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We analyze the mass spectrum of the charged and neutral Higgs bosons in the framework of the two
Higgs doublet model (2HDM) in the light of the precision measurement of the W boson mass by the CDF
collaboration. We have considered the most general 2HDM potential with explicit CP violation in the
Higgs basis which contains the three CP-mixed neutral mass eigenstates H1, H2, and H3 with
MH1

≤ MH2
≤ MH3

. The high-precision CDF measurement of the W boson mass is characterized by
the large positive value of the T parameter. By identifying the lightest neutral Higgs boson H1 as the
SM-like one discovered at the LHC, we find that it is necessary to have the mass splitting between the
charged Higgs boson H� and the second heaviest neutral one H2 to accommodate the sizable positive
deviation of the T parameter from its SM value of 0. By combining the mass splitting between H� and H2

with the theoretical constraints from the perturbative unitarity and for the Higgs potential to be bounded
from below, we implement comprehensive analysis of the mass spectrum of the heavy Higgs bosons taking
account of the effects of deviation from the alignment limit and also the mass splitting betweenH3 andH2.
We further analyze the behavior of the heavy-Higgs mass spectrum according to the variation of the T
parameter. Finally, concentrating on the heavy mass region M ≡ ðMH2

þMH�Þ=2≳ 500 GeV in which
we find a mass hierarchy of M ≫ MH1

∼ jΔj ≳ δ with Δ≡MH2
−MH� and δ≡MH3

−MH2
, we discuss

some benchmarking scenarios for the searches of heavy Higgs bosons at future colliders such as the high
luminosity option of the LHC and a 100 TeV hadron collider.

DOI: 10.1103/PhysRevD.108.015027

I. INTRODUCTION

Recently, the CDF collaboration has reported the result
of a new W boson mass measurement with unprecedented
precision [1]

80; 433.5� 9.4 MeV; ð1Þ

using 8.8 fb−1 data collected at the Fermilab Tevatron
collider with a center-of-mass energy of 1.96 TeV.
Comparing with the SM expectation of 80; 357�
6 MeV [2], the new measurement of the W boson mass
suggests a difference with a significance of 7.0σ.
Performing a global fit of electroweak data together with

the high-precision CDF measurement while fixing U ¼ 0,
one may find the large central values of the oblique
parameters S and T together with the standard deviations
such as [3]

ðŜ0; σSÞ ¼ ð0.15; 0.08Þ; ðT̂0; σTÞ ¼ ð0.27; 0.06Þ; ð2Þ

and a strong correlation ρST ¼ 0.93 between them.
Previously, by analyzing the large deviation of the S and

T parameters from their SM values of zero in the frame-
work of two Higgs doublet model (2HDM), we reported the
existence of the upper limit of about 1 TeVon the masses of
the heavy charged and neutral Higgs bosons [4].
To be specific, we take the CP-conserving (CPC) 2HDM

Higgs potential and identify the lighter CP-even neutral
Higgs boson as the SM-like one discovered at the LHC.
Observing that the mass difference between the charged
Higgs boson H� and the CP-odd neutral one A is required
to achieve the sizable positive central value of the T
parameter, we derive the upper limit on the masses of
heavy Higgs bosons by combining the mass difference with
the theoretical constraints on the quartic couplings of the
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Higgs potential from the perturbative unitarity and for the
Higgs potential to be bounded from below. Quantitatively,
we present our estimation that MH� ≲ 1; 000−100þ400 GeV
taking T̂0 ¼ 0.27� 0.06 in the alignment limit where
the lighter CP-even neutral Higgs boson behaves exactly
as the SM Higgs boson [4]. We note that similar results
have been obtained by the authors of Ref. [5]. For other
relevant studies of the CDF W-mass anomaly in the
framework of 2HDM, we refer to Refs. [3,5–25].
In this work, compared to our previous study [4], we

extend our analysis by considering the Higgs potential with
explicit CP violation. In the presence of CP-violating
(CPV) phases in the Higgs potential, one cannot specify the
neutral Higgs bosons according to their CP parities as in
the CPC case and, instead, we have the three CP-mixed
mass eigenstates of H1, H2, and H3. Therefore, the
observation made in the CPC case based on the mass
difference between the charged Higgs boson and the
CP-odd neutral one does fail and one needs the corre-
sponding condition in the CPV case. By identifying the
lightest neutral Higgs bosonH1 as the SM-like one, we find
that it is necessary to have the mass splitting between the
charged Higgs boson H� and the second heaviest neutral
Higgs bosonH2 to accommodate the large positive value of
the T parameter. And we improve our previous study taking
account of the effects of deviation from the alignment limit
and the mass splitting between the heavy neutral Higgs
bosons. Through the more comprehensive and improved

analysis, we have fully figured out all the physics origins
relevant for the mass scale of heavy Higgs bosons and
suggest the two specific types of the mass spectrum of
them. We also address the situation in which the current
CDF W-mass anomaly is ameliorated to make our analysis
more convincing and our results less restrictive.
This paper is organized as follows. Section II is devoted

to a brief review of the 2HDM Higgs potential in the Higgs
basis with explicit CP violation. In Sec. III, we elaborate on
the constraints from the perturbative unitarity, the Higgs
potential bounded from below, and the electroweak pre-
cision observables. In Sec. IV, we provide the comprehen-
sive analysis why the mass splitting between the charged
and the second heaviest neutral Higgs bosons is necessary
and why the masses of the heavy Higgs bosons should be
bounded from above. In Sec. V, we show how the mass
scale of the heavy Higgs bosons behaves according to the
variation of the central values of the S and T parameters and
propose some benchmarking scenarios for the searches of
heavy Higgs bosons at future colliders. A brief summary
and conclusions are made in Sec. VI.

II. FRAMEWORK

The general 2HDM scalar potential in the so-called
Higgs basis [26,27] where only one doublet contains the
nonvanishing vacuum expectation value v is given
by [28]

VH ¼ Y1ðH†
1H1Þ þ Y2ðH†

2H2Þ þ Y3ðH†
1H2Þ þ Y�

3ðH†
2H1Þ þ Z1ðH†

1H1Þ2 þ Z2ðH†
2H2Þ2 þ Z3ðH†

1H1ÞðH†
2H2Þ

þ Z4ðH†
1H2ÞðH†

2H1Þ þ Z5ðH†
1H2Þ2 þ Z�

5ðH†
2H1Þ2 þ Z6ðH†

1H1ÞðH†
1H2Þ þ Z�

6ðH†
1H1ÞðH†

2H1Þ
þ Z7ðH†

2H2ÞðH†
1H2Þ þ Z�

7ðH†
2H2ÞðH†

2H1Þ; ð3Þ

which contains 3 dimensionful quadratic and 7 dimension-
less quartic parameters of which four parameters of Y3 and
Z5;6;7 are complex. The complex SUð2ÞL doublets of H1

and H2 can be parametrized as

H1¼
� Gþ

1ffiffi
2

p ðvþφ1þ iG0Þ
�
; H2¼

� Hþ

1ffiffi
2

p ðφ2þ iaÞ
�
; ð4Þ

where v ¼ ð ffiffiffi
2

p
GFÞ−1=2 ≃ 246.22 GeV and G�;0 and H�

stand for the Goldstone and charged Higgs bosons,
respectively. For the neutral Higgs bosons, the CP-odd
state a and the two CP-even states φ1 and φ2 result in three
CP-mixed mass eigenstates H1;2;3 through mixing and one
of them should play the role of the SM Higgs boson. The
tadpole conditions relate the quadratic parameters Y1 and
Y3 to Z1 and Z6, respectively, as follows:

