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Probabilities in eternal inflation are traditionally defined as limiting frequency distributions, but a unique
and unambiguous probability measure remains elusive. In this paper, we present a different approach, based
on Bayesian reasoning. Our starting point is the master equation governing vacuum dynamics, which
describes a random walk on the network of vacua. Our probabilities require two pieces of prior information,
both pertaining to initial conditions; a prior density p(¢) for the time of nucleation, and a prior probability
P, for the ancestral vacuum. For ancestral vacua, we advocate the uniform prior as a conservative choice,
though our conclusions are fairly insensitive to this choice. For the time of nucleation, we argue that a
uniform prior is consistent with the time-translational invariance of the master equation and represents the
minimally informative choice. The resulting predictive probabilities coincide with Bousso’s “holographic”
prior probabilities and are closely related to Garriga and Vilenkin’s “comoving” probabilities. Despite
making the least informative priors, these probabilities are surprisingly predictive. They favor vacua whose
surrounding landscape topography is that of a deep funnel, akin to the folding funnels of naturally
occurring proteins. They predict that we exist during the approach to near-equilibrium, much earlier than
the mixing time for the landscape. We also consider a volume-weighted p(7), which amounts to weighing
vacua by physical volume. The predictive probabilities in this case coincide with the GSVW measure. The
Bayesian framework allows us to compare the plausibility of the uniform-time and volume-weighted
hypotheses to explain our data by computing the Bayesian evidence for each. We argue, under general and

plausible assumptions, that posterior odds overwhelmingly favor the uniform-time hypothesis.
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I. INTRODUCTION

Two separate developments in fundamental physics
have led to the seemingly inescapable conclusion that
our observable Universe is part of a vast multiverse. The
first development is the discovery 40 years ago of eternal
inflation [1-5]. It is now understood that eternal inflation is
a robust phenomenon that arises for a very wide class
of scalar field potentials. The second development is the
realization that string theory admits a vast landscape of
metastable states [6,7]. Much remains to be understood
about the string landscape, in particular the subtle con-
straints that quantum gravity might place on low-energy
physics [8—10], but it seems unambiguous that it is
comprised of a myriad of metastable states, giving rise
to a rich slew of effective field theories. Eternal inflation
offers a mechanism to dynamically populate these vacua,
resulting in the multiverse.
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As an inhabitant of the multiverse, how should we reason
probabilistically about the expected physical properties of
our observable universe? Probabilities in eternal inflation
are usually defined in terms of frequencies. Concretely, the
relative probabilities for two types of events A and B are
defined as the ratio of their respective number of instances,

P(A) Ny

P(B) Ny’ W

The problem is that Ny and N are both infinite in an
eternally-inflating universe, hence their ratio requires a
regularization prescription (or “measure”) to be well-
defined. This is usually done by defining a finite spacetime
region with a geometric cutoff, evaluating N4, and Njp in
this region, and taking the limit that the region becomes
infinite. Unfortunately the result depends sensitively on the
choice of regulator. This is the measure problem.

A variety of different proposals have been put forth over
the years (see [11] for a review). Two broad approaches
have been pursued:

(i) Global measures define a global foliation of space-

time specified by a global time coordinate. One
counts events on a late-time cutoff hypersurface
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t = t,, and then lets 7, — oo [12-22]. The resulting
probabilities are well-defined and independent of
initial conditions, consistent with the attractor
property of inflation. A major problem is that the
result depends sensitively on the choice of time
variable [12—14]. For instance, two natural choices,
proper time [12,13] and scale factor (or e-folding)
time [12,13,20-22], give drastically different prob-
abilities.

The proper-time measure also suffers from the
“youngness paradox” [16,23-25]. This problem
does not arise with scale factor time, which has led
to some convergence that this may be the phenom-
enologically-sensible foliation.'! A more radical
solution to the youngness paradox is the stationary
measure [24,25], which proposes to count different
events once they reach the stationary regime.

(i) Local measures focus on a space-time region
around a timelike observer. Examples include
the causal diamond measure [27,28], a region
bounded by the apparent horizon [29], and a
spacelike region around a worldline [18,19,
30,31]. Most important for our purposes is the
quasistationary measure of Garriga, Vilenkin,
Schwartz-Perlov, and Winitzki (GSVW) [18].
Such constructions are manifestly gauge-
invariant. However, because a typical geodesic
will eventually enter an AdS or Minkowski
vacuum, generally assumed to be terminal, all
but a measure zero of watchers will sample a
finite number of events, which implies a sensi-
tivity to initial conditions. The ambiguity then
lies in defining an ensemble of worldlines.

Interestingly, by choosing suitable initial
conditions, it is possible for local measures to
agree their global counterpart. This gives rise to
the so-called global-local duality [28,32,33].

Aside from the issue of cutoff/regulator dependence, it
seems that (1) is ambiguous even in a very large but finite
universe. Consider the relative probabilities P(A)/P(B)
to inhabit vacuum A or B. It is unclear a priori whether
one should count the number of bubbles of each type, the
fraction of comoving or physical volume for each vacuum,
or something else entirely. Simply put, what are the
physical observables whose frequencies we are supposed
to compare?

In this paper we present an approach to the measure
problem that instead relies on the Bayesian framework for
probabilities. We adopt the notion of probability theory as
an extension of deductive logic. As elegantly enunciated in
the classic treatise by Jaynes [34], this is the process of

'"The 4-volume cutoff measure [26] proposed recently im-
proves on certain technical drawbacks of the scale factor measure
while otherwise making similar predictions.

reasoning by which one draws uncertain conclusions (or
“reasonable expectations” [35]) from limited information.

The Bayesian approach in eternal inflation is natural and
fruitful for two reasons. First, as emphasized by Hartle and
Srednicki [36,37], in a situation like eternal inflation where
our data is replicated at (infinitely many) other spacetime
locations, a prior assumption must be made about our
location within the multiverse. Even if the fundamental
theory handed us an unambiguous measure, such an
assumption would still be necessary to translate third-
person probabilities (what the measure predicts) to first-
person probabilities (what we are most likely to observe).
Thus one is inevitably led to work with first-person
probabilities. A second, more practical reason is that all
approaches to define a semiclassical measure (including
ours) necessarily rely on certain working assumptions. The
Bayesian scheme allows one to make all assumptions
explicit through careful specification of prior information.

For concreteness, in most of this paper we focus on false-
vacuum eternal inflation, though our analysis can be
generalized to stochastic (slow-roll) eternal inflation. Our
starting point is the master equation governing the prob-
abilities to occupy different vacua [17,18]. This equation
describes the Markov process along a given worldline for
transitions between transient de Sitter (dS) vacua and into
terminal anti—de Sitter (AdS) or Minkowski vacua. The
occupational probabilities are normalized at all times and
are time-reparametrization invariant.

A unique solution to the master equation requires
specifying two pieces of prior information. The first piece
of information is the time of nucleation. Since eternal
inflation is geodesically past-incomplete [38], our bubble
universe was nucleated a finite time ¢ after the onset of
inflation. The second piece of information is the initial
condition. Along our worldline, false-vacuum eternal
inflation started in some particular vacuum, which we call
the ancestral vacuum «. Thus ¢ and a are model parameters
for eternal inflation, and we must specify a prior probability
distribution for each. Different approaches to the measure
problem amount to different choices for these priors.
Consistency requires that our priors reflect all information
at hand, but should otherwise be minimally informative.

A. Prior for the ancestral vacuum

The nature of the initial state in quantum cosmology has
the subject of much debate over the years. Notable
proposals include the Hartle-Hawking state [39,40], which
exponentially favors the lowest-energy (highest-entropy)
dS vacuum, and the tunneling wave function [41-44],
which exponentially favors high-energy (low-entropy) dS
vacua. For our purposes, it seems prudent to follow
Laplace’s principle of indifference and assign a uniform
prior for ancestral vacua. Since high-energy dS vacua are
expected to vastly outnumber low-energy vacua in the
landscape, a uniform prior is statistically equivalent to a
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prior favoring high-energy/low-entropy initial conditions,
such as the tunneling wave function. We will discuss this
issue in some detail in Sec. IVA.

B. Prior for the time of nucleation

Specifying a prior density p(t) is trickier, for the usual
reason that an (improper) uniform prior for a continuous
parameter is not reparametrization invariant. However the
symmetries of the problem at hand offer a natural solution.
As argued by Jaynes [34], consistency requires that p(¢)
should be invariant under all transformations that leave
our state of knowledge unchanged. Importantly, the
master equation, from which our probabilities are derived,
is invariant under time translations. A time translation
can justifiably have one of two effects on our state of
knowledge:

(i) It leaves our state of knowledge unchanged, reflect-

ing complete ignorance about the time of nucleation.
This leads us to impose an (improper) uniform prior
over proper (or e-folding) time, akin to a temporal
Copernican principle.2 The uniform-time distribu-
tion is the least informative prior.

(i) Alternatively, one might argue that a time translation
increases the number of observers proportional to
the growth in volume, hence p(z) should grow
exponentially in time. This effectively corresponds
to weighing occupational probabilities by physical
volume. For p(7) to be well-defined, it is necessary
to impose a cutoff time 7. The resulting prior density
is exponentially peaked near ¢, to the extent that it
can be well-approximated by a delta function.’ Thus
the late-time or volume-weighted prior is maximally
informative.

These two prior densities reflect the assumptions implicit
in most approaches to the measure problem. The late-time/
volume-weighted prior is closely related to measures based
on the late-time, quasistationary distribution [12-15,17,
18,45]. The assumption in this approach is that the
evolution of the multiverse has been going on for an
exponentially long time, much longer than the mixing time
of the landscape. Correspondingly, we will find in Sec. V B
that the probabilities with late-time prior coincide with the
GSVW quasistationary measure [18]. Because the prior
peaks at late times, we refer to this case as the late-time
hypothesis H,e-

The uniform-time prior, on the other hand, is represen-
tative of local measures, which focus on a spacetime region
around a timelike observer [27-29,31,46]. Because a

2A uniform prior over the real line is of course ill-defined, so
we will need to introduce a late-time cutoff. In the limit that the
cutoff is removed, the posterior probabilities will be well-defined
and time-reparametrization invariant.

