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A modular representation for the semileptonic decays of baryons originating from spin-polarized and
correlated baryon-antibaryon pairs is derived. The complete spin information of the decaying baryon
is propagated to the daughter baryon via a real-valued matrix. It allows us to obtain joint differential
distributions in sequential processes involving the semileptonic decay in a straightforward way. The
formalism is suitable for extraction of the semileptonic form factors in experiments where strange baryon-
antibaryon pairs are produced in electron-positron annihilation or in charmonia decays. We give examples
such as the complete angular distributions in the eþe− → ΛΛ̄ process, where Λ → pe−ν̄e and Λ̄ → p̄πþ.
The formalism can also be used to describe the distributions in semileptonic decays of charm and bottom
baryons. Using the same principles, the modules to describe electromagnetic and neutral current weak
baryon decay processes involving a charged lepton-antilepton pair can be obtained. As an example, we
provide the decay matrix for the Dalitz transition between two spin-1=2 baryons.
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I. INTRODUCTION

Baryon semileptonic (SL) decays are an important tool to
study transitions between ground state baryons. Comparing
to the nonleptonic baryon decays where at least three
hadronic currents are involved, the SL transition involves
only a two-point hadronic vertex and the externalW-boson
field coupled to the leptonic current. The properties of
the hadronic vertices are described by a set of scalar
functions—form factors, that depend on the invariant mass
squared of the emitted virtual W boson. In particular, the
semileptonic processes allow us to probe the kinematic
regions of the form factors that are dominated by the static
properties of the baryons. The recent progress in the lattice
quantum chromodynamics gives a hope to determine
the properties of the form factors from the first principles
with the accuracy sufficient for a comparison with precise
experimental data [1]. Once the hadronic effects are well-
understood, the SL decays will provide a complementary
method to determine Cabbibo-Kobayashi-Maskawa matrix
elements [2] and to search for beyond the Standard
Model effects such as violation of lepton flavor and

charge-conjugation-parity symmetries [3]. In this article,
we provide a modular description of the semileptonic
decays that can be used to extract properties of the form
factors in the experiments using spin-entangled baryon-
antibaryon pairs.
The helicity amplitude method [4–6] that is commonly

used in the analyses of semileptonic decays allows us
to express the angular distributions in an efficient and
compact way. The complete process is described as a
sequence of two-body decays, where each of them is
analyzed in the rest frame of the subsequent decaying
particle. For a semileptonic decay B1 → B2 þ l−ν̄l, the
first decay step B1 → B2W−

off-shell is analyzed in the B1

rest frame, whereas W−
off-shell → l−ν̄l is analyzed in the

W−
off-shell rest frame. The resulting expressions for the

differential distributions are compact and can be written in
a quasifactorized form. The formalism also describes joint
angular distributions in the semileptonic decays of a spin-
polarized baryons.
A novel approach to study strange baryon decays is to

use hyperon-antihyperon pairs from J=ψ resonances pro-
duced in electron-positron annihilations [7]. The complete
angular distribution in such processes can be conveniently
represented using a product of real-valued matrices that
describe the initial spin-entangled baryon-antibaryon state
and chains of two-body weak decays. These matrices can
be rearranged to describe many decay scenarios in the
eþe− → ΛΛ̄, eþe− → ΞΞ̄ and similar processes [7–10].
Several high-profile analyses using multidimensional
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maximum-likelihood fits to angular distributions were
performed by the electron-positron collider experiment
BESIII [11,12] using this modular formalism. These
multidimensional analyses have demonstrated increased
precision of the decay parameters measurements and
enabled to observe effects that were averaged out in
previous studies, such as a polarization of the hyperon-
antihyperon pair from charmonia decays.
The same spin-entangled hyperon-antihyperon system

can be used to study semileptonic decays such as Λ →
pe−ν̄e or Ξ− → Λe−ν̄e. The processes are relatively rare
with the branching fractions (BFs) 8.32ð14Þ × 10−4 and
5.63ð31Þ × 10−4, respectively [13]. In the reactions
eþe− → J=ψ → ΛΛ̄ and eþe− → J=ψ → Ξ−Ξ̄þ the
hyperon semileptonic decay is tagged via a common decay
of the antihyperon; Λ̄ → p̄πþ and Ξ̄þ → Λ̄πþ, respectively.
The tagging processes involve only charged particles in the
final state, therefore their momenta can be precisely
determined. This allows one to reconstruct the momentum
of the antineutrino in the semileptonic process and to
determine the four-momentum squared of the lepton pair
that is needed to study the dynamics of the process. The
polarization of the hyperons is given by the angular
distributions in their decays, but usually the polarization
of the leptons is not measured. Such a double-tag (DT)
technique is often used to determine absolute branching
fractions in electron-positron collider experiments [14].
With a large number of collected events in experiments
such as BESIII [15] studies of decay distributions in the
semileptonic hyperon decays are possible. A formalism that
uses spin correlations and polarization of the produced
baryon-antibaryon system is needed to determine the decay
parameters with the best precision. The purpose of this
report is to extend the approach from Refs. [8,10] to include
decay matrices representing the three-body semileptonic
processes. Our starting point is the helicity formalism for
semileptonic decays from Ref. [6]. We construct a real-
valued decay matrix relating the initial and final baryons’
spin states, represented by the Pauli matrices. The obtained
decay matrix is used to construct the full joint decay

distributions of the spin-entangled baryon-antibaryon pair
in a modular way.
The paper is organized as follows: In Sec. II and Sec. IV

we review the formalism to describe baryon-antibaryon
production process and semileptonic decays, respectively.
In Sec. V the main result is derived—the spin-density
matrix of the daughter baryon in the semileptonic decay.
Section VI presents modular formulas to describe the
angular distributions of the semileptonic hyperon decays.
Finally, in Sec. VII we collect some numerical results.

II. PRODUCTION PROCESS

In general a state of two spin-1=2 particles e.g., a baryon-
antibaryon pair B1B̄1 can be written as [8]

ρB1B̄1
¼

X3
μ;ν̄¼0

Cμν̄σ
B1
μ ⊗ σB̄1

ν̄ ; ð1Þ

where a set of four Pauli matrices σB1
μ ðσB̄1

ν̄ Þ acting in the
rest frame of a baryon B1ðB̄1Þ is used and Cμν̄ is a
4 × 4 real matrix representing polarizations and spin
correlations of the baryons. Here we consider mainly
baryon-antibaryon systems created in the eþe− → B1B̄1

process. However, the formalism can be applied for the
pairs from decays of (pseudo)scalar or tensor particles such
as ψð2SÞ; ηc; χc0; χc2 → B1B̄1 or in a fact to any pair of
spin-1=2 particles (for example baryon-baryon, muon-

antimuon, and others). The spin matrices σB1
μ and σB̄1

ν̄
are given in the coordinate systems with the axes denoted
x̂1; ŷ1; ẑ1 and x̂3; ŷ3; ẑ3 as shown in Fig. 1. The directions
of the two right-handed coordinate systems are related as
ðx̂3; ŷ3; ẑ3Þ ¼ ðx̂1;−ŷ1;−ẑ1Þ. The spin-correlation matrix
Cμν̄ for the reaction eþe− → B1B̄1 depends in the lowest
order on two parameters, αψ ∈ ½−1; 1� and ΔΦ ∈ ½−π; πÞ.
The elements of the Cμν̄ matrix are functions of the baryon
B1 production angle θ1 in the electron-positron center-of-
momentum system. The matrix for the single-photon
annihilation of unpolarized electrons and positrons is [8]

Cμν̄ ∝

0
BBBBB@

1þ αψcos2θ1 0 βψ sin θ1 cos θ1 0

0 sin2θ1 0 γψ sin θ1 cos θ1

−βψ sin θ1 cos θ1 0 αψsin2θ1 0

0 −γψ sin θ1 cos θ1 0 −αψ − cos2θ1

1
CCCCCA; ð2Þ

where the parameters βψ and γψ are expressed via αψ and ΔΦ as βψ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
sinðΔΦÞ and γψ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
cosðΔΦÞ.

We will also use a more general formula from Ref. [10] that describes the annihilation processes with polarized electron
beams.
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III. INVARIANT FORM FACTORS

Let us consider a semileptonic decay of a 1=2þ hyperon
B1 into a 1=2þ baryon B2 and an off-shell W− boson
decaying to the lepton pair l−ν̄l with the momenta and
masses denoted as B1ðp1;M1Þ→B2ðp2;M2Þþ l−ðpl;mlÞþ
ν̄lðpν;0Þ. The matrix elements due to the vector JVμ and
axial-vector JAμ currents in notation from Ref. [6] are

hB2jJVμ þ JAμ jB1i ¼ ūðp2Þ
h
γμðFV

1 ðq2Þ þ FA
1 ðq2Þγ5Þ

þ iσμνqν

M1

ðFV
2 ðq2Þ þ FA

2 ðq2Þγ5Þ

þ qμ
M1

ðFV
3 ðq2Þ þ FA

3 ðq2Þγ5Þ
i
uðp1Þ;

ð3Þ
where qμ ≔ ðp1−p2Þμ ¼ ðplþpνÞμ is the four-momentum
transfer. The four-momentum squared q2 ranges from m2

l

to ðM1 −M2Þ2. The form factors FV;A
1;2;3ðq2Þ are complex

functions of q2 that describe hadronic effects in the
transition. Neglecting possible CP-odd weak phases, the
corresponding form factors are the same for the ðl−; ν̄lÞ and
ðlþ; νlÞ transitions. To fully determine the hadronic part of a
semileptonic decay, the six involved form factors should be
extracted as a function of q2. The form factors are usually
parametrized by the axial-vector to vector gav coupling, the
weak-magnetism gw coupling, and the pseudoscalar gav3
coupling. They are obtained by normalizing to FV

1 ð0Þ,

gav ¼
FA
1 ð0Þ

FV
1 ð0Þ

; gw ¼ FV
2 ð0Þ

FV
1 ð0Þ

; gav3 ¼
FA
3 ð0Þ

FV
1 ð0Þ

: ð4Þ

For experiments with a limited number of events, the
q2-dependence of the form factors is assumed using a
model. The standard approach is to include one or more
poles of the mesons that have the correct quantum numbers

to mix with the W boson and have the masses close to the
q2 range in the decay. Traditionally, one pole is explicitly
included together with an effective contribution from other
poles [16] such as in the Becirevic-Kaidalov (BK) [17]
parametrization,

Fiðq2Þ ¼
Fið0Þ
1 − q2

M2

1

1 − αBK
q2

M2

; ð5Þ

where the dominant pole mass M is outside the kinematic
region and the parameter αBK represent an effective con-
tribution from the meson poles with higher messes. Here
the case αBK ¼ 0 represents the dominant pole contribu-
tion. This parametrization gives real-valued form factors. If
more data is available, one or more extra parameters can be
added to describe the q2 distribution. In the hyperon decays
the range of q2 ≤ ðM1 −M2Þ2 is limited and in the first
order can completely neglect the q2 dependence using the
values of the couplings at the q2 ¼ 0 point. A better
approximation is to include an effective-range parameter
ri that represent linear dependence on q2,

Fiðq2Þ ¼ Fið0Þ½1þ riq2 þ � � ��: ð6Þ

For example, using (5) the effective-range parameter is
ri ¼ ð1þ αBKÞ=M2. The main takeaway message from the
above discussion is that, for practical purposes, the q2

dependence of an SL form factor can be represented by one
or two parameters. In experiments, these parameters can be
determined from the observed distributions. The optimal
method for such parametric estimation is the maximum
likelihood method using multidimensional unbinned data.
We will first construct modular formulas for the angular
distributions and then in Sec. VII discuss the attainable
statistical uncertainties for the SL form factors parameters
as the function of the number of observed events.

