOCAL WAVE ZONE

The space around the GW source can be divided into
three regions by two length scales r; and rp; a near zone
(r <), a local wave zone (ry Sr<rg), and a distant
wave zone (r 2 rg). The inner boundary of the local wave
zone ry is much larger than the GW wavelength so that the

source’s gravity is weak in this region. The outer boundary
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of the local wave zone rq is large enough that this region
contains many wavelengths, but not so large that the
background curvature of the universe influences the propa-
gation of the GWs. Therefore, the GWs can be regarded as
propagating in flat spacetime in the local wave zone. This
zone is the matching region for the problem of wave
generation and wave propagation.

In this section, we review the wave-generation problem
and present the tensor and scalar waveforms in the local
wave zone. Detailed derivation can be found in [16,20].
The action of the Brans-Dicke theory is [59]

‘ o(¢)
S = 16 dx\/_{(j)R—

+ SulGu il (1)

0,0 ) + M

where g = det g, and w(¢) is the coupling function [60].
The constant M is associated with the effective cosmo-
logical constant and ¥,, denotes the matter fields collec-
tively. The field equations are [59]

1 1M
Ryu_ig;wR 2¢g;w
_ 8= o(9) 1
— T _ a
¢ ¢2 <¢ ¢1/ 29;4u¢.a¢ )
¢(V V.- g.0)é (2)
2M 87
g — = T —2¢T
¢ 20(p) +3  2w(¢) 3( T)
a)/
- B 3
20(¢p) + 3¢" ¢ (3)
where = ﬁ the commas denote partial derivative,
and 0=V,V¥ The covariant derivative V, satisfies
V.94 =0. T, is the stress-energy tensor of matter
and T = ¢*T,,

In order to solve the wave generation problem inside the
outer radius (r Srg), the field equations should be
expanded around the Minkowski background 7, dx"dx" =
—dt?* + dr* + r*(di® + sin*ide®) and the scalar back-
ground ¢,

b=d+o.  Gu="mu+hu, (4)

'For GWs in the millihertz to kilohertz band, r; and rq can be
chosen to be 100 wavelengths and 1000 wavelengths, respec-
tively. Under this choice, the local wave zone is only a subset of
the local wave zone proposed by Thorne, but is sufficient for the
application in this paper. For more information about the local
wave zone, please see Sec. 9.3.1 in [50] and Sec. III in [51].

1 @
e/w = h/,w - Ehrl;w - Enuw (5)

where |h,,| <1 and |p/¢| < 1. When we deal with the

wave-generation problem, the scalar background ¢ can be
viewed as a constant, although it will evolve with the
expansion of the Universe. Imposing the harmonic gauge

o, =0, (6)

the field equations become
0,0,, = —162Gt,,, (7)
U, = —167S, (8)

where U, = #*0,0, and 7,, = T,, + t,,. The source term
t,, denotes the nonlinear perturbations collectively. The
effective gravitational constant is

G

L (9)
¢
The cosmological constant is discarded when dealing with
the wave generation. For the explicit expression of the
source S of the scalar-wave equation, see Eq. (18) in [16].
Consider the waves emitted by a binary system on a
quasicircular orbit with orbital frequency coe.2 When the
velocity of the binary system is slow and the gravitational
field is weak, the above wave equations can be solved by
the PN method. The waveforms emitted by the binary
system will depend on the sensitivities of the binary bodies,
defined by

EdlnmA(qS) . (10)
ding |5

Since the scalar field can influence the gravitational binding
energy of the compact object, the inertial mass my(¢) of
object A is a function of the scalar field [61]. The sensitivity
of a black hole is 1 [61] and the typical value of the
sensitivity of a neutron star is about 0.2-0.3 [59,62].

The tensor waves emitted by this binary system are given
by [16]

9}; =h,e}, + hee,,, (11)
where “TT” denotes the transverse and traceless part. In the

local wave zone, the waveforms of the two tensor polar-
izations at the Newtonian quadrupole order are

*The subscript stands for “emission.” The observed orbital
frequency will be redshifted.
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GM, )3 1 2

by = - LOM o o LRSS ] 12)

r t

GM 5/3

hy = —4%@6%)2/3 cosisiny| ,  (13)

r ,

where the chirp mass M. is given by

M, = 43/5ni?/3 (14)

with m = my + my, g = mymy/m, and my, = my(¢h),

1

g=1+a(l —2s)(1 -2s,), a @) T3

(15)

The factor § originates from the modification of Kepler’s
law [16].

The coordinates are adapted so that the binary system is
at the origin » = 0 and 1 is the angle between the line of
sight and the angular momentum of the binary system. The
phase of the tensor wave is given by

w(t,) =2 / " w,(1)ar. (16)

where , () is the orbital frequency of binary system at
time ¢ and the retarded time is

t,=t—r. (17)

In the local wave zone, the polarization tensors are

Ho K v H o __ 1 v Mo U
L= el Tl X ey Teqely  (18)
where
10 1 0
-2 J 19
€0 7ol €() rsintdo (19)

In the local wave zone, the waveforms of the scalar wave
to the Newtonian quadruple order are

P = ¢1 + ¢27 (20)
where
:u ~ 1/3 . 1
¢, = —2a-28(Ggmw,)"’” sinicos SV (21)
r N
b = 202 T (Ggma, ) sin2icos(y)| . (22)
r f

with

S

1 — 82,

1-2 1-2
r ( 51)m, ; ( 52)m ’ (23)

where ¢; and ¢, represent the scalar dipole and quadrupole
radiation, respectively.

