PHYSICAL REVIEW D 108, 016014 (2023)

1/N, Nambu-Jona-Lasinio model:
Electrically charged and strange pseudoscalars

A. A. Osipov

Joint Institute for Nuclear Research, Bogoliubov Laboratory of Theoretical Physics,
141980 Dubna, Russia

® (Received 19 February 2023; accepted 10 July 2023; published 21 July 2023)

The mass formulas and decay constants of electrically charged and strange pseudoscalar mesons are
analyzed within the combined framework of the Nambu—Jona-Lasinio model and the 1/N . expansion up to
O(1/N?). The light quark masses explicitly violating SU(3); x SU(3) chiral symmetry of the strong
interactions are taken to be of order O(1/N,). The Fock-Schwinger proper-time method and the Volterra
series are used to derive the effective action. A set of sum rules is obtained that relates the
phenomenological values of the masses of pseudoscalar mesons to the mass ratios of light quarks. It
is shown that combining the new sum rules with the experimental data on the decay width # — 3z allows
one to establish limits for the ratios: 0.47 < m,/m,; < 0.59 and 18.60 < m,/m, < 19.66. A comparison
with the results of similar calculations in 1/N, chiral perturbation theory is made.
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I. INTRODUCTION

Quantum chromodynamics (QCD), in the limit of a large
number of colors N, [1,2], is a successful tool to reproduce
the qualitative features of strong interaction phenomena at
moderate energies of the order of the p-meson mass. To
succeed in the quantitative description of hadronic physics,
one should rely on the effective Lagrangian approach or on
lattice calculations. Various options of the QCD inspired
effective Lagrangian are discussed in the literature, differ-
ing in the content of the fields used and the rules of N,
counting [3—13]. For instance, in [8,9], the properties of the
lightest pseudoscalar nonet were studied by the effective
Lagrangian arranged according to the powers of momenta,
masses of light quarks, and N.. In particular, it was
assumed that the masses of light quarks are of the order
m; = O(1/N,), where i=u, d, s are flavors. This
approach is known now as 1/N,. chiral perturbation theory
(1/N_¥PT) [11] wherein the ' meson is included con-
sistently by means of the 1/N, expansion. When N, — oo,
the axial U(1), anomaly is absent and the pseudoscalar
SU(3) singlet becomes the ninth Goldstone boson
associated with the spontaneous symmetry breaking of
UB3), xU3)g = U(3)y [14,15]. A simultaneous chiral
and 1/N,. expansion leads to an effective theory for the
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pseudoscalar nonet that is not only internally consistent but
is also very useful in practice [16,17].

In view of the fruitfulness of Leutwyler’s idea to count
m; = O(1/N.), we find it interesting to apply this counting
rule to calculations based on the low-energy meson
Lagrangian derived from the effective U(3), x U(3)g
symmetric four-quark interactions of the Nambu—Jona-
Lasinio (NJL) type [18,19]. Our interest in the NJL model
(in connection with the task of studying the properties of
the pseudoscalar nonet) is due to two reasons.

First, the model implies a specific mechanism of sponta-
neous chiral symmetry breaking (SySB). Therefore, its use
allows us to express a number of arbitrary parameters,
known from the analysis of Leutwyler, through the char-
acteristics of the hadron vacuum, and thereby obtain their
numerical values. This makes it possible to study in detail
the four-quark mechanism of SySB.

Second, in obtaining the meson Lagrangian it is impor-
tant to properly account for the effect of explicit violation
of chiral symmetry. For this purpose, we for the first time
use a new asymptotic expansion of the quark determinant
[20-22], which is based on the Volterra series. This series
together with the Fock-Schwinger proper-time method
turns out to be an efficient tool that allows one not only
to isolate divergent parts of quark loop diagrams but also to
accurately reproduce the flavor structure of coupling
constants of the effective meson Lagrangian. The latter
circumstance is fundamental in studying the explicit
violation of chiral symmetry in the NJL model.

The method used here differs significantly from the
schemes applied earlier in the NJL model to extract
the consequences of explicit chiral symmetry breaking.
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The noncommutativity of the mass matrix of quarks with
meson fields leads to an additional rearrangement of the
asymptotic series in powers of proper time. As a result, the
effective meson Lagrangian not only contains divergent
vertices (at removal of regularization in loop integrals) but
also has uniquely defined finite terms that vanish in the
limit of equal masses. These terms contain, apparently,
important additional information about isospin and flavor
symmetry breaking, which is absent in the standard meson
Lagrangian of the NJL model [23-28]. The study of
the physical consequences of accounting for these finite
contributions is a long-term goal of the approach devel-
oped here.

The pseudoscalar mesons offer an excellent ground for
checking the effectiveness of the asymptotic expansion
based on the Volterra representation. This concerns both the
mass formulas and other low-energy characteristics of the
light pseudoscalar nonet, primarily those associated with an
explicit violation of chiral symmetry. The counting rule
m; = O(1/N,) makes this task more tractable for the NJL
model. Indeed, any attempt to calculate the first correction
to the leading-order 1/N, result within the standard
approach requires one to account for chiral logarithms, a
step that implies a major modification of the NJL model.
However, if m; = O(1/N,.), the contribution of chiral
logarithms starts only from the order (m;/N.) In m;. It
is with this circumstance that the possibility of effective
use of the 1/N, NJL model for estimating the masses and
other characteristics of the pseudoscalar nonet of mesons is
connected. And it is in this case that the Volterra series
plays the main role in describing the effects of explicit
chiral symmetry breaking.

In this article, we deal with electrically charged and
strange pseudoscalars. The neutral states 7°, n, and 5 are
considered in a separate article. This is due both to the
volume of the material presented and to the convenience of
its perception.

The article is organized as follows. In Sec. I, we briefly
describe the method for deriving the effective meson
Lagrangian based on four-quark interactions, and demon-
strate how the Volterra representation is embedded in the
general scheme of the Fock-Schwinger proper-time
method. In Sec. III, we discuss modifications related with
the 1/N, treatment of the NJL gap equation. The mixing
between pseudoscalar and axial-vector fields is considered
in Sec. IV. The kinetic terms of the meson effective
Lagrangian are considered in Sec. V. Here we obtain the
decay constants of pseudoscalars by rescaling the corre-
sponding collective variables. The masses of the charged
pion and strange pseudoscalars are discussed in Sec. VI.
The Gasser-Leutwyler ellipse and other sum rules relating
pseudoscalar masses with light quark masses are discussed
in Sec. VII. Our numerical estimates and discussion on the
dependence of results on regularization used are given in
Sec. VIII. We summarize in Sec. IX.

II. EFFECTIVE LAGRANGIAN

Four-quark interactions are widely used to describe the
mechanism of SySB and construct the effective action of
mesons at moderate energies [23,25-28]

L= é(ly”au _m)Q+£4q- (1)

Hereinafter in the text we use the standard Lorentz metric
convention g, = diag(1,—1,~1,—1), where the indices x,
v take values in the set {0, 1,2, 3}; y# are the Dirac gamma
matrices, § = (it,d,5) is a flavor triplet of Dirac four-
spinors with it = u’y°, and m is a diagonal matrix m =
diag(m,, my, m;) containing the masses of current up,
down, and strange quarks. The Lagrange density describing
four-quark interactions has the form L,, = £O 4 ),
where the sum consists of G = U(3); x U(3)g chiral
symmetric four-quark operators with spin zero and one,
respectively,

Gg ., _ _.
L0 = 7S [(3.9)% + (girs1aq)?). (2)
Gy ., _ _
L0 = =2 [@r 2P + @rrsia?l. ()

where a =0, 1, ..., 8, the matrix 1, = /2/3, and /; are
the eight Gell-Mann matrices of SU(3). The coupling
constants G and Gy have dimensions (mass)~2 and can be
fixed from the meson mass spectrum.