Y1 þ Z1v2 ¼ 0; Y3 þ
1

2
Z6v2 ¼ 0: ð5Þ

The 2HDM Higgs potential includes the mass terms which
can be cast into the form consisting of two parts

VH;mass ¼ M2
H�HþH− þ 1

2
ðφ1 φ2 aÞM2

0

0
B@

φ1

φ2

a

1
CA; ð6Þ

in terms of the charged Higgs bosons H�, the neutral
CP-even Higgs bosons φ1;2, and the neutral CP-odd Higgs
boson a. The charged Higgs boson mass is given by

M2
H� ¼ Y2 þ

1

2
Z3v2; ð7Þ

while the 3 × 3 mass-squared matrix of the neutral Higgs
bosons M2

0 takes the form
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M2
0 ¼

0
B@

0 0 0

0 M2
A 0

0 0 M2
A

1
CA

þ

0
B@

2Z1 ℜeðZ6Þ −ℑmðZ6Þ
ℜeðZ6Þ 2ℜeðZ5Þ −ℑmðZ5Þ
−ℑmðZ6Þ −ℑmðZ5Þ 0

1
CAv2; ð8Þ

where M2
A ¼ M2

H� þ ½Z4=2 −ℜeðZ5Þ�v2. Note that the
quartic couplings Z2 and Z7 have nothing to do with the
masses of Higgs bosons and the mixing of the neutral ones.
We further note that φ1 does not mix with φ2 and a in the
Z6 ¼ 0 limit and φ2 does not mix with a if ℑmZ5 ¼ 0
imposed additionally. Therefore, when Z6 ¼ ℑmZ5 ¼ 0,
the three states φ1, φ2, and a themselves constitute the three
mass eigenstates and φ1 plays the role of the SM Higgs
boson.

Given the 3 × 3 real and symmetric mass-squared M2
0,

one may describe the mixing among the neutral Higgs
bosons by introducing the 3 × 3 orthogonal matrix O

ðφ1;φ2; aÞTα ¼ OαiðH1; H2; H3ÞTi ; ð9Þ

which satisfies the relation

OTM2
0O ¼ diagðM2

H1
;M2

H1
;M2

H3
Þ ð10Þ

with the increasing ordering of MH1
≤ MH2

≤ MH3
. When

the three masses of the neutral Higgs bosons and the
elements of the orthogonal mixing matrix O are given, the
quartic couplings Z1, Z4, Z5, and Z6 in the neutral-Higgs-
boson mass-squared matrix M2

0 are given by

Z1 ¼
1

2v2
ðM2

H1
O2

φ11
þM2

H2
O2

φ12
þM2

H3
O2

φ13
Þ;

Z4 ¼
1

v2
½M2

H1
ðO2

φ21
þO2

a1Þ þM2
H2
ðO2

φ22
þO2

a2Þ þM2
H3
ðO2

φ23
þO2

a3Þ − 2M2
H��;

Z5 ¼
1

2v2
½M2

H1
ðO2

φ21
−O2

a1Þ þM2
H2
ðO2

φ22
−O2

a2Þ þM2
H3
ðO2

φ23
−O2

a3Þ�

−
i
v2

ðM2
H1
Oφ21

Oa1 þM2
H2
Oφ22

Oa2 þM2
H3
Oφ23

Oa3Þ;

Z6 ¼
1

v2
ðM2

H1
Oφ11

Oφ21
þM2

H2
Oφ12

Oφ22
þM2

H3
Oφ13

Oφ23
Þ

−
i
v2

ðM2
H1
Oφ11

Oa1 þM2
H2
Oφ12

Oa2 þM2
H3
Oφ13

Oa3Þ; ð11Þ

for given v andMH� . We observe that ℑmðZ5Þ and ℑmðZ6Þ
contain the products of Oφ2iOai and Oφ1iOai with
i ¼ 1; 2; 3, respectively, each of which identically vanishes
if the mass eigenstate Hi carries its own definite CP parity.
Once the mixing matrixO is given, the cubic interactions

of the neutral and charged Higgs bosons with the massive
vector bosons Z and W� are described by the following
interaction Lagrangians:

LHVV ¼ gMW

�
Wþ

μ W−μ þ 1

2c2W
ZμZμ

�X
i

gHiVVHi;

LHHZ ¼ g
2cW

X
i>j

gHiHjZZ
μðHi ∂

↔

μHjÞ;

LHH�W∓ ¼ −
g
2

X
i

gHiHþW−W−μðHii∂
↔

μHþÞ þ H:c:; ð12Þ

where X ∂

↔

μY ¼ X∂μY − ð∂μXÞY and i; j ¼ 1; 2; 3. Note
that the normalized couplings gHiVV , gHiHjZ and gHiHþW−

are given in terms of the neutral Higgs-boson 3 × 3 mixing
matrix O by (note that detðOÞ ¼ �1 for any orthogonal
matrix O):

gHiVV ¼ Oφ1i;

gHiHjZ ¼ sign½detðOÞ�ϵijkgHkVV ¼ sign½detðOÞ�ϵijkOφ1k;

gHiHþW− ¼ −Oφ2i þ iOai; ð13Þ

leading to the following sum rules:

X3
i¼1

g2HiVV
¼ 1 and g2HiVV

þ jgHiHþW− j2 ¼ 1

for each i ¼ 1; 2; 3: ð14Þ

Introducing the three mixing angles γ, η, and ω, the
orthogonal mixing matrix O might be parametrized as
follows:
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O ¼ OγOηOω ≡
0
B@

cγ sγ 0

−sγ cγ 0

0 0 1

1
CA
0
B@

cη 0 sη
0 1 0

−sη 0 cη

1
CA
0
B@

1 0 0

0 cω sω
0 −sω cω

1
CA

¼

0
B@

cγcη sγcω − cγsηsω sγsω þ cγsηcω
−sγcη cγcω þ sγsηsω cγsω − sγsηcω
−sη −cηsω cηcω

1
CA: ð15Þ

Identifying the lightest state H1 as the SM-like Higgs
boson, one may see gH1VV ¼ Oφ11

¼ cγcη which should
take the SM value of 1 in the alignment limit. Therefore, in
this parameterization, the alignment limit might be realized
by taking γ ¼ η ¼ 0 and one may take the convention of
jγj ≤ π=2 and jηj ≤ π=2 without loss of generality to have
positive gH1VV both in the CPC (η ¼ 0) and CPV (η ≠ 0)
cases. Note that, even in the alignment limit of gH1VV ¼ 1,
the CP-even state φ2 and the CP-odd one a mix to
result in the two heavy states H2 and H3 and the mixing
between φ2 and a is described by the CPV mixing angle ω.
Incidentally, by taking γ ¼ η ¼ 0 in the alignment limit, we
have

Z1jγ¼η¼0 ¼
M2

H1

2v2
; Z4jγ¼η¼0 ¼

M2
H2

þM2
H3

− 2M2
H�

v2
;

Z6jγ¼η¼0 ¼ 0;