3This embodies a version of the youngness paradox [16,23-25],
though, as we will see, in our approach there is nothing paradoxical
about this choice of prior.

typical worldline ends in a terminal vacuum well-
before the mixing time for the landscape, the resulting
probabilities differ markedly from the quasistationary
distribution. Relatedly, an alternative framework developed
recently [47-51] suggests that we live during the approach
to equilibrium. (See [52] for related ideas.) The resulting
early-time measure [50] favors vacua that can be accessed
early on in the evolution, instead of vacua that are
frequently generated in the asymptotic future. We will
show in Sec. VA that the probabilities with uniform-time
prior coincide with Bousso’s prior probabilities [27],* and
are closely related to Garriga and Vilenkin’s “comoving”
probabilities [18,45]. We refer to this case as the uniform-
time hypothesis Hp;.

Our framework allow us to perform the three main

operations of Bayesian inference:

(1) By marginalizing over the model parameters ¢ and a,
we obtain in Sec. V the prior predictive distributions
P(I|H;) for each hypothesis. These inform us on
which vacua are statistically favored, without taking
our data into consideration. They also allow us to
compute probability distributions for various physi-
cal parameters, in particular the cosmological con-
stant (CC).

(2) The uniform-time and late-time hypotheses will
compete in Sec. VI by computing the posterior odds
ratio 20 tuelD)

P(HuilD)
the two hypotheses, we will find, under general and
reasonable assumptions about transition rates, that
posterior odds exponentially favor the uniform-time
hypothesis. That is, the GSVW measure [18] is
exponentially disfavored compared to the holo-
graphic prior probabilities [27]. This is a key result
of our analysis. There are possible caveats and
loopholes in our analysis, and we will carefully
spell these out in Sec. VID.

(3) Conditioning on our data D, we will perform
parameter inference in Sec. VII. We will be specifi-
cally interested in the posterior probability distribu-
tion P(¢|D,H;) for the time of nucleation. Focusing
on Hy,, we will find that the average time for
occupying vacua compatible with our data is much
shorter than mixing time, confirming the assump-
tions underlying the early-time approach [47-51].

Assuming comparable prior odds for

*As explained in Sec. V A, Bousso first considers the ensemble
of possible future “histories” of a worldline. The probability of
different histories coincides with our uniform-time predictive
probabilities. Bousso then considers the causal diamond of each
worldline in the ensemble, and calculates the fraction of observ-
ers making different observations within this causal diamond.
Because we are interested in prior predictive probabilities,
without any anthropic conditioning, this second aspect in
Bousso’s construction is not relevant for our purposes. In
particular, unlike the causal diamond construction, we do not
predict that time must “end” in our part of the Universe [53].
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We believe that the uniform-time measure is the correct
objective approach to inductive reasoning in the multiverse.
It consistently reflects our current state of knowledge about
the ancestral vacuum and time of nucleation—we simply
do not know at this point how/when eternal inflation started
in our past. Importantly, despite adopting the least inform-
ative priors, the resulting measure is surprisingly predictive.
It favors vacua that can be accessed through a sequence of
downward transitions, from a large basin of high-energy
vacua. Thus such vacua belong to a landscape region with
the topography of a funnel [47,48,50], akin to folding
funnels of proteins [54]. Furthermore, by predicting that
we exist at early times in eternal inflation, the measure
implies that we are “normal” observers as opposed to freak
observers (Boltzmann brains) [55-59] produced on expo-
nentially longer timescales.

Our approach to the measure problem does not require
ad hoc geometric constructions, nor are we counting
anything. In phrasing the problem in terms of a prior
p(t) for the time of existence, we were inspired by Caves’
elegant approach [60] to the so-called Doomsday
paradox [61-63] wusing similar Bayesian reasoning.
Ultimately, despite the conceptual minefield inherent to
eternal inflation, landscape dynamics reduce after suitable
coarse graining to a linear Markov process, i.e., a random
walk on the network of vacua. Such a mathematically
simple problem ought to have a simple answer. Indeed,
the probabilities obtained with the uniform-time prior are
intuitively clear. They favor vacua that are easily accessed
under the random walk.

In a forthcoming paper [64] we will show that the
measure favors regions of the landscape that are close to
the directed percolation phase transition. In other words,
the measure selects regions of the landscape that are nearly
tuned at criticality.5 Furthermore, it translates to a proba-
bility distribution for the CC that favors a naturally small
and positive vacuum energy.

Coincidentally with our paper, Ref. [66] appeared on
the arXiv. Although their approach to the measure
problem, based on the local Wheeler-de Witt equation, is
quite different than the Bayesian method pursued here, the
resulting measure appears to be quite similar.

We close this Introduction with some brief remarks
about anthropic reasoning. From a Bayesian perspective,
anthropic reasoning is intermediate between prior predic-
tive probabilities P(I|H), which are unconditioned,
and posterior probabilities P(H|D), which are conditioned
on our data. Anthropic conditionalization is an in-
between [67,68], whereby one attempts to condition on
the existence of observers. An immediate difficulty, of

5Interestingly, this is complementary to the mechanism of
‘self-organized localization” [65], whereby the near-criticality of
our Universe arises from quantum first-order phase transitions in
stochastic inflation. In contrast, our approach pertains to classical,
second-order nonequilibrium criticality.

course, lies in defining “observers” in sufficient generality,6
so one is forced in practice to condition on some obser-
vational proxy for the existence of observers. For instance,
one approach is to consider P(I|H n A) [68], which are
conditioned on the set of observational proxy .4 within the
anthropic window. In this sense, within a hypothesis, only
the set of universes within this anthropic window is
considered. The problem is that the choice of proxy (fraction
of baryons per galaxy [69], entropy production [27],
or number of observations [70]) is ambiguous and can lead
to very different results [70]. For this reason, we avoid any
anthropic conditionalization in this work. Our focus is on
extracting as much information from prior predictive
probabilities.

II. VACUUM DYNAMICS AS ABSORBING
MARKOYV PROCESS

The landscape can be modeled as a network (or graph) of
nodes representing the various dS, AdS, and Minkowski
vacua. We assume as usual that AdS and Minkowski vacua
are terminal, acting as absorbing nodes. Links define the
network topology and represent all relevant transitions
between vacua.” In what follows, indices i,J,... and
a,b, ... denote dS and terminal vacua respectively, while
capital indices I, J... refer collectively to all vacua. Greek
letters a, f3, ... denote the ancestral vacuum along our past
worldline.

Following the seminal papers of Garriga, Vilenkin
and collaborators [17,18], cosmological evolution on the
landscape is described by a Markov process. Because
of terminals, this is technically an absorbing Markov
process—detailed balance is explicitly violated, hence
the dynamics are out-of-equilibrium. Along a given world-
line, the probability f;(z;) to occupy vacuum [ as a
function of the local proper time 7; satisfies the master
equation

Afr= Z (K];;Oper — o ZKFI);;per> Atyfy, (2)
K

7
where 7" is the J — I proper transition rate. This
equation holds for any tunneling mechanism (Coleman-
De Luccia (CDL) [71-73], Hawking-Moss [74], Brown-
Teittleboim [75]), but whether it applies to “upward”
transitions is an open question [17]. For most of our analysis
we will remain agnostic about the nature of transition rates.

The master equation relies on coarse graining over a time
interval Az;, which should be longer than any transient
evolution between epochs of vacuum energy domination.

®We would be hard-pressed to offer such a definition within
our observable Universe, let alone across a multiverse with
Val?fing physical constants.

By “relevant” we mean transitions with non-negligible rates
on the timescale of interest.
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Within our own bubble universe, for instance, this amounts
to coarse-graining over at least the last 14 billion years of
radiation and matter domination, until vacuum energy
comes to completely dominate. On the other hand, At
cannot be arbitrarily long. It should be shorter than the
lifetime of most metastable dS vacua, for otherwise
we would be “integrating out” the transitions we are
interested in describing. In practice, the coarse-graining
time interval for a given transition to / should satisfy

At > |H;| ' log |"°‘“‘“‘ where H e is the Hubble rate of

the parent dS vacuum (see e.g., [76]). Thus, it suffices to
assume

Mp

AT[ |H |

|Hy| ™" log = (3)

In particular, since bubbles of AdS vacua crunch in a
Hubble time, coarse graining spans their entire evolution.
An AdS bubble nucleated at a given time crunches and dies
within a time At; later.

It is convenient to define a general time variable ¢, related
to proper time via a lapse function,

AT[ :N]Al (4)

In terms of 7, (2) becomes

= Z (KIJ - 5112’%1) Atfy,
K

J

Af, (5)

where

K1y = KN, (6)
Equation (5) makes two properties of the f;’s manifestly
clear: (1) The master equation (5) is manifestly invariant
under redefinitions of ¢, hence the f;’s are time-
reparameterization invariant; (2) Because summing the
right-hand side over I gives zero, the f;’s can be normal-
ized: Y, f; = 1. Thus the f,(¢)’s give well-defined, gauge-
invariant probabilities to occupy different vacua at time ¢.
In the continuum limit (x;;Ar < 1), this reduces to

i =St

where M;; = k;; — 8;; >k ki is the transition matrix. We
will be primarily interested in the dS component of this
equation, given by

(7)

df.
Ui S My, 0
J

where

©)

is the dS — dS transition matrix, and k; = ), k; is the
total decay rate of vacuum i. (Note that k; includes decay
channels into dS as well as terminal vacua.) Our only
assumption about M ij is that it is irreducible, i.e., there
exists a sequence of transitions connecting any pair of dS
vacua. This property has been argued to be valid for the
string landscape [77].

Importantly, the form of (7) and (8) makes clear that the
master equation is time-translation invariant. To be precise,
it is invariant under translations of any time variable ¢
related to proper time via a lapse function A/, that depends
on H; only. This includes proper time as well as e-folding
time. Later on we will invoke this symmetry to justify the
uniform-time prior.

Mij = Kij = 6ijK;

A. Green’s function

Equation (8) can be solved in terms of a Green’s
function,

fi(t) = Z(CM[

a

)iaPas (10)

where p, = f,(0) is the initial probability over ancestral
vacua. Later on, we will need the Laplace transform of the
Green’s function,

/Mm®MM€”:@—MEP (11)
i .

Using (9), this factorizes as
K..
T..(s)=—Y
ii(9) s +K;
(12)

(s — M)

= (s 4+ 1)~ (1= T(s))5

KL/

In particular, 7;; = T;;(0) = -2 is the branching ratio.

