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We explain how spin alignment of vector mesons can be induced by background fields, such as
electromagnetic fields or soft gluon fields. Our study is based on the quantum kinetic theory of spinning
quarks and antiquarks and incorporates the relaxation of the dynamically generated spin polarization. The
spin density matrix of vector mesons is obtained by quark coalescence via the Wigner function and kinetic
equation. Our approach predicts a local spin correlation that is distinct from the nonlocal expressions
previously obtained in phenomenological derivations. We estimate the magnitude of such local
correlations in the glasma model of the preequilibrium phase of relativistic heavy ion collisions. It is
found that the resulting spin alignment could be greatly enhanced and may be comparable to the
experimental measurement in order of magnitude. We further propose new phenomenological scenarios
to qualitatively explain the transverse-momentum and centrality dependence of spin alignment in a
self-consistent framework.
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I. INTRODUCTION

Strongly interacting matter produced in the peripheral
collisions of two heavy nuclei at the relativistic energies
carries a huge orbital angular momentum transferred by the
two colliding nuclei. Due to spin-orbit coupling a part of
such an initial orbital angular momentum can be trans-
formed into the spin part which may lead to the spin
polarization of emitted particles [1–4]. Indeed, a nonzero
global and local spin polarization of hadrons has been
measured by the STAR Collaboration [5,6] at BNL, ALICE
Collaboration at CERN [7], and HADES Collaboration [8].
Theoretically, relativistic hydrodynamic predictions based
on global thermodynamic equilibrium formula, which
connects the mean spin pseudovector of a fermion with
four-momentum to the thermal vorticity [9–13], can suc-
cessfully explain the experimentally measured global
polarization of Λ hyperons [11,12,14–18].
However, predictions for the local spin polarization, i.e.

the momentum dependence of the longitudinal spin polari-
zation [12,19], disagree with the measured values [6]. This
result has triggered further developments in the theoretical
studies related to proper understanding of the origin of spin
polarization and spin transport in relativistic heavy ion
collisions [20–36]. These investigations mainly explore
the possible role of symmetric gradients of hydrodynamic
variables known as the thermal shear [20,22,23] and
of gradients of chemical potential [20,21] and spin potential
[37]. See recent reviews [38,39] for further references about
spin polarization. More recently, several studies performed
with thermal shear corrections in local equilibrium indicated

that the agreement with the local spin polarization data can
only be achieved if the temperature gradients in thermal
vorticity and shear are neglected [40] or if the mass of the Λ
hyperon is replaced with the constituent strange quark
mass [41,42].
In addition to spin polarization measurements, experi-

mental studies of the spin alignment of vector mesons have
been performed [43–46]. The spin alignment is characterized
by the deviations of the (00) component of the spin
density matrix ρ00 from its equilibrium value 1=3 [47,48].
Measurements indicate that the spin alignment is much
larger than predictions based on the assumption of thermal
equilibrium [49,50] and the spin coalescence model [1,51].
Furthermore, spin alignment values strongly vary with
collision energy and with the flavors of the quark and
antiquark that form the vector mesons. At LHC energies [43]
values ρ00 < 1=3 for global spin alignment is observed for
both ϕ and K�0 mesons at small transverse momenta, while
at RHIC energies [46], ρ00 > 1=3 for ϕ and ρ00 ≈ 1=3 for
K�0 were found. There have been also recent measurements
associated with the spin alignment of J=ψ [44]. This
puzzling behavior has motivated the development of alter-
native mechanisms for the formation of spin alignment. In
spite of substantial theoretical efforts [52–62], this issue
remains an open question.
In one of the approaches [55,56] based on the quantum

kinetic theory (QKT) for the spin-1=2 fermions [63–73] (see
also a recent review [39] and references therein) with the
inclusion of color degrees of freedom, it was shown that
the turbulent color fields occurring in weakly coupled
anisotropic quark-gluon plasmas (QGP) could dynamically
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generate spin polarization of quarks and lead to ρ00 < 1=3
for spin alignment of ϕ mesons at small transverse
momentum. (A similar mechanism [74] could also induce
a jet polarization in anisotropic QGP.) In QKT, such a
dynamical source term expressed in terms of coherent color
fields could capture early-time effects and result in spin
polarization at freeze-out, whereas collisions at late time
could lead to suppression of such early-time effects by
means of relaxation or enhancement by quantum corrections
from gradient terms such as vorticity [28,29,71–73,75–78].
Although Weibel-type instabilities [79–81] can be one of

the sources for generation of the color fields in an expanding
QGP, our focus here is on the color fields [82] arising from
the glasma phase [83,84] that is thought to precede the
formation of QGP. The glasma phase is commonly
described by the color glass condensate (CGC) effective
theory [85–89]. Notably, such color fields are not effective
in creating a nonzero spin polarization due to their fluctuat-
ing properties [90], but they can contribute to spin corre-
lations of quarks and antiquarks that lead to spin alignment
of vector mesons [90].
In this paper, we reexamine the spin alignment of vector

mesons arising from the color fields in the glasma using
newly derived equation for the ρ00 component of spin
density matrix from the vector-meson kinetic equation in the
quark-coalescence scenario. The new expression of the ρ00
component of a spin density matrix, unlike the phenom-
enological one adopted in our previous work [90], involves
the contributions from spin correlations of both the color-
singlet and color-octet components of the axial-charge
current densities for quarks and antiquarks that are dynami-
cally generated by the fluctuating color fields. We also
calculate the spin correlation due to the Uð1Þmagnetic field
generated by the colliding nuclei and discuss the momentum
dependence of the spin alignment.
The paper is structured as follows: In Sec. II, we show

how spin polarization is generated by the background
electromagnetic fields in the framework of QKT, followed
by a discussion of the contribution from color fields. In
Sec. III, we derive a new equation for the ρ00 component of
the spin density matrix from the vector-meson kinetic
equation in the quark coalescence scenario and obtain a
simplified expression in the nonrelativistic approximation.
In Sec. IV, we estimate the contribution from color fields in
the glasma phase. We also estimate the contribution from
the Uð1Þ magnetic fields generated by the colliding nuclei.
In Sec. V, we qualitatively analyze the momentum depend-
ence of the spin alignment of vector mesons from the
glasma effect and from an effective potential. Finally, we
present conclusions and an outlook in Sec. VI. Various
technical details have been relegated to the appendixes.
Throughout this paper we use the mostly minus signature

of the Minkowski metric ημν ¼ diagð1;−1;−1;−1Þ and
the completely antisymmetric tensor ϵμνρλ with ϵ0123 ¼ 1.
We introduce the notations AðμBνÞ ≡ AμBν þ AνBμ,

A½μBν� ≡ AμBν − AνBμ, and F̃μν ≡ ϵμναβFαβ=2. Greek and
roman indices are used for space-time and spatial compo-
nents, respectively, unless otherwise specified.

II. DYNAMICAL SPIN POLARIZATION

To track the dynamical spin polarization for nonequili-
brium fermions created in early times of heavy ion
collisions in the presence of strong (chromo)electromag-
netic fields led by colliding nuclei, the QKT developed in
recent years is one of the most suitable theoretical frame-
works. In this section, we review the so-called axial kinetic
theory (AKT) constructed in Refs. [69,71] with further
inclusion of color degrees of freedom [55,56], which
incorporate a scalar kinetic equation (SKE) and an axial-
vector kinetic equation (AKE) to delineate the intertwined
dynamics between charge and spin evolution, and further
derive the terms associated with dynamical spin polariza-
tion with approximated spin relaxation from collisions. We
shall begin with the case with Uð1Þ electromagnetic fields
and then discuss the scenario for quarks influenced by color
fields.

A. Background electromagnetic fields

In order to study the spectra of spin polarization and spin
correlation of massive fermions, we will focus on the vector
and axial-vector components of the Wigner function, which
are given by

Vμðp; xÞ ¼ 1

4
tr
�
γμS<ðp; xÞ

�
;

Aμðp; xÞ ¼ 1

4
tr
�
γμγ5S<ðp; xÞ

�
; ð1Þ

respectively. Here

S<ðp; xÞ ¼
Z

d4Yeip·Y=ℏhψ̄ðx2ÞUðx2; x1Þψðx1Þi ð2Þ

represents the Wigner function of massive fermions, where
x ¼ ðx1 þ x2Þ=2, Y ¼ x1 − x2. Also, Uðx2; x1Þ denotes the
gauge link and pμ represents the kinetic momentum, which
ensure the gauge invariance of S<ðp; XÞ. One may obtain
perturbative solutions of Vμðp; xÞ and Aμðp; xÞ and cor-
responding kinetic equations from the Kadanoff-Baym
equation by utilizing the ℏ expansion as the gradient
expansion of Wigner functions in phase space. Due to
the quantum nature of spin, we may adopt the power
counting Vμ ∼Oðℏ0Þ and Aμ ∼OðℏÞ and focus on the
leading-order contribution. In such a case, we have

Vμðp; xÞ ¼ 2πδðp2 −m2ÞfV; ð3Þ

where fVðp; xÞ and m denote the distribution function and
mass of the fermions, respectively. The dynamics of fV is
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dictated by the SKE as a standard Vlasov equation,
p · ΔfV ¼ C½fV �, with the on-shell condition p2 ¼ m2.
Here Δμ ¼ ∂μ þ eFνμ∂

ν
p with Fνμ being the field strength

of electromagnetic fields and C½fV � corresponds to the
collision term depending on the details of interaction. Our
focus will be instead Aμ delineating the spin polarization
through quantum corrections of OðℏÞ. See Ref. [39] for a
comprehensive review and technical details.
In the particle rest frame with a frame vector nμr ¼ pμ=m,

the magnetization-current term in Aμ vanishes and the Aμ

reduces to

Aμðp; xÞ ¼ 2π
h
δðp2 −m2Þãμ þ ℏeF̃μνpνδ

0ðp2 −m2ÞfV
i
;

ð4Þ

where δ0ðxÞ≡ ∂δðxÞ=∂x and ãμðp; xÞ represents an effec-
tive spin four-vector. For practical applications to the spin
polarization in heavy ion collisions, one usually evaluates
the spin-polarization or correlation spectra near chemical
equilibrium with fV in local thermal equilibrium, while ãμ

need not reach thermal equilibrium and thus could carry
early-time effects. Consequently, we will refer the contri-
bution of ãμ to spin polarization or correlation as the
dynamical one and which from the second term in Aμ

carrying only the information at chemical freeze-out as the
nondynamical one. The phase-space evolution of ãμðp; xÞ
is governed by the AKE,

□ðnrÞAμ ¼ ĈðnrÞμ1 þ ℏĈðnrÞμ2 ; ð5Þ

where

□ðnrÞAμ ¼ δðp2 −m2Þ
�
p · Δãμ þ eFνμãν

−
e
2
ℏϵμνρσpρð∂σFβνÞ∂βpfV

�
þ ℏeF̃μνpνδ

0ðp2 −m2Þp · ΔfV: ð6Þ

For simplicity, we may neglect the terms pαFαβ
∂pβãμ and

Fνμãν, which are suppressed in the weak-field limit when
ãμ is dynamically generated by Fμν. Also, we adopt the
relaxation-time approximation for the collision term by

postulating ĈðnrÞμ1 þℏĈðnrÞμ2 ¼−δðp2−m2Þp0ðãμ− ãμeqÞ=τR,
where ãμeqðp; xÞ denotes the equilibrium value of ãμ and τR
represents a constant spin relaxation time. The practicabil-
ity of this simplification will be further discussed later.
Accordingly, the off-shell AKE reduces to

p · ∂ãμ −
e
2
ℏϵμνρσpρð∂σFβνÞ∂βpfV ¼ −

p0ðãμ − ãμeqÞ
τR

; ð7Þ

which yields

ãμðp; xÞ ¼ 1

2p0

Z
∞

−∞
dx00Θðx0 − x00Þe−ðx0−x

0
0
Þ=τR
�
ℏϵμνρσpρΘðx00Þð∂x0σeFβνðx0ÞÞ∂βpfVðp; x0Þ þ

2p0ã
μ
eqðp; x0Þ
τR

�����
c
; ð8Þ

where jc ¼ fx0iT ¼ xiT; x
0i
k ¼ xik − piðx0 − x00Þ=p0g and ΘðxÞ denotes a unit-step function of x. Here Vi

T and V
i
k represent the

perpendicular and parallel components with respect to the spatial momentum pi for an arbitrary spatial vector Vi,
respectively. We also assume ∂x0σFβνðx0Þ ≠ 0 starting at x00 ¼ 0 as the initial time. We will further assume ãμeq is a constant,
whereby Eq. (8) reduces to

ãμðp; xÞ ¼ ãμeq þ ℏe
2p0

Z
∞

−∞
dx00Θðx0 − x00ÞΘðx00Þe−ðx0−x

0
0
Þ=τRϵμνρσpρð∂x0σFβνðx0ÞÞ∂βpfVðp; x0Þjc: ð9Þ

Given the electromagnetic fields expressed in terms of nμ ¼ ð1; 0Þ,

Fαβ ¼ −ϵμναβBμnν þ nβEα − nαEβ; ð10Þ

it is found that

ϵμνρσpρð∂σFβνÞ ¼ δμβðn · ∂p · B − n · p∂ · BÞ þ ðn · p∂β − pβn · ∂ÞBμ þ nμðpβ∂ · B − ∂βp · BÞ þ ϵμνρσpρn½ν∂σEβ�: ð11Þ

Assuming fVðp; x0Þ ¼ f̃Vðp0; x00Þ with only energy and time dependence, one finds

ãiðp; xÞ ¼ ãieq −
ℏe
2p0

Z
∞

−∞
dx00Θðx0 − x00ÞΘðx00Þe−ðx0−x

0
0
Þ=τRϵijkp½0ð∂x0k�Ejðx0ÞÞ∂p0f̃Vðp0; x00Þ; ð12Þ
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where we have used ∂ · B ¼ 0. It is found ãiðp; xÞ can be
induced by space-time variations of the electric field. When
involving x0ik dependence, it is inevitable to have the
momentum dependence for fVðp; x0Þ, which is neglected
for simplification. For phenomenological applications, ãieq
could be proportional to the kinetic vorticity in QGP albeit
with the negligence of spatial gradients on fVðp; x0Þ.
Notably, the relaxation-time approximation also corre-
sponds to the linearization of the collision term, for which
the smallness of fluctuations from equilibrium distribution
functions is required in the standard Boltzmann equation.
Nevertheless, for AKE up to OðℏÞ, the collision term is by

default linear to ãμ usually accompanied by another term
with the space-time gradients on fV stemming from spin-
orbit interaction. In the case for gauge theories, the
structure of the collision term could be more complicated,
where the inverse relaxation times may have to be replaced
by operators [28,69,76].
In heavy ion collisions, there could locally exist strong

background electromagnetic fields coming from colliding
nuclei and dynamical ones generated in the QGP. When
further considering spatial inhomogeneity of the electric
fields, we may apply the Bianchi identity ∂μF̃μν ¼ 0, which
leads to ϵijk∂jEk ¼ ∂0Bi. One hence obtains

δãiðp; xÞ ¼ ℏe
2p0

Z
∞

−∞
dx00Θðx0 − x00ÞΘðx00Þe−ðx0−x

0
0
Þ=τRðp0∂0Biðx0Þ þ ϵijkpk∂0Ejðx0ÞÞ∂p0f̃V; ð13Þ

where δãiðp; xÞ ¼ ãiðp; xÞ − ãieq. In the collisionless limit such that τR → ∞ and assuming the time variation of f̃V is
sufficiently small compared to that of background fields (e.g. j∂0Bij=jBij ≫ j∂0f̃V j=f̃V)1 in early times, by using the
integration by parts and dropping the vanishing surface terms, we arrive at

δãiðp; xÞ ¼ ℏe
2p0

Θðx0Þ
h�

p0Biðx0Þ þ ϵijkpkEjðx0Þ
�
∂p0f̃Vðp0; x0Þ −

�
p0Bið0Þ þ ϵijkpkEjð0Þ

�
∂p0f̃Vðp0; 0Þ

i
; ð14Þ

from which it is transparent to see that the spin polarization
is induced by parallel magnetic fields and perpendicular
electric fields as the spin Hall effect. Here we implicitly
hide the spatial dependence of electromagnetic fields for
brevity. Nonetheless, one should recall here Bið0Þ≡
Bið0; xj ¼ x0jÞjc;x00¼0 and so does Eið0Þ. In fact, we should

set ãμeq ¼ 0 when collisions are suppressed. In contrast,

when τR → 0, one should find δãμ ¼ 0. To incorporate the
approximate spin-relaxation effect, one may multiply the
result in Eq. (14) with e−x0=τR albeit with the oversuppres-
sion for early-time contributions.
Next, combining with the nondynamical contribution,

the full on-shell axial Wigner function becomes

Aμðp; xÞ≡
Z

dp0

2π
Θðp0ÞAμðp; xÞ

¼ 1

2ϵp

�
ãμðp; xÞ − ℏeBμðx0Þ

2
∂p0f̃Vðp0; x0Þ

�
p0¼ϵp≡

ffiffiffiffiffiffiffiffiffiffiffiffi
jpj2þm2

p : ð15Þ

Then, Aμðp; xÞ can be more explicitly written as

Aiðp; xÞ ¼ ℏe
4ϵp

�
−Bið0Þ∂p0f̃Vðp0; 0Þ þ

ϵijkpk

ϵp
ðEjðx0Þ∂p0f̃Vðp0; x0Þ − Ejð0Þ∂p0f̃Vðp0; 0ÞÞ

�
p0¼ϵp

ð16Þ

in the collisionless limit. In practice, it is expected that both electromagnetic fields are relatively suppressed at x0 as the
freeze-out time. Accordingly, one could approximate

1Such a condition might be difficult to be justified in heavy ion collisions. However, provided the strong background fields decay
rapidly before thermalization, at which j∂0f̃V j reaches the maximum, one may expect the contribution from e.g. Bi

∂0f̃V in the integrand
is relatively suppressed.
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Aiðp; xÞ ≈ −ℏe
4ϵ2p

ðϵpBið0Þ þ ϵijkpkEjð0ÞÞ∂ϵpfð0ÞV ðϵpÞ; ð17Þ

where we introduced f̃Vðϵp; 0Þ ¼ fð0ÞV ðϵpÞ as the initial
(quark) distribution function, which is dominated by the
early-time contribution. Furthermore, given jBzð0Þj ∼ 0,
jEzð0Þj ∼ 0, and pz ∼ 0 at central rapidity with z being the
longitudinal (beam) direction, one could approximate

