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Susceptibility of a single photon wave packet
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The explicit compact expression for the susceptibility tensor of a single photon wave packet on the
photon mass-shell is derived. It is assumed that the probe photon is hard, the tested photon is soft, and their
total energy is below the electron-positron pair creation threshold. It turns out that a single photon wave
packet can be regarded as a birefringent gyrotropic dispersive medium in the process of light-by-light
scattering. The explicit expression for the inclusive probability to record the probe photon in the process of
light-by-light scattering is obtained in the first nontrivial order of perturbation theory where the interference
effect of the free passed and scattered parts of the photon wave function dominates. This effect is of order a?
in contrast to the standard contribution to the light-by-light scattering cross section which is of order a*.
The possible nontrivial shapes of the wave functions of probe and tested photons are taken into account.
The evolution of the Stokes parameters of a probe photon is described. The change of the Stokes parameters
is rather large for hard probe photons and sufficiently intense beams of soft tested photons.
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I. INTRODUCTION

The study of the properties inherent to elementary
particles such as mass, spin, charges, magnetic and dipole
moments, and others is one of the fundamental problems of
physics. It was shown in the paper [1] that another such
characteristic of particles is their susceptibility. Staying in
line with traditions of classical physics, it appears at first
sight that the susceptibility is a property of a group of
particles or of particles with nontrivial internal structure.
Nevertheless, as was shown in [1], the susceptibility tensor
can be defined, evaluated, and measured experimentally for
the wave packet of a single electron. In the present paper,
we continue the investigation of susceptibilities of elemen-
tary particles and find the susceptibility tensor for the wave
packet of a single photon on the photon mass-shell.

The simplest way to calculate the susceptibility tensor of
a single photon wave packet could be in the use of the
Heisenberg-Euler Lagrangian [2—14]. This is the most
common method to describe the light-by-light scattering
process that allows one to obtain the effective susceptibility
of a beam of photons or of a macroscopic electromagnetic
field. However, in applying this procedure to the derivation
of the susceptibility tensor of a single photon, it is not
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immediately clear what should be taken as a background
field since the average values of the electromagnetic field
operator over Fock states vanish. Another drawback of this
approach is that it implies the total energy of the probe and
tested photons is much less than the electron-positron pair
creation threshold and it is not applicable near this thresh-
old. It is known (see, e.g., [15]) that the light-by-light cross
section strongly depends on the energies of scattered
particles and it rapidly increases near the electron-positron
pair creation threshold. The second nonperturbative method
to find the susceptibility tensor is to employ the exact
expression for the photon polarization tensor on a strong
plane wave electromagnetic background [16-20]. This
approach is restricted to plane electromagnetic tested waves
and, as in the case of the Heisenberg-Euler effective action,
is not immediately applicable to a wave packet of a single
tested photon. Therefore, in the present paper we stick to
the standard perturbative approach for description of light-
by-light scattering [21-25] fully taking into account the
shapes of the wave functions of probe and tested photons.

By now there are papers where the influence of profiles
of the wave packets of scattered photons on various aspects
of the light-by-light scattering was studied [6—-12,14,18—
20,26]. Nevertheless, as far as we known, the expression for
the susceptibility tensor of a single photon wave packet and
of a beam of photons of a general profile has not been found
in a closed and concise form. In the present paper we fill
this gap. Furthermore, we derive the explicit expression for
the inclusive probability to record a probe photon in the
light-by-light scattering taking into account the interference
of the free passed part of the probe photon wave function
with its scattered part. This interference effect stems from a
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change of the probe photon wave function in scattering on
an effective medium with susceptibility tensor of the tested
photon or of a beam of such photons. The inclusive
probability depends on the nontrivial structure of the states
of probe and tested photons. Under certain approximations,
the expression for this probability implies a simple equation
for evolution of the Stokes parameters of the probe photon
that generalizes the relations obtained in [27-31]. It turns
out that the evolution of the Stokes parameters of the probe
photon depends severely on the shape of its wave packet, in
particular, on the presence of imaginary part of the density
matrix of its state in the momentum space. Unpolarized
states of probe photons possessing the density matrix with
nonzero imaginary part become polarized as a result of
scattering on tested photons. The magnitude of the inter-
ference effect and, respectively, a change of the Stokes
parameters can be rather large for scattering of the hard
probe photon by a lengthy intense laser beam. This effect
can be observed on the existing and planned experimental
facilities provided the profile of the wave packet of a probe
photon and its polarization can be controlled [32-36].

The paper is organized as follows. In Sec. II, the general
formula for the inclusive probability to record a probe
photon scattered by a tested photon is given. Section III is
devoted to derivation of the concise explicit expression for
the susceptibility tensor of a single photon wave packet.
Here we also provide the estimates for the order of
magnitude of this quantity in different regimes. In the next
Sec. IV, we simplify the general expression for the inclusive
probability and describe the evolution of the Stokes
parameters of the probe photon. In Conclusion, we sum-
marize the results. Some calculations arising in evaluating
the inclusive probability are removed to Appendix A. In
Appendix B, we generalize the expression for the suscep-
tibility tensor of a single electron wave packet obtained in
[1] to a nonstationary case.

We follow the notation adopted in [1]. The Greek indices
a, . @, f3, ... denote the quantum numbers of particle states.
The Greek  is the space-time index taking the values 0, 3 and
the Latin i, j are the spatial indices. The Greek 1 = 41
specifies the circular polarization, whereas [, /' = {1,2} are
for the linear polarization. The summation (integration) over
repeated indices is always understood unless otherwise
stated. We also suppose that the quantum states of particles
are normalized to unity in some sufficiently large volume V.
The complex conjugation is denoted by the bar over the
symbol. Furthermore, wherever it does not lead to misunder-
standing, we use the matrix notation. For example,

§ a(ICZ(I’

a

C_iDd = EZ&D&ada — ZQ&D&ada’ etc. (1)

a,a

aa

a(la{l

The operators acting in the Fock space are denoted by letters
with carets. We use the system of units such that z = ¢ = 1

and e2 = 4za, where « is the fine structure constant. The
Minkowski metric is taken with the mostly minus signature.