The matrix (1—7)7" is known as the fundamental
matrix for the absorbing Markov chain. In the theory of
Markov chains, (1 —7);;' gives the expected number of
visits to i starting from j before reaching terminals.® This is
easily seen by expanding it as a geometric series,
(1-T)"'=14T+T>+--, and recognizing that the
nth term in the series, (T”)ij, represents a branching
probability for the n-step chain j — ...
all intermediaries. In other words,

1=T)5 = i

paths
J—i

— 1, summed over
(13)

*In particular, >, (1 gives the expected number of
steps before reaching termmafs starting from j.
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where 77 = [ [cqqes T is the branching probability for each

path connecting j to i. For completeness, let us also define
the full branching ratio matrix T;; as follows:

Kii Kyi
__ U, __ .
Tj=—; T ==

K; K;
J J

T —l]—ab = 5(117; -[I—‘a =0.

ij = J

(14)

This ensures that T;; satisfies, for all J,
1

B. Detailed balance and downward approximation

Most of our analysis will hold for general transition rates
between vacua. To simplify some of the expressions below,
however, it will be convenient at some point to make a
very general and reasonable assumption about these rates,
namely that transitions between dS vacua satisfy a con-
dition of detailed balance [78],

Kii o eSi=Si, (16)

K; j
8752Ml2,]
H;

satisfied by CDL, Hawking-Moss, and Brown-Teittleboim
tunneling, and has been oft-invoked in earlier works on the
measure problem. Notably it is violated by the Farvi-Guth-
Guven process [79], though the interpretation of its singular
instanton remains an open question [80-84]. It is also
violated by the mechanism of nucleating localized, high-
energy regions proposed recently [85].

Equation (16) implies that upward transitions, which
increase the potential energy, are exponentially suppressed
compared to downward tunneling. This allows one to
define a “downward” approximation [86,87], in which
upward transitions are treated perturbatively. Labeling dS
vacua for convenience in order of increasing potential
energy, 0 <V, < ... < Vy,, the transition matrix becomes
upper-triangular to zeroth order in this approximation,

where S =

is the dS entropy. This assumption is

—Ki K12 Ki3

M= N (17)

Thus, the eigenvalues at this order are simply by given by
its diagonal entries, i.e., by the decay rates «; of individual
vacua. In particular, the largest (least negative) eigenvalue
Ay is set by the most stable vacuum, also known as the
dominant vacuum *,9

°It is conceivable that the landscape features a cluster of
dominant vacua, with nearly degenerate decay rates. We ignore
this possibility for simplicity.

q=—A 2Ky. (18)

More generally, it can be shown rigorously that g < «, [18].
The corresponding dominant eigenvector, denoted by s,
also admits a simple perturbative expression [87],

KjeKex

FEx (Kj - K*)(Kf - K*)

Kix
J
$;=0jx +

+

4. (19)

K'j—K'*

Assuming that x; > k, for all j # %, which is reasonable
since rates are typically exponentially staggered, the series
can be resummed compactly as
Ko .
J

Following [87], we have neglected sequences of transitions
which return to * at least once before reaching j, since
these involve additional upward transitions and therefore
amount to exponentially small corrections.

C. First-passage statistics

First-passage statistics [88] offer a useful tool to study
false-vacuum eternal inflation [47-50], and have also been
applied to stochastic inflation [89-92]. We briefly review a
few elementary results that will be helpful in our analysis.

The first-passage density, F;;() (i # j), is defined as the
probability density that a random walker starting from j
visits i for the first time at time 7.'’ The first-passage density
is related to the Green’s function through the well-known
result [88],

@0 = [ '@ EL . @)

This equation is valid for all # > 0 for i # j, and for all
t > 0 for i = j with Fj;(¢') = &(¢'). Thus the occupational
probability at time ¢ is the probability of reaching i for the
first time at any earlier time #, multiplied by the loop
probability for returning to i in the remaining time. For
i # j, the solution is given in terms of Laplace transforms,

_ -
Fij(s) = = (22)

where we have used (12).
All first-passage statistics can be derived from F. For
instance, its integral gives the ever-hitting probability,

[ _Fooy 2 DG
,Pij=[) thij(l) —sz(o) - (‘]] _T)Tl ’

124

(i#J)-
(23)

“In  this paper we will only need dS — dS first-passage
statistics. See [48] for dS — AdS results.
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Note that this probability is less than unity because of
terminals. Meanwhile, its first moment gives the mean first-
passage time (MFPT),

B dInF;;(s)
ditF(t) = —22
lj( ) dS R

(i # J).

(24)

1
(tij) = 7)_11 A

This gives the average time starting from j and conditioned
on hitting the target i. Similar expressions can be obtained
for the ever-return probability P;; and mean first-return
time (z;;) [48]. These expressions simplify in the downward
approximation. To zeroth order in this approximation, the
network becomes acyclic, and therefore (1 — 7'(s));! ~ 1.
It follows that

P..

)

=(1-T)5"  (i#)). (25)

ITII. BAYESIAN REASONING IN
ETERNAL INFLATION

As afirst step in defining probabilities, we must carefully
distinguish the elements that are inherent to the eternal
inflation hypothesis from those that require additional
assumptions in the form of prior information.

(i) Since eternal inflation is not past geodesically

complete [38], it started a finite time ¢ in our past.
We do not know how long ago that was.

(ii) Along our past worldline, false-vacuum eternal
inflation, governed by the master equation (7),
started out in some ancestral dS vacuum a. We do
not know which one.

(ii1)) Our bubble universe was nucleated at time ¢ in some
parent dS vacuum j, but we do not know which one.
We will condition our probabilities on one piece of
data, namely that we exist in the transient period
before vacuum domination, that is, within a coarse-
graining time At after nucleation.

Our starting point is to define the conditional probability
©(j|t, @) to occupy parent vacuum j at given time ¢, given
an ancestral vacuum a. The Green’s function offers an
unambiguous and gauge-invariant definition of this prob-
ability,

Ut a) = (") 4. (26)

The joint probability ©(j,?, a) is obtained as usual by
multiplying with a prior probability distribution,

U 1. a) = (€M) 1o Pprior (1, @). (27)

Since the time of nucleation and ancestral vacuum corre-
spond a priori to logically distinct assumptions, it is natural
to assume they are independent,

Pprior(t’ (X) = pap(t>' (28)

The p,’s, defined in (10), are discrete probabilities for

ancestral vacua. They satisfy Zgiﬂ Do = 1. Meanwhile,
p(t) is a prior probability density for the time of nucleation.
It satisfies

/ Zdip(r) = 1. (29)

We will discuss at length two justified choices for p(¢) in
Sec. IV B. An analogous prior for the time of observation
was discussed by Caves [60] in a different context.

The distribution (27) pertains to parent dS vacua. The
joint probability distribution P(I, ¢, @) to inhabit vacuum
within At after a nucleation event at time ¢, starting from «,
is given by

P(I.t.a) =N kjAtp(j.t.a)
J

= NY kA pap(n). (30)

As mentioned above, this probability distribution is condi-
tioned on our bubble being nucleated within the last Az.
The normalization constant N~ will be fixed shortly. It is
important to stress that P(I, ¢, a) and ©(J, ¢, @) are different
probabilities, because the former assumes that / is reached
within the last Az.!! Notice that I can be either dS or terminal,
since we are not conditioning on our data at this stage.

A. Prior predictive distribution

Marginalizing over the model parameters ¢ and a gives
the prior predictive distribution,

Py =% / T dtP(1, 1, )
— Jo
ZN;KUAZA def (1)p(1), (31)

where we have used (10). Thus P(7) is the probability to
inhabit vacuum [/, averaged over all possible time of
existence and ancestral vacua. These probabilities inform
us on which vacua are statistically favored, without taking
our data into consideration (other than conditioning on our
bubble being nucleated within the last Af). The normali-
zation constant is fixed by demanding ), P(I) = 1. This
yields the normalized probabilities

11Relatedly, one may be tempted to infer from (30) that
P(I.t,a) = P(I,a|t)p(t), but this is incorrect. (For instance,
the P(I,alt)’s thus defined would not be normalized over I
and a.) Instead, the correct conditional probabilities are

P(L.alt) = P(L..a)] ¥, 5 P(J.1.5).
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2K Joo def (2)p()
Soiki Joo defi(Dp(r)

where we have used ), kj; = k. From the P(I)’s, one can
make predictions for various observables. For instance, the
predictive probability density p(A) for the CC is obtained
by summing over all vacua with vacuum energy between A
and A + dA,

P(I) = (32)

p(A)dA = P(I). (33)
IEA<A, <A+dA

B. Parameter inference

A second operation of interest is to use our data D to
infer the model parameters a and 7. The data refers to all the
information available about our observable Universe, in the
form of measured values for various observables {O;}.
These include the particle content, masses and couplings
of the Standard Model, as well as the parameters of the
cosmological ACDM model. A vacuum compatible with
our data should, in particular, have a suitable dark matter
candidate with correct relic abundance, its vacuum energy
should match the observed CC," and its surroundings
should allow for a period of slow-roll inflation compatible
with the observed amplitude and spectral tilt of primordial
perturbations, etc.

At a more philosophical level, there should be more
layers of conditioning [67]. For instance, the so-called
observed Higgs mass of 125 GeV is not really a type of
data D as the true form of data is simply the 125 GeV
bump measured from a huge number of scattering events.
The Standard Model including the Higgs boson, even
quantum field theory, on the other hand, are in fact part of
the hypothesis to be tested by these scattering events.
Nevertheless, a confidence level of six sigma means
that the hypothesis is verified to an extreme extent under
this single measurement. Therefore, we can just treat the
125 GeV boson as part of the data D. Despite this,
the remarkable accuracy still cannot not stop us from
challenging the Standard Model by comparing it with
alternatives through other measurements. When it comes
to cosmology, hypothesis testing is far less accurate
than that in particle scattering as we are limited to a
single sample size, yet it is still possible to compare
hypotheses using the same parameter inference strategy.
Also, due to a higher level of uncertainty, there is no
reason not to think of alternatives to cosmological
scenarios.

Parameter inference is performed using the posterior
probability P(z,a|D). We will be primarily interested
in the dependence on the nucleation time, hence we will

“Hence, we will only include dS vacua when summing over
vacua compatible with D.

marginalize over ancestral vacua. The posterior probability
for the time of nucleation conditioned on our data is

> icr, P 1)

PUID) = =G

(34)

where the denominator P(D) = )., P(j) is the proba-
bility of our data, and P(i,7) = >, P(i,t,a). To be clear,
here I, denotes the set of all vacua compatible with our
data. One can compute various moments of this distribu-
tion. For instance, the average time of nucleation condi-
tioned on our data is

<t>:A dutP(#|D) = / duP(i,1). (35)

This is just the mean nucleation time for vacua compatible
with our data, weighted by the probability for each.

