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Recently, nonzero rotation angle β ¼ 0.30°� 0.11° (68% C.L.) [Phys. Rev. Lett. 128, 091302 (2022)]
has been reported for linear polarization of cosmic microwave background (CMB) radiation, which is
known as cosmic birefringence (CB). We used this birefringence angle of CMB to study and distinguish
different candidates of dark matter (DM), e.g., dipolar and sterile neutrino DM. We calculated CMB
forward scattering by those probable candidates of DM to generate β in the presence of primordial scalar
fluctuations’ background. We explicitly plotted bounds on the mass and electromagnetic coupling for
different sectors of DM, sterile neutrino, and dipolar DM, and compared them with other experimental
bounds. Regarding dipolar DM, our calculations put a bound on the Majorana magnetic dipole moment

about M ≤ 1.4 × 10−14 β
0.30°

ffiffiffiffiffiffiffiffiffiffimDM
1 GeV

p
e:cm. In the case of sterile neutrino DM, the bound on the mass and

mixing angle was estimated at θ2 ≤ 3.3 ðradÞ2 β
0.30°

mDM
KeV, which can be a new constraint for sterile neutrino

DM whose production mechanism is motivated by models with a hidden sector coupled to the sterile
neutrino. Based on our results, if the constraint on the mass and the electromagnetic coupling for DM must
be within the allowed region, none of the considered candidates can compensate for all the observed CB
angle. We also discussed the maximum contribution of the CB angle via CMB forward scattering by
different sectors of the dark matter.
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I. INTRODUCTION

Astrophysical observations of the past several decades
confirm that the majority of matter in the Universe consists
of dark matter (DM) [1–4]. Up to the present, several
attempts have been made to identify the physical properties
of the missing mass, including accelerator-based tech-
niques [5–8], direct detection [9–11], indirect search
experiments [7,12–14], and astroparticle approaches such
as studying their possible effects on the cosmic microwave
background (CMB) radiation [15–17]. However, despite
significant endeavors to determine its nature and properties,
the identity of DM is still shrouded in mystery in astronomy
and particle physics [18–20].
It seems that DM consists of nonrelativistic particles that

mainly interact gravitationally. In addition to gravitational

interactions, they may experience very weak interaction with
the standard model. Regarding the electromagnetic inter-
action, their coupling to photons is believed to be either
nonexistent or feeble. Nevertheless, an anomalous coupling
with photons has been proposed for some candidates of
DM which causes various phenomena in astrophysics and
cosmology, such as superradiance around rotating black
holes [21–23], x- or γ-ray emission from the decay of
DM [24–28], and cosmic birefringence (CB) [29–31].
The CB angle can be generated in parity-violating

interaction [32–34]. This angle measures the possible
rotation of the linear polarization plane for photons
propagating over large distances in the Universe. Among
all cosmic rays, CMB photons are an ideal target to probe
this effect for the following reasons: They are emitted at the
epoch of recombination, accurate prediction of their polari-
zation angular power spectra by the Λ cold DM (ΛCDM)
model is possible, and the CMB polarization is sensitive to
parity-violating phenomena. Indeed, it is conventional to
decompose the observed pattern of CMB polarization into
eigenstates of parity referred to as E and B modes whose
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correlations, which are zero in the standard scenario of
cosmology due to parity conservation, lead to CMB
birefringence.
Generally, CB can be considered a probe of physics

beyond the standard model of cosmology and elementary
particles which breaks Lorentz and CPT symmetry. For
instance, it provides a tantalizing hint for new physics of
axions. The interaction between CMB photons and axion-
like particles (ALPs) with various potentials occurring
during or after the recombination epoch could be accounted
for isotropic CB. For the quadratic and cosine potentials,
the lower bounds on some physical properties of ALPs
have been obtained using the observational value of
CB [33]. An axion with a linear potential that plays the
role of dark energy has been studied in [35], where an upper
bound has been placed on the axion decay constant using
the birefringence measurement and the constraint on the
equation of state for dark energy by Planck 2018 [36] and
the axion-photon coupling constant by Chandra.
There are several independent approaches for extracting

the birefringence angle; one such approach on which most
discussions of birefringence have focused is using EE, BB,
and EB power spectra [36–41]. However, this approach
has a fundamental problem. Since this effect degenerates
with an artificial rotation of polarization angles generated
by orientation miscalibration of polarimeters, it is not
possible to distinguish birefringence from the systematic
uncertainty of a miscalibration of the orientation angle. The
Galactic foreground emission is one way to deal with this
problem [42]. To this end, given that the miscalibration of
detector orientation changes the foreground and the CMB
spectra in the same way, one could use data at different
frequencies to separate birefringence from foreground and
calibration effects. Another independent method has been
proposed by authors in [43], based on which the birefrin-
gence angle is determined only by using CMB temperature,
E modes, and their cross-correlation. In addition to the
above methods, it has recently been found that parity-
violating forward scattering of the CMB in the presence of
scalar perturbation can lead to the CB effect. For instance,
the authors in [44] have shown that the weak interaction of
the CMB and cosmic neutrino background, in the order of
one loop forward scattering, can generate nonvanishing CB
in the presence of scalar perturbation whose value is at least
1 order larger than the CB angle reported by using Planck
data release. Therefore, other mechanisms resulting in
nonvanishing parity-violating forward scattering should
be taken into consideration to produce the CB [45–49].
Following the last mentioned approach, here, we intro-

duce the two new sources of CB, i.e., dipolar DM and
sterile neutrino DM. We show that the birefringence limit
from CMB observations enables us to constrain their
coupling to photons. In other words, the CB effect provides
a new tool to investigate the DM properties and open up a
new observational window to explore the nature of DM.

The rest of the paper is organized as follows: We present
a brief review of relativistic Boltzmann equations in Sec. II.
In Sec. III, we give a general discussion of CB. Then,
we choose dipolar DM and sterile neutrino DM as two
kinds of DM and study their interaction effects on the linear
polarization of the CMB which result in CB in Sec. IV.
In Sec. V, we present the summary and conclusion.

