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The impact of a strong electromagnetic background field on otherwise perturbative QED processes is
studied in the momentum-space formulation. The univariate background field is assumed to have finite
support in time, thus being suitable to provide a model for a strong laser pulse in plane-wave
approximation. The usually employed Furry picture in position space must be equipped with some
regularizing procedure, also to ensure the Ward identity. The momentum space formulation allows
generically for an easy and systematic account of such expressions, both globally and order-by-order in the
weak-field expansion. In the limit of an infinitely long-acting (monochromatic) background field, these
terms become gradually suppressed, and the standard perturbative QED Feynman diagrams are recovered
in the leading-order weak-field limit. A few examples of three- and four-point amplitudes are considered to
demonstrate the application of our Feynman rules which employ free Dirac spinors, the free photon
propagator, and the free fermion propagator, while the external field impact is solely encoded in the
fermion-fermion-photon vertex function. Properties of the latter vertex function are elaborated in some
detail. The appearance of on/off shell contributions, singular structures, and Oleinik resonances is pointed

out.
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I. INTRODUCTION

With the advent of permanently increasing laser
intensities by advanced technologies [1] one gets access
towards the strong-field regime of quantum electrodynam-
ics (QED) [2] in a hitherto uncharted region of parameter
space. Among the famous examples are the “vacuum
break-down” by the Sauter-Schwinger effect (cf. [3-0]
for recent activities and entries to extensive citations) and
the unsettled implications [7-9] of the Ritus-Narozhny
conjecture (cf. [10] for an introduction). While QED
delivers unprecedentedly accurate results in certain regions
of the parameter space, at high energies of the involved
particles, and for processes in strong background fields
there is still room for testing the theory for “physics beyond
the Standard Model” or verifying long-standing predic-
tions. For instance, the soft-photon theorems—at the heart
of the infra-red (IR) structure of QED—seem to fail when
many hadrons are involved in the final state of high-energy
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strong-interaction collisions. This issue triggered activities
for new detector concepts and plans of experimental
investigations at the Large Hadron Collider (LHC) [11].
In fact, Strominger’s IR triangle [12] finds recently much
interest culminating in “new symmetries of QED” [13],
see e.g. [14].

The current standard approach to calculations of QED
processes in strong background fields deploys the Furry
picture in position space. Fermions (electrons and posi-
trons) are dressed by accounting exactly for the (quasi-
classical) interaction with the electromagnetic background
field, while the interaction of fermions with photons is dealt
with in order-a perturbative expansion (a~ 1/137; the
fine-structure constant), see [15—17] for reviews. A con-
venient model of the laser field is accomplished in the
plane-wave approximation. The external field, taken as
given background (for backreaction dynamics, cf. [18,19]),
depends then only on one variable, the invariant phase
¢ :=k-x = wt", where k" is the reference momentum of
the laser field with central frequency w := k" and = =
xo — x| is the light-front time in a coordinate system where

k ||€.. Due to the high symmetry, the Dirac equation can be
solved exactly, delivering the Volkov solution, which
depends trivially on three components of space-time and,
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generally, highly nontrivial on ¢ or t~ via the background.
For a laser pulse, the background has finite support in the
variables ¢ and 7~, and the details of the temporal structure
shape the final phase-space distribution in a distinct
manner. The limiting case of an infinitely long-acting
external field is called a monochromatic field. It is to be
contrasted with the sandwich field—where, like in the
situation of a passing gravitational wave—an observer sees
the vacuum, followed by the pulse, and is left afterward in
the vacuum again, irrespective of memory effects imparted
on test particles.

It is often taken for guaranteed that the weak-field
limit of the background field (which is a classical field)
and the monochromatic limit (i.e. infinite support at
constant strength) yields the standard perturbative QED
results obtained via Feynman diagrams in momentum
space. The role of loops is less obvious in that correspon-
dence. A particular situation is when considering a short
weak (classical background) field pulse; a straightforward
treatment by perturbative QED via Feynman diagrams does
not catch the features caused by the higher/lower Fourier
components of the weak field, see [20]. In particular, [21]
points out that, to preserve the Ward identity, one has to
supplement the Furry-picture position-space Feynman
diagrams by some terms related to regularization and
gauge invariance. It happens that a concise formulation
in momentum space' provides, in a clear and systematic
manner, such necessary terms, with their origin and relation
to gauge invariance analogous to position space.

It is the goal of the present paper to dilate on the strong-
field QED Furry picture in the momentum space. Our
approach has been outlined in [23]. The key is to employ
Ritus matrices [24] and to accumulate all dependencies on
the external classical field in the dressed vertex [25,26],
while keeping vacuum photon and fermion lines for
propagators and in/out states. Our presentation enables
easy access to the systematic expansion of amplitudes and
probabilities/cross sections in powers of the classical laser
intensity parameter a,. In the lowest order of small a, we
obtain “pulsed perturbative QED” which accounts for
temporal pulse shape effects [20,23]; the very special case
of a monochromatic external classical field recovers stan-
dard perturbative QED.

Our paper is organized as follows. In Sec. II we present
the formal development of the momentum-space Feynman
rules with emphasis on implementing gauge invariance
and preserving the Ward identity, the definition of the

'"The nontrivial relation of position-space Feynman rules and
momentum-space Feynman rules is phrased in [22] as follows.
“When deriving the momentum-space Feynman rules, we have
formally integrated over the position of the photon emission
vertex in spacetime, under the assumption that emission at long
distances should be sufficiently suppressed. Unfortunately, it is
not, a consequence of the fact that QED (like all unbroken gauge
theories) has long-range interactions.”

fermion-fermion-photon vertex, and the graphical repre-
sentation. Section III is dedicated to several limiting cases;
the monochromatic limit is considered and some remarks
on soft factors are supplied as well. Examples of applica-
tions are introduced in Sec. IV. The explication of the
three-point amplitude, that is for the one-vertex processes
nonlinear Compton/Breit-Wheeler/one-photon annihila-
tion, is spelt out in Sec. V to demonstrate the path from
our rules towards the basic formulation of already exhaus-
tively analyzed phenomena. The two two-vertex processes
and related four-point amplitudes are dealt with in Sec. VI
with some details with respect to nonlinear two-photon
Compton and nonlinear Mgller scatterings and crossing
channels. Special aspects of Oleinik resonances, singularity
structures, and the monochromatic limit are uncovered
here. We conclude in Sec. VII.

II. FEYNMAN RULES FOR FURRY PICTURE
IN MOMENTUM SPACE

A. Background-field description

The following considerations apply to Lorenzian null
fields, i.e. the classical background field has the structure
E= —a,A' (electric field) and B= ? x A (magnetic field)
with four-potential A* = (A°, A) in Lorenz (0,A* = 0) and
Weyl (A° = 0) gauge

m
H -

Al = el aog(, Ag)e} cos(&) cos(¢p + perp)

+ & sin(&) sin(¢ + peep)], (1)

where, in units with ¢ =4 =1, m and e denote the
electron’s rest mass and electric charge, |, refer to the
laser’s polarization vector [e.g. & = (0,1,0,0) and & =
(0,0,1,0) in a reference frame where ¥ = w(1,0,0, 1)],
and the carrier envelope phase reads ¢cgp. Side conditions
specify further this model of a laser pulse in plane-wave
approximation:

K :=k-k=0 [(null field),
k'€1,2 =0

5_{00r§
+3

or elliptic polarization for other values of £. The quantity
g(¢p, Ag) denotes the pulse shape function (or envelope for
a shortcut) with A¢ as the pulse width parameter. Scalar
products of four-vectors are henceforth noted as dot
products.