C. Hypothesis testing and posterior odds

The Bayesian framework allows one to compare the
plausibility of different hypotheses/models to explain the
data through the Bayes factor. As mentioned already, we
will be specifically interested in comparing two hypotheses
differing only in their priors p(¢) for the time of existence; a
hypothesis H,,; with quasiuniform p(#) and a hypothesis
Hyae With a volume-weighted or late-time prior.

The Bayesian evidence for each hypothesis is given by

P(DIH) = _P(i|H). (36)

iclp

where P(i|H) is given by (32) with priors corresponding to
‘H. The relative plausibility of different hypotheses to
account for the data is quantified by the Bayes factor,

P(Hlate|D) _ P(D|Hlate) P(Hlate>
P(HunilD) P(D’Huni) P(,}_[uni)7

(37)

where P(H) is the prior for each hypothesis, and % is

the posterior odds. Assuming equal priors, the Bayes factor
coincides with the posterior odds.

IV. PRIOR INFORMATION

The crux of deriving a measure lies in the specification of
prior probability distributions p, and p(z). The choice of
priors is a long-standing problem in probability theory, for
which there is unfortunately no universally applicable rule.
The following general guiding principles have proven
fruitful in other contexts.

Consistency requires that priors reflect all information at
hand. In the case of interest, this includes state-of-the-art
understanding of the string landscape, quantum cosmology
etc. At the same time, our priors should be minimally
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informative. They should incorporate all available infor-
mation, but should not otherwise be constrained by biases
or prejudices. In practice, this is often achieved by applying
the principle of indifference or, more generally, the prin-
ciple of maximal entropy [34]. Lastly, our priors should be
objective, in that two physicists presented with the same
information should agree upon a set of justified priors.
Fortunately, the problem at hand is sufficiently simple
and symmetric that the set of justified priors, we will argue,
can be narrowed down to essentially just two possibilities.

A. Prior distribution for the ancestral vacuum

The prior distribution p, for the ancestral vacuum
pertains to the question of initial conditions. The question
of the initial state in quantum cosmology remains an open
problem and has been the subject of active debate for
decades.

A well-motivated proposal for the quantum creation of a
closed universe is the Hartle-Hawking (HH) state [39,40],

204
242 M
" pl

Pyg~e v, (38)

which exponentially favors the lowest-energy (highest
entropy) dS vacuum. Another well-studied proposal is
the tunneling wave function [41-44],

24
24n MP]

Ptunneling ~eTTv (39)

Because of the crucial sign difference in the exponent, this
wave function instead favors high-energy/low-entropy
initial vacua. Thus the tunneling wave function favors
(high-energy) inflation, whereas the HH state does not [93].
Without entering this long-standing debate, it is worth
noting that the HH state, obtained by analogy with the
ground state of the harmonic oscillator, corresponds to the
equilibrium state of a dS-only landscape. Since the equi-
librium state is reached typically after an exponentially
long relaxation time, its motivation as an initial state seems
unclear. This is further complicated by the presence of
terminal (AdS) vacua in any realistic landscape.

For our purposes, it seems prudent to err on the side
of maximal ignorance and apply the principle of in-
diffelrence,13

1

Do = . 40
N (40)

Since high-energy dS vacua are expected to vastly out-
number low-energy vacua in the landscape, a uniform prior

YThe number of dS vacua may well be infinite in the string
landscape [94-96], in which case (40) would represent an
improper prior. This is of no concern as the resulting probabilities
would nevertheless be well-defined.

is statistically equivalent to a prior favoring high-energy/
low-entropy initial conditions, such as the tunneling
wave function (39).14 If it turns out, however, that the HH
state (38) is the correct initial conditions for eternal
inflation in our past, then this would have important
implications for our results. From an information theory
perspective, because the HH wave function exponentially
favors the absolutely lowest dS vacuum, it amounts to a
highly informative prior on the ancestral vacuum. In
contrast, the tunneling wavefunction assigns comparable
probability to all high energy (V ~ M3, vacua, hence it
represents a minimally informative prior.

We will see that our results are highly insensitive to the
prior over ancestral vacua. For all but a very special subset
of initial conditions, we will argue that the uniform-time
hypothesis is exponentially preferred over the late-time
hypothesis. Furthermore, the master equation also implies
that the initial time #,, which we set to be 0, can be traded
for a different set of p,, as one can evolve backward or
forward in time to get a different initial distribution in
the landscape. This ambiguity is not a big issue as we are
comparing the two hypotheses, H,,; and H,,., under the
same prior in ancestral vacua p,. For the sake of generality
we will leave p,, arbitrary in our analysis below, though we
implicitly have in mind the uniform prior (40).

B. dS isometries and prior density for the time
of existence

Applying the principle of indifference (or maximal
entropy) to a continuous variable is tricky, simply because
a uniform prior for a continuous variable is not repara-
metrization invariant. An obvious strategy is to work
with a discretized time variable. We will pursue this in
Appendix A, and show that the resulting measure agrees
exactly with the continuous-time approach developed here.
This offers a nontrivial check on the time-reparametrization
invariance of the measure.

Sticking with continuous time, it is instructive to con-
sider the symmetries of the problem and apply the notion of
group invariance. As argued by Jaynes [34], one must first
identify all transformations that leave our state of knowl-
edge unchanged. Consistency then requires that the prior
probabilities be invariant under those transformations. For
instance, if one’s prior state of knowledge is oblivious to a
spatial translation x — x + ¢, then the prior distribution for
x should be uniform. If one’s state of knowledge is instead

"In fact, the tunneling wave function is precisely equivalent to
a uniform prior if one considers hyperbolic or flat spatial
geometry with nontrivial topology (e.g., flat 3-torus), instead
of the closed universe originally considered in [41-44]. Since an
open/flat universe can evolve classically from a = 0 without any
tunneling, the resulting wave function is not exponentially
suppressed for V <« M‘lﬁl [97,98]. We thank the anonymous
referee for suggesting this argument.
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invariant under a scale transformation x — Ax, then the
appropriate choice should be the Jeffreys prior, p(x) ~ 1/x.

In our case we are guided by the symmetries of the
master equation and the isometries of dS space.
Consistency requires that p(¢) be invariant under these
transformations. As we will see, these considerations lead
to two possible priors, which reflect the well-known
dichotomy between local and global approaches to the
measure problem.

(i) Time-translation invariance and uniform-time
prior: As mentioned earlier, a key observation is that
the master equation (7) is time-translation invariant.
More precisely it is invariant under translations of
any time variable ¢ related to proper time via a lapse
function \; that is a function of H; only. Without
any additional information, the uniform prior is the
most intuitive and reasonable choice.

Let us warm up using a simple but well known
example: the diffusion problem of a particle in one
dimension. Given P(x|f) as the solution to the
diffusion equation, which is time-translation invari-
ant, one may ask for the posterior probability P(7|x),
which is the distribution of lapsed time ¢ given that
the particle is observed at location x. Without further
information, the most intuitive way to calculate such
quantity is simply

P(x[1)

Y ETe)

(41)

By consulting Bayes’ theorem, P(t|x)P,(x) =
P(x|?)P,(t), the intuitive answer corresponds exactly
to using a uniform prior with a cutoff in time 7,
which can be sent to infinity. The prior P,(¢) in this
simple example can be regarded as the distribution
of the time of observation. For instance, if instead
one were told that most of the observations were
concentrated within a particular time window, it
would be appropriate in this case to use a nonuni-
form P,(1).

The Markov process described by the master
equation f 1 = >, My, f, is analogous to the simple
diffusion problem. Given a distribution of initial
condition p,, the solution to the master equation,

P = f1(0) =) (") uper  (42)

a

is exactly the conditional probability of being in
vacuum / given time ¢, as explained in the previous
sections. To find the distribution of lapsed time
given that the state is observed in vacuum I,

P(tI) = %, without additional information,

the most natural choice of prior p(r) = P,(¢) with
maximal entropy is a uniform prior,

p(t) = constant. (43)
Of course, the uniform distribution on the half real
line is not normalizable, and a regularization is
needed. A mathematically convenient choice is

p(t) = ee™®, (44)

with a cutoff ~¢~! in time, therefore

—€t
[ UL )
Jee de P(I) e
At the end of the calculation we will send ¢ — 0 and
obtain well-defined, gauge-invariant posterior prob-
abilities.

A geometric way to interpret this prior is to focus
on one of the metastable dS vacua in our past, for
instance our parent vacuum. Assuming it is suffi-
ciently long-lived, the parent geometry is approx-
imately invariant under the 10 dS isometries. Taking
a random set of worldlines with initial condition p,,
the chance that a randomly chosen worldline is in
vacuum [/ at time ¢ is exactly predicted by the
solution to the master equation.

The action for local operators on the worldline is
of the general form

S = / drO(X¥ (7)), (46)

where the measure dr is proper time along the curve.
After sufficient time, the worldline approaches a
geodesic comoving (X = const) in the dS flat slicing,

ds? = —di? + e2H1dx2. (47)

Hence, 7 coincides with cosmic proper time ¢, and
the resulting measure dz ~d¢ on the worldline is
time-independent. This simple line of reasoning
suggests that the prior density p(7) be (proper)

time-translation invariant. Note that the prior is also

quasiuniform in e-folding time, p(N) = &e ",

In terms of conformal time, it corresponds to the
Jeffreys prior, p(n) ~n~!, consistent with the dS
dilation symmetry n — A, X — AX.

'>One should stress that the nature of € is quite different than
the late-time cutoff usually introduced to regularize ratios of
number counts, such as (1). In our approach e is only necessary to
make the improper uniform prior well-defined in the intermediate
steps. Importantly, none of our results are sensitive to the choice
of regulator. For instance, choosing p(r) = 1/T over a large but
finite interval 0 <t < T, yields identical results in the limit
T — oo.
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Heuristically, a time-translation invariant prior
reflects complete ignorance about the time of nu-
cleation, akin to a temporal Copernican principle.
We simply do not know when eternal inflation
started along our particular past worldline. Corre-
spondingly, this is the minimally informative prior
for the time of nucleation.

(ii) Volume-weighted prior: An alternative approach is
to consider a finite spatial region in the parent dS
geometry. The invariant measure for observables
within the region is the usual volume element,

V—gdtd’x = a*(t)drd3x. (48)

Averaging over X yields a measure ~a’(¢)dt that
grows with volume. This line of reasoning suggests
that the prior density p(¢) should similarly grow with
volume,

plt) ~ a*(). (49)

This choice can also be motivated heuristically as
follows. A time translation in dS corresponds to
an exponential growth in volume, and therefore an
exponential growth in the number of observers. If
one abides by the self-indication assumption [99],
whereby prior probabilities are weighted by the
number of observers produced, then p(¢) should
increase exponentially in time.