IV. HELICITY AMPLITUDES

We will describe the B1 → B2 þW−
off-shell process using

three-coordinate systems attached to the three involved
particles. In the baryon B1 rest frame R1, with the
ðx̂1; ŷ1; ẑ1Þ Cartesian coordinate system shown in Fig. 1,
the B1-spin projection on the quantization axis ẑ1 is
κ ¼ �1=2. The daughter baryon B2 is emitted in the
direction given by the spherical coordinates θ2;ϕ2 in R1

and the B2-helicity is λ2 ¼ �1=2. The off-shell W− boson
is emitted in the direction θW ¼ π − θ2, ϕW ¼ π þ ϕ2 in
the R1 frame. It has helicity λW ¼ ft;−1; 0;þ1g where the
time component, λW ¼ t, corresponds to JW ¼ 0 and the
remaining three components to JW ¼ 1. Therefore, λW
uniquely defines both spin JW and helicity λW as JWðλWÞ ¼
f0; 1; 1; 1g and λWðλWÞ ¼ f0;−1; 0; 1g, respectively.
The four-momentum vector of the off-shell W− is qμ ¼
ðq0; p sin θW cosϕW; p sin θW sinϕW; p cos θWÞ in the R1

FIG. 1. Definition of the three coordinate systems used to
describe the spin-entangled B1B̄1 state. The overall c.m. frame
with ẑ axis (e.g., for eþe− → B1B̄1 it is defined along the positron
momentum). The axes in baryon B1 and antibaryon B̄1 rest
frames (helicity frames) are denoted ðx̂1; ŷ1; ẑ1Þ and ðx̂3; ŷ3; ẑ3Þ,
respectively.
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system. The energy q0 of the off-shell W− boson and the
magnitude of the three-momentum p are the following
functions of the q2 invariant

q0ðq2Þ ¼
1

2M1

ðM2
1 −M2

2 þ q2Þ ð7Þ

and

pðq2Þ ¼ jp2j ¼
1

2M1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
; ð8Þ

where

Q� ¼ ðM1 �M2Þ2 − q2: ð9Þ

The spin direction and subsequent decays of the baryon B2

and boson W−
off-shell are described in two helicity systems

denoted R2 and RW , respectively. The helicity frame R2 is
obtained by performing three active rotations: (a) around
the ẑ1–axis by −ϕ2; (b) a rotation around the new ŷ–axis
by −θ2; (c) a rotation around the ẑ2-axis by þχ2, see
Fig. 2 [18]. The first two rotations are sufficient to align p2

with the z-axis and such two-rotations prescription is used
e.g., in Ref. [8]. Here we allow for an additional rotation
that can be e.g., used to bring the momenta p2, pl, and
pν to one plane. Initially, we consider the angle χ2 of this
rotation as an arbitrary parameter. The combined (a)–(c)
three-dimensional rotation is given by the product of three
axial rotationsRðχ2;−θ2;−ϕ2Þ ¼Rzðχ2ÞRyð−θ2ÞRzð−ϕ2Þ.
Subsequently, one then boosts to the B2 rest frame. TheRW
frame is defined using the same procedure with the rotation
matrix RðχW;−θW;−ϕWÞ and the subsequent boost to the

W−
off-shell rest frame. Since theW−

off-shell direction is opposite
to B2 in R1, one has ϕW ¼ π þ ϕ2 and θW ¼ π − θ2.
In order to assure that the coordinate systems in R2

and RW are related as ðx̂2; ŷ2; ẑ2Þ ¼ ðx̂W;−ŷW;−ẑWÞ we
set χW ¼ −χ2.
The matching transition amplitude between B1 and the

two daughter particles expressed using the defined above
helicity frames is [8,18]

hΩ2; λ2; λW jSjJ ¼ 1=2; κi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r
hλ2; λW jSjJ ¼ 1=2; κiD1=2�

κ;λ2−λW ðΩ2Þ

¼ 1

2π
Hλ2;λW

ðq2ÞD1=2�
κ;λ2−λW ðΩ2Þ; ð10Þ

where DJ
m1;m2

ðΩ2Þ ≔ DJ
m1;m2

ðϕ2; θ2;−χ2Þ is the Wigner
rotation matrix, where the convention DJ

m1;m2
ðϕ; θ; χÞ ¼

e−im1ϕ−im2χDJ
m1;m2

ð0; θ; 0Þ ¼ e−im1ϕ−im2χdJm1;m2
ðθÞ is used

(see Appendix A). The order and the signs of the angles
Ω2 ¼ fϕ2; θ2;−χ2g in the Wigner functions are opposite to
the used in the rotations to define the helicity reference
frames. In addition, the normalization factor is different
since we allow for three independent rotation angles.
The helicity amplitudes Hλ2;λW

ðq2Þ are functions of q2

and depend on the helicities of the daughter particles.
The vector and axial-vector helicity amplitudes Hλ2;λW

¼
HV

λ2;λW
þHA

λ2;λW
are related to the invariant form factors in

the following way:

HV
1
2
t
¼

ffiffiffiffiffiffiffi
Qþ

p ffiffiffiffiffi
q2

p �
ðM1 −M2ÞFV

1 þ q2

M1

FV
3

�
;

HV
1
2
1
¼

ffiffiffiffiffiffiffiffiffi
2Q−

p �
−FV

1 −
M1 þM2

M1

FV
2

�
;

HV
1
2
0
¼

ffiffiffiffiffiffiffi
Q−

p ffiffiffiffiffi
q2

p �
ðM1 þM2ÞFV

1 þ q2

M1

FV
2

�
;

HA
1
2
t
¼

ffiffiffiffiffiffiffi
Q−

p ffiffiffiffiffi
q2

p �
−ðM1 þM2ÞFA

1 þ q2

M1

FA
3

�
;

HA
1
2
1
¼ ffiffiffiffiffiffiffiffiffi

2Qþ
p �

FA
1 −

M1 −M2

M1

FA
2

�
;

HA
1
2
0
¼

ffiffiffiffiffiffiffi
Qþ

p ffiffiffiffiffi
q2

p �
−ðM1 −M2ÞFA

1 þ q2

M1

FA
2

�
; ð11Þ

where the remaining helicity amplitudes are obtained by
applying the parity operator,

HV
−λ2;−λW

¼ HV
λ2;λW

; HA
−λ2;−λW

¼ −HA
λ2;λW

: ð12Þ

The decay W− → l−ν̄l is described in RW where the
emission angles of the l− lepton are θl and ϕl. The value of
the lepton momentum in this frame is

FIG. 2. Definition of the three coordinate systems used to
describe the semileptonic decay B1 → B2 þW−

off-shell. The axes in
the B1, B2 and W−

off-shell rest frames (helicity frames: R1, R2 and
RW) are denoted ðx̂1; ŷ1; ẑ1Þ, ðx̂2; ŷ2; ẑ2Þ and ðx̂W; ŷW; ẑWÞ,
respectively.
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jplj ¼
q2 −m2

l

2q
: ð13Þ

The decay amplitude reads

hΩl; λl; λνjSljJW; q2; λWi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2JW þ 1

4π

r
ð−1ÞJWhlλlλνðq2ÞD

JW�
λW;λl−λνðΩlÞ; ð14Þ

where Ωl ¼ fϕl; θl; 0g. The helicity amplitudes hlλlλν for
the elementary transition to the final lepton pair can be
calculated directly by evaluating the Feynman diagrams.
The neutrino helicities are λν ¼ 1=2 and λν ¼ −1=2 for
(l−; ν̄l) and (lþ; νl), respectively. The moduli squared of
hlλlλν are [6]:

nonflipðλW ¼ ∓ 1Þ∶ jhl
λl¼∓1

2
;λν¼�1

2

j2 ¼ 8δðλl þ λνÞðq2 −m2
l Þ; ð15Þ

flipðλW ¼ 0; tÞ∶ jhl
λl¼�1

2
;λν¼�1

2

j2 ¼ 8δðλl − λνÞ
m2

l

2q2
ðq2 −m2

l Þ; ð16Þ

where here and in the following the upper and lower signs
refer to the configurations ðl−; ν̄lÞ and ðlþ; νlÞ, respectively.
The representations in Eqs. (10) and (14) imply that

the complete amplitude for the B1ðκÞ → B2ðλ2Þ transition
reads, X

λW

hΩl; λl; λνjSljq2; λWihΩ2; λ2; λW jSj1=2; κi; ð17Þ

where the λW sum runs over the four W-boson helicity
components ft;−1; 0;þ1g. An explicit representation of
the amplitude with the angular part separated isX
λW

ð−1ÞJWhlλlλνD
JW�
λW;λl−λνðΩlÞHλ2;λW

D1=2�
κ;λ2−λW ðΩ2Þ

¼
X
λW

ð−1ÞJWhlλlλνd
JW
λW;λl−λνðθlÞHλ2;λW

d1=2κ;λ2−λW ðθ2Þ

× exp½iκϕ2 þ iλ2χ2 − iλWðχ2 − ϕlÞ�; ð18Þ

where the final expression combines all azimuthal-angle
rotations in one term. One can consider two options for
selecting χ2 to define the transversal orientation of the R2

and RW helicity frames. The first option is to set χ2 ¼ 0 as
in Ref. [8] where the corresponding azimuthal angle of the
charged lepton in the RW system is ϕ0

l . An alternative is to
select χ3-b2 so that x̂2 is in the decay plane of the semi-
leptonic decay. In this case the momenta of the leptons

are in this plane which corresponds to ϕ3-b
l ¼ 0 and the

χ3-b2 ¼ ϕ0
l relation holds.