(transversality ), g e, ==6

b ijs (2)

(lin. polarization),

(3)

(cire. polarization),
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B. Dressed vertex decomposition
The dressed vertex is defined by [25,26]

AF = /d4prr(x)(—iey")Ep(x)e"k/'x (4)

=5 [ aer(op.plk)

x (2m)*6W (p + ¢k — p' = k), (5)
where p (p’) is the in(out) going fermion four-momentum,
and the outgoing photon four-vector is denoted by X'
By inserting the Ritus matrices, e.g. E, = (1 +e%)
exp{iS,(x)} with the Hamilton-Jacobi action S,(x)=

_P'X_kaft;i “Ydg'[2ep-A(@)) —e2A2(¢)], the second
line follows, defining the dressed vertex function:

(. p. p'lk) = /d¢<1 —le"p,)y"(l +e2]i(f4])>

xexp{S, =S, +p -x—p-x} (6)

= y*Bo(¢) + T"By,(¢) + ThB, (7). (7)

Note (i) the crucial “photon number parameter” £ as Fourier
conjugate of the phase ¢ and (ii) the decomposition into
elementary vertices {y#, I, 5 }, depending on {p, p’, k},

y#: Dirac matrix obeying [y,.7,], = 2g,,. (8)
et e
" = , 9
o
2 e 2k . pk . p/ ( )

and phase integrals {B,, B/, B, }, depending on £ as well

BO:/_wdqﬁexp{ifqﬁ—l—iG(gb)}, (11)
B = [ apexplicn + G0, (12

By = / " dpexplich + iG@)IA(D).  (13)

The function G reads

G o) = o /4 " aWWAW) + a / Laparg).  (14)

bo

where ¢, — —oo is a useful choice for pulses and

wo 11
d=e[ L L) g = -~ ). (s
: e<k-p’ kp) TNy ey P

The phase integral (11) in Eq. (7) needs a regularization
which takes care of the Ward identity &' -I'=0. As
explained in some detail in the next subsection, this is

accomplished by
B B
By(¢) = 2G5(¢) — P . 222 (16)
4 4
where the instruction P means taking Cauchy’s principle
value and

G=exp{iG*} +exp{iG~}, G* ==4lim G(xg). (17)

C. Ward identity and regularization of B,

In the case of an external photon K attached to
the vertex I, the condition K-I' =0 ensures the
independence on the arbitrary gauge function ¢(K),
when the polarization four vector is gauged according
to € > ¢ + gK -T. Analogously, the photon propagator

Dy = g (—nﬂy +(1=¢) 1’2‘_’(16) connecting two adja-
cent vertices, does not leave any dependence of the gauge
parameter £ on the structure I'-D -T" if the same Ward
identity K-I' =0 is fulfilled. Sandwiching the Ward
identity by Dirac spinors yields, for K = k/ Jz

0 =i,k "u,

= [y kv u,|By + [y kI u,)By,
+ [ﬁp/k;lrgup]Bz, (18)

where {By, By,, B,} denote the phase integrals (11), (12),
(13) and {yj, I'}", T} are the elementary vertices (9), (10)
(for both we suppress the momentum dependence for now).
The free Dirac spinors in the side-condition (18) appear
either if the vertex is attached to in/out fermion lines or by
propagators, where the spin sum decomposition p + m =
> s Ugplil,, (analog for the other Dirac spinors) can be used.
The energy-momentum balance p + £k = p’ + k' holds at
each vertex, which is implied by the delta distribution
in the fully dressed vertex I', and the Ward identity (18)
of the dressed vertex function reads 0= (¢By(¢)+
o\ B, (¢) + ayB,(¢))[it,y Ju,] upon using Dirac equations
in momentum space, (7 — m)u, = 0 and i,y (p' — m) = 0,
respectively. This implies a severe constraint for the phase
integrals:

2Strictly speaking, this treatment refers essentially to on shell
fermions. However, in gauge theories more general identities
appear, known as Ward-Takahashi identities, where some of the
external fermions are off shell. Such relations require further
considerations with respect to dressed vertex.
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0 =7By(¢) + o\ By, (£) + By (¢). (19)
being equivalent to the Ward identity (18) and shows that
the phase integrals { By, B}, B, } are not independent. The
relation (19) is a well-known formula, which appears in
several investigations of specific processes in strong-field
QED, e.g. [27] in the case of Compton scattering or for the
trident process [28]. However, the connection to the Ward
identity and, therefore, to gauge invariance was not

stressed there.
The Ward identity (18) must be solved for one of the
phase integrals, e.g. B, in a distributional manner. This can
|

be formulated as follows. Let be b, (¢) a solution of Eq. (19),
ie. 0=72¢by(6) + B, (¢) +aBy(¢), then by(¢) =
bo(¢) + G5(¢) is a solution as well, where G is an arbitrary,
but finite, function of the momenta. This seems trivial,
because £6(¢) = 0, but it turns out that this term leads to non-
negligible contributions. However, the Ward identity (19)
does not determine the delta distribution’s prefactor G.
Instead, it can be derived by regulating the integral in the
definition of B, Eq. (11). Adapting the procedure in [29] for
Compton scattering in a generic case by inserting e %! with
€ > 0 in the integral in Eq. (11) we get

BO (f) = 611)1(])1 ® dg[)e_f“/’leif[/’eiG(‘/)) (20)
= lim [ / Y dpelit b piG) 4 / * d¢e<if—e>¢eic<¢)}
e=0" | /-0 0
elit+e)d oiG(¢) |0 i oit=) 4iG(h) |
=l d (it+e) (/)G @) .2 =
enot [ il +e |_o il s/ bel (#)e0 + i‘—¢e |
i oo . :
— dopelit—e)¢ iG(¢) 21
o | g . @)

where we use partial integration and the shortcut G’ := % G.
Considering the nonintegral terms of B, one gets
. e(ilf+e)()eiG((/)) 0 e(if—e)(/)eiG((/)) 0
lim - -
e—0" i‘+e |_o it —e |
= 21lim 00 =275(¢)e'0). 22

In the very last step, we perform the limit in a distributional
manner. To evaluate the other terms in Eq. (21), we consider
the integral [©_ dgpe“+)9G (¢)e’) which is finite for
every € > 0 due to the proportionality G'(¢) ~ A#(¢) for all
¢, where A* is assumed to vanish at the lower limit of the
integral, e.g. lim,_,_., A¥(¢) = 0. The same holds for the
other integral, so the limit in these integrals can be executed
to get

l
li d lfqﬁG/ iG d zquG/ iG
6—»1(1)1 |:lf + / ¢e + / d)e :|
(23)
— hml i + i / d¢elf¢G/ iG
e—02 |\il +e if—c¢
n i i
i +e if—e¢
0 X . co . .
X </ dpe’”?G'e'¢ —/ dq’)e’f‘/’G’e’G)], (24)
-0 0

|

where we apply the identity uw + vz =5 (w+2z) +
4 (w—z) with {u,v,w,z} € C. Starting w1th the first
term in Eq. (24), we get

1 i i
lim = d i) 1 ,iG
61%12<l'£+€+lf—€)/ petiGre

1 [ . .
= 77[?/ dq’)e’f‘/’G’e’G] (25)
by using
lim dx s H 73/ dxH (x (26)
e—>0" x2 +e€

with an arbitrary function H: (a, b) — C. The second term
in Eq. (24) contains again a delta-distribution,

lim1 i i
e—0t 2 \il +¢€ i —¢

0 . . 00 . .
X </ d¢elf4)G/elG _/ dd)elfd)GlezG)
—c0 0

0 ©
= ind(¢) (/ dpe’”?G' 'S — / dqﬁe‘ﬂbG’e"G) (28)
—oo0 0

= ind(¢) < / ’ dpG'e’S — / ” dqsG’e"G),
—00 0

(27)

(29)
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where we use 8(x)H(x) = 6(x)H(0) in the last step. To
evaluate these integrals, we use G'e'® = —i(e'0),

0 , 0 . 1/ «©
/ d¢GlelG _ / d¢GlelG == <etG )
—00 0 l 0

— l(zeic(o) — ¢iGy _ eiG_)
l

0
_ iG

—0o0

(30)

with the abbreviation G, :=limy_,, G(&¢). Finally, we
insert Egs. (22) and (24) in Eq. (21) and repeat the evaluation
as above, to obtain

By(¢) = ('C+ + €'S-)nd(¢) — PE/W d(,{)e"f"ﬁG’e"G} .