The spin-0 short-range attractive force between light
quarks ~Gg(gA,q)?* is responsible for the SySB. If this
interaction is sufficiently strong G > G, it can rearrange
the vacuum, and the ground state becomes superconduct-
ing, with a nonzero quark condensate. As a result, nearly
massless current quarks become effectively massive con-
stituent quarks. The short-range interaction can then bind
these constituent quarks into mesons.

For a theory described by the Lagrangian density (1),
the vacuum to vacuum amplitude is given by functional
integration

Z= /[dq} [dg] exp (i/d4x£)
- [waldalas.anJartlactiexp (i [ ).
@)
where

L' = qliy*o, + s +iysp +r* (v, +vsa,)lq
tw[(s +m)*>+ p?  w(vj+ a;)
4Gy 4Gy
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The new Lagrangian £’ has the same dynamical content
as L since if we perform a functional integration over
collective variables s,, p,, v4, and df; in (5), we obtain the
original expression (4). Notice that s = s,4,, P = Pilas
v = vhi,, and a* = dil,.

In the world of zero quark bare masses m =0, £’ is
invariant under global G = U(3), x U(3); transforma-
tions. In particular, the group G acts on the quark fields
as follows:

q = (PRVg +PLV.)q = e®ei"Pq, (6)

where the projection operators Py ; are Pr = (1 +75)/2,
P; = (1 —1y5)/2. It is convenient to choose finite unitary
transformations V ; € G in the form of a product of two
exponents Vi = e'%e’, V, = ei®e™#, where a = a,i,,
p = P, and the parameters «, and 3, are real. Then it
follows that

s’ +ip' =V (s+ip)Vh,
v, +a, = Vg(v, + a,,)VJ,Q,
v, —a, =V (v, - aﬂ)VI. (7)

Let us use the freedom of choice of dynamical variables
in (5) to carry out the transition to a nonlinear realization
of chiral symmetry for Goldstone particles. To do this, we
represent the complex 3 x 3 matrix s + ip as the product of
the unitary matrix £ and the Hermitian matrix &,

s+ip = &L (8)

From the covariance of this expression under the action
of the group G, it follows that the matrices £ and & are
transformed as
& =V, Ent = hEvy, & = h&h', 9)
where £ is a unitary compensating transformation belong-
ing to the maximal subgroup H C G, leaving the vacuum
invariant, and arising under the action of the chiral group G
on the coset representative ¢ of the G/H manifold. In these
variables we have g(s + iysp)g = Q & Q, where the new
quark fields are given by Q = (P + E7P;)q. A nonlinear
realization of G becomes a linear representation when
restricted to the subgroup H [29,30]. Indeed, one can see
that the field Q transforms as the fundamental representa-
tion of the subgroup H: Q' = hQ.
Having done similar redefinitions in the rest of the
Lagrangian (5), we find £' — £, where

L" = 0(iy*d, —M +0)Q + —tr(v2 + A2)
4Gy

1
- ——tr[o?

1G, —{o,M} + (6 -

M)3). (10)

Notice the replacement 6 = ¢ — M made in (10). The
matrix M is diagonal M = diag(M,,M,, M,), and its
elements are considered as the masses of constituent
quarks Q. We assume on this step that chiral symmetry
is realized in the Nambu-Goldstone sense (as m; — 0); i.e.,
heavy constituent masses result from dynamic symmetry
breaking and are controlled by the gap equation [see below
Eq. (38)]. In turn, o(x) describes quantum fluctuations of
the & field around a physical vacuum.

The corresponding collective variables for vector,
axial-vector, scalar, and pseudoscalar fields are given by
Hermitian matrices V, = Vjd,, A, = Ajd,, 6 = 6,44,
¢ = ¢, 4, where

Vi=

(E(v, + a,)E" + & (v, — a,)E],
A [é(v +a )gT - éT(Uﬂ - Cl”)g],

e=ew(30). (1

u

l\.)lr—l\-)l’—‘

X =émé +&me’,

The pseudoscalar field ¢ is dimensionless; later on, when
passing to the field functions of physical states, it will
acquire the required dimension of mass. The vector V,, and
axial-vector A, fields are chosen to transform as V;t =
hV,h', A, = hA h'.

The symbol dﬂ = 0, — il’, in (10) denotes the covariant
derivative, where

L,=&" + v, +7sE7 +4,), (12)

ERR |

&) =5 (60,8 ££0,8). (13)
It is easy to establish that I', is a connection on G/H
satisfying the standard transformation rules under the local
action of G,

I}, = hI,h" + ihd,h". (14)

To be precise, this is how (f,(f) is transformed. The other
fields in T', are the covariant objects with similarity
transformations.

To exclude quark degrees of freedom in the functional
integral

/ [dQ)[d0][do,|Dulp,)[dvi]laakle [ (15)

it is necessary to integrate over the quark variables. Before
we do this, let us clarify that the G invariant measure
Du[¢p,] in Z is related to the curvature of the G/H group
manifold parametrized by the pseudoscalar variables ¢,,. It
is easy to find an explicit expression for this differential
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form, but we will not need it in what follows. Therefore, we
better proceed directly to the calculation of the real part of
the effective meson Lagrangian taking the integral over
quark fields. The result is a functional determinant

dt
Wi = In | detDE| = —/ thtATr( tDEDE), (16)
0

representing a real part of the one-loop effective action in
Euclidian (E) space as the integral over the proper-time f.
Here, D = iy*d, — M + 6 — Dg. Note that the rules we
use to continue to Euclidean space are standard and can be
found, for instance, in [22]. The symbol “Tr” denotes the
trace over Dirac (D) y-matrices, color (¢) SU(3) matrices,
and flavor (f) matrices, as well as integration over
coordinates of the Euclidean space: Tr = tr; f d*x, where
I = (¢, D, f). The trace in the color space is trivial: It leads
to the overall factor N, = 3.

The dependence on matter fields in D after switching to
the Hermitian operator

DiDp =M -2 +Y (17)

is collected in the 3 x 3 matrix Y,

Y =0~ (o.M} + ilya(o — M), dy +

4 [Va, 7//3] [dw dﬁ],
(18)
and the covariant derivative d,,,
dy =0,+1T,, (19)
T =V & +rse(Ae— &), (20)

where ', is a connection in a curved factor space of
Goldstone fields (in four-dimensional Euclidean space a
convention that the Greek indices @ and f run from 1 to 4
is used).

In (16), to regularize quadratic and logarithmic diver-
gences in the proper-time integrals we introduce the kernel
p:a Which provides two subtractions on the same mass
scale A,

pin = 1= (14 tA2)e™™, (21)

which in the NJL model was used, for instance, in [31]. The
ultraviolet cutoff A characterizes the scale of SySB; i.e.,
above this scale four-quark interactions disappear and QCD
becomes perturbative. Obviously, the value of A depends
on the regularization scheme used, and it generally varies in
the interval 0.65—1.3 GeV [31,32]. In the present paper, we
apply the proper-time regularization with A = 1.1 GeV.
This value, as will be shown above, is phenomenologically
justified and is consistent with an estimate of the chiral

symmetry breaking scale A, gz < 4nf, [33], where f, =
92.2 MeV is the pion decay constant.