Scalar and tensor waves will carry away the orbital
energy of the binary system, and the orbital frequency will
increase with time. Using the PN method, the time deriva-
tive of the orbital frequency has been obtained [16,20]

d 96 s 4
d‘;)e =5 K(GM ¢ + K, Guo} (24)

with
2 |- 2
K=§ 1—|—8aF , K, = 4a8°. (25)

The evolution of the phase y can be obtained by using the
above equations.

III. WAVE-PROPAGATION AND GEOMETRIC-
OPTICS APPROXIMATION

The last section has solved the wave-generation problem
inside the outer radius (r < rq). This section will establish
the equations governing the wave propagation outside the
inner radius (r 2 ry). In this region, the tensor and scalar
waves can be seen as small ripples in a curved, slowly
changing background. The frequency of the ripples is high
compared to the time scale of background changes, but
their amplitudes are small. Therefore, outside the inner
radius, tensor and scalar waves can be viewed as linear
perturbations around the background and the high-
frequency approximation, i.e., geometric optics approxi-
mation, can be used to solve the perturbation equations.

A. Linear perturbations

Consider the perturbations over an arbitrary background,

g/w = gﬂl/ + hﬂw ¢ = d) + . (26)
The overhead bar denotes the background quantity. Let us
study the perturbations £, and ¢ via the field equations (2)
and (3) linearized about the background g,, and ¢. Note
that the scalar background ¢ is viewed as a constant when
dealing with the wave generation in the previous section.
But it can evolve in space and time when we consider the
wave-propagation problem on much larger scales.

From the field equations (2) and (3), the linear pertur-
bation equations are
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o 1— e o o o= -
¢(_5Dhmx + hﬂ(u\ﬂy) - Egﬂvhaﬁ\ ﬂ) - vﬂvb(p + gpuljgo - F(2¢\(u(p\p) - g;w¢' §0|a)

1. ; o e P g
i <2hﬁ ) = Pyl = 255" = Gp

— /1 2@ -
Op—(=- @ = 0.
¢ <¢ 20 + 3) Prat

Here V,, and the slash | denote the covariant derivative such
that Vﬁgaﬁ = Gapju = 0 and O= V”V". The background
metric ¢*¥ is used to raise the indices. The hat indicates the
trace-reversed part of a tensor, e.g., fzm = — %gﬂ”gaﬁ hap
o(¢)

b

(28)

and h = gaﬁizaﬂ. The function F is given by F =
Indices placed between round brackets are symmetrized,
€8s My = 3 (hpu + hpuju)-

Note that terms that do not contain derivatives with
respect to the perturbation fields are discarded. Since we
focus on the high-frequency wave solutions of the per-
turbations, a term is larger when it contains more deriv-
atives. It will be shown in the following subsection that the
above perturbation equations are adequate for the accu-
racy required in this paper. Because the interaction
between matter and GWs is weak, the perturbation of
the stress-energy tensor 67, induced by GWs is also
ignored [63]. The tensor-perturbation equation (27) is
consistent with Egs. (A9)—(Al14) and (A21)-(A27) in
[40].” The scalar-perturbation equation (28) is consistent
with Egs. (A50)—(A53) and (A57)-(A64) in [40].

The second derivatives of ¢ in the tensor-perturbation
equation (27) can be eliminated by introducing the eigen-
tensor perturbation [40]

@

glw = h/w - g}w Z (29)
Imposing the harmonic gauge
0. =0, (30)

the tensor-perturbation equation (27) is further simplified to

1-— 1-
§¢ O O + _¢Vj(9ﬁﬂ\v + eﬁv\ﬂ - uv\ﬁ)

(‘f’uﬁw + B0 — 5u08")

1
T4

3There is a typo in Eq. (A28) in [40], where —g,wfz” ?.» should

be replaced by —2§”JA1””;,;.

. 1.
whpy) + §9uuhﬂ> =0, (27)

[
where 6 = ¢#76,,. The above equation is consistent with
Eqgs. (A54)—(A56), (A65)—(A67), and (A73) and (A74)

in [40].*

B. Geometric-optics approximation

Now we consider the high-frequency wave ansatz

@ = R[], O

= f}t[@ﬂyeﬁl’] (32)
of the perturbation equations (28) and (31). Here ® and ©,,
denote the complex amplitudes of the waves, and v and y
are their phases. ) denotes the real part of the argument.
Since the waves satisfy the geometric optics approximation
outside the inner radius, their phases vary much more
rapidly than their amplitudes and the background fields,
ov, oy>0ln|®|, 0dIn[O,,|, dln| |, dln|g,,|. (33)
Therefore, the terms in the perturbation equations can be
sorted according to their power of the wave vectors

da = —60,11, ka = _aaw (34)
Note that, for both the tensor and scalar waves, we consider
only one frequency component in this section, although
there are multiple frequency components in realistic sit-
uations [cf. Eq. (20)]. Because different frequency compo-
nents are uncoupled during propagation, they can be treated
separately [40]. It can also be seen from Eq. (20) that the
phase v of the scalar wave is proportional to the phase y of
the tensor wave. Consequently, g, and k, are in parallel.