Z5jγ¼η¼0 ¼ −
M2

H3
−M2

H2

2v2
c2ω − i

M2
H3

−M2
H2

2v2
s2ω: ð16Þ

In the CPC alignment limit of s2ω ¼ 0, H2 (H3) is CP odd
when jsωj ¼ 1 (jcωj ¼ 1). We observe that the upper limits
on the absolute values of the quartic couplings Z4 and Z5

constrain the product of the mass scale of heavy Higgs
bosons and the mass splitting between them. For example,
in the alignment limit, the upper limit on jZ5j puts the
following constraint on the mass splitting between the
heavy neutral Higgs bosons:

MH3
−MH2

≤
2jZ5jmaxv

2

MH3
þMH2

; ð17Þ

which leads to the more degenerate mass spectrum of the
two heavy neutral Higgs bosons as they become heavier.
The Higgs potential contains 3 dimensionful quadratic

parameters Y1;2;3 and 7 dimensionless quartic parameters
Z1−7, see Eq. (3). Using the tadpole conditions given by
Eq. (5), the parameters Y1 and Y3 might be removed in
favor of v, Z1, and Z6, and the remaining dimensionful
parameter Y2 can be removed in favor of Z3 and MH� , see
Eq. (7). This observation leads to the input parameter set

IZ ¼ fv;MH� ;Z1; Z4; Z5; Z6;Z3;Z2; Z7g: ð18Þ

Alternatively, one may use the more physical set of input
parameters

IP¼fv;MH� ;MH1
;MH2

;MH3
;fOg3×3;Z3;Z2;Z7g; ð19Þ

by exploiting the relations given by Eq. (11). In either of
the two sets, there are three parameters involved with CP
violation: ℑmðZ5Þ, ℑmðZ6Þ, and ℑmðZ7Þ in IZ or η, ω, and
ℑmðZ7Þ in IP. But one should be cautious to note that the
three CPV parameters are not all physical and physical
observables depend on only two (combinations) of them.
This could be understood by observing that the Higgs
potential is invariant under the following phase rotations:

H2 → eþiζH2; Z5 → Z5e−2iζ;

Z6 → Z6e−iζ; Z7 → Z7e−iζ; ð20Þ
which lead to the following two rephasing-invariant CPV
phases

θ1 ≡ Arg½Z6ðZ�
5Þ1=2� and θ2 ≡ Arg½Z7ðZ�

5Þ1=2�; ð21Þ

pivoting around the complex quartic coupling Z5 [28].
Note that, under phase rotations given by Eq. (20), the

3 × 3mass-squared matrixM2
0 of the neutral Higgs bosons

transforms also and, accordingly, the mixing matrix O is
shifted [29,30]. More precisely, for the convention given by
Eqs. (9) and (10) adopted in this work, the phase rotation
H2 → eiζH2 or ðφ1;φ2; aÞT → OT

ζ ðφ1;φ2; aÞT leads to [28]

M2
0 → OT

ζM
2
0Oζ; O → OT

ζO; ð22Þ

with

Oζ ¼

0
B@

1 0 0

0 cζ sζ
0 −sζ cζ

1
CA: ð23Þ

Exploiting this feature, one may observe that, among the
three mixing angles of γ, η, and ω parametrizing the mixing
matrixO as in Eq. (15), the two CPVangles η and ω are not
always independent. For example, one may take the input
parameter set IZ and choose the basis in whichℑmðZ5Þ ¼ 0
by an appropriate phase rotation. In this case, one may
extract the three mixing angles γ, η, and ω by diagonalizing
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the 3 × 3 mass-squared matrix M2
0 given by Eq. (8). But,

note that the two CPVangles η andω cannot be independent
since CP violation in the neutral Higgs sector is dictated
solely by ℑmðZ6Þ in this case with ℑmðZ5Þ ¼ 0.1 In fact,
using Eqs. (11) and (15), one may see that they are related
through the following relation

ℑmðZ5Þ ¼
�
M2

H3
c2ω þM2

H2
s2ω −M2

H1

v2
sγsη

−
M2

H3
−M2

H2

v2
cγcωsω

�
cη ¼ 0; ð24Þ

which can be solved for sη when cη ≠ 0 [28]:

sηjℑmZ5¼0
¼ ðM2

H3
−M2

H2
Þcγcωsω

ðM2
H3
c2ω þM2

H2
s2ω −M2

H1
Þsγ

: ð25Þ

Of course, one may choose the basis in which both ℑmðZ5Þ
and ℑmðZ6Þ are nonvanishing. In this case, η and ω are
independent from each other though the physical observ-
ables such as the masses of the neutral Higgs bosons and
their couplings to twomassive vector bosons depend only on
the relative phase θ1 ¼ Arg½Z6ðZ�

5Þ1=2� which is invariant
under the phase rotations given by Eq. (20).
In the left panel of Fig. 1, we show the masses

of three neutral Higgs bosons MHi
and their couplings

to two massive vector bosons gHiVV as functions of
θ1 ¼ ϕ6 − ϕ5=2 taking Z1 ¼ 0.13, Z3 ¼ 2.5, Z4 ¼ 3.0,
jZ5j ¼ jZ6j ¼ 0.5, and MH� ¼ 500 GeV while varying
ϕ5 ≡ ArgðZ5Þ and ϕ6 ≡ ArgðZ6Þ from −π to π.2 We
observe that the physical observables shown depend only
on the rephasing-invariant CPV phase of θ1. Note that Z7 is
not involved with the masses and mixing of the charged and
neutral Higgs bosons and, in this case, there is only one
physical CPV phase of θ1. On the other hand, as will be
addressed soon in the next section, the perturbative uni-
tarity conditions and those for the Higgs potential to be
bounded from below involve all the seven quartic couplings
Z1−7 and, in this case, there are two physical CPV phases of
θ1 and θ2 ¼ ϕ7 − ϕ5=2 with ϕ7 ≡ ArgðZ7Þ. In the right
panel of Fig. 1, we show the region on the ϕ7 − ϕ6 plane in

which the two conditions are fulfilled taking Z1 ¼ 0.13,
Z2 ¼ 0.5, Z3 ¼ 2.5, Z4 ¼ 3.0, and jZ5j ¼ jZ6j ¼ jZ7j ¼
0.5 while varying ϕ6 and ϕ7 from −π to π. For ϕ5, we have
taken the four representative values of −π, −π=2, 0, and
π=2.3 We observe that the allowed regions shift along the
ϕ6 ¼ ϕ7 line by the amount of ϕ5=2 as they should do.
Incidentally, we also explicitly check the relation Eq. (25)
in the subset of the parameter space in which ℑmðZ5Þ ¼ 0
and cη ≠ 0 by choosing the input parameter set IZ while
scanning all the three CPV potential parameters of ℑmðZ5Þ,
ℑmðZ6Þ, and ℑmðZ7Þ redundantly.
For our study, we choose the set IP given by Eq. (19) for

the input parameters:

IP ¼ fv;MH� ;MH1
;MH2

;MH3
; fOg3×3;Z3;Z2; Z7g;

with fOg3×3 ¼ γ, η, ω. The set IP contains 12 real degrees
of freedom including v. For the angles γ and η, we take the
convention of jγj ≤ π=2 and jηj ≤ π=2 without loss of
generality resulting in cγ ≥ 0 and cη ≥ 0 and the angle ω is
varied between −π to π. We identify lightest neutral Higgs
boson H1 as the SM-like one with MH1

¼ 125.5 GeV
and the heavy Higgs masses squared are scanned up to
ð1.5 TeVÞ2. Finally, the quartic couplings Z2, jZ3j,
jℜeðZ7Þj, and jℑmðZ7Þj are scanned up to 3, 10, 5,
respectively.4 Though our choice of parameters is redun-
dant considering the rephasing invariance of the Higgs
potential under the phase rotations given by Eq. (20), it
should be useful for checking the rephasing invariance and
the consistency of our numerical analysis explicitly.