II. RELATIVISTIC BOLTZMANN EQUATIONS

The linear and circular polarizations of an ensemble of
photons described by Stokes parameters are the density
matrix components in the polarization space as follows:

ρ̂ij ≡ 1

2

�
I þQ U − iV

U þ iV I −Q

�
; ð1Þ

where I is the total intensity of radiation, U, Q, and V
describe the polarization intensity of photons and, for
unpolarized photons, Q ¼ U ¼ V ¼ 0. The linear polari-
zation of the photon is defined in terms of the Stokes
parameters Q and U, and parameter V indicates the net
circular polarization or the difference between left- and
right-circular polarization intensities.
The time evolution of the density matrix components

ρijðkÞ is given by the quantum Boltzmann equation as [50]

ð2πÞ3δ3ð0Þð2k0Þ d
dt

ρijðkÞ ¼ ih½H0
I ðtÞ;D0

ijðkÞ�i

−
1

2

Z
dth½H0

I ðtÞ;

× ½H0
I ðtÞ;D0

ijðkÞ��i; ð2Þ

whereH0
I ðtÞ is the first order of the interacting Hamiltonian

H0
I ðtÞ ¼ −

i
2

Z∞

−∞

dt0TfHðtÞ; Hðt0Þg; ð3Þ

in which T signifies a time-ordered product and H denotes
the interaction Hamiltonian which relates to the interaction
Hamiltonian density HðxÞ as follows:

HðtÞ ¼
Z

d3xHðxÞ: ð4Þ

Moreover, DijðkÞ≡ a†i ðkÞaiðkÞ is the photon number
operator. The first term on the right-hand side of Eq. (2)
is called the forward scattering term which is proportional
to the amplitude of the scattering, whereas the second one
is known as the higher order collision term, giving the
scattering cross section which is highly subdominant
compared with the first term.
Although the Stokes parameters I and V are independent

of the reference frame, Q and U are frame-dependent
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parameters. However, by introducing a set of linear
combinations of polarization parameters Q and U as Δ�

P ¼
Q� iU, one can find the reference frame-independent
parameters, where P stands for polarization. Accounting
for the scalar mode perturbation of the metric and using the
Thomson scattering of CMB photons by cosmic electrons,
the time evolution of the CMB radiation transfer is
governed by the following set of equations [51]:

d
dη

ΔS
I þ iKμΔS

I þ 4½ _Ψ − iKμΦ�

¼ _τe

�
−ΔS

I þ ΔS
I∘ þ iμvb þ

1

2
P2ðμÞΠ

�
; ð5Þ

d
dη

Δ�S
P þ iKμΔ�S

P ¼ _τe

�
−Δ�S

P −
1

2
½1 − P2ðμÞ�Π

�
; ð6Þ

where Ψ and Φ are the metric perturbations, vb is the
baryon bulk velocity, and

Π≡ ΔðSÞ
I2 þ ΔðSÞ

P2 þ ΔðSÞ
P0 : ð7Þ

The superscript “S” denotes the scalar metric perturbations,
and the CMB radiation transfer is described by the multipole
moments of temperature (I) and polarization (P) [52,53]

ΔS
I;Pðη; K; μÞ ¼

X∞
l¼0

ð2lþ 1Þð−iÞlΔS
I;Pl

ðη; KÞPlðμÞ; ð8Þ

where PlðμÞ is the Legendre polynomial of rank l,
μ ¼ n̂:K̂ ¼ cos θ, and θ is the angle between the CMB
photon direction n̂ ¼ k

jkj and the wave vectors K of the

Fourier modes of scalar perturbations (S). Besides, _τe ¼
anexeσT indicates the differential optical depth for Thomson
scattering in which σT is the Thomson cross section and aðηÞ
is the scale factor normalized to unity at present as a function
of conformal time (η). Electron density and ionization
fraction are denoted by ne and xe, respectively.
To study the polarization features of the CMB photons

in the context of cosmology, it is common to separate
the CMB polarization Δ�S

P ðη; K; μÞ into a curl-free part
(E mode) and a divergence-free part (B mode) as follows:

ΔS
Eðη0; K; μÞ≡ −

1

2

h
ð2ΔþS

P ðη0; K; μÞ þ ð2Δ−S
P ðη0; K; μÞ

i
;

ð9Þ

ΔS
Bðη0; K; μÞ≡ i

2

h
ð̄2ΔþS

P ðη0; K; μÞ − ð2Δ−S
P ðη∘; K; μÞ

i
;

ð10Þ

in which ð and ð̄ are spin raising and lowering operators,
respectively. One can obtain the value of ΔS

E;Bðn̂Þ at the

present time η0 and in the direction n̂ by summing over all
their Fourier modes K as follows [52,53]:

ΔS
E;Bðn̂Þ ¼

Z
d3KξðKÞe∓2iϕK;nΔS

E;Bðη0; K; μÞ; ð11Þ

where ϕK;n is the angle needed to rotate the K and n̂
dependent basis to a fixed frame in the sky. Moreover, it
should be mentioned that the negative sign is used for the E
mode and the positive sign is for the B mode. The random
variable ξðKÞ used to characterize the initial amplitude of
the mode satisfies

hξ�ðK1ÞξðK2Þi ¼ PSðKÞδðK1 −K2Þ; ð12Þ

where PSðKÞ is the initial power spectrum of the scalar
mode perturbation and the angle brackets h…i represent an
ensemble average over initial conditions. Finally, to char-
acterize the statistics of the CMB perturbations we need to
calculate the power spectra which is defined as the rota-
tionally invariant quantity as follows:

Cl
E;B ¼ 1

2lþ 1

X
m

ha�E;lmaB;lmi; ð13Þ

where aE;lm and aB;lm are the expansion coefficients of
ΔS

E;Bðn̂Þ in terms of spherical harmonics

ΔS
Eðn̂Þ ¼

X
lm

�ðlþ 2Þ!
ðl − 2Þ!

�
1=2

aE;lmYlmðn̂Þ;

ΔS
Bðn̂Þ ¼

X
lm

�ðlþ 2Þ!
ðl − 2Þ!

�
1=2

aB;lmYlmðn̂Þ: ð14Þ

Now, using Eq. (13) and by integrating Eqs. (11) and (12)
over the initial power spectrum of the metric perturbation,
we obtain the power spectrum for E and B modes as
follows;

ClðSÞ
E;B ¼ 1

2lþ 1

ðl − 2Þ!
ðlþ 2Þ!