II. GENERAL FORMULAS

Consider the process of an elastic scattering of a photon
by a photon in the leading nontrivial order of perturbation
theory. As the initial state of photons at t = ;| —» —o0, we
take the coherent state defined by the density matrix

Ry = |d)(d|e™, (2)

where d,, is the complex amplitude of the coherent state at
the instant of time f;. We suppose that the quantum
numbers a contain the particle energy and

da =8, + hw (3)

where s,, describes the state of the laser beam comprised of
low energy photons and /, determines the state of hard
probe photons. Furthermore, we assume that the total

energy of any two photons from the state ﬁph is not

enough to create an electron-positron pair, i.e., s < 4m?.
The initial state of the whole system takes the form

& = Rph ® |0>e’ <O|e’ ® |O>eJr <0|e+’ (4)

where |0),- is the vacuum state of electrons and |0),+ is the
vacuum state of positrons.

In order to define the quantum measurement in the final
state at t = t, — +o0, we introduce the projectors

ﬁD =111, I, = :exp(=¢'De):,  (5)

where D = D is the projector in the one-particle Hilbert
space and &, and &, are the creation and annihilation

operators for photons. The projector ﬁD singles out the
states in the Fock space that contain at least one photon
with quantum numbers specified by the projector D due to
the fact that

(De) I = Tp(2'D), = 0. (6)

Then the inclusive probability to record a photon by the
detector at the instant of time #, reads

Pp= Sp(kﬁtl ,tzﬁD 0t2,t1 ) = SP(R(ﬁ )S‘tl ,tzﬁD(tz)Stz,tl ), (7)
where
D&a(IZ) = Ddaei(koa_k0a>f2 ’ (8)

and R(1;) has the form (2) and (4), where one should
substitute
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dy = dy(t)],_g = dyeibor. 9)

In expression (7), we have also introduced the standard
notation for the evolution operator 1,1, and the S-operator.

Further we assume that D, is diagonal with respect to
the photon energy and, consequently, Dg,(f) = Dz,-
Moreover, it is convenient to specify the form of the
complex amplitude d,, at + = 0 and not at the initial instant
of time #;. Then d, taken at the initial instant of time is
found by reversing formula (9). Henceforth, for brevity, we
denote the complex amplitude of the coherent state at the
instant of time ¢ = 0 as d,,. Bearing this in mind and taking
the limits #, - 400, t; > —o0, we obtain

A
AR

P;, = Sp(RS™TI,S), (10)

where S is the operator of the S-matrix.

When the aforementioned restrictions on the energies of
photons in the initial state are satisfied, only the process
of light-by-light scattering may happen in the leading order
of perturbation theory. Then the S-matrix becomes

S=1+C+---, (11)
where the operator
C = :[z gc(t/_}a/iéaaﬂ (12)

describes the light-by-light scattering in the leading order
of perturbation theory. In virtue of unitarity of the S-matrix,

C'=-C, (13)

in the given order of perturbation theory and domain of
parameters. Therefore,

Capap = Cpaap = Cappa = ~Copapr (14)

At the same order of perturbation theory,

Pp = Sp(RphﬁD) + [Sp(kphﬁDé) + C'C'] +oee (15)

The traces of operators appearing in this expression are
readily evaluated (see Appendix A)

SP( thDC> - [aaaﬁ - (‘_iD)&(Zib)ﬁe_a[)d}caﬁaﬁdadﬂ’
(16)

Where D(Z(l = 5&(1 - Dfl(l‘

We assume that
(Ds), = 0. (17)
i.e., the detector does not record soft photons s,,. In this case,
dDd = hDh.  (18)

Furthermore, we suppose that the state of hard photons is
close to a one particle Fock state and so we seek for a leading
nontrivial contribution to (15) in limit 4, — 0. Then

PD - hDh + {[( )E_ljﬁ aS/j
+ (hahy — (R D)o(h D)5 + 255(hD)j)s,sp
+ 43‘&(}_1D)/_}sahﬂ] aﬂaﬂ + C.C.} + Tt (19)

It follows from the property (14) that the first term in the
square brackets is purely imaginary. Hence its contribution is
equal to zero. The next terms embraced by the parentheses
vanish due to the energy conservation law and the
assumption that the energies of photons in the state s, are
small in comparison with the energies of photons in the state
h,. Then within the order of perturbation theory we consider,
we can write

Pp = h;Dh;, (hy)5 = hg + @pghy, (20)

where
Dy = 455C550p5a (21)

and for conciseness we have added the term to (20) of order
a*. This term does not coincide with the standard contribu-
tion proportional to a* neglected in (15).

Formula (20) says that the detector records photons in
the state (h,) p that result from scattering of photons in the
state h; by the photons in the laser beam described by the
state s,. In the case of a mixed initial state of probe photons
with the density matrix pgp, the inclusive probability (20) is
written as

Pp = Dyj(8p + Ppp) (G + Py (22)

Let us stress that formulas (15), (19), (20), and (22) do not
contain the standard contribution defining the differential
cross section of light-by-light scattering because it is of a
higher order with respect to the coupling constant. The
standard contribution becomes the leading one in the
domain of quantum numbers 8 where (Dh) 3 is negligible.
However, when the free passed probe photon wave function
overlaps with its scattered part the interference contribution
taken into account in (15), (19), (20), and (22) is stronger
by four orders of magnitude than the standard one.
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II1. SUSCEPTIBILITY OF A PHOTON

The above general formulas allow one to deduce the susceptibility of a single photon wave packet on the mass-shell and
to find the inclusive probability to record a photon scattered by other photon or by the laser beam of photons. The amplitude
of light-by-light scattering is given in [15,21-25]. In our notation,

a = (Al’k1>’ /} = (127k2)’ a= (’13’k3)7 /;) = (147 k4)’
Vdk 2
Z/ 27) s = ( ”) — 1 (K2). (23)

The normalization condition takes the form

Shah, =Y [ dkln)F =1 3 [ akls)f =N, (24)
a A A

where N, is the average number of photons in the beam s,. The circular polarization vectors are defined as [21-25]