III. CONSTRAINTS

First, we consider the perturbative unitarity (UNIT)
conditions and those for the Higgs potential to be bounded
from below (BFB) to obtain the primary theoretical con-
straints on the potential parameters or, equivalently, the
constraints on the Higgs-boson masses and the three mixing
angles including correlations among them. The unitarity
conditions in the most general 2HDM have been inves-
tigated in Refs. [31–33]. On the other hand, the necessary
and sufficient conditions for the 2HDM potential to be
bounded from below have been derived in Refs. [34–37].
Recently, the authors of Ref. [38] have provided some
analytic expressions for theUNITandBFB conditions in the
most general 2HDM. In this work, for the unitarity con-
ditions, we closely followRef. [33] taking into account three
scattering matrices which are expressed in terms of the
quartic couplings Z1−7. Using the set IP in Eq. (19) for the

1It is worthwhile to note that this is the direct consequence of
the tree-level analysis of the Higgs potential. Beyond the tree
level, the 3 × 3mass-squared matrixM2

0 might receive additional
CPV contributions coming from other than ℑmðZ5Þ and ℑmðZ6Þ
through higher loop corrections. In the 2HDM framework, the
additional CPV sources include ℑmðZ7Þ and ℑmðζu;d;eÞ with the
latter ones possibly residing in the Yukawa sector, see Eq. (35)
and discussion below. Regarding the rephasing invariance of all
the relevant CPV phases, we refer to Ref. [28].

2Note that varying ϕ5 and ϕ6 separately is redundant consid-
ering the rephasing invariance of the Higgs potential. But, it
serves for our purpose here to check that the physical observables
under consideration indeed depend on the rephasing-invariant
CPV phase of θ1 only.

3Note again that varying ϕ5, ϕ6, and ϕ7 separately is redundant
considering the rephasing invariance of the Higgs potential. But,
it serves for our purpose here to check that the physical conditions
under consideration indeed depend only on the two rephasing-
invariant CPV phases of θ1 and θ2.

4Note that Z2 ≥ 0, see Eq. (26).
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input parameters, all the seven quartic couplings are fixed
exploiting the relations in Eq. (11). For the details of the
implementation of the UNIT conditions, we refer to
Refs. [28,33]. For the BFB constraints, we require the
following five necessary conditions for the Higgs potential
to be bounded-from-below [39]:

Z1 ≥ 0; Z2 ≥ 0;

2
ffiffiffiffiffiffiffiffiffiffi
Z1Z2

p
þ Z3 ≥ 0; 2

ffiffiffiffiffiffiffiffiffiffi
Z1Z2

p
þ Z3 þ Z4 − 2jZ5j ≥ 0;

Z1 þ Z2 þ Z3 þ Z4 þ 2jZ5j − 2jZ6 þ Z7j ≥ 0: ð26Þ

Note that the first 4 inequalities are necessary and sufficient
conditions when Z6 ¼ Z7 ¼ 0. Otherwise, they constitute
only the necessary conditions together with the last one. The
authors of Ref. [33] numerically analyze theBFB conditions
when Z6 and Z7 are nonzero and complex and confirm that
the five inequalities always hold at tree level. We have
explicitly checked that the parameter space where the five

inequalities hold fully contains the parameter space inwhich
the necessary and sufficient BFB conditions are fulfilled.
Second, we consider the electroweak (ELW) oblique

corrections to the so-called S, T, and U parameters [40,41]
which provide significant constraints on the quartic cou-
plings of the 2HDM. Fixing U ¼ 0 which is suppressed by
an additional factor M2

Z=M
2
BSM

5 relative to S and T, the S
and T parameters are constrained as follows [2,42]

ðS − Ŝ0Þ2
σ2S

þ ðT − T̂0Þ2
σ2T

− 2ρST
ðS − Ŝ0ÞðT − T̂0Þ

σSσT

≤ R2ð1 − ρ2STÞ; ð27Þ

withR2 ¼ 2.3, 4,61, 5.99, 9.21, 11.83 at 68.3%, 90%, 95%,
99%, and 99.7% confidence levels (CLs), respectively. For
our numerical analysis, we take the 95% CL limit. For the
central values Ŝ0 and T̂0, the standard deviations σS;T , and
the correlations between them, we adopt [2,3]:

PDG∶ ðŜ0; σSÞ ¼ ð0.00; 0.07Þ; ðT̂0; σTÞ ¼ ð0.05; 0.06Þ; ρST ¼ 0.92;

CDF∶ ðŜ0; σSÞ ¼ ð0.15; 0.08Þ; ðT̂0; σTÞ ¼ ð0.27; 0.06Þ; ρST ¼ 0.93: ð28Þ

FIG. 1. Left: the masses of three neutral Higgs bosons MHi
and their couplings-squared to two massive vector bosons gHiVV as

functions of θ1 ¼ ϕ6 − ϕ5=2 taking Z1 ¼ 0.13, Z3 ¼ 2.5, Z4 ¼ 3.0, jZ5j ¼ jZ6j ¼ 0.5, and MH� ¼ 500 GeV while varying ϕ5 ≡
ArgðZ5Þ and ϕ6 ≡ ArgðZ6Þ from −π to π. Right: the allowed region on the ϕ7 − ϕ6 plane obtained by imposing the UNIT ⊕ BFB
constraints for the four values of ϕ5 ¼ −π (upper-left), −π=2 (upper-right), 0 (lower-left), and π=2 (lower-right). The quartic couplings
are taken as in the left panel additionally with Z2 ¼ 0.5 and jZ7j ¼ 0.5.

5Here, MBSM denotes some heavy mass scale involved with new physics beyond the Standard Model (BSM).
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Using the set IP for the input parameters and exploiting the relations among the couplings of the Higgs bosons to the
massive vector bosons given in Eq. (14), the S and T parameters might be estimated using the following expressions at
the one-loop order [28,30,39,42–45]6:

Tffiffi
2

p
GF

16π2αEM

¼ ð1 − g2H1VV
ÞFΔðMH1

;MH�Þ þ ð1 − g2H2VV
ÞFΔðMH2

;MH�Þ þ ð1 − g2H3VV
ÞFΔðMH3

;MH�Þ

− g2H3VV
FΔðMH1

;MH2
Þ − g2H2VV

FΔðMH1
;MH3

Þ − g2H1VV
FΔðMH2

;MH3
Þ;

4πS ¼ −F0
ΔðMH� ;MH�Þ þ g2H3VV

F0
ΔðMH1

;MH2
Þ þ g2H2VV

F0
ΔðMH1

;MH3
Þ þ g2H1VV

F0
ΔðMH2

;MH3
Þ; ð29Þ

where the one-loop functions are given by

FΔðm0; m1Þ ¼ FΔðm1; m0Þ ¼
m2

0 þm2
1

2
−

m2
0m

2
1

m2
0 −m2

1

ln
m2

0

m2
1

;