Substituting the wave ansatz (32) into Eq. (31) yields

1- - - .
-5 [—kk,®,, — 2ik,V°®,, — iVk,0,,]eV
1- .
§¢ [ lk ®ﬂﬂ ikﬂ(’)/}y + ik,;@)m]e“”

1 - - ;
4[ ik, — ik, Py, + iG,, ks O™

3 = 1la s s iv
+ <2 7 +F ) [~iGw4a®” + iq,P), + iq,d),|Pe™ =0,

(35)

*The right-hand side of Eq. (A68) in [40] misses a term
) Kﬂyﬂrf(aﬂ) é/m‘ 5.
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where © = §“0,,, and we have discarded terms without k,

or ¢
To the leading order of the above equation, we have

ke, = 0. (36)

Therefore,

— _ — — 1—
kN k, = —k'V V= ="'V, V ,y = Evy(k"kﬂ) =0.
(37)
It suggests that the tensor waves travel along the null

geodesics of the background spacetime.
To the next-to-leading order, we have

l- va o
- =2k, V0, + Vk,0,,]

[\

1-
+—¢lf k,0p, + k,04, — ks0,,]

2
1, - S
- Z [kv(p\y + kﬂd’\y - gﬂukﬂd)lﬁ]@
30N e
+ (ﬁ + F) [gﬂvqaqﬂa - Qy¢\v - Qy¢\u]q)el(1 v) = 0.
(38)

This equation governs the evolution of the amplitude of
the tensor waves. It is obvious that the terms without
derivatives with respect to the perturbation fields do not
contribute to the geometric-optics equations (36)—(38).
Thus, these terms can be safely discarded in the tensor-
perturbation equation (27). This argument also applies to
the scalar-perturbation equation (28).

Substituting the wave ansatz (32) into the scalar-pertur-
bation equation (28), the leading-order term yields

99, =0, (39)
and the next-to-leading order terms yields

2001
20+3 ¢

2¢"'V,® + V'q,® + < ){b'“qacb =0. (40

This is the scalar amplitude-evolution equation. The scalar
waves also travel along null geodesics.

IV. PROPAGATION THROUGH THE FLRW
UNIVERSE

In the previous sections, we have obtained the tensor
and scalar waveforms emitted by a binary system in the
local wave zone (r; S r S rg), and the geometric-optics
equations for wave propagation from the local wave zone
to the distant wave zone (r 2 rg). In this section, we apply
the geometrical-optics equations to the situation where the

background spacetime is the FLRW universe.’ The wave-
forms in the local wave zone are used as the initial
conditions of the geometric-optics equations for propa-
gation through the FLRW universe to obtain the wave-
forms in the distant wave zone.

A. Evolution of the phases and amplitudes
The FLRW metric is

Gudxtdx’ = a?(&)[—dE* + dy?* + X (di® + sin*ido?)],
(41)

where X = y for a spatially flat universe, sin y for a closed
universe, sinhy for an open universe. We recall that the
coordinates are adapted so that the binary system is at the
origin y = 0 and 1 is the angle between the line of sight and
the angular momentum of the binary system. The relation
between the conformal time £ and the physical time ¢ is
given by [1]

- / (&) (42)

¢

where &; corresponds to the beginning of the universe.
Inside the outer radius, when we consider the GW
generation, the scale factor () can be seen as a constant,
and the FLRW metric (41) reduces to the Minkowski
metric 7,,. Then {z,r,1,06} become the flat, spherical
coordinates where

r=ay. (43)
To have a better understanding of the wave-propagation

problem, we rewrite the waveform of 4, in the local wave
zone as

h, =N[A, eV, (44)
where
GM )3 1 2
A, = 4 OMT g, il TSy
r 2
and
t.—1,158 5 [t.—1t,]7/8
t)==2L K34+ | L K By,
w(t,) [SGML} +56{5Gm] VAR

(46)

*Note that the inhomogeneous distribution of matter can distort
the gravitational waveforms [64,65]. We restrict to the homo-
geneous and isotropic FLRW background for simplicity.
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The phase y is obtained by integrating Eq. (24) twice. y. =
w(t,.) and 1. is the retarded time such that ,(f.) = co.p =
u/m is the symmetric-mass ratio. The retarded time 7, is
given by Eq. (17) and K and K are given by Eq. (25).

First we study the evolution of the phase y in the (local
and distant) wave zone. From the geometric-optics equa-
tion (36), we have

dy

i
where 4 is the affine parameter of the null rays along which
the tensor waves propagate. It shows that the phase y is
constant along each ray. In the local wave zone, Eq. (46) of
the phase satisfies this equation. However, Eq. (46) cannot
be directly used in the distant wave zone, since Eq. (17) of
the retarded time applies only in the local wave zone.
Therefore, we need to extend the null rays to the distant
wave zone and obtain the expression of the retarded time in
this zone.