Ax;yðp; xÞ ≈ −ℏe
4ϵp

Bx;yð0Þ∂ϵpfð0ÞV ðϵpÞ ð18Þ

and

Azðp; xÞ ≈ ℏe
4ϵ2p

p½xEy�ð0Þ∂ϵpfð0ÞV ðϵpÞ

≈
ℏe
4ϵ2p

pxEyð0Þ∂ϵpfð0ÞV ðϵpÞ; ð19Þ

where we further assume jpxj ≫ jpyj in peripheral colli-
sions with transverse shear flow. In the collisionless
scenario, the dynamical contribution from ãμ is frozen at
the early time, while the vector component of quark Wigner
functions governed by f̃Vðϵp; x0Þ keeps evolving and
reaches thermal equilibrium in the QGP phase. Considering
the spin freeze-out at the QGP phase, as originally
proposed in Refs. [9,13], the spin-polarization pseudovec-
tor of quarks from background electromagnetic fields is
then given by

Px;yðpÞ ¼
R
dΣ ·pJ x;y

5 ðp; XÞ
2m
R
dΣ ·N ðp; XÞ≈

R
dΣ ·peBx;yð0Þ∂ϵpfð0ÞV ðϵpÞ
4m
R
dΣ ·pfthV ðϵpÞ

ð20Þ

and

PzðpÞ ¼
R
dΣ ·pJ z

5ðp;XÞ
2m
R
dΣ ·N ðp;XÞ≈

R
dΣ ·ppxeEyð0Þ∂ϵpfð0ÞV ðϵpÞ
4mϵp

R
dΣ ·pfthV ðϵpÞ

;

ð21Þ

where dΣμ denotes the normal vector of a freeze-out hyper
surface and we introduce

J μ
5ðp; XÞ≡ 4Aμðp; XÞ;

N μðp; XÞ≡ 4

Z
dp0

2π
Θðp0ÞVμðp; XÞ

¼
4pμfVðp; XÞjp0¼ϵp

2ϵp
; ð22Þ

and fthV ðϵpÞ ¼ 1=ðeβϵp þ 1Þ represents the vector-charge
distribution function in thermal equilibrium as the

Fermi-Dirac distribution. For convenience of later compu-
tations, we alternatively use Xμ to represent the space-time
coordinates.
However, in heavy ion collision experiments, we have

so far not found the evidence supporting global spin
polarization induced by magnetic fields. Based on our
findings with the inclusion of dynamical spin polarization
dominated by the contributions from initial electromag-
netic fields, the suppression of spin polarization from
electromagnetic fields may not solely stem from the rapid
decay of such fields. Alternatively, it may also be sup-
pressed by the strong spin-relaxation rate from collisions,
which efficiently washed out the early-time contributions.
Although the early-time electromagnetic fields are
stronger with higher collision energies, the lifetime of
QGP is also longer, which accordingly enhances the spin-
relaxation effects. In addition to the spin relaxation, the
initial magnetic fields also drop more rapidly at high
energies in the preequilibrium state and become saturated
with finite electric conductivity. Since the dynamical spin
polarization is induced by the time derivatives upon
electromagnetic fields as shown in the integrand of
Eq. (13), the spin polarization of quarks and antiquarks
produced later than the abrupt decay of magnetic fields
may not be affected.

B. Background color fields

In the case when color degrees of freedom are included,
both the Wigner functions and QKT of quarks are more
involved. Generically, we have to decompose an arbitrary
color object into O ¼ OsI þOata, where Os and Oa

denotes the color-singlet and color-octet components,
respectively, and ta are the SUðNcÞ generators and I is
the identity matrix in color space. Before introducing the
QKT, we should reanalyze how spin polarization and
correlation are computed when considering color degrees
of freedom.
Given the lowest-order contributions to singlet and octet

vector-charge distribution functions are of Oðg0Þ and OðgÞ
at weak coupling, respectively, the singlet and octet SKEs
and AKEs are given by

pρ
�
∂ρfsV þ C̄2gFa

νρ∂
ν
pfaV

�
¼ Cs; ð23Þ

pρ
�
∂ρfaV þ gFa

νρ∂
ν
pfsV

�
¼ Cao; ð24Þ

and

pρð∂ρãsμþC̄2gFa
νρ∂

ν
pãaμÞ−

ℏC̄2

2
ϵμνρσpρð∂σgFa

βνÞ∂βpfaV¼Cμs ;

ð25Þ
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pρ
�
∂ρãaμ þ gFa

νρ∂
ν
pãsμ

�
−
ℏ
2
ϵμνρσpρð∂σgFa

βνÞ∂βpfsV ¼ Caμo ;

ð26Þ

where C̄2 ¼ 1=ð2NcÞ and we have dropped the higher-
order terms in g responsible for the gauge links between
color fields for brevity. Here we introduce the collision
terms characterized by Cs, Cao, C

μ
s , and Caμo , which however

depend on details of scattering processes. On the other
hand, the color-singlet and color-octet axial Wigner func-
tions are given by

Asμ ¼ 2π
h
δðp2 −m2Þãsμ þ ℏC̄2pνδ

0ðp2 −m2ÞgF̃aμνfaV
i
;

ð27Þ

Aaμ ¼ 2π
h
δðp2 −m2Þãaμ þ ℏpνδ

0ðp2 −m2ÞgF̃aμνfsV
i
;

ð28Þ

where we have also applied fsV ∼Oðg0Þ and faV ∼OðgÞ to
drop the higher-order terms.

Since we are only interested in how the spin polarization
is dynamically induced, the dynamics of fV is not our
primary concern. Instead of constructing the proper colli-
sion terms for Cs and Cao, we will simply introduce particular
forms of fsV and faV as the solutions of SKEs. On the other
hand, for AKEs, we may now postulate the relaxation-time
forms,

Cμs ≈ −
p0ðãsμ − ãsμeqÞ

τsR
; Caμo ≈ −

p0ãaμ

τoR
; ð29Þ

where we have assumed the absence of mixing terms and
ãaμeq ¼ 0. A comprehensive analysis for the color-singlet
AKE has been presented in Refs. [56,90] albeit with the
omission of collisions. We will hence focus on the color-
octet one. It is worthwhile to note the color-octet AKE in
Eq. (26) with the suppressed diffusion term, gFa

νρ∂
ν
pãsμ, at

weak coupling (or equivalently with weak fields) reduces to
the form same as Eq. (7) by simply adding the color indices
for ãμ and Fμν and setting ãμeq ¼ 0. Therefore, the solution
of the color-octet AKE gives rise to an analogous solution,

ãaμðp; xÞ ¼ ℏg
2p0

Z
∞

−∞
dx00Θðx0 − x00ÞΘðx00Þe−ðx0−x

0
0
Þ=τoRϵμνρσpρð∂x0σFa

βνðx0ÞÞ∂βpfsVðp; x0Þjc: ð30Þ

In addition, one also find the analogous form for Eqs. (4) and (28). In the collisionless limit, similarly assuming fsVðp; x0Þ ¼
f̃Vðp0; x00Þ and taking ϵijk∂jEa

k ¼ ∂0Bai by ignoring the nonlinear terms as an Abelianized approximation for color fields,
we can follow the same procedure as in the case with electromagnetic fields to obtain

ãaiðp; xÞ ¼ ℏg
2

�
Baiðx0Þf̃Vðϵp; x0Þ − Baið0Þ∂ϵp f̃Vðϵp; 0Þ þ

ϵijkpk

ϵp

�
Ea
j ðx0Þ∂ϵp f̃Vðϵp; x0Þ − Ea

j ð0Þ∂ϵp f̃Vðϵp; 0Þ
��

; ð31Þ

which yields

J ai
5 ðp; xÞ ¼

2

ϵp

�
ãaiðp; xÞ − ℏgBaiðx0Þ

2
∂ϵp f̃Vðϵp; x0Þ

�

¼ ℏg
ϵp

�
−Baið0Þ∂ϵp f̃Vðϵp; 0Þ þ

ϵijkpk

ϵp

�
Ea
j ðx0Þ∂ϵp f̃Vðϵp; x0Þ − Ea

j ð0Þ∂ϵp f̃Vðϵp; 0Þ
��

ð32Þ

by also incorporating the nondynamical contribution.
In Refs. [55,56], in light of the original form for

relativistic fermions [9,13], it is proposed that the spin
polarization of a single quark (or an antiquark) takes
the form

PμðpÞ ¼
R
dΣ · pTrcðJ μ

5ðp; XÞÞ
2m
R
dΣνTrcðN νðp; XÞÞ ¼

R
dΣ · pJ sμ

5 ðp; XÞ
2m
R
dΣ ·N sðp; XÞ ;

ð33Þ

where Trc denotes the trace over color space and

N sμðp; XÞ ¼
4pμfsVðp;XÞjp0¼ϵp

2ϵp
¼ 2pμfsVðp; XÞ

ϵp
ð34Þ

with fsVðp; XÞ≡ fsVðp; XÞjp0¼ϵp
. Here the color fields

encoded in J sμ
5 ðp; XÞ should be regarded as the field

operators and one has to further take an ensemble average
or the quantum expectation value hi for the field operators
therein to acquire the spin polarization pseudovector
hPμðpÞi. Considering the effect led by strong color fields
in the glasma sate in early times, only the dynamical
contribution from ãsμ could possibly affect the spin
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polarization. The explicit form of ãsμ induced by back-
ground color fields can be found in Refs. [56,90]. It is
however also shown that the corresponding spin polariza-
tion actually vanishes and only the nonvanishing spin
correlation, as will be discussed later, is present. On the
other hand, ãaμ does not affect the spin polarization,
whereas it could modify the spin correlation associated
with spin alignment as will be discussed in the next section.

III. SPIN DENSITY MATRIX FROM QUARK
COALESCENCE IN WIGNER FUNCTIONS

For spin alignment, when spin quantization axis is set to
be along the y direction,2 it is proposed that the normalized
spin density matrix can be written as [1,51,60,90]

ρ00 ≈
1þPj¼x;y;zhPj

qP
j
q̄i − 2hPy

qP
y
q̄i

3þPj¼x;y;zhPj
qP

j
q̄i

; ð35Þ

where the subscripts q and q̄ correspond to the quark and
antiquark, respectively. When jhPj

qP
j
q̄ij ≪ 1, it further

reduces to

ρ00 ≈
1

3
þ 2

9
ðhPx

qPx
q̄i þ hPz

qP
z
q̄i − 2hPy

qP
y
q̄iÞ: ð36Þ

Here hPj
qP

j
q̄i represents the quantum expectation value of

spin correlation, which is not necessary to be equal to the
product of the expectation values of spin-polarization
pseudovectors and we may elaborate on its explicit
expressions in various forms later. Since the spin-polari-
zation pseudovector of a single quark should be color
singlet, when including the color degrees of freedom, the
spin correlation associated with spin alignment is proposed
to be [90]

hPμ
qðpÞPμ

q̄ðpÞi¼
R
dΣX ·p

R
dΣY ·phJ sμ

q5ðp;XÞJ sμ
q̄5ðp;YÞi

4m2
�R

dΣX ·N s
qðp;XÞ

R
dΣY ·N s

q̄ðp;YÞ
� ;
ð37Þ

based on a phenomenological construction in the quark
model. Note that here only the color-singlet components of
J μ

q5 and J μ
q̄5 contribute to both the spin polarization and

correlation. By the symmetry of color-charge conjugation,
we should have J sμ

q̄5ðp; XÞ ¼ J sμ
q5ðp; XÞ, and hPμ

qðpÞPμ
q̄ðpÞi

is expected to be positive when having equal number
of quarks and antiquarks (no corrections from the quark
chemical potential). Furthermore, the color fields in

J sμ
q5ðp; XÞ and J sμ

q̄5ðp; YÞ are not directly connected albeit
the indirect correlation originates from the same color
source such as the case for color fields coming from the
same nucleus in glasma [90]. Such a scenario is schemati-
cally illustrated in the left panel of Fig. 1. Nonetheless, as
will be more rigorously shown from the derivation of quark
coalescence in the Wigner functions and kinetic theory of
vector mesons, there exist extra contributions led by the
color-octet contribution depicted in the right panel of Fig. 1,
which turns out to play a central role in this paper.

A. Spin density matrix from the vector-meson
kinetic equation

We will follow the approach in Ref. [60] to derive the
spin density matrix from the coalescence scenario in
Wigner functions and kinetic theory of vector mesons.
We begin with the vector-meson field in mode expansions,

VμðxÞ ¼
X

λ¼�1;0

Z
d3k

ð2πÞ3 ffiffiffiffiffiffiffiffi
2Ek

p ½ϵμðλ; kÞaðλ; kÞe−ik·x

þ ϵ�μðλ; kÞb†ðλ; kÞeik·x�; ð38Þ

where Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 þM2

p
with M being the mass of vector

mesons and [60]

ϵμðλ; kÞ ¼
�
k · ϵλ
M

; ϵλ þ
k · ϵλ

MðEk þMÞ k
�

ð39Þ

represents the polarization vector with ϵλ being the spin-
state vector determined by the spin quantization axis in
experiments, which satisfies ϵμðλ; kÞϵ�μðλ0; kÞ ¼ −ϵλ · ϵ�λ0
and ϵμðλ; kÞkμ ¼ 0. We also impose ϵλ · ϵ�λ0 ¼ δλλ0 . In the
rest frame of the vector meson, we have ϵμðλ; 0Þ ¼ ð0; ϵλÞ.
For ϕ mesons, we have bðλ; kÞ ¼ aðλ; kÞ. We may con-
struct the Wigner function in real time formalism (see e.g.
Ref. [91]) via

FIG. 1. Left: color-singlet contribution for the spin correlation
affected by color fields represented by curvy lines. Right: color-
octet contribution where the blob represents possible corrections
from the medium or from higher-order loops on correlated color
fields.

2In heavy ion collisions, the spin quantization axis is chosen to
be perpendicular to the reaction plane of the collision. However, it
can be also chosen along different directions depending on the
experimental setup. The theoretical construction in this section is
independent of the experimental choices.
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W<μνðq; XÞ ¼
Z

d4Yeiq·YhV†νðX − Y=2ÞVμðX þ Y=2Þi

¼ π
X

λ;λ0¼�1;0

Z
d3k−
ð2πÞ3

e−ik−·X��
jqj2 þ jk−j2

4

�
2

− ðq · k−Þ2 þ 2M2

�
jqj2 þ jk−j2

4

�
þM4

�
1=4

×

�
ϵμ
�
λ; qþ k−

2

�
ϵ�ν
�
λ0; q −

k−
2

�

a†
�
λ0; q −

k−
2

�
a

�
λ; qþ k−

2

��
δðq0 − k0þÞ

þ ϵν
�
λ0;−qþ k−

2

�
ϵ�μ
�
λ;−q −

k−
2

�

b

�
λ0;−qþ k−

2

�
b†
�
λ;−q −

k−
2

��
δðq0 þ k0þÞ

�
; ð40Þ

where

k0þ ¼ 1

2

�
Eqþk−

2
þEq−k−

2

�
; k0− ¼

�
Eqþk−

2
−Eq−k−

2

�
: ð41Þ

For brevity, we set ℏ ¼ 1. To have the quasiparticle in a
definite spin state, we may assume the expectation values of
the creation and annihilation operators have nonvanishing
values only for particles or antiparticles when λ ¼ λ0. For
example, ha†ðλ;qÞbðλ;pÞi¼0 and ha†ðλ0;qÞaðλ;pÞi∝ δλ0λ.
Moreover, in order to perform the k− integral analytically,
we expand the integrand with respect to k− and retain the
terms up to Oðk−Þ such as

ϵμ

�
λ; qþ k−

2

�
ϵ�ν

�
λ; q −

k−
2

�

¼ Πð0Þ
μν ðλ; qÞ þ kα−

2
Πð1Þ

μναðλ; qÞ þOðk2−Þ; ð42Þ

where

Πð0Þ
μν ðλ; qÞ≡ ϵμðλ; qÞϵ�νðλ; qÞ;

Πð1Þ
μναðλ; qÞ≡ ð∂qαϵμðλ; qÞÞϵ�νðλ; qÞ − ϵμðλ; qÞð∂qαϵ�νðλ; qÞÞ:

ð43Þ

In the end, the expansion with respect to k− provides us
with the Wigner functions up to OðℏÞ. Plugging those
expressions into Eq. (40), we then find

W<μνðq; XÞ ¼
X

λ¼�1;0

W̃<μνðλ; q; XÞ; ð44Þ

W̃<
μνðλ; q; XÞ ¼ 2πδðq2 −M2Þ

×

�
Θðq0Þ

�
Πð0Þ

μν ðλ; qÞ þ iℏ
2
Πð1Þ

μναðλ; qÞ∂α
�

− Θð−q0Þ
�
Πð0Þ

νμ ðλ;−qÞ

þ iℏ
2
Πð1Þ

νμαðλ;−qÞ∂α
��

f̌λðq; XÞ; ð45Þ

where we dropped the Oðjk−j2Þ terms in the integrand
except for those contributing to the distribution functions.
Here we retrieve ℏ for power counting. The distribution
function f̌λðq; XÞ is defined as

f̌λðq; XÞ ¼
(
fλðq; XÞ ðq0 > 0Þ
−½1þ fλð−q; XÞ� ðq0 < 0Þ; ð46Þ

where

fλðq;XÞ ¼
Z

d3k−
ð2πÞ3



a†
�
λ;q−

k−
2

�
a
�
λ;qþ k−

2

��
e−ik−·X

ð47Þ

and

Z
d3k−
ð2πÞ3 e

−ik−·X


b

�
λ;−qþ k−

2

�
b†
�
λ;−q −

k−
2

��
¼ 1þ fλð−q; XÞ ð48Þ

from the commutation relation for bosons. Note that the
Θð−q0Þ part in W<μν characterizes the outgoing vector
mesons.
For our purpose, we will only consider the symmetric