For the prior distribution to be normalizable, a
regulator is once again necessary. This can be
achieved simply by imposing a cutoff time 7,

(1)

p([) = W for 0 S t S tC? (50)

and p(t) = 0 for t > 7. As in the previous case, we
will remove the regulator (f, — oo0) at the end of the
calculation and obtain well-defined, gauge-invariant
posterior probabilities. In fact, we will see that any
growing p(¢) that dominates after the relaxation
timescale of the landscape gives the same proba-
bilities.

Physically, since p(¢) multiplies the occupational
probabilities f;(7) [see (32)], this choice amounts to
weighing probabilities by physical volume. We will
show this explicitly in Sec. V C. In standard ap-
proaches to the measure problem, volume-weighing

“The self-indication assumption can lead to absurd conclu-
sions in other contexts, such as the “presumptuous philosopher”
problem [99]. Neal instead advocates applying what he calls full
nonindexical conditioning [100]. We will argue in Sec. VI that the
late-time hypothesis is disfavored by the data, hence debating the
relative merits of these assumptions in eternal inflation is perhaps
moot.

leads to exponential sensitivity on the choice of time
variable [12,14,17]. In contrast, because volume
weighing is implemented through the prior density
p(1) in our context, the resulting probabilities will be
manifestly gauge invariant.

Since the physical volume of all bubble universes
grows in proper time asymptotically as ~e3fma!,
where H,,, is the highest Hubble rate of any dS
vacuum in the landscape [13,17,101], (49) is effec-
tively equivalent to, in proper time,

p(t) ~ e3Hmat, (51)

And because H,,, is enormous compared to tran-
sition rates governing the evolution of the f;(t)’s,
(51) is well-approximated by a delta function

p(t) =225(t—1t.); 0<t<t,. (52)

Thus, because the prior is so sharply peaked, it is
maximally informative. We will make this statement
precise below once we derive the prior predictive
probabilities in this case. The fact that p(7) is sharply
peaked at the cutoff time is related to the youngness
paradox [16,23-25] afflicting global measures based
on the proper time cutoff. No such paradox arises in
our framework, as far as we can tell.

The two justified prior densities derived above are
consistent with the assumptions implicit in most approaches
to the measure problem. The volume-weighted prior (50)
is reflected in measures based on the late-time, quasista-
tionary distribution [12—15,17,18]. For this reason, we
refer to this case as the late-time hypothesis H,,.. Mean-
while, the uniform prior (43) is representative of local
measures [27-29,31]. It is also consistent with the early-
time approach to eternal inflation [47-51], which postu-
lates that we exist well-before the exponentially long
mixing time for the landscape. We henceforth refer to this
prior as uniform-time hypothesis H;.

V. PRIOR PREDICTIVE DISTRIBUTIONS

With the above priors at hand, we are now in a position to
calculate probabilities relevant to Bayesian inference. In
this Section we focus on the prior predictive distribution
P(I), which gives the probability to occupy vacuum [
irrespective of the time of existence or ancestral vacuum.
We will find that the resulting probabilities P(I|Hy;)
and P(I|Hy) coincide with two measures proposed in
the literature, respectively the holographic prior probabil-
ities [27] and the quasistationary measure of GSVW [18].
Furthermore, each has a close analog among centrality
indices studied in network science.
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A. Uniform-time prior

We first consider the uniform prior for the time of
existence. Substituting (44) into (32), and using (12), we
obtain

ST O = TP,
ST, (1= Ty

Kpj
€+K;

P<I|Huni)

. (53)

where T;(€) =

. Letting ¢ — 0 to remove the regulator

gives

Z—ﬂ— 'Za(ﬂ - T)Talpa
P(I|Huni) = jzlj (]] T)—l ’
kp\t = L) Pp

, (54)

where we have used >, T, = 1 to simplify the denom-
inator. The above probabilities only depend on branching
ratios, and therefore are invariant under time reparamet-
rizations."” They coincide with Bousso’s “prior probabil-
ities” [27], derived following a different line of reasoning,
and are also closely related to Garriga and Vilenkin’s
“comoving” probabilities [18,45]. In our approach, these
probabilities are an inevitable consequence of justified
objective reasoning with complete ignorance about the
time of existence.

To be precise, Bousso’s holographic measure is the
product of two factors. First, one considers a single world-
line and studies the ensemble of possible future “histories”
of that worldline. The relative probability of different
histories, which Bousso calls “prior probabilities”, is given
by their branching ratio probabilities. This is the first factor
in Bousso’s measure, and it exactly matches (54). Bousso
then considers the causal diamond for each worldline in the
ensemble, and calculates the fraction of observers making
different observations within this causal diamond. The
fraction of observers is the second factor in his measure.
Because we are interested in prior predictive probabilities,
without any anthropic conditioning, this second factor is
not relevant for our purposes.

The prior predictive distribution (54) can be easily
understood intuitively. Recall from (13) that (1 —T);' is
the sum of branching probabilities over all paths connecting
Jj to i. Thus P(I|H,y;) is naturally interpreted as the sum
over all paths connecting ancestral vacua to vacuum I,
weighted by the branching probability for each path and
averaged over ancestral vacua. It follows that the proba-
bilities (54) are maximized for vacua that are well-
connected (T;; ~ 1) to parent dS vacua j which themselves
are easily accessed.

The above probability distribution has a close analog
among centrality indices studied in network science.

"This should be obvious, and to prove it we only need (6) to

proper

. Ky: K.
infer that -2 = —owr.
K] K']»

Various centrality indices have been proposed in network
theory to quantify which nodes in a graph are, in a suitably
defined sense, most important [102]. With uniform prior
Po = Ngsl over ancestral vacua, (54) is similar to the Katz
centrality measure [103] on a graph,

Crae = (1= aAT)™ = 1)2, (55)

where € = (1, ..., 1) is a vector with unit entries, A is the
graph adjacency matrix, and 0 < a <1 is a so-called
attenuation parameter. Intuitively, Katz centrality favors
nodes that are well-accessed from other nodes in the
network.

Funnel topography: It is also instructive to consider the
prior predictive probabilities in the downward approxima-
tion (Sec. I B). Using (25) we have

Z(“ _T);(}pa:pj+zpjapa5pj+7)j7 (56)

a atj

where in the last step we have defined P; = . Pjap, as
the ever-hitting probability to j, averaged over initial
conditions. Hence (54) becomes

uni 1 + Zk,])k .

Since this result assumes the downward approximation,
the only contributing paths to a given vacuum [ are those
given by a sequence of downward transitions. Thus the
probabilities (57) favor vacua that can be accessed through
downward transitions, from a large basin of ancestral
vacua. Regions of the landscape with large probability
must therefore have the topography of a deep valley, or
funnel [47-50]. See Fig. 1. This is akin to the smooth
folding funnels of energy landscapes of proteins [54].
Naturally occurring proteins fold efficiently because their
free-energy landscape is characterized by a smooth funnel
near the native state.

B. Late-time/volume-weighted prior

We next consider the late-time prior (50) for the time of
existence, keeping the prior p, over ancestral vacua once
again general. Because the prior is sharply peaked near ¢,
which is assumed very large, we can approximate the
occupational probabilities f;(¢) by their asymptotic form

fi(t) ~se7, (58)

where s ; the dominant eigenvector of M; with largest (least
negative) eigenvalue —¢g [18], defined in Sec. II B. With
(50) and (58), the prior predictive distribution (32) gives
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FIG. 1. The prior predictive probabilities with uniform-time
prior favor regions of the landscape where vacua can be accessed
through a sequence of downward transitions, from a large basin
of ancestral vacua. Their topography is that of a deep valley, or
funnel, akin to the smooth folding funnels of energy landscapes
of naturally-occurring proteins. (Reproduced from [104].).

P<I|H ) N ZjKIjsj f(;c dta3(t)e_qt _ ZjKIjsj (59)
fate) = > e KiSk fé” dta’(t)e™?" Y ikisy

Although we assumed the prior density (50), the above
makes clear that the result holds for any p() that peaks at
sufficiently late times [including the delta function prior
(52)] such that (58) is valid. Thus the above probability
distribution is manifestly time-reparametrization invariant.
It is also independent of the late-time cutoff, such that
the limit 7, - oo can be taken. Importantly, the result
agrees with the GSVW measure [18] obtained by counting
bubbles along a worldline."® To be precise, GSVW
obtained, working in e-folding time,

pINZHJq'KIij' (60)
J

This differs from (59) only by the factor H?, which is
indistinguishable from unity since ¢ < k, < 1.

The prior predictive distribution also admits an intuitive
explanation in downward perturbation theory. Substituting
(20) for the dominant vector, (59) becomes

N >0 = T)J_*l

P(I|Hlate) - Zk(ﬂ _ T);l (61)

8GSVW implicitly assumes either that this worldline survives
long enough to probe the asymptotically late-time dynamics, or
that their measure is the result of averaging over an ensemble of
worldlines such that late-time observers dominate the average.

The interpretation is clear—these probabilities are maxi-
mized for vacua that are well-connected (T;; ~ 1) to parent
dS vacua j, which are themselves easily accessed from the
dominant vacuum. Remarkably, (61) coincides with the
uniform-time probabilities (54) for the special case that
Pa = Oax» 1.€., when the ancestral vacuum is the dominant
vacuum. (This is a manifestation of the local/global
duality [32,33].) Relatedly, it is often stressed that late-
time measures, such as the GSVW measure, reflect the
attractor nature of eternal inflation through their independ-
ence on initial conditions. This is certainly the case with (59).
Paradoxically, however, the late-time distribution (61)
appears to be a special case, corresponding to a particular
choice of initial conditions, of the seemingly more general
distribution (54).

Because the late-time prior peaks at the cutoff time, it is a
maximally informative prior. To see this concretely, con-
sider the probability density P(¢|I) for the time of exist-
ence, conditioned on occupying vacuum I:

P(1,1)
P) (62)

P(|l) =
The joint probability is obtained by marginalizing (30)
over a,

P(L1) ~ Z’Q/fj(t)f’(f) = ZKUSje_qt/’(t)- (63)

Combining this with (51), and using the fact that H,,,, > ¢,
it is easy to see that

P(tll) = p(1). (64)

Thus, even if we had we had complete knowledge of
which vacuum we inhabit, we would learn nothing more
about the time of existence than already assumed with
this prior.