Outside the inner radius, when we consider GW propa-
gation, the rays along which the waves propagate have
constant ¢ and ¢ due to the spherical symmetry of the
FLRW metric. The difference between the conformal time
and the radial coordinate, £, = £ — y, is also constant along
each ray since the rays are null. Here, &, is the conformal
time at which the ray is emitted. Therefore, each ray can be
characterized by 1, o, and &,. Since the retarded time on
each ray is the physical time of emission, we have [63,60]

0, (47)

fy = / * a(&)de. (48)

5]

In the local wave zone, the retarded time becomes
¢ ¢
v [fa@de - [ @) =1-ar=1-r @)
& E—x

which is consistent with Eq. (17). Substituting Eq. (48)
into (46) yields the phase throughout the local and distant
wave zone.
Next, we study the evolution of the amplitude in the
(local and distant) wave zone and take A, as an example.
In the wave zone, in order to propagate the tensor waves,
we need the following orthonormal basis vectors

1 0 1 d
-2 = 50
‘O S %) = 4= sin1d0 (50)

and the polarization tensors " and €%’ which are defined
by Eq. (18). It can be shown by straightforward calculation
that they are parallel-transported along the rays

KV, el =kV,el =0, KV, el =iV, e =0. (51)

The polarization tensors are transverse to the tensor-wave
vector

ke = k,ei’ = 0. (52)

This is compatible with the harmonic-gauge condition (30).
Since g, is parallel to k,, the polarization tensors are also
transverse to the scalar-wave vector

q,¢ = q,ei =0. (53)

In the local wave zone, the basis vectors reduce to Eq. (19).

Dalang et al. show that the observational effects of the
tensor waves are determined by the transverse-traceless part
of the tensor waves [39,40]. Therefore we focus on the
evolution of the amplitude of O] =h. e, + hye),.
Contracting e}, with Eq. (38) yields

P2k VA, +A V] + PPksA, =0, (54)

where we have used the parallel-transportation condition
(51) and the transverse relations (52) and (53).

To solve the amplitude-evolution equation (54), we shall
dedicate a few lines to the property of the bundle of null
geodesics. Consider a bundle of null geodesics emerging
from the GW source. The cross section of this bundle
extends from g to 1y + &t and from o to 6y + dc and its
area is a’X? sin1,616¢ which satisfies [36,67]

KV, (a*2? siny0150) = (a*2? sin1y0150)V k. (55)
Since 1 and o are constants along each geodesic, we have
V& = kV,In(a’%?). (56)

Substituting this equation into Eq. (54) yields
¥V, In (A+a2<2>%) - %m (A+a2<2>%) —0. (57)

It shows that the combination of (A, aZ¢?) is constant
along each ray.6 This is a first-order differential equation.
Its solution can be determined by using A, in the local
wave zone, Eq. (45), as the initial condition. The evolution
of the scale factor a and the scalar background ¢ is
determined by the background evolution equations (see
Sec. IV C). The solution takes the form

_ g+([r’l’o) (58)

" azVa)

®Using the amplitude-evolution equation, we have
V,(JA,|*¢k*) = 0 which can be interpreted as the conservation

law of the graviton number, where \A+|2$ is proportional to the
graviton number density [39,53].
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Here g (t,,1, 0) is constant along each null ray and its value
in the distant wave zone can be determined by its value in
the local wave zone. In the local wave zone, using Eq. (45),
we have’

Z Z s 21 2
0. (t51.0) = Ay = ~4/ B3 (GM, ok 5
(59)
Therefore, in the local and distant wave zone, the
waveform of A polarization is

4 1 2 - 2
h +§OS l{\/;ég(GMc)%wé cos u/} :

TSN

t

(60)

Here the subscript ¢, denotes that the quantities inside the
curly brackets take the value at the retarded time ¢z,.
Similarly, the waveform of &, polarization is

4 o 5 2.
hxz—mcosz{\/;93(GMC)3a)es1ny/}tr. (61)

Using the scalar wave (20) in the local wave zone as the
initial condition, the scalar-wave geometric-optics equa-
tions (39) and (40) can be solved in the same way. Since the
breathing polarization h;, is proportional to the scalar
perturbation [16], its waveform is

@

hy = —% = hpy + hyy (62)
with
hy, = _ sint _
a(t)Zv/¢(1)(2a(1) + 3)
2u . i 1
X {W&S‘(Ggmwe) cos (21//) },r (63)
and
sin?1
By = — _
a(t)Zy/¢(1)(20(1) + 3)

[(Ggmw,): cos(y/)} . (64)

Iy

We recall that @ = o(¢).

"Actually, g, (.1, 0) has a phase factor e2 [cf. Eq. (27.71)
in [66]]. For a fixed observer, this phase factor can be absorbed by
the constant y .. in Eq. (46). Therefore, we ignore this phase factor
in this paper.

B. Cosmological redshift effect

The waveforms in the previous subsection contain some
parameters that are not directly observable by GW obser-
vation, such as the scale factor a, the scalar background (2),
and the orbital frequency w,. We need to rewrite these
waveforms in terms of parameters that are directly
observable.

The frequency of the tensor waves emitted at the retarded
time ¢, is 2w,(z,), while the received frequency will be
redshifted by the expanding Universe. The cosmologically
redshifted wave frequency is

o o ali) 20l
0= ool Wy T, )

with @ the redshifted orbital frequency and z the cosmo-
logical redshift of the GW source. We have used Eqgs. (42)
and (48) to obtain the above relation. The time derivative of
the redshifted orbital frequency is

dw 1 dw 96 s
— e [ — M 33 3
a0t oid s K(GM . )sw5 + K ,Gu,w’, (66)

where M, =M.(1+z) and pu.=u(1 +z) are the red-
shifted chirp mass and redshifted reduced mass, respec-
tively. Therefore,

() 1 [@Ktz—t]—w K, [256ZZ—I]‘1/8’