Wigner function with positive energy and up to Oðℏ0Þ,

W̃<ðμνÞðλ; q; XÞ ¼ 1

2
W̃<ðμνÞðλ; q; XÞ

¼ πδðq2 −M2Þθðq0ÞΠð0ÞðνμÞðλ; qÞfλðq; XÞ;
ð49Þ

where AðμνÞ ¼ Aμν þ Aνμ. Note that we shall have

1

2

X
λ¼�1;0

Πð0ÞðνμÞðλ; qÞ ¼ qμqν

M2
− ημν; ð50Þ

where we have neglected the ℏ corrections and antisym-
metric components. The corresponding on-shell kinetic
equation reads
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q · ∂fλ ¼ Σ<μρP̂ρμðλ; qÞð1þ fλÞ − Σ>μρP̂ρμðλ; qÞfλ; ð51Þ

where P̂μνðλ; qÞ ¼ ϵðμðλ; qÞϵ�νÞðλ; qÞ=2. Here Σ≶μρ corre-
sponds to the self-energies for the scattering processes led
by the effective quark-meson interaction. In this frame-
work, we have ρλλ ∝ fλ. As proposed in Ref. [60], when
there are no preexisting vector mesons such that fλ ≪ 1
and the coalescence time Δt is sufficiently short,3 Eq. (51)
gives rise to

fλ ≈
Δt
Eq

Σ<μρP̂ρμðλ; qÞ: ð52Þ

B. Quark coalescence scenario

Applying the meson-quark interaction characterized by
an effective Lagrangian Lint ¼ gϕΓ · Vψ̄ψ [92] with Γμ

begin an effective form factor, the self-energy can be
rearranged into the form

Σ<μρ ¼
Z

d3k
ð2πÞ2 Tr

�
ΓμS<q

�
q
2
þ k

�
ΓρS<q̄

�
q
2
− k

��

× δ
�
q0 − ϵqðq=2þ kÞ − ϵq̄ðq=2 − kÞ

�
; ð53Þ

where ϵq=q̄ðpÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

q=q̄

q
. Here S<q and S<q̄ denote the

on-shell lesser propagators of quarks and antiquarks. More
precisely, we introduce

S<q=q̄ðpÞ ¼
Z

dp0

2π
S̀<q=q̄ðpÞ ð54Þ

by integrating the off-shell Wigner functions S̀<q=q̄ðpÞ over
the zeroth component of its four momentum. Note that Tr
also includes the trace over color space. For simplicity, we
may assume Γμ ¼ γμ. Based on the decomposition of the
quark Wigner functions [93],

S̀< ¼ F< þ iP<γ5 þ V<μγμ þA<μγ5γμ þ
S<μν

2
σμν; ð55Þ

where σμν ¼ i½γμ; γν�=2, it is found that

Tr½γμS̀<q γρS̀<q̄ � ¼ 4Trc

�
ημρ
�
F<

qF<
q̄ þ P<

q · P<
q̄ − V<

q · V<
q̄ −A<

q ·A<
q̄ þ SqαβS

αβ
q̄

2

�
þ V<ðμ

q V<ρÞ
q̄ þA<ðμ

q A<ρÞ
q̄ − S<ðμν

q S<ρÞ
q̄ν

�
:

ð56Þ
Here we hide the momentum dependence above for brevity. Taking [69]

mF ðqÞ ¼ q · VðqÞ; P ¼ 0; mSμνðqÞ ¼ −ϵμνρσqρAσðqÞ; ð57Þ

for free fermions since we only consider the tree-level interaction for coalescence and hence

mqmq̄S̀
<μν
q ðpÞS̀<ρ

q̄ νðp0Þ ¼ ημρðp0 ·A<
q p ·A<

q̄ − p · p0A<
q ·A<

q̄ Þ þA<μ
q A<ρ

q̄ p · p0 þ p0μpρA<
q ·A<

q̄

− p0μA<ρ
q p ·A<

q̄ − pρA<μ
q̄ p0 ·A<

q ; ð58Þ
and

mqmq̄S̀
<μν
q ðpÞS̀<

q̄μνðp0Þ ¼ 2ðp0 ·A<
q p ·A<

q̄ − p · p0A<
q ·A<

q̄ Þ; ð59Þ

where A<μ
q ¼ A<μ

q ðpÞ and A<μ
q̄ ¼ A<μ

q̄ ðp0Þ, one obtains

Tr
h
γμS̀<q ðpÞγρS̀<q̄ ðp0Þ

i
¼ 4Trc

�
ημρ
�
p · V<

q ðpÞp0 · V<
q̄ ðp0Þ

mqmq̄
− V<

q ðpÞ · V<
q̄ ðp0Þ −A<

q ðpÞ ·A<
q̄ ðp0Þ

�
1 −

p · p0

mqmq̄

�

−
p0 ·A<

q ðpÞp ·A<
q̄ ðp0Þ

mqmq̄

�
þ V<ðμ

q ðpÞV<ρÞ
q̄ ðp0Þ þA<ðμ

q ðpÞA<ρÞ
q̄ ðp0Þ

�
1 −

p · p0

mqmq̄

�

−
p0ðμpρÞ

mqmq̄
A<

q ðpÞ ·A<
q̄ ðp0Þ þ p0ðμA<ρÞ

q ðpÞ
mqmq̄

p ·A<
q̄ ðp0Þ þ pðμA<ρÞ

q̄ ðp0Þ
mqmq̄

p0 ·A<
q ðpÞ


: ð60Þ

3The spatial dependence of fλ is also neglected.
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The expression above also works for the on-shell Wigner functions S<q ðpÞ and S<q̄ ðp0Þ. Since the contributions from vector
and axial-vector components of quark/antiquark Wigner functions are disentangled, we make the decomposition

Tr
h
γμS<q ðpÞγρS<q̄ ðp0Þ

i
¼
Z

dp0

2π

dp0
0

2π
Tr
h
γμS̀<q ðpÞγρS̀<q̄ ðp0Þ

i
¼ Σ̂<μρ

V þ Σ̂<μρ
A ; ð61Þ

where

Σ̂<μρ
V ¼ 4Trc

�
ημρ
�
p · V<

q ðpÞp0 · V<
q̄ ðp0Þ

mqmq̄
− V<

q ðpÞ · V<
q̄ ðp0Þ

�
þ V<ðμ

q ðpÞV<ρÞ
q̄ ðp0Þ


ð62Þ

and

Σ̂<μρ
A ¼ 4Trc

�
ημρ
�
A<

q ðpÞ ·A<
q̄ ðp0Þ

�
p · p0

mqmq̄
− 1

�
−
p0 ·A<

q ðpÞp ·A<
q̄ ðp0Þ

mqmq̄

�
þA<ðμ

q ðpÞA<ρÞ
q̄ ðp0Þ

×

�
1 −

p · p0

mqmq̄

�
−
p0ðμpρÞ

mqmq̄
A<

q ðpÞ ·A<
q̄ ðp0Þ þ

p0ðμA<ρÞ
q ðpÞ

mqmq̄
p ·A<

q̄ ðp0Þ þ
pðμA<ρÞ

q̄ ðp0Þ
mqmq̄

p0 ·A<
q ðpÞ


; ð63Þ

with p0 ¼ ϵp, p0
0 ¼ ϵp0 , and the on-shell Wigner functions,4

V<
q=q̄ðpÞ ¼

Z
dp0

2π
Θðp0ÞV<

q=q̄ðpÞ;

A<
q=q̄ðpÞ ¼

Z
dp0

2π
Θðp0ÞA<

q=q̄ðpÞ: ð64Þ

Given the explicit form of V<
q=q̄ðpÞ and A<

q=q̄ðpÞ, one may
derive fλ from Eq. (52) by calculating Eq. (61).
We may now take the explicit form of the vector-

component for Wigner functions of quarks and antiquarks
up to Oðℏ0Þ,

V<μ
q=q̄ðpÞ ¼

pμ

2p0

fVq=q̄
���
p0¼ϵq=q̄ðpÞ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2þm2

q=q̄

p : ð65Þ

Furthermore, given p ¼ q=2þ k and p0 ¼ q=2 − k in light
of Eq. (53) and the on-shell conditions for quarks and
antiquarks, we have

k2 ¼ m2
q þm2

q̄

2
−
q2

4
; q · k ¼ m2

q −m2
q̄

2
: ð66Þ

Using Eqs. (65) and (66), one finds

Σ̂<μρ
V ¼ TrcðfVqfVq̄Þ

ϵq
�
q
2
þ p
�
ϵq̄
�
q
2
− p
� �ημρ

2
ððmq þmq̄Þ2 − q2Þ þ qμqρ

2
− 2kμkρ

�
ð67Þ

and

Σ̂<μρ
A ¼ 4Trc

�
ημρ
�
A<

q ðpÞ ·A<
q̄ ðp0Þ

ðq2 − ðmq þmq̄Þ2Þ
2mqmq̄

þ 4k ·A<
q ðpÞk ·A<

q̄ ðp0Þ
mqmq̄

�

þ ððmq þmq̄Þ2 − q2Þ
2mqmq̄

A<ðμ
q ðpÞA<ρÞ

q̄ ðp0Þ −
�

qμqρ

2mqmq̄
−
2kμkρ

mqmq̄

�
A<

q ðpÞ ·A<
q̄ ðp0Þ

þ ðq − 2kÞðμA<ρÞ
q ðpÞ

mqmq̄
k ·A<

q̄ ðp0Þ −
ðqþ 2kÞðμA<ρÞ

q̄ ðp0Þ
mqmq̄

k ·A<
q ðpÞ


p¼q

2
þk;p0¼q

2
−k
; ð68Þ

where we have also utilized p ·A<
q=q̄ðpÞ ¼ 0 for free fermions, which results in

4We have assumed both V<
q=q̄ðpÞ and A<

q=q̄ðpÞ can be rearranged into the functions proportional to δðp2 −m2
q=q̄Þ.
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Σ̂<μρ
V P̂ρμðλ; qÞ ¼

TrcðfVqfVq̄Þ
ϵq
�
q
2
þ k
�
ϵq̄
�
q
2
− k
��1

2

�
q2 − ðmq þmq̄Þ2

�
−2jk · ϵðλ; qÞj2

�
ð69Þ

and

Σ̂<μρ
A P̂ρμðλ; qÞ ¼ 4Trc

("
A<

q ðpÞ ·A<
q̄ ðp0Þ

ððmq þmq̄Þ2 − q2Þ
2mqmq̄

−
4k ·A<

q ðpÞk ·A<
q̄ ðp0Þ

mqmq̄

#
þ 2jk · ϵðλ; qÞj2

mqmq̄
A<

q ðpÞ ·A<
q̄ ðp0Þ

þ ððmq þmq̄Þ2 − q2Þ
mqmq̄

Re
h
ϵðλ; qÞ ·A<

q ðpÞϵ�ðλ; qÞ ·A<
q̄ ðp0Þ

i
−
4Re½k · ϵðλ; qÞA<

q ðpÞ · ϵ�ðλ; qÞ�
mqmq̄

k ·A<
q̄ ðp0Þ

−
4Re½k · ϵðλ; qÞA<

q̄ ðp0Þ · ϵ�ðλ; qÞ�
mqmq̄

k ·A<
q ðpÞ

)�����
p;p0

; ð70Þ

where jp;p0 ¼ fp ¼ q
2
þ k; p0 ¼ q

2
− kg. Overall, ðΣ̂<μρ

V þ Σ̂<μρ
A ÞP̂ρμðλ; qÞ can be rearranged as

ðΣ̂<μρ
V þ Σ̂<μρ

A ÞP̂ρμðλ; qÞ

¼ NmTrc

��
fVqðpÞfVq̄ðp0Þ
ϵqðpÞϵq̄ðp0Þ

−
4

mqmq̄
A<

q ðpÞ ·A<
q̄ ðp0Þ

��
1 −

2jk · ϵðλ; qÞj2
Nm

�

−
4

mqmq̄

h
2Re

�
ϵðλ; qÞ ·A<

q ðpÞϵ�ðλ; qÞ ·A<
q̄ ðp0Þ

�
þ 2

Nm

�
2k ·A<

q ðpÞk ·A<
q̄ ðp0Þ

þ 2Reðk · ϵðλ; qÞA<
q ðpÞ · ϵ�ðλ; qÞÞk ·A<

q̄ ðp0Þ þ 2Reðk · ϵðλ; qÞA<
q̄ ðp0Þ · ϵ�ðλ; qÞÞk ·A<

q ðpÞ
������

p;p0
; ð71Þ

where

Nm ¼ 1

2
ðM2 − ðmq þmq̄Þ2Þ: ð72Þ

For the application to spin alignment, it is generally
believed that the ϕmeson as our focus is an s-wave particle.
Consequently, we only consider the contact interaction and
classical collision term for quark coalescence and ignore
contributions from the orbital angular momentum of
constituent quarks. Nevertheless, it was recently pointed
out in Ref. [94] by the operator product expansion that J=ψ
could have a non-negligible contribution from the orbital
angular momentum of quarks to its spin and a similar
scenario might be applicable to ϕ mesons. In order to
address the involvement of the orbital angular momentum
in our approach, we may need to modify the contact
interaction from the effective Lagrangian for quark-meson
interaction or incorporate the ℏ correction pertinent to spin-
orbit interaction in the collision term for the kinetic
equation of ϕ mesons (see e.g. the construction of the
collision term of QKT for photons [91]). Alternatively, one
may incorporate the contribution from e.g. p-wave wave
functions for vector mesons in the recombination model
[95] with further inclusion of spin degrees of freedom. Such

generalization is however beyond the scope of current work
and may be pursued in the future. Furthermore, the addi-
tional effect from the orbital angular momentum upon spin
alignment should be associated with a certain source from
the QGP medium like vorticity, which is believed to be
suppressed in high-energy collisions yet relevant in low-
energy collisions.

C. Nonrelativistic approximation

We shall now make further simplification. By working in
the rest frame of vector mesons, the polarization vector is
aligned with the spin quantization axis, ϵμðλ; 0Þ ¼
ð0; ϵλÞ≡ ϵμλ . The kinematic conditions in Eq. (66) then
give rise to

k0 ¼
m2

q −m2
q̄

2M
;

jkj2 ¼ 1

4M2

h�
m2

q −m2
q̄

�
2 þM4 − 2M2

�
m2

q þm2
q̄

�i
: ð73Þ

We may focus on the case when mq ¼ mq̄ ¼ m, which
yields k0 ¼ 0 and Nm ¼ 2jkj2. Next, we consider the
nonrelativistic limit for quarks and antiquarks such that
ki → 0, which allows us to approximate p ≈ p0 ≈ q=2 → 0
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for fVq=q̄, A<
q=q̄, and ϵq=q̄.

5 Apparently, this approximation is only valid when M − ðmq þmq̄Þ ≪ M. Note that A<0
q=q̄ are

suppressed compared with A<i
q=q̄ in the nonrelativistic limit.6 Considering ϵμλ as a real vector, we could make a replacement

for the k-related terms in the integrand by employing the relations,

kikj → jkj2
�
z2ϵiλϵ

j
λ −

ð1 − z2Þ
2

Θ̂ij
λ

�
; Θ̂ij

λ ¼ ηij þ ϵiλϵ
j
λ; z ¼ −k · ϵλ

jkj ; ð74Þ

which yield

−
2jk · ϵðλ; qÞj2

Nm
→ −

2jkj2z2
Nm

; ð75Þ

2k ·A<
q ðpÞk ·A<

q̄ ðp0Þ → jkj2½ð3z2 − 1Þðϵλ ·A<
q ðpÞϵλ ·A<

q̄ ðp0ÞÞ − ð1 − z2ÞA<
q ðpÞ ·A<

q̄ ðp0Þ�; ð76Þ

Reðk · ϵðλ; qÞA<
q ðpÞ · ϵ�ðλ; qÞÞk ·A<

q̄ ðp0Þ → −z2jkj2ϵλ ·A<
q ðpÞϵλ ·A<

q̄ ðp0Þ; ð77Þ

Reðk · ϵðλ; qÞA<
q̄ ðp0Þ · ϵ�ðλ; qÞÞk ·A<

q ðpÞ → −z2jkj2ϵλ ·A<
q ðpÞϵλ ·A<

q̄ ðp0Þ; ð78Þ

for p ¼ p0 ≈ q=2. It turns out that

ðΣ̂<μρ
V þ Σ̂<μρ

A ÞP̂ρμðλ; qÞ ¼
Nmð1 − z2Þ

m2
Trc½fVqðq=2ÞfVq̄ðq=2Þ − 4ðϵλ ·A<

q ðq=2Þϵλ ·A<
q̄ ðq=2ÞÞ�: ð79Þ

For a complex ϵμλ , it is expected that one could simply replace ðϵλ ·A<
q ðq=2Þϵλ ·A<

q̄ ðq=2ÞÞ by Reðϵλ ·A<
q ðq=2Þϵ�λ ·

A<
q̄ ðq=2ÞÞ in the final result.
Setting

ϵ0 ¼ ð0; 1; 0Þ; ϵþ1 ¼ −
1ffiffiffi
2

p ði; 0; 1Þ; ϵ−1 ¼
1ffiffiffi
2

p ð−i; 0; 1Þ; ð80Þ

we derive

f0ðqÞ ≈
ÑΔt
Eq

TrcðfVqfVq̄Þ
�
1 −

4TrcðA<y
q ðq=2ÞA<y

q̄ ðq=2ÞÞ
TrcðfVqfVq̄Þ

�
q¼0

ð81Þ

and

f�1ðqÞ ≈
ÑΔt
Eq

TrcðfVqfVq̄Þ
�
1 −

2TrcðA<x
q ðq=2ÞA<x

q̄ ðq=2Þ þA<z
q ðq=2ÞA<z

q̄ ðq=2ÞÞ
TrcðfVqfVq̄Þ

�
q¼0

; ð82Þ

where

Ñ ¼
Z

∞

0

djkj
ð2πÞ

Z
1

−1
dz

Nmjkj2ð1 − z2Þ
m2

δðM − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkj2 þm2

q
Þ ¼ MðM2 − 4m2Þ3=2

24πm2
ð83Þ

is an overall constant, while its explicit form is unimportant for the normalized spin-density matrix.

5When ignoring the energy conservation such that Nm ¼ 2jkj2, one may naively drop the higher-order terms of Oðjkj2Þ in Eq. (71)
such as 2jk · ϵðλ; qÞj2=Nm. However, such terms should be maintained as the leading-order contribution.