The functional trace in (16) can be evaluated by the
Schwinger technique of a fictitious Hilbert space. The use
of a plane wave with Euclidian four-momenta &, (x|k), as a
basis greatly simplifies the calculations (details, for in-
stance, are given in [22]) and leads to the representation of
the functional trace by the integrals over coordinates and
four-momenta

d4xd4k 2 © dt _ 2
We == [ Gar et [ gmnatmle ). @)

The self-adjoint operator A is given by

A=—d®-2ikd/\t+7Y, (23)
where a summation over four-vector indices is implicit.

To advance further in our calculation of (22), we use the
Volterra series

—(M*+A) — p—tM? {1 + Z 1)"f,(1.A) } (24)

where the expression in the square brackets is the time-
ordered exponential OE[—A](z) of A(s) = M Ae™M’,
accordingly

()= [y [Tdsy [T dsAs)AG) A,

(25)

This series generalizes the standard large mass expansion
of the heat kernel to the case of unequal masses. If masses
are equal, this formula yields the well-known large mass
expansion with standard Seeley-DeWitt coefficients
a,(x,y) [34]. In fact, formula (24) is an extension of
Schwinger’s method used to isolate the divergent aspects
of a calculation in integrals with respect to the proper
time [35,36] to the noncommutative algebra [M,A] # 0
(see also [37]).

Inserting Eq. (24) into (22) with the following integra-
tions over four-momenta k, and the proper-time ¢ one
finds—after the continuation to Minkowski space the one-
quark-loop (1QL) contribution to the effective meson
Lagrangian in the form of the asymptotic series

LigL =

N, &
— Z trb, (x, x), (26)
n=1

where coefficients b, (x,x) depend on the meson fields
and quark masses. These coefficients contain the full
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information about both the effective meson vertices and the
corresponding coupling constants. The first two coeffi-
cients are [22]

1
trb1 = ter |:—JOOY - Z (AJOOFﬂ)Fﬂ:| 5 (27)

Y 1
tl‘b2 = ter' |:2 JoY — uFﬂD(JOFMD)] + trDAbz, (28)

where ['"* = o*T" — "I — i[[*,T].

For convenience, along with the usual matrix multiplica-
tion, we use here the nonstandard Hadamard product [38],
which is the matrix of elementwise products (AoB);; =
A;jB;;. The Hadamard product is commutative unlike regular
matrix multiplication, but the distributive and associative
properties are retained. In addition, the following notations
are used.

The proper-time integral J,, is considered as a diagonal
matrix with elements given by (Jy);; = 6;;Jo(M;), where

o dt 2 A2
JO(Mi) = A t_zpl./\e_rM" =A% - Ml2 In (1 +W>

i

(29)

This matrix collects contributions of one-loop Feynman
diagrams, known as a “tadpole.”

The other set of proper-time integrals in (28) is given by
the matrix J with elements J;; = J,(M;, M;),

Jij = Al Jo(M;) = Jo(M;)]

)

1 A? A?
i i J

with A;; = M7 —
gives the diagonal elements

M2 If the masses are equal M; = M, it

A? A?
J,-iEJI(Mi)Zln(l—i-W)—m. (31)
It can be seen from this expression that the integral diverges
logarithmically at A — co. To stress this, we use the
subscript 1 in labeling such integrals to distinguish them
from the quadratic divergence of integrals J,.

The last set of proper-time integrals that we will need in
the following is given by the matrix AJ, with elements
(AJy);; = AJo(M;, M ;). Here

AJo(M;, M) = 2Jo(M;, M;) = Jo(M;) = Jo(M;) (32)

and

Jo(Mi M) NN A
0 i i) = "~ ~AA
O TV Ny S 77

1 A2 A2
- M*In (1 M41 1+—1]1.
2&,[ '“( +M2) < +M§)]

In the coincidence limit M; — M, we have

Mh_ff]b Jo(M;, M)

J

= Jo(M;),

and therefore (AJy); = 0. In the case of unequal masses,
the difference (32) is finite (at A — oo0) and thus gives us an
example of a contribution that does not occur in the
standard approach to the NJL model.

Recall that the standard meson NIJL Lagrangian
absorbs only divergent parts of one-loop quark diagrams
[25,26,39]. They are represented by the first term in (27)
and the first two terms in (28). Contrary to the standard
approach, the coefficients b; and b, additionally have many
(about hundred) finite contributions of Feynman diagrams
compactly assembled in the second term in (27) and the
third term in (28). Each of them vanishes in the chiral limit;
therefore they break either isotopic or SU(3), symmetry.
The appearance of these new vertices is understandable—
they arise as a finite difference when subtracting two or
more divergent integrals with different masses. Both the
structure and the coupling constant of any finite vertex are
uniquely fixed by the Volterra series. Since for the tasks
considered here, we do not need the expression of trp,Ab,,
we do not give its explicit form, but refer the interested
reader to the work [22], where the corresponding expres-
sions were obtained.

It is easy to understand why there are no finite terms in
the standard approach. The reason is contained in the
treatment of the heat kernel exp[—¢(M? + A)]. To find the
asymptotics of this object, one usually separates a com-
mutative matrix u: M> + A = p> + A + (M? — %) to fac-
torize it from the exponent. As a result, the expansion of
the heat kernel contains only standard Seeley-DeWitt
coefficients

—t(M?+A)

e Zt" a,(x,x) (34)

The mass scale p is arbitrary. For example, this parameter
may be identified with the average constituent quark mass
u = trM /3 [26] or with the constituent quark mass in the
chiral limit 4 = M, [27]. In both cases, the integration over
proper time ¢ in (34) yields couplings o J,(#) which are
not sensitive to the flavor content of quark-loop integrals.
The explicit violation of chiral symmetry is carried out only
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due to the corresponding part of ¥ and the term M? — u2.
This approach leads to the different pattern of the flavor
symmetry breaking and does not contain the finite terms as
well because usually only the first two field-dependent
terms in (34) (n = 1, 2) are considered.

An attempt made in [26] to restore the flavor dependence
of the coupling constants by replacing the divergent
integrals J,(u) by the expressions following from the
direct calculations of corresponding Feynman graphs is
inconsistent mathematically, although being correct quali-
tatively. In such a way it is impossible to trace the pattern of
an explicit chiral symmetry breaking without distorting it.
The Volterra series (24) not only gives a rigorous founda-
tion of the substitutions made in [26] but also associates
with them a definite finite part.

So, as a result of the calculations performed, we finally
arrive to the effective meson Lagrangian given by

1
E” i Leff == L:]QL + —trf(Vf, +Az)
4Gy

- 4Ltrf[62 (o.M} + (- M)E).  (35)
Gy
This Lagrangian contains all the information about chiral
symmetry breaking, including effects induced by unequal
quark masses. In what follows we will be interested only in
the part of this Lagrangian that is responsible for the
physics of pseudoscalar mesons.

III. GAP EQUATION AND 1/N, EXPANSION

First, let us exclude from the effective Lagrangian (35)
the linear in o term (the tadpole). The corresponding
contributions are contained in L;q and the last term
in (35). Singling them out, e.g.,

trpp(=JooY) = 8 Y Jo(M;)M;0;. (36)

i=u,d,s

we arrive at the Lagrangian

M;—m; N
L = ) i i Ve
o Z”[ 2Gg  4n?

i=u,d,s

Mif()(Mi)}. (37)

Requiring that the tadpole term vanishes, we obtain a
self-consistency equation

N.G
Mi(l —ZCTZSJO(M:')) = m;, (38)

which relates the mass of light quark m; to the mass of
heavy constituent quark M;. This equation can be rewritten
in terms of the quark condensate

Mi_mi

2G, (39)

(qhiq) = —

In the strong coupling regime

272

G A% >
5 N

= 6.58, (40)

c

each of three (i = u, d, s) Equations (38) has a nontrivial
solution, which describes a gap in the spectrum of
fermions. This solution signals that the ground state
becomes superconducting, with a nonzero quark conden-
sate. Knowing that spontaneous breaking of chiral sym-
metry is present in QCD at large N,. [1,2], we conclude that
GgN,. = const, and A ~ O(1) in the large-N,. limit.