1
V2
where 4 = +1, the linear polarization vector e, (k) is perpendicular to the reaction plane, the linear polarization vector

e,(k) lies in the reaction plane, and {e,(k), e,(k),k} constitute a right-handed triple.
In this case,

e (k) = —= (e, (k) + ide;(k)), (25)

i - M0, (S, 1 1)
. ; / sk Ky ks = )5, 065)5, K1) 1204(k22)k L (26)
where
s = (ki + k2)2 = (ks + k4)2 = 2kyky = 2ksky, t=(k; — k3)2 = (ky = k4)* = =2kik3 = =2krky,
u=(ky —ky)? = (ky — k3)?> = =2k ky = =2k, k5. (27)
In particular,
s = k9K (n3 —ny)?, (28)

where nj 4 = k3, /|Kk; 4| It is clear that s + 7 4+ u = 0. Integrating over the spatial momenta k; in (26), we arrive at

M s, 1,
dk36(K) + K9 — kO — K9)5,. (Ks)s, (k) ERACLY) (29)
/}/} 3 I
/11 A3 |k1||k2||k3 |k4| k,=k;+k,—k,
Introduce the notation,
5, (k; x0) = ek, (K), (30)
and write the delta function expressing the energy conservation law as a Fourier transform. Then we have
dkdx® M S, tu
S [ S, i) ) ) 61
ﬂ.l A3 |k1||k2||k3”k4| Kk =k;+k,—k,

In order to find the susceptibility tensor of a single photon wave packet on the mass-shell, we compare the scattering
amplitude of the hard probe photon (A,)  With the amplitude of scattering by a medium with a certain susceptibility tensor
xij in the first Born approximation. Let the medium possess the susceptibility tensor
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xX+y
)(ij( 5 ,x—y>, (32)

where x = (x°, x). The dependence of y;; on (x + y)/2 is supposed to be slow. The second argument of y,; characterizes the
frequency and spatial dispersions, and y;; is a rapidly varying function of this argument. Then, in the first Born

approximation, the amplitude of scattering of a photon by the medium with such a susceptibility tensor becomes (see, e.g.,
[37,38])

K22
Koy %o _(r A (ke —ko, ) x"—i (k' —k)x
Syy = by + i / dixe)") (K )iy K)el (ke oy —Ha KON, (33)
where K, == (k,, + k,)/2 and
X (% K) ’=/d4Z€iK“Z”)m(x, 2). (34)
It is useful to write (33) as
K252
.0y 0 p) itk —ko )0
Syy = Opy +1 72Vy /dx é; )(k/>)(z/( 0, Ak; K) 5)< e ko ~Hor )X, (35)

where Ak := k’ — k and we have introduce the notation for the Fourier transform of the susceptibility tensor with respect to
the slowly varying spatial argument. Comparing (31) with (35), we obtain

dka;S}L k;,x )Si (k’;"’Ak X ) (
; AKk; K) 3 M k k 36
e 205K) = 3 [ S e ke Ml 2 ), o
where
Ak Ak
ky=K-—>. k=Kt (37)

Formula (36) gives the general expression for the on-shell susceptibility tensor of photons in the state s,.
Let us simplify expression (36). Recall that [15,21-25]

M/112213/14 = M—ll,—/lz,—%,—/h’ Mﬁlﬂzlzh = M43/141142’ Mﬂlizlﬂzx = M12/1124,13- (38)

In the limit of a small momentum transfer, || < 4m?,

Moi(5) = Mooy (=9) = 8a21(9). M.(s) = —8ay(s) (39)
where
1) == |1+ (2-3)860+ (=44 5)9)+ (- )10+ (2= 5- )10 .
o(s) = - [1 F 5B ~ S B(=s) 4 T(s) + %T(—s/)} o (40)
and

[ 4 r: 4 ar:
B(s) =4/1—~- arcsinhTs —1=4/--1 arcsin? -1, T(s) = arcsinhsz = —arcsin? g (41)
s s
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where the principal branches of multivalued functions are taken and s — s + i0. For s, |¢, |u| much less than 4m?, the

independent amplitudes become

1a? 1a*
Mitvie =gggas Mit-= 5,24
11a? a?
=t = g5 2, ™ (s> +2+u?), M, . =0. (42)

In the general case, the explicit expressions for M, ; ; ;. are presented in [15,21-25].

In order to proceed, we assume that the states s, and hy
are such that

|AKk| < |k;

, |Ak| < [ky

, (43)

where Ak := k, — k. In fact, condition (43) means that the
dispersion of momenta in the wave packet of a hard probe

use formulas (39) for the invariant scattering amplitudes. In
the leading order in AK, we can discard Ak in the integrand
of (36) while keeping the argument of the function
s;, (k3 4 Ak). In the general case, this function can vary
rapidly even for a small deviation, Ak, of its argument.
Then

_ 2 —
photon is much less than the average energy of modes in the s = [ks[[K[(m; —n)%, n = K/[K]. (44)
state s,. The second condition in (43) follows from the first ) ]
one inasmuch as, by assumption, the energy of the photon ~ Denoting concisely
hg is much higher than the energies of the modes in the state . 0 o
54 In this case, s & |u| < 4m? and 1| < s and so one can Siaay = 51, (K3307) 5, (ks + Aks x%), (45)
|
we obtain
g _(2
Zs/lg/llM/13/14il/12e,(' 4)(K)e§' 2) (K)
PR
o[ Se_+s_, Si_—S_,
=8a” | f(s)(sp +5_2) + fa($) (514 —5__)or = 9(5)#03 +9(s) —;  C (e1);(K)(ey),;(K)
L ll/
[ ) Si;— S Sip + 8
= 8a? | f,(5)(s11 + $22) + ifu(5) (521 — 512)02 — g(5) %63 + 9(@%61} (e1);(K)(er);(K)
L Zl/
[ N i - g(s N y
=82 | (5)6'5) 4 £,(5) 02500 = 25 () = (9| (e (K)er) (). (46)
L ll/

where the basis of linear polarization vectors has been used, in the last equality we have rewritten the foregoing expression
with the aid of sigma matrices, 5, := s;(k; + Ak;x?), and

fs(s) = [f(s) + £(=9)]/2, (47)