The amplitude can be rearranged by inserting a complete
spin basis for the baryon B2 to represent transition between
B1ðκÞ and B2ðλ2Þ,

X1=2
λ0¼−1=2

X
λW

hΩl; λl; λνjSljq2; λWihλ2; λW jλ0ihΩ2; λ0jSj1=2; κi

ð19Þ

¼ 1

2π

X1=2
λ0¼−1=2

D1=2�
κ;λ0 ðΩ2Þ

�X
λW

hΩl; λl; λνjSljq2; λWi

× hλ2; λW jλ0iHλ2;λW
ðq2Þ

�
ð20Þ

¼ 1

2π

X1=2
λ0¼−1=2

D1=2�
κ;λ0 ðΩ2ÞHλ0;λ2ðΩl; q2; λl; λνÞ: ð21Þ

Therefore the angular dependence on Ω2 can be separated
in the amplitude of the complete process. Since usually
experiments do not measure polarization of the leptons, it is
useful to consider a tensor that describes the W�-boson
decay with the lepton helicities summed over,

LλW;λ0W
ðq2;ΩlÞ ≔

X1=2
λl¼−1=2

hΩl; λl; λνjSlj; q2; λ0Wi�hΩl; λl; λνjSljq2; λWi ð22Þ

¼ 3

4π

X1=2
λl¼−1=2

jhlλlλνðq2Þj2ð−1ÞJWþJ0WDJW�
λW;λl−λνðΩlÞDJ0W

λ0W;λl−λν
ðΩlÞ ð23Þ

¼ 3

4π
eiðλW−λ0WÞϕl

X1=2
λl¼−1=2

jhlλlλνðq2Þj2ð−1ÞJWþJ0WdJWλW;λl−λνðθlÞd
J0W
λ0W;λl−λν

ðθlÞ: ð24Þ
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The interference contribution from λW ¼ t and λW ¼ 0 gives an extra minus sign. We write the tensor as

LλW;λ
0
W
ðq2;ΩlÞ ¼

6

π
ðq2 −m2

l Þ
h
lnf
λW;λ

0
W
ðΩlÞ þ εlf

λW;λ
0
W
ðΩlÞ

i
; ð25Þ

where ε ¼ m2
l =ð2q2Þ. The Hermitian matrix for the nonflip transition reads

lnf
λW;λ

0
W
ðΩlÞ ¼

0
BBBBB@

0 0 0 0

0
ð1�cos θlÞ2

4
∓ e−iϕl sin θlð1�cos θlÞ

2
ffiffi
2

p 1
4
e−2iϕl sin2 θl

0 ∓ eiϕl sin θlð1�cos θlÞ
2
ffiffi
2

p 1
2
sin2 θl ∓ e−iϕl sin θlð1∓cos θlÞ

2
ffiffi
2

p

0 1
4
e2iϕl sin2 θl ∓ eiϕl sin θlð1∓cos θlÞ

2
ffiffi
2

p ð1∓cos θlÞ2
4

1
CCCCCA; ð26Þ

while for the flip transition

lf
λW;λ

0
W
ðΩlÞ ¼

0
BBBBBB@

1 − eiϕl sin θlffiffi
2

p − cos θl
e−iϕl sin θlffiffi

2
p

− e−iϕl sin θlffiffi
2

p sin2 θl
2

e−iϕl sin θl cos θlffiffi
2

p − 1
2
e−2iϕl sin2 θl

− cos θl
eiϕl sin θl cos θlffiffi

2
p cos2 θl − e−iϕl sin θl cos θlffiffi

2
p

eiϕl sin θlffiffi
2

p − 1
2
e2iϕl sin2 θl − eiϕl sin θl cos θlffiffi

2
p 1

2
sin2 θl

1
CCCCCCA: ð27Þ

V. DECAY MATRIX

Here, we derive a matrix that relates the spin of the
baryon B2 to the spin of the baryon B1 in B1 → B2lνl
where the state of the lepton pair with the summed spin
projections is given by the LλW;λ

0
W
ðq2;ΩlÞ tensor in Eq. (23).

The transition can be represented by a tensor Tκκ0;λ2λ02 that
describes how the initial spin-density matrix ρκκ

0
1 of the

baryon B1 transforms to the density matrix ρ
λ2λ

0
2

2 of the
baryon B2,

ρ
λ2λ

0
2

2 ¼ Tκκ0;λ2λ02ρκκ
0

1 : ð28Þ

Using Eq. (10) the transition tensor is given as

Tκκ0;λ2λ02 ¼ 1

4π2
X
λW;λ0W

Hλ2λW
H�

λ0
2
λ0W
D1=2�

κ;λ2−λW ðΩ2Þ

×D1=2
κ0;λ0

2
−λ0W

ðΩ2ÞLλW;λ0W
ðq2;ΩlÞ ð29Þ

≡ 1

4π2
X
λW;λ

0
W

T
κκ0;λ2λ02
λW;λ

0
W
ðq2;Ω2ÞLλW;λ0W

ðq2;ΩlÞ: ð30Þ

The explicit expression for the phases of the hadronic
tensor due to the azimuthal rotations is

Tκκ0;λ2λ2 0
λW;λW

0 ðq2;Ω2Þ ¼ Hλ2λW
H�

λ2
0λW

0d
1=2
κ;λ2−λW ðθ2Þd

1=2
κ0;λ2 0−λ0W

ðθ2Þ
× exp½iκϕ2 þ iλ2χ2 − iλWχ2�
× exp½−iκ0ϕ2 − iλ20χ2 þ iλ0Wχ2�; ð31Þ

where we use the generic case with Ω2 ¼ fϕ2; θ2; χ2g and
Ωl ¼ fϕl; θl; 0g. The overall phases of the contraction of
the above hadronic tensor and the leptonic tensor in
Eq. (24) for the two choices of the orientations of the
coordinate systems R2 and RW are

ðχ2 ¼ 0Þ → exp½iðκ − κ0Þϕ2 þ iðλW − λ0WÞϕ0
l �; ð32Þ

ðϕ3-b
l ¼ 0Þ → exp ½iðκ − κ0Þϕ2 þ iðλ2 − λ02Þχ3-b2 � ð33Þ

¼ exp½iðκ − κ0Þϕ2 þ iðλ2 − λ02Þϕ0
l �: ð34Þ

The two representations are not equivalent but can be
written in terms of the tensors evaluated for Ω0

2 ≔
fϕ2; θ2; 0g and Ω0

l ¼ f0; θl; 0g as

Tκκ0;λ2λ02ðχ2 ¼ 0Þ ¼ 1

4π2
X
λW;λ0W

exp½iðλW − λ0WÞϕ0
l �

× T
κκ0;λ2λ02
λW;λ

0
W
ðΩ0

2ÞLλW;λ
0
W
ðΩ0

l Þ; ð35Þ
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Tκκ0;λ2λ02ðϕ3-b
l ¼ 0Þ ¼ 1

4π2
exp½iðλ2 − λ02Þϕ0

l �
X
λW;λ

0
W

T
κκ0;λ2λ02
λW;λ

0
W

× ðΩ0
2ÞLλW;λ0W

ðΩ0
l Þ: ð36Þ

Instead of the helicities, the transition can be written as in
Ref. [8] using spin base vectors σB1

μ and σB2
ν in the mother

and daughter reference systems R1 and R2, respectively.
The 4 × 4 matrix Bμν describes how the decay process
transforms the base Pauli matrices,

σB1
μ →

3ðq2 −m2
l Þ

4π3
X3
ν¼0

Bμνσ
B2
ν : ð37Þ

The real coefficients Bμν can be obtained by inserting Pauli
σμ matrices for the mother and the daughter baryons in the
expression for the tensor Tκκ0;λ2λ02,

Bμν ≔
2π3

3ðq2 −m2
l Þ

X1=2
λ2;λ02¼−1=2

X1=2
κ;κ0¼−1=2

Tκκ0;λ2λ02σκ;κ
0

μ σ
λ0
2
;λ2

ν : ð38Þ

However, as we show in Appendix B the coefficients can be
represented as

Bμν ¼
X3
κ¼0

Rð4Þ
μκ ðΩ2Þbκνðq2;ΩlÞ; ð39Þ

where Rð4Þ
μκ ðΩ2Þ is the 4 × 4 spacelike rotation matrix

obtained as the direct sum of identity and 3D rotation
RðΩ2Þ; Rð4ÞðΩ2Þ ¼ diagð1;RðΩ2ÞÞ. The argument Ω2 ¼
fϕ2; θ2;−χ2g assures that the rotation is the inverse of
the rotation Rðfχ2;−θ2;−ϕ2gÞ that was used to define the
helicity frame R2. The coefficients bμν correspond to the
B1 → B2 transition where the orientations of the axes of
the reference systems are aligned Ω2 ¼ f0; 0; 0g. They can
be obtained by inserting Pauli σμ matrices for the mother
and the daughter baryons in the expression for the tensor
Tκκ0;λ2λ02 with Ω2 set to f0; 0; 0g which implies replace-
ment D1=2

m1;m2
ðf0; 0; 0gÞ ¼ δðm1 −m2Þ,

bμν ≔
π

6ðq2 −m2
l Þ

X
λW;λ

0
W

X1=2
λ2;λ02¼−1=2

Hλ2λW
H�

λ0
2
λ0W
σ
λ2−λW;λ0

2
−λ0W

μ σ
λ0
2
;λ2

ν LλW;λ
0
W
ðq2;ΩlÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

T
λW;λ0

W
;λ2 ;λ

0
2

μν

; ð40Þ

bμν ¼
X
λW;λ0W

X1=2
λ2;λ02¼−1=2

Hλ2λW
H�

λ0
2
λ0W
T

λW;λ0W;λ2;λ02
μν

¼
X
λW

X1=2
λ2¼−1=2

�
jHλ2λW

j2T λW;λW;λ2;λ2
μν þ 2

X
λ0W<λW

X
λ0
2
<λ2

h
ℜðHλ2λW

H�
λ0
2
λ0W
ÞℜT

λW;λ0W;λ2;λ
0
2

μν þℑðHλ2λW
H�

λ0
2
λ0W
ÞℑT λW;λ0W;λ2;λ

0
2

μν

i�
: ð41Þ

The last form involves only real-valued tensors T λW;λW;λ2;λ2
μν , ℜT

λW;λ0W;λ2;λ02
μν and ℑT

λW;λ
0
W;λ2;λ02

μν . The hadronic part is encoded in
the real-valued functions of q2: jHλ2λW

j2, ℜðHλ2λW
H�

λ0
2
λ0W
Þ and ℑðHλ2λW

H�
λ0
2
λ0W
Þ, where λ0W < λW and λ02 < λ2. Moreover, the

form factors H−1
2
1 ¼ H1

2
−1 ¼ 0 reducing number of the functions.