Let us emphasize the difference between the approaches
associated with the two alternative assumptions made for
the current quark-mass counting rule at large N.,.

If we assume that m; = O(1), then both parts of the gap
equation (38) are present in leading order in 1/N,. As a
consequence, one should look for an exact solution of the
gap equation. The result can also be presented as a series in
powers of current quark masses [40]. In this case, it is always
possible to estimate the accuracy of the expansion used by
comparing the truncated result to the exact solution.

The counting rule m; = O(1/N,) yields that the right-
hand side of Eq. (38) at leading 1/N,. order (LO) tends to
zero; chiral symmetry is restored at m; = 0; and the masses
of all constituent quarks are equal to the same value M,
which is determined by the equation

N.Gg
272

1 Jo(Mq) = 0. (41)

The nontrivial solution of the gap equation M;(m;) must
be understood now as an asymptotic series

M(m) = M(m) + o(M,(m)), (42)
k=0

where at m — 0, i.e., at N. — oo, each next term in the
right-hand side of (42) is infinitesimally small in compari-
son with the previous one. The essential difference of the
series (42) from the standard solution of the gap equation is
that M, (m) may collect additional contributions from the
meson loop diagrams. For instance, M, may obtaina 1/N.,
correction from a scalar tadpole graph which contributes
to M (m). In the following, for the sake of simplicity, we
shall restrict our consideration to the mean-field approxi-
mation, i.e., neglect the quantum effects due to scalar fields.
On the contrary, a pseudoscalar tadpole gives a leading
(in the chiral limit m; — 0) nonanalytic contribution only at
higher-order m/N,Inm to the term M,(m), and therefore
does not affect the first two terms of the asymptotic
series (42). Correspondingly, at the next, M3(m), step, it
is necessary to take into account the contribution of two-
loop meson diagrams, and so on. This implies a corre-
sponding modification of both the effective potential and
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the gap equation. Thus, even in the mean-field approxi-
mation a full account of current quark masses by the naive
summation of the Taylor series does not work here, because
it does not account for essential contributions of chiral
logarithms arising at higher powers of light quark masses.

For specific calculations, it is necessary to limit oneself
only to those terms that do not exceed the accuracy of the
calculations performed. So, up to the next to leading order
(NLO) correction included, we can write

M;(m;) = Mo + M'(0)m; + o(M>(m)). ~ (43)

Here we suppose that the quark condensate is the leading
order parameter of the spontaneously broken symmetry. It
follows then from (39) that My = O(N?). As we will see
later, the 1/N, correction to the mass formulas of charged
pseudoscalars is small, which speaks in favor of the
hypothesis just adopted.

The second term of the asymptotic expansion (43) can
easily be determined by differentiating Eq. (38) under the
assumption that m; are independent variables. At the first
step, we have M,(m) = M’'(0)m, where

”2

MO0 =— s
©) N.GsM3J (M)

a. (44)

Since J;(M,) is a monotonically decreasing positive
definite function of M|, in the region M, > 0, we conclude
that @ > 0. It follows that the first correction increases the
mass of the constituent quark.

IV. PA MIXING

To address the physical pseudoscalar fields, it is neces-
sary to eliminate the mixing of pseudoscalars with axial-
vector fields (PA mixing), and also to separate the kinetic

part of the free Lagrangian of pseudoscalars in £y .
|

The first goal is achieved by redefining the axial-vector
field [41]

A, = Al — x40l (45)

where the nonet of axial-vector fields is given by

f up \/Ea;r” \/EK TAM
All = \/zal_ﬂ f du \/EK(I)Ay
V2K TAu V2K (I]Ay Fsu

The nine pseudoscalar fields are collected in a Hermitian
matrix

¢, V2t V2KY
b= Pla = \/Eﬂ'_ b \/EKO )
V2K~ V2K ¢,
where the diagonal elements are

1

A V24).
1
o=+ s+ V2g).
1

b= 5 (V240 — 24b5). (46)

After the replacement (45) PA-mixing terms contained in
L1 and in the second term of (35) can be canceled by an
appropriate choice of a matrix k4. To demonstrate this, it is
necessary to consider the following terms of the effective
meson Lagrangian:

N, _ _
£igl =~ 352 {(80)ual (1 = kpia) ™ +2433][(1 = kpa)dm™ + 2]

+ (AJO)us[(l - KAus)ayK+ + 2KIIJ,Z;4H(1 - KAus)ayK_ + 2K’174;4]
+ (AT0) g [(1 = Kag) 9, KO + 2K J[(1 = Kags)9, K® + 2KY) 1}, (47)

where the symbol (b;) indicates that the considered contribution is due to the coefficient b;.
The next contribution owes its origin to the coefficient b,, namely its part described by the first term of Eq. (28),

b, Nc _ _
L5 — (M, A+ My)2T (M, M) [(1 = kpa)9ur™ + 2055 [(1 = Kpa)0,7™ + 2]

167z

+ (Mu + Ms)211 (Mst)[(l - KAus>a/4K+ + 2K/l-1:;4][(1 - KAus)auK_ + ZK,ITL}M]
+ (Mg + M2 (Mg, M)[(1 = kaas)9,K° + 2K, (1 = Kaas) 9K + 2K, ]} (48)
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It remains to take into account the last contribution
related to the PA mixing, which arises due to the second
term in (35). This contribution is

1
- E (KAuda/ljta;tﬂ:+ + KAusI{/ljé;ta#KJr
+ ka0 K7,,0,K°) + Hec. (49)

Collecting the results (47), (48), and (49), we find that
the matrix k4 is symmetric (k4);; = (k4);;, With elements
given by

ji

n 872
N.Gy[2(M; +M;)*J;; + AJo;;]

(50)

-1 _
Kpij =1

In the chiral limit this result coincides with the standard
NIJL approach, but it differs in the general case. It follows
then, that Gy, = O(1/N,), and, in particular, for Eq. (44)
we find

Gy, _
a =Gl =), (51)

where the index 0 means that the function of the quark

masses (k3');; is calculated in the chiral limit m; — 0, i.e.,

1y ~ Zo (52)
Kin = = .
A0 N.GyM3J(My) — Zy—1

The last equality relates k34 with the constant Z [25,26,42]
commonly used in the NJL model to get rid of the
PA-mixing effect, Z, = lim,, _(Z.

The first two terms in the expansion of Eq. (50) in
powers of 1/N,. are given by

KX;‘lj = KZ(I) {1 - miZj\_l;nj (a - 5M)} ’ O(I/N%)’ (53)
where
4 -1

Notice that AJy;; contributes to (53) only starting from the
1/N? order. As we will show soon, 8, determines the first-
order correction to the current algebra result for masses
of electrically charged and strange pseudoscalars. It is a
function of four parameters A, Gy, Gy, and M, that
determines the structure of the hadron vacuum.

V. KINETIC TERMS AND DECAY CONSTANTS

Our next task is to obtain the kinetic part of the free
Lagrangian of pseudoscalar fields. To do this, we need the
already known expressions (47) and (48), and, in addition,

one should write out the corresponding contribution of the
second term in (35) that was omitted in (49)

1 _ B _
E(Kguda,,;ﬁaﬂn + k5,50, K70, K~ + «5,,0,K°0,K°).