The probability distribution (59) also has a close cousin
among centrality indices in network theory. Namely, it is
analogous to eigenvector centrality, which ranks nodes
according to the components of the dominant eigenvector 7
of the graph’s adjacency matrix A.

C. Alternative derivation of volume-weighted
probabilities
Lastly, let us give an alternative derivation of (59) in
terms of physical volume. Let f,(¢) = a*(f)f;() denote the
fraction of physical volume in dS vacuum i. Then f,
satisfies the physical-volume master equation

df; _

5= > Mf;+ 3N H ] (65)
J
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Following the steps in Sec. III, we arrive at the analog of
(32) in terms of f,,

I|Hv01 ZKIJ/ dtp ( ) (66)

where p(1) is the prior density for the time of existence in
the volume-weighted case.

Importantly, the master equation (65) is time-translation
invariant for any choice of lapse function N; that only
depends on H;, such as proper time or e-folding time.
Hence, a justified choice of prior is the uniform one,

p(1) ~ const. (67)

Using this and the relation f; = a(¢)f;(t), the time integral
in (66) gives

[T anorn= [Tacwnn. 6
0 0

Thus (66) agrees with (32) with volume-weighted prior
p(t) ~a’(t). In other words, the comoving probabilities
with volume-weighted p(¢) are precisely equivalent to
physical-volume probabilities with uniform j(7).

VI. MODEL COMPARISON
AND POSTERIOR ODDS

In the previous sections we derived, by applying con-
sistent objective reasoning, two hypotheses for probabil-
ities in eternal inflation, which differ only in their priors
p(t) for the time of existence; a hypothesis H,, with
quasiuniform p(¢), which reflects complete ignorance about
the time of existence; and a hypothesis H,, with volume-
weighted p(t), which reflects the belief that we exist at
asymptotically late times. In this section we compare the
plausibility of the two hypotheses to explain our data D by
computing the Bayes factor discussed in Sec. III C.

Substituting the prior predictive probabilities (54) and
(61), the Bayesian evidence (36) for each hypothesis is

1 Tl a 1 T 711 a
P(D|Huni) _ ZZCID.j j]]X: ( - )]( p ’ (693.)
Zk./)’( T)kﬂp/}
o Tiu(1=T)7]
P(D[Hiye) o 2ictns T )f*, (69b)

ST =T))

where the latter is valid in downward perturbation theory.
Before attempting to estimate (69b), it is useful to get a
sense of the hierarchy of transition rates and branching
ratios involved.

A. Detailed balance and unsuppressed chains

A generic feature of transition rates in field theory is that
they are exponentially staggered. This is because rates
depend exponentially on the shape of the potential, such as
the height and width of the barrier. Hence branching ratios
are typically overwhelmingly dominated by a single decay
channel, while other decay channels are comparatively
exponentially suppressed."’

Because of detailed balance, upward transitions are
further suppressed by a double exponential factor. To see
this, note from (16) that the upward vs downward rate
between two vacua with Vg, << Vi is

K
LP ~ e_Slow . (70)

Kdown

To get a sense of the suppression, for a vacuum with Vg, =
(0.1Mp))*, i.e., with energy scale just one order of magni-
tude below the Planck scale, the dS entropy is Sj,, ~e'.
A vacuum with our observed CC, Vi, = 10712°M,, has
Siow = €283, The conclusion is that, if a dS vacuum has one or
more available downward decay channels, these will typi-
cally have overwhelmingly dominant branching ratios.

On the other hand, if a vacuum can only decay via
upward transitions, then the branching ratio is necessarily
dominated by an upward jump.”® We will refer to this decay
channel as the dominant upward transition. To gain some
intuition on what constitutes a dominant upward transition,
suppose that a vacuum can either up-tunnel via a high jump
t0 Vyign, Or via a smaller jump to V), once again with
Viow < Vhigh- In this case, (16) implies

Khigh j Ky, tep d _
ighjump  ™large stepdown e Slow' (71)

Kiowjump  Ksmall step down

The prefactor Kirge sep down/ Ksmall step down 18 just the ratio of
downward rates to the given vacuum, and its value depends
on the details of the potential. It is at best exponentially
large and at worse exponentially small. But, in either case,
it is generically swamped by the double exponential factor
of e~Siv_ and thus Khighjump << Kiow jump- I Other words, the
dominant upward transition typically corresponds to the
smallest increase in potential energy.

These considerations lead us to define an unsuppressed
chain as a sequence of transitions comprised exclusively of
downward transitions (whenever these are available) and/or
dominant upward transitions (whenever a vacuum can only

YThere are of course exceptions, for instance in regular lattices
of flux vacua [6], but one expects that single-channel dominance
is Jzustlﬁed for random landscapes

%In this case the lifetime is of order the dS recurrence time. It
has been conjectured that in string theory all dS vacua have a
much shorter lifetime [105], such that the problem of Boltzmann
brains is avoided.
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decay by jumping upwards). In other words, an unsup-
pressed chain excludes subdominant upward jumps, whose
branching ratio is suppressed by a double exponential. And
because downward channels dominate whenever they are
available, unsuppressed chains consist mostly of downward
transitions. We briefly note a few properties of unsup-
pressed chains:

(1) There is at least one unsuppressed chain starting
from any vacuum, but any number of them (includ-
ing zero) can arrive at that vacuum.

(ii) If an unsuppressed chain exists from j to i, then
(1- T)i‘j' is at worse exponentially suppressed; if no
unsuppressed chain exists, then (1 — T),-‘j1 is doubly-
exponentially suppressed.

(iii) If an unsuppressed chain exists from j to i, in general
no such chain exists from i to j.

With this intuition and definitions at hand, we can now
examine more closely the Bayesian evidence (69) for each
hypothesis.

B. Evidence for late-time hypothesis

Let us first examine the Bayesian evidence for the late-
time hypothesis, given by (69b). Clearly the answer depends
on the nature of the dominant vacuum and its surrounding
landscape, which are of course unknown. However, given
x’s status as the most stable vacuum anywhere in the
landscape, it is safe to assume that: (i) it can only decay
via an upward transition (because upward jumps are doubly-
exponentially suppressed); and (ii) it has very small potential
energy (because the upward rate is suppressed by e™5x).
These assumptions are not new and have been made in other
studies of the GSVW measure, e.g., [21,87].

From our earlier discussion, the dominant upward tran-
sition from x likely proceeds in the direction of smallest
increase in potential energy. Following this initial jump, the
unsuppressed chains that emanate from * proceed as
sequences of downward and dominant upward transitions,
until they terminate at terminal vacua. The denominator of
(69), > (1 = T)z}, gives the expected number of dS vacua
that are visited in the process. All we need for our purposes is
that this number is greater than unity, since

DU =Dk =D G+ Thu+-.) > 1. (72)

k k

Meanwhile, the numerator, Y, > T;(1—T)7! gives
the branching probability to reach any vacuum compatible
with our data starting from . However, because such vacua
are (presumably) rare in the landscape, it is highly unlikely
that such a vacuum lies along an unsuppressed chain from .
Instead, as argued in [87], the most probable path to our
vacuum likely requires additional (subdominant) upward

jumps, such that >, 3 Ty(1-T)7} Se™, with

Jk o~

O(10) £ Q £ O(100). Combined with (72), this implies

P(D|Hlate) 5 e_CQ- (73)

Therefore, in all likelihood, P(D|Hy.) is doubly exponen-
tially suppressed.

C. Evidence for uniform-time hypothesis

We next turn our attention to the Bayesian evidence (69a)
for the uniform-time hypothesis. For concreteness, we first
assume the uniform prior (40) over ancestral vacua, and
then discuss how the results generalize to any prior having
nonzero support on high-energy/low-entropy initial vacua.

With the uniform prior p, = 1/Ng4, the Bayesian
evidence (69a) becomes

—T)ia = 1)

ZiC[D(Za(]] io
> (1= T)Eﬂl 7

where we have used the trivial matrix identity 7(1-7)"' =
(1—-T)~'=1. It is convenient to define

N;=) (1-T)3 (75)

P(D|Huni) = (74)

as the effective number of vacua that can reach i. Note that
N; > 1, since a vacuum can trivially reach itself. In general,
N;—1 can be doubly exponentially small (if no unsup-
pressed chain reaches i), exponentially small (if some
unsuppressed chains reach i, but all involve at least one
step with exponentially small 7';), or even order unity or
larger (if some unsuppressed chains reaching i solely
consist of steps with T';; ~ 1).
In any case, the Bayesian evidence reduces to

P(DItty) = =,

Since Nj > 1, the denominator satisfies » , Ny > Ngs.
However, since the vast majority of vacua are high-energy
vacua, and as such can be reached by few ancestors with
non-negligible branching ratio, we expect that >, N; does
not greatly exceed Nyg. That is,

(76)

ZNk < Ngs. (77)
k

Meanwhile, the numerator counts the total effective number
of vacua that can reach vacua compatible with our data,
other than themselves. Since vacua in [, all have a tiny CC
of ~107120M3,, it stands to reason that a significant fraction
can be accessed by many vacua via unsuppressed chains.
That is,

> (N;=1)~Np, (78)

iclp
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where Njp =), N; is the total number of dS vacua
compatible with our data. The prefactor in (78) is at worse
exponentially small, but it could also be > 1. (This would
be the case is a significant fraction of vacua in I can be
accessed by many ancestors through sequences of tran-
sitions with T;; ~1.)

It follows that

P(D|Huni) ~5 7 - (79)

Aside from a prefactor which is at worse exponentially
small, P(D|H,,;) is given by the fraction of all dS vacua
compatible with our data. This fraction is of course
unknown, but it is reasonable to expect that it is exponen-
tially small, not doubly exponentially small. For instance,
the worst tuning in the Standard Model is the CC. If the
underlying CC distribution is approximately uniform, then
a fraction of 107120 ~ =276 of all dS vacua would have a
CC consistent with the observed value. These consider-
ations lead us to conclude that P(D|H,,;), while likely
exponentially small, is not doubly exponentially sup-
pressed like (73).