F0
Δðm0; m1Þ ¼ F0

Δðm1; m0Þ ¼ −
1

3

�
4

3
−
m2

0 lnm
2
0 −m2

1 lnm
2
1

m2
0 −m2

1

−
m2

0 þm2
1

ðm2
0 −m2

1Þ2
FΔðm0; m1Þ

�
: ð30Þ

When the BSM Higgs bosons are almost degenerate and they are much heavier than the SM-like one, it is useful to know
the asymptotic behavior of the one-loop functions. When m0 ∼m1, we find7

FΔðm0; m1Þ ¼
2ðm0 −m1Þ2

3
−

2ðm0 −m1Þ4
15ðm0 þm1Þ2

þO
�ðm0 −m1Þ6
ðm0 þm1Þ4

�
;

F0
Δðm0; m1Þ ¼

1

3
ln

�ðm0 þm1Þ2
4

�
þ ðm0 −m1Þ2
5ðm0 þm1Þ2

þO
�ðm0 −m1Þ4
ðm0 þm1Þ4

�
: ð31Þ

On the other hand, for m1 ≫ m0, we have

FΔðm0;m1Þ¼
m2

1

2
þ
�
1

2
þ ln

m2
0

m2
1

�
m2

0þO
��

m4
0

m2
1

�
ln
m2

0

m2
1

�
;

F0
Δðm0;m1Þ¼

lnm2
1

3
−

5

18
þ2

3

m2
0

m2
1

þO
��

m4
0

m4
1

�
ln
m2

0

m2
1

�
: ð32Þ

In the alignment limit where g2H1VV
¼ 1 and g2H2VV

¼
g2H3VV

¼ 0, we note that S and T are symmetric under
the exchange MH2

↔ MH3
and they are identically vanish-

ing if MH2
¼ MH3

¼ MH� since FΔðm;mÞ ¼ 0 and
F0
Δðm;mÞ ¼ lnm2=3.
In the upper-left panel of Fig. 2, we show the two ELW

ellipses which delimit the CDF (upper ellipse) and PDG
(lower ellipse) 95% CL regions on the S − T plane, see
Eqs. (27) and (28). The scattered region in each of them has
been obtained by imposing the UNIT and necessary BFB
constraints as well as the ELW one as indicated by
the abbreviation UNIT ⊕ BFB ⊕ ELW95% in the figure
caption. We magnify the CDF and PDG regions in the

upper-right and lower-left panels, respectively, with the
colored dots forMH� > MH1

(blackþ redþ blue),MH� >
500 GeV (redþ blue), and MH� > 900 GeV (blue). We
observe thatMH� is smaller than 900 GeV for CDF when S
is positive, see the upper-right panel. In the lower-right
plane, we show the two magnified CDF and PDG regions
together for simultaneous comparisons. We find that S
takes values in the range between −0.03 and 0.05
whose absolute values are smaller than σS ¼ 0.07 (PDG)
and 0.08 (CDF), see Eq. (28). The T parameter takes its
value between 0.12 and 0.24 (CDF) and between−0.02 and
0.14 (PDG). Note that, for CDF, the narrow region around
S ¼ 0 with radius about 0.005 is not allowed, see the
upper-right panel. Also note that T is positive definite and
sizable.
In Fig. 3, we show the normalized distributions

(magenta) of the seven quartic couplings, the three mixing
angles, and the masses of heavy Higgs bosons using the
CDF values for T̂0, Ŝ0, σS, σT , and ρST , see Eq. (28). The
combined UNIT ⊕ BFB ⊕ ELW95% constraints have been
imposed. Also shown are the distributions (blue) requiring
only the UNIT ⊕ BFB conditions. We find that the
distributions of the real and imaginary parts of Z5;6;7

are (almost) symmetric around 0. Meanwhile, the Z4

distribution changes drastically to exclude the region
jZ4j≲ 1 after imposing the ELW constraint additionally.
Quantitatively, we find that the quartic couplings are
constrained as:

6To obtain the expressions for the T and S parameter, we use
the coupling relations g2HiHjV

¼ jϵijkjg2HkVV
and the sum rule

jgHiHþW− j2 ¼ 1 − g2HiVV
for i; j ¼ 1; 2; 3, see Eqs. (13) and (14).

7Note that the one-loop functions FΔðm0; m1Þ and F0
Δðm0; m1Þ

are symmetric under the exchange m0 ↔ m1.
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0.1≲Z1 ≲ 2.0; 0≲Z2 ≲ 2.1; − 2.6≲Z3 ≲ 8.0;

−6.3≲Z4 ≲−0.8 ∪ 1.1≲Z4 ≲ 5.4;

jZ5j≲ 1.7; jZ6j≲ 2.4; jZ7j≲ 2.7: ð33Þ

The mixing angles γ and η prefer the values near to 0 while
the ω distribution is flat. From the distributions of the
masses of heavy Higgs bosons, we observe that the upper
limit around 1 TeV emerges when the ELW constraint has
been imposed in addition to the UNIT ⊕ BFB ones. In
Fig. 3, we also show the normalized distributions (black) by
picking out the points which satisfy the necessary and
sufficient BFB conditions as well as the UNIT ⊕ ELW95%

constraints. We observe that the stronger BFB conditions
shift the negative edge of Z4 to the positive direction a little
bit and reduce the ranges of Z6 and Z7 couplings as jZ6;7j ≲
1.9 and strengthen the upper limit on MH�;H2;3

by the
amount of about 100 GeV. Otherwise, the distributions
remain the same more or less especially with the gap
around Z4 ¼ 0 unaffected.

In Fig. 4, we show the correlations between the heavy
Higgs masses MH� and MH2

(upper left), MH� and MH3

(upper right), and MH3
and MH2

(lower left), and that
between the mass differencesMH2

−MH� andMH3
−MH2

(lower right) using the CDF data, see Eq. (28). As in Fig. 3,
the combined UNIT ⊕ BFB ⊕ ELW95% constraints have
been imposed (magenta) and the results obtained by
adopting the necessary and sufficient BFB conditions are
shown in black. The blue points are again for the case only
with the UNITand necessary BFB constraints. In the upper-
left and lower-right panels, it is clearly shown that there
should be sizable mass difference between the charged
Higgs boson H� and the second heaviest neutral one H2

to accommodate the CDF W-mass anomaly. Further we
observe that, the upper limits of about 1 TeV and 900 GeV
on the heaviest states emerge whenMH� >MH2

andMH� <
MH2

, respectively. Note that, when MH� < MH2
, the mass

splitting betweenH� andH2 also implies the mass splitting
between H� and H3 since MH2

< MH3
by definition. On

the other hand, when MH� > MH2
, the heaviest neutral

FIG. 2. CDF and PDG: T versus S. The scattered regions are obtained by imposing the combined UNIT⊕ BFB ⊕ ELW95%

constraints and the colored dots are forMH� > MH1
(black þ redþ blue),MH� > 500 GeV (redþ blue), andMH� > 900 GeV (blue).
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Higgs boson could be either heavier or lighter than the
charged Higgs boson, see the upper-right panel of Fig. 4.
Incidentally, we observe the mass splitting between the two
heavy neutral Higgs bosons limited to be smaller than about

350 (240) GeV when MH� > ð<ÞMH2
, see the lower-right

panel of Fig. 4. When the masses of the heavy Higgs
bosons saturate their upper limits, there are two types of the
heavy-Higgs mass spectrum given by