(55)

Collecting all these contributions, one finds, for instance
in the case of charged pions, that the kinetic term is
given by

LET = 0,n70,m @4-&(1 — Kaua)?
kin " " 4GV 3 Aud

X [2(Mu +Md)2Jl(Mde) + AJOud]}
— (KAua +9 7
= <4Gv> 0, 0,1 . (56)

To give this expression a standard form, one should
introduce the physical pion fields T[;h,

4G 1
+ _ V_+ R 57
" KAud”ph f}‘[ ”ph‘ ( )

The dimensional parameter f, is nothing other than the
weak decay constant of a charged pion. Similar calculations
in the case of kaons give the values of the corresponding
weak decay constants

_ [Kaus _ [Kads
fl(i - 4GV’ fKO - 4GV (58)

The resulting expressions require a more detailed
discussion.

First, they differ from the standard result of the NJL
model, where the constant f, is estimated through the
quark analog of the Goldberger-Treiman relation. The latter
is a result of current algebra. Therefore, it is valid only in
the leading order of expansion in current quark masses. It
can be easily shown that in the chiral limit the formula (57)
coincides with the result of the standard approach.

Second, using Eq. (53), one obtains from (57) and (58)
the first-order corrections to the current algebra result

m,—|—m]
4M,

fi :F<1 + (a—5M)>, (59)

where

F=\[160=OW/N) (60)
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is the pion weak decay constant in the chiral limit. In
particular, it follows then that

fie
=1
7

It is instructive to compare our result (59) with the result
of 1/N_yPT. In this approach the corrections to f, and fx
are determined by the constant K4 =4ByL%L/F* [43],
where the low-energy coupling constant L% counts of
O(N.), and the constant By = O(N?) is related to the
quark condensate. Such a comparison yields

i, (a —6y). (61)

a— 5M
4M,

< K. (62)

That demonstrates the full agreement between the two
approaches at this stage.

It is well known that the numerical values of the
ratio (61) calculated by the various groups of authors using
the NJL model lie between 1.02 and 1.08 [32] and thus
underestimate the experimental value fg/f, = 1.19. As
we show below, formula (61) perfectly reproduces the
experimental value, as it also takes place in 1/N_yPT.

VI. MASS FORMULAS AND CURRENT
QUARK MASSES

Let us establish now the mass formulas of z*, K*, KO,
and K° mesons. To do this, we need the corresponding
contribution arising from the last term of the Lagrangian (35)

1 1
EU}ME g _E [(Mu + Md)(mu + md)ﬂ+ﬂ_
+ (M, + M) (m, +m )K" K~
+ (Md + MS)(md + ms)l_(OKO]' (63)

Note that Lagrangian L;p does not contribute to the
pseudoscalar masses.

Now, after redefinitions of fields in Eq. (63), we finally
arrive to the result

Gy | 1
Gy [Kaua

Linass = (Mu + Md) (mu + md)ﬂ;_hﬂgh

+—— (M, + M) (m, +mg) K Koy

KAus

+

Kad (Md + Ms)(md + ms)kgthh . (64)

It follows then that the masses are

- 1
Mii :W(Mu"i_Md)(mu—'_md)’ (65)
ud

_ 1

M%(i = m(Mu +Ms)(mu +ms)’ (66)

_ 1

M2y =——> (M;+M . 67
b= g M Mg+ m). (60

Here and below, the overline indicates that the masses were
obtained without taking into account electromagnetic
corrections. It should be emphasized that Eqs. (65)—(67)
differ from similar expressions obtained in [25,26] and in
other available works where the NJL. model has been used.
In our result the sum of the current quark masses is
factorized; i.e., the Gell-Mann—Oakes—Renner relation [44]
is already satisfied at this level. Obviously, all above
NJL-based results coincide in the limit of exact SU(3),
symmetry. However, when calculating the first 1/N.,
correction, these approaches lead to different results.
In favor of Egs. (65)-(67), as we will now see, is their
agreement with the results of similar calculations made in
the 1/N _yPT.

Expanding expressions (65)-(67) in the 1/N, series,
one not only can obtain the known result of the current
algebra [45]

. = Bo(m, +my),
figs = Bo(my +my).
fizo = Bo(my + my), (68)
where the constant By is related to the quark condensate
(aq)o = (u)y = (dd)o = (5s)o
(29)0

2GyM M
_ VLo _ 0 s =— 0 (69)
GSKAO 2G5F F

By

but also can move further and obtain the first-order
correction

72 —2. (1 wg 7
m. ﬂ”+< + ZMO VaE ( 0)
_ _ m, +my

) my + my

mKO = ﬂKU (l +27A405M) (72)

These relations agree with those of 1/N_yPT [8]; i.e., the

following correspondence between parameters takes place:
Sm By

As pointed out in [46], in chiral perturbation theory

Lg cannot be determined on purely phenomenological

grounds. Treating Lg as a free parameter, one may obtain

both the positive and the negative signs for the difference
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2L — L% In the framework of 1/N.yPT, Leutwyler
managed to establish the generous low bound for the range
where a truncated 1/N, expansion leads to meaningful
results: 2Lg — LE > 0. Based on formulas (62) and (73), it
is easy to express these low-energy constants in terms of the
NJL model parameters

(a—6y)GsF*
8M3 ’

p _aGsF4
T r

L (74)

As a consequence of (73), we find the 1/N, correction
A, considered in [8]

my — m

2M,

8
(My = MZ)(2L5 - L§) <

AM:E

Sy, (75)

where i = (m, + m,)/2. The value of A,; characterizes
the degree of breaking of SU(3), symmetry. Although A,
cannot be calculated within the framework of 1/N_yPT,
the estimate 0 < A,,; < 0.13 was obtained in [47] based on
additional reasonable considerations.

In the model studied here, the sign of §;, coincides with
the sign of the ratio 6,,/a in Eq. (54), which, as it is shown
in Fig. 1, is a monotonically increasing function of the
variable M, (at My > 0) and becomes strictly positive
beginning with a certain value M ,;,. Thus, any solution of
Eq. (41) with My > M in gives 0y, > 0. As we will show
later, the value of d;; is uniquely determined in the model,
but first we should discuss the role of Daschen’s theorem in
the parameter-fixing procedure.

Let us return to mass formulas. From (70)—(72) it
follows that

ﬁl%«r - ﬁ'l%(o + m,z[+ B m, mS5M 1 ml% 6
2 2 T o A\ T2 ) (76)
X 2M0 md

1.0
05}
04 0. 03 04 05 06 07
—05)
-1.0}
FIG. 1. The ratio §,,/a [see Eq. (54)] is shown as a function of

M, (in GeV) at fixed values of A = 1.1 GeV, G5 = 6.4 GeV~2,
and Gy = 3.6 GeV~2. For such a parameter setting, the point
My min = 0.244 GeV satisfies both the requirement §,; = 0 and
Eq. (41).

=2 =2 _ =2 2

My + Mo =My mg Mmooy <ms B 1) (77)
-2 -2 ) 2 .