A similar argument applies to more general prior dis-
tributions p, over ancestral vacua. To simplify the dis-
cussion, we work to leading order in the downward
approximation. Using (57), the Bayesian evidence becomes

ZicID Pi

P(D[Hypi) = ES YR

(80)

In the special case p, = 1/Nyg, we have P; ~ A;v—;] ie., P;
measures the effective fraction of other vacua that can reach
i. The argument proceeds along similar lines as the uniform
case discussed above. Since most dS vacua in the landscape
are high-energy vacua, and as such can be reached through
downward transitions from a limited set of higher-energy
vacua, we have > P, < 1. Meanwhile, since vacua
compatible with our data all have tiny vacuum energy,
we expect that a significant fraction are accessible via a
sequence of downward transitions.”! If so, then we are once
again led to conclude that P(D|H,,;) is likely exponentially
small, but not doubly-exponentially suppressed.

The above analysis leads us to infer that the Bayes’ factor
P(D[Hiye)
P<D|Huﬂl)
comparable priors for the two hypotheses, P(Hye)~
P(Hyni), we are led to conclude that posterior odds

overwhelmingly favor the uniform-time hypothesis.

in (37) is doubly-exponentially small. Assuming

?This is where the prior distribution p, over ancestral comes
in. If, for some reason, the initial conditions strongly favor low-
energy vacua, then accessing vacua compatible with our data may
require subdominant upward jumps, in which case the numerator
in (80) would be doubly exponentially suppressed.

D. Loopholes

The above argument is not ironclad. We can think of a

few loopholes that would invalidate our conclusions:

(i) If the dominant vacuum * is, miraculously, compat-
ible with our data, this would imply P(D|H.) =~ 1.
This would not only invalidate our conclusions, it
would, more importantly, resurrect the old dream of
string theory predicting a unique vacuum. Although
in this case, the hierarchy between time of existence
(which is longer than the mixing time) and the
inhabitation time (lifetime of our universe) may
potentially be a problem.

(i) A more plausible loophole is that there exists a
vacuum compatible with our data that lies along an
unsuppressed chain starting from *. This would
boost P(D|Hy) to be only exponentially sup-
pressed, and thus comparable to P(D|H,y;)-

(iii) Another plausible loophole is that no vacuum
compatible with our data can be reached via a
sequence of downward transitions, nor more gen-
erally via an unsuppressed chain. This may be
because of initial conditions, as mentioned earlier,
or because vacua like ours are buried in regions of
the landscape that are difficult to access. In either
case P(D|H,,) would be doubly exponentially
suppressed, and thus comparable to P(D|Hiae)-

To determine whether any one of these loopholes is valid

would require a more detailed and extensive knowledge of
the string landscape. Our conclusion rests on current
expectations about the string landscape, to the best of
our understanding. We believe that, presented with all the
information currently at hand about the landscape and
eternal inflation, a bookmaker would set the odds over-
whelmingly in favor of the uniform-time hypothesis.
Probabilities, after all, are nothing but betting odds [106].

VIL. INFERRING THE TIME OF EXISTENCE

The last Bayesian operation of interest is parameter
inference, discussed in Sec. III B. We will be primarily
interested in using our data D to infer the time of existence
t. For concreteness we focus on the uniform-time prior,
since it is overwhelmingly favored by the data, but our
analysis can be easily be generalized to any other prior of
interest.

Using (30) with quasiuniform prior (44), the posterior
probability (34) for the time of nucleation becomes

- ZiCID,jKijZapa(eMt)jae_a

P(t|D) = ,
1) den,kafZﬁ(ﬂ_T)E/;’P/}

(81)

where in simplifying the denominator we have used (12)
and sent ¢ - 0. We can compute various moments of
this distribution. For instance, the average time of nucle-
ation (35) is
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(1) = / dreP(1|D)
0
~im > icty jKij2aPa I5 d”(eMt)jae_st
=0 > ery e Tred (1= T)Eépﬁ
_ Y icty jKii> oaPa X % (e - M)]_al =0

- (82)
chln,kafZ/i(ﬂ - T)f/}l’/s
Using (12) it is straightforward to obtain
i i1 ]]_TTIK;ll aﬂ_T;lloc a
<I> _ ZICID,j ]Zm( )jm Z ( ) p ] (83)

> ket e Tke>p(V=T)z5pp

In the downward approximation, together with the
assumption that transition rates from most low-lying dS
vacua to AdS terminals are always larger than up-tunneling
rates, this expression simplifies to

> e, (ti)

1) ~ s
< > chIDPj

(84)

where we have defined an average unconditional MFPT
to i as

<ti> = Z<tia>pa = ZKM(M(l))L;]zpa (85)

a C#ia

The technical details of the derivation is given in
Appendix B. This result is intuitively clear. The average
time to reach vacua i compatible with our data is the average
of the characteristic time (¢;) to reach a parent vacuum.

The arguments of Sec. VI, which lead us to conclude that
the uniform-time hypothesis is overwhelmingly favored,
relied on the assumption that there is at least one vacuum
compatible with our data which can be accessed through
a sequence of downward transitions. Equation (84) also
hinges on that assumption. Since downward transition rates
are exponentially faster than upward rates [see (70)], the
downward MFPT is correspondingly exponentially shorter
than the dS recurrence time of low-energy vacuum, and
thus certainly exponentially shorter than the mixing time
for the landscape.

Therefore, if vacua compatible with our data can be
accessed via downward transitions, we most likely exist at
early times in the unfolding of the multiverse, well before
the mixing time for the landscape. This confirms the
assumptions underlying the early-time approach to eternal
inflation [47-50]. This also circumvents the issue of
Boltzmann brains [55-59], which are produced on expo-
nentially longer timescales. On the other hand, the time of
existence for the late time hypothesis is much longer than
mixing time and recurrence time of certain vacua. The rate
of production of freak observers put stringent constraint on
the landscape.

VIII. ETERNAL VS NONETERNAL INFLATION

A useful consistency test for eternal inflationary mea-
sures was proposed by Linde and Noorbala [107]. The idea
is to consider a scalar potential whose shape can be varied
smoothly, such that inflation goes from being eternal to
non-eternal in the process. One can then check whether the
predictions of a given measure vary continuously through
the eternal/noneternal transition.

Following [107], we consider the two toy potentials
shown in Fig. 2. The two potentials only differ by their
behavior near ¢p = 0. In both cases, the initial conditions are
chosen such that the field starts at ¢p = 0.

(1) The solid curve displays a local minimum, assumed

sufficiently long-lived for eternal inflation to ensue.
The tunneling rates across the left and right barriers
are assumed equal, by symmetry.

(i) The dashed curve shows a local peak, assumed
sufficiently steep to avoid eternal inflation. The peak
is symmetric, which ensures that the field rolls to
one or the other with equal probability.

Subsequently the field undergoes a long period of
(noneternal) slow-roll inflation on either side of the origin,
with different number of e-folds N, and N_, and ends up
in the ¢, or ¢_ vacua. These two vacua have identical
physical constants. Both are AdS, with identical tiny
negative vacuum energy, such that the regions crunch in
a finite time. Furthermore, in the noneternal case, the spatial
geometry is assumed compact, either because of positive
curvature (k > 0) or topological identifications (e.g., flat
3-torus). These assumptions ensure that the noneternal case
yields unambiguous, finite answers.

For concreteness, consider the total number N ‘j’fl of
galaxies that form in each vacua. Assuming that the
probability to form a certain number of galaxies per
comoving volume is the same in each vacua, then the
ratio N/ %_al JNE! is simply given by the volume growth
during slow-roll inflation [107],

gal
j\\//gtﬂ = e3(N+—N—)‘ (86)
V(¢)
v v ¢
o o+

FIG. 2. Eternal vs noneternal test proposed by Linde.
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Given the symmetries of the problem, the answer should
be the same in the eternally inflating case. This is the
consistency check proposed by Linde and Noorbala [107].
The authors found that global measures with proper
time [13] or e-folding time [12-14,20,21] cutoff both
failed the test. The causal diamond measure [27] can fail
the test, depending on the number of e-folds. The stationary
measure [24,25] passes the test.

In our case, the full probability distribution of some
observable in pocket universes + and —, such as the
number of galaxies, follows the derivation given in
Sec. VI of GSVW [18],

Pi ~ pngRe3Ni, (87)

where p, is the probability to tunnel to the £ region,
respectively, and Hgg is the Hubble constant during slow-
roll inflation. Equation (87) should also be multiplied by
the probability to form a certain number of galaxies per
comoving volume, but since this probability is assumed to
be the same in each vacuum, as assumed in the noneternal
case, this factor is inconsequential.

Since the branching ratios to the + and — sides are the
same, unsurprisingly our measure gives identical tunneling
probabilities p, = p_. The number of galaxies that form in
each vacuum is then given by

al
Ni — P_+ — e3(N4-N) (88)
N&opo ’

Thus our measure passes the consistency test of [107].
(So does the GSVW measure, incidentally.) The same
conclusion would be reached if eternal inflation were
stochastic, i.e., by considering a flat plateau around ¢ = 0
instead of a metastable state.

IX. CONCLUSION

Understanding our place within this multiverse is ulti-
mately necessary to make any predictions about physical
observables in our Universe. Attempts to define probabil-
ities (or measure) usually rely on limiting frequency
distributions. This is perhaps natural, since the infinite
ensemble necessary to define frequencies is actually
realized in the multiverse. Unfortunately, this approach
has failed to yield an unambiguous answer.

In this paper we instead applied Bayesian reasoning to
define probabilities. The advantage of this approach is first
and foremost a practical one. All attempts to define a
semiclassical measure rely on certain assumptions. The
Bayesian framework naturally compels one to make all
assumptions explicit through prior information. Our
approach has been strongly influenced by Jaynes’ view
of probability theory as an extension of classical logic [34].
Probabilities, in this viewpoint, amount to reasonable
expectations [35] drawn from limited information. Our

treatment is also inspired by Caves’ elegant resolution [60]
to the Doomsday argument [61-63]. Our approach does
not rely on ad hoc geometric constructions, nor are we
counting anything.

The natural starting point to define probabilities is the
master equation governing vacuum dynamics, obtained
after suitable coarse-graining. Remarkably, this equation
describes a linear Markov process, free of the conceptual
pitfalls of eternal inflation. This is not a mathematical
artifice—physically, the master equation describes the
random walk on the network of vacua that “we” have
performed since the onset of eternal inflation. The occupa-
tional probabilities f;(z)’s are normalized and time-
reparametrization invariant, and thus offer well-defined
probabilities to occupy different vacua at time r.