(31)

Note the independence on both G(0) and ¢, as a conse-
quence of Egs. (21), (22), and (30). Considering G’'(¢) =
A, (@) + aA?(p) [cf. Eq. (14)] and the definitions of B}
aswell as B, in Egs. (12) and (13), respectively, we can write
By in terms of the other phase integrals as

By(?) = n8(£)(e'C+ + €/6-) =P éBlﬂ(f) —l—%Bz(f)
(32)
= 18(£)G + By(¢), (33)

where we introduce the abbreviation

G(p.p'.k) =exp (iG*(p, p'.k)) +exp (iG~(p. p'. k))
(34)

with the asymptotic values G* (17) of the non-
linear phase (14) as well as the finite phase integral
By(?) = —P[éBlM(f) +%B,(¢)]. Finally, it is easy to
see that the regularized version (32) of the phase integral

solves Eq. (18), which implies the solution of the Ward
identity Eq. (19).

D. Final version of the vertex decompositon

Inserting the regularized version of the phase
integral (32), the dressed vertex function (7) decomposes
eventually as

[H(£) =T (€) + T (€), (35)
Ty (€) = r'nGs(£). (36)

(6 = (120 - P22 810
+ (rg - PL;Z> By(£). (37)

We have suppressed the pertinent arguments p, p’, k in all
functions, but highlighted the ¢ dependence. The term
labeled by “div” could be named “gauge invariance restora-
tion term”, since it emerges just from that requirement.

One may interpret these parts of the dressed vertex as
follows. The divergent part I'}, , Eq. (36), enforces £ = 0.
Therefore, it can be considered as part of the dressed vertex
function with no momentum exchange with the background
field. This has no contribution to one-vertex processes like
nonlinear Compton scattering or nonlinear Breit-Wheeler
pair production due to the vanishing physical phase space,
i.e. there is neither single-photon absorption nor single-
photon emission in perturbative QED. However, for proc-
esses with more than one vertex, e.g. the trident process,
the vanishing momentum exchange from the background
field to one vertex may eventually be compensated due to
the momentum transfer at another vertex. Since the only
dependence of this nontransfer term on the background
field is condensed in the factor G, the leading order in A¥
of the whole nonvanishing term is constant through
G =2+ O(A*). The finite part [, Eq. (37), may be
interpreted as a part of the dressed vertex function with a
genuine momentum transfer from the background field
to the vertex, which is indicated by the occurring principal
value in the finite part By(Z) of the regularized phase
integral (32), considering the other phase integrals are
regular for £ — 0. Moreover, since the elementary vertices
(9), (10) as well as the kinematic factors «; (15) are
independent of the background field, the leading order
of the finite part I, of the vertex function I'* is linear in
A#, i.e. there is no A¥-independent term in an expansion of
I'* with respect to the background field.

The decomposition of the vertex function implies the
following modification of standard Feynman rules in
momentum space: use [ (—ie),(¢) for the fermion-
fermion-photon vertex, instead of —iey,, and integrate over
internal momenta. While an N-vertex Furry-picture dia-
gram in position space involves N space-time integrals
(cf. [15] of how to process the expressions), in momentum
space one meets N integrations over the respective vertex-
attached “photon number parameter” 7.

E. Expansion in powers of a,

One benefit of our momentum space formulation is the
possibility of a straightforward series expansion of the
amplitude in powers of a,. The temporal pulse shape is
imprinted transparently in the weak-field limit. To begin
with, we introduce for the bookkeeping of powers of a, the
tilde notation: every quantity with a tilde is free of any
dependence on ay, e.g. A*(ay, ) = agA* (), which implies

¢ - ¢ -
G = ayet /¢ A, (&) + adas /¢ A

= aoAl + a(%A2, (38)

016013-5
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exp{iG} = ia{)VGN = i
N=0 N=0

m+2n

§ Gmn|m+2n =N~

m n

Q

mn =

AT, (39)
when using the abbreviations A, := o [ 4 d¢/A,(¢)
and A, = ay [} dp'A*(¢). Gy =
> mneN(mn) Gmn use the re-indexing with index set
N(m,n) = {(m,n) € N*lm +2n =N}, e.g. {(0,0)} for
N=0,{(1,0)} for N =1, and {(2,0),(0,1)} for N = 2.

Analogously, the phase integrals (12), (13) become sums
of Fourier transforms:

14N fu
Ea BIN,

[Se]

_ 214N 7
B, = E ag "By,
N=0

The quantities

Bl = / T dge G A, (40)

Byy = / T dgetPGyA2. (41)

Proceeding in such a manner we represent the vertex
functions (36), (37) as

ngv = Z aévfgivN’ I:}éivN = ﬂyﬂé(f)(élt + G[T/)v
(42)

)
F’rleg = Z aNr’rlegN ’
N=1
u u 7o &,
1—‘regN Fly - PT Bl.N—]

o -1)(ry

a
Pu)BzN 2 (43)

where the Heaviside distribution ensures to take only N > 1
contributions in the last term. We note (i) fﬁivN:o =
27y*5(¢) due to Gx_, = 1; 8(£) enforces £ = 0 meaning
that this vertex part does not exchange energy-momentum
with the external field, and (ii) the N = 1 contribution to F’r‘eg
is solely related to Bf = [ depe“?A#(¢), i.e. the Fourier
transform of the background field; it is the only linear
contribution (in a, and the background field), while con-
tributions o @) with N > 1 are nonlinear in the back-
ground field.

In a follow-up paper, we show in more detail that, in
leading order of a series expansion in powers of a, the
standard momentum Feynman rules are recovered and
explicate the next-to-leading order (NLO) terms.

F. Graphical representations

The above vertex function decomposition facilitates the
following graphical representation with the a, expansion in
the bottom lines:

%% +3+

040

-~ N

1_‘regv Eq. (37)

1%
o
_ N
=2 %
N=1 p P
~~
regN’Eq (43)

Each expression must be supplemented by a factor of —ies*

T Eq. (36)

4 v Ea. (42)

)(p + ¢k — p’ — k'). The pertinent arguments 7, p, p’, k are

not displayed here. Note that the expanded vertex functions in (45) are o al), thus allowing for easy bookkeeping.
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III. SOME LIMITING CASES:
Ap > c0,ay > 0,k >0,k — 0

Having prepared the momentum space formulation and
related Feynman rules, we now turn to some limiting cases.
These include the monochromatic limit A¢ — oo, the
weak-field limit @, — 0 and recovery of standard pertur-
bative Feynman rules, and the soft limits X — 0 and k — 0
as well.

A. Monochromatic limit: A¢p - o

The above formalism is devised to include arbitrary
shape functions g(¢, A¢). For specified (explicitly given)
temporal pulse structures, G(¢) can be explicated and the
phase integrals B, B and B, can be executed to arrive at
special functions (cf. [30] for such an example with
respect to nonlinear Compton). A very special case is the
monochromatic plane-wave background field, often
named infinitely-extended plane-wave (IPW). Formally,
A¢p — oo and the envelope function in Eq. (1) obeys
g(¢p, Ag) = 1 for all ¢ € R. Setting ¢y = 0 is a suitable
choice for monochromatic plane-wave backgrounds, since
then the initial condition is known due to A¥(¢y) =
ae” cos ¢ and the nonlinear phase defined in (14) is finite
for finite values of ¢. The distinction of Fdw and Ffeg is no
longer suitable, since also By, B1 and B, in Freg contribute
to the so-called 6-comb, which refers to individual
harmonics. The carrier-envelope phase ¢cgp is irrelevant
and can be skipped.