My — My + M My 2My \my

The current algebra result arises from here in the leading
order of the chiral expansion,

P I S

My Fie TR TR _ g 78
2 _ 2 =2 = S (78)

Mg o = Hygs T Hos

=2 =2 =2
My Hie Tl " Fa _ g (79)
=2 _ 2 - =y
md ,uKO ﬂK+ +M”+

Additionally, one may wish to take into account the
electromagnetic interaction of charged particles, which
increases the masses of these states:

/’li+ = ﬁ% + Azp /",2,0 = ﬁio = /1721#3 (80)

Wi = B + A%,

Mio - /_l?((). (81)
The difference between the masses of the charged and
neutral pions .+ > p o is due primarily to the electromag-
netic interaction. The contribution of the strong interaction
is proportional to (m, —m,)* and is thereby negligibly
small. Using the Dashen theorem [48]

Azz = Aﬁzv (82)
which is a strict result of the current algebra, one arrives at
the well-known Weinberg ratios [45]

m, 2/420 ”721* 'u%ﬁ 'uio =0.56 (83)
2 2 2 Y
my Hyo — Hge + HEe

2 2 2
m K+ +ﬂKo — M+
d Hgo = Hgr T Mo

Taking into account the first 1/N, correction in (76)
and (77) and after the inclusion of electromagnetic cor-
rections, we arrive to the Leutwyler inequalities [8]

2 2 2 2

My T ~ My M M p (85)
2 2 2 = D>

my Myo — My + M7,

2 2 _ 2
my M. + Mo — M+ R 86
< P 7~ = Ky, (86)
Mg My — My + m_.

which are valid at §;;, > 0 (here and below, the subscript D
marks expressions that are derived with the Dashen
theorem). If §,, < 0, the reverse inequalities are fulfilled.

The specific case 6;; = 0 indicates that the first correc-
tion to the result of the current algebra vanishes and
the Weinberg ratios are satisfied, which is possible if
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My = Myn;,- In this case, at A = 1.1 GeV, the rest of
the six parameters Gg, Gy, m,, my, m,, and Afl can be
fixed by the phenomenological values of the masses m0,
Mg+, mgo, Mg+, the weak decay constant of the pion
fr=923+£0.1 MeV, and the requirement that the
first-order correction to the current algebra result is
suppressed 6, = 0 (in this case the Dashen theorem is
exact). As a result, we obtain My = M, = 236 MeV,
Gg = 6.35 GeV~2, Gy = 4.28 GeV~2; the magnitude of
the quark condensate is (0|g¢|0), = —(265 MeV)?; the
light quark masses are m, = 2.8 MeV, m,; = 5.0 MeV,
and mg = 101 MeV. The parameter characterizing the
relative magnitude of the breaking of isotopic symmetry
compared to the breaking of SU(3), symmetry is

mg — m

R= — 44, (87)

mg—m,

All these results are summarized in Table I [see set
(a) with 6,;, = 0].

The numerical values given in Table I for set (a) appear
to be reasonable in the u and d sectors. However, in the
strange sector the NLO correction M (m,) = 432 MeV is
almost twice as large as the LO result M, = 236 MeV.
This strongly violates the main condition of the asymptotic
expansion (42) and means that our assumption d, = 0 fails
for a strange quark. Thus we are led to conclude that
oy > 0. As we already mentioned above, Leutwyler [8]
obtained a similar inequality A, > O [both parameters are
related through Eq. (75)], from the in-depth analysis of the
spectrum of neutral states z°, #, 7/ with the inclusion of
effects caused by the breaking of U(1), symmetry and the
Zweig rule and classified it as a generous lower bound for
the region where a truncated 1/N,. expansion leads to
meaningful results. We come to a similar conclusion based
solely on the NLO solution of the gap equation.

If the first correction is nonzero and My > My, 1.€.,
Oy > 0, the value of the quark condensate increases.
Consequently, the light quark masses decrease.
Therefore, the above estimates for the masses m,, my,
and m, should be considered as an upper bound of
the model.

TABLE L.

VII. THE GASSER-LEUTWYLER ELLIPSE AND
HIGHER-ORDER CURVES

Let us return to the analysis of mass formulas (70)—(72)
at 0); # 0. A number of sum rules that do not involve &,,
can be obtained from these formulas.

Gasser and Leutwyler [43] considered the simplest case
described by a second-order curve in two independent
variables x = m,/m, and y = m;/m,. We arrive at this
curve using two ratios

=2
me . m, +m mg—my
R =K =" T4+ ouls 88
: m2. mu+md[ M, M (88)
R g =g mg—m, M= ma s (89)
2 My — M2,  omy—m, M, M|

from which it follows that

2 2
_ Ry my—my

0 (90)

= -2 2"
R2 my — niy,

The right-hand side of this expression depends only on the
ratios x and y of the light quark masses. The locus of these
points is an ellipse:

-2} (1-0%) = Q% o1

Note that replacing mg+ <> figo in the left-hand side of
Eqgs. (88) and (89) reduces to replacing m, <> m, in the
right-hand side, and it would seem that we arrive at a new
relation:

=2 =2 =2 2 2
- my,msy. —m<,. ms—m
2 __ K K s d
o=+ 5. (92)
b3

-
M Mo my — m;

72
_mK+

However, it is easy to see that this equation coincides
with (90) because Q% = 0° + 1.

The six parameters of the model A, Gy y, m, 4, and electromagnetic correction to the masses of charged mesons, A2, A?

el> el

are fixed by using the meson masses 0, m,+, mgo, mg+, the weak pion decay constant f,, and the cutoff A as an input [input values are
marked with an asterisk (*)]. In the first row of the table, set (a), the condition §,; = O is used as the seventh input value. This set
describes a hypothetical case of the complete absence of the first 1 /N, correction to the mass formulas (70)—(72). Set (b) describes a
realistic case when the first correction is nonzero (here f and # — 3z decay rates are used as additional input values). All units, except
Gsy] = GeV~2 and dimensionless ratio R [see Eq. (87)], are given in MeV.

Set 6M A GS GV m, my my MO

~(aq)> M, M, M, F  f, fx R

(a) 0* .1+ 635 428 28 50 101 236
(b)y 067 L.1* 6.6 7.4 26 4.6 84 274

265 248 257 668 89.0 92.2* 131 44
275 283 290 567 905 922* 111" 40
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Taking into account electromagnetic corrections, accord-
ing to the Dashen theorem, we obtain an ellipse with a
semimajor axis Q — Qp,

2 2 2 2 2
Q2 — QZ _ (mKO Wlﬂo)(’/nlfr M + mlro)
D — 2 2 2 2 2 ’
mﬁo(mKo — My M — mﬂo)
2 2
m —m
K+ +
R = Ryp=1+2K""a
nm-y
V3
2 2
m —m
K+ +
R2—>R20:1——2 § s (93)
mKo —mﬂo

which gives Op =24.3, R|p = 13.3, Ry,p = 0.0225 for
physical values of the masses. Obviously, the point (x, y) =
(Rp.Ryp) belongs to this ellipse. Below, for the sake
of brevity, this point is called the Weinberg point, where
oy =0 and, consequently, the Weinberg ratios (83)
and (84) are satisfied.

Consider now a set of arbitrary ratios R; (i = 1,2,...)
combined from the meson masses (70)—(72),

mgy
R' == 7 1 i~ 4
! kl( li 2M, 5M>’ (9 )

where coefficients k; and /; are functions of x and y. It is
clear that by taking two arbitrary elements of the given set,
say R; and R;, we can eliminate the dependence on
my6y/2M, and arrive at the equation of the curve in the
(x,y) plane

If [; =1;, the equation simplifies to k;R; = k;R;. This
curve, where i = 1, j =2, is an ellipse (91). If [; # [}, the
curve (95) is of a higher order, and consequently the
allowed values of x and y do not belong to the ellipse.
Hence, we have a set of alternative sum rules to determine
the light quark-mass ratios. The ellipse is distinguished by
two properties: (i) It survives even after accounting for
chiral logarithms. (ii) It has an additional symmetry with
respect to replacement m, <> m,. Nevertheless, in the
approximation considered here, it is difficult to give a
preference to one of curves. Let us describe the most
important property of the family.