MH� > MH2
∶ MH2

≃MH3
≃ 1000ð900Þ GeV; MH� ≃ 1100ð1000Þ GeV;

MH� < MH2
∶ MH2

≃MH3
≃ 900 GeV; MH� ≃ 800 GeV; ð34Þ

where the numbers in parentheses when MH� > MH2
are

for the case with the necessary and sufficient BFB con-
ditions, see the black points in Fig. 4. When MH� < MH2

,
we observe that the mass spectrum of heavy Higgs bosons
is insensitive to the choice of the BFB conditions.
In this work, we analyze the mass spectrum of heavy

Higgs bosons appearing in the CPV 2HDM especially
when the central value of the T parameter significantly
deviates from its SM value of zero as indicated by the CDF
W-mass anomaly by combining it with the theoretical
UNIT and BFB constraints. In this case, all the relevant
parameters and couplings are fully determined by the CPV
2HDM potential only. Note that the theoretical UNIT and
BFB conditions are given in terms of the seven quartic
couplings Z1−7 and the S and T parameters are functions of
the Higgs masses and the neutral Higgs couplings to a pair
of massive vector bosons gHiVV ¼ Oφ1i only, see Eq. (29).

This makes our current analysis largely independent of the
Yukawa sector.
Eventually, of course, one needs to implement a full

phenomenological study of the Higgs bosons which incor-
porates flavor observables, the LHC Higgs precision data,
the collider limits from the heavy Higgs boson searches
carried out at the LHC, nonobservation of the electron and
neutron electric dipole moments (EDMs), etc. But, to
incorporate all the phenomenological constraints, one
should specify the Yukawa sector since the constraints
beyond the UNIT, BFB, and ELWones strongly depend on
the relevant Yukawa interactions. For example, the recent
analysis of the radiative b → sγ decay within the so-called
type-II 2HDM yields the 95% C.L. constraint of MH� >
800 GeV [46]. But it is well known that the strong
upper limit on the charged Higgs boson mass becomes
significantly weaker if different models for the Yukawa
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FIG. 3. CDF: The normalized distributions of the quartic couplings, the mixing angles, and the masses of heavy Higgs bosons
imposing the combined UNIT ⊕ BFB ⊕ ELW95% constraints (magenta) and using the set IP of the input parameters, see Eq. (19). The
normalized distributions obtained by replacing the necessary BFB conditions with the necessary and sufficient ones are shown in black.
For comparisons, we also show the results obtained by imposing only the UNIT and necessary BFB constraints (blue).
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interactions are assumed. Indeed, there are wider varieties
in choosing the 2HDM Yukawa sector beyond the fre-
quently mentioned four types of 2HDM. In the 2HDM, the
Yukawa couplings might be given by [28,47]8

−LY ¼
X
k¼1;2

Q̄0
L y

u
kH̃ku0Rþ Q̄0

Ly
d
kHkd0Rþ L̄0

Ly
e
kHke0RþH:c:;

ð35Þ

which contain the six 3 × 3 Yukawa matrices yu;d;e1;2 .

The Yukawa matrices of yu;d;e1 are diagonalized to generate
the masses of the SM fermions in the Higgs basis, while
the Yukawa matrices of yu;d;e2 give rise to unwanted tree-
level Higgs-mediated flavor-changing neutral currents
(FCNCs). To avoid the tree-level FCNC, the Glashow-
Weinberg condition [48] has been usually considered
leading to the conventional four types of 2HDM. But

this is not the only way to avoid the FCNC in the 2HDM.
For example, one may assume the alignment of the two
types of the Yukawa matrices or yf2 ¼ ζfy

f
1 for f ¼ u, d, e

by introducing the three complex alignment parameters
ζu;d;e [47]. The aligned 2HDM (A2HDM) accommodates
the four conventional types of 2HDM as some limiting
cases when the alignment parameters are real and fully
correlated [28,47].9 Otherwise, it provides the more
general 2HDM framework than the conventional ones
based on the Glashow-Weinberg condition, leading to
much more enriched Higgs phenomenology. For example,
a very recent study shows that some LHC excesses
observed by the ATLAS and CMS collaborations in their
searches for heavy neutral scalars with τþτ− and tt̄ final
states are incompatible within the four conventional
2HDMs but can be accommodated within A2HDM [49].
This should imply that one needs to be very careful when
interpreting experimental data if there exist several

FIG. 4. CDF: Scatter plots of MH� versus MH2
(upper left), MH� versus MH3

(upper right), MH3
versus MH2

(lower left), and
MH2

−MH� versusMH3
−MH2

(lower right) imposing the combined UNIT ⊕ BFB ⊕ ELW95% constraints (magenta) and using the set
IP of the input parameters, see Eq. (19). Scatter plots obtained by replacing the necessary BFB conditions with the necessary and
sufficient ones are shown in black. For comparisons, we also show the results obtained by imposing only the UNIT and necessary BFB
constraints (blue).

8Here Q0
L ¼ ðu0L; d0LÞT , L0

L ¼ ðν0L; e0LÞT , u0R, d0R, and e0R denote
the electroweak eigenstates and H̃i ¼ iτ2H�

i .

9For example, the so-called type-II 2HDM can be accommo-
dated by taking ζd ¼ ζe ¼ −1=ζu and ζu ¼ 1= tan β.
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theoretical frameworks available in order not to exclude
regions of parameter space which could be important. A
full phenomenological study of the heavy Higgs bosons
including a detailed analysis of various constraints
in the CPV-A2HDM framework might deserve another
independent studies and, in this work, we keep our
analysis independent of the Yukawa sector as much as
possible.

IV. ANALYSIS

In this section, we provide the comprehensive analysis
on the behavior of the masses of heavy Higgs bosons
shown in Fig. 4 and investigate their dependence on the
couplings of the neutral Higgs bosons to two massive
vector bosons gHiVV appearing in the expressions for the S
and T parameters, see Eq. (29), taking account of the mass
difference MH3

−MH2
. For our analysis, we adopt the

necessary BFB conditions as in Eq. (26) or the magenta
points in Fig. 4 for the conservative estimation of the mass
spectrum of heavy Higgs bosons taking account of the
limited size of our dataset and also for the easier compar-
isons with our previous work [4]. Otherwise, it would be
understood that one might have the slightly lighter spec-
trum by the amount of about 100 GeV when the charged
Higgs boson is the heaviest state.
The coupling of the SM-like lightest Higgs boson to two

massive vector bosons, gH1VV , is constrained by the
precision LHC Higgs data. Denoting

gH1VV ≡ 1 − ϵ; ð36Þ
the quantity ϵ is required to be smaller than about 0.05 at 1σ
level [50].10 As a measure of the deviation from the
alignment limit of g2H1VV

¼ 1, we introduce the average
coupling

g223 ≡
g2H2VV

þ g2H3VV

2
¼ 1 − g2H1VV

2
¼ ϵ −

ϵ2

2
; ð37Þ

which varies between 0 and 0.5 while being constrained to
be smaller than about 0.05 at 1σ level by the precision LHC
Higgs data.