Notice that f(s), f4(s), and g(s) are monotonically increasing functions for s € [0,4m?] and are non-negative on this
interval. Moreover,

13s* 53 57 52 s

Fal9) = G3oms T 1735w T I8 =it TgomE T

112 N N
-~ 360m* " 21600m® ’

fs(s) (48)
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1 2 2
fo(dm?) = 3 arcsinh’1 + 3% —3~1.0895, fa(4m?) = 3v/2 arcsinh1 — arcsinh?1 — % ~0.495,

1 2
g(4m?) = \/2 arcsinh1 — 2 arcsinh?1 + % - 1~1.0917. (49)

The plots of the functions f(s), f,(s), and g(s) are presented in Fig. 1.
Introduce the relativistic coordinate representation of the complex amplitudes s, as

dk "
§,(x) = | ——— ¥y, (k;x0), 50
)= | ) (50)
and
dksfY2(s)
_ 2 _ 3Js ik3x .0
wea(x) = f 7 (s)8;(x) = | —=mm==e" s (K35 x7),
Vv (27)%2]ks]
1/2
1/2 dk3fd"(s)  ax )
W (x) = fd7(5)s5(x) = | ———=—===¢"%s5;3(k3;x"),
2(x) (s)5:(x) 2072k 2(k3;x7)
dk3g'2(s) .
Wea(x) = g2 (s)5;(x) = | ——====e™Ns;(ks120), (51)
’ Vv (27)%2]k;]
where £V 2(s), 1 2(s), and g}/ 2(s) acting on s,(x) are understood as pseudodifferential operators with ki = —id/ox'. In
that case, the susceptibility tensor can be cast into the form
Ba [ 4 \sL_ it Lot ;i
)(ij(xQ K) = K2 (l//sl//s)‘sij - ’(ll/aazl//a)fijk”k ) ((l//g¢73ll’g)03 - (ng’ll//g)ffl)u'(el)i(K)(ez’)j(K) . (52)
The last term in the square brackets can be simplified so that
8(12 T 1 1 LooF 7 7
)(ij(x§ K) = K2 (wsw,) + ) |‘//g,+l//g.—| 5ij - I(WGGZV/a)gijknk - |l//g.+l//g,—|€i (K)ej (K) ¢, (53)

where 5}1- = §;; —n;n; and e? is the polarization vector ey;
rotated by an angle of ¢ = —arg(y, y,_)/2 in the plane
spanned by the vectors {e,e,}. The susceptibility of a
single photon wave packet is obtained when one retains the
leading term in formulas (2) and (20) for s, — 0. It is clear
from these formulas that expression (53) also holds for the
wave packet of a single photon, where s;(k) should be
interpreted as a single photon wave function.

The susceptibility tensor (53) corresponds to a birefrin-
gent gyrotropic dispersive medium. As is seen from
asymptotics (48), the term related to gyrotropy is sup-
pressed for s < 4m?, in particular, it is absent in the

0 ! 2 3 4 approach based on the Heisenberg-Euler Lagrangian. For

N infinitely small |K|, gyrotropy vanishes and the whole

FIG. 1. The dependence of f,(s), f,(s),and g(s) ons’ = s/m?. expression (53) tends to a finite nonzero limit. Furthermore,
The solid line is f,(s), the dashed line is f,(s), and the dashed ~ gyrotropy disappears in the case when s; =0 or s, = 0.
dotted line is g(s). The last term in (53) vanishes for s, = 0 or s_ = 0. In that
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case, the wave packet of a single photon is purely
gyrotropic. Notice that for s~ 4m? the contribution of
the term responsible for gyrotropy of the wave packet is of
the same order as the main contribution to the susceptibility
tensor standing at &;5.

Let us estimate the magnitude of the susceptibility (53).
By the order of magnitude,

8a?

S =2 (s

Xij~ f ( )
where A (x) is the electromagnetic potential in the Coulomb
gauge and

K2 := A% /m? (55)
is the undulator strength parameter characterizing the appli-
cability of the standard perturbation theory [39,40]. If
K, <1, then the perturbation theory is applicable, while
for K, 2 1 the background field has to be taken into account
nonperturbatively. Taking approximately, s ~ 4|ks||K|, we
have

3202
Xij ™~ Tfs( )

2k2
3 2
Kll

(56)

If the energy of the hard probe photon is close to the electron-
positron pair creation threshold, s ~ 4m?, then f(s) ~ 1 and

2a k2
Xij ~ i m3 K2 (57)
For s < 4m?, we have f(s) ~ 11s2/360m* and
ak?
Xij ~;m—§Kﬁ- (58)

Hence, we can use the same estimate for the susceptibility in
the whole range of s up to s = 4m?.

(27) dkdk
q>ﬁﬂhﬂ_u/ i / 3 25(k0 k) — kO —
Ay A

To reveal the main features of expression (22), we assume
that |Ak| not only satisfies the conditions (43) but is much
less than the typical scale of variation of the complex
amplitude s,(k). In the coordinate space, this condition
means that the typical scale of variation of the wave function
or of the average electromagnetic field of soft photons in the
state s, is much less than the diameter of the region of
localization of the wave function of the hard probe photon /.
Notice that, in the plane-wave limit for the state /4, where
|Ak| — 0, all the above conditions are satisfied.

In order to find the magnitude of the susceptibility of a
single photon wave packet, we can employ the estimate
A? ~ g/ [ks|, (59)

where n; is the photon number density at a given point.
Therefore,

zfs( )K2;(2 ’

thNSazfs( ) (60)

ng
K2Jks|

where w;, is the energy density of photons in the state s,,. By
the order of magnitude, n, ~ 63, where o, is the standard
deviation of momenta in the wave packet of a soft photon
Sq- Then

fs( )

~ 12802 k|03,

(61)

As for the probe photon near the electron-positron pair
creation threshold, s ~ 4m?2, we obtain
k4

k;|o?

2| 319s 2 ™3

Xij~ 8 — =< 8a"—,
m m

(62)

where we have taken o, ~ |Kk;| for the upper estimate. If
s < 4m?, then
k;|o3 ki
1,]~4a2%§4a2%

(63)

For example, the quantity on the right-hand side of (63) is
equal to 3.13 x 1072 for the photon in the state s, with the
energy 1 eV.