TGM_| 5 "GM.| < 64Gm,| 5 Gm.uy

(67)

where ¢, is the physical time such that w(z,) = co and
m, = m(1 + z). It can be seen that the evolution of w(?) is
directly related to the redshifted masses, similar to that in
GR. In terms of the redshifted masses, the phase (46) can be
rewritten as

t

—1]5/8 5t —t 7/8
w(t)=-2 [Z—] K38 4 — {Z—] K '8 1y,
5GM, 56 |5Gm,

(68)

For ease of application, it is necessary to express the
waveforms in terms of the quantities which have taken into
account the cosmological redshift effect. The waveforms
(60)—(64) become

4 1 :
h, = _—N%(GMZ)§w§ﬂcos w,  (69)
Dg 2
4 , 5 2 .
hy = —— 7 (GM, 3w’ cos tsiny, (70)
D¢

and
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hy, = hyy + i (71)
with
G L 1
hyy =2a a: 28(Ggm,w)s sini cos <— 1,//) (72)
Dy 2
and
Gluz ~ 2.0
hy, = —2a——T'(Ggm w)3sin“1 cos(y). (73)
s

Here G, a, and § take the value at the retarded time ¢,. We

recall that GE%, asm, and g=1+a(l —2s))

(1 —2s,). We have introduced two cosmological distances,
the gravitational distance

Dg=a(t)Z(1+z2) g}((ttr)) (74)
and the scalar distance
_ P(1)a(t,)

These two distances are proportional to the electromagnetic
luminosity distance D; = a(7)Z(1 + z). The difference
between D and D; originates from the time variation of
the effective Planck mass. The gravitational distance (74) is
consistent with previous studies, e.g., Eq. (97) in [40] and
Eq. (14) in [38]. However, the scalar distance (75) is
different from the scalar distance defined by Eq. (103) in
Dalang et al. [40], since we focus on the breathing
polarization £, which is directly observable but they discuss
the scalar perturbation.8

The above time domain waveforms (67)—(73) are new
results. Compared with the previous studies in modified
gravity theories, our technical improvement is that we
reveal the initial conditions of the geometric-optics equa-
tions explicitly and use the initial conditions to solve these
equations. To our best knowledge, the previous studies on
the waveforms in the local wave zone have never attempted
to propagate the waveforms to the distant wave zone; while
the previous studies on the wave-propagation effects have
never attempted to find the initial conditions by solving the
wave-generation problem.

Compared with the gravitational waveforms in GR
[Egs. (4.191)—(4.195) in [68]], the waveforms (67)—(73)
have amplitude correction g%, phase correction due to K and
K, an extra polarization h,, and different cosmological

8In addition, there is a typo in Eq. (103) in [40], which should
be corrected as Dg = ’/x((((ii))DL # Dg.

distances D¢ and Dg. Here Q%, K and K, and h,, represent
wave-generation effects, while D; and Dg are wave-
propagation effects. Note that the factor 7 is not absorbed
into the definition of gravitational distance D, since g
defined by Eq. (15) depends on the properties of the binary
system, besides its location in the Universe. We recall that §
corresponds to the modification of Kepler’s law [16].

C. Background evolution

Substituting the FLRW metric and the scalar background
into the field equations (2) and (3) yields the background
evolution equations [9]

2

d 1 - (B\' 1M 8z
: b b 1 (P 1M 8a
(77)
2 : o' (p)  :2 M
¢+3H¢+2w<}5)+3¢ +2w((;5)—|—3
8r
= 20() + 3 (pr = 3p1), (78)

where the dot denotes derivative with respect to the
physical time ¢ and H E% is the Hubble rate. pr is the
total density of the dust and radiation in the Universe and
pr 1s the total pressure. Here we have assumed a spatially
flat FLRW universe, although the waveforms in the
previous subsection apply to a general FLRW universe.

If ¢ does not evolution with the expansion of the
universe, then the above equations reduce to that in GR.
The last equation requires w(¢) — oo for consistency. In
this limit, we have §=K =1, a=K; =0=h,, and
Dg = Dg = D;. The above waveforms are reduced to
those in GR.

Given the functional expression of @(¢), the background
evolution equations can be solved to obtain the distance-
redshift relations Dg(z) and Dg(z). When w(¢) is a
constant, these equations have been solved in [9]. When
the cosmological redshift of the GW source is negligible,
Ds; = Dg = r and the above waveforms are reduced to
those in the local wave zone in Sec. II.

V. BIAS DUE TO THE INCONSISTENT
WAVEFORMS

In recent years, there has been an increasing amount of
literature on standard sirens in modified gravity theories
[38—49]. However, the waveforms used in all the previous
studies, such as Eq. (14) in [38] and Eq. (12) in [48],
consider the modification of the cosmological distance but
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do not take into account the corrections in the amplitude
and the phase and the extra polarization(s). That is, they
have ignored the modifications due to wave generation and
only consider the modification in wave propagation. In the
following, we will analyze the bias due to the inconsistent
|

waveforms. In GW data analysis, it is a common practice to
use the frequency domain GW waveforms. The Fourier
transforms for the waveforms of the three polarizations
can be computed via the stationary phase approxima-
tion [16,69].