To analyze the CDF case presented in Fig. 4, we
introduce the following two measures for the mass split-
tings of the heavy Higgs bosons:

Δ≡MH2
−MH� ; δ≡MH3

−MH2
; ð38Þ

and then the masses of heavy Higgs bosons are given by

MH� ¼ M − Δ=2; MH2
¼ M þ Δ=2;

MH3
¼ M þ Δ=2þ δ; ð39Þ

in terms of Δ, δ, and the average heavy mass scale
M ¼ ðMH� þMH2

Þ=2. The quantity δ is positive definite
while Δ can be either positive or negative. When Δ < 0,
the lightest state is H2 while H� is the lightest one
when Δ > 0.
In Fig. 5, we show the correlations among Δ, δ, M, and

g223 imposing the combined UNIT ⊕ BFB ⊕ ELW95%

constraints for Δ < 0 (left) and Δ > 0 (right). First of
all, we observe that M is constrained from the above and
jΔj is nonvanishing and sizable: M ≲ 1050 GeV and M ≲
850 GeV when Δ < 0 and Δ > 0, respectively, and Δ
converges to the values of about�90 GeV asM reaches its
maximum values. On the other hand, the mass splitting δ
between H3 and H2 becomes smaller as M increases as
shown in Eq. (17) and H3 could be (almost) degenerate
with H2 for the whole range of M. We further observe that
jΔj > δ when M > 550 GeV, see the colored dots below
(left) and above (right) the magenta lines for jΔj ¼ δ in the
lower-left frames. The scatter plots for M versus g223 in
the lower-right frames illustrate the effects of deviation
from the alignment limit. The upper limit on M quickly
decreases as g223 deviates from the alignment limit and we
find find M ≲ 700ð600Þ GeV and M ≲ 600ð500Þ GeV
when g223 ¼ 0.05ð0.1Þ. In this work, we concentrate on
the heavy mass region with M ≳ 500 GeV where jΔj≳ δ
and, accordingly, there is a mass hierarchy such as

M ≫ MH1
∼ jΔj≳ δ; ð40Þ

which leads to the following two types of mass
spectrum

23C∶ MH2
<MH3

<MH� when Δ< 0 and δ< jΔj;
C23∶ MH� <MH2

<MH3
when Δ> 0: ð41Þ

For the 23C hierarchy, the second heaviest Higgs bosonH2

is the lightest state while the charged Higgs boson is
the lightest one for the C23 hierarchy. The heaviest
states are H� and H3 for the 23C and C23 hierarchies,
respectively.
Assuming the mass hierarchy given in Eq. (40) and

keeping the leading terms for T and S using the
approximations given in Eqs. (31) and (32), one may find
the approximated expressions for the S and T parameters:

10In Ref. [50], used are the accumulated LHC Higgs data with
the integrated luminosities per experiment of approximately 5/fb
at 7 TeV, 20/fb at 8 TeV, and up to 80/fb at 13 TeV. We note that
there are more datasets at 13 TeV up to 139/fb and 137/fb
collected with the ATLAS and CMS experiments, respectively,
see Refs. [51,52]. We observe that the 1σ errors are reduced by
the amount of about 30% by comparing the results presented in
Ref. [51] with those in Ref. [53] in the latter the dataset up to
80/fb is used. But, without a combined ATLAS and CMS
analysis, it is difficult to say conclusively how much the full
13-TeV dataset improves the measurements involved with the
125 GeV Higgs boson and, throughout this work, we use gH1VV ≳
0.95 as the conservative constraint on the coupling at 1σ level.
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Tffiffi
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p
GF

16π2αEM
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3
ðΔ2 þ δΔÞ þ

�
−ð2g223Δþ g2H2VV

δÞM −
4

3
g223Δ2 −

�
1

2
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g2H3VV
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δΔþ 1
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δ2
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;

4πS ≃
1
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�
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�
þ
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−
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9
g223 þ

1

3
ðg2H2VV

− g2H3VV
Þ δ

M

�
; ð42Þ

in terms of Δ, δ, M, g2H2VV
, g2H3VV

, and g223. Note that the
quantities in the square brackets are vanishing in the
alignment limit of g2H2VV

¼ g2H3VV
¼ g223 ¼ 0 and the terms

are organized taking account of the mass hierarchy
M ≫ MH1

∼ jΔj≳ δ, see Eq. (40). Further we observe
that the terms containing either g2H2VV

or g2H3VV
vanish when

δ ¼ 0 leaving only the terms with the average coupling g223.
One should note that T is vanishing when Δ ¼ δ ¼ 0 and
one needs mass splittings among the heavy Higgs bosons to
accommodate the sizable positive value of the T parameter.
When δ ¼ 0, T still has positive contributions proportional
to Δ2 even in the alignment limit of g223 ¼ 0. When Δ ¼ 0,
on the other hand, T is vanishing in the alignment and it is
given by

Tffiffi
2

p
GF

16π2αEM

�����
Δ¼0

≃ −g2H2VV
δ

�
M −

1

6
δ

�
; ð43Þ

which is negative unless δ > 6M or identically vanishing
when gH2VV ¼ 0 or whenH2 is the CP-odd state. The large
mass splitting between H3 and H2 such as δ > 6M is not
allowed since it generates too large value of jZ5j violating

the perturbative UNIT constraint, see Eq. (16), let alone it is
not consistent with our assumed mass hierarchy.11 And,
T ¼ 0 with gH2VV ¼ 0 is consistent with the observation
made in the CPC case [4]: T is identically vanishing when
the mass of the charged Higgs boson is equal to that of the
CP-odd Higgs boson. So we conclude that, only with
nonzero δ, we are heading to the opposite direction pointed
by the CDF measurement of MW and nonvanishing Δ is
necessary to produce the sizable and positive definite value
of the T parameter. To strengthen our claim, we extend our
discussion to the case withΔ ≠ 0. In this case, dropping the
terms suppressed by the factor Δ=M or δ=M compared to
the leading term in the square bracket in Eq. (42), the
expression for T is further simplified into

Tffiffi
2

p
GF

16π2αEM

≃
4

3
ðΔ2 þ δΔÞ − ð2g223Δþ g2H2VV

δÞM; ð44Þ

FIG. 5. CDF: (Left) Scatter plots of Δ versusM (upper left), δ versusM (upper right), Δ versus δ (lower left), andM versus g223 (lower
right) for Δ < 0. [Right] The same as in the left panel but for Δ > 0. The magenta lines in the lower-left frames in each panel are for
Δ ¼ −δ (Left) and Δ ¼ δ (Right). And the red and blue dots are forM > 500 GeV (redþ blue) andM > 900 GeV (blue), respectively.
The combined UNIT ⊕ BFB ⊕ ELW95% constraints are imposed.