IV. INCLUSIVE PROBABILITY

Let us find the explicit expression for the inclusive
probability (22). From (29) we have

M) ;0. (s, 1, u)hy, (Ky)

(VALSTLSTILSY|L AR

k9)5,,(ks)s,, (ky)

. (64)
=k;+Ak

Then one can neglect the dependence on Ak and put
k,; ~ k3 and k, ~ k, in all the functions appearing in the
integrand of (64) apart from the delta function and
h;,(Ky) = h;, (ks — AK). As regards the argument of the

delta function, we have
K+ k) — k9 — k) ~ (ny —

n;)Ak. (65)

Introduce the splitting
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k) =Ky + Koy, (66)
where

(kz(ny —13))

Ky = (ng —nj) ns—m)?

(67)

and analogously for other vectors. Integrating the delta
function in (64), we come to

[@n) 2;; dks
q)/}/}hﬁ =1 (2”

AAA

55, (k3) 55, (K3)M .0, 7, (Ka) )
4ny — nj|Kks|[ky] ’

(68)
where

Exz(k4||) ’=/dk4lh12(k4||’k4ﬂ- (69)

To simplify further the expression (68), we suppose that
the complex amplitude s, is such that the dispersion of the
vector nj in this state is small, i.e., this state of photons is
paraxial. Setting ny; = nsq, where nj is the average value
of nj in the state s,, and using the approximate expressions
for the invariant scattering amplitudes (39), the wave
function of the hard probe photon after scattering (20) is
given by

e (2n)? ) ~
(h)p = v (ky) + 1%2(50 +€6);,2,M,(Ka) |
A
(70)
where
()(2
N 22| ky|Iny —nzo|
£ = ﬁj()ﬂmwm@
== [ e (kaJansic)
&= [ o) teons(h).
g = — ﬁyx>whmwmm (71)

and s = |K3||k4|(ny — n30)?. Let us stress that expressions
(71) are written in the chiral basis. As for the basis of linear
polarization vectors e;,, the corresponding expressions
take the form

%:/%ﬁmwmmwﬂ

. dk,
= [ e

dk
> fa(s)s" (k3)o25(ks3),
K|

dk
6= [ e

where s;(k3) are also given in the basis of linear polari-
zation vectors. In particular, if s; =0 or s, =0, then
E=0.Ifs, =0o0rs_=0, then & =& = 0.

The formulas above are easily generalized to the case
where the initial state of the probe photon is a mixed one
with the density matrix

s"(ks)oys(ks),

ST(k3)53S(k3), (72)

(27)3 (1 4 &(ka;
\%4 2

k/z)o')m’z

Ppp = p(kysky).  (73)

Supposing that p(k,, k%) is different from zero only in a
small vicinity of the diagonal, we can write

(@r(1+80),
T 2

p(kas k), (74)

where §:={(k,;k,). We also assume that the detector
records plane-wave photons with the momentum k. In this
case, the expression standing at the projector Dpj in
formula (22) for the inclusive probability becomes

Col L (01 + &) + ixl(E + 80)(1 + Lo)p - el

(75)

where p := p(ky; ky4) and

= p(kyjs Ka) :/dk4Lp(k4||’k4L;k:1)k/4k4' (76)

Let the detector record the hard probe photons in some spin
()

state specified by the projector D), R Then the inclusive
4

probability (22) to record a hard photon in this state is
written as

ZDM {p—2(& + EC)Imp

,14 2,
+ [p& = 2x(€ + §&)Imp — 2x (& x E)Replo}, ; dky.
(77)
Recall that this expression is obtained in the leading order

of perturbation theory and describes the interference of a
free passed wave with its scattered part. This expression is
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valid only in the parameter domain where the overlap of the
interfering waves is substantial. The correction to the trivial
(free) contribution to the inclusive probability turns out to
be of the order a® rather than a* as for the standard
expression for the light-by-light scattering cross section
[27]. Moreover, in deriving expression (77), it has been
assumed that the wave packet of the probe photon is
sufficiently narrow in the momentum space, i.e., |Ak]|
obeys conditions (43) and is much less than the typical
scale of variation of the wave function of soft photons s,,.
The complex amplitude s, describing the state of soft
photons has been supposed to be paraxial.

Consider some particular cases of general formula (77).
If the probe photons are naturally polarized, viz., £ = 0,
then under the above assumptions formula (77) implies

dPp ZD“m 2x(&) + €6)Imp], , dk,.  (78)
/14/1’

In this case, the nontrivial contributions to the inclusive
probability stem from the imaginary part of the density
matrix of the hard probe photon in the momentum space.
The hard photons being initially in the state (74) with = 0
become polarized with the Stokes vector proportional to the
vector € In general, the presence of the imaginary con-
tribution to the density matrix of a probe photon gives rise
to the following transform of the Stokes parameters:

p

-0 =0- 2%(50+§€)

R a (79)

The imaginary contributions to the density matrix are
absent for a usual narrow (in the momentum space)
Gaussian wave packet. However, the imaginary part of p
may appear due to the nontrivial structure of the wave
packet. For example, such imaginary contributions exist for
twisted and Airy states, coherent superposition of several
Gaussians, and others (see, e.g., [41-43]). If Im p = 0, then

dPp=> ZDM[pﬂpc 2x(ExE)Rep)o];,  dky.  (80)

/14 7

As a result of interaction with photons in the state s,, the
Stokes vector of the probe photon is changed in accordance
with the rule (cf. [27-31])

€—>€’—€—2x(§xc)$- (1)

As we see, in this case the Stokes vector € precesses around
the vector €& The polarization degree of a hard probe
photon, ||, is conserved [27-31] up to the terms of higher
order in the coupling constant. The precession frequency

depends substantially on the form of the density matrix of
the probe photon. In the general case described by
formula (77), the Stokes vector undergoes simultaneous
transforms given by (79) and (81).