Z
d3KPSðKÞ

×

����
X
m

Z
dΩY�

lmðn̂ÞΔS
E;Bðη0; K; μÞ

����
2

: ð15Þ

III. GENERAL DISCUSSION ABOUT CB

In the context of the standard model of cosmology, due
to the parity symmetry, E- and B-mode polarizations are
not correlated. However, if CMB photons experience
some sort of interaction that violates parity symmetry
and the Lorentz symmetry, the phase velocities of the
right- and left-hand helicity states of photons will differ
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and, therefore, the plane of linear polarization will rotate in
the sky by an angle β:

Q� iU ↦ ðQ� iUÞe�2iβ; ð16Þ

where the function β, called birefringence angle, character-
izes the amplitude of deviation from the standard model.
Hence, a part of E modes’ polarization transfers into
B-mode ones, and the EB-mode polarization will not be
zero. Such an effect could have left measurable imprints in
the CMB angular power spectra Cl’s. Indeed, the presence
of parity-violation interaction induces a rotation of the
CMB angular power spectra as follows:

CEE;l ¼ cos2ð2βÞC̄EE;l þ sin2ð2βÞC̄BB;l;

CBB;l ¼ cos2ð2βÞC̄BB;l þ sin2ð2βÞC̄EE;l;

CEB;l ¼ 1

2
sinð4βÞðC̄EE;l − C̄BB;lÞ; ð17Þ

where C̄EE;l is the standard E-mode power spectra, and
β ¼ 0.30°� 0.11° [68% confidence limits (C.L.)] is the
value of the CB angle reported by using Planck data release
[54]. As the above equations show, in the presence of
parity-violating interaction, space acts like a birefringent
material, and the cross-correlators EB turn on. In contrast,
by setting β ¼ 0, one can recover the standard results of the
CMB angular power spectra.

IV. DARK MATTER’S IMPACT
ON THE LINEAR POLARIZATION

Regarding the possible features of DM, various experi-
ments based on direct or indirect methods of detection have
been proposed to explore its properties. Here, we use the
CB effect as a way to indirectly examine the DM signa-
tures. The key point is that if the physics behind DM leads
to the parity symmetry violation assumed in the standard
model of cosmology, the linear polarization of the CMB
can rotate due to its coupling to this dark sector. This results
in a nonvanishing B mode and parity-violating EB corre-
lations. Taking into account this point, we consider two
kinds of DM, i.e., dipolar DM and sterile neutrino DM,
whose coupling to the photon would induce a rotation of
the polarization plane of the CMB, and try to study their
properties through CMB birefringence.

A. Dipolar dark matter

The effective Lagrangian for the coupling of the electro-
magnetic field Fμν with a Dirac fermion that possesses a
magnetic dipole momentM and an electric dipole moment
D is as follows:

LDDM ¼ −
i
2
ψ̄σμνðMþ γ5DÞψFμν; ð18Þ

where σμν is the commutator of two Dirac matrices,
σμν ¼ i

2
½γμ; γν�. Regarding Majorana fermions, only non-

zero transition multipole moments between different mass
eigenstates can be defined, and their interaction with
photons is described by [55,56]

LDDM ¼ −
i
2
ψ̄2σμνðM12 þ γ5D12Þψ1Fμν þ H:c:; ð19Þ

where M12 is a transition magnetic moment, and D12 is a
transition electric moment. This possible interaction
between photon and dipolar DM opens up a new window
to explore the features of this candidate of DM. Here, we
focus on the Majorana DM which interacts with CMB
photons via transition magnetic dipole moment and study
its properties using the CB effect of the CMB. To this end,
we consider two singlet Majorana fermions χ1 and χ2, with
mass splitting δ, which couple to photons by the magnetic
dipole interaction Lagrangian [57]

LDDM ¼ −
i
2
M12χ̄1σμνχ2Fμν þ H:c: ð20Þ

Assuming the singlet Majorana fermions to be the right-
handed neutrinos ðχ ¼ ψR þ ψc

RÞ, the Lagrangian (20)
casts into

LDDM ¼ −
i
2
M12ðψc

1σμνPRψ2Fμν þ ψ1σμνPLψ
c
2F

μνÞ
þ H:c:; ð21Þ

where PR ¼ 1
2
ð1þ γ5Þ, PL ¼ 1

2
ð1− γ5Þ, and ψc ¼ −iγ2ψ⋆.

The Feynman diagram corresponding to this interaction
at the lowest order is shown in Fig. 1. To investigate the
possible effects of this interaction on the CMB polarization
at the forward scattering level, one needs to calculate
h½H0

I ð0Þ; DijðkÞ�i which is obtained as [15]

ih½H0
I ð0Þ; DijðkÞ�i ¼ i

Z
dqnDMðx;qÞðδisρs0jðkÞ

− δjs0ρisðkÞÞð2πÞ3
× δð3Þð0ÞMjq0¼q;p0¼p¼k;r¼r0 ; ð22Þ

where dq≡ d3q
ð2πÞ3

mDM
q0 , ρss0 ðkÞ indicates the elements of the

CMB photon density matrix and nDMðx;qÞ is the number
density of DM. Moreover, M denotes the total Feynman

FIG. 1. The typical diagrams for photon-DM scattering.
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amplitude given by the following equation in the non-
relativistic limit:

M ¼ −M2
12

ð2k:qÞ2
ð2k:qÞ2 − ðm2

DM2
−m2

DM1
Þ2 ðk · ðϵ⃗s0 × ϵ⃗sÞ

− k0vðϵ⃗s0 × ϵ⃗sÞ · v̂Þ þ ð1 ↔ 2Þ; ð23Þ

where v ¼ jq⃗j=mDM denotes the velocity of DM and
ϵ⃗sðkÞ’s are the photon polarization vectors with s ¼ 1, 2
for two physical transverse polarizations of a free photon.
Considering the case that δ ¼ mDM2

−mDM1
≪ k0, (23)

can be estimated as follows:

M ≃ −M2
12k · ðϵ⃗s0 × ϵ⃗sÞ þ ð1 ↔ 2Þ; ð24Þ

where since the order of the second term is smaller
than the first one due to the presence of v, we ignore
the terms proportional to the DM velocity. Moreover, it is
important to note that in the case δ ≫ k0, the contri-
bution of the photon-dipolar DM scattering on the CMB
polarization will be suppressed as ðk0δ Þ2 compared with
the case δ ≪ k0, and therefore, we will not consider this
case for the rest of the paper (see Appendix A for more
details).
By substituting (24) in (22) and using (2), the time

evolution of the density matrix element can be written as

dρij
dt

¼ −iM2ðnDM1
ðxÞ þ nDM2

ðxÞÞðδisρs0jðkÞ
− δjs0ρisðkÞÞðϵ⃗s0 × ϵ⃗sÞ · k̂; ð25Þ

whereM2
12 ¼ M2

21 ¼ M2, k̂ ¼ k=k0 and the DM number
density nDMi

(i ¼ 1, 2) is

nDMi
ðxÞ ¼

Z
d3q
ð2πÞ3 nDMi

ðx;qÞ: ð26Þ

Since nDM1
ðxÞ þ nDM2

ðxÞ ¼ nDMðxÞ, (25) is reduced to

dρij
dt

¼ −iM2nDMðxÞðδisρs0jðkÞ − δjs0ρisðkÞÞðϵ⃗s0 × ϵ⃗sÞ · k̂;
ð27Þ

and, consequently, the Stokes parameters evolve as

dI
dt

¼ CI
eγ; ð28Þ

d
dt

ðQ� iUÞ ¼ C�
eγ ∓ i_τDMðQ� iUÞ; ð29Þ

dV
dt

¼ CV
eγ; ð30Þ

where CI
eγ ,CV

eγ, and C�
eγ show the contribution of Thomson

scattering [58] and _τDM is defined as follows:

_τDM ¼ M2

mDM
ρDM; ð31Þ

in which ρDM is the DM mass density. The second term in
the right-hand side of (29) shows that the photon-dipolar
DM forward scattering affects the time evolution of the
linear polarization of the CMB

d
dη

Δ�S
P þ iKμΔ�S

P ¼ _τe

�
−Δ�S

P −
1

2
½1 − P2ðμÞ�Π

�

∓ iaðηÞ_τDMΔ�S
P ; ð32Þ

which leads to the following equation of polarization
anisotropy:

d
dη

½Δ�S
P eiKμη�iτ̃DMþτ̃e � ¼ −

1

2
eiKμη�iτ̃DMþτ̃e _τe½1 − P2ðμÞ�Π;

ð33Þ
where

τ̃DMðη; μÞ≡
Z

η

0

dηaðηÞ_τDM; τ̃eðηÞ≡
Z

η

0

dηaðηÞ_τe:

ð34Þ

After calculation ofΔ�S
P and using (9) and (10), the E-mode

and B-mode polarizations produced through the dipolar
DM-photon interaction will be obtained as follows:

ΔS
Eðη0; K; μÞ ¼ −

3

4

Z
η0

0

dηgeðηÞΠðη; KÞ∂2μ
× ½ð1 − μ2Þeixμ cos τDM�; ð35Þ

ΔS
Bðη0; K; μÞ ¼ 3

4

Z
η0

0

dηgeðηÞΠðη; KÞ∂2μ
× ½ð1 − μ2Þeixμ sin τDM�; ð36Þ

where x ¼ Kðη0 − ηÞ and geðηÞ≡ _τee−τe is the visibility
function of the electron and describes the probability that a
photon scattered at epoch η reaches the observer at the
present time, η0 [59]. Finally, the power spectrum of the E
and B modes will be obtained by integrating over the initial
power spectrum of the metric perturbation as

CðSÞ
EE;l

���
DM

¼ ð4πÞ2 ðlþ 2Þ!
ðl − 2Þ!

Z
d3KPSðKÞ

×

�
3

4

Z
η0

0

dηgeðηÞΠðK; ηÞ jlðxÞ
x2

cosðτDMÞ
�
2

;

ð37Þ
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CðSÞ
BB;l

���
DM

¼ ð4πÞ2 ðlþ 2Þ!
ðl − 2Þ!

Z
d3KPSðKÞ

×

�
3

4

Z
η0

0

dηgeðηÞΠðK; ηÞ jlðxÞ
x2

sinðτDMÞ
�
2

:

ð38Þ

Moreover, the cross-power spectrum will be as follows:

CðSÞ
EB;l

���
DM

¼ ð4πÞ2
4

ðlþ 2Þ!
ðl − 2Þ!

Z
d3KPSðKÞ

×

�
3

4

Z
η0

0

dηgeðηÞΠðK; ηÞ jlðxÞ
x2

sinð2τDMÞ
�
2

:

ð39Þ

Since the standard E mode coming from the Compton

scattering in the CMB, i.e., CðSÞ
EE;l, is

C̄ðSÞ
EE;l

���
DM

¼ ð4πÞ2 ðlþ 2Þ!
ðl − 2Þ!

Z
d3KPSðKÞ

×

�
3

4

Z
η0

0

dηgeðηÞΠðK; ηÞ jlðxÞ
x2

�
2

; ð40Þ

Eqs. (37)–(39) can be approximated as follows:

CðSÞ
EE;l

���
DM

≅ cos2ðτDMÞC̄ðSÞ
EE;l;

CðSÞ
BB;l

���
DM

≅ sin2ðτDMÞC̄ðSÞ
EE;l;

CðSÞ
EB;l

���
DM

≅
1

4
sin2ð2τDMÞC̄ðSÞ

EB;l: ð41Þ

The term τDM is the effective opacity of DM produced by
the DM-photon interaction from the last scattering surface
to the present time and is determined by (31) and (34). It is
more convenient to express Eq. (34) in terms of the redshift
z which will be as follows:

τDMðzÞ ¼
M2

mDM
ρ0DM

Z
z

0

dz0
ð1þ z0Þ2
Hðz0Þ : ð42Þ

To arrive at the above equation, we used

ρDM ¼ ρ0DMð1þ zÞ3; ð43Þ

where ρ0DM is the mass density of DM in the present time
and

adη ¼ −
dz

HðzÞð1þ zÞ ; ð44Þ

where HðzÞ is the Hubble parameter. Making use of the
Friedmann equation in the matter dominated era

H2

H2
0

¼ Ω0
Mð1þ zÞ3 þ Ω0

Λ; ð45Þ

the effective opacity (42) becomes

τDM ¼ M2

mDM
ρ0DM

2Hðz0Þ
3Ω0

MH
2
0

����
z0¼z

z0¼0

; ð46Þ

where H0 ¼ ð67.4� 0.5Þ km s−1 Mpc−1, Ω0
M ¼ 0.315�

0.007, Ω0
Λ ≈ 0.69 [60]. The redshift dependence of the

above equation indicates that the maximum value of τDM
occurs near the last scattering surface and its approximate
value is as follows:

τ̃DM ≈ 4.6 × 1025
�

M
e cm

�
2
�
GeV
mDM

�
;

�
ρ0DM

2.5 × 10−30 g=cm3

��
z0

103

�
: ð47Þ

Now, using the equation between the CB angle β and the
maximum value of the effective opacity [44]

β ≈
1

2
τ̃DM; ð48Þ

we can estimate the contribution of the dipolar DM
interaction with the photon in producing the CB effect. For
instance, the CB angle of the CMB due to the interaction
with dipolar DM whose mass is around 1 MeV will be
approximated as