hi(f) = [1 { (1—25)(1— 2s2)—%[‘2 S2n%(nfGMZ)-%H
57\: (GM,)* 1 -
x ﬁ) DL e, (79)
h(f)=—=|1+a 1(1—2s )(1=2s )—irz—is2 S(nfGM,)3
W= 3 ! ST RERT R
57\ (GM.)? -
x ﬁ) ( DGZ) cosi(mfGM_)seV~, (80)
and
hy(f) = byt (f) + B (f). (81)
) = [““(112F2+ S22 fGM.)" ﬂ GZ) (OML) sysini(2nfGM,) e, (82)
S

12

hiath) == 1+ af 50 =200 (1= 250 = 51 - L siaran) 3 |

a<96> O e W(nfGM.) e (83)

Dy

with phases

v (f) = 2aft, - o

- i(,uS’z;r(ﬂfGM )7,

s a5 -0 -2 1)

1792 (84)
/4
Wx(f)=W+ +§7 (85)
(f) = 21ft. =2 2% 4 3 0npGM ) |1 —a(2(1 = 25,)(1 = 259) + T2
= — - — —a —2s —2s —
Vo T T 056 3 ! 27
S 2
- 2rfGM
7553 05 (2R GM) . (86)
|

In the Brans-Dicke theory, the signal received by a GW
Win(f) = v (f). (87) detector is given by the following response function [19]

When the redshift is negligible, the above tensor-polariza-
tion waveforms are consistent with Egs. (91)-(93) in [16]
and the order O(2) terms of scalar waveforms are consistent
with Egs. (52), (53), and (55) in [70].

hep(t) = Fyhy + Fxhy + Fyhy, (88)
where the detector antenna pattern functions Fu(A =
+, X, b) depend on the geometry of the detector and the
sky location of the GW source. For the explicit expressions
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of the antenna pattern functions of the Einstein Telescope,
see Appendix C in [70].

The GW waveforms used in the previous studies on
standard sirens in modified gravity theories are inconsistent
in the sense that these works have ignored modifications
from wave generation [38—49], which is equivalent to using
the following frequency domain response function

hiw(f) = FL R (f) + FLR2(f), (89)
where
B2 (f) =~ G—Z) 7 (Ggg) L cost ;082’ (2fGM.) ™. (90)

B 572\1 (GM.)? 1 iyOR
h$<f>=—<ﬁ) L cositaran e, o)

with phases

T 3 5
Z"‘ﬁ(”fGMz) 500 (92)

wR(f) = 2aft. —w. -
() =W () + 5 (93)

It is convenient to rewrite the response function in the
following form:

~ S 7 . GR
hin(f) = OMEfees (94)
with’
1 1
0=~y (55) VFL O+ cosip +aF cosip

(95)

It is obvious that the inconsistent response function
hy,(f) only modifies the response function in GR by
replacing D; with Dg. Note that the response function
hy,(f) can also be obtained by setting the sensitivities of
the compact objects as the ones for black holes in
Eqgs. (79)-(87) to s; = s, :%. This is because binary
black hole systems emit no scalar waves in the Brans-
Dicke theory. For the binary neutron star systems, the
components have similar sensitivities and the scalar dipole
radiation will be suppressed. Therefore, we will focus on
the GWs emitted by asymmetric black hole-neutron star
(BH-NS) binaries. Since the Einstein Telescope is more
sensitive to the difference between the inconsistent wave-
forms and the consistent waveforms, we now consider the

9Actually, Q has a phase factor which has been absorbed
by w..

GW observations by the Einstein Telescope and estimate
the typical magnitude of the bias due to the inconsistent
GW waveforms, using the method proposed by Cutler and
Vallisneri [71]. The waveforms in the previous section
apply to a general coupling function w(¢), while we now
set w(¢) to a constant w(¢p) = wgp for ease of numerical
calculations in this section. In this case, Dy = Dg

_ 1
and a = Song T3

A. Method

Consider the measured detector data

s(t) = hgp(; py) + n(2), (96)

where n(¢) is the detector noise and p,, denotes the true GW
source parameters collectively. If we use the inconsistent
response function &y, (f) to estimate the parameters, we
determine the best-fit value p; by minimizing the noise-
weighted inner product [71]

(S - hIn|s - hln)‘ (97)

For any two given signals %, (¢) and h, (), the inner product
is given by

UML) 4o o)

Sa(f)

where 7, (f) and h,(f) are the Fourier transforms of /()
and h,(1); S,(f) is the one-side noise power spectral
density (PSD). The noise PSD of the Einstein Telescope
is assumed to be the ET-D model [72]. Then, the best-fit
parameters py; satisfy [71]

(i) =43t [

(0jh1 (Por)|s = hin(Por)) = O, (99)

where 0;hy, = 0hy,/dp’ and p’ denotes the GW source
parameters. It can be seen from Eq. (94) that the response
function Ay, depends on four parameters p/ = (In Q,In M,
fot.,w.). From the above equation, to the first order in
the error

Ap' = pig = Pirs (100)
we have [71]
Ap' = A, p'+ Agp', (101)
where
A,p" = (A71)7(9;hn(por)In). (102)
App' =(A"1)4 (0,1, (por) | hep (P) = Pin(py)).  (103)

024006-11



TAN LIU, YAN WANG, and WEN ZHAO

PHYS. REV. D 108, 024006 (2023)

with (A1) the inverse of the Fisher matrix

Aij(be) = (aihln(pbf)lajhln(pbf))- (104)
It can be seen that A, p' is the statistical error due to the
noise and Ay, p' is the theoretical bias due to the waveform
inconsistency. The standard deviation of the statistical
errors is given by [73,74]

5.0 = \(Aap'B,p) = /(AT (105)
Here “()” represents ensemble average and no summation
is implied by the repeated index. We will now compare the
standard deviation §,p' and the theoretical bias Ay, p' in
GW observations using the PSD of the instrumental noise
of the Einstein Telescope.