6By using A<0
q=q̄ðpÞ ¼ piA<i

q=q̄ðpÞ=p0, we now have A<0
q=q̄ðq=2� kÞ ≈�kiA<i

q=q̄ðqÞ=ðM=2� k0Þ ≈ 0 when ki ≪ M.
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Eventually, in the nonrelativistic limit, it is found that

ρ00ðq; XÞ ¼
f0ðq; XÞ

f0ðq; XÞ þ fþ1ðq; XÞ þ f−1ðq; XÞ

¼
1 − 4TrcðA<y

q ðq=2ÞA<y
q̄ ðq=2ÞÞ

TrcðfVqfVq̄Þ

3 −
4
P

j¼x;y;z
TrcðA<j

q ðq=2ÞA<j
q̄ ðq=2ÞÞ

TrcðfVqfVq̄Þ

; ð84Þ

for q ¼ 0. When considering the global spin alignment,
Eq. (84) could be further revised as

ρ00ðqÞ ¼
R
dΣX · qf0ðq; XÞR

dΣX · qðf0ðq; XÞ þ fþ1ðq; XÞ þ f−1ðq; XÞÞ

¼ 1 − TrchP̂y
qðq=2ÞP̂y

q̄ðq=2Þiq¼0

3 −
P

i¼x;y;zTrchP̂i
qðq=2ÞP̂i

q̄ðq=2Þiq¼0

; ð85Þ

where

TrchP̂i
qðpÞP̂i

q̄ðpÞi ¼
4
R
dΣX ·pTrc½hA<i

q ðp;XÞA<i
q̄ ðp;XÞi�R

dΣX ·pTrc½fVqðp;XÞfVq̄ðp;XÞ�
;

ð86Þ

which is equivalent to

TrchP̂i
qðpÞP̂i

q̄ðpÞi ¼
R
dΣX · pTrc½hJ i

q5ðp; XÞJ i
q̄5ðp; XÞi�R

dΣX · pTrc½N 0
qðp; XÞN 0

q̄ðp; XÞ�
;

ð87Þ

in the nonrelativistic limit. Equation (85) is found to be
structurally similar to Eq. (35) yet with some subtle
differences. For isotropic spin correlations, ρ00ðqÞ ¼ 1=3
for both Eqs. (35) and (85). With weak spin correlations,
Eq. (85) reduces to

ρ00 ≈
1

3
þ 1

9
TrcðhP̂x

qP̂
x
q̄i þ hP̂z

qP̂
z
q̄i − 2hP̂y

qP̂
y
q̄iÞ; ð88Þ

which is analogous to the form of Eq. (36) despite an overall
factor of 2 difference for the spin-correlation corrections.
Comparing TrchP̂i

qP̂
i
q̄i with hPi

qPi
q̄i, in addition to how we

trace over the color degrees of freedom, as will be further
expatiated below, one immediately notices a factor of 4
difference and the integration of local and nonlocal corre-
lations, for which the latter difference does not occur when
the involved spin correlations are constant in position space.
Nevertheless, due to nonlocality of hPi

qPi
q̄i as opposed to

TrchP̂i
qP̂

i
q̄i, they are physically distinct quantities. As

previously proposed in e.g. Refs. [15,90], hPi
qPi

q̄i could
be responsible for probing the correlation of spin polariza-
tion of a Λ hyperon and of an Λ̄, whereas it does not directly
contribute to spin alignment of vector mesons. This newly
derived ρ00ðqÞ is also different from the one in Ref. [58], for
which the spin correction on quark Wigner functions is
presumably governed by the local spin-polarization pseu-
dovector as a consistent treatment with the quark model,
whereas we directly derive the spin-dependent corrections
from the Wigner functions of quarks in AKT.
Tracing over color space, the relevant spin correlation for

spin alignment reads

TrchP̂i
qðq=2ÞP̂i

q̄ðq=2Þi ¼
4
R
dΣX · qð2N2

chAsi
q ðq=2; XÞAsi

q̄ ðq=2; XÞi þ hAai
q ðq=2; XÞAai

q̄ ðq=2; XÞiÞR
dΣX · qð2N2

cfsVqðq=2; XÞfsVq̄ðq=2; XÞ þ faVqðq=2; XÞfaVq̄ðq=2; XÞÞ
; ð89Þ

from which it is found that not only the color-singlet
components but also the color-octet components of Wigner
functions are involved. In high-energy nuclear collisions,
the quark coalescence occurs at the late time when the
vector component of Wigner functions reaches thermal
equilibrium, for which faVq=q̄ are suppressed. On the
contrary, nonequilibrium effects upon the axial-vector
component should play an important role for spin polari-
zation or correlation. In such a case, both hAsi

qAsi
q̄ i and

hAai
q Aai

q̄ i need to be considered for spin alignment. The

scenarios for hAsi
qAsi

q̄ i and hAai
q Aai

q̄ i triggered by color
fields are schematically illustrated in Fig. 1. Moreover,
unlike hAsi

qAsi
q̄ i expected to be positive, hAai

q Aai
q̄ i should be

negative based on the charge-conjugation symmetry im-
plying Aai

q̄ ¼ −Aai
q .

IV. SPIN ALIGNMENT FROM THE GLASMA

We now evaluate ρ00 from Eq. (85) in the glasma state,
for which we shall compute the spin correlation,

TrchP̂i
qðq=2ÞP̂i

q̄ðq=2Þi ≈
R
dΣX · qðhãsiq ðq=2; XÞãsiq̄ ðq=2; XÞi þ hãaiq ðq=2; XÞãaiq̄ ðq=2; XÞi=ð2N2

cÞÞ
mqmq̄

R
dΣX · qðfsVqðq=2; XÞfsVq̄ðq=2; XÞÞ

; ð90Þ
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where we have dropped the nondynamical contribution in late times and the faVq=q̄ in equilibrium and taken ϵq=q̄ðq=2Þ ≈
mq=q̄ for the nonrelativistic limit.
From Ref. [82] by solving the linearized Yang-Mills equation, with small rapidity, the nonvanishing color-field

correlators can be written as

hEai⊥ðX0ÞEa0j
⊥ ðX00Þi ¼ −

1

2
g2Ncδ

aa0ϵinϵjm
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ω−ðu⊥; v⊥Þ

qnlm

ql
× J1ðqX0

0ÞJ1ðlX00
0Þ; ð91Þ

hBai⊥ðX0ÞBa0j
⊥ ðX00Þi ¼ −

1

2
g2Ncδ

aa0ϵinϵjm
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ωþðu⊥; v⊥Þ

qnlm

ql
× J1ðqX0

0ÞJ1ðlX00
0Þ; ð92Þ

hEai⊥ðX0ÞBa0zðX00Þi ¼ −i
1

2
g2Ncδ

aa0ϵin
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ω−ðu⊥; v⊥Þ

qn

q
× J1ðqX0

0ÞJ0ðlX00
0Þ; ð93Þ

hBai⊥ðX0ÞEa0zðX00Þi ¼ −i
1

2
g2Ncδ

aa0ϵin
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ωþðu⊥; v⊥Þ

qn

q
× J1ðqX0

0ÞJ0ðlX00
0Þ; ð94Þ

hEazðX0ÞEa0zðX00Þi ¼ 1

2
g2Ncδ

aa0
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ωþðu⊥; v⊥Þ × J0ðqX0

0ÞJ0ðlX00
0Þ; ð95Þ

hBazðX0ÞBa0zðX00Þi ¼ 1

2
g2Ncδ

aa0
Z

X0

⊥;q;u

Z
X00

⊥;l;v
Ω−ðu⊥; v⊥Þ × J0ðqX0

0ÞJ0ðlX00
0Þ; ð96Þ

where Ω∓ðu⊥; v⊥Þ

Ω∓ðu⊥; v⊥Þ ¼ ½G1ðu⊥; v⊥ÞG2ðu⊥; v⊥Þ
∓ h1ðu⊥; v⊥Þh2ðu⊥; v⊥Þ� ð97Þ

with G1;2 and h1;2 corresponding to the unpolarized and
linearly polarized gluon distribution functions of nuclei 1
and 2, respectively, and

Z
X0

⊥;q;u
≡
Z

d2q⊥
ð2πÞ2

Z
d2u⊥eiq⊥ðX

0−uÞ⊥ :

Here Vi⊥ represents the transverse component of an
arbitrary spatial vector Vi with respect to the z axis as
the beam direction, where A⊥B⊥ ¼Pi¼x;y A

iBi. Conse-
quently, for X0 ¼ Y0 ¼ 0, only the correlations between
longitudinal color fields exist, which take the form

hEazð0; X⊥ÞEazð0; Y⊥Þi ≈
1

2
g2NcðN2

c − 1ÞΩþðX⊥; Y⊥Þ;
ð98Þ

hBazð0; X⊥ÞBazð0; Y⊥Þi ≈
1

2
g2NcðN2

c − 1ÞΩ−ðX⊥; Y⊥Þ:
ð99Þ

We may further adopt the Golec-Biernat Wüsthoff (GBW)
dipole distribution such that [82,96]

Ω�ðu⊥; v⊥Þ ¼ Ωðu⊥; v⊥Þ ¼
Q4

s

g4N2
c

�
1 − e−Q

2
s ju⊥−v⊥j2=4

Q2
s ju⊥ − v⊥j2=4

�2

;

ð100Þ

where Qs denotes the saturation momentum.
Since the color fields from the glamsa decay in time, we

only need to consider the dynamical contribution on spin
correlations led by strong color fields in early times. From
Eqs. (32) and (98) and the GBW distribution giving rise to
ΩðX;XÞ ¼ Q4

s=ðg4N2
cÞ, in the nonrelativistic limit, it is

found that7

1

2N2
c
hãaiq ðq=2; XÞãaiq̄ ðq=2; XÞi

≈ −
ℏ2g2

8N2
c
ð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2hBaiðXÞBaiðXÞiX0¼0

≈ −
ℏ2Q4

sðN2
c − 1Þ

16N3
c

δizð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2; ð101Þ

7In fact, when including finite k beyond the nonrelativistic
approximation, the color-field correlators involved could be non-
local. E.g., one should consider the integration of hBaið0; X⊥ −
k⊥X0=MÞBaið0; X⊥ þ k⊥X0=MÞi over k for q ¼ 0. With energy
conservation and the GBW distribution, hBaið0; X⊥ÞBaið0; X⊥Þi
in Eq. (101) should be replaced by CBðQsX0ÞhBaið0; X⊥Þ
Baið0; X⊥Þi, where CBðQsX0Þ ¼ ð1 − exp½−Q2

sX2
0ðM2 − 4m2Þ=

M2�Þ=ðQ2
sX2

0ðM2 − 4m2Þ=M2Þ and finally one should take X0 as
the freeze-out time. Nonetheless, one also needs to include the
contributions from chromo-electric fields at finite k.
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where we introduce a shorthand notation fð0ÞV ðϵpÞ ¼
f̃sVðϵp; 0Þ. On the other hand, from the color-singlet
contribution led by local four-field correlations (see
Ref. [90] and similar calculation of the longitudinal
correlation in Appendix C), we obtain

hãsyq ðq=2; XÞãsyq̄ ðq=2; XÞi

≈
ℏ2ðN2

c − 1ÞQ6
s

64ð2πÞ4N4
cm2

ð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2ÎðQsXth
0 Þ; ð102Þ

where ÎðQsXth
0 Þ corresponds to a dimensionless factor

depending upon QsXth
0 with Xth

0 denoting a thermalization
time as the ending time of the glasma phases.8 For
simplicity, we neglect the transition period between the
glasma and QGP. The exact value of ÎðQsXth

0 Þ has to be
numerically computed from the multidimensional integral
as shown in Ref. [90]. From the symmetry of color fields
in the glasma, we expect that hãsxq ðq=2; XÞãsxq̄ ðq=2; XÞi is
equal to hãsyq ðq=2; XÞãsyq̄ ðq=2; XÞi in Eq. (102). On the

other hand, hãszq ðq=2; XÞãszq̄ ðq=2; XÞi corresponds to
hãsyq ðq=2; XÞãsyq̄ ðq=2; XÞi in Eq. (102) by replacing

ÎðQsXth
0 Þ therein with Ĵ ðQsXth

0 Þ calculated in
Appendix C. The numerical results of ÎðQsX0Þ and
Ĵ ðQsX0Þ and their ratio are shown in Figs. 2 and 3,
respectively. Also, as shown in Fig. 4, Î3ðQsX0Þ and
Ĵ 3ðQsX0Þ correspond to the dominant terms contributing
to ÎðQsX0Þ and Ĵ ðQsX0Þ at large QsX0. See Ref. [90] and
Appendix C for the explicit definitions of Î3 and Ĵ 3.
Consequently, for QsX0 ≳ 5, we could approximate
ÎðQsX0Þ ≈ Î3ðQsX0Þ and Ĵ ðQsX0Þ ≈ Ĵ 3ðQsX0Þ with
the numerical results illustrated in Fig. 5. Except for
the contributions from color fields, we also have

hãsiq ðq=2;XÞãsiq̄ ðq=2;XÞiEM ≈−
ℏ2

4
e2B2

i ð0Þð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2

ð103Þ

from Uð1Þ magnetic fields generated by colliding nuclei.
Accordingly, in light of Eq. (90), we make a decom-
position for the spin correlatiors contributing to spin
alignment (in the nonrelativistic limit) induced by color
fields from the glasma and electromagnetic fields,
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FIG. 2. Numerical results for ÎðQsX0Þ and Ĵ ðQsX0Þ at small
QsX0.
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FIG. 3. The ratio of ÎðQsX0Þ and Ĵ ðQsX0Þ.
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FIG. 4. Numerical results for ÎðQsX0Þ, Ĵ ðQsX0Þ, Î3ðQsX0Þ,
and Ĵ 3ðQsX0Þ up to QsX0 ¼ 5.
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FIG. 5. Numerical results for Î3ðQsX0Þ and Ĵ 3ðQsX0Þ at up to
QsX0 ¼ 10.

8In principle, Eq. (101) should also depend on Xth
0 , wherehBaiðXÞBaiðXÞiX0¼0 should be more precisely replaced by

hðBaið0;XÞ − BaiðXth
0 ;XÞÞðBaið0;XÞ − BaiðXth

0 ;XÞÞi. We con-
sider the case for jBaið0;XÞj ≫ jBaiðXth

0 ;XÞj.
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TrchP̂i
qðq=2ÞP̂i

q̄ðq=2Þi ¼ Πii
oct þ Πii

sin þ Πii
EM; ð104Þ

with

Πii
oct ¼ −

ℏ2Q4
sðN2

c − 1Þδizð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2
16N3

cm2fthVqðϵq=2ÞfthVq̄ðϵq=2Þ
; ð105Þ

Πyy
sin ¼ Πxx

sin ¼ Πzz
sin

ÎðQsXth
0 Þ

Ĵ ðQsXth
0 Þ

¼ ℏ2ðN2
c − 1ÞQ6

sð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2ÎðQsXth
0 Þ

64ð2πÞ4N4
cm4fthVqðϵq=2ÞfthVq̄ðϵq=2Þ

; ð106Þ

and

Πii
EM ¼ −

ℏ2e2B2
i ð0Þð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2

4m2fthVqðϵq=22ÞfthVq̄ðϵq=2Þ
; ð107Þ

where fthVq=q̄ðϵq=2Þ ≈ 1=ðem=T þ 1Þ as the thermal distribu-
tion for quarks and antiquarks at zero chemical potentials
and nonrelativistic limit with T being the freeze-out
temperature on a coalescence hypersurface.
We then estimate the order of magnitude for the spin

alignment of ϕ mesons as an example in RHIC and LHC at
sufficiently high collision energies that the glasma phase
could exist. Consequently, we will consider three sets of
saturation momenta, Qs ¼ 1, 2, and 3 GeV. For other
approximations, we adopt the same setup in Ref. [90]. We

take ℏ ¼ 1 and postulate fð0ÞV ¼ 1=ðeϵq=2=Λ þ 1Þ as an early-
time distribution function of quarks and antiquarks with

Λ ∼Qs ≫ ϵq=2 such that ∂ϵq=2f
ð0Þ
V ≈ −1=ð4QsÞ. For other

numerical parameters, we take m ≈ 500 MeV as the con-
stituent quark mass for strange quarks, T ≈ 150 MeV as the
freeze-out temperature at chemical equilibrium, and Xth

0 ¼
0.5 fm as the thermalization time at the end of the glasma
phase. For the maximum collision energy at RHIC, we
anticipate Qs ¼ 1 GeV, which yields Î ≈ 1.6Ĵ ≈ 700

for QsXth
0 ≈ 2.5, and approximate9 Bi ≈ Bð0Þδiy with

jeBð0Þj ≈m2
π and mπ ≈ 140 MeV [98], which results in

Πii
oct ≈ −3.9δiz; Πyy

sin ¼ Πxx
sin ≈ 1.6Πzz

sin ≈ 0.58;

Πii
EM ≈ −0.02δiy: ð108Þ

For LHC energies, we could have Qs ≈ 2–3 GeV.
Considering Qs ¼ 2 GeV, which yields Î ≈ 0.8Ĵ ≈
6800 for QsXth

0 ≈ 5, and jeBð0Þj ≈ 10m2
π , it is found that

Πii
oct ≈ −15.6δiz; Πyy

sin ¼ Πxx
sin ≈ 0.8Πzz

sin ≈ 90.8;

Πii
EM ≈ −0.5δiy: ð109Þ

For Qs ¼ 3 GeV with the same setup of the case for
Qs ¼ 2 GeV, which yields Î ≈ 0.8Ĵ ≈ 19700 for
QsXth

0 ≈ 7.5, one obtains

Πii
oct ≈ −35.1δiz; Πyy

sin ¼ Πxx
sin ≈ 0.8Πzz

sin ≈ 1331;

Πii
EM ≈ −0.22δiy; ð110Þ

where the change of Πii
EM with the same magnitude of

jeBð0Þj stems from the Q−2
s suppression due to the

approximation, ∂ϵq=2f
ð0Þ
V ≈ −1=ð4QsÞ. As opposed to Πii

oct,

here Πii
sin are rather sensitive to the value of Xth

0 . When
choosing Xth

0 ¼ 0.2 fm, we then have QsXth
0 ≈ 2 with Î ≈

2.4Ĵ ≈ 260 for Qs ¼ 2 GeV and QsXth
0 ≈ 3 with Î ≈

1.2Ĵ ≈ 1400 for Qs ¼ 3 GeV. We accordingly acquire

Πyy
sin ¼ Πxx

sin ≈ 2.4Πzz
sin ≈ 3.5 ð111Þ

for Qs ¼ 2 GeV and

Πyy
sin ¼ Πxx

sin ≈ 1.2Πzz
sin ≈ 94 ð112Þ

for Qs ¼ 3 GeV. Superficially, the results seem to be
unrealistically large even when focusing on just the con-
tributions fromΠii

oct, while all these values should be further
suppressed by the spin-relaxation effects in the QGP phase.
Note that Πyy

sin here is much larger than hPy
qP

y
q̄i obtained in

Ref. [90] due to the absence of strong suppression coming
from 1=ðQ2

sATÞ with AT the transverse area of the QGP led
by nonlocality.
On the other hand, Πii

oct led by two-field correlations
should be in principle more dominant than Πii

sin induced by
four-field correlations according to the weak-field expansion
of the QKT. Nevertheless, due to nonperturbtive properties
of the glasma, the hierarchy is not guaranteed and the four-
field correlations could surpass two-field correlations at
larger Qs. From the numerical results, around Qs ¼ 2 GeV,
depending on the choice of Xth