βjDM ≈ 2.0 × 10−3 rad

�
M

3 × 10−16e cm

�
2
�
10−3 GeV

mDM

�
:

ð49Þ

Considering the value of the CB angle reported by using the
Planck data, β ¼ 0.30°� 0.11° (68% C.L.) [54], we realize
that dipolar DM with the mentioned properties can approx-
imately compensate for about ð40� 13Þ% of the CB angle
of the CMB, where the uncertainty originates from the
uncertainty on β. It is important to note that the chosen
values for mass and magnetic moment in Eq. (49) are
threshold values, which means that according to cosmo-
logical constraints, the mass of dipolar DM must be larger
than 1 MeV [61], and also based on the reported results
concerning the magnetic moment of DM, the value of this
quantity is approximately less than 10−15e cm (see Fig. 2).
Therefore, using relations Eqs. (47) and (48), one can easily
find that with the increase in mass and decrease in coupling
constant, the contribution of this type of DM on the
generation of the CB effect will be less, and hence, it
can contribute to producing CB up to the mentioned value
at most.
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Another perspective that we can follow concerning this
issue is putting a constraint on the magnetic dipole moment
depending on the mass of DM particles. In this regard, by
combining Eqs. (47) and (48),

M ≈
�

1

2.3 × 1025

�
1=2 ffiffiffi

β
p

e cm

�
mDM

1 GeV

�
1=2

; ð50Þ

and substituting the value of the CB angle reported by using
the Planck data release, β ¼ 0.30°� 0.11° (68% C.L.), the
following constraint will be placed on the phase parameters
of the dipolar DM:

M ≤ ð1.4� 0.23Þ × 10−14 e cm

�
mDM

1 GeV

�
1=2

; ð51Þ

where the uncertainty onM originates from the uncertainty
on β, i.e.,

ΔM ≈
�

β

2.3 × 1025

�
1=2Δβ

2β
e cm

�
mDM

1 GeV

�
1=2

: ð52Þ

For instance, our results put a bound on the magnetic
dipole moment aboutM≤ ð7� 1.1Þ×10−16 ecm for dipo-
lar DM particles whose mass is aroundmDM ≈ 3 MeV. The
full mass dependence of this result is shown in Fig. 2. This
figure is originally based on the constraints on the dipolar
DM parameter space that come from some theoretical and
experimental research and are adapted from [7]. The viable
Dirac dipolar DM must lie in the shaded blue region, below
the solid lines, and outside the long-dashed lines (see [7] for
more detail). The shaded pink region is the region excluded
from the dipolar DM parameter space by the CB results.
It is important to mention that the result obtained from
considering the CB effect is related to Majorana dipolar
DM particles, while other results are dedicated to Dirac
dipolar DM. Indeed, we put a constraint on the sub-GeV
Majorana dipolar DM through the CB effect of the CMB
photons. It is also notable that the constraints obtained on
Majorana dipolar DM, including the constraints that come
from the direct detection experiments [55], study DM
particles whose mass is around GeV or higher, while the
constraint that we obtain here is regarding the sub-GeV DM
particles. Before ending this section, it is worth mentioning
that although an experiment like W boson mass excludes
the sub-GeV Dirac dipolar DM with a magnetic moment
larger than 7 × 10−16 e cm, part of this region will be
accessible for Majorana dipolar DM based on the CB effect
of the CMB.

B. Sterile neutrino dark matter

The existence of the right-handed sterile neutrinos is
elegantly formulated in the seesaw model. In the frame-
work of the type-I seesaw model, the SM is extended by at
least two heavy sterile neutrino singlets νiR (i indicates the
generation) which mix with the SM neutrinos through a
mixing angle θ and form the neutrino physical states as
follows:

N ¼ V†
NνR þ U†

Nθν
c
L þ H:c:;

and ν ¼ V†
ννL −U†

νθνcR þ H:c:; ð53Þ

where V, θ, and U contain information about the mixing
angle [17]. Indeed, Vν is the usual neutrino mixing matrix
connecting the observed light mass eigenstates to the active
flavor eigenstates:

Vν ≡
�
1 −

1

2
θθ†

�
Uν; ð54Þ

and Uν is the unitary part of the neutrino mixing
matrix [62]. Meanwhile, the corresponding parameters

FIG. 2. Dipolar DM parameter space ½m;M�. The shaded blue
region is the place where the viable Dirac candidates must lie in,
below the solid lines and outside the long-dashed lines. The short-
dashed relic abundance curve, which is obtained by considering
the standard freeze-out, indicates where the DM would meet
a cosmological density Ωh2 ¼ 0.135, assuming no particle-
antiparticle asymmetry, and no interactions with standard-
model particles except the dipole coupling to photons. Note
that the EGRET and GLAST curves constrain the combination
ðD4 þM4Þ1=4; the perturbative and unitarity curves apply to the
stronger of ðD;MÞ, while all other curves restrict ðD2 þM2Þ1=2
(see [7] for more detail). The plot of cosmic birefringence
constrains M. The shaded pink region is the area excluded from
the dipolar DM parameter space by the results of CB for the
Majorana dipolar DM. Moreover, the pale pink area marked by
the dashed-dotted line represents the uncertainty in the upper
limit obtained due to this effect.
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in the sterile sector are VN and UN, and the active-sterile
mixing angle is

Θ≡ θU⋆
N : ð55Þ

In the SM, neutrinos interact with other particles only via
the weak interaction,

−
gffiffiffi
2

p νlLγ
μlLWþ

μ −
gffiffiffi
2

p lLγμνlLW−
μ −

g
2 cos θW

νlLγ
μνlLZμ;

ð56Þ

where g is the gauge coupling constant, θW stands for the
Weinberg angle, l ¼ e, μ, τ, and νlL denotes the flavor state
of left-handed SM neutrinos. Using Eq. (53), one can
express the neutrino flavor eigenstates (νL) in terms of
neutrino physical states, i.e., νL ¼ Vννþ ΘN, and there-
fore, in the most general form, the mass eigenstate sterile
neutrinos (N) can interact with the SM particles through the
mixing angle as follows [62]:

L ⊃
X
l

−
gffiffiffi
2

p N̄Θ†γμlLWþ
μ −

X
l

gffiffiffi
2

p l̄LγμΘNW−
μ

−
g

2 cos θW

N̄Θ†γμνlLZμ −
g

2 cos θW

ν̄lLγ
μΘNZμ

−
gffiffiffi
2

p MN

mW

Θhν̄lLN −
gffiffiffi
2

p MN

mW

Θ†hN̄νlL ; ð57Þ

where h is the physical Higgs field, MN denotes the mass of
the sterile neutrino, and mW stands for the mass of the W
boson. Note that depending onmodels and the sterile neutrino
production mechanism, and considering the astrophysical
constraints, one can find different bounds on the mixing
angle. For instance, some considerations which predict active
generation of such particles in the early Universe constrain
θ2 ≪ 10−8 from the total DM relic density and the absence of
an x-ray signal from sterile neutrino decay [62,63]. However,
regarding some models with a hidden sector coupled to the
sterile neutrino, these bounds can be extended to θ2 ≤ 10−1

from the total DM relic density [64].
Based on some reports regarding the Galaxy phase space

density, Universal Galaxy surface density, and the DM
density, the mass eigenstate sterile neutrinos (N) can be fit
to a warm DM scenario [65]. Here, we study the CB of the
CMB due to its interaction with sterile neutrino DM. In
the context of the seesaw model, photons can scatter from
sterile neutrinos at a one-loop level with a lepton (or
antilepton) and weak gauge bosons propagating in the loop.
As the authors have shown in [17], the sterile neutrino-
CMB interaction given by Fig. 3 can affect the CMB
polarization features and modify the power spectrum of the
B-mode polarization. Indeed, to examine the effects of
the photon-sterile neutrino interaction on the polarization
of the CMB photons, we take (57) and (2) into account to
find the time evolution of the density matrix components as
follows (see Appendix B for more detail) [17]:

d
dt

ρijðkÞ ¼ −
ffiffiffi
2

p

12πk0
αθ2GF

Z
dqðδisρs0jðkÞ − δjs0ρisðkÞÞfDMðx;qÞūrðqÞð1 − γ5Þðq · ϵs=ϵs0 þ q · ϵs0=ϵsÞurðqÞ

þ
ffiffiffi
2

p

24πk0
αθ2GF

Z
dqðδisρs0jðkÞ − δjs0ρisðkÞÞfDMðx;qÞūrðqÞð1 − γ5Þ=kð=ϵs0=ϵs − =ϵs=ϵs0 ÞurðqÞ; ð58Þ

where ϵsðkÞ with s ¼ 1, 2 are the photon polarization four-
vectors of two physical transverse polarizations, while
urðqÞ and vrðqÞ are the Dirac spinors. Furthermore, fDM
denotes the distribution function of DM, and GF and α
are the Fermi coupling constant and electromagnetic fine
structure constant, respectively. One can reconstruct the
Stokes parameters through the density matrix elements and
using the following identities:

σμνγα ¼ −iðδμαγν þ δναγμ þ ϵμναλγ
λγ5Þ;

ūrðqÞγμurðqÞ ¼ 2
qμ

mDM
;

ūrðqÞγμð1� γ5ÞurðqÞ ¼ 2
qμ

mDM
; ð59Þ

where the completely antisymmetric alternating symbol
ϵμναλ is equal to þ1 for (μ, ν, α, λ) an even permutation of

(0, 1, 2, 3), is equal to −1 for an odd permutation, and
vanishes if two or more indices are the same. Consequently,
reconstruction of the Stokes parameters shows that this
interaction can affect the evolution of the linear polarization
of the CMB as follows:

d
dη

Δ�ðSÞ
P þ iKμΔ�ðSÞ

P ¼ C�
eγ ∓ iaðηÞ_τDMΔ�

P ; ð60Þ

in which _τDM considered for the contribution of the photon-
sterile neutrino scattering can be obtained as

_τDM ¼
ffiffiffi
2

p

3πk0mDM
αGFθ

2

Z
dqfDMðx;qÞðεμνρσϵμ2ϵν1kρqσÞ;

ð61Þ

where it can be reduced to
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_τDM ¼
ffiffiffi
2

p

3πk0mDM
αGFθ

2

Z
dqfDMðx;qÞ

× ½q0k · ðϵ1 × ϵ2Þ þ k0q · ðϵ1 × ϵ2Þ�

¼
ffiffiffi
2

p

3π
αGFθ

2nDM½1þ hvi · ðϵ1 × ϵ2Þ�

≈
ffiffiffi
2

p

3π
αGFθ

2nDM; ð62Þ

where k · ðϵ1 × ϵ2Þ ¼ jkj, the DM number density

nDM ¼ R d3q
ð2πÞ3 fDMðx;qÞ, and hvi is the average velocity

of DM particles. Since the average velocity of DM is small,
the dominated contribution of this scattering to photon
polarization comes from the first term, and thus we ignore
the term including hvi.
Using (34), (44), and (45), we arrive at the following

equation for the effective opacity τDM:

τDM ¼
ffiffiffi
2

p

3πmDM
αGFθ

2ρ0DM
2Hðz0Þ
3Ω0

MH
2
0

����
z0¼z

z0¼0

; ð63Þ

where we have used the fact that ρDM ¼ ρ0DMð1þ zÞ3 in
which ρ0DM is the mass density of DM in the present time.
Now, we try to make an estimate of the maximum value
τDM near the last scattering which leads to the following
equation:

τ̃DM ≈ 3 × 10−9θ2
�
GeV
mDM

��
ρ0DM

10−47 GeV4

��
z0

103

�
: ð64Þ

Hence, the CB angle of the CMB due to the interaction with
the sterile neutrinos can be approximated as

β ≈ 1.5 × 10−9θ2
�
GeV
mDM

�
: ð65Þ

Before proceeding, it is worth discussing the approxi-
mate CB angle which can be caused by this sort of
interaction. Since according to some cosmological con-
straints, the mass of sterile neutrinos must be larger than
100 eV [62] and based on the reported results regarding the
mixing angle, the value of this quantity is approximately
less than 10−3, we come to the conclusion that by

considering the value of the CB angle, β¼ 0.30°� 0.11°,
around ð0.30� 0.10Þ% of the CB angle can be caused by
the interaction with the sterile neutrino DM (if it exists).
Moreover, using the mentioned value reported for the CB
by the Planck Collaboration, one can put a constraint on the
parameter space of the sterile neutrino DM:

θ2 ≤ ð3.3� 1.1Þ ðradÞ2
�

mDM

1 KeV

�
: ð66Þ

The parameter space of the sterile neutrino DM ½m; sin2 θ�
is depicted in Fig. 4. This figure, adapted from [66], is
originally based on the summary of astrophysical con-
straints on the parameter space,mst − θ plane, for the sterile
neutrino DM. As this figure shows, the constraint on the
sterile neutrino parameter space due to the CB effect is
placed in the region that has already been excluded by the
x-ray experiment. However, we should point out that
the values of mass (mDM) and the mixing angle (θ) could
depend on cosmological production scenarios. In fact, one

FIG. 4. The constraints on the sterile neutrino DM parameter
space assuming a standard cosmology below the temperature
when neutrino oscillations occur are adapted from [66]. The
shaded brown region is the area excluded by the CB effect of
the CMB.