We will represent the bμν matrix as the sum of the nonflip and flip contributions bμν ¼ bnfμν þ εbfμν. The cross section term
is written as b00 ¼ bnf00 þ εbf00, where

bnf00 ¼
1

4
ð1 ∓ cos θlÞ2jH1

2
1j2 þ

1

4
ð1� cos θlÞ2jH−1

2
−1j2 þ

1

2
sin2θlðjH−1

2
0j2 þ jH1

2
0j2Þ; ð42Þ

bf00 ¼ jH1
2
tj2 þ jH−1

2
tj2 þ

1

2
sin2θlðjH1

2
1j2 þ jH−1

2
−1j2Þ þ cos2θlðjH1

2
0j2 þ jH−1

2
0j2Þ − 2 cos θlℜðH�

1
2
0
H1

2
t þH�

−1
2
0
H−1

2
tÞ; ð43Þ

define the angular distributions for the decay of unpolarized baryon B1 when the spins of all final particles are summed over.
The differential decay rate is obtained by multiplying by the kinematic and spinor normalization factors that depend on q2,

dΓ ¼ G2
F

ð2πÞ5 jVusj2
jpljjp2j
16M2

1

ðq2 −m2
l Þb00dqdΩ2dΩl ð44Þ

¼ G2
FjVusj2VPhðq2Þðq2 −m2

l Þb00dqdΩ2dΩl; ð45Þ
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where VPhðq2Þ ¼ ð2πÞ−5ð4M1Þ−2jpljjp2j is the three-body
phase-space density factor [13]. The momenta jp2j and jplj
of the baryon B2 and the lepton are given in Eqs. (8) and
(13), respectively.
The first row of the b0i matrix, where i ¼ 1; 2; 3ðx; y; zÞ,

gives the polarization vector P ¼ ðPx; Py; PzÞ of the baryon
B2 in the reference frame R2 corresponding to the decay of
unpolarized baryon B1. These elements are

b01 ¼ −ℜðI01Þ cosϕl þ ℑðI01Þ sinϕl ¼ Pxb00;

b02 ¼ ℜðI01Þ sinϕl þ ℑðI01Þ cosϕl ¼ Pyb00;

b03 ¼ bnf03 þ εbf03 ¼ Pzb00; ð46Þ

where Iμν are complex. We use notation Iμν ¼ Inf
μν þ

εI f
μν and

Inf
01 ¼ � 1ffiffiffi

2
p sin θl

h
ð1� cos θlÞH�

−1
2
−1H1

2
0 þ ð1 ∓ cos θlÞH�

−1
2
0
H1

2
1

i
;

I f
01 ¼

ffiffiffi
2

p
sin θl

h
ðH�

−1
2
−1H1

2
t −H�

−1
2
t
H1

2
1Þ þ cos θlðH�

−1
2
0
H1

2
1 −H�

−1
2
−1H1

2
0Þ
i
;

bnf03 ¼
1

4
ð1 ∓ cos θlÞ2jH1

2
1j2 −

1

4
ð1� cos θlÞ2jH−1

2
−1j2 −

1

2
sin2θlðjH−1

2
0j2 − jH1

2
0j2Þ;

bf03 ¼ jH1
2
tj2 − jH−1

2
tj2 þ

1

2
sin2θlðjH1

2
1j2 − jH−1

2
−1j2Þ − cos2θlðjH−1

2
0j2 − jH1

2
0j2Þ − 2 cos θlℜðH�

1
2
0
H1

2
t −H�

−1
2
0
H−1

2
tÞ: ð47Þ

The first column bi0 of the matrix corresponds to the decay of the spin-polarized baryon B1. The element
b30 ¼ bnf30 þ εbf30 is

bnf30 ¼
1

4
ð1� cos θlÞ2jH−1

2
−1j2 −

1

4
ð1 ∓ cos θlÞ2jH1

2
1j2 −

1

2
sin2θlðjH−1

2
0j2 − jH1

2
0j2Þ;

bf30 ¼ jH1
2
tj2 − jH−1

2
tj2 −

1

2
sin2θlðjH1

2
1j2 − jH−1

2
−1j2Þ − cos2θlðjH−1

2
0j2 − jH1

2
0j2Þ − 2 cos θlℜðH�

1
2
0
H1

2
t −H�

−1
2
0
H−1

2
tÞ: ð48Þ

The elements b10 and b20 are

b10 ¼ − cosϕlℜðI10Þ þ sinϕlℑðI10Þ;
b20 ¼ sinϕlℜðI10Þ þ cosϕlℑðI10Þ; ð49Þ

where

Inf
10 ¼ � 1ffiffiffi

2
p sin θl

h
ð1� cos θlÞH�

−1
2
−1H−1

2
0 þ ð1 ∓ cos θlÞH�

1
2
0
H1

2
1

i
;

I f
10 ¼

ffiffiffi
2

p
sin θl

h
ðH�

−1
2
−1H−1

2
t −H�

1
2
t
H1

2
1Þ þ cos θlðH�

1
2
0
H1

2
1 −H�

−1
2
−1H−1

2
0Þ
i
: ð50Þ

The decay-plane representation which requires three rotation angles for baryon B2 gives simple formulas for the remaining
terms of the decay matrix. The terms of the nonflip contributions for the aligned (with ϕl ¼ 0) decay matrix bnfμν are

bnfμν ¼

0
BBB@

bnf00 −ℜðInf
01Þ ℑðInf

10Þ bnf03
−ℜðInf

10Þ ℜðEnf
00 þ Enf

11Þ −ℑðEnf
00 þ Enf

11Þ ℜðInf
13Þ

ℑðInf
10Þ ℑðEnf

00 − Enf
11Þ ℜðEnf

00 − Enf
11Þ −ℑðInf

13Þ
bnf30 −ℜðInf

31Þ ℑðInf
31Þ bnf33

1
CCCA; ð51Þ

where

bnf33 ¼ þ 1

2
sin2θlðjH−1

2
0j2 þ jH1

2
0j2Þ −

1

4
ð1 ∓ cos θlÞ2jH1

2
1j2 −

1

4
ð1� cos θlÞ2jH−1

2
−1j2 ð52Þ

and

BATOZSKAYA, KUPSC, SALONE, and WIECHNIK PHYS. REV. D 108, 016011 (2023)

016011-8



Inf
13 ¼ � 1ffiffiffi

2
p sin θl

n
ð1� cos θlÞH�

−1
2
−1H−1

2
0 − ð1 ∓ cos θlÞH�

1
2
0
H1

2
1

o
;

Inf
31 ¼ � 1ffiffiffi

2
p sin θl

n
ð1� cos θlÞH�

−1
2
−1H1

2
0 − ð1 ∓ cos θlÞH�

−1
2
0
H1

2
1

o
;

Enf
00 ¼ sin2θlH�

−1
2
0
H1

2
0;

Enf
11 ¼

1

2
sin2θlH�

−1
2
−1H1

2
1: ð53Þ

The terms of the flip contributions for the aligned decay matrix bfμν are

bfμν ¼

0
BBBBB@

bf00 −ℜðI f
01Þ ℑðI f

10Þ bf03
−ℜðI f

10Þ ℜðEf
00 − Ef

11Þ −ℑðEf
00 − Ef

11Þ ℜðI f
13Þ

ℑðI f
10Þ ℑðEf

00 þ Ef
11Þ ℜðEf

00 þ Ef
11Þ −ℑðI f

13Þ
bf30 −ℜðI f

31Þ ℑðI f
31Þ bf33

1
CCCCCA; ð54Þ

where

bf33 ¼ jH−1
2
tj2 þ jH1

2
tj2 þ cos2θlðjH−1

2
0j2 þ jH1

2
0j2Þ −

1

2
sin2θlðjH1

2
1j2 þ jH−1

2
−1j2Þ − 2 cos θlℜðH�

1
2
0
H1

2
t þH�

−1
2
0
H−1

2
tÞ ð55Þ

and

I f
13 ¼

ffiffiffi
2

p
sin θl

n
H�

−1
2
−1H−1

2
t þH�

1
2
1
H1

2
t − cos θlðH�

1
2
0
H1

2
1 þH�

−1
2
−1H−1

2
0Þ
o
;

I f
31 ¼

ffiffiffi
2

p
sin θl

n
H�

−1
2
−1H1

2
t þH�

−1
2
t
H1

2
1 − cos θlðH�

−1
2
0
H1

2
1 þH�

−1
2
−1H1

2
0Þ
o
;

Ef
00 ¼ 2

n
H�

−1
2
t
H1

2
t þ cos2θlH�

−1
2
0
H1

2
0 − cos θlðH�

−1
2
0
H1

2
t þH�

−1
2
t
H1

2
0Þ
o
;

Ef
11 ¼ sin2θlH�

−1
2
−1H1

2
1: ð56Þ

If the form factors have no complex phases, meaning the
Iμν terms are real functions, the decay matrix reads as

bμν ¼

0
BBB@

b00 −I01 0 I03

−I10 b11 0 I13

0 0 b22 0

−I30 I31 0 b33

1
CCCA: ð57Þ

The terms of the bμν matrix in general form for an arbitrary
ϕl value are given in Appendix C. They should be used
if two rotation angle representation as in Ref. [8] was
applied.

VI. JOINT ANGULAR DISTRIBUTIONS

Here we provide examples how to construct modular
expressions for the angular distributions of semileptonic
decays of baryons. First, using our formalism, we rewrite
the results from Ref. [6] for the single baryon B2 decay. The
simplest case is the decay of a spin-polarized baryon
B1 → B2l−ν̄l. If the polarization of the final particles is

not measured the fully differential angular distribution
dΓ ∝ W ¼ VPhðq2Þðq2 −m2

l ÞTrρB2
, where

TrρB2
∝
X3
μ¼0

Cμ0B
B1B2

μ0

¼
X3
μ¼0

Cμ0

X3
κ¼0

Rð4Þ
μκ ðΩ2ÞbB1B2

κ0 ðq2;ΩlÞ; ð58Þ

with the baryon B1 spin state in its rest frame described by
the polarization vector Cμ0 ¼ ð1; Px; Py; PzÞ. The elements

of the decay matrix bB1B2

μ0 ðq2;ΩlÞ ≔ bμ0ðq2;Ωl;ωB1B2
Þ are

given in Eq. (49). For example, if the initial polarization has
only Pz component the joint angular distribution for the
decay process B1 → B2l−ν̄l is

Wðξ;ωÞ ¼ VPhðq2Þðq2 −m2
l Þ½b00ðq2;Ωl;ωB1B2

Þ
þ Pzb30ðq2;Ωl;ωB1B2

Þ cos θ2�; ð59Þ
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where the vector ξ ≔ ðθ2;ϕ2; q2;ΩlÞ represents a complete
set of the kinematic variables describing an event configu-
ration and the parameter vector ωB1B2

represents the
polarization Pz, the semileptonic couplings in Eq. (4)
and the range parameters in Eq. (6). If the baryon B2

decays weakly as B2 → B4π the complete angular distri-
bution is W ¼ VPhðq2Þðq2 −m2

l ÞTrρB4
with

TrρB4
∝

X3
μ;ν¼0

Cμ0B
B1B2
μν aB2B4

ν0

¼
X3
μ¼0

Cμ0

X3
κ;ν¼0

Rð4Þ
μκ ðΩ2ÞbB1B2

κν ðq2;ΩlÞaν0ðθ4;ϕ4;αB2
Þ:

ð60Þ

The decay matrix aν0ðθ4;ϕ4; αB2
Þ [8] describes the non-

leptonic decay B2 → B4π and using the representation from
Appendix D is given as

2
6664
a00
a10
a20
a30

3
7775 ¼ Rð4Þðf0; θ4;ϕ4gÞ

2
6664

1

0

0

αB2

3
7775 ¼

2
6664
1

αB2
sin θ4 cosϕ4

αB2
sin θ4 sinϕ4

αB2
cos θ4

3
7775;