Under these prepositions, Eq. (38) yields

G(¢.¢o = 0) = —|a_|[sin(¢ + ©) — sin(O)]

ﬂ[ cos(2&) sin(2¢) + 4’)} (46)
where a_ := aal e_ is represented as a_ = |a_|e’®, and
a =agm/|e|, p:=1%a’a,. Insertion into Egs. (11)~(13)
results in

By(?) = 2w exp{ila_| sin®} i 8(¢-p-n)C,, (47)

n=——00

B () =2nexp{ila_|sin®} io: 8(¢-p—-

n=—oo

n>CnZF1’ (48)

B,(¢) = 2mexp{ila_|sin®} i 8(¢—p—n)

n=—oo

<|Crt yeos(aCa+ )| (9

and allows the representation of the fully dressed vertex as

0

> se-p-

n=-—oo

() = ”)rﬁ)wnv (50)

. 1 1
s = 25exp{ila-|nO}H{ €, + 3all% €y + PECya] 4T € + 500320 (Co + sl Jo (651

where we use the abbreviation I, := e, I{"; cf. Egs. (66), (67) below for the definition of ¢, and the decomposition of B
into B;. To make some intermediate steps more obvious, we note

B.(e) = [ dpesplite £ 1) +1G($)) (52)
— exp{ila_| sin®} /_: dg exp{i(f +1—B)p — ila_| sin(p + ©) %ﬂcos(Zf) sin(2¢)}. (53)
Using the Jacobi-Anger expansion of the non-Fourier part one gets
exp{—l|a | sin(¢ + ©) ——lﬂcos(2§ sin(2¢)) } Z C,ein?, (54)
Co= Y Jneallaci, (5eos(2g) o2 (55)

where J, stand for Bessel functions of the first kind. The phase integral (53) reads then

B.(6) = explila|sin@) > 3 J,a(la)),

Nn=—00 §=—00

and the index shift n - n £+ 1 yields Eq. (48).

( ﬁCOS(Zé)) iin-21)0 / : dpexp{i(f £ 1-f—n)p}.  (56)
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B. Recovery of Feynman rules of perturbative QED

The relation to standard perturbative QED Feynman rules has two facets:
(i) Get the fermion-fermion-photon vertex from the dressed vertex by inspecting Eq. (45) and noting that, at a, — 0 and
for off shell legs, G — 2 and the leading-order term in the sum ) ¥_,--- — ag — 0, i.e.

— 0,

b

where the small dot represents the standard perturbative QED vertex.
(i) However, in the case of a monochromatic background and for on shell legs (e.g. for Compton), the leading-order
terms in the a, expansion stem from the vertex

o
‘P—é—k - Z ag ~>—<J%—>—’
N=1
since (for on shell amplitude) we have
‘ = 0.

The powers of a, are expelled off the regularized vertex, which becomes

D N i1 2

with N attached laser field lines ? in all permutations.
On the level of cross-section, do/dQ'dw’ =Z;' > |M|*d®’, with Z, « af. Therefore, for ay — 0, only the term

M — al = é Aoz : i + 2 g

survives, making the cross section & Y | M|?§ (a)’ - m) where, upon executing the spin and polarization sums,
m —CO0s

>, the Klein-Nishina cross section is recovered; the energy-momentum balance via the delta distribution arises from phase
space integration, d®’, and only for A¢ — oo.

C. Soft photons: k' — 0

Lowest-order soft theorems® allow for factorizing amplitudes as M = M4 X S, where S is the soft factor accounting
for the emission of a soft photon and M,,,4 is the amplitude of hard interaction. Focusing first on the soft-photon emission
off an external leg, e.g. an incoming electron, the corresponding matrix element reads

3For the relation of soft-photon theorem and asymptotic symmetry (Ward identity) and memory effect within the infrared triangle,
see [12] and citations therein.
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_—ie/df[( NMupaa(p's p + €k = K)Sp(p + Ck = K)IH(£, p + ¢k = K'))e, (K )u(p)].

2w

where My,q is part of the matrix element which
emerges from the interaction of the electron with other
nonsoft particles, ¢, (k') denotes the polarization of the
emitted soft photon and Sx(p) = pé(f:{ﬁe is Feynman’s free
fermion propagator. Since k' is small compared with the
electron momenta, one has M q(p,p+Ck—k)=~
Miad(P's p + €k). Furthermore, we observe I'*(Z, p, p +
¢k —k)=T*(¢, p, p — k') since the outgoing momentum
p' appears only in the product p’ - kinT#(#, p, p'). Inserting
the decomposition (35) in the matrix element (58), the
infrared behavior of k" must be examined for two parts:
(i) Gauge-restoration part Ij : The corresponding
matrix element becomes My, = —ie [ [u(p’)
Muaa(P's p + €K)Sp(p + ¢k = K)zG(p, p — k')
5(€)r'e; (K )u(p)], where the ¢ integration is

(58)

(ii)

executed by employing the §-distribution leading to
¢ = 0. Considering the nonlinear Volkov phase G
defined in (14), we have limy_o G(¢, p, p — k') =
G(¢, p,p) =0, which implies limy_ G(p,
p — k') = 2. That means this part of the matrix
element has the same infrared behavior as ordinary
one-photon bremsstrahlung (cf. Secs. 6.1 in [31]
and 13.5 in [32]) Mdlv = [a(p)Mhard(pl p)

u(p))(e ¢), where ¢ denotes the elementary electric

charge and we use Sp(p —Kk)y'e;/u(p) - —i p,‘i,
for k' = 0.

Regularized finite part Freg Considering the leading
order in powers of a; and the monochromatic limit,
A¢p — oo, the diagram (58) recovers the standard
perturbative case:

Therefore, we have a special case of a subleading Low
theorem, where one part of the matrix element, Mgg, has
an infrared pole and the other term, ME.?Q, does not. The

elaboration of the general version of the expressions Mﬁé;)
in (59) is relegated to separate work.

D. Soft-background field: k — 0

Similarly to Sec. IIIC, the soft interaction with the
background field refers to the limit & — 0, which is
equivalent to w — 0, where we set k* = wn* with the
normalized reference momentum rn*. Consequently, this
soft limit needs to be examined separately for the two parts
of the dressed vertex:

(i) Regularized part I'f;: Considering the elementary

vertices defined in Egs. (9) and (10), we find

016013-9

(59)
Misy M2
wo_ ol " _ ot .
I = (2np +2np) and ) = —¢? Sapnp» Which

are both finite in the limit @ — 0. On the contrary,
the kinematic factors & and a, defined in (15) have
the typical form of Weinberg’s soft factors [32],
hence a divergence in the soft limit. Therefore, for
w — 0, we have I'}" <<@ and I <<y'% for all
finite . This leads to the soft limit of the finite
part of the dressed vertex (37), lim,, oIk (¢) =

yf‘Sﬁgg( ), where the regularized soft factor reads

St(¢) = —P maﬂ+%mww

7 (60)

Linearizing the phase integrals in a,, i.e. consi-
dering only B’f’l(f) given in (40) and dropping
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B, «x a}, this soft factor results in Sﬁgg(f) -

—% [, dpA,(¢)e“®, which recovers the soft-
factor elaborated in [21] for the case of Bhabha
scattering. Furthermore, considering linear polariza-
tion A¥ = ae’g(¢p, Ag)cos¢ and performing the
simultaneous limits @y — 0 and A¢ — oo, the soft
factor reads Sy(¢) — —ade, = ae(f; - l[:;'j)’
which indeed is, up to a constant normalization,
Weinberg’s well-known soft factor.

(ii) Gauge restoration part I} : First we note that
the integrals appearing in the prefactor of the
gauge restoration part G defined in Eq. (17),
[ dp'A(¢') and [ dp'A*(¢), are finite in
the soft limit @ — 0, whereas the exponents G
of G diverge due to the presence of the factors
ot‘l‘ and @,. This means, the factor G itself acts
like a soft factor, which highly oscillates in
the soft limit. However, considering the lineariza-
tion of this soft factor in ap, we find G—
iy ([ dp'A, (@) + [, d'A, (")), which again
recovers the form known from Weinberg’s soft
factors, but this time with the integrated fields acting
as polarization vectors.

In summary, it can be stated that in both cases, soft
photon emission and soft interaction with the background
field, generalized versions of typical soft factors appear,
which can be, in a suitable limit, connected to soft factors
well-known from monochromatic QED. However, the
cancellation of the soft factors shown here with higher-
order vertex corrections, i.e. finding a generalized version
of the Bloch-Nordsieck theorem, deserves separate work.