0 , one could have either
jΠii

sinj > jΠii
octj or jΠii

sinj < jΠii
octj, where the former implies

the breakdown of our perturbtive approach. We may still
estimate ρ00 based on the primary contribution from
anisotropic Πii

oct at Qs ¼ 2 GeV with a certain assumption
of Xth

0 . ForQs ¼ 3 GeV, Πii
sin overwhelms Πii

oct and thus our
estimate becomes invalid. A nonperturbative treatment is
presumably needed at higher collision energies.
As discussed in the previous section, the quarks and

antiquarks may emerge at the time later than the initial
time with strongest color fields and electromagnetic fields.
In practice, we shall consider f̃sVðϵp; X0Þ ≈ fð0ÞV ðϵpÞ
ΘðX0 − Xq

0Þ with Xq
0 being the time for emergence of

9In fact, the event-by-event fluctuating electromagnetic fields
can engender sizable contributions for Πxx

EM ∼ B2
x [97], but the

magnetic-field contribution is relatively suppressed by those from
color fields and thus not our primary interest in the present work.
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quarks or antiquarks in the glamsa state and thus we have to evaluate

1

2N2
c
hãaiq ðq=2; XÞãaiq̄ ðq=2; XÞi ≈ −

ℏ2g2

8N2
c
ð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2hBaiðXÞBaiðXÞiX0¼Xq

0
: ð113Þ

In such a case, we have not only nonvanishing hBazðXÞBazðXÞi but also hBax;yðXÞBax;yðXÞi.
To analyze the possible correction from a nonzero Xq

0, we first calculate hBazðXÞBazðXÞi with X0 ≠ 0. By usingR
d2q⊥ ¼ R dqqdθq, R d2l⊥ ¼ R dlldθl, and

Z
dθq

Z
dθleiq⊥ðX

0−uÞ⊥eil⊥ðY 0−vÞ⊥ ¼ ð2πÞ2J0ðqjX⊥ − u⊥jÞJ0ðljY⊥ − v⊥jÞ; ð114Þ

we find Z
X

⊥;q;u

Z
X

⊥;l;v
Ω−ðu⊥; v⊥Þ × J0ðqX0ÞJ0ðlX0Þ

¼
Z

dqdl
ð2πÞ2 ql

Z
d2u⊥

Z
d2v⊥Ω−ðu⊥; v⊥ÞJ0ðqX0ÞJ0ðlX0ÞJ0ðqjX⊥ − u⊥jÞJ0ðljX⊥ − v⊥jÞ

¼
Z

d2ū⊥d2v̄⊥
ð2πÞ2 Ω−ðu⊥; v⊥Þ

δðX0 − jū⊥jÞδðX0 − jv̄⊥jÞ
jū⊥jjv̄⊥j

; ð115Þ

where we have applied the orthogonal condition for Bessel
functions,

Z
∞

0

drrJνðkrÞJνðsrÞ ¼
δðk − sÞ

s
; ð116Þ

and the change of variables, ū⊥ ¼ X⊥ − u⊥ and
v̄⊥ ¼ X⊥ − v⊥, to reach the second equality. When adopt-
ing the GBW distribution, we have Ω−ðu⊥; v⊥Þ ¼
Ωðu⊥; v⊥Þ ¼ Ωðū⊥; v̄⊥Þ. It is more convenient to work
in polar coordinates,

Z
d2ū⊥

Z
d2v̄⊥ ¼

Z
∞

0

djū⊥jjū⊥j
Z

∞

0

djv̄⊥jjv̄⊥j

×
Z

2π

0

dθū

Z
2π

0

dθv̄: ð117Þ

For an integrand depending on only Θū;v̄ ¼ θv̄ − θū, we
could make the change of variables such that (see
Appendix B for the derivation)

Z
2π

0

dθū

Z
2π

0

dθv̄F ðθū − θv̄Þ

¼
Z

2π

−2π
dΘū;v̄2πF ðΘū;v̄Þ −

Z
2π

0

dΘū;v̄Θū;v̄½F ðΘū;v̄Þ

þ F ð−Θū;v̄Þ�: ð118Þ

Given that Ωðu⊥; v⊥Þ only depends on

jū⊥ − v̄⊥j2 ¼ jū⊥j2 þ jv̄⊥j2 − 2jū⊥jjv̄⊥j cosΘū;v̄; ð119Þ

it is found that

g2hBazðXÞBazðXÞi ¼ Q4
sðN2

c − 1Þ
4π2Nc

IBzðQsX0Þ ð120Þ

and accordingly

1

2N2
c
hãazq ðq=2;XÞãazq̄ ðq=2;XÞi

≈−
ℏ2Q4

sðN2
c−1Þ

16N3
c

�
IBzðQsX0Þ

2π2

�
ð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2; ð121Þ

where

IBzðQsX0Þ ¼
Z

2π

0

dΘū;v̄ð2π − Θū;v̄Þ

×

�
1 − e−Q

2
sX2

0
ð1−cosΘū;v̄Þ=2

Q2
sX2

0ð1 − cosΘū;v̄Þ=2
�2

ð122Þ

can be evaluated numerically. Note that IBzðQsX0Þ ¼ 2π2

when QsX0 → 0.
Next, we shall consider the contribution from dynami-

cally generated transverse chromomagnetic fields,

hBay
⊥ ðXÞBay

⊥ ðXÞi

¼ −
1

2
g2NcðN2

c − 1Þ
Z

X

⊥;q;u

Z
X

⊥;l;v
Ωþðu⊥; v⊥Þ

qxlx

ql

× J1ðqX0ÞJ1ðlX0Þ; ð123Þ
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for which

Z
X

⊥;q;u

Z
X

⊥;l;v
Ωþðu⊥; v⊥Þ

qxlx

ql
× J1ðqX0ÞJ1ðlX0Þ ¼ −

Z
dqdl
ð2πÞ2 ql

Z
d2u⊥

Z
d2v⊥Ωþðu⊥; v⊥Þ

ðX − uÞx⊥ðX − vÞx⊥
jX⊥ − u⊥jjX⊥ − v⊥j

× J1ðqX0ÞJ1ðlX0ÞJ1ðqjX⊥ − u⊥jÞJ1ðljX⊥ − v⊥jÞ

¼ −
Z

d2ū⊥d2v̄⊥
ð2πÞ2 Ω−ðu⊥; v⊥Þ

ūx⊥v̄x⊥δðX0 − jū⊥jÞδðX0 − jv̄⊥jÞ
jū⊥j2jv̄⊥j2

; ð124Þ

by using

Z
dθq

Z
dθl

qjli

ql
eiq⊥ðX−uÞ⊥eil⊥ðY−vÞ⊥ ¼ −ð2πÞ2 ðX − uÞi⊥ðY − vÞj⊥

jX⊥ − u⊥jjY⊥ − v⊥j
J1ðqjX⊥ − u⊥jÞJ1ðljY⊥ − v⊥jÞ: ð125Þ

Given

ūx⊥v̄x⊥ ¼ jū⊥jjv̄⊥j
2

ðcosΘū;v̄ þ cos θū;v̄Þ; ð126Þ

where θū;v̄ ¼ θv̄ þ θū, and taking the GBW distribution, it is found that

−
Z

d2ū⊥d2v̄⊥
ð2πÞ2 Ω−ðu⊥; v⊥Þ

ūx⊥v̄x⊥δðX0 − jū⊥jÞδðX0 − jv̄⊥jÞ
jū⊥j2jv̄⊥j2

¼ 1

4π2
Q4

s

g4N2
c

Z
2π

0

dΘū;v̄

h
sinΘū;v̄ − ð2π − Θū;v̄Þ cosΘū;v̄

i�1 − e−Q
2
sX2

0
ð1−cosΘū;v̄Þ=2

Q2
sX2

0ð1 − cosΘū;v̄Þ=2
�2

; ð127Þ

by using the relations in Appendix B. Consequently, one
finds

g2hBay
T ðXÞBay

T ðXÞi ¼ Q4
sðN2

c − 1Þ
4π2Nc

IByðQsX0Þ; ð128Þ

which yields

1

2N2
c
hãayq ðq=2;XÞãayq̄ ðq=2;XÞi

≈−
ℏ2Q4

sðN2
c−1Þ

16N3
c

�
IByðQsX0Þ

2π2

�
ð∂ϵq=2fð0ÞV ðϵq=2ÞÞ2; ð129Þ

where

IByðQsX0Þ ¼
Z

2π

0

dΘū;v̄

2

�
ð2π − Θū;v̄Þ cosΘū;v̄ − sinΘū;v̄

�

×

�
1 − e−Q

2
sX2

0
ð1−cosΘū;v̄Þ=2

Q2
sX2

0ð1 − cosΘū;v̄Þ=2
�2

: ð130Þ

One can consistently check IByðQsX0Þ ¼ 0 when
QsX0 → 0.
By symmetry, it is expected that hãayq ðq=2; XÞ

ãayq̄ ðq=2; XÞi ¼ hãaxq ðq=2; XÞãaxq̄ ðq=2; XÞi. The numerical
results of IBzðQsX0Þ and IByðQsX0Þ are shown in Fig. 6.
Notably, even at late time up to QsX0 ≈ 10 such that IBz is

about 10 times smaller, we still have Πzz
oct ∼ 1. When

assuming f̃sVðϵp; X0Þ is created after Xq
0 ¼ 0.1 fm, one

finds Πzz
oct ≈ −10.3 for Qs ¼ 2 GeV and Πii

sin are nearly
unchanged because of the dominant contribution in late
times within the glasma [90], while the magnitude of Uð1Þ
magnetic fields rapidly drops to jeBiðXq

0Þj ≈ 0.01m2
π [97] in

LHC energies, from which Πii
EM becomes negligible. The

same scenario is applicable to the high-energy collisions at
RHIC. In principle, a more rigorous estimation of Πzz

oct is
proportional to IBz

ðQsX
q
0Þ − IBz

ðQsXth
0 Þ, while this should

not give significant suppression by order of magnitude
provided Xq

0 is not too close to X
th
0 . Finally, we may roughly

conclude the spin alignment of ϕ mesons from the glasma
for Qs ≈ 1–2 GeV in an approximate equation,

IBz

IBy

0 2 4 6 8 10
0

5

10

15

20

QsX0

I B
z,
B
y

FIG. 6. Numerical results for IBzðQsX0Þ and IByðQsX0Þ.
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ρ00 ∼
1

3þ 10e−2X
eq
0
=τoR

; ð131Þ

where Xeq
0 represents the freeze-out time at chemical

equilibrium of the QGP and recall τoR is an unknown
parameter characterizing the effect of spin relaxation.
Assuming the spin relaxation results in about 10 times
suppression of the dynamical spin correlation, the contri-
bution from color fields for spin alignment will be around
the same order as the experimental measurement.
In practice, the first-principle study of the spin relaxation

potentially applicable to heavy ion collisions has been so
far conducted in weakly coupled QGP up to the leading
logarithmic order in coupling [69,76,78], where the cor-
responding collision term for dynamical spin relaxation in
AKE is far from a relaxation-time form. In the heavy-quark
limit m ≫ T, we may naively adopt the relaxation rate
derived in Ref. [78] and approximate10

ðτoRÞ−1 ≈
g2C2ðFÞm2

DT
6πm2

ln g; ð132Þ

where C2ðFÞ ¼ ðN2
c − 1Þ=ð2NcÞ and m2

D ¼ g2T2ð2Ncþ
NfÞ=6. Taking Nc ¼ Nf ¼ 3, αs ¼ g2=ð4πÞ ≈ 1=3, and
T ¼ 200 MeV as the average temperature of QGP, one
obtains ðτoRÞ−1 ≈ 0.04 GeV. For Xeq

0 ≈ 5 fm, it is found that
e−2X

eq
0
=τoR ≈ 0.11 and ρ00 ≈ 0.24 from Eq. (131). Although

there is a rough agreement with the experimental meas-
urement for ρ00 of ϕmesons at small transverse momenta in
LHC [43], we emphasize that the estimation is subject to
several approximations and phenomenological postulations
and a more sophisticated analysis is required for quanti-
tative comparisons. There have been great efforts devoted
to modeling the dynamical spin polarization and relaxation
from collisional effects in QGP and our result of spin
polarization (correlation) from glasma effects can be used

as an initial condition for future simulations in the
QGP phase.
Before ending this section, we further elaborate how our

result is contingent on the choices of Qs and Xth
0 . In

general, at a fixed Qs, choosing a smaller Xth
0 seems to

result in the dominance of jΠii
octj over jΠii

sinj. Nonetheless,
when Xth

0 is too close to the initial time X0 ¼ 0, jΠii
octj also

drops since the initial color field encoded in jΠii
octj is

actually the difference between the initial color field at
X0 ¼ 0 and the one at X0 ¼ Xth

0 as manifested by Eq. (31).
Consequently, in our approximation, we also have to
choose a sufficiently large Xth

0 such that OðjBaið0;XÞj −
jBaiðXth

0 ;XÞjÞ ∼OðjBaið0;XÞjÞ as the validity for neglect-
ing late-time fields at the end of the glasma phase when
evaluating Πii

oct. Moreover, as mentioned previously, we
ignore the transition between the glasma and QGP phases,
whereas the adopted Xth

0 ¼ 0.2 fm is the same as the proper
time for matching the glasma phase and preequilibrium
state described by effective kinetic theory at the LHC
energy in Ref. [99]. To clarify the valid region for jΠzz

octj >
jΠii

sinj; jΠyy
octj in our estimation, we plot the spin correlations

from the color-octet and color-singlet contributions with
Xth
0 dependence at fixed Qs ¼ 2 GeV and with Qs depend-

ence for fixed Xth
0 ¼ 0.2 fm in Figs. 7 and 8, respectively.

Here Πii
oct are calculated by including the field difference

between X0 ¼ 0 and X0 ¼ Xth
0 , which yield11

Πzz
octðXth

0 Þ ¼ Πzz
octð0Þ

�
1 − 2ΩðXth

0 Þ þ
IBzðQsXth

0 Þ
ð2π2Þ

�
;

Πyy
octðXth

0 Þ ¼ Πzz
octð0Þ

IByðQsXth
0 Þ

ð2π2Þ ; ð133Þ
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FIG. 7. Magnitudes of spin correlations from the color-octet
and color-singlet contributions for Qs ¼ 2 GeV.

1.0 1.5 2.0 2.5 3.0
0

5

10

15

20

25

30

FIG. 8. Magnitudes of spin correlations from the color-octet
and color-singlet contributions for Xth

0 ¼ 0.2 fm.

10As also found in Refs. [69,78], the OðT=mÞ term can be
written as a momentum diffusion term and neglected here.

11Here Πzz
octðXth

0 Þ is proportional to hðBazð0Þ − BazðXth
0 ÞÞðBazð0Þ − BazðXth

0 ÞÞi, where we omit the spatial dependence.
Accordingly, the terms associated with ΩðXth

0 Þ and IBzðQsXth
0 Þ

therein are led by the contributions from hBazð0ÞBazðXth
0 Þi and

hBazðXth
0 ÞBazðXth

0 Þi, respectively.
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and thus manifest the Xth
0 dependence. It is found that our

estimation is approximately valid when 0.1≲ Xth
0 ≲

0.25 fm at Qs ¼ 2 GeV or 1≲Qs ≲ 2.3 GeV for
Xth
0 ¼ 0.2 fm.
Finally, we further comment on higher-order corrections

in ℏ expansion upon spin alignment. In principle, one could
further incorporate the ℏ2 corrections for AKE and A<

q=q̄

albeit unavailable in literature at this moment, which may
give rise to Oðℏ3Þ corrections on ρ00 from Eq. (63) in our
model of coalescence. Such corrections should be sup-
pressed provided the ℏ expansion holds. On the other hand,
there could be possibleOðℏ2Þ corrections for ρ00 from V<

q=q̄

led by Eq. (62). Nevertheless, the existence of such
corrections implies that V<

q=q̄ are out of equilibrium (for
the vector-charge degrees of freedom) and the effects could
be probed by spin-independent observables. As a result, at
least in high-energy nuclear collisions, it is unlikely that
such corrections could be prominent for light quarks
including strange quarks at small transverse momenta.
We hence assumed V<

q=q̄ in thermal equilibrium without
quantum corrections in our setup.

V. SPIN ALIGNMENT FOR VECTOR MESONS
WITH FINITE MOMENTA: QUALITATIVE

ANALYSES

Previously, we focused on the spin alignment of
vector mesons in the rest frame.12 We may now investigate
its momentum dependence in the lab frame. As stated in
the previous section, the contribution from color-singlet
correlations should be theoretically regarded as a higher-
order correction compared with the color-octet ones.
Consequently, we focus on the color-octet contribution,

TrchP̂i
qðq=2ÞP̂i

q̄ðq=2Þi

≈
R
dΣX · qhãaiq ðq=2; XÞãaiq̄ ðq=2; XÞi

2N2
cm2

R
dΣX · qfsVqðq=2; XÞfsVq̄ðq=2; XÞ

≈
−ℏ2g2

R
dΣX · qhBai

r ð0;XÞBai
r ð0;XÞið∂ϵq=2 f̃Vðϵq=2; 0ÞÞ2

8N2
cm2

R
dΣX · qfsVqðq=2; XÞfsVq̄ðq=2; XÞ

;

ð134Þ

for q ¼ 0 in the nonrelativistic limit for quarks and anti-
quarks, where Bai

r denotes the chromomagnetic field in the
rest frame of vector mesons. Utilizing Eq. (88) in the weak-
correlation limit by augmentation with the spin-relaxation
correction from a color-octet relaxation time, we have

ρ00−
1

3
≈
−ℏ2g2e−2X

eq
0
=τoR
R
dΣX ·qΠBðXÞð∂ϵq=2 f̃Vðϵq=2;0ÞÞ2

72N2
cm2

R
dΣX ·qfthVqðϵq=2ÞfthVq̄ðϵq=2Þ

;

ð135Þ

where ΠBðXÞ ¼ hBax
r ð0; XÞBax

r ð0; XÞi þ hBaz
r ð0; XÞBaz

r

ð0; XÞi − 2hBay
r ð0; XÞBay

r ð0; XÞi. Despite the negligible
size of momentum corrections from quarks and antiquarks,
we may simply conduct the Lorentz boost on the color fields
to approximate the spin alignment of vector mesons with
finite momenta in the lab frame, which will be helpful to
qualitatively understand transverse-momentum and central-
ity dependence of spin alignment.
We could rewrite Bai

r in terms of the color fields in the lab
frame through

Bai
r ¼ γðBai þ ϵijkvjEa

kÞ − ðγ − 1ÞBa · v̂v̂i; ð136Þ

where γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jvj2

p
with vi ¼ qi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jqj2 þM2

p
and

v̂i ¼ vi=jvj. In principle, jqj here cannot be too large;
otherwise the relativistic corrections upon quarks and
antiquarks should be considered. By dropping the corre-
lations between a chromomagnetic field and an electric one
and those between color fields along different directions,
we accordingly find

hBai
r ðXÞBai

r ðXÞi¼ γ2ðhBaiðXÞBaiðXÞi
þϵijkvjϵij

0k0vj0 hEa
kðXÞEa

k0 ðXÞiÞ
−2γðγ−1ÞhBaiðXÞBaiðXÞiv̂2i
þðγ−1Þ2v̂2i

X
j¼x;y;z

hBajðXÞBajðXÞi ð137Þ

and thus

hBai
r ðXÞBai

r ðXÞi≈ γ̃2i hBaiðXÞBaiðXÞi
þ ϵijkvjϵij

0k0vj0 hEa
kðXÞEa

k0 ðXÞi þOðjvj4Þ;
ð138Þ

where γ̃2i ¼ 1þ jvj2 − v2i ≈ γ2 − v2i þOðjvj4Þ, which yields

hBax
r ðXÞBax

r ðXÞi≈ γ̃2xhBaxðXÞBaxðXÞiþ v2yhEazðXÞEazðXÞi;
ð139Þ

hBay
r ðXÞBay

r ðXÞi≈ γ̃2yhBayðXÞBayðXÞiþ v2xhEazðXÞEazðXÞi;
ð140Þ

hBaz
r ðXÞBaz

r ðXÞi ≈ γ2hBazðXÞBazðXÞi þ v2yhEaxðXÞEaxðXÞi
þ v2xhEayðXÞEayðXÞi; ð141Þ

up to Oðjvj2Þ for jvx;yj ≫ jvzj at central rapidity.