ð61Þ

where θ4 and ϕ4 are the helicity angles of B4 in the R2

frame and αB2
is the decay asymmetry parameter. The

corresponding angular distribution for charge-conjugated
decay mode is obtained by the replacements HB1

λ2λW
→

HB̄1

λ2λW
, gB1

av=w → gB̄1

av=w and swapping between ðl−; ν̄lÞ and

ðlþ; νlÞ. Neglecting hadronic CP-violating effects, one has

HVðB̄1Þ
λ2;λW

¼ HVðB1Þ
λ2;λW

and HAðB̄1Þ
λ2;λW

¼ −HAðB1Þ
λ2;λW

Eq. (12) meaning

that gB̄1
w ¼ gB1

w and gB̄1
av ¼ −gB1

av [19,20].
Now we consider a decay of a spin-entangled baryon-

antibaryon system B1B̄1, where the initial state is given

by the spin-correlation matrix CB1B̄1
μν̄ defined in Eq. (1) with

B1 → B2l−ν̄l. The semileptonic decay is tagged by a
common decay of the antibaryon B̄1. For hyperon decay
studies, a nonleptonic decay B̄1 → B̄3π̄ is used. One
obvious advantage of the studies using baryon-antibaryon
pairs is that the charge-conjugated decays, corresponding to
the B̄1 → B̄2lþνl and B1 → B3π scenario, can be studied
simultaneously. A common practice is to implicitly com-
bine events corresponding to the charge-conjugated chan-
nels in the analyses to determine the decay properties in the
CP-symmetry limit. In such analyses, the quantities that are
even (odd) with respect to the parity operation have the
same (opposite sign) values when combining the two cases.
At the same time, the CP-symmetry can be tested by
comparing values of the separately determined parameters

for the baryon and antibaryon decays. Using as a building
block the semileptonic decay matrix one constructs the
angular distribution for the case when polarization of
baryons B2 and B̄3 is not measured,

TrρB2B̄3
∝

X3
μ;ν̄¼0

CB1B̄1
μν̄ BB1B2

μ0 aB̄1B̄3

ν̄0 : ð62Þ

The matrix BB1B2

μ0 ≔ Bμ0ðθ2;ϕ2; q2;Ωl;ωB1B2
Þ describes

the semileptonic decay and aB̄1B̄3

ν̄0 ≔ aν̄0ðθ3;ϕ3; ᾱB1
Þ [8]

describes the nonleptonic decay B̄1 → B̄3π, where θ3
and ϕ3 are the helicity angles of B̄3 in the B̄1 rest frame
and ᾱB1

is the decay asymmetry parameter. The joint
angular distribution for the process is Wðξ;ωÞ ¼
VPhðq2Þðq2 −m2

l ÞTrρB2B̄3
, where

TrρB2B̄3
¼ CB1B̄1

00 ðθ1Þb00ðξ0Þ þ
X3
i;j¼1

CB1B̄1

ij ðθ1ÞBi0ðξ0Þ

× aj0ðθ3;ϕ3; ᾱB1
Þ þ

X3
i¼1

CB1B̄1

i0 ðθ1ÞBi0ðξ0Þ

þ b00ðξ0Þ
X3
j¼1

CB1B̄1

0j ðθ1Þaj0ðθ3;ϕ3; ᾱB1
Þ ð63Þ

with CB1B̄1
μν̄ given in Eq. (2) for the annihilation of the

unpolarized electron-positron beams. The vectors of the
kinematic variables are ξ ¼ ðθ1; θ2;ϕ2; q2;Ωl; θ3;ϕ3Þ
while ξ0 ¼ ðθ2;ϕ2; q2;ΩlÞ. The full vector of parameters
is denoted as ω ≔ ðαψ ;ΔΦ; gB1

av; g
B1
w ; ᾱB1

Þ.

VII. SENSITIVITIES FOR SL FORM FACTORS
PARAMETERS

Here we present estimates for the statistical uncertainties
of the parameters describing form factors of selected
semileptonic hyperon decays. The derived angular distri-
butions are used to construct the normalized multi-
dimensional probability density function for an event
configuration. They are functions of q2 and the helicity
angles, and depend on the form factor parameters such as
gav and gw (4). The parameters can be determined in an
experiment using maximum likelihood (ML) method,
which guarantees consistency and efficiency properties.
We provide uncertainties of the parameters in the large
number of events limit and assuming the detection effi-
ciency does not depend on the kinematic variables as
described in Refs. [9,10]. Since the ML estimators are
asymptotically normal, the product of their standard devia-
tions, σ, and

ffiffiffiffi
N

p
, where N is the number of the observed

events, does not depend on N. The uncertainties are
obtained by calculating elements of the Fisher information
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matrix that is inverted to obtain the covariance matrix for
the parameters.
We consider the semileptonic decays of hyperons listed

in Table I. We neglect form factors FV
3 and FA

2 which vainsh
in the limit of of the SUð3Þ flavor symmetry [21].
Equation (11) allows one to estimate the relative contri-
bution of different form factors to the angular distributions.
Based on the gav and gw values from Table I the q2

dependence of the six helicity amplitudes for the Λ semi-
leptonic decays is shown in Fig. 3(a). To allow a better
comparison the amplitudes are multiplied by

ffiffiffiffiffi
q2

p
. Close to

the lower boundary, q2 ¼ m2
e, the longitudinal and scalar

helicity amplitudes dominate, with HVðAÞ
1
2
0

≈HVðAÞ
1
2
t

. Close

to the upper boundary at the zero recoil point, q2 ¼
ðM1 −M2Þ2, the contributions HV

1
2
t
and HA

1
2
1
¼ −

ffiffiffi
2

p
HA

1
2
0

are dominant with HV
1
2
t
¼ −HA

1
2
0
=gav. We do not consider

the decay Σ− → ne−ν̄e since the final state includes two
neutral particles, neutron and neutrino, making it impos-
sible to fully reconstruct the events. In addition, no
measurements exist for the production parameters in the
eþe− → Σ−Σ̄þ process.
The first case is the decay Λ → pe−ν̄e studied in the

exclusive process eþe− → J=ψ → ΛΛ̄, where Λ̄ → p̄πþ is
used for tagging. The angular distribution is given by
Eq. (62) where the parameters of the production process
eþe− → J=ψ → ΛΛ̄ needed to define the spin-correlation–
polarization matrix Cμν are given in Table II. The properties
of Λ̄ → p̄πþ decay and the charge conjugated process that
is used to tag the SL decay are given in Table III. We
assume the production parameters and the decay parame-
ters of the nonleptonic decays used for the tagging to be
well known and fixed. Since the coupling gav3 is multiplied
by me in the transition amplitude [23], we set it to zero
because it cannot be determined from experiment with a
reasonable uncertainty. In addition the parameters rv;w and
rav defined in Eq. (6) are fixed to the values deduced from
the ansatz for the s → u transition of Refs. [2,24] and listed
in Table IV. The statistical uncertainties σðgavÞ and σðgwÞ
for the coupling constants gav and gw, respectively, are
given in the first row of Table IV. The main feature is that
the uncertainty for the gav coupling is nearly one order of

magnitude less than for gw since the latter is suppressed
by the q2=M2

1 < ðM1 −M2Þ2=M2
1 ≈ 0.025 factor (11). The

second row corresponds to an independent method to study
Λ → pe−ν̄e using the eþe− → J=ψ → Ξ−Ξ̄þ process with

TABLE I. Properties of selected semileptonic decays of the ground-state-octet hyperons. The column labeledM1 −M2 gives the upper
range of the

ffiffiffiffiffi
q2

p
variable.

Decay Transition Bð×10−4Þ gav gw M1 −M2 [MeV] Comment

Λ → pe−ν̄e Vus 8.32(14) 0.718(15) 1.066 177 [2,13]
Σþ → Λeþνe

a Vud 0.20(05) 0.01(10) 2.4(17) 74 [13]
Ξ− → Λe−ν̄e Vus 5.63(31) 0.25(5) 0.085 206 [2,22]

Ξ− → Σ0e−ν̄e Vus 0.87(17) 1.25(15) 2.609 129 [2,22]
Ξ0 → Σþe−ν̄e Vus 2.52(8) 1.22(5) 2.0(9) 125 [13]

aSince for Σþ F1 ¼ 0, the coupling constants gav and gw are defined as FV
1 =F

A
1 and FV

2 =F
A
1 , respectively.

(a)

(b)

FIG. 3. The q2 dependence of the six helicity amplitudes for
(a) Λ → pl−ν̄l and (b) n → pe−ν̄e decays. For the Λ decay the
kinematic range for the μ mode is to the right of the vertical line
q2 ¼ m2

μ.
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the Ξ−→ ½Λ→pe−ν̄e�π− sequence and Ξ̄þ→ ½Λ̄→ p̄πþ�π−
for the tagging. The modular expression for the angular
distribution of such process reads

Trρpp̄ ∝
X3
μ;ν̄¼0

CΞΞ̄
μν̄

X3
μ0¼0

aΞΛμμ0B
Λp
μ00

X3
ν̄0¼0

aΞ̄ Λ̄
ν̄ν̄0 a

Λ̄ p̄
ν̄00 : ð64Þ

The polarization of the Λ originating from the nonleptonic
weak decay Ξ− → Λπ−, is ∼40%, to be compared to the
root-mean-squared value of the Λ polarization in eþe− →
J=ψ → ΛΛ̄ of 11% [10]. However, the uncertainties of the
weak couplings are the same for both methods. To further
investigate dependence on the initial polarization of Λ we
set ΔΦ ¼ 0 to have the zero polarization, while to obtain
maximally polarized Λ we include the longitudinal polari-
zation of the electron beam and use the production matrix
Cμν̄ from Ref. [10]. The impact of the spin correlations
for the uncertainties can be studied by comparing the
results using the angular distributions (62) or (64) with full
production matrices Cμν̄ to the ones where all elements

except Cμ0 are set to zero. This arrangement assures that
the spin-correlation terms are excluded. In all these tests
the uncertainties of σðgavÞ and σðgwÞ remain unchanged,
meaning that the polarization and the spin correlations of
the mother hyperon in the decay play almost no role for the
measurements of properties of the semileptonic decays to
baryons whose polarization is not measured.
The entries from the third row and below in Table IV

correspond to the decays where the polarization of the
daughter baryon is measured and the angular distributions
include the complete Bμμ0 matrices. For example the
angular distribution for Ξ− → Λe−ν̄e measurement in
eþe− → J=ψ → Ξ−Ξ̄þ is

Trρpp̄ ∝
X3
μ;ν̄¼0

CΞΞ̄
μν̄

X3
μ0¼0

BΞΛ
μμ0a

Λp
μ00

X3
ν̄0¼0

aΞ̄ Λ̄
ν̄ν̄0 a

Λ̄ p̄
ν̄00 : ð65Þ

Since the uncertainties depend on the values of the weak
couplings it is difficult to compare the results for different
decays in Table IV. By repeating the studies with variation
of ΔΦ and the electron-beam polarization some impact is
seen for the uncertainties, specially for the gw parameter in
Σþ → Λeþνe. In addition we study the uncertainties for
single spin-polarized baryon decays with the angular
distributions given by Eq. (58). The baryon B1 polarization
vector is set to Cμ0 ¼ ð1; 0; Py; 0Þ. The results for σðgavÞ
and σðgwÞ are shown in Fig. 4. The uncertainty for large Py

decreases typically by 20% comparing to the unpolar-
ized case.
Our formalism applies also to the n → pe−ν̄e decay and

it should be equivalent to the approach from Ref. [31] for
the single neutron decay. However, we can also describe
decay correlations for a spin entangled neutron–neutron
pair. As an example we take nn spin singlet state given by
the spin-correlation matrix Cμν ¼ diagð1;−1; 1; 1Þ. The
coupling constants gav and gw are 1.2754(13) and 1.853,
respectively [13,31]. The q2 dependence of the form factors
is neglected due to the tiny range, me <

ffiffiffiffiffi
q2

p
< Mn −Mp,

of the variable. The corresponding helicity amplitudes for
the neutron beta decay are shown in Fig. 3(b). The resulting
uncertainty of the gav measurement in the double beta

TABLE II. Properties of the eþe− → J=ψ → B1B̄1 decays to
the pairs of ground-state octet hyperons.