IV. EXAMPLES AND FUTURE APPLICATIONS

The above formalism is ready for direct numerical
applications. Elements are Dirac spinors, Dirac matrices,
the metric tensor, momentum, and polarization four-vectors;
fermion and photon propagators are as in free-field and could
be defined as standalone objects; most importantly, the
nonlinear phase integrals encode solely the external field
and require some care and numerical optimization. For a
given exclusive reaction, these elements are to be connected
by scalar and matrix products, thus delivering a few partial
amplitudes (e.g. direct and exchange terms or the multitude
of diagrams with the same out-state) to be summed up to one
complex number—the amplitude M. Its mod square, | M|?,
is to be garnished to arrive eventually at probability or cross
section which depend on spins, polarizations, and invariants
referring to the initial state including the background field
and final phase space. Partial or complete integration over
the final phase-space variables need often specially adapted
procedures, while spin/polarization summations, if required,

are straightforward. Handling of the ¢ distributions is
analogous to position space formulation. All # dependence
is integrated out before squaring the amplitude, and

finally use [(27)°6%)(p;—p,)]2 = (22) VLE8) (p, — py).

where p* =1 (p° + p?). We refrain here from such specific
numerologies but instead stress the need for an in-depth
understanding of the essential dependencies and singular
structures of M, as the core of |M|?, prior to numerical
evaluations.

To sketch applications of the presented formalism
we (re)consider one- and two-vertex processes related
to three- and four-point amplitudes of nonlinear (one- and
two-photon) Compton and Mgller scattering processes.
The detailed application to nonlinear trident is relegated to
an accompanying paper. The following Sec. V recalls the
one-vertex processes by demonstrating how the above
rules lead to the known matrix elements, in particular for
nonlinear Compton with a few supplementing remarks on
nonlinear Breit-Wheeler. The next-to-one Sec. VI con-
siders the two two-vertex processes with emphasis on
nonlinear two-photon Compton and nonlinear Mgller
scattering.

V. ONE-VERTEX PROCESSES/THREE-POINT
AMPLITUDE

The matrix element of one-vertex processes has, sym-
bolically, the structure M ~J*A, (k) with current
JH ~ [a(p")I*u(p)], where u is the free-field fermion wave
function, @ its adjoint, and A, (k) stands for the photon
(momentum k) wave function. Depending on the orienta-
tion of the four-momenta p, p’, and k, it refers to the
processes e; — 7’ + y (nonlinear Compton), y — e} + e}
(nonlinear Breit-Wheeler) and e; + ¢ — y (nonlinear
one-photon annihilation), which are interrelated by cross-
ing symmetry, where the label “L” is a reminder of the laser
dressing of charged fermions. Due to CPT invariance,

e — e; applies.

A. Nonlinear Compton

The matrix element for nonlinear Compton (nlC) scat-
tering reads

d7
My = / Y 56 (p 4 k- p/ — k)
2%

x [ua(p")(=ie)1*(Z, p, p', k)& (K )u(p)],  (61)

where &,/ (k’) stands for the polarization four-vector of the
outgoing photon, and we continue to mark tied fermion
lines by [- - -]. The vertex decomposition (35) facilitates two
contributions, M%¥. and M};%. The one related to I}, (36)
refers to the “gauge-restoration part”,

016013-10
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Mg =36 [ G269 (p -+ k= 1’ = 03(0) x [a(p) (ie) e/ (K u(p)] = O (62)

which vanishes since the §(¢) term, upon ¢ integration, enforces the balance equation p — p’ — k’ for on shell momenta,
leaving no phase space. The nonzero term, related to I (37), becomes

M — /g(swp btk —pl— k) [L't(p’)(—ie){ (r';" - PLf)Bly(f) + (rg - PL;Q) Bz(f)}e;’(k’)u(p)} . (63)

—ie ’ NPT U raq " Yo, Y
=50/ (p—p' = K)|a(p){ (T = P—=) Bi.(£0) +( T3 = P—= ) Bs(¢y) p&i (K)u(p)|. (64)
2k ™ f() N—— Lﬂo N——
P ; %
xe ¢ e ‘xe_z(‘..)

where in the last two lines the light cone coordinates are

1
H ——
employed, 87 (q) :=15(g7)5® (g*). The photon number B\(¢) = Za{éﬁBl_(f) + B, (¢)}, (67)
ploy q s0lq q P

parameter is £ = W. The matrix element (64) is the , ™ 5
starting point for many investigations of one-photon non- By(¢) =a /_ . dpg(¢)*{1 + cos 28 cos(2[¢ + deeel)}

linear Compton in a pulsed plane-wave background. To
make this relation explicit we rewrite Eq. (14) by means of
(1) and a := aym/|e| as

X exp{i(gb + ¢CEP)} (68)

yielding eventually Eq. (3.26) in [27] with many accom-

B panying and subsequent works. The one-photon nonlinear

G(¢) = —Rea_ / dpg(¢) exp{i(¢' + dcrp)} Compton process based on the one-vertex diagram seems

—co to be exhaustively analyzed (cf. [15] for a recent review).

1 ¢ The special setup of multicolor laser background fields, e.g.

) ey (cos 2 /_ . d¢'9(¢')* cos 2l + dee]) the superposition of aligned optical and x-ray free-electron

4 laser (XFEL) beams, i.e. x-ray scattering at an electron

+ / d¢’ g(¢’)2), (65) moving in the laser field [33,34], offer further interesting

—oo facets, up to polarization gating to produce a monoener-

getic y beam [35,36]). Furthermore, nonlinear Compton has

where a = 00‘1,43’; with gi = 5’7 cosé + ie’; siné. Using nonperturbative contributions (analog to nonlinear Breit-
the abbreviation Wheeler), and [37] shows how to isolate them.

With respect to power counting of e and ag, the

A . assignments are displayed in Eq. (64), where (- - ) stands
B1..(¢) = /_ - dgpexp{£(il¢ + dcee])} for the series expansion of the exp{iG} term.
x exp{—il£¢p + G(9)]} (66) _ .
B. Nonlinear Breit-Wheeler
the phase integrals [cf. (12), (13)] in (64) can be cast in the The matrix elements of nonlinear Breit-Wheeler (nIBW)
form refer to

Pe Pe Pe
v W@{\ _ VWO< Lo W.<
lk Py Pp (=0 Pp

(40 (69)
N g N g - g
vV Vv Vv
reg di
Mg MiGw My,

and read, analogous to the nonlinear Compton as crossing channel in Eqs. (61)-(64),
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de . _ .

My = /Z [@(pe)(=ie)T*(£.=p . )&y v(pp)I8Y (K + ¢k = p, = p.) (70)

= a(parH(e / 71

- 27Zk+ [Lt(pe) ( 0 _pp7 pe)’gﬂv(pp)] f():(pﬁ[,p)z’ ( )

2k-k
. —ie _
Mty = 5 2G(=py PSS! (K = py = po)ape)e(p,)] = 0. (72)
Te, —ie - v yﬂav(_p ’pe)
Mnl%W = ZﬂTélf(kl —Pp— pe) |:u(pe){ (Flll (_ppv pe) - ,Plfp Blv(l/ﬁ7 —Pps pe)
7y (=py, Pe)
+ (14epp =P ) ) et 7

where MY — 0 is a result of combining the & distribu-
tions &(¢0)8" (k' — p, — p,) = 8¥ (K — p, — p.) which
can not be satisfied by on shell momenta.