Our probabilities require two pieces of prior information;
a prior probability density p(¢) for the time of nucleation;
and a prior probability p, for the ancestral vacuum. Both
pertain to initial conditions. We know that eternal inflation
started a finite time in our past, but we do not know when,
and it started in some particular vacuum, but we do not
know which one. Different approaches to the measure
problem amount to different choices for these priors.

Consistency requires that our priors reflect all informa-
tion at hand, but should otherwise be minimally inform-
ative. For ancestral vacua, we advocated the uniform prior
Pe = 1/Ng4s as a conservative choice, though our con-
clusions are fairly insensitive to this choice. What matters is
that the initial conditions have support over high-energy/
low-entropy vacua. For the time of nucleation, we argued
that a quasiuniform prior is a natural choice, consistent with
the time-translational invariance of the master equation. It
represents the minimally informative prior. The resulting
predictive probability distribution matches the prior prob-
abilities of [27] and is closely related to the “comoving”
probabilities discussed in [18,45].

We also considered a volume-weighted p(z), which
amounts to weighing probabilities for different vacua by
their physical volume. This prior peaks at late times, and as
such is maximally informative. Interestingly, because vol-
ume weighing is implemented as a prior, the resulting
probabilities do not suffer from the usual sensitivity to the
choice of time variable and the associated paradoxes.
Instead, the predictive distribution is time-reparametrization
invariant, and agrees with the GSVW measure [18].

The Bayesian framework allowed us to compare the
plausibility of the uniform-time and volume-weighted
hypotheses to explain our data by computing the Bayesian
evidence for each. We argued, under general and plausible
assumptions, that posterior odds overwhelmingly favor the
uniform-time hypothesis. The argument relies on assump-
tions about the dominant vacuum that have been made in
previous studies of the landscape, e.g., [§7]. There are some
caveats, of course, and we tried to enunciate them carefully
in Sec. VID.
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We believe that the uniform-time measure is the correct
objective approach to probabilistic reasoning in the multi-
verse. The assumed priors are the least informative and
consistently reflect our current state of knowledge about
how/when eternal inflation started. The prior predictive
distribution (54) is very intuitive, to the extent that one
could have written down the answer without doing any
work. It favors vacua that are easily accessed under the
random walk on the landscape.

Despite making the least informative prior assumptions,
the probability distribution (54) is surprisingly predictive. It
favors vacua lying within deep funnels [47,48,50], wherein
they can be accessed through a sequence of downward
transitions from a large basin of parent vacua. This is akin
to the folding funnels of proteins [54]. As argued in
Sec. VII, it also predicts that we exist at times much earlier
than the mixing time for the landscape, confirming
the intuition behind the early-time approach to eternal
inflation [50]. This implies, incidentally, that we are “nor-
mal” observers as opposed to Boltzmann brains [55-59],
which are produced on exponentially longer timescales.

The analogy with natural selection and protein land-
scapes is quite apt. The prior predictive probabilities (54)
define a fitness function on the string landscape, analogous
to the fitness landscape over the space of protein
sequences [108]. Sequence space is high dimensional, much
like the string landscape. And it is believed that, through
evolution, all of sequence space for proteins and genomes
has been explored by biology on Earth [109], just like eternal
inflation is efficient at populating the entire landscape.
Naturally occurring proteins occupy a small region of the
fitness landscape, characterized by a large basin of “neutral
mutations” [110]. These large basins with high fitness,
known as “superfunnels” [111-113], are strikingly similar
to the large funnels favored by our measure.

The probabilistic framework developed here opens up
many avenues of inquiry. We mention in closing two
particularly interesting directions:

(i) By modeling landscape regions as random networks,
we will show in a forthcoming paper [64] that
the uniform-time probabilities (54) favor regions
that are close to the directed percolation phase
transition [114]. Thus landscape dynamics belong
to the universality class of directed percolation—the
paradigmatic nonequilibrium critical phenomenon.
As usual, the predictive power of criticality lies in
scale invariant observables characterized by critical
exponents. We will argue that the probability dis-
tribution for the CC is a power law, that favors a
naturally small and positive vacuum energy. Tanta-
lizingly, this hints at a deep connection between
nonequilibrium critical phenomena on the landscape
and the near-criticality of our Universe.

(i) The connection with protein folding funnels de-
serves further exploration. The problem of search

optimization on complex, high-dimensional energy
landscapes has already been solved by naturally-
occurring proteins. A fascinating result in protein
folding is that conformation networks share many
properties of real-world networks [115]; their degree
distribution is scale free, they enjoy the small-world
property, and they are hierarchical. It will be
interesting to study the implications of similar
properties holding in regions of the string landscape.
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APPENDIX A: DISCRETE-TIME DERIVATION

In this appendix we present an alternative derivation of
the prior predictive distribution (54) using a discrete-time
variable. The latter is defined such that each dS vacuum
undergoes a transition (to another dS or to a terminal) at
every time step n =0, 1,2, ... [30].

The probability X;(n) to occupy vacuum [ at time n
satisfies the master equation

Xi(n+1) = Z—H—IJXJ(n)v (A1)

where the full branching matrix T;; was defined in (14). Its
sum rule (15) ensures that probability is conserved

> Xi(n) = 1. (A2)
1
The solution to (A1) is given by
X;(n) = _(T)ePa: (A3)

a

where p, = X,(0) denotes as before the initial probability
over ancestral vacua. For dS vacua, in particular, (A3)
becomes
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X;(n) (A4)

= Z(Tn)lapa'

a

The joint probability P(7, n) to inhabit vacuum I after a
nucleation event at the nth time step is

J

where N is a normalization constant. This is the discrete-
time analog of (30), after marginalizing over a, with the
prior P,.(n) on the discrete time of existence playing
the role of p(z). The prior predictive distribution is then
given by

P(I = i:P pr10r )

n=0
Z —[rlj Zn lX ( 1)Pprlor(n)
Zk Zm: ( 1)Ppnor m)

where we have fixed the normalization constant to ensure
that >, P(I) = 1. Note that the sum over n starts at n = 1
since, by assumption, there has been at least one nucleation
event along our past worldline, i.e., the one giving rise to
our bubble.

An improper uniform prior in this case is straightforward
and given by P, (n) = constant for all n > 1. This
reflects complete prior ignorance about how many nucle-
ation events took place along our past worldline. As in the
continuous case, the uniform-time prior must be regular-
ized. A simple prescription is to introduce a large cutoff M,

1)Pprior(n)7 (AS)

., (A06)

Lon=1,...M
P i(n) =M U A7
P or(11) {O otherwise. (A7)
Substituting this prior, together with (A4), the prior
predictive distribution (A6) becomes
T, M, Tn—l - Da
P(1|Huni) _ Z./,a 1j EA/I:nfl (m_l )J{lp
ZkﬁZ (T )k/}pﬂ
T M 1 " .
Z/ a'lj ( )j(lp (A8)

2p Zm:o(

At this point the cutoff can be removed by sending
M — oo, with the result

Zj—l]—/jza( - )](l
Zk,/;’(]]_ )kﬁpﬂ

)k/;P/} '

P(I|Hun1) -

(A9)

Y- 0*(1 + kW?K)
- L WRQ? + W2RQ — WKk W2RQ?

—kWQ?
O*WRKW + W2 —

This agrees precisely with the continuous-time answer (54).
It reaffirms that our probabilities are time-reparametrization
invariant.

APPENDIX B: EXACT RELATION BETWEEN
TIME OF EXISTENCE AND FIRST
PASSAGE TIME

We provide an exact relation between the average time of
existence (83) and mean first-passage time in this section.
The time of existence (83) derived in Sec. VII can be
written in terms of the transition matrix M as

1
<t> :N Z Kij(M_z)japau (Bl)
iClp.j.a
where N' = =3, . ki;(M™");,pq is the normalization

factor of the conditional probability P(¢|D). Recall that the
unconditional MFPT (t;;) and the conditional MFPT (¢;;).

from j to i are given by [50]

tij) = ZKiI<M(i))[_jz;

I#i

Zl;éi’(il (Mm)sz
Pl_] ’

(B2)

(tij)e =

where M) is the transition matrix With the ith column
and row deleted, and P;; = — > ;. ki (M ) is the ever-
hitting probability.

To find a relation between (7) and (7);;, we can use the

ij>
relation between M~' and (M())~!,
W, 0;

|:_Ki Ki }_1 [ Y
M= = ,
K MO QWi (1-Q;Wikik;)W,
Qi = (k; +&WR)™ = (k= PR)™ W, = (MD)™,
(B3)

where [K,]; = K, [;]; = K;; and [73,-]j = P;; for j # i. Note
that Q; has an interesting meaning when expanded out in
the following way:

0 =& +k72PR + k(PR + ..., (B4)

the nth term Ki‘”‘l(ﬁfc'i)” can be interpreted as the time
needed for the trip i — (any j — i —)" — a. To compute
(t) we need

+ kW?Q — kW?kk WQ?

22 < = <12 S ez o2 | (BS)
WkkWQ —Wkk W0 +Wkk Wkk WQ
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Note that we have omitted the subscript i to avoid clustering.
Therefore, the timescale #; =Y, k;;(M~?);,p, can be
written as

(1) = %Zti.

iclp

(B7)

Also note that the normalization factor A/ can be written in
terms of ever-hitting probabilities,

N=- Z Kij(M™) juPa

+ Q¥PRERP;) - p, (B6) e
- = Z(Pi + Q;Pik;P;) - p. (B8)
where [£;]; = t;; is a row vector of MFPTs from j to i. iclp
Finally the time of existence (7) is just the sum over all i that
are compatible with data, In the downward approximation, either
[Ki]; = xji = 0; [75,-]j >0 (# 0when thereis adirected path from j to )
or [K;]; =«j; > 0; [P, ;=0 (when there are only upwords paths from j to 7) (B9)

can happen for any node j above or below, therefore the
scalar product 75,-1?,~ goes to zero in the downward approxi-
mation. With some effort in analyzing 7;k;, one finds that it
also vanishes in the downward approximation. (This is
somewhat counter intuitive as it is an unconditional
quantity.) The essential part is that there exist terminals,
and the inverse of the matrix is just rational function
of its elements. The denominator of (M)~ is simply
det(M7)? = [1;(=«;)? in the downward approximation.
Given that the transition rate to AdS terminals is faster than

the up-tunneling rate, the denominator would not go to
zero in the downward approximation. It is also obvious
that the numerator should be of O (up-tunneling rate) for
up-tunneling paths. Therefore, in the downward approxi-
mation,

> icr, ()
1) = S B10
TSP (B0
where (1;) = ;l -pand P; = 751"P
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