Bð×10−4Þ αψ ΔΦ [rad] Comment

ΛΛ̄ 19.43(33) 0.475(4) 0.752(8) [11,25]
ΣþΣ̄− 15.0(24) −0.508ð7Þ −0.270ð15Þ [26,27]
Ξ−Ξ̄þ 9.7(8) 0.586(16) 1.213(49) [12,13]
Ξ0Ξ̄0 11.65(4) 0.514(16) 1.168(26) [28,29]

TABLE III. Properties of the main decays of the ground-state
octet hyperons that can be used to tag the SL decays. The decay
asymmetry ᾱD for the charge conjugated decay modes in the CP-
symmetry conservation limit is ᾱD ¼ −αD.

D Bð%Þ αD Comment

Λ → pπ− 064 0.755(3) [12,30]
Σþ → pπ0 052 −0.994ð4Þ [27]
Ξ− → Λπ− 100 −0.379ð4Þ [12,13]
Ξ0 → Λπ0 96 −0.375ð3Þ [13,29]

TABLE IV. Statistical uncertainties for the gav and gw couplings for some semileptonic decays reconstructed using
the double-tag method [Eq. (62)].

Decay σðgavÞ
ffiffiffiffi
N

p
σðgwÞ

ffiffiffiffi
N

p
rv;w [GeV−2] ra [GeV−2]

Λ → pe−ν̄e 1.8 12 1.94 1.28
Ξ− → ½Λ → pe−ν̄e�π− 1.8 12
Ξ− → ½Λ → pπ−�e−ν̄e 0.6 9
Ξ− → ½Σ0 → ½Λ → pπ−�γ�e−ν̄e 5.0 29
Ξ0 → ½Σþ → pπ0�e−ν̄e 4.0 28

Σþ → ½Λ → pπ−�eþνe 0.5 19 2.83 1.71
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decay of the singlet pair is σðgavÞ
ffiffiffiffi
N

p ¼ 4.3. It should be
compared to the uncertainties in the measurements with
single neutrons that are shown in Fig. 4(a) as a function
of the neutron polarization. For unpolarized neutron
σðgavÞ

ffiffiffiffi
N

p ¼ 7.4 and it decreases to 4.1 when the polari-
zation is equal one. The flip contribution to the helicity
amplitudes (54) of about 8%was neglected in the estimates.
The gw coupling cannot be determined since its contribu-
tion to the helicity amplitude HV

1
2
0
is suppressed by a factor

q2=M2
n. Moreover, the second amplitude that includes gw,

HV
1
2
1
, is suppressed by

ffiffiffiffiffi
q2

p
and as seen in Fig. 3(b) it is

consistent with zero.

VIII. CONCLUSIONS

We have constructed a modular description of the differ-
ential distributions for baryon semileptonic decays where the
baryons are originating from entangled baryon-antibaryon

pairs produced in the electron-positron annihilations or in
charmonia decays. The formalism allows to extract the
weak form factors using complete information available
in such experiments. The lepton mass effects as well as
polarization effects of the decaying parent hyperon are
included in the formalism. The presented modular expres-
sions are applicable to various sequential processes like
B1 → B2ð→ B3 þ πÞ þ lþ νl that involve a semileptonic
decay. Two conventions for defining transversal directions
of the helicity frames were considered. The daughter
baryon spin-density matrix in a semileptonic decay takes
the simplest form when expressed using the angles in the
decay plane. The two representations are equivalent,
provided that one uses the matching set of rotations to
define the helicity angles.
We have not included radiative corrections in our

estimates but they have to be considered in the experi-
mental analyses. Over the years, the radiative corrections
to hadronic β-decays have been extensively studied [32]
and the specific applications to the hyperon semileptonic
decays are discussed in Ref. [33]. The state-of-the-art in
experimental analyses is to use PHOTOS program [34] that is
based on leading-logarithmic (collinear) approximation.
The procedure is applied to all final particles but the
electron(positron) tracks are most affected.
The BESIII experiment has collected 1010 J=ψ [15]

meaning that for semileptonic decays data samples of less
than 104 events are available. Therefore, a rough estimate
of the achievable uncertainties with this data set is given by
dividing the values in Table IV by 100. The J=ψ decays
into a hyperon-antihyperon pair can provide a clean
setting with low systematic uncertainties for the CP-
symmetry conservation tests in semileptonic decays since
the decays of the charge conjugated modes can be done
simultaneously.
A similar modular approach with decay matrices might

be useful for studies of radiative and Dalitz decays. As a
cross-check and illustration in Appendix D we provide
formulas for the Dalitz transition B1 → B2lþl− between
baryons with spin-1=2 as well as decay matrix for a weak
radiative decay with real photon B1 → B2γ.
For the studies of semileptonic decays of heavy baryons

induced by the quark transitions c → sþ lþ þ νl or b →
cþ l− þ ν̄l the previously available formalism [6] is likely
sufficient if only beams of polarized baryons are used. This
might change in near future with BESIII and Belle II
experiments where entangled charmed baryon-antibaryon
pairs will be available. One difference would be a meas-
urement of the polarization for the tagging reactions which
probably has to use three-body hadronic weak decays.
However, even for the case of single baryon decays our
approach provides an easy and flexible way to implement
different decay sequences in the event generators that
propagate spin information of the decaying baryons.

(a)

(b)

FIG. 4. Statistical uncertainties (a) σðgavÞ
ffiffiffiffi
N

p
and (b) σðgwÞ

ffiffiffiffi
N

p
for semileptonic decays decays as a function of the initial baryon
polarization. Note that there is no estimate of σðgwÞ for n →
pe−νe in panel (b) as explained in the text.
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APPENDIX A: CONVENTIONS FOR WIGNER
FUNCTIONS AND PAULI MATRICES

Conventions for Pauli matrices: rows m1 ¼ 1=2;−1=2
are numbered from top to bottom and columns m2 ¼
1=2;−1=2 are numbered from left to right,

σm1;m2

0 ¼
�
1 0

0 1

	
; σm1;m2

1 ¼
�
0 1

1 0

	
; σm1;m2

2 ¼
�
0 −i
i 0

	
; σm1;m2

3 ¼
�
1 0

0 −1

	
: ðA1Þ

The corresponding Wigner functions DJ
m1;m2

ð0; θ; 0Þ ¼ dJm1;m2
ðθÞ are for J ¼ 1=2

D1=2
m1;m2

ð0; θ; 0Þ ¼
�
cos θ=2 − sin θ=2

sin θ=2 cos θ=2

	
; ðA2Þ

with the columns and rows expressed using the same convention. For J ¼ 1 the functions are

D1
m1;m2

ð0; θ; 0Þ ¼

0
BBB@

1
2
ð1þ cos θÞ 1ffiffi

2
p sin θ 1

2
ð1 − cos θÞ

− 1ffiffi
2

p sin θ cos θ 1ffiffi
2

p sin θ

1
2
ð1 − cos θÞ − 1ffiffi

2
p sin θ 1

2
ð1þ cos θÞ

1
CCCA; ðA3Þ

where the rows (m1) and columns (m2) are labeled in the order ð−1; 0; 1Þ from left to right and top to bottom, respectively.
This convention matches the complete Wigner D functions given as DJ

m1;m2
ðϕ; θ; χÞ ¼ expð−im1ϕÞDJ

m1;m2
ð0; θ; 0Þ×

expð−im2χÞ. The Pauli matrices are related to the 3D rotation matrices RjkðΩÞ for Ω≡ fϕ; θ; χg in the following way:

RjkðΩÞ ¼
1

2

X
κ;κ0

X
ζ;ζ0

ðσjÞκ;κ0 ðσkÞζ0;ζD1=2�
κ;ζ ðΩÞD1=2

κ0;ζ0 ðΩÞ

¼

0
B@ cos θ cos χ cosϕ − sin χ sinϕ − cos θ sin χ cosϕ − cos χ sinϕ sin θ cosϕ

cos θ cos χ sinϕþ sin χ cosϕ cos χ cosϕ − cos θ sin χ sinϕ sin θ sinϕ

− sin θ cos χ sin θ sin χ cos θ

1
CA; ðA4Þ

where the columns (k) and rows (j) are labeled k, j ¼ 1; 2; 3 (x, y, z) from left to right and from top to bottom, respectively.