While, in nonlinear Compton, the initial electron
momentum may be zero, p =0, due to the action of
the external classical field, the electron can emit a real
photon(s), whatever the external-field central-frequency
® > 0 is. One can imagine this as shaking off photons due
to the quiver motion in the external field. The crossing
channel, i.e. nonlinear Breit-Wheeler as one-photon decay,
Y = ej ey with matrix element o k) [i,[*v,]), faces a
severe threshold, making nonlinear Compton and nonlinear
Breit-Wheeler quite distinctive, even the amplitudes are
related by crossing symmetry. The balance equations in the
monochromatic case read

tk+k =+g+4 (74)

with quasimomenta ¢ = p + a3m*/(2p - k) and ¢’ = p' +

a3m?/(2p’ - k) which facilitate ¢> = ¢’> = m?, lead to
k-k' =q-q+m? (nIBW, upper sign), (75)

¢k-p=1Kk-q (nlC, lower sign). (76)

Explication for nonlinear Compton (head-on laser-electron
collisions) reads

k= (0,®,0,0), (77)
p =(mcoshy, —msinhy,0,0), (78)
K =(o, 0 cos®,a sin®,0), (79)

P =(E,VE? —m? - sin? @, —'sin®,0), (80)

|
where E = mcoshy and |p| = msinhy relates energy E
and momentum p, E? + p? = m?, with rapidity y, and

‘w
/ VA Qi
@' (£,cos0) = 1 +e k(1 —cos®)’

o L,
K= fa—smhy%—za%e Y, (81)
~m? =o' (m—a)(1 —cos @)

E = 82
m—a'(1 —cos®) ’ (82)

express @' and E' as a function of cos®'. Forward
(backward) scattering is defined by cos® =1 (-1).
The out-electron angle is determined by sin@ =
—w'sin®'/|p'|.

In nonlinear Breit-Wheeler, the quasimomenta ¢
and ¢’ symmetrically enter the corresponding kinematic
equations. The threshold energy, for the monochromatic
case, is determined by k- k' = 2m?2. However, the sub-
threshold pair production is enabled in short pulses, as
emphasized in [38-42]. Temporal double pulses or
bichromatic pulses enhance further the pair rate, as
suggested in [43-45].

While Compton has a classical analog (shaking
off the e.m. field accompanying an accelerated charge
in the form of asymptotically outgoing waves), Breit-
Wheeler is said to be a quantum process, i.e. “‘converting
light into matter”. A particularly interesting aspect is
the relation to vacuum birefringence, see [46], which
is experimentally searched for in dedicated and highly
specialized and optimized setups, e.g. pursued by
Helmholtz International Beamline for Extreme Fields
(HIBEF) [47-50].
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VI. TWO-VERTEX PROCESSES/FOUR-POINT
AMPLITUDE

The two two-vertex diagrams have the symbolic matrix
elements (i) M ~ [a(p")["Sp(Q)I"u(p)]A, (ki) A, (k2)
and (i) M~ [a(p")T*u(p)|D,,[a(P )I*u(P)] with S
and D, (k) = ]:2’1“16 as fermion and photon propagators,
and the Minkowski metric ,,, := diag(1, =1, =1, —1). They
have one (i) and two (ii) tied fermion lines. Again,
depending on the orientation of the four-momenta, several
processes related by crossing symmetry are conceivable:
(i) e = e;' +7, +7; (nonlinear two-photon Compton,
cf. [51-54]), e; +y— e +7 (nonlinear Compton
scattering, i.e. x-ray Compton scattering at an electron
moving in a nonaligned optical laser), y, +y, — €] + ¢}
(nonlinear two-photon Breit-Wheeler) and time-reversed
processes as well, in particular e} + e} =y, + 72
(i) e7, + €3, — ej,/ + €5, (nonlinear Mgller scattering),
e — e;' + e;” + e/ (nonlinear trident) and several cross-
ing channels as well (e.g. nonlinear Bhabha scattering
with s and ¢ channel diagrams). Also, the involvement of
two different lepton species is conceivable, e.g. electrons
and muons.

. /df dr d*Q
M | 2g 27 (20)*

We explicate now our momentum-space Furry-picture
Feynman-rules for nonlinear two-photon Compton
(Sec. VI A) and nonlinear Mgller (Sec. VI B).

A. Two-photon nonlinear Compton

1. Diagrams and matrix element

The two-photon nonlinear Compton (2nlC) e~ (p)+
laser — y(k}) +y(ky) + e (p’) +laser, in short e} —
€'; +y1 + 7., as a two-vertex tree-level diagram

+ :{J E H
p Q/ [1/

Uk rk lk rk
(83)

requires a somewhat more intricate treatment, see [27,51-54],
despite the simple matrix element (direct term, i.e. left
diagram; the exchange term, i.e. right diagram, is to be
processed analogously)

W (p+k—k, —Q)sW (0 +rk—k,—p')

x [u(p")(=ie)*(r, Q. p'lk)e;/ (ky) Sp(Q) (—ie)I™ (. p. Qlk)e;' (ki Ju(p)]- (84)

Collinear divergence and infra-red behavior as well as the on/off shell behavior of the fermion propagator provide some
challenges. In addition, the soft-photon theorem (cf. [55] for contemporary reasoning) might be explicated here.

We consider now only the structure of the direct matrix element (84), where p and p’ denote the momenta of the in and
outgoing electrons, and k' , are momenta of the outgoing photons with polarization four-vectors €/, (k' ,); Q refers to the
intermediate electron. Using one of the §-distributions, the integral over the intermediate-electron momentum Q can be

solved analytically:

)
Snc = oy / ar / dr6® (p + (r + E)k — K — K — p')e (kD)€ (K [a(p )T (r, . ' [E)SH( Q)T (2. p, QIR)u(p)],

(85)

where Q is now related to the external momenta and the photon number parameters via

p+Ck—K =Q=k+p —rk. (86)

The remaining S-distribution in (85) can be used to solve one of the photon-number parameter integrals by applying light

cone coordinates to the involved momenta,

SN(p+(r+Ok—K —ky—p) =" (p—FK —Ky—p)s(p* + (r+ )kt — K" — k5" = p'*), (87)

where 8@ =152)(g1)5(¢™). The second & distribution in (87) can be used to solve one of the integrals over the photon

number parameter, e.g. the r integral, which leads to

Sonic = Wfslf@ —ky —ky = p')ey, (ks)er, (ky)

/ 8 )T(rs. Q. p'K)S(QIT (¢, p. QlRu(p)].  (88)
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where the two-photon number parameters are no longer
independent, but related by r, := £, — £ with

K+ —p (KK pl) =

fo= K+ - 2k

(89)

2. Singularity structures

One obvious source of singularities is the vanishing
denominator of the field-free electron propagator Sz(Q).
Therefore, the general resonance condition is given if
the intermediate electron goes on shell, i.e. Q> = m?.
One convenient way to keep control of the propagator
singularity is to define the virtuality of the intermediate
electron, v := Q% — m?. Deploying Eq. (86), the virtuality is
a function of either one of the two photon-number
parameters,”

=(p—K)*+2¢k-(p—kK). (90)

= (ky + p')* = 2rk - (Ky + p'), (91)
where we have v, = v,,_,, _,. The resonance condition v :=
Q? — m? is then equivalent to v, = v, = 0. Written with
the virtuality v,, the denominator of the field-free fermion
propagator reads

1 1 1 1
Q> —m*+ie vy+ie 2k-(p—1k) (z,”on—f—i—ie)’
(92)
|

where we employ the replacement W — ¢ and we use

)
the abbreviation

(p—K)*—m?

l =
M 2k-(p—k))

# 0. (93)

Analogously, written with the virtuality v,, one gets

1 1 1 1
Q> —m?>+ie v, +ie 2k-(ky+p') <r0n—r+ie>
(94)

rprom

2k (K, +p")
structure of the electron propagator in the matrix element (88)
is directly related to the values of the photon-number
parameters at the respective vertex, i.e. v, =0 £ =7,
or equivalently v, =0 & r = ry,. As we will show in the
sequel, these types of singularities are the only ones, which
may appear in the matrix element (88).