Let us estimate a relative magnitude of the quantum
corrections in (77), (79), and (81). By the order of
magnitude, the relative value of this correction equals
1= 2x&y(c")?, where o is the standard deviation of
the transverse momentum component in the wave packet of

the probe photon A4 and x ~ a*/27*ky|. Thus,

E(c")?
K3|k,|

~SA) (82)

where E is the average energy of photons in the state s,,.
For the photons from the state s, to participate in the
reaction, their wave functions must overlap with the wave
function of the probe photon. Therefore, E; ~ w,L/(c" )2,
where L is the length of the path traveled by the probe
photon wave packet in the tested one. As a result,

w,L
f ) i2ncT (83)
z k3lky|
We see from (60) that by the order of magnitude,
n~xij (84)
what is anticipated on physical grounds. Taking the
estimate (58) for the susceptibility, we have
k? k| L k2
N~ =3 K2[K|L = 2.31 x 10—81(5@——32. (85)
Tm m pmeV

If the energy of a soft photon |ks|,
undulator strength parameter K, are such that this quantity
is of order of unity or larger, then we need to take into
account multiple scattering of the hard probe photon on the
photons in the state s,. For large K,, we have to use the
Furry picture. As is seen from this estimate, the contribu-
tion of the quantum correction can be rather large. For
example, putting L = 10 pm, |k4| = 2m, and |k3| =1 eV
(see, e.g., [13]), we come to

n~4.61x1077K2. (86)

The change of the probe photon Stokes vector can be
measured by the gamma-ray polarimetry [44].

As for the wave packet of a single photon in the state s,
we have w; ~ |k3|n, ~ k3|03 and L ~ 1/6,, where o, is the
standard deviation of momenta in the wave packet s,,.
Hence, for s ~ 4m?, we deduce

2
1~5.30 % 10075 (87)
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For s <« 4m?2, we come to

(88)

As expected, the interference effect caused by scattering of
a photon by a photon is very small in this case.

V. CONCLUSION

Let us sum up the results. We have considered the
interference effect in photon-photon scattering where the
free passed part of the wave function interferes with its
scattered part. The forms of the wave packets of the probe
photon and of the tested photon have been fully taken into
account. We have restricted our considerations to the case
where the probe photon is hard and its state is described by
some density matrix, whereas the tested photons are soft and
are prepared in some one particle or coherent states. Only the
leading contributions of the perturbation theory to the
inclusive probability to record the probe photon have been
retained. In the case we have considered, these contributions
stand at zeroth and second powers of the fine structure
constant a [27] and, in fact, describe the evolution of the
probe photon wave function traversing an effective disper-
sive medium represented by the soft tested photons. Notice
that the standard leading contribution to the cross section of
light-by-light scattering is of order a*, and we have not taken
into account this contribution. Moreover, we have supposed
that the total energy of the probe and tested photons is below
the electron-positron pair creation threshold, i.e., the above-
mentioned medium is transparent.

If the wave function of hard probe photon is sufficiently
narrow in the momentum space then it is reasonable to
employ the small recoil approximation in considering the
interference effect. Using this approximation, we have
obtained the general and rather compact expression (53)
for the on-shell susceptibility tensor of a beam of photons and
of a single photon wave packet. This tensor describes a
birefringent gyrotropic dispersive medium. At the small
probe photon momenta, it takes a finite nonzero value and
gyrotropy disappears. In increasing the probe photon
momenta, the components of the susceptibility tensor rapidly
increase and at the electron-positron pair creation threshold
gyrotropy becomes of the same order of magnitude as the
other contributions to the susceptibility tensor. We have
found the estimates for the order of magnitude of the

susceptibility tensor in different regimes. Furthermore, using
|

the formalism developed in Sec. III, in Appendix B we have
generalized the expression for the susceptibility tensor of a
single electron wave packet derived in [1] to a nonsta-
tionary case.

Assuming that the recoil momentum is much less than the
typical scale of variation of the tested photon wave functions
in the momentum space and that the state of tested photons is
paraxial, we have simplified the general expression for the
inclusive probability to record a probe photon to formula (77).
This formula shows that, in passing through the effective
medium, the Stokes parameters of the probe photon change
and this effect is rather large for a strong beam of tested
photons that is sufficiently wide in space. We have found
formulas (79) and (81) for the evolution of the Stokes
parameters that generalize the analogous expression obtained
in [27-31] for plane waves. It appears the evolution of the
Stokes vector strongly depends on the form of the probe
photon wave packet. We have provided the estimates for the
order of magnitude of this effect in various regimes. The
estimates (85) and (86) show that this effect can be observed
at present and planned facilities provided the control of
polarization of hard probe photon and of its wave packet
profile is possible [32-36].

ACKNOWLEDGMENTS

We appreciate the anonymous referee for valuable com-
ments. This study was supported by the Tomsk State
University Development Program (Priority-2030).

APPENDIX A: TRACES

In deriving the general expression for the inclusive
probability to record a photon, it is necessary to evaluate
the traces of operators (16). Let us present here some details
of these calculations. As regards the first trace, we obtain

SP(Rl1p) = (d|(1 — : exp(=&"Dé) )| d)e=dd = 1 — e=d04,
(A1)

where we have used the fact that the coherent state,
|d) = e%'|0), (A2)

is an eigenvector for the annihilation operator ¢4 with the
eigenvalue dj. As far as the second trace is concerned, we
have

SP(Rl1pC) = e=(d|(1 = : exp(="DE):)E5e1 Coupalyld)

- 6 0 - A
= e—dddadﬁc(_l/-),aﬂé—%% (d|(1 = : exp(=¢'De):)|d)
= [dady — (d D)o (d D)3e"P!|Cpp oy, (A3)
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APPENDIX B: SUSCEPTIBILITY OF A SINGLE
ELECTRON WAVE PACKET

In the paper [1], the explicit expression for the on-shell
susceptibility tensor of a single electron wave packet was
obtained. In deriving this expression, certain approxima-
tions were made that, in particular, allowed one to consider
the electron wave packet as some stationary medium. The
last condition can be relaxed by conducting the calculations
along lines of Sec. III. In this appendix, we provide a brief
derivation of the expression for the susceptibility tensor of
an electron wave packet in a nonstationary case.