12In Sec. IV, we calculate the spin correlations from color fields
of the glasma in the lab frame along with vector mesons in the rest
frame. Accordingly, the estimation of spin alignment therein is
actually for vector mesons with nearly zero momenta in the lab
frame.
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For color fields from the glasma, as shown in the previous section, the correlators of longitudinal color fields dominate
over those of transverse ones and hEazðXÞEazðXÞi ¼ hBazðXÞBazðXÞi with the GBW distribution. Then Eq. (135) becomes

ρ00 −
1

3
≈
ℏ2g2ðv2x − 2v2y − 1Þe−2Xeq

0
=τoR
R
dΣX · qhBazð0;XÞBazð0;XÞið∂ϵq=2 f̃Vðϵq=2; 0ÞÞ2

72N2
cm2

R
dΣX · qfthVqðϵq=2ÞfthVq̄ðϵq=2Þ

: ð142Þ

In practice, vx;y could depend on spatial coordinates, but
here we may consider just the average velocities. Recall
that x and y correspond to the directions parallel and
perpendicular to the reaction plane, respectively. It is hence
anticipated that v2x ≥ v2y in most cases. Therefore, in the
high-energy nuclear collisions with the presence of glasma,
we expect ρ00 < 1=3 and the deviation decreases with
larger transverse momenta (but not too large) and less
central collisions, for which v2x − 2v2y increases.
Generically, we may consider two potential sources of

color fields. One stems from the color fields generated by
the glasma state, while the other comes from only the
internal color fields characterizing an effective potential that
binds the pair of a quark and an antiquark. The spin
alignment induced by the glasma only exists in relatively

high-energy nuclear collisions. On the other hand, the
effective potential could play a more dominant role in
low-energy collisions, where the contribution from external
color fields vanishes as well. However, the magnitude of
such a potential term entails nonperturbative calculations
such as the lattice simulations, which is beyond the scope of
the present work. For simplicity, we also assume the
screening effect in the QGP phase such that the non-
dynamical contribution of internal color fields at late time
can be neglected. Unlike the color fields from the glasma,
the effective potential should be approximately isotropic.
We hence postulate hEaiðXÞEaiðXÞi ¼ hBaiðXÞBaiðXÞi ¼
hBaðXÞBaðXÞi. In the weak-correlation limit, Eq. (88)
accordingly yields

ρ00 −
1

3
≈
ℏ2g2ðv2x − 2v2yÞe−2X

eq
0
=τoR
R
dΣX · qhBað0;XÞBað0;XÞið∂ϵq=2 f̃Vðϵq=2; 0ÞÞ2

36N2
cm2

R
dΣX · qfthVqðϵq=2ÞfthVq̄ðϵq=2Þ

: ð143Þ

As opposed to the case in high-energy collisions, we could
possibly have ρ00 > 1=3 given v2x > 2v2y from the effective
potential at low-energy noncentral collisions and the
deviation may increase with larger transverse momenta
PT (but not too large) and more peripheral collisions.
Nonetheless, the effective potential also gives rise to ρ00 <
1=3 in central collisions. In practice, the effect from the
glasma and from the effective potential possibly coexist for
ϕ mesons and J=ψ , which should compete with each other
in sufficiently high-energy collisions, while the latter effect
is unlikely present forK�0 although the glasma effect onK�0

needs to be further investigated. As a result, the spin
alignment for K�0 may only occur at high-energy collisions
with the glasma effect that yields ρ00 < 1=3. Nonetheless,
these two effects could be more prominent in distinct
kinematic regions or centrality conditions. In Table I, we
roughly summarize the qualitative behaviors of ρ00 led by

individual effects, where we also expect that the spin
alignment of J=ψ at high collision energies follows similar
behaviors as those of ϕ mesons although it is unlikely that
charm and anticharm quarks will reach thermal equilibrium.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we estimate the spin alignment of vector
mesons induced by color fields in the glasma phase via the
newly derived equation with local spin correlation in the
quark coalescence scenario. We find that both the color-
singlet and color-octet components of the axial-charge
current densities for quarks and antiquarks contribute to
the associated spin correlators, which are dynamically
generated through the background color fields. Based on
our estimates the resulting spin alignment could be sig-
nificant. We identify and discuss the limitations of our
perturbative approach contingent upon the saturation

TABLE I. Competing effects for spin alignment from color fields.

Small PT Large-PT Central Noncentral

Glasma ρϕ;J=ψ00 < 1=3 ρϕ;J=ψ00 ≲ 1=3 ρϕ;J=ψ00 < 1=3 ρϕ;J=ψ00 ≲ 1=3
Effective potential jρϕ;J=ψ00 − 1=3j ≳ 0 jρϕ;J=ψ00 − 1=3j > 0 ρϕ;J=ψ00 < 1=3 ρϕ;J=ψ00 > 1=3
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momentum and lifetime of the glasma. We also qualita-
tively analyze the spin alignment of vector mesons with
nonzero momentum in a self-consistent framework with
color fields originating from both the glasma and effective
potential characterized by isotropic internal color fields,
which may result in opposite signs for ρ00 − 1=3 for
different transverse meson momenta and collisions of
different centrality. The differences for spin alignment
between these two scenarios stem from the intrinsic spatial
anisotropy of the color fields and the momentum
anisotropy of vector mesons, respectively. As briefly
discussed in Sec. IV, our estimates for spin correlations
are subject to several approximations. Here we reiterate
some potential issues and propose future research direc-
tions. Most importantly, the validity of our estimate is
sensitive to the value of the thermalization time Xth

0 where
the glasma phase ends. Our numerical study indicates that
our estimate breaks down around QsXth

0 ≈ 2–5. However,
the order-of-magnitude estimates for spin correlations still
reveal non-negligible contributions to spin alignment from
the glasma effect. In addition to the need for developing a
more rigorous approach to treat the nonperturbative dynam-
ics of color fields for spin transport of quarks, it is also
crucial to have more reliable estimates for the spin
relaxation after the end of the glasma phase. As shown
in weakly coupled gauge theories, the collision terms
responsible for spin relaxation are far more complicated
than the relaxation-time form [28,29,69,76,78].
The color-field induced diffusion terms that are

neglected in the weak-field limit may further cause the
suppression of spin correlations. Furthermore, the sudden
truncation of the glasma phase is unrealistic, which further
raises the issue of the connection between spin transport of
quarks in the glasma phase and in the QGP in the
framework of QKT. On the other hand, the nonrelativistic
approximation for constituent quarks and antiquarks is
adopted here, which reduces the nonlocal correlator of

color fields to the local one. For a quantitative estimation of
the spin correlation via nonperturbative approaches like
lattice simulations, the spatial separation between color
fields should be taken into account. Overall, a more precise
estimation for color-field effects beyond the nonrelativistic
approximation will be required for a reliable comparison
with the growing data for relativistic heavy ion collisions.
Our formalism provides for a framework in which this is, in
principle, possible.
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APPENDIX A: ANALYTIC SOLUTION
FROM AKE

Considering

p · ∂ãμðp; xÞ ¼ Gμðp; xÞ − p0ãμðp; xÞ
τ

; ðA1Þ

one finds

ãμðp; XÞ ¼ i
Z

d4k
Z

d4X0

ð2πÞ4
e−ik·ðX−X0ÞGμðX;X0Þ
k · pþ ip0τ

−1 þ iϵ
; ðA2Þ

which can be decomposed into

ãμðp;XÞ ¼ ãμð1Þðp; XÞ þ ãμð2Þðp; XÞ; ðA3Þ

where

ãμð1Þðp; XÞ ¼ i
Z

d4k
Z

d4X0

ð2πÞ4
e−ik·ðX−X0Þðk · pþ ip0τ

−1ÞGμðX;X0Þ
ðk · pþ ip0τ

−1Þ2 þ ϵ2

����
ϵ→0

ðA4Þ

and

ãμð2Þðp;XÞ ¼
Z

d4k
Z

d4δX
ð2πÞ4 πδðk · pþ ip0τ

−1Þe−ik·δXGμðX;X0Þ; ðA5Þ

where δX ≡ X − X0. Note that the convention for Fourier transformation here is

fðp; kÞ ¼
Z

d4X
ð2πÞ4 e

ik·X0
fðp;X0Þ: ðA6Þ

Assigning pμ ¼ ðp0; 0; 0; pzÞ hence we obtain
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ãμð1Þðp;XÞ ¼ i
Z

dk0dkz

Z
dδX0dδXz

ð2πÞ2
e−ik0δX0þikzδXz

k0p0 − kzpz þ ip0τ
−1G

μðX;X0ÞjδXx;y¼0; ðA7Þ

which yields

ãμð1Þðp;XÞ ¼ π

Z
dkz

Z
dδX0dδXz

ð2πÞ2
sgnðδX0Þ

p0

eikzðδXz−δX0pz=p0Þ−δX0=τGμðX; δXÞjδXx;y¼0

¼ π

Z
dδX0dδXz

ð2πÞ
sgnðδX0Þ

p0

δðδXz − δX0pz=p0Þe−δX0=τGμðX; δXÞjδXx;y¼0

¼ 1

2p0

Z
dδX0

h
sgnðδX0ÞGμðX; δXÞe−δX0=τ

i
δXx;y¼0;δXz¼pzδXz=p0

ðA8Þ

by using Z
∞

−∞
dke−ikx=ðkþ aÞ ¼ −iπsgnðxÞeixa: ðA9Þ

Similarly, it is found that

ãμð2Þðp; XÞ ¼
Z

dk0dkz

Z
dδX0dδXz

ð2πÞ2
πδðk0 − kzpz=p0 þ iτ−1Þ

p0

e−ik0δX0þikzδXzGμðX;X0Þ

¼
Z

dδX0

2p0

e−δX0=τGμðX;X0ÞjδXx;y¼0;δXz¼pzδXz=p0
; ðA10Þ

and thus

ãμðp;XÞ ¼
Z

dδX0

p0

ΘðδX0Þe−δX0=τGμðX;X0ÞjδXx;y¼0;δXz¼pzδXz=p0
; ðA11Þ

where we have used 1þ sgnðxÞ ¼ 2ΘðxÞ.

APPENDIX B: DERIVATION OF THE INTEGRAL

Considering the integral

I ¼
Z

a

0

dx
Z

a

0

dyF ðx; yÞ ¼
Z

a=2

−a=2
dx̄
Z

a=2

−a=2
dȳF ðx̄þ a=2; ȳþ a=2Þ; ðB1Þ

we can introduce V ¼ ȳ − x̄ and U ¼ ȳþ x̄ and rewrite the integral as

I ¼ 1

2

 Z
a

0

dV
Z

a−V

0

dU þ
Z

a

0

dV
Z

0

V−a
dU þ

Z
0

−a
dV
Z

0

−V−a
dU þ

Z
0

−a
dV
Z

aþV

0

dU

!

× F ððU − V þ aÞ=2; ðU þ V þ aÞ=2Þ; ðB2Þ

where the overall 1=2 factor comes from the Jacobian determinant.
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When F ðx; yÞ ¼ F ðy − xÞ ¼ F ðVÞ, the integral in Eq. (B2) reduces to

I ¼
�Z

a

0

dVða − VÞ þ
Z

0

−a
dVðaþ VÞ

�
F ðVÞ

¼
Z

a

−a
dVaF ðVÞ −

Z
a

0

dVVðF ðVÞ þ F ð−VÞÞ: ðB3Þ

It is found that I ¼ 0 when F ðVÞ is an odd function with V.
On the other hand, when F ðx; yÞ ¼ F ðVÞ cosU, the integral in Eq. (B2) becomes

I ¼
�Z

a

0

dV sinða − VÞ þ
Z

0

−a
dV sinðaþ VÞ

�
F ðVÞ

¼
Z

a

−a
dV sin a cosVF ðVÞ −

Z
a

0

dV sinV cos aðF ðVÞ þ F ð−VÞÞ: ðB4Þ

For a ¼ 2π, the integral further reduces to

I ¼ −
Z

2π

0

dV sinVðF ðVÞ þ F ð−VÞÞ: ðB5Þ

APPENDIX C: CALCULATION OF THE LONGITUDINAL SPIN CORRELATION

At mid-rapidity η → 0, in the small-momentum limit such that p̂μ
⊥ ≡ pμ

⊥=p0 ≪ 1 for p0 ¼ ϵp ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
being

on-shell, the longitudinal component of color singlet spin four-vector is obtained in Ref. [90]

ãszðp;XÞ ¼ −
�
g2C̄2

2
p0ð∂p0fVðp0ÞÞ

�Z
p;X

k;X0

Z
p;X0

k0;X00

h
∂X000

�
Ea
½2ðX0ÞEa

1�ðX00Þ
�

− ∂X01

�
Ba
½3ðX0ÞEa

1�ðX00Þ
�
− ∂X02

�
Ba
½3ðX0ÞEa

2�ðX00Þ
�

þ ðX00
0 − X0

0Þ
�
∂
2
X001ðEa

1ðX0ÞEa
2ðX00ÞÞ − ∂X001∂X002ðEa

1ðX0ÞEa
1ðX00ÞÞ

þ ∂X002∂X001ðEa
2ðX0ÞEa

2ðX00ÞÞ − ∂
2
X002ðEa

2ðX0ÞEa
1ðX00ÞÞ

�i
: ðC1Þ

Equation (C1) can be used to obtain hãszðp;XÞãszðp; YÞi. Since, in the end we will integrate over spatial X and Y on the
freeze-out hypersurface with X0 ¼ Y0, a further simplification can be made by symmetry, hãszðp; XÞãszðp; YÞi ¼
hãszðp; YÞãszðp;XÞi which suggest that the integrals involving variables X0, Y 0, X00, and Y 00 should remain invariant under
ðX0 ↔ Y 0; X00 ↔ Y 00Þ. It turns out that we can write

hãszðp;XÞãszðp; YÞi ¼ hãszðp;XÞãszðp; YÞiI þ hãszðp;XÞãszðp; YÞiII þ hãszðp; XÞãszðp; YÞiIII; ðC2Þ

where

hãszðp;XÞãszðp;YÞiI ¼
�
g2C̄2

2
p0ð∂p0fVðp0ÞÞ

�
2
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00

×
h
∂X000∂Y 000

D
Ea
½2ðX0ÞEa

1�ðX00ÞEb
½2ðY 0ÞEb

1�ðY 00Þ
E
− 2∂X000∂Y 01

D
Ea
½2ðX0ÞEa

1�ðX00ÞBb
½3ðY 0ÞEb

1�ðY 00Þ
E

− 2∂X000∂Y 02

D
Ea
½2ðX0ÞEa

1�ðX00ÞBb
½3ðY 0ÞEb

2�ðY 00Þ
E
þ ∂X01∂Y 01

D
Ba
½3ðX0ÞEa

1�ðX00ÞBb
½3ðY 0ÞEb

1�ðY 00Þ
E

þ 2∂X01∂Y 02

D
Ba
½3ðX0ÞEa

1�ðX00ÞBb
½3ðY 0ÞEb

2�ðY 00Þ
E
þ ∂X02∂Y 02

D
Ba
½3ðX0ÞEa

2�ðX00ÞBb
½3ðY 0ÞEb

2�ðY 00Þ
Ei

; ðC3Þ
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hãszðp; XÞãszðp; YÞiII
¼ −

�
g2C̄2

2
p0ð∂p0fVðp0ÞÞ

�
2
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00

×
h
−ðY 00

0 − Y 0
0Þ∂X000∂Y 001∂Y 001

D
Ea
½2ðX0ÞEa

1�ðX00ÞEb
1ðY 0ÞEb

2ðY 00Þ
E
þ ðY 00

0 − Y 0
0Þ∂X000∂Y 001∂Y 002

D
Ea
½2ðX0ÞEa

1�ðX00ÞEb
1ðY 0ÞEb

1ðY 00Þ
E

− ðY 00
0 − Y 0

0Þ∂X000∂Y 002∂Y 001

D
Ea
½2ðX0ÞEa

1�ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E
þ ðY 00

0 − Y 0
0Þ∂X000∂Y 002∂Y 002

D
Ea
½2ðX0ÞEa

1�ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X01∂Y 001∂Y 001

D
Ba
½3ðX0ÞEa

1�ðX00ÞEb
1ðY 0ÞEb

2ðY 00Þ
E
− 2ðY 00

0 − Y 0
0Þ∂X01∂Y 001∂Y 002

D
Ba
½3ðX0ÞEa

1�ðX00ÞEb
1ðY 0ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X01∂Y 002∂Y 001

D
Ba
½3ðX0ÞEa

1�ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E
− 2ðY 00

0 − Y 0
0Þ∂X01∂Y 002∂Y 002

D
Ba
½3ðX0ÞEa

1�ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 001∂Y 001

D
Ba
½3ðX0ÞEa

2�ðX00ÞEb
1ðY 0ÞEb

2ðY 00Þ
E
− 2ðY 00

0 − Y 0
0Þ∂X02∂Y 001∂Y 002

D
Ba
½3ðX0ÞEa

2�ðX00ÞEb
1ðY 0ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 002∂Y 001

D
Ba
½3ðX0ÞEa

2�ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E
− 2ðY 00

0 − Y 0
0Þ∂X02∂Y 002∂Y 002

D
Ba
½3ðX0ÞEa

2�ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
Ei

;