Substituting the response function (94) into Eq. (104)
and using Eq. (105), we obtain the standard deviations of
the amplitude parameter and the redshifted chirp mass for
GW observations by the Einstein Telescope

1
5,InQ =—, (106)
p

M \31
5,InM, = 1.3x1o—5<M—Z>3—,
(O]

(107)

where p is the signal-to-noise ratio (SNR) given by
p =/ (hin| ). (108)

To obtain the theoretical bias, we need the difference
between the two response functions

hen (f) = hia(f) = (AA + iAw) by, (f) + Fyhp, (109)

where the amplitude correction to the tensor polarization is
_2
AA :a(Al +A2<7szMZ> 3) (110)
with
1 1, 5 2
A1:§(1—2S1>(1—2S2>—EF s Azz—&s ns (111)
and the phase correction to the tensor polarizations is
Ay = aly (1 GM.) T + o (2fGM)T)  (112)

with

3 (2 ,
U —ﬁ(§(1—2s,)(1—2s2)+6r),
S ¥ (113)
V2T T 920

Here F,h,, denotes the contribution from the breathing
polarization. Since /1, will contribute an oscillatory term to
the integrand of the inner product in Eq. (103), its
contribution can be discarded. The breathing polarization
contribution can be rewritten as

Fyhyy = aByThy,(f) (114)
with

F,sin’1

B, = .
> FL(1 4 cos?t) 4 2iF, cos1

(115)

Note that we keep only terms to order O(a) in the
difference. Using Eq. (103) and the difference between
the response functions, we obtain the theoretical biases for
GW observations by Einstein Telescope

M.\
Ath an =Qa A] + 247A2 + 2131//1
MO

M.\ 3
+1.26 x 10%y, <M—Z> + 9’{[32]@ . (116)
0]

M.\
AthlnMZ:—a[25.6l//1+l.51><1041//2<M—z> %]. (117)
o

From here we see that the theoretical biases are propor-

tional to a = m and independent of SNR. The ampli-

tude bias Ay InQ has contributions from the extra
polarization as well as the amplitude and phase corrections
of the tensor polarizations. But the mass bias Ay, In M, has
only contributions from the phase correction of the tensor
polarizations.

B. Result

We now apply Egs. (106), (107), (116), and (117) to the
BH-NS binaries which can be detected by FEinstein
Telescope. We choose masses and redshifts of the GW

TABLE 1. Selected source parameters of BH-NS candidates
detected by LIGO/Virgo. The columns show source component
masses m,, redshift z, and the network matched-filter SNR.
These data are taken from Table IV of [58].

ml/MO mz/Mo Z SNR
GW191219 31.1 1.17 0.11 9.1
GW200115 5.9 1.44 0.06 11.3
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TABLEII.

Theoretical biases and statistical errors in GW observation by the Einstein Telescope. Here Q; represents the contribution of

the i-th term on the right-hand side of Eq. (116) and M, represents the contribution of the ith term on the right-hand side of Eq. (117).

(AnInQ)/a 0, 0> 03

QS (Athlan)/a Ml M2 511 an 5;1 IIIMZ

GW191219-like —0.56 + 0.58%1[B,] —0.028 —0.21 —0.028 —0.29 0.58%[B,] 0.38
GW200115-like —1.4+ 0.48R[B,] —0.019 —0.59 —0.019 —0.81 0.48N[B,] 0.99

0.033 035 0.011 19x10°
0.023 0.97 88 x 1073 5.5x%x 107

sources to be that of the BH-NS binaries detected by LIGO/
Virgo. Up to now, among all the compact binaries detected
by LIGO/Virgo, there are several BH-NS candidates. Two
of the candidate BH-NS binaries (GW191219 and
GW200115) have a secondary with mass below 2Mg,
which can be confidently interpreted as a NS [58]. Their
source parameters are listed in Table I. Because the Einstein
Telescope’s noise PSD will be lower and its sensitive
frequency band wider than that of the advanced LIGO, we
set the SNR in Egs. (106) and (107) to be ten times of the
SNR detected by LIGO/Virgo.'® The sensitivity of NS is set
to 0.2 [62].

Note that for a GW binary source with cosmological
redshift z = 0.06, the redshift is high enough that the local
wave-zone waveforms are not applicable, and it is neces-
sary to use waveforms (67)—(73) to study this GW source.
The formulas of the statistical errors and the theoretical
biases in the previous subsection are applicable to any
source with a SNR relatively higher (SNR > 20). The
assumption of the Fisher matrix analysis (Gaussian
approximation) will become invalid for low SNR events.
We leave a more comprehensive analysis based on the
population properties of the GW sources as a future
work [76].

The numerical results of the theoretical biases and the
statistical errors are shown in Table II. The amplitude bias
Ay In Q depends on R[B,] which is related to the viewing
angle 1 and the antenna pattern functions. We generate 10°
samples of N[B,] by randomly choosing the sky location
and the orientation of the angular momentum of binary
system. The median of the absolute value of these samples
is 0.11. From Table II we see that, in general, the dominant
contribution to amplitude bias Ay In Q is from y, which
originates from the scalar dipole radiation, and the dom-
inant contribution to mass bias Ay, In M, is also from the
phase correction of scalar dipole radiation.