APPENDIX B: DERIVATION OF THE DECAY MATRIX DECOMPOSITION

Starting from the amplitude representation in Eq. (21) we derive expression Eq. (39). Multiplying the amplitude in
Eq. (21) by its conjugate to obtain spin-density matrix and by inserting basis Pauli matrices for the mother and the daughter
baryon,
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BD
μν ¼

1

8π2
X
λ;λ0

X
κ;κ0

X
ζ;ζ0

Hζ;λH�
ζ0;λ0 ðσμÞκ;κ

0 ðσνÞλ0;λD1=2�
κ;ζ ðΩÞD1=2

κ0;ζ0 ðΩÞ

¼ 1

8π2
X
ζ;ζ0

�X
λ;λ0

ðσνÞλ0;λHζ;λH�
ζ0;λ0

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Iζ;ζ
0

ν

�X
κ;κ0

ðσμÞκ;κ0D1=2�
κ;ζ ðΩÞD1=2

κ0;ζ0 ðΩÞ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Rζ;ζ0
μ ðΩÞ

¼ 1

8π2
X
ζ;ζ0

Rζ;ζ0
μ ðΩÞIζ;ζ0ν ; ðB1Þ

where the running indices in all sums κ; κ0; λ0; λ and ζ; ζ0 are −1=2 and þ1=2. Despite BD
μν being a real-value matrix, the

matrices Iζ;ζ
0

ν and Rζ;ζ0
μ ðΩÞ are not real valued. We would like to rewrite Eq. (B1) as a product of a 4D rotation matrix and a

4 × 4 matrix bρν in the form given in Eq. (39),

BD
μν ¼

1

8π2
X3
ρ¼0

Rð4Þ
μρ ðΩÞbρν:

In order to derive form of Rð4Þ
μρ ðΩÞ we set the matrix bμν to the identity 4 × 4 matrix. This can be achieved by setting

Hζ;λ ¼ δζλ since X
ζ;ζ0

X
λ;λ0

ðσνÞλ0;λδζ;λδζ0;λ0 ðσμÞζ;ζ0 ¼ 2δνμ: ðB2Þ

Such replacement in Eq. (B1) gives,

Rð4Þ
μν ðΩÞ ¼ 1

2

X
λ;λ0

X
κ;κ0

X
ζ;ζ0

δζ;λδζ0;λ0 ðσμÞκ;κ0 ðσνÞλ0;λD1=2�
κ;ζ ðΩÞD1=2

κ0;ζ0 ðΩÞ

¼ 1

2

X
κ;κ0

X
ζ;ζ0

ðσμÞκ;κ0 ðσνÞζ0;ζD1=2�
κ;ζ ðΩÞD1=2

κ0;ζ0 ðΩÞ: ðB3Þ

By evaluating the above expression one gets the explicit form for Rð4Þ
μν ðΩÞ,

0
BBB@

1 0 0 0

0 cos θ cos χ cosϕ − sin χ sinϕ − cos θ sin χ cosϕ − cos χ sinϕ sin θ cosϕ

0 cos θ cos χ sinϕþ sin χ cosϕ cos χ cosϕ − cos θ sin χ sinϕ sin θ sinϕ

0 − sin θ cos χ sin θ sin χ cos θ

1
CCCA; ðB4Þ

which is the 4D rotation where the spatial part RjkðΩÞ corresponds to the product of the following three axial rotations,

RjkðΩÞ ¼ RzðϕÞRyðθÞRzðχÞ

¼

0
B@ cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

1
CA
0
B@ cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

1
CA
0
B@ cos χ − sin χ 0

sin χ cos χ 0

0 0 1

1
CA: ðB5Þ

The expression for bμν can be deduced by setting Rð4Þ
μρ ðΩÞ to the 4 × 4 identity matrix i.e., by setting Ω ¼ f0; 0; 0g,
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bμν ¼ BD
μνðΩ≡ 0Þ ¼

X
ζ;ζ0

�X
λ;λ0

ðσνÞλ0;λHζ;λH�
ζ0;λ0

�

×

�X
κ;κ0

ðσμÞκ;κ0δκ;ζδκ0;ζ0
�

¼
X
ζ;ζ0

X
λ;λ0

ðσνÞλ0;λHζ;λH�
ζ0;λ0 ðσμÞζ;ζ

0
:

ðB6Þ

The elements of the real-valued matrix bρν expressed in
terms of amplitudes H are

bρ0 ¼

0
BBB@

jH−−j2 þ jHþ−j2 þ jH−þj2 þ jHþþj2
2ℜðHþþH�

−þ þH−−H�þ−Þ
2ℑðHþþH�

−þ −H−−H�þ−Þ
−jH−−j2 þ jHþþj2 þ jHþ−j2 − jH−þj2

1
CCCA; ðB7Þ

bρ1 ¼

0
BBB@

2ℜðHþþH�þ− þH−−H�
−þÞ

2ℜðHþþH�
−− þH−þH�þ−Þ

2ℑðHþþH�
−− −H−þH�þ−Þ

2ℜðHþþH�þ− −H−−H�
−þÞ

1
CCCA; ðB8Þ

bρ2 ¼

0
BBB@

−2ℑðHþþH�þ− −H−−H�
−þÞ

−2ℑðHþþH�−− þH−þH�þ−Þ
2ℜðHþþH�−− −H−þH�þ−Þ
−2ℑðHþþH�þ− þH−−H�

−þÞ

1
CCCA; ðB9Þ

bρ3 ¼

0
BBB@
−jH−−j2− jHþ−j2þjH−þj2þ jHþþj2

2ℜðHþþH�
−þ−H−−H�þ−Þ

2ℑðHþþH�
−þ þH−−H�þ−Þ

jH−−j2þ jHþþj2− jHþ−j2− jH−þj2

1
CCCA: ðB10Þ

The matrix elements bμν are interrelated since they are
expressed by the four complex amplitudes Hλ;λ0 . Therefore,
neglecting the unobservable overall phase there are up to six
independent real-valued functions in addition to the unpo-
larized cross section term b00. The b-matrix can be consid-
ered as a generalization of Lee-Yang baryon polarization
formula [35] which has maximum two independent param-
eters (see example in Appendix D 2). The terms bi0=b00 are
discussed in [36] in the context of hadronic decays and are
called aligned polarimeter fields αx;y;z. In Appendix D we
give the b matrices for few example processes.

APPENDIX C: COMPLETE DECAY MATRIX
FOR SL DECAYS

The terms of the nonflip contributions for the unaligned
(with arbitrary ϕl) decay matrix bnfμν are (the term bnf33 does
not depend on the angle and it is not repeated),

bnf11 ¼ ℜðEnf
00Þ þ fℜðEnf

11Þ cos 2ϕl − ℑðEnf
11Þ sin 2ϕlg;

bnf12 ¼ −ℑðEnf
00Þ − fℜðEnf

11Þ sin 2ϕl þ ℑðEnf
11Þ cos 2ϕlg;

bnf13 ¼ ℜðInf
13Þ cosϕl − ℑðInf

13Þ sinϕl;

bnf21 ¼ ℑðEnf
00Þ − fℜðEnf

11Þ sin 2ϕl þ ℑðEnf
11Þ cos 2ϕlg;

bnf22 ¼ ℜðEnf
00Þ − fℜðEnf

11Þ cos 2ϕl − ℑðEnf
11Þ sin 2ϕlg;

bnf23 ¼ −ðℜðInf
13Þ sinϕl þ ℑðInf

13Þ cosϕlÞ;
bnf31 ¼ −ðℜðInf

31Þ cosϕl − ℑðInf
31Þ sinϕlÞ;

bnf32 ¼ ℜðInf
31Þ sinϕl þ ℑðInf

31Þ cosϕl: ðC1Þ

The remaining terms of the flip contributions for the decay
matrix bfμν are

bf11 ¼ ℜðEf
00Þ − fℜðEf

11Þ cos 2ϕl − ℑðEf
11Þ sin 2ϕlg;

bf12 ¼ −ℑðEf
00Þ þ fℜðEf

11Þ sin 2ϕl þ ℑðEf
11Þ cos 2ϕlg;

bf13 ¼ ℜðI f
13Þ cosϕl − ℑðI f

13Þ sinϕl;

bf21 ¼ ℑðEf
00Þ þ fℜðEf

11Þ sin 2ϕl þ ℑðEf
11Þ cos 2ϕlg;

bf22 ¼ ℜðEf
00Þ þ fℜðEf

11Þ cos 2ϕl − ℑðEf
11Þ sin 2ϕlg;

bf23 ¼ −ðℜðI f
13Þ sinϕl þ ℑðI f

13Þ cosϕlÞ;
bf31 ¼ −ðℜðI f

31Þ cosϕl − ℑðI f
31Þ sinϕlÞ;

bf32 ¼ ℜðI f
31Þ sinϕl þ ℑðI f

31Þ cosϕl: ðC2Þ

APPENDIX D: EXAMPLES OF ALIGNED DECAY
MATRICES

1. B1 → B2γ

The amplitude Eq. (10) for the weak decay B1 → B2γ
simplifies by replacing λW → λγ where λγ ¼ f−1; 1g. For
the hadronic tensor only terms H1

2
1 and H−1

2
−1 are nonzero.

The transition tensor for decay with real photon in helicity
representation reads,

Tκκ0;λ2λ02 ¼ 1

4π

X
λγ

Hλ2λγH
�
λ0
2
λγ
D1=2�

κ;λ2−λγ ðΩ2ÞD1=2
κ0;λ0

2
−λγ

ðΩ2Þ:

ðD1Þ

The decay matrix bγμν is the following:

bγμν ≔
X
λγ

X1=2
λ2;λ2 0¼−1=2

Hλ2λγH
�
λ2

0λγ
σ
λ2−λγ ;λ2 0−λγ
μ σλ2

0;λ2
ν

¼ jH−1=2;−1j2σ1=2;1=2μ σ−1=2;−1=2ν

þ jH1=2;þ1j2σ−1=2;−1=2μ σ1=2;1=2ν ðD2Þ

or
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bγμν ∝

0
BBB@

1 0 0 αγ

0 0 0 0

0 0 0 0

−αγ 0 0 −1

1
CCCA; ðD3Þ

where

αγ ¼ jH1=2;þ1j2 − jH−1=2;−1j2;
jH1=2;þ1j2 þ jH−1=2;−1j2 ¼ 1: ðD4Þ

2. B1 → B2π

For weak nonleptonic decay DðB1 → B2πÞ we present
the results from Ref. [8] as a product of rotation matrix and
the aligned decay matrix,

Tκκ0;λ2λ02 ¼ 1

4π
Hλ2;0H

�
λ0
2
;0D

1=2�
κ;λ2

ðΩ2ÞD1=2
κ0;λ0

2
ðΩ2Þ: ðD5Þ

The decay matrix bDμν is rewritten as

bDμν ≔
X1=2

λ2;λ2 0¼−1=2

Hλ2;0H
�
λ2

0;0σ
λ2;λ2 0
μ σλ2

0;λ2
ν

¼ jH−1=2;0j2σ−1=2;−1=2μ σ−1=2;−1=2ν

þ jH1=2;0j2σ1=2;1=2μ σ1=2;1=2ν

þH1=2;0H�
−1=2;0σ

1=2;−1=2
μ σ−1=2;1=2ν

þH−1=2;0H�
1=2;0σ

−1=2;1=2
μ σ1=2;−1=2ν ðD6Þ

or

bDμν ∝

0
BBB@

1 0 0 αD

0 γD −βD 0

0 βD γD 0

αD 0 0 1

1
CCCA; ðD7Þ

where

αD ¼ jH1=2;0j2 − jH−1=2;0j2; jH1=2;0j2 þ jH−1=2;0j2 ¼ 1;

ðD8Þ

βD ¼ 2ℑðH1=2;0H�
−1=2;0Þ; γD ¼ 2ℜðH1=2;0H�

−1=2;0Þ:
ðD9Þ

3. B1 → B2γ� → B2l + l −

The decay matrices for the B1 → B2γ
� → B2lþl−

electromagnetic decay can be obtained by simplifying
the hadronic tensor by setting to zero all form factors
except forHV

1
2
1
¼ HV

−1
2
−1 andH

V
1
2
0
¼ HV

−1
2
0
that are nonzero in

this parity-conserving process. The decay γ� → l−lþ is
described in the Rγ frame where the emission angles of the
l− lepton are θl and ϕl. The value of the lepton momentum
in this frame is

jplj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 4m2

l

q
2

: ðD10Þ

The leptonic tensor for the γ� decay λγ ¼ f−1; 0; 1g with
the lepton helicities summed over is