ðC4Þ

and

hãszðp;XÞãszðp; YÞiIII ¼
�
g2C̄2

2
p0ð∂p0fVðp0ÞÞ

�
2
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00

×
h
þðX00

0 − X0
0ÞðY 00

0 − Y 0
0Þ∂X001∂X001∂Y 001∂Y 001

D
Ea
1ðX0ÞEa

2ðX00ÞEb
1ðY 0ÞEb

2ðY 00Þ
E

þ ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X002∂Y 001∂Y 002

D
Ea
1ðX0ÞEa

1ðX00ÞEb
1ðY 0ÞEb

1ðY 00Þ
E

þ ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X002∂X001∂Y 002∂Y 001

D
Ea
2ðX0ÞEa

2ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E

þ ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X002∂X002∂Y 002∂Y 002

D
Ea
2ðX0ÞEa

1ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
E

− 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X001∂Y 001∂Y 002

D
Ea
1ðX0ÞEa

2ðX00ÞEb
1ðY 0ÞEb

1ðY 00Þ
E

þ 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X001∂Y 002∂Y 001

D
Ea
1ðX0ÞEa

2ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E

− 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X001∂Y 002∂Y 002

D
Ea
1ðX0ÞEa

2ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
E

− 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X002∂Y 002∂Y 001

D
Ea
1ðX0ÞEa

1ðX00ÞEb
2ðY 0ÞEb

2ðY 00Þ
E

þ 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X001∂X002∂Y 002∂Y 002

D
Ea
1ðX0ÞEa

1ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
E

− 2ðX00
0 − X0

0ÞðY 00
0 − Y 0

0Þ∂X002∂X001∂Y 002∂Y 002

D
Ea
2ðX0ÞEa

2ðX00ÞEb
2ðY 0ÞEb

1ðY 00Þ
Ei

: ðC5Þ

In the above Eqs. (C3)–(C5) the four-field correlators can be written in terms of two-field correlators as follows:

D
αa1ðX0Þαa2ðX00Þαb3ðY 0Þαb4ðY 00Þ

E
¼ hαa1ðX0Þαa2ðX00Þi

D
αb3ðY 0Þαb4ðY 00Þ

E
þ
D
αa1ðX0Þαb3ðY 0Þ

ED
αa2ðX00Þαb4ðY 00Þ

E
þ
D
αa1ðX0Þαb4ðY 00Þ

ED
αa2ðX00Þαb3ðY 0Þ

E
: ðC6Þ

Now keeping in mind hãszðp;XÞi vanishes (see Ref. [90]), the terms with color structure hαa1ðX0Þαa2ðX00Þihαb3ðY 0Þαb4ðY 00Þi
will not contribute in Eqs. (C3)–(C5). Moreover, all the terms associated with ∂X000Ea

½2ðX0ÞEa
1�ðX00Þ in Eqs. (C3) and (C4) will

vanish since such terms involve the integral
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Z
X0
0

X00
0

∂X000J1ðqX0
0ÞJ1ðlX00

0ÞΘðX0
0ÞΘðX00

0Þ −
Z

X0
0

X00
0

∂X000J1ðqX00
0ÞJ1ðlX0

0ÞΘðX0
0ÞΘðX00

0Þ ¼ 0:

In the end, summing over all the nonvanishing contribution from Eqs. (C3)–(C5) one can obtain

hãszðp; XÞãszðp; YÞi ≈
�
g2C̄2

2
p0ð∂p0fVðp0ÞÞ

�
2h
J 1 þ J 2 þ J 3

i
; ðC7Þ

where the terms J 1 ¼ J A þ J B, J 2 ¼ J C þ J D and J 3 ¼ J E þ J F are the nonvanishing contribution from
Eqs. (C3)–(C5) respectively. The expressions for J A, J B, J C, J D, J E, J F in terms with two field correlators are
as follows:

J A ¼
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00

×
h
∂X01∂Y 01

�D
Ba3ðX0ÞBb3ðY 0Þ

ED
Ea1ðX00ÞEb1ðY 00Þ

E
þ
D
Ba1ðX0ÞBb1ðY 0Þ

ED
Ea3ðX00ÞEb3ðY 00Þ

E�
þ 2∂X01∂Y 02

�D
Ba3ðX0ÞBb3ðY 0Þ

ED
Ea1ðX00ÞEb2ðY 00Þ

E
þ
D
Ba1ðX0ÞBb2ðY 0Þ

ED
Ea3ðX00ÞEb3ðY 00Þ

E�
þ ∂X02∂Y 02

�D
Ba3ðX0ÞBb3ðY 0Þ

ED
Ea2ðX00ÞEb2ðY 00Þ

E
þ
D
Ba2ðX0ÞBb2ðY 0Þ

ED
Ea3ðX00ÞEb3ðY 00Þ

E�i
; ðC8Þ

J B ¼
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y0

Z
p;Y 0

k̄0;Y 00

×
h
∂X01∂Y 01

�D
Ba3ðX0ÞEb1ðY 00Þ

ED
Ea1ðX00ÞBb3ðY 0Þ

E
þ
D
Ba1ðX0ÞEb3ðY 00Þ

ED
Ea3ðX00ÞBb1ðY 0Þ

E�
þ 2∂X01∂Y 02

�D
Ba3ðX0ÞEb2ðY 00Þ

ED
Ea1ðX00ÞBb3ðY 0Þ

E
þ
D
Ba1ðX0ÞEb3ðY 00Þ

ED
Ea3ðX00ÞBb2ðY 0Þ

E�
þ ∂X02∂Y 02

�D
Ba3ðX0ÞEb2ðY 00Þ

ED
Ea2ðX00ÞBb3ðY 0Þ

E
þ
D
Ba2ðX0ÞEb3ðY 00Þ

ED
Ea3ðX00ÞBb2ðY 0Þ

E�i
; ðC9Þ

J C ¼ −
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y0

Z
p;Y 0

k̄0;Y 00

×
h
þ2ðY 00

0 − Y 0
0Þ∂X01∂Y 001∂Y 001

D
Ba
3ðX0ÞEb

1ðY 0Þ
ED

Ea
1ðX00ÞEb

2ðY 00Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X01∂Y 001∂Y 002

D
Ba
3ðX0ÞEa

1ðY 0Þ
ED

Eb
1ðX00ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X01∂Y 002∂Y 001

D
Ba
3ðX0ÞEb

2ðY 0Þ
ED

Ea
1ðX00ÞEb

2ðY 00Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X01∂Y 002∂Y 002

D
Ba
3ðX0ÞEb

2ðY 0Þ
ED

Ea
1ðX00ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 001∂Y 001

D
Ba
3ðX0ÞEb

1ðY 0Þ
ED

Ea
2ðX00ÞEb

2ðY 00Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X02∂Y 001∂Y 002

D
Ba
3ðX0ÞEb

1ðY 0Þ
ED

Ea
2ðX00ÞEb

1ðY 00Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 002∂Y 001

D
Ba
3ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

2ðY 00Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X02∂Y 002∂Y 002

D
Ba
3ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

1ðY 00Þ
Ei

; ðC10Þ
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J D ¼ −
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00

×
h
þ2ðY 00

0 − Y 0
0Þ∂X01∂Y 001∂Y 001

D
Ba
3ðX0ÞEb

2ðY 00Þ
ED

Ea
1ðX00ÞEb

1ðY 0Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X01∂Y 001∂Y 002

D
Ba
3ðX0ÞEb

1ðY 00Þ
ED

Ea
1ðX00ÞEb

1ðY 0Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X01∂Y 002∂Y 001

D
Ba
3ðX0ÞEb

2ðY 00Þ
ED

Ea
1ðX00ÞEb

2ðY 0Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X01∂Y 002∂Y 002

D
Ba
3ðX0ÞEb

1ðY 00Þ
ED

Ea
1ðX00ÞEb

2ðY 0Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 001∂Y 001

D
Ba
3ðX0ÞEb

2ðY 00Þ
ED

Ea
2ðX00ÞEb

1ðY 0Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X02∂Y 001∂Y 002

D
Ba
3ðX0ÞEb

1ðY 00Þ
ED

Ea
2ðX00ÞEb

1ðY 0Þ
E

þ 2ðY 00
0 − Y 0

0Þ∂X02∂Y 002∂Y 001

D
Ba
3ðX0ÞEb

2ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
E

− 2ðY 00
0 − Y 0

0Þ∂X02∂Y 002∂Y 002

D
Ba
3ðX0ÞEb

1ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
Ei

; ðC11Þ

J E ¼
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00
ðX00

0 − X0
0ÞðY 00

0 − Y 0
0Þ

×
h
∂X001∂X001∂Y 001∂Y 001

�D
Ea
1ðX0ÞEb

1ðY 0Þ
ED

Ea
2ðX00ÞEb

2ðY 00Þ
E�

þ ∂X001∂X002∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 0Þ
ED

Ea
1ðX00ÞEb

1ðY 00Þ
E�

þ ∂X001∂X002∂Y 001∂Y 002

�D
Ea
2ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

2ðY 00Þ
E�

þ ∂X002∂X002∂Y 002∂Y 002

�D
Ea
2ðX0ÞEb

2ðY 0Þ
ED

Ea
1ðX00ÞEb

1ðY 00Þ
E�

− 2∂X001∂X001∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 0Þ
ED

Ea
2ðX00ÞEb

1ðY 00Þ
E�

þ 2∂X001∂X001∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

2ðY 00Þ
E�

− 2∂X001∂X001∂Y 002∂Y 002

�D
Ea
1ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

1ðY 00Þ
E�

− 2∂X001∂X002∂Y 002∂Y 001

�D
Ea
1ðX0ÞEb

2ðY 0Þ
ED

Ea
1ðX00ÞEb

2ðY 00Þ
E�

− 2∂X001∂X002∂Y 002∂Y 002

�D
Ea
2ðX0ÞEb

2ðY 0Þ
ED

Ea
2ðX00ÞEb

1ðY 00Þ
E�

þ 2∂X001∂X002∂Y 002∂Y 002

�D
Ea
1ðX0ÞEb

2ðY 0Þ
ED

Ea
1ðX00ÞEb

1ðY 00Þ
E�i

; ðC12Þ

J F ¼
Z

p;X

k;X0

Z
p;X0

k0;X00

Z
p;Y

k̄;Y 0

Z
p;Y 0

k̄0;Y 00
ðX00

0 − X0
0ÞðY 00

0 − Y 0
0Þ

×
h
∂X001∂X001∂Y 001∂Y 001

�D
Ea
1ðX0ÞEb

2ðY 00Þ
ED

Ea
2ðX00ÞEb

1ðY 0Þ
E�

þ ∂X001∂X002∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 00Þ
ED

Ea
1ðX00ÞEb

1ðY 0Þ
E�

þ ∂X001∂X002∂Y 001∂Y 002

�D
Ea
2ðX0ÞEb

2ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
E�

þ ∂X002∂X002∂Y 002∂Y 002

�D
Ea
2ðX0ÞEb

1ðY 00Þ
ED

Ea
1ðX00ÞEb

2ðY 0Þ
E�

− 2∂X001∂X001∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 00Þ
ED

Ea
2ðX00ÞEb

1ðY 0Þ
E�
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þ 2∂X001∂X001∂Y 001∂Y 002

�D
Ea
1ðX0ÞEb

2ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
E�

− 2∂X001∂X001∂Y 002∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
E�

− 2∂X001∂X002∂Y 002∂Y 001

�D
Ea
1ðX0ÞEb

2ðY 00Þ
ED

Ea
1ðX00ÞEb

2ðY 0Þ
E�

− 2∂X001∂X002∂Y 002∂Y 002

�D
Ea
2ðX0ÞEb

1ðY 00Þ
ED

Ea
2ðX00ÞEb

2ðY 0Þ
E�

þ 2∂X001∂X002∂Y 002∂Y 002

�D
Ea
1ðX0ÞEb

1ðY 00Þ
ED

Ea
1ðX00ÞEb

2ðY 0Þ
E�i

: ðC13Þ

Now, first using Eqs. (91), (92), (95), and (96) in Eqs. (C8)–(C13) then using the following relations

Z
p;X

k;X0
GðX;X0Þ ≈ 1

2p0

Z
X0

X0
0

GðX;X0ÞjX0
1;2;3¼X1;2;3

; ðC14Þ

Z
X0

X0
0

≡
Z

∞

−∞
dX0

0ð1þ sgnðX0 − X0
0ÞÞ; ðC15Þ

∂X0⊥j

Z
X0

⊥;q;u
Gðu⊥Þ ¼

Z
X0

⊥;q;u
∂u⊥jGðu⊥Þ; ðC16Þ

we can obtain

J Aðp; X; YÞ ¼ −
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

×

��
q0yl0y

q0l0
∂ux∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥ÞρIaðX0; Y0; q; l; q0; l0Þ

þ qyly

ql
∂ux∂vxΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞρIbðX0; Y0; q; l; q0; l0Þ

�

− 2

�
q0yl0x

q0l0
∂ux∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥ÞρIaðX0; Y0; q; l; q0; l0Þ

þ qylx

ql
∂ux∂vyΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞρIbðX0; Y0; q; l; q0; l0Þ

�

þ
�
q0xl0x

q0l0
∂uy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥ÞρIaðX0; Y0; q; l; q0; l0Þ

þ qxlx

ql
∂uy∂vyΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞρIbðX0; Y0; q; l; q0; l0Þ

��
; ðC17Þ

where

ρIaðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

J0ðqX0
0ÞJ0ðlY 0

0ÞΘðX0
0ÞΘðY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0ÞΘðX00
0ÞΘðY 00

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0J0ðqX0
0ÞJ0ðlY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ; ðC18Þ
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ρIbðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

J1ðqX0
0ÞJ1ðlY 0

0ÞΘðX0
0ÞΘðY 0

0ÞJ0ðq0X00
0ÞJ0ðl0Y 00

0ÞΘðX00
0ÞΘðY 00

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0J1ðqX0
0ÞJ1ðlY 0

0ÞJ0ðq0X00
0ÞJ0ðl0Y 00

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ; ðC19Þ

and

J Bðp; X; YÞ ¼ −
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

×

��
lyq0y

lq0
∂uxΩ−ðu⊥; v⊥Þ∂vx0Ω−ðu0⊥; v0⊥ÞρIIaðX0; Y0; q; l; q0; l0Þ

þ qyl0y

ql0
∂uxΩþðu⊥; v⊥Þ∂vx0Ωþðu0⊥; v0⊥ÞρIIbðX0; Y0; q; l; q0; l0Þ

�

− 2

�
lxq0y

lq0
∂uxΩ−ðu⊥; v⊥Þ∂vy0Ω−ðu0⊥; v0⊥ÞρIIaðX0; Y0; q; l; q0; l0Þ

þ qyl0x

ql0
∂uxΩþðu⊥; v⊥Þ∂vy0Ωþðu0⊥; v0⊥ÞρIIbðX0; Y0; q; l; q0; l0Þ

�

þ
�
lxq0x

lq0
∂uyΩ−ðu⊥; v⊥Þ∂vy0Ω−ðu0⊥; v0⊥ÞρIIaðX0; Y0; q; l; q0; l0Þ

þ qxl0x

ql0
∂uyΩþðu⊥; v⊥Þ∂vy0Ωþðu0⊥; v0⊥ÞρIIbðX0; Y0; q; l; q0; l0Þ

��
; ðC20Þ

where

ρIIaðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

J0ðqX0
0ÞJ1ðlY 00

0ÞΘðX0
0ÞΘðY 00

0ÞJ1ðq0X00
0ÞJ0ðl0Y 0

0ÞΘðX00
0ÞΘðY 0

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0J0ðqX0
0ÞJ1ðlY 00

0ÞJ1ðq0X00
0ÞJ0ðl0Y 0

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ; ðC21Þ

ρIIbðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

J1ðqX0
0ÞJ0ðlY 00

0ÞΘðX0
0ÞΘðY 00

0ÞJ0ðq0X00
0ÞJ1ðl0Y 0

0ÞΘðX00
0ÞΘðY 0

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0J1ðqX0
0ÞJ0ðlY 00

0ÞJ0ðq0X00
0ÞJ1ðl0Y 0

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ; ðC22Þ

and
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J Cðp;X; YÞ ≈þ2i
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

×

�
ly

l
q0yl0x

q0l0
∂uxΩ−ðu⊥; v⊥Þ∂vx0∂vx0Ω−ðu0⊥; v0⊥Þ þ

ly

l
q0yl0y

q0l0
∂uxΩ−ðu⊥; v⊥Þ∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

−
lx

l
q0yl0x

q0l0
∂uxΩ−ðu⊥; v⊥Þ∂vy0∂vx0Ω−ðu0⊥; v0⊥Þ −

lx

l
q0yl0y

q0l0
∂uxΩ−ðu⊥; v⊥Þ∂vy0∂vy0Ω−ðu0⊥; v0⊥Þ

−
ly

l
q0xl0x

q0l0
∂uyΩ−ðu⊥; v⊥Þ∂vx0∂vx0Ω−ðu0⊥; v0⊥Þ −

ly

l
q0xl0y

q0l0
∂uyΩ−ðu⊥; v⊥Þ∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

þ lx

l
q0xl0x

q0l0
∂uyΩ−ðu⊥; v⊥Þ∂vy0∂vx0Ω−ðu0⊥; v0⊥Þ þ

lx

l
q0xl0y

q0l0
∂uyΩ−ðu⊥; v⊥Þ∂vy0∂vy0Ω−ðu0⊥; v0⊥Þ

�
× ρCðX0; Y0; q; l; q0; l0Þ; ðC23Þ

where

ρCðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

ðY 00
0 − Y 0

0ÞJ0ðqX0
0ÞJ1ðlY 0

0ÞΘðX0
0ÞΘðY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0ÞΘðX00
0ÞΘðY 00