In the paper [1], formula (106) was derived for the matrix
®p; in the limit of a small recoil Ak. It reads

e (Kkel (k)
2V \/kjko

dp
XZ:/W5(P0+k0—P6—k6)

OV, k'; 1. k) = —27ie>

o~ (V.1
x> oV (p.p - AK). (B1)
N=1
Representing the delta function as
’ ’ dxo —i(po+ko—p—K.) 0
8(po + ko = po — ko) = E R (B2)
T

introducing the density matrix at the instant of time x°,

p(p.p — Ak;x") = e~ p(p, p — AK)e™’,  (B3)

and the relativistic density matrix in the coordinate repre-
sentation,

dpdp'm .
X, ;XO = / ePx—ip'y , /;xO ,
p(X,y;x°) 2 VEED) p(p,p'sx")

(B4)

it is not difficult to cast expression (B1) into the form

e (K)el (k)

OV k'3 1. k) = —ie

x / d*xe’ ™ p(x,x;x0),  (BS)

where

p(x,x;x0) := Z ZNA’!'”(x, x;x%).  (B6)
s N=1

Comparing the expression for @z, with the amplitude of
scattering by a dielectric medium (33), we conclude that, in
the small recoil limit, the susceptibility tensor turns out to be

4zrap(x,x;x0)(S

B7
mK(% ij ( )

)(ij(X; K) =

This expression coincides with the susceptibility tensor of an
electron plasma. Notice that formula (B7) is also valid for a
single electron wave packet [1].

[1] P.O. Kazinski and T. V. Solovyev, Coherent radiation of
photons by particle wave packets, Eur. Phys. J. C 82, 790
(2022).

[2] Z. Bialynicka-Birula and I. Bialynicki-Birula, Nonlinear
effects in quantum electrodynamics. Photon propagation
and photon splitting in an external field, Phys. Rev. D 2,
2341 (1970).

[3] M. Marklund and P. K. Shukla, Nonlinear collective effects
in photon-photon and photon-plasma interactions, Rev.
Mod. Phys. 78, 591 (2006).

[4] A. Ferrando, H. Michinel, M. Seco, and D. Tommasini,
Nonlinear Phase Shift from Photon-Photon Scattering in
Vacuum, Phys. Rev. Lett. 99, 150404 (2007).

[5] R. Battesti and C. Rizzo, Magnetic and electric properties of
quantum vacuum, Rep. Prog. Phys. 76, 016401 (2013).

[6] F. Karbstein and R. Shaisultanov, Photon propagation in
slowly varying inhomogeneous electromagnetic fields,
Phys. Rev. D 91, 085027 (2015).

[7] F. Karbstein and E. A. Mosman, Photon polarization tensor
in circularly polarized Hermite- and Laguerre-Gaussian
beams, Mod. Phys. Lett. A 33, 1850044 (2018).

[8] F. Karbstein, Vacuum birefringence in the head-on collision
of x-ray free-electron laser and optical high-intensity laser
pulses, Phys. Rev. D 98, 056010 (2018).

[9] F. Karbstein and E.A. Mosman, Enhancing quantum
vacuum signatures with tailored laser beams, Phys. Rev.
D 101, 113002 (2020).

[10] F. Karbstein, Probing vacuum polarization effects with high-
intensity lasers, Particles 3, 39 (2020).

[11] H. Gies, F. Karbstein, and L. Klar, All-optical quantum
vacuum signals in two-beam collisions, Phys. Rev. D 106,
116005 (2022).

[12] F. Karbstein, D. Ullmann, E. A. Mosman, and M. Zepf,
Direct Accessibility of the Fundamental Constants Gov-
erning Light-by-Light Scattering, Phys. Rev. Lett. 129,
061802 (2022).

016004-12


https://doi.org/10.1140/epjc/s10052-022-10739-6
https://doi.org/10.1140/epjc/s10052-022-10739-6
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/RevModPhys.78.591
https://doi.org/10.1103/RevModPhys.78.591
https://doi.org/10.1103/PhysRevLett.99.150404
https://doi.org/10.1088/0034-4885/76/1/016401
https://doi.org/10.1103/PhysRevD.91.085027
https://doi.org/10.1142/S021773231850044X
https://doi.org/10.1103/PhysRevD.98.056010
https://doi.org/10.1103/PhysRevD.101.113002
https://doi.org/10.1103/PhysRevD.101.113002
https://doi.org/10.3390/particles3010005
https://doi.org/10.1103/PhysRevD.106.116005
https://doi.org/10.1103/PhysRevD.106.116005
https://doi.org/10.1103/PhysRevLett.129.061802
https://doi.org/10.1103/PhysRevLett.129.061802

SUSCEPTIBILITY OF A SINGLE PHOTON WAVE PACKET

PHYS. REV. D 108, 016004 (2023)

[13] N. Ahmadiniaz et al., Detection schemes for quantum
vacuum diffraction and birefringence, arXiv:2208.14215.

[14] A. Fedotov, A. Ilderton, F. Karbstein, B. King, D. Seipt, H.
Taya, and G. Torgrimsson, Advances in QED with intense
background fields, Phys. Rep. 1010, 1 (2023).

[15] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Quan-
tum  Electrodynamics (Butterworth-Heinemann, Oxford,
1982).

[16] W. Becker and H. Mitter, Vacuum polarization in laser
fields, J. Phys. A 8, 1638 (1975).

[17] V.N. Baier, A.I. Milstein, and V. M. Strakhovenko, Inter-
action between a photon and an intense electromagnetic
wave, Zh. Eksp. Teor. Fiz. 69, 1893 (1975) [Sov. Phys.
JETP 42, 961 (1976)].

[18] V. Dinu, T. Heinzl, A. Ilderton, M. Marklund, and G.
Torgrimsson, Vacuum refractive indices and helicity flip in
strong-field QED, Phys. Rev. D 89, 125003 (2014).

[19] V. Dinu, T. Heinzl, A. Ilderton, M. Marklund, and G.
Torgrimsson, Photon polarization in light-by-light scatter-
ing: Finite size effects, Phys. Rev. D 90, 045025 (2014).