with r,, = # 0. Consequently, the singularity

3. Asymptotically vanishing-field case

As illustrated in Sec. IIB in the case of plane-wave
pulses, i.e. asymptotically vanishing fields, the manifestly
gauge-invariant dressed vertex function I* decom-
poses into a finite e, and a gauge-restoration Iy, part.
Consequently, inserting the decomposition by Egs. (35)—
(37) into Eq. (88), the matrix element of strong-field two-
photon-Compton scattering becomes

l%l] = l%l] I#U r#0
—S (0) (11) (12) (2)
2n1C =59 =S50 =51 =Samic

where the vertex structure of the particular matrix element introduces constraints on the respective photon-number

parameter. We consider term-by-term:
(i) No energy-momentum transfer: The first part of (95)

corresponds to the case, where both vertices are given by the divergent part of the dressed vertex, which implies that
for this diagram, there is no energy-momentum transfer with respect to the background field on neither of the
vertices. This follows also directly from the corresponding part of the 2nlC matrix element, which reads

2
0
Stc = TagorT (o=~

—p’)s’zl(k’z)c?’l*y(k’l)/df[ﬁ(p’)f?(rf)g(Q,p’)V”SF(Q)J/”(S(f)Q(p,Q)u(p)] (96)

“There is only one virtuality for the intermediate electron, v :== Q> — m>. However, here we phrase the dependence of the virtuality on
the photon-number parameters as if they are independent, because the choice, which of the photon-number parameter integral in
equation (85) one wants to solve, is arbitrary. Consequently, both of the definitions (90) and (91) are equivalent, if and only if

r=rp,=¢—"¢.
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2 2

— 5lt(p k/ _ k/

(2 )6k+ /)5(r0)g(Q

where the &-distributions from the gauge-restoration
parts are solved by £ =0=ry=7¢, The remaining
o-distributions only depend on the external particles.
Therefore, using (87) and (89) leads to

I
(P =k =Ky = p)8(£) = W (p = K = ky = ).

k+
(98)
However, there is no physical phase space solving
p —ky — k5 — p’ = 0 with all on shell momenta. Further-
more, for the first part of (95), the virtualities read
Voo = (p = K})? —m> #0, (99)
|
() _ —e’n 1f ’ /
2nlC = (2ﬂ)6k+6 (p— k) —ky—
—e’n
— 5lf K -k =
o 0 PRk

where £ is given by Eq. (89) and I'k, is the finite part of
the dressed vertex defined in Eq. (37). The Cauchy
principal-value operator in I'fe; ensures [, # 0. For this
part of the matrix element, the virtualities (90) and (91) read

Voo = (K + P =m2£0. (103)

Veety = Vi # 0, (104)

2
(12) —e
2nlC — (2”)6k+ 6lf(p - kl] - k

P')e5, (k) €y, (k)G(Q. p)[a(p)r" Sp(Q) e (Z0, P, Qlk)u(p)],

P)9(p, Q)es, (k) e, (k) [a(p')r*Sp(Q)r* u(p)], 97)

Vo = (ks + p')2 = m? #0. (100)

Therefore, there is no singularity to cancel the vanishing
phase space, thus there is no contribution of S<2(1)1)IC to the
matrix element.

(i1) Contribution from the left vertex: The second term in
the decomposition (95) represents the case, where at
the left vertex, the photon-number parameter does
not vanish, i.e. £ # 0, whereas, on the right vertex,
the photon-number parameter is identically zero:
ro =¢y—¢ =0. The corresponding part of the
strong-field 2nlC matrix element is given by

)82,4(k’)8’1*y(k’1)/df[ﬁ(P’)fS(rz)Q(Q,P’)V"SF(Q)Fﬁeg(f,p,Qlk)M(P)] (101)

(102)

thus, there is no singularity in quié

(iii) Contribution from the right vertex: The third term in
the decomposition (95) represents the case, where at
the right vertex, the photon-number parameter does
not vanish, i.e. r; # 0, whereas, at the left vertex, the
photon-number parameter is identically zero, £ = 0.
The corresponding part of the strong-field 2nlC
matrix element is given as

Pes ()€ (K,) / A [(p\Pag(rs. Q. P1K)SH(Q)7,8(£)G(p. Qu(p)]  (105)

—e’n _
=k 3" (p — K = ky = p")es, (ks )er (K )G(p. Q)[a(p')Theg (ro. Q. p'1K)SF(Q)7,u(p)]. (106)
where ry = £ is given by Eq. (89) and I, is again the Vrery=ty = Ve=0 # 0, (108)

regularized finite part of the dressed vertex defined in
Eq. (37) and the Cauchy principal-value operator in I'eg
ensures 1y # 0. For this part of the matrix element, the
virtualities (90) and (91) read

Voo = (P — kll)z —m* #0, (107)

thus, there is no singularity in Séﬁé

(iv) On shell and off shell contributions: The fourth term
in the decomposition (95) represents the case, where
on both vertices the photon-number parameters are
nonzero, i.e. £ #0 and r, # 0. The corresponding
part of the strong-field 2nlC matrix element reads
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2
S(Zn)lC = (2 )6k+ 51f(p k/ _ k’

where Freg is the finite part of the dressed vertex defined in
Eq. (37). The Cauchy principal value operator in I’y
ensures 7 # 0 # r,. However, according to Eq. (92), the
condition £ = ¢, with £, defined in (93), is equivalent to

i(Q+m) t
Q> —m?+ie
diverge in the limit ¢ — 0. This divergence can be handled
by applying the Sokhotski-Plemelj theorem,

Q? — m? = 0 inducing the propagator S(Q) =

hm;:—iﬂé(Qz—mz)—f—PQzé (110)

e~0" Q* —m? + ie -m?’

where, on the rhs, in the first term the denominator of the

. . . !
propagator is removed and Q is set on shell,” i.e. 0? = m?,

or equivalently 7 < o Where £, is given in Eq. (93). In
the second term of the rhs of Eq. (110), the Cauchy
principal-value operator ensures that the denominator of
the propagator never vanishes, which removes the singu-
larity caused by Q? = m?. In the language of virtualities
introduced in Sec. VI A 2, this means for the first term of
the rhs of (110), the virtualities read v, = v,, = 0, i.e. the
intermediate electron goes on-shell. However, since for this

|

2
IPW __

SoniC = (27)%* 5”(19 Ky — kb —

where the mode-wise dressed vertex function Iipy, is
given in Eq. (51). We mention that the functions
B(p,Q) and f(Q,p’) do not depend on the photon-
number parameter ¢, since S(p,Q)=p(p.p k)
and f(Q,p') =p(p' + Kk, p'), respectively. Therefore,
exchanging the integration and the two summations, one
can solve the integral by using one of the §-distributions,
e.g. the first one, which leads to =73 =
p(p,p—k;)+n. Then, the respective virtuality (90)
results in

Vemrpo ==K (p+ (B, +}0) + k- p, (112)

ZT— Finally, if one

employs the resonance condition vy_se0 =0, for the

where we use the abbreviation f),

. U R .
The symbolic expression = indicates the ad hoc requirement
for “must be equal”.

Py, (ky)er, (K, )/df[ (P )Teeg(rz, Q. P'lK)SF(Q)T 1 (. p. QK)u(p)].  (109)

[

term, the denominator of the propagator is removed, the
on-shell intermediate electron does not induce a pole.
The second term of the rhs of Eq. (110) does not induce
a pole neither, because the Cauchy principal-value operator
protects the denominator of the electron propagator
from vanishing, i.e. 73 o = 771 which excludes the

value v = 0 from the 1ntegrat10n region. Therefore, there is
no singularity in qu)lc-

In summary, it can be said, therefore, that in the case of
asymptotically vanishing background fields, A¢ < oo, the
matrix element (88) of two-photon Compton scattering
has no singularities except for a single light-front
o-distribution, which ensures the conservation of the
transverse and the minus-components of the external
momenta.

4. Infinitely extended plane-wave/Oleinik resonances

The special case of a monochromatic plane-wave back-
ground field that is infinitely extended [see Eq. (1) with
A¢ — oo or g = 1] should be considered separately. Now,
the two-photon Compton matrix element (88) reads

P)es (et k) [ ae Z 56— B(p. Q) — m)s(ri — (0. Q) — )

nn:—oo

X [a(p')ipyy,y (re: Q. P'lK)S (@) pw, (2. . Q1K) u(p)].