For this purpose, note that the family (95) is enclosed
between two curves. The first one is given by the ratios R,
[see Eq. (88)] and Rs,

. — M Mo — i
ST, — iy + 2
Kt KO 7[+
_2 g (2o madm (96)
X x y) 2M,

I I I I L x

0.2 0.4 0.6 0.8 1.0

FIG. 2. Ellipse (dashed line) specified by Eq. (91), where
0 — Qp, and curves given by Eq. (97) (lower solid line) and
Eq. (99) (upper solid line) obtained with the Dashen theorem
(Ry3x = Ripsp.p)- The dot belonging to all three curves is the
Weinberg point. The curves intersect at the SU(3) limit point

(x,y) = (1,1).
In this specific case, Eq. (95) leads to the elliptic curve
x(y =1y —xR3) = (x =y) (1 + 1R +y* = x>, (97)

which has two connected components one of which passes
through the Weinberg point and determines the lower
bound in Fig. 2. To plot the curve (97) we use the physical
values of the meson masses, where electromagnetic cor-
rections are taken into account in accord with the Dashen
theorem; i.e., Ry = R;p, and

My, +mry —m?, 08
2me, +mi, —m2, —m?. (98)
20 X+ X0 gt

Ry = R3p =

To establish the upper bound of the family (95) we
consider the ratios Ry and R,. It leads to the fifth-order
curve

xy(1=x*)(xRy —y) = (¥’ =x*)(x = Ry).  (99)

It has three connected components. Figure 2 shows
the component passing through the Weinberg point. It is
also obtained with the Dashen theorem: R; — Rz, and
R, — R, p; and it lies primarily above the ellipse specified
by Eq. (91). The other curves lie inside indicated bounda-
ries. The common property of the family is that all of them
pass through the Weinberg point. The existence of numer-
ous curves generated by mass formulas (70)—(72) does not
affect the Leutwyler inequalities (85) and (86). The ques-
tion which of the curves (sum rules) is more suitable for
approximating the final result can be clarified only after the
model parameters are fixed.
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VIII. NUMERICAL ESTIMATES

Let us fix the six parameters of the model A, Gy, Gy, m,,
my, mg, and electromagnetic corrections to the masses
of charged mesons A,; and A,;. For a direct comparison
with the empirical data and 1/N yPT results, we have used
the values for the pion and kaon decay constants,
fr~92 MeV, fx ~110 MeV, and the masses of pseudo-
scalar mesons: m_, m,+, mgo, myg+. Let us recall that
’2[0. In addition, as noted above, we choose
the cutoff A according to a generally accepted estimate
of the scale of spontaneous chiral symmetry breaking

Aysp=dnf, [33]. To fix A, we use (following the
Leutwyler’s analyses [47]) the n — 3z decay. The latter
requires some clarifications.

The Dashen theorem is valid only in the leading order
of chiral expansion. Since d,; # 0, Eq. (82) no longer
holds. The inequality A}, # A2 =m2. —m?, should be
considered instead. It follows that the ratio (90) depends
now on A2,

2 2
D 2 2 2 A2
m My — My + Ay

In [47] it was argued that the value of Q% can be extracted
accurately from the observed n — 3z decay width. The
reason is that electromagnetic contributions to this process
are suppressed, and, as a consequence, determination of Q%
is less sensitive to the uncertainties therein. The current
knowledge based on n — 3z gives the range Qp = 22.3 +
0.8 [49], which leads to A,; = (47.1 F 4.5) MeV corre-
spondingly. For comparison, A,; = 35.5 MeV. The gray
elliptic band in Fig. 3 corresponds to the range A,

- 1). (100)

I I I I X

0.2 0.4 0.6 0.8 1.0

FIG.3. The area of admissible values of the ratios x, y is formed
by the intersection of three bands corresponding to the interval
A, = (47.1 F 4.5) MeV at the ellipse (gray band) and at curves
of higher order (97) and (99). The dot belonging to all three bands
is the estimate of the NJL model.

indicated above. Similar bands are also plotted for the
higher-order curves. Obviously, the closer the value of A,
to A,;, the closer the curve is to the corresponding one
obtained taking into account Dashen’s theorem.

The interval we use slightly differs from the recent result
Qp = 22.1 £0.7 [50]. Nonetheless, we prefer to consider a
more wider region because the lattice QCD collaborations
report on larger values: Qp =234=+0.6 [51] for
Ny=2+1 and Qp=23.841.1 [52] for Ny=2+1+1
simulations.

The above estimate for A,; means that the mass differ-
ence between charged and neutral kaons due to electro-
magnetic interactions is (mg+ —mgo),; = (2.2 F0.4) MeV.
It agrees with the result of lattice QCD calculations
(mK+ - mKO)el =19 MeV [53]

The input values give the following estimates for the
couplings Gy = 6.6 GeV~? and G, = 7.4 GeV~2. These
constants, in particular, describe the theory in the limit
N, — oo, i.e., when the masses of the current quarks
vanish and f, = fx = F. This means that their values
should mainly determine some vacuum characteristics.
Indeed, after fixing the parameters, we see that

1 _
,/—~ My = |(7q)y”
Zy—-1 _ L
4GVZO 16Gy

Some of the numerical estimates are given in the second
line of Table I. For Z, we have Z, = 1.32, and taking
into account the 1/N,. correction this gives Z, = 1.34,
Zx = 1.51, which if averaged coincides with the estimate
of the standard NJL model Z = 1.4 [25].

The Gell-Mann, Oakes, and Renner result for B, is
modified at NLO by the factor, which is the ratio of the
squares of the masses of the pseudoscalar meson, to its
value at LO, i.e.,

(101)

2

mP
BO - BP = BO
ﬂP

(102)

where P = 7%, K*, K — K°. Numerically the correction is
less than 1% for pions and around 11% for kaons. Thus, the
correction of O(m?) in the 1/N,. expansion of the pseu-
doscalar masses is much less than the LO result. This
supports the assumption made that the quark condensate is
of the order N,

Mass formulas (70)—(72) allow one to obtain the absolute
values of the quark masses, if one knows the vacuum
characteristics encoded in the parameter B, and in the ratio
dyu/My. We need also to take into account the electro-
magnetic corrections. Given that the difference of charge
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TABLE II. The light quark masses (in MeV) and their ratios obtained in the 1/N,. NJL model are compared with the results of
1/NyPT and PDG. In the first line, the error bars indicate the change in values within the range A, = (47.1 F 4.5) MeV
correspondingly.

Set m, my my m,/my mg/my mg/ my/m, R
1/N.NJL 2.57+£0.07 45679% 83.7+0.1 0.5647903 183F 03 2346 F0.02 325F09 40.3139
1/N yPT [54] 0.553 £0.043 18.94+0.8 2444+ 1.5 3444+37 40.8+3.2
PDG [55] 2161050 46708 934458 0474100%  195+25 273310

and neutral pion masses has mainly an electromagnetic
origin, one finds

(103)

where m o, m,+, mg=, and myo are the physical masses of
the states. We collect our results in the first line of Table II.
The error bars there indicate the change in values within the
range A,; = (47.1 F 4.5) MeV. The results of calculations
in 1/N_yPT [54] (second line) and data quoted by the
Particle Data Group (PDG) [55] (third line) are also
given there.