11We also note that δ ∼ 6M leads to S ∼ 1=2π when
Δ ¼ g223 ¼ 0, see Eq. (42), which is far outside the scattered
regions presented in Fig. 2 which are obtained by imposing the
combined UNIT ⊕ BFB ⊕ ELW95% constraints.
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which can be rewritten as

�
Δ−

�
3

4
g223M−

δ

2

��
2

≃T 0 þ3

4
g2H2VV

δMþ
�
3

4
g223M−

δ

2

�
2

ð45Þ

with T 0 ≡ T
0.18 ð100 GeVÞ2 using

ffiffiffi
2

p
GF=16π2αEM ≃

1.337 × 10−5=GeV2. Note that the right-hand side of the
above equation is positive definite unless T < 0, Δ ¼ 0
cannot satisfy the above relation, and the region of Δ with a
radius smaller than

ffiffiffiffiffi
T 0p

around the point Δ ¼ 3g223M=4 −
δ=2 should not be allowed. For example, if T ≳ 0.18, the
region of jΔj≲ 100 GeV should be excluded in the limit of
δ ¼ g223 ¼ 0. In fact, we have checked that T is negative
definite when Δ ¼ 0 using the full analytic expressions for
the T parameter without resorting to the approximations,
see Eqs. (31) and (32).12

As shown in our previous work [4], the quartic coupling
Z4 plays the crucial role to understand the upper limit on
the mass scale of heavy Higgs bosons. We find that the
expression for Z4 in Eq. (11) can be recast as

Z4v2 ¼ 2ð2Δþ δÞM þ ðΔþ δÞδ

−
�
2g223M

2 þ 2ðg223Δþ g2H3VV
δÞM

þ g223

�
Δ2

2
− 2M2

H1

�
þ g2H3VV

ðΔþ δÞδ
�
; ð46Þ

in terms of Δ, δ, M, g223. g
2
H3VV

, and MH1
. When g223 ¼ 0

and δ ¼ 0, using the above equation together with Eq. (42),
we have

T ≃ 0.18

�
Δ

100 GeV

�
2

or jΔj ≃ 100

ffiffiffiffiffiffiffiffiffi
T

0.18

r
GeV;

S ≃ 0.0053

�
Δ

100 GeV

��
1 TeV
M

�
;

Z4 ≃ 4
ΔM
v2

≃ 6.6

�
Δ

100 GeV

��
M

1 TeV

�
; ð47Þ

where we use
ffiffiffi
2

p
GF=16π2αEM ≃ 1.337 × 10−5=GeV2 and

v ¼ 246.22 GeV. Note that the UNIT ⊕ BFB constraint of
jZ4j≲ 6.6 leads to the upper limit of about 1 TeV on the
heavy-Higgs mass scaleMwhen jΔj ≃ 100 GeV. These are
the main ingredients of our previous work [4].
In this work, we extend our analytic study on the mass

spectrum of heavy Higgs bosons taking account of the
effects of the mass splitting δ between the two neutral
heavy Higgs bosons and the deviation from the alignment
limit of g223 ¼ 0. Assuming the mass hierarchy M ≫
MH1

∼ jΔj≳ δ given by Eq. (40) and keeping the leading
terms in Eq. (46), one might approximate the expression for
Z4 as follow:

Z4v2 ≃ ð4Δþ 2δÞM − 2g223M
2: ð48Þ

It is interesting and illuminating to observe that each term
of the above equation involves its own physics origin. The
term containing Z4 is constrained by the UNIT ⊕ BFB
condition. The first term in the right-hand side involves the
mass splittings among the heavy Higgs bosons and the
high-precision CDF measurement of the W boson mass
implies nonvanishing value for, especially, the mass split-
ting Δ between the charged and the second heaviest neutral
Higgs bosons. The second term in the right-hand side is
proportional to M2 and it quickly increases when g223
deviates from the alignment limit of g223 ¼ 0 or when the
coupling gH1VV deviates from its SM value of 1.
Equation (48) can be rewritten for M as

g223M
2 − 2Δ̂M þ 2Δ̂M̂0 ≃ 0; ð49Þ

by introducing

Δ̂≡ Δþ δ

2
; M̂0 ≡ Z4v2

4Δþ 2δ
¼ Z4v2

4Δ̂
: ð50Þ

When the discriminant −2g223Δ̂M̂0 þ Δ̂2 > 0, Eq. (49) can
be solved for M. By denoting the solution as MZ4

, we
obtain13:

23C∶ MZ4
≃
jΔ̂j
g223

�
−1þ

�
1 − 2g223

M̂0

Δ̂

�
1=2�

when Δ̂ < 0 and 2g223M̂0 > −jΔ̂j;

C23∶ MZ4
≃

Δ̂
g223

�
1 −

�
1 − 2g223

M̂0

Δ̂

�
1=2�

when Δ̂ > 0 and 2g223M̂0 < Δ̂: ð51Þ

12In fact, T is identically vanishing when Δ ¼ δ ¼ 0. We find that the same thing happens also when Δ ¼ MH2
−MH1

¼ 0.
13Note that Δ̂ has the same sign as Δ and M̂0 > 0 when M ≳ 500 GeV and jΔj ≳ δ.
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When g223jM̂0=Δ̂j≲ 1, and one may expand MZ4
as

MZ4
≃ M̂0

�
1þ g223

2

M̂0

Δ̂
þ g423

2

�
M̂0

Δ̂

�
2

þO
�
g223

M̂0

Δ̂

�
3
�

ð52Þ

and, keeping the leading term in g223, we define

Mð1Þ
Z4

≡ M̂0

�
1þ g223

2

M̂0

Δ̂

�
: ð53Þ

Note that the quartic coupling Z4 and the quantities Δ̂ ¼
Δþ δ=2 and M̂0 ¼ Z4v2=4Δ̂ possess their own implicit
dependence on g223 as will be shown shortly.
In the left panel of Fig. 6, we show the scatter plots for Z4

versus g223 (upper left), 4Δþ 2δ versus g223 (upper right),

M̂0 versus g223 (middle left), and MZ4
and Mð1Þ

Z4
versus g223

(middle right) for the 23C hierarchy with Δ < 0. The
combined UNIT ⊕ BFB ⊕ ELW95% constraints have
been imposed and M > 500 GeV is required. We observe
that jZ4j takes its maximum value of about 6.3 at g223 ¼ 0

where 350≲ j4Δþ 2δj=GeV≲ 450 which leads to
M̂0 ¼ Z4v2=ð4Δþ 2δÞ ≲ 1050 GeV in the alignment
limit. As g223 deviates from 0, the maximum value of
jZ4j decreases quickly from ∼6.3 to ∼4 as g223 reaches to
0.05 and, from there, it does not change much. On the other
hand, the minimum value of j4Δþ 2δj almost uniformly
decreases as g223 increases. These combined features
explain the behavior of M̂0 shown the middle-left frame.

In the middle-right frame, we showMZ4
andMð1Þ

Z4
which are

given by Eq. (51) and Eq. (53), respectively. We observe
that, for the small values of g223 ≲ 0.05, MZ4

is fairly well

approximated by Mð1Þ
Z4

which contains the proportionality

factor 1þ g223M̂0=2Δ̂ pulling down M̂0 as g223 increases
since Δ̂ < 0 for the 23C hierarchy. In the lower frames, we
compareMZ4

obtained by solving Eq. (49) and the average
mass scale M ¼ ðMH� þMH2

Þ=2. We find that MZ4
≃M

with jMZ4
−Mj≲ 30 GeV and, therefore, conclude that

MZ4
excellently represents the heavy-Higgs mass scale M

especially for the small values of g223. This implies that we
have fully figured out the physics origins relevant for the
mass scale of heavy Higgs bosons by showing that it has
been determined by combining the UNIT ⊕ BFB condi-
tion, the mass splittings among the heavy Higgs bosons,
and deviation from the alignment limit.
In the right panel of Fig. 6, we show the same as in the

left panel but for the C23 hierarchy with Δ > 0. Similar
observations could be made as in the left panel except that:
(i) g223 is constrained to be smaller than about 0.1 indicated
by the condition