[20] S. Bragin, S. Meuren, C. H. Keitel, and A. Di Piazza, High-
Energy Vacuum Birefringence and Dichroism in an Ultra-
strong Laser Field, Phys. Rev. Lett. 119, 250403 (2017).

[21] R. Karplus and M. Neuman, Non-linear interactions be-
tween electromagnetic fields, Phys. Rev. 80, 380 (1950).

[22] R. Karplus and M. Neuman, The scattering of light by light,
Phys. Rev. 83, 776 (1951).

[23] B. De Tollis, Dispersive approach to photon-photon scatter-
ing, Nuovo Cimento 32, 757 (1964).

[24] B. De Tollis, The scattering of photons by photons, Nuovo
Cimento 35, 1182 (1965).

[25] V. Costantini, B. De Tollis, and G. Pistoni, Nonlinear effects
in quantum electrodynamics, Nuovo Cimento Soc. Ital. Fis.
2A, 733 (1971).

[26] A.A. Varfolomeev, Induced scattering of light by light, J.
Exp. Theor. Phys. (U.S.S.R.) 50, 1024 (1966).

[27] G.L. Kotkin and V. G. Serbo, Polarization of high-energy
y-quanta traversing a bunch of polarized laser photons,
Phys. Lett. B 413, 122 (1997).

[28] V. A. Maisheev, Propagation of a beam of gamma rays in the
field of a monochromatic laser wave, Zh. Eksp. Teor. Fiz.
112, 2016 (1997) [JETP 85, 1102 (1997)].

[29] R.F. Sawyer, Collective Polarization Exchanges in Colli-
sions of Photon Clouds, Phys. Rev. Lett. 93, 133601 (2004).

[30] S. Bellucci and V. A. Maisheev, Photon emission and
electron-positron photoproduction processes in the planar
field of a bent single crystal, Phys. Rev. A 86, 042902
(2012).

[31] R.F. Sawyer, Photon-photon interactions as a source of
cosmic microwave background circular polarization, Phys.
Rev. D 91, 021301(R) (2015).

[32] Y. Nakamiya and K. Homma, Probing vacuum birefrin-
gence under a high-intensity laser field with gamma-ray
polarimetry at the GeV scale, Phys. Rev. D 96, 053002
(2017).

[33] T. Takahashi et al., Light-by-light scattering in a photon-
photon collider, Eur. Phys. J. C 78, 893 (2018).

[34] J. Ellis, N. E. Mavromatos, P. Roloff, and T. You, Light-by-
light scattering at future e e~ colliders, Eur. Phys. J. C 82,
634 (2022).

[35] F. Karbstein, Vacuum birefringence at the gamma factory,
Ann. Phys. (Berlin) 534, 2100137 (2022).

[36] D.Budker et al., Expanding nuclear physics horizons with the
gamma factory, Ann. Phys. (Berlin) 534, 2100284 (2022).

[37] L.D. Landau and E.M. Lifshitz, Electrodynamics of
Continuous Media (Pergamon, Oxford, 1984).

[38] P. O. Kazinski and P.S. Korolev, Scattering of plane-wave
and twisted photons by helical media, J. Phys. A 55, 395301
(2022).

[39] V.N. Baier, V. M. Katkov, and V. M. Strakhovenko, Electro-
magnetic Processes at High Energies in Oriented Single
Crystals (World Scientific, Singapore, 1998).

[40] C. Bula et al., Observation of Nonlinear Effects in Compton
Scattering, Phys. Rev. Lett. 76, 3116 (1996).

[41] K.Y. Bliokh et al., Theory and applications of free-electron
vortex states, Phys. Rep. 690, 1 (2017).

[42] S.M. Lloyd, M. Babiker, G. Thirunavukkarasu, and J. Yuan,
Electron vortices: Beams with orbital angular momentum,
Rev. Mod. Phys. 89, 035004 (2017).

[43] B. A. Knyazev and V.G. Serbo, Beams of photons with
nonzero projections of orbital angular momenta: New
results, Phys. Usp. 61, 449 (2018).

[44] D. Bernard, T. Chattopadhyay, F. Kislat, and N. Produit,
Gamma-ray polarimetry, arXiv:2205.02072.

016004-13


https://arXiv.org/abs/2208.14215
https://doi.org/10.1016/j.physrep.2023.01.003
https://doi.org/10.1088/0305-4470/8/10/017
https://doi.org/10.1103/PhysRevD.89.125003
https://doi.org/10.1103/PhysRevD.90.045025
https://doi.org/10.1103/PhysRevLett.119.250403
https://doi.org/10.1103/PhysRev.80.380
https://doi.org/10.1103/PhysRev.83.776
https://doi.org/10.1007/BF02735895
https://doi.org/10.1007/BF02735534
https://doi.org/10.1007/BF02735534
https://doi.org/10.1007/BF02736745
https://doi.org/10.1007/BF02736745
https://doi.org/10.1016/S0370-2693(97)01086-1
https://doi.org/10.1134/1.558382
https://doi.org/10.1103/PhysRevLett.93.133601
https://doi.org/10.1103/PhysRevA.86.042902
https://doi.org/10.1103/PhysRevA.86.042902
https://doi.org/10.1103/PhysRevD.91.021301
https://doi.org/10.1103/PhysRevD.91.021301
https://doi.org/10.1103/PhysRevD.96.053002
https://doi.org/10.1103/PhysRevD.96.053002
https://doi.org/10.1140/epjc/s10052-018-6364-1
https://doi.org/10.1140/epjc/s10052-022-10565-w
https://doi.org/10.1140/epjc/s10052-022-10565-w
https://doi.org/10.1002/andp.202100137
https://doi.org/10.1002/andp.202100284
https://doi.org/10.1088/1751-8121/ac89ea
https://doi.org/10.1088/1751-8121/ac89ea
https://doi.org/10.1103/PhysRevLett.76.3116
https://doi.org/10.1016/j.physrep.2017.05.006
https://doi.org/10.1103/RevModPhys.89.035004
https://doi.org/10.3367/UFNe.2018.02.038306
https://arXiv.org/abs/2205.02072