FIG. 3. The representative Feynman diagrams represent the photon-sterile neutrino scattering, where l ¼ e, μ, τ and l̄ indicates the
antiparticle of l.
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of the most important issues of sterile neutrinos is to
address the question of how they have been produced in the
early Universe. Generally, sterile neutrinos can be produced
by neutrino oscillation in the primordial plasma via a tiny
active-sterile neutrino mixing angle θ, as first described
by Dodelson and Widrow (DW) [65]. Various current
astrophysical observations impose severe constraints on
the sterile neutrino DM which is generated by the DW
mechanism [67–74]. Meanwhile, more complex mecha-
nisms for the production of DM, such as the Shi-Fuller
mechanism [75] which describes resonant oscillation pro-
duction or other nonthermal production mechanisms
including the decay of an extra-singlet scalar [76,77],
and scatterings through new mediators in the thermal bath
without reaching thermal equilibrium [78–81], have been
proposed.
Before ending this section, we emphasize that if the

production mechanism of the sterile neutrino DM is based
on the DW mechanism, the area excluded by the results of
the CB effect is placed in the region that was already ruled
out by the x-ray experiment. However, if sterile neutrinos
are produced through other mechanisms, masses less than
1 KeV and mixing angles larger than 10−4 are allowed;
therefore, the constraint obtained from the results of the CB
effect is a new constraint and excludes part of those areas.
As a final point, it is worth mentioning that, here, we

considered sterile neutrino DM in the context of the seesaw
model. However, it is possible to introduce the right-handed
sterile neutrinos as the DM candidates which can be
coupled effectively to the SM particles through the right-
handed current interactions with the SM intermediate gauge
bosons [82–85]. Indeed, this model was motivated by the
parity symmetry reconstruction at high energies without
any extra gauge bosons. These sort of DM candidates might
also be considered as a new source of CB which is under
investigation as a future work.

V. CONCLUSION

We examined whether the existence of the CB angle of
CMB photons could be used as a tool to study the nature
and properties of DM. To this end, we considered two types
of DM candidates, i.e., dipolar and sterile neutrino DM, and
calculated the forward scattering contribution to investigate
the CMB polarization effects on DM properties. We found
that the interaction of those probable DM candidates and
CMB photons results in generating the B-mode polariza-
tion patterns and, consequently, produces the CMB CB
effect. Using the birefringence angle reported by using the
Planck data release, we discussed the properties of the
mentioned candidates of DM, and the results are as follows:
(1) Calculations performed regarding the dipolar DM

showed that this DM candidate can contribute to
generate a part of the CB effect of the CMB.
Moreover, from another point of view, we used

the reported CB angle of the CMB to put a new
constraint on its electromagnetic coupling and mass,
i.e.,M=10−15e:cm ≈ 10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDM=GeV

p
, which means

that for dipolar DM particles whose mass is about
mDM ≈ 3 MeV, the magnetic dipole moment will be
around M ≤ ð7.6� 1.1Þ × 10−16e cm. For further
clarification, we provided Fig. 2 in which the full
mass dependence of the result has been illustrated.
Note that this figure is originally adapted from
Ref. [7] and we added our result to it. Indeed, we
put a constraint on the sub-GeV Majorana dipolar
DM through the CB effect of the CMB photons. It is
also notable that the constraints obtained on Major-
ana dipolar DM, including the constraints that come
from the direct detection experiments [55], study
DM particles whose mass is around GeVand higher,
while the constraint that we obtain here is concern-
ing the sub-GeV DM particles.

(2) In the case of the sterile neutrino DM, we found that
this sort of DM candidate can also contribute to
produce a part of the CB angle of the CMB. Further-
more, by using the reported CB angle of the CMB,
the mixing angle θ2 and mass of the sterile neutrino
are constrained as θ2 ≈ ð3.3� 1.1Þ ðradÞ2 mDM

KeV. It
seems that this constraint has already been excluded
by some experiments such as x-ray experiment,
which explains the exclusion based on the DW
mechanism of sterile neutrino production. However,
it should be pointed out that the values of mass
(mDM) and the mixing angle (θ) could depend on
the cosmological production scenarios. Besides the
DW mechanism, more complex mechanisms for the
production of DM, such as the Shi-Fuller mecha-
nism or other nonthermal production mechanisms
including the decay of an extra singlet scalar, and
scatterings through new mediators in the thermal
bath without reaching thermal equilibrium, have
been proposed. It is notable that the importance of
our result depends on the sterile neutrino production
mechanism; if the production mechanism of the
sterile neutrino DM is based on the DW mechanism,
the area which is excluded by the results of the CB
effect is placed in the region that has already been
ruled out by the x-ray experiment. Meanwhile, if
sterile neutrinos are produced through other mech-
anisms, masses less than 1 KeV and mixing angles
larger than 10−4 are allowed, and, therefore, the
constraint obtained from the results of the CB effect
is a new constraint and excludes part of those areas.
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APPENDIX A: STUDYING THE CONTRIBUTION
OF THE PHOTON-DIPOLAR DM SCATTERING

ON THE CMB POLARIZATION
IN THE CASE δ ≫ k0

In this Appendix, we are going to calculate the con-
tribution of the photon-Majorana dipolar DM forward
scattering in the case δ ≫ k0. In this case, Eq. (23) can
be estimated as follows:

M ≃M2
12

ð2k · qÞ2
ðm2

DM2
−m2

DM1
Þ2k · ðϵ⃗s0 × ϵ⃗sÞ þ ð1↔ 2Þ: ðA1Þ

Working in the nonrelativistic limit (q ≈mDM) and assum-
ing mDM1

to be the same order of mDM2
, one will arrive at

the following relation:

M ≃M2
12

�
k0

δ

�
2

k · ðϵ⃗s0 × ϵ⃗sÞ þ ð1 ↔ 2Þ: ðA2Þ

For the cases in which k0 ≪ δ ≪ mDM, ðmDM1
≈mDM2

≈
mDMÞ, and after some calculation, one can find the
evolution of the Stokes parameters similar to (28)–(30)
except that _τDM is defined as follows:

_τDM ¼
�
k0

δ

�
2 M2

mDM
ρDM: ðA3Þ

The above relation clearly shows that the contribution of
the photon-dipolar DM scattering on the CMB polarization
will be suppressed as ðk0δ Þ2 compared to the case δ ≪ k0,
and therefore, we will not consider this case in this paper.