Lλγ ;λ0γ ðq2;ΩlÞ ≔
X1=2

λþ¼−1=2

X1=2
λ−¼−1=2

hΩ−; λ−; λþjSlj; q2; λ0γi�hΩ−; λ−; λþjSljq2; λγi ðD11Þ

¼
X1=2

λþ¼−1=2

X1=2
λ−¼−1=2

jhlλþλ−ðq2Þj2D1�
λγ ;λ−−λþðΩlÞD1

λ0γ ;λ−−λþ
ðΩlÞ ðD12Þ

¼ eiðλγ−λ0γÞϕl

X1=2
λþ¼−1=2

X1=2
λ−¼−1=2

jhlλþλ−ðq2Þj2d1λγ ;λ−−λþðθlÞd1λ0γ ;λ−−λþðθlÞ: ðD13Þ

The moduli squared of hlλ−λþ corresponding to the vertex ūðpz; λ−Þγμvð−pz; λþÞϵμ calculated using the charged-lepton
spinor representation from Appendix in Ref. [37] are

nonflipðλγ ¼ ∓ 1Þ∶ jhl
λ−¼∓1

2
;λþ¼�1

2

j2 ¼ 2q2; ðD14Þ

flipðλγ ¼ 0Þ∶ jhl
λ−¼�1

2
;λþ¼�1

2

j2 ¼ 4m2
l : ðD15Þ
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The resulting leptonic tensor reads

Lλγ ;λ0γ ðq2;ΩlÞ ¼ ðq2 − 4m2
l Þ

0
B@ cos2θl −

ffiffiffi
2

p
e−iϕl sin θl cos θl e−2iϕlsin2θl

−
ffiffiffi
2

p
eiϕl sin θl cos θl − cos 2θl

ffiffiffi
2

p
e−iϕl sin θl cos θl

e2iϕlsin2θl
ffiffiffi
2

p
eiϕl sin θl cos θl cos2θl

1
CA

þ ðq2 þ 4m2
l Þdiagð1; 1; 1Þ: ðD16Þ

The differential decay rate of the unpolarized baryon B1

in the electromagnetic conversion process where the spins
of all final particles are summed is

dΓ ∝
α2em
q2

VPhðq2Þ
�
1 −

4m2
l

q2

	
bem00 dqdΩ2dΩl; ðD17Þ

where VPhðq2Þ is the three-body phase space density factor
given by the product of the momenta jp2j and jplj of the
baryon B2 and the lepton, given in Eqs. (8) and (D10),
respectively. The unrotated decay matrix can be obtained
adapting (40),

bemμν ≔
1

2ðq2 − 4m2
l Þ

X1
λγ ;λ0γ¼−1;0

X1=2
λ2;λ02¼−1=2

Hλ2λγH
�
λ0
2
λ0γ
T

λγ ;λ0γ ;λ2;λ02
μν :

ðD18Þ
Its elements are

bemμν ¼

0
BBB@

bem00 bem01 bem02 0

bem01 bem11 bem12 bem13
bem02 bem12 bem22 bem23
0 −bem13 −bem23 bem33

1
CCCA; ðD19Þ

where

bem00 ¼
�
cos2θl þ

q2 þ 4m2
l

q2 − 4m2
l

�
jHV

1
2
1
j2 þ 2

�
sin2θl þ

4m2
l

q2 − 4m2
l

�
jHV

1
2
0
j2;

bem33 ¼ −
�
cos2θl þ

q2 þ 4m2
l

q2 − 4m2
l

�
jHV

1
2
1
j2 þ 2

�
sin2θl þ

4m2
l

q2 − 4m2
l

�
jHV

1
2
0
j2;

bem01 ¼ −
ffiffiffi
2

p
sin 2θl sinϕlℑðHV

1
2
1
HV�

1
2
0
Þ;

bem02 ¼ −
ffiffiffi
2

p
sin 2θl cosϕlℑðHV

1
2
1
HV�

1
2
0
Þ;

bem11 ¼ cos 2ϕlsin2θljHV
1
2
1
j2 þ 2

�
sin2θl þ

4m2
l

q2 − 4m2
l

�
jHV

1
2
0
j2;

bem22 ¼ − cos 2ϕlsin2θljHV
1
2
1
j2 þ 2

�
sin2θl þ

4m2
l

q2 − 4m2
l

�
jHV

1
2
0
j2;

bem12 ¼ − sin 2ϕlsin2θljHV
1
2
1
j2;

bem23 ¼ −
ffiffiffi
2

p
sin 2θl sinϕlℜðHV

1
2
1
HV�

1
2
0
Þ;

bem13 ¼
ffiffiffi
2

p
sin 2θl cosϕlℜðHV

1
2
1
HV�

1
2
0
Þ: ðD20Þ

Decay plane-aligned parameters reduce to the following
form:

bemμν ¼

0
BBB@

bem00 0 bem02 0

0 bem11 0 bem13
bem02 0 bem22 0

0 −bem13 0 bem33

1
CCCA; ðD21Þ

where in the real form factors limit additionally the term
bem02 vanishes. Thus, no polarization is induced, but the

initial polarization and spin correlations of the baryon B1

are transferred to the daughter baryon.

4. B1 → B2½V� → P1P2�
Here we consider a decay of spin-1=2 baryon to a

spin-1=2 baryon and a pair of pseudoscalar mesons P1 and
P2 via an intermediate vector meson V e.g., B1 → B2ρ

0 →
πþπ−. The decay matrices are obtained as in Appendix D 3
by replacing the dilepton with the pseudoscalars, and the
virtual photon with a massive vector meson decaying
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strongly. Since the initial baryon decays weakly into the
intermediate state B1 → B2V�, all vector and axial vector
form factors should be used. The decay V�ðqÞ →

P1ðm1;pπÞP2ðm2;−pπÞ is described in theRV frame where
the emission angles of the P1 pseudoscalar are θπ and ϕπ .
The value of the momentum pπ is

jpπj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4 þm4

2 þm4
1 − 2q2m2

1 − 2q2m2
2 − 2m2

1m
2
2

4q2

s
: ðD22Þ

The tensor for the V� → P1P2 decay for the helicities λV; λ0V ¼ f−1; 0; 1g is

HλVλ
0
V
ðΩπÞ ≔ eiðλV−λ0VÞϕπ jhV j2d1λV ;0ðθπÞd1λ0V ;0ðθπÞ; ðD23Þ

where the hV is a constant and it can be absorbed as a normalization factor. The resulting tensor reads

HλVλ
0
V
ðΩπÞ ¼

0
BBB@

sin2θπ
2

e−iϕπ sin θπ cos θπffiffi
2

p − e−2iϕπ
2

sin2θπ

eiϕπ sin θπ cos θπffiffi
2

p cos2θπ − e−iϕπ sin θπ cos θπffiffi
2

p

− e2iϕπ
2

sin2θπ − eiϕπ sin θπ cos θπffiffi
2

p sin2θπ
2

1
CCCA: ðD24Þ

The unrotated decay matrix can be obtained by replacing the leptonic tensor with the tensor HλV ;λ0V
in (40),

bVμν ≔
X1

λV ;λ0V¼−1

Hλ2λVH
�
λ0
2
λ0V
T

λV ;λ0V ;λ2;λ
0
2

μν : ðD25Þ

Its elements are

bV00 ¼


jH1

2
0j2 þ jH−1

2
0j2

�
cos2θπ þ

1

2



jH1

2
1j2 þ jH−1

2
−1j2

�
sin2θπ;

bV01 ¼ ℜðAÞ cosϕπ þ ℑðAÞ sinϕπ;

bV02 ¼ ℑðAÞ cosϕπ −ℜðAÞ sinϕπ;

bV03 ¼


jH1

2
0j2 − jH−1

2
0j2

�
cos2θπ þ

1

2



jH1

2
1j2 − jH−1

2
−1j2

�
sin2θπ;

bV10 ¼ ℜðBÞ cosϕπ þ ℑðBÞ sinϕπ;

bV20 ¼ ℑðBÞ cosϕπ −ℜðBÞ sinϕπ;

bV11 ¼ ℜðCÞ −ℜðDÞ cos 2ϕπ − ℑðDÞ sin 2ϕπ;

bV12 ¼ ℑðCÞ − ℑðDÞ cos 2ϕπ þℜðDÞ sin 2ϕπ;

bV21 ¼ −ℑðCÞ − ℑðDÞ cos 2ϕπ þℜðDÞ sin 2ϕπ;

bV22 ¼ ℜðCÞ þℜðDÞ cos 2ϕπ þ ℑðDÞ sin 2ϕπ;

bV13 ¼ −ℜðEÞ cosϕπ − ℑðEÞ sinϕπ;

bV23 ¼ −ℑðEÞ cosϕπ þℜðEÞ sinϕπ;

bV30 ¼


jH1

2
0j2 − jH−1

2
0j2

�
cos2θπ −

1

2



jH1

2
1j2 − jH−1

2
−1j2

�
sin2θπ;

bV31 ¼ ℜðF Þ cosϕπ þ ℑðF Þ sinϕπ;

bV32 ¼ ℑðF Þ cosϕπ −ℜðF Þ sinϕπ;

bV33 ¼


jH1

2
0j2 þ jH−1

2
0j2

�
cos2θπ −

1

2



jH1

2
1j2 þ jH−1

2
−1j2

�
sin2θπ; ðD26Þ

with

A ¼
ffiffiffi
2

p
cos θπ sin θπ



H�

1
2
0
H−1

2
−1 −H�

1
2
1
H−1

2
0

�
; ðD27Þ
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B ¼
ffiffiffi
2

p
cos θπ sin θπ



H�

−1
2
0
H−1

2
−1 −H�

1
2
1
H1

2
0

�
; ðD28Þ

C ¼ 2H�
1
2
0
H−1

2
0 cos

2 θπ; ðD29Þ

D ¼ H�
1
2
1
H−1

2
−1 sin

2 θπ; ðD30Þ

E ¼
ffiffiffi
2

p
cos θπ sin θπ



H�

−1
2
0
H−1

2
−1 þH�

1
2
1
H1

2
0

�
; ðD31Þ

F ¼
ffiffiffi
2

p
cos θπ sin θπ



H�

1
2
0
H−1

2
−1 þH�

1
2
1
H−1

2
0

�
: ðD32Þ

Decay plane aligned parameters reduce to the following
form

bVμν ¼

0
BBB@

bV00 ℜðAÞ ℑðAÞ bV03
ℜðBÞ ℜðC −DÞ ℑðC −DÞ −ℜðEÞ
ℑðBÞ −ℑðC þDÞ ℜðC þDÞ −ℑðEÞ
bV30 ℜðF Þ ℑðF Þ bV33

1
CCCA:

ðD33Þ

The differential decay rate of the process with unpolarized
baryon B1 and the spins of B2 summed over is

dΓ ∝ VPhðq2ÞbV00dqdΩ2dΩπ; ðD34Þ

where VPhðq2Þ is the three-body phase space density factor
given by the product of the momenta jp2j and jpπj.
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