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0ðY 00
0 − Y 0

0ÞJ0ðqX0
0ÞJ1ðlY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ;

and

J Dðp;X; YÞ ≈þ2i
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

×

�
lx

l
q0yl0y

q0l0
∂ux∂vx∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ

ly

l
q0yl0y

q0l0
∂ux∂vx∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

−
lx

l
q0yl0x

q0l0
∂ux∂vy∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ −

ly

l
q0yl0x

q0l0
∂ux∂vy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

−
lx

l
q0xl0y

q0l0
∂uy∂vx∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ −

ly

l
q0xl0y

q0l0
∂uy∂vx∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

þ lx

l
q0xl0x

q0l0
∂uy∂vy∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ

ly

l
q0xl0x

q0l0
∂uy∂vy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

�
× ρDðX0; Y0; q; l; q0; l0Þ; ðC24Þ

where

ρDðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

ðY 00
0 − Y 0

0ÞJ0ðqX0
0ÞJ1ðlY 00

0ÞΘðX0
0ÞΘðY 00

0ÞJ1ðq0X00
0ÞJ1ðl0Y 0

0ÞΘðX00
0ÞΘðY 0

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0ðY 00
0 − Y 0

0ÞJ0ðqX0
0ÞJ1ðlY 00

0ÞJ1ðq0X00
0ÞJ1ðl0Y 0

0Þ

× ΘðX0 − X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 − X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ;

and
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J Eðp;X; YÞ ≈
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

�
qyly

ql
q0xl0x

q0l0
∂
2
ux0∂

2
vx0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

þ qyly

ql
q0yl0y

q0l0
∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ þ

qxlx

ql
q0xl0x

q0l0
∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

þ qxlx

ql
q0yl0y

q0l0
∂
2
uy0∂

2
vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ þ 2

qyly

ql
q0xl0y

q0l0
∂
2
ux0∂vx0∂vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

− 2
qylx

ql
q0xl0x

q0l0
∂
2
ux0∂vx0∂vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ − 2

qylx

ql
q0xl0y

q0l0
∂
2
ux0∂

2
vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

− 2
qylx

ql
q0yl0x

q0l0
∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ þ 2

qxlx

ql
q0xl0y

q0l0
∂ux0∂uy0∂

2
vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

− 2
qylx

ql
q0yl0y

q0l0
∂ux0∂uy0∂

2
vy0Ω−ðu0⊥; v0⊥ÞΩ−ðu⊥; v⊥Þ

�
× ρEðX0; Y0; q; l; q0; l0Þ; ðC25Þ

where

ρEðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

ðX00
0 −X0

0ÞðY 00
0 − Y 0

0ÞJ1ðqX0
0ÞJ1ðlY 0

0ÞΘðX0
0ÞΘðY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0ÞΘðX00
0ÞΘðY 00

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0ðX00
0 −X0

0ÞðY 00
0 − Y 0

0ÞJ1ðqX0
0ÞJ1ðlY 0

0ÞJ1ðq0X00
0ÞJ1ðl0Y 00

0Þ

×ΘðX0 −X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 −X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ; ðC26Þ

and

J Fðp; X; YÞ ≈
g4N2

cδ
abδab

64p4
0

Z
X

⊥;q;u

Z
Y

⊥;l;v

Z
X

⊥;q0;u0

Z
Y

⊥;l0;v0

�
qylx

ql
q0xl0y

q0l0
∂
2
vxΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ

þ qyly

ql
q0yl0y

q0l0
∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ þ

qxlx

ql
q0xl0x

q0l0
∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

þ qxly

ql
q0yl0x

q0l0
∂
2
vyΩ−ðu⊥; v⊥Þ∂2uy0Ω−ðu0⊥; v0⊥Þ þ 2

qyly

ql
q0xl0y

q0l0
∂vx∂vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ

− 2
qylx

ql
q0xl0x

q0l0
∂vx∂vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ − 2

qyly

ql
q0xl0x

q0l0
∂
2
vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ

− 2
qylx

ql
q0yl0x

q0l0
∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ þ 2

qxly

ql
q0xl0x

q0l0
∂
2
vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

− 2
qyly

ql
q0yl0x

q0l0
∂
2
vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

�
× ρFðX0; Y0; q; l; q0; l0Þ; ðC27Þ

where

ρFðX0; Y0; q; l; q0; l0Þ≡
Z

X0

X0
0

Z
Y0

Y 0
0

Z
X0
0

X00
0

Z
Y 0
0

Y 00
0

ðX00
0 −X0

0ÞðY 00
0 − Y 0

0ÞJ1ðqX0
0ÞJ1ðlY 00

0ÞΘðX0
0ÞΘðY 00

0ÞJ1ðq0X00
0ÞJ1ðl0Y 0

0ÞΘðX00
0ÞΘðY 00

0Þ

¼ 16

Z
∞

−∞
dX0

0

Z
∞

−∞
dY 0

0

Z
∞

−∞
dX00

0

Z
∞

−∞
dY 00

0ðX00
0 −X0

0ÞðY 00
0 − Y 0

0ÞJ1ðqX0
0ÞJ1ðlY 00

0ÞJ1ðq0X00
0ÞJ1ðl0Y 0

0Þ

×ΘðX0 −X0
0ÞΘðY0 − Y 0

0ÞΘðX0
0 −X00

0ÞΘðY 0
0 − Y 00

0ÞΘðX0
0ÞΘðY 0

0ÞΘðX00
0ÞΘðY 00

0Þ: ðC28Þ

We next carry out integration over variables q⊥, l⊥, q0⊥, and l0⊥ and X0
0, Y

0
0, X

00
0 , and Y 00

0 . For convenience, we make the
following decomposition [90] of q⊥, l⊥,
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qi ¼ ðX − uÞi⊥
jX⊥ − u⊥j

q cos θq þ Θij
X−uqj sin θq; li ¼ ðY − vÞi⊥

jY⊥ − v⊥j
l cos θl þ Θij

Y−vlj sin θl: ðC29Þ

whereΘij
V ≡ ηij⊥ þ Vi⊥V

j
⊥

jV⊥j2 . A similar decomposition can be taken for q0⊥ and l0⊥. The angular variables θq and θl will appear inR
d2q⊥ ¼ R dqqdθq and

R
d2l⊥ ¼ R dlldθl which can accordingly be evaluated by using the formulas

Z
2π

0

dθeia cos θ ¼ 2πJ0ðjajÞ;
Z

2π

0

dθeia cos θ cos θ ¼ 2iπJ1ðaÞ; ðC30Þ

Z
2π

0

dθeia cos θ sin θ ¼ 0: ðC31Þ

After carrying out integration over angular variables, we perform integration over variables q, l, q0, and l0 using the
formula (116). Finally, carrying out integration over X0

0, Y
0
0, X

00
0 , and Y 00

0 and defining new variables s⊥ ¼ X⊥ − u⊥,
s0⊥ ¼ X⊥ − u0⊥, t⊥ ¼ Y⊥ − v⊥, t0⊥ ¼ Y⊥ − v0⊥, we can obtain

JAðp;X; YÞ ≈þ g4N2
cðN2

c − 1Þ
4ð2πÞ4p4

0

Z ⊥
u;v;u0;v0

ΘðX0 − js⊥jÞΘðY0 − jt⊥jÞΘðjs⊥j − js0⊥jÞΘðjt⊥j − jt0⊥jÞ
js⊥jjt⊥jjs0⊥jjt0⊥j

×
h
ðŝ0y⊥ t̂0y⊥∂ux∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ ŝy⊥t̂

y
⊥∂ux∂vxΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞÞ

− 2ðŝ0y⊥t̂0x⊥∂ux∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ ŝy⊥t̂x⊥∂ux∂vyΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞÞ
þ ðŝ0x⊥t̂0x⊥∂uy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ ŝx⊥t̂x⊥∂uy∂vyΩþðu⊥; v⊥ÞΩþðu0⊥; v0⊥ÞÞ

i
; ðC32Þ

where ŝi⊥ ¼ si⊥=js⊥j and
R⊥
u;v;u0v0 ≡

R
d2u⊥

R
d2v⊥

R
d2u0⊥

R
d2v0⊥.

J Bðp;X; YÞ ≈þ g4N2
cðN2

c − 1Þ
4ð2πÞ4p4

0

Z ⊥
u;v;u0;v0

ΘðX0 − js⊥jÞΘðY0 − jt0⊥jÞΘðjs⊥j − js0⊥jÞΘðjt0⊥j − jt⊥jÞ
js⊥jjt⊥jjs0⊥jjt0⊥j

×
h
ðŝ0y⊥t̂y⊥∂uxΩ−ðu⊥; v⊥Þ∂vx0Ω−ðu0⊥; v0⊥Þ þ ŝy⊥t̂

0y
⊥∂uxΩþðu⊥; v⊥Þ∂vx0Ωþðu0⊥; v0⊥ÞÞ

− 2ðŝ0y⊥t̂x⊥∂uxΩ−ðu⊥; v⊥Þ∂vy0Ω−ðu0⊥; v0⊥Þ þ ŝy⊥ t̂0x⊥∂uxΩþðu⊥; v⊥Þ∂vy0Ωþðu0⊥; v0⊥ÞÞ
þ ðŝ0x⊥t̂x⊥∂uyΩ−ðu⊥; v⊥Þ∂vy0Ω−ðu0⊥; v0⊥Þ þ ŝx⊥ t̂0x⊥∂uyΩþðu⊥; v⊥Þ∂vy0Ωþðu0⊥; v0⊥ÞÞ

i
; ðC33Þ

J Cðp;X; YÞ ≈þ2
g4N2

cðN2
c − 1Þ

4ð2πÞ4p4
0

Z ⊥
u;v;u0;v0

ΘðX0 − js⊥jÞΘðY0 − jt⊥jÞΘðjs⊥j − js0⊥jÞΘðjt⊥j − jt0⊥jÞ
js⊥jjt⊥jjs0⊥jjt0⊥j

× ðjt0⊥j − jt⊥jÞ
h
t̂y⊥ŝ0x⊥ t̂0x⊥∂uxΩ−ðu⊥; v⊥Þ∂vx0∂vx0Ω−ðu0⊥; v0⊥Þ þ t̂y⊥ŝ

0y
⊥ t̂

0y
⊥∂uxΩ−ðu⊥; v⊥Þ∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

− t̂x⊥ŝ
0y
⊥ t̂0x⊥∂uxΩ−ðu⊥; v⊥Þ∂vy0∂vx0Ω−ðu0⊥; v0⊥Þ − t̂x⊥ŝ

0y
⊥t̂

0y
⊥∂uxΩ−ðu⊥; v⊥Þ∂vy0∂vy0Ω−ðu0⊥; v0⊥Þ

− t̂y⊥ŝ0x⊥ t̂0x⊥∂uyΩ−ðu⊥; v⊥Þ∂vx0∂vx0Ω−ðu0⊥; v0⊥Þ − t̂y⊥ŝ0x⊥t̂
0y
⊥∂uyΩ−ðu⊥; v⊥Þ∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

þ t̂x⊥ŝ0x⊥t̂0x⊥∂uyΩ−ðu⊥; v⊥Þ∂vy0∂vx0Ω−ðu0⊥; v0⊥Þ þ t̂x⊥ŝ0x⊥ t̂
0y
⊥∂uyΩ−ðu⊥; v⊥Þ∂vy0∂vy0Ω−ðu0⊥; v0⊥Þ

i
; ðC34Þ
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J Dðp; X; YÞ ≈þ2
g4N2

cðN2
c − 1Þ

4ð2πÞ4p4
0

Z ⊥
u;v;u0;v0

ΘðX0 − js⊥jÞΘðY0 − jt0⊥jÞΘðjs⊥j − js0⊥jÞΘðjt0⊥j − jt⊥jÞ
js⊥jjt⊥jjs0⊥jjt0⊥j

× ðjt⊥j − jt0⊥jÞ
�
t̂x⊥ŝ

0y
⊥t̂

0y
⊥∂ux∂vx∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ t̂y⊥ŝ

0y
⊥t̂

0y
⊥∂ux∂vx∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

− t̂x⊥ŝ
0y
⊥ t̂0x⊥∂ux∂vy∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ − t̂y⊥ŝ

0y
⊥t̂0x⊥∂ux∂vy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

− t̂x⊥ŝ0x⊥ t̂
0y
⊥∂uy∂vx∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ − t̂y⊥ŝ0x⊥t̂

0y
⊥∂uy∂vx∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ

þ t̂x⊥ŝ0x⊥ t̂0x⊥∂uy∂vy∂vxΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ þ t̂y⊥ŝ0x⊥t̂0x⊥∂uy∂vy∂vyΩ−ðu⊥; v⊥ÞΩ−ðu0⊥; v0⊥Þ
�
; ðC35Þ

J Eðp;X; YÞ ≈
g4N2

cðN2
c − 1Þ

4ð2πÞ4p4
0

Z ⊥
u;v;u0;v0

�ðjs0⊥j − js⊥jÞðjt0⊥j − jt⊥jÞ
js0⊥jjs⊥jjt0⊥jjt⊥j

Ω−ðu⊥; v⊥Þ
�

×

�
ŝy⊥ŝ0x⊥t̂

y
⊥t̂0x⊥∂2ux0∂2vx0Ω−ðu0⊥; v0⊥Þ þ ŝy⊥ŝ

0y
⊥t̂

y
⊥ t̂

0y
⊥∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

þ ŝx⊥ŝ0x⊥t̂x⊥ t̂0x⊥∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ þ ŝx⊥ŝ
0y
⊥t̂x⊥t̂

0y
⊥∂2uy0∂2vy0Ω−ðu0⊥; v0⊥Þ

þ 2ŝy⊥ŝ0x⊥ t̂
y
⊥ t̂

0y
⊥∂2ux0∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ0x⊥ t̂x⊥t̂0x⊥∂2ux0∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

− 2ŝy⊥ŝ0x⊥t̂x⊥ t̂
0y
⊥∂2ux0∂2vy0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ

0y
⊥ t̂x⊥ t̂0x⊥∂ux0∂uy0∂vx0∂vy0Ω−ðu0⊥; v0⊥Þ

þ 2ŝx⊥ŝ0x⊥ t̂x⊥ t̂
0y
⊥∂ux0∂uy0∂2vy0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ

0y
⊥ t̂x⊥ t̂

0y
⊥∂ux0∂uy0∂2vy0Ω−ðu0⊥; v0⊥Þ

�
× ΘðX0 − js⊥jÞΘðY0 − jt⊥jÞΘðjs⊥j − js0⊥jÞΘðjt⊥j − jt0⊥jÞ
× Θðjs⊥jÞΘðjt⊥jÞΘðjs0⊥jÞΘðjt0⊥jÞ; ðC36Þ

J Fðp; X; YÞ ≈
g4N2

cðN2
c − 1Þ

4ð2πÞ4p4
0

Z ⊥
u;v;u0;v0

�ðjs0⊥j − js⊥jÞðjt⊥j − jt0⊥jÞ
js0⊥jjt0⊥jjs⊥jjt⊥j

�

×

�
ŝy⊥ŝ0x⊥ t̂x⊥t̂

0y
⊥∂2vxΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ þ ŝy⊥ŝ

0y
⊥ t̂

y
⊥t̂

0y
⊥∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

þ ŝx⊥ŝ0x⊥t̂x⊥t̂0x⊥∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ þ ŝx⊥ŝ
0y
⊥ t̂

y
⊥t̂0x⊥∂2vyΩ−ðu⊥; v⊥Þ∂2uy0Ω−ðu0⊥; v0⊥Þ

þ 2ŝy⊥ŝ0x⊥t̂
y
⊥ t̂

0y
⊥∂vx∂vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ0x⊥ t̂x⊥ t̂0x⊥∂vx∂vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ

− 2ŝy⊥ŝ0x⊥t̂
y
⊥t̂0x⊥∂2vyΩ−ðu⊥; v⊥Þ∂2ux0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ

0y
⊥t̂x⊥t̂0x⊥∂vx∂vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

þ 2ŝx⊥ŝ0x⊥t̂
y
⊥ t̂0x⊥∂2vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ − 2ŝy⊥ŝ

0y
⊥t̂

y
⊥t̂0x⊥∂2vyΩ−ðu⊥; v⊥Þ∂ux0∂uy0Ω−ðu0⊥; v0⊥Þ

�
× ΘðX0 − js⊥jÞΘðjs⊥j − js0⊥jÞΘðY0 − jt0⊥jÞΘðjt0⊥j − jt⊥jÞΘðjs⊥jÞΘðjt⊥jÞΘðjs0⊥jÞΘðjt0⊥jÞ: ðC37Þ

Now we adopt the GBW type of gluon distribution [82],

Ω�ðu⊥; v⊥Þ ¼ Ωðu⊥; v⊥Þ ¼
Q4

s

g4N2
c

�
1 − e−Q

2
s ju⊥−v⊥j2=4

Q2
s ju⊥ − v⊥j2=4

�2

¼ Q4
s

g4N2
c

�
1 − e−Q

2
s js⊥−t⊥−r⊥j2=4

Q2
s js⊥ − t⊥ − r⊥j2=4

�2

; ðC38Þ

where Qs is the gluon saturation momentum and r⊥ ≡ X⊥ − Y⊥.
Carrying out integration over variables u, v, u0, v0, we can write J 1 þ J 2 þ J 3 ¼ J , which depends on p0, X0 ¼ Y0,

r⊥, and θr. It turns out that J is given by

J ðp0; QsX0; Qsjr⊥j; θrÞ ¼
g4N2

cðN2
c − 1Þ

4ð2πÞ4p4
0

Q8
s

g8N4
c

Ĵ ðQsX0; Qsjr⊥j; θrÞ
Q2

s
; ðC39Þ
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where θr ≡ cos−1ðrx⊥=jr⊥jÞ and Ĵ ðQsX0;Qsjr⊥j;θrÞ ¼
Ĵ 1ðQsX0;Qsjr⊥j;θrÞþ Ĵ 2ðQsX0;Qsjr⊥j;θrÞþ Ĵ 3ðQsX0;
Qsjr⊥j;θrÞ is a dimensionless quantity obtained after carry-
ing out the eight-dimensional integrals. The behavior of
Ĵ 1ðQsX0;Qsjr⊥j;θrÞþ Ĵ 2ðQsX0;Qsjr⊥j;θrÞþ Ĵ 3ðQsX0;
Qsjr⊥j;θrÞ with respect to QsX0 for fixed values Qsjr⊥j ¼
0.05 and θr ¼ π=2 is shown in Fig. 9. Since Ĵ 1;2;3

ðQsX0;0.05;θrÞ≈ Ĵ 1;2;3ðQsX0;0.05;0Þ, for numerical effi-
ciency, we approximate Ĵ 1;2;3ðQsX0; 0; 0Þ ≈ Ĵ 1;2;3ðQsX0;
0.05; π=2Þ and also Ĵ ðQsX0; 0; 0Þ ≈ Ĵ ðQsX0; 0.05; π=2Þ.
The same approximation is applied to Î1;2;3 and Î (see
Ref. [90]). For brevity, we denote Ĵ ðQsX0Þ ¼ Ĵ ðQsX0;
0; 0Þ and similarly for ÎðQsX0Þ, Ĵ 1;2;3ðQsX0Þ, and
Î1;2;3ðQsX0Þ.
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