Then we compare the theoretical bias and the statistical
error. The ratio of the theoretical bias to the statistical error

We have generated one hundred GW191219-like sources,
with the source masses and source distances set to be those of
GW191219, but the sky positions and orbital orientations
randomly set, and calculated the SNR detected by the Einstein
Telescope using the package GWBENCH [75]. For more than 30
GWI191219-like sources, the SNR detected by the Einstein
Telescope is greater than ten times the SNR of GW191219
detected by LIGO/Virgo. We have tested the GW200115-like
sources in the same way and obtained the similar result.

is shown in Fig. 1. To obtain the result, i [B,] is set to the
median 0.11. The ratio increases with the coupling constant
a. The positive coupling constant a has be constrained to be
less than 1.3 x 107> by the Cassini spacecraft [59]. In this
paper, we set the interesting range of a to 1077-107*
(cf. Fig. 1) to leave some margins and ensure that the linear
approximation of the difference of the waveforms,
Eq. (109), is applicable. It can be seen that, for these
two BH-NS binaries, when a approaches the upper bound

imposed by the Cassini spacecraft ‘Aﬁ‘“]:]f;fl > 1 and
|A5“‘1—1[?QQ‘ < 0.01. Therefore, the waveform inconsistency

can affect the measurement accuracy of the redshifted
chirp mass significantly in this situation. From Eq. (95) we
see that In Q = —In D¢ + In(angles). If we interpret the
response function (94) as averaging over the angels, then
Aln Q = —Aln Dg. Because of this, the waveform incon-
sistency has a negligible impact on the measurement
accuracy of the source distance Dg. This is only a
preliminary study on the measurement accuracy of the
distance. A more detailed and comprehensive analysis of

104

— 191219 M,
— 200115 M,
103 ---- 191219 Q
-- 200115 Q

1024

10! /

1004

Es 2 107!
ﬂ k)
024 T
03T
wef
10-5 "’_/7 ,,,,,,, .
10-¢ T T T T
1077 1076 1075 1074
a
FIG. 1. The ratios of the theoretical bias to the statistical error

increases with the coupling constant . Colors represent different
BH-NS binaries. The solid lines and the dashed lines represent

[ApIn M| [ApIn Q] . . . .
5, Tn M. and ATTOR respectively. The vertical line indicates the

upper bound on « imposed by the Cassini spacecraft.
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the measurement of the distance and the Hubble constant is
subject to our future work.

VI. CONCLUSIONS AND DISCUSSIONS

We have obtained the self-consistent gravitational wave-
forms in an expanding Universe in the Brans-Dicke theory.
There are three GW polarizations, i.e., the plus polarization
h.,, the cross polarization #,, and the breathing polarization
h,. The waveforms of these three polarizations can be
applied to high redshift GW sources. In the GR limit
(& — o) or when the redshift of GW source is negligible
(z < 1), the waveforms converge to the previously known
results.

We have considered the modifications during wave
generation and propagation. Previous researches on stan-
dard sirens in modified gravity theories have adopted
inconsistent waveforms which has ignored the modifica-
tions from wave generation, but the waveforms that focus
on the wave-generation effects, such as the post-Newtonian
waveforms, apply only to the local wave zone and cannot
be used directly to study GW sources with non-negligible
redshifts. Compared with GR, in wave generation, there are
extra breathing polarization as well as phase and amplitude
corrections to the tensor polarizations; in wave propaga-
tion, the electromagnetic luminosity distance D; is
replaced by the gravitational distance D and the scalar
distance Dg. The expression of D has been derived before,
e.g., [39], while Dy is a new result. Inconsistent waveforms
can bias the source parameters measured by the GW
detectors. The main contribution to parametric estimation
biases is from the phase correction of the frequency domain
waveforms originating from scalar dipole radiation. This
shows that the expanding of the Universe will not suppress
the modification of the waveforms due to the scalar dipole
radiation. We found that, when the coupling constant a
approached the Cassini upper bound, in the detection of
BH-NS binaries (GW191219 and GW200115) by the
Einstein Telescope, the inconsistent waveforms would bias
the measurement of redshifted chirp mass significantly but
had negligible impact on the measurement of the distance.

The solution to the geometric-optics equations, Eq. (58),
is a general result which can be applied to the GWs emitted
by any isolated sources, such as a binary with a precessing
orbital plane [77], an extreme mass ratio inspiral system
[31], a triple system [78], etc. The method using the local
wave zone to match wave generation and wave propagation
can also be used in other theories, such as massive Brans-
Dicke theory [16], reduced Horndeski theory [40], Chern-
Simons theory [79], etc. It is interesting to consider using
this match procedure to combine the parametrized post-
Einsteinian (ppE) framework [34] with the generalized GW
propagation (gGP) framework [35]. The ppE framework
mainly focuses on wave generation in modified gravity
theories while the gGP framework deals with the wave
propagation.

In addition to the modification of GW waveforms,
modified gravity can influence the cosmological back-
ground evolution [45,47]. It is necessary to include all these
effects to study standard sirens in the Brans-Dicke theory.
We leave this for future work.
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