We can conclude that the results of the 1/N, NJL model
are in a remarkable agreement with the estimates made
in [54]. This is also evidenced by the estimates we obtain
for a number of parameters of the 1/N,. chiral perturbation
theory. For the problem considered here these are the
following constants: L, Lg, Ay, R. Our estimates are

Li=21x1073, L;=13x1073, A),=0.10. (104)

This agrees with the phenomenological estimates of these
low-energy coupling constants L% = (2.2 £0.5) x 107
and L§ = (1.1 £0.3) x 107 in [43]. The parameter Ay,
cannot be calculated within 1/N_yPT. Our result is
compatible with the estimate 0 < A, < 0.13 [8]. For the
ratio R the 1/N_yPT yields R = 40.8 4+ 3.2. Our calcu-
lations give R = 40.313¢. Let us also indicate the inde-
pendent estimate R = 41 + 4 obtained in the work [56].

Evaluation of the absolute values of the current quark
masses shows that our result differs little from the standard
estimates obtained in the NJL model. For comparison,
let us point out the paper [25], where it was found that
m, =myz; =3 MeV and m; = 80 MeV. Recall that the
resulting masses only make sense in the limited context of a
particular quark model and cannot be related to the quark-
mass parameters of the Standard Model. However, the
quark-mass ratios found here have a broader meaning
because they do not depend on the absolute normalization
of the quark mass.

The point in Fig. 3 inside the gray band corresponds to
the central value of the ratios m,,/m, and m,/m, presented
by the set 1/N. NJL in Table II.

It is also interesting to note that the bounds on the two
ratios m, /my, and m;/m, can be established solely on the
sum rules (95). Since all curves (95) intersect at a Weinberg
point, considering only the extreme curves automatically
cuts out the area belonging to the entire curve family in
question. In Fig. 3 we show two bands obtained on the
bases of the extremal curves (97) and (99), and from their
intersection one can deduce that

M 0504009, 25— 1922+ 0.62.

o o (105)
These ratios do not imply any definite value for the
parameter J), and therefore can be considered as the
maximum range for possible values m,/m,; and
mg/m, that arises in the truncated theory based on
formulas (70)—(72). This result agrees well with the
values m,/my = 0.474100% and m;/my =19.5+25
quoted by the Particle Data Group [55].

A narrower interval is obtained if we additionally require
the fulfillment of the Leutwyler’s inequalities (85) and (86),
i.e., 8y > 0. In this case, the result reads

Mu — 053 + 0.06, Ms —19.13 +0.53.

106
g o (106)

Since we are dealing with a nonrenormalizable model,
the results depend on the regularization scheme used.
Regularization is one of the elements that make up the
basis of the NJL model, and different versions of the model
differ in its choice. This aspect of the NJL model is
reviewed in detail by Klevansky [32]. The proper-time
regularization, which we use here, has also been carefully
analyzed in [57]. Nevertheless, we would like to dwell on
one property of the gap equation, which should be kept
in mind when comparing results of calculations with
experimental data. The solution of the gap equation (41),
M,(A), changes drastically with A at a fixed value of Gg.
Indeed, one easily finds that M((1.0 GeV) = 19.7 MeV,
My(1.1 GeV) = 274 MeV, M((1.2 GeV) = 468 MeV for
Gg = 6.6 GeV~2. Such behavior is associated with the
original quadratic divergence of the integral J,(M,) and is
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typical for any of the regularization schemes commonly
used in the NJL model [32]. As a consequence, the cutoff A
is sharply fixed, because even a 1% change in the value
of the cutoff A leads to about a 7% change in the value
of M, namely

A=1.10£0.01 GeV, M, =274+20 MeV. (107)
This observation is crucial for a systematic study of the
theoretical uncertainties associated with the regularization
scheme used in the NJL model. The reason is that all other
vacuum characteristics somehow depend on these two

parameters and Gy. In particular, we find a = 3.50733,

Sy = 0.671019, F =90.5412% MeV, and |(gq)y”] =
275f76 MeV. The above estimates make it possible to
understand the magnitude of the theoretical uncertainties
associated with the regularization scheme we apply.

The property of the solution of the gap equation
mentioned above has a significant effect not only on the
value of M|, but also on the value of the first correction to
the masses of the constituent quarks, which is proportional
to the derivative M’(0) = a entering the truncated for-
mula (43). The mass of the strange quark M; = 567 MeV
indicated in Table I [see set (b)] follows from (43).
Although this result agrees with the estimate M, =
522.2 MeV [58], obtained by numerically solving the
gap equation in the standard approach, there may be doubts
about the self-consistency of our calculations, since the
condition My > M, is not satisfied. Formally, it certainly
holds for N. — oo, but for N. =3 the NLO correction
M, = am; =293 MeV to the LO result, M, = 274 MeV,
turns out to be comparable with it. The pictures emerging at
N, = o and N, =3 seem to be quantitatively different
from each other. Does this mean that the 1/N . expansion is
inapplicable in the case of the s-quark? Of course not. There
are a number of similar examples [59]. Such a numerical
deviation occurs when a large dimensional parameter
penetrates into coefficients of the 1/N, expansion. In the
case considered, that is By = 2.5 GeV—a parameter asso-
ciated with the quark condensate. It enters a as

By Gy

a= My Gy (108)
Because of B the pions and kaons are surprisingly heavy,
given the light quark masses [60]. The similar effect we
observe in the mass of the strange constituent quark. Indeed,
if one neglects the small mass of the up quark, the
corresponding part of Eq. (43) can be written as

72
2GyM
MSEMO_’_/"KJr 1— VLo :
2M0 GSBO

(109)

i.e., the NLO correction to the strange quark mass is
proportional to the kaon mass. PA transitions reduce factor

1 to 0.76, which together with another factor fig+/(2M)
determines the magnitude of the correction M. I should
emphasize that the same mechanism is behind the violation
of the My > M, condition at N. = 3 as behind the large
value of the kaon mass. The latter problem should be
explained by QCD.

IX. CONCLUSIONS

Here an attempt is made to implement, within the
framework of the NJL model, the well established idea
of Leutwyler, according to which the masses of light quarks
are 1 /N, suppressed. This hypothesis previously turned out
to be fruitful in constructing the effective Lagrangian of
the 1/N_yPT. Extending this idea to the NJL model, we
conclude that a coherent picture of masses and decay
constants of electrically charged and strange pseudoscalars
arises as well.

Let us emphasize that in the NJL model, the vertices of
the effective meson Lagrangian result from a direct
calculation of the one-loop quark diagrams. This procedure
needs to account for the effects of explicit chiral symmetry
breaking. Many authors have taken steps in this direction.
Still, we find that the approach presented above leads to
results and to a formulation of the situation that have not yet
been reported in the literature (excluding a short letter
published recently [61]). In particular, employing a recently
developed method based on the Fock-Schwinger proper-
time asymptotic expansion and the Volterra series, we
demonstrate that this tool fairly reproduces the symmetry
breaking pattern grasped by the effective Lagrangian of
the 1/N_yPT.

The mass formulas obtained take into account the first
1/N,. correction to the result of current algebra. At this
level it is possible to establish a set of mutually exclusive
relations that directly relate the masses of 7, K+, K°,
and K° mesons to the ratios of quark masses. We show
that the 7 — 37 decay data do not allow giving preference
to any one of the relations, but single out a physically
significant range associated with all of them. The exist-
ence of such a range makes it possible to set limits for
the light quark-mass ratios 0.47 < m,/m,; < 0.59 and
18.60 < m;/m,; < 19.66, if one additionally requires that
the Leutwyler inequalities are satisfied.

We have not considered here neutral z°, 5, and 5’ states.
They are the subject of a separate work, which is being
prepared.
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