APPENDIX B: CALCULATION OF TIME
EVOLUTION OF THE DENSITY MATRIX
COMPONENTS VIA PHOTON-STERILE

NEUTRINO INTERACTION

This Appendix aims to calculate the time evolution of the
density matrix components due to the forward scattering of
the photon-sterile neutrino interaction. To this end, we use
the seesaw Lagrangian given in (57) to find the types of
possible interactions between sterile neutrinos and photons.
Indeed, the dominant interaction comes from the scattering
of photons from sterile neutrinos at a one-loop level with a
lepton and weak gauge bosons propagating in the loop.
Representative relevant Feynman diagrams are shown
in Fig. 3.
Fourier transformations of the electromagnetic free

gauge field Aμ and Majorana fermion field NðxÞ, which

are self-conjugate, are as follows

AμðxÞ¼
Z

d3k
ð2πÞ32k0

h
asðpÞϵsμðkÞe−ik:xþa†sðkÞϵ�sμðkÞeik:x

i
;

ðB1Þ

NðxÞ¼
Z

d3q
ð2πÞ3

mDM

q0

h
brðqÞurðqÞe−iq·xþb†rðqÞvrðqÞeiq·x

i
;

ðB2Þ

where ϵsμðpÞwith s ¼ 1, 2 are the photon polarization four-
vectors of two physical transverse polarizations while urðqÞ
and vrðqÞ are the Dirac spinors. The creation a†sðkÞ (b†rðqÞ)
and annihilation asðkÞ (brðqÞ) operators respect the follow-
ing canonical commutation (anticommutation) relations:

½asðkÞ; a†s0 ðk0Þ� ¼ ð2πÞ32k0δss0δð3Þðk − k0Þ;

fbrðqÞ; b†r0 ðq0Þg ¼ ð2πÞ3 q0

mDM
δrr0δ

ð3Þðq − q0Þ: ðB3Þ

Making use of Eqs. (3), (57), and the above relations, one
can find that the leading-order interacting Hamiltonian for
the scattering represented in Fig. 3 can be expressed by the
following scattering amplitude:

H0
I ðtÞ ¼

Z
dqdq0dkdk0ð2πÞ3δð3Þðq0 þ k0 − q − kÞ

× expði½q00 þ k00 − q0 − k0�Þ½b†r0 ðq0Þa†s0 ðk0Þ
×MtotðNγ → NγÞasðkÞbrðqÞ�; ðB4Þ

with dq≡ d3q
ð2πÞ3

DM
q0 , dk≡ d3k

ð2πÞ3
1
2k0, and the total amplitude

Mtot can be obtained from the sum of all Feynman diagrams
in Fig. 3, as follows:

Mtotðq0r0;k0s0;qr;ksÞ≡M1ðq0r0;k0s0;qr;ksÞ
þM2ðq0r0;k0s0;qr;ksÞ
−M3ðq0r0;k0s0;qr;ksÞ
−M4ðq0r0;k0s0;qr;ksÞ; ðB5Þ

where M3;4ðq0r0;k0s0;qr;ksÞ are, respectively, the
Hermitian conjugates of M1;2ðq0r0;k0s0;qr;ksÞ and have
been contributed from antiparticles in the loops as follows:

M1ðq0r0;k0s0;qr;ksÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lūr0 ðq0Þγαð1 − γ5ÞSFðlþ k − k0Þ=ϵs0 ðk0ÞSFðkþ lÞ=ϵsðkÞ

× SFðlÞγβð1 − γ5ÞurðqÞDFαβ
ðq − lÞ; ðB6Þ
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M2ðq0r0;k0s0;qr;ksÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lūr0 ðq0Þγαð1 − γ5ÞSFðlþ k − k0Þ=ϵsðkÞSFðl − k0Þ=ϵs0 ðk0Þ

× SFðlÞγβð1 − γ5ÞurðqÞDFαβ
ðq − lÞ; ðB7Þ

M3ðq0r0;k0s0;qr;ksÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lv̄rðqÞγαð1þ γ5ÞSFð−lÞ=ϵsðkÞSFð−k − lÞ=ϵs0 ðk0Þ

× SFðk0 − k − lÞγβð1þ γ5Þvrðq0ÞDFαβ
ðl − qÞ; ðB8Þ

and

M4ðq0r0;k0s0;qr;ksÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lv̄rðqÞγαð1þ γ5ÞSFð−lÞ=ϵs0 ðk0ÞSFðk0 − lÞ=ϵsðkÞ

× SFðk0 − k − lÞγβð1þ γ5Þvr0 ðq0ÞDFαβ
ðl − qÞ; ðB9Þ

where SF denotes the fermion propagator, the indices r, r0, and s, s0 stand for the sterile neutrino and photon spin states,
respectively. Now, in order to calculate the forward scattering term in (2), one should find the commutator ½H0

I ðtÞ; D0
ijðpÞ�,

and then evaluate the expectation value h½H0
I ðtÞ; D0

ijðpÞ�i according to the following operator expectation value:

hb†r0iðq
0ÞbrjðqÞi ¼ ð2πÞ3δ3ðq − q0Þδrr0δij

1

2
fDMðx;qÞ: ðB10Þ

In this regard, one can substitute (B5)–(B9) into (B4) and then (2) to find the time evolution of the density matrix
components which is obtained as follows:

d
dt

ρijðkÞ ¼ −
ffiffiffi
2

p

12πk0
αθ2GF

Z
dqðδisρs0jðkÞ − δjs0ρisðkÞÞfDMðx;qÞūrðqÞð1 − γ5Þðq · ϵs=ϵs0 þ q · ϵs0=ϵsÞurðqÞ

þ
ffiffiffi
2

p

24πk0
αθ2GF

Z
dqðδisρs0jðkÞ − δjs0ρisðkÞÞfDMðx;qÞūrðqÞð1 − γ5Þ=kð=ϵs0=ϵs − =ϵs=ϵs0 ÞurðqÞ: ðB11Þ
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