(111)

|
emitted photon with four- momentum Kl = w|n”, one
finds for the resonance energy

, nk-p
reso . 113
R T SR

Singularities of this type are called Oleinik resonances
[56,57], which were already identified for the nonlinear
two-photon Compton process in [33,53,54]. For further
investigations of the diagrams (114) with respect to Oleinik
resonances we refer the interested reader to [58-61] and
further citations therein, where one of the photon lines is
attributed to a “field photon” of a nucleus.

The multiphoton nonlinear Compton with more than two
vertices, e.g. [62,63], perpetuates this line of arguments and
offers a test bed of gluing techniques, such as developed
in [64,65].

®This formula for the resonance energy is already known, see,
e.g., [33,54].
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B. Nonlinear Mgller

As a further application of the momentum-space Furry-picture Feynman rules to two-vertex processes we consider
nonlinear Mgller scattering (nIM), i.e. e; (p) + ez (p2) = ez (p}) + ez (p5) in the laser background field (1). Here, the
Oleinik resonances are attributed to the on shell contributions of the photon propagator, cf. [66]. The leading-order tree-
level two-vertex diagrams are

lk Ok
D2 Dh D2 P}
Q1 — Q2 )
( 1 14)
D1 P} P1 2
o rk B N rk B

g

~
d ex
SnlM Snll\/I

The direct term (first diagram) corresponds to the matrix element
d¢dr d*Q _ .
S = [ 5 ge s P e pr. ()15 (91 + = pi = ©)
x D, (Q)[i(py) (=ie)T* (€. pa. pylk)u(p2)]8Y (p2 + £k = Py = Q). (115)

where D, is the free-photon propagator. Executing the Q integration with one of the 5™ distributions yield

—e? dZz dr
Saim = W/ﬂgfsw(m +py+[r+lk—p)—ph)

x [a(p))T(r, pr, P11 u(p1) D (Q)[@(ps)T (2, pa, phlk)u(ps)], (116)

where Q = p; + rk — p| = p, — ¢k — p,. The intermediate photon’s virtuality is defined by v := Q?, which is related to
the photon number parameters

_u—ép% _u—ép%

= = 117
r(l/) 25])1]{’ (l/) 25p2k’ ( )

with 8p,, = p,, — ph, n = 1, 2. Thus, the photon number parameters # and r are intervened. With aid of light cone variables,
the four-momentum balance can be rewritten as

Y (py + py+ [r+ €k — pl — pb) =87 (p1 + pa— P} — P5)S(p} + p3 + [r+ kT —pi" = p5t)  (118)

to execute the ¢ integral in Eq. (116) with the result

S = = (P14 p2 = 2= ) [ AT 1 PO IDA Q) E PN €. 2. 3Rl (119)

where ¢, := ry — r with ro = (p| + p3 — pi" — p5")/k" or
2

/ I 2 _
g —PitPmp)mm (120)
2kp1

The decomposition (35) facilitates four contributions to the direct term:
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ok (=0 (=0 040
P2 py P2 py D2 Py P2 j2
Q1 = Q + Q + Q
P P D P n P m P
rk . r=20 . r#0 | r=20
sd —.5 —.5, _%,
q 0 11 12 (121)
L#0
P2 Ph
+ Q
P1 J
N\ r # 0 J
—15,

Clearly, with respect to Eq. (36), the black-bullet vertices
do dependent on the background field since

i
i e g — 61G+ + ezG,
P I

and G = df [;-°dpA,(¢) + , [;° dpA(¢)?, meaning
that the first diagram, S, links to the Mgller scattering in
vacuum with momentum balance p; + p, = p| + pb,
thus reproducing standard perturbative QED. The back-
ground field, in particular, its temporal shape encoded in
g(¢, Ag), enters the other three diagrams. A suggestive
interpretation is proposed in [21]-Fig. 2 by attributing a
temporal ordering to the diagrams. For instance, the
second diagram, S;;, would refer to virtual Compton
under the influence of the background field (correspond-
ing to the hatched vertex Fﬁ’eg), while the subsequent
virtual-photon absorption in the black vertex I}, would
proceed after the impact of the external field. Such an
interpretation would ascribe the first diagram to pro-
ceeding before or after the action of the external field,
while the last diagram would refer to both subprocesses
within the action of the field; the third diagram, S,, would
be accordingly interpreted as virtual Compton prior
to the external impact. Independent of such an interpre-
tation, the fourth diagram, S,, facilitates on and off shell
contributions.

Analog to the sequence of steps in elaborating the matrix
elements in Sec. VA one can easily explicate the above
diagrams to obtain the decomposition of the four-point
amplitude corresponding to Eq. (2.23) in [21]. As pointed
out in Sec. III D, in the case of soft interactions with the
background field, the finite ", and gauge restoration I,

[

parts of the dressed vertices factorize into a hard-scattering
part and a generalized soft factor. Consequently, this soft/
hard factorization also sets in for each diagram in the
decomposition (121). Therefore, in the simultaneous limits
ag — 0 and A¢p — oo, the corresponding soft versions of
the five-point functions in perturbative monochromatic
QED appear, where soft photons couple to each fer-
mion line.

Considering again monochromatic plane-wave back-
ground fields and inserting (51) in the Mgller matrix
element (119), we arrive at

Sim = Wz / dré(r = B(py. pi k) — n)

X 8(¢, — P(pa. Ph. k) — 1) (122)
X [#(p) ) Dipwn (r. p1. P u(p1)] D (Q)
X [#(Ph) Dy (€rs P20 D) U(P2)]. (123)

Solving the r integral, we find r = p(p;,p}.k)+n
and, therefore, the virtuality reads uv(r=pf+n)=
(B(p1. P k) +n)2(py = py) - k+ (py — p})? meeting the
resonance condition v = 0 reveals similar Oleinik reso-
nances as shown in Sec. VI A 4.

Via crossing symmetry, the trident amplitude

rk

Lk
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has a similar decomposition as given above by the four
direct-term diagrams, to be supplemented by the exchange
terms. The changed in- and out-phase space, however,
modifies the treatment/interpretation of individual contri-
butions, to be dealt with in a follow-up paper. The nonlinear
Mgller scattering is laser-assisted, while the nonlinear
trident is laser-enabled. Oleinik resonances show up in
both channels [67].

VII. SUMMARY

Following [20,23] we present the comprehensive
momentum-space Furry-picture Feynman rules for QED
in an external classical background field. Our emphasis is
on formal aspects of gauge invariance and Ward identity,
thus providing a general framework well-suited for n-point
amplitudes. The special case of four-point amplitudes, dealt
with in [21] within a somewhat different formulation,
emerges naturally. Three-point amplitudes are considered
exhaustively in the past and are uncovered as well. The
benefit of our formalism is a systematic approach to the
weak-field approximation, i.e. the series expansion of
the scattering matrix element in powers of the laser
intensity parameter a,. The leading-order term represents
“pulsed perturbative QED” which accounts, in contrast to
standard perturbative QED, for the temporal structure of
the external classical field, where the Fourier transform of
that field enters decisively. The limiting case of a mono-
chromatic external classical field recovers the standard
perturbative QED in terms of Feynman graphs and their
rules of translation into amplitudes for processes with one
incoming photon impinging on a target, e.g. an electron or a
scattering electron-electron/positron system. The next-to-
leading order terms in a, are determined by Fourier

transforms of the external classical field in various (non-
linear) combinations. The monochromatic limiting case
describes processes with two incoming photons impinging
on the target, thus referring to the two-photon channel, e.g.
ki +ky,+e = X, with X = e~’ete” for trident. When
considering one monochromatic laser field, k; = k,. One
may also deal with k| # k,, e.g. for the superposition of
optical laser and XFEL beams. We leave the explication of
such processes with respect to trident for separate work.

Elements of our QED momentum-space Furry-picture
Feynman rules are free Dirac spinors, free fermion propa-
gator, and free photon propagator, and the external field
impact is solely encoded in the fermion-fermion-photon
vertex function. By providing a suitable framework for the
evaluation of the latter vertex function, standard platforms
for the calculation of Feynman diagrams can be used for
strong-field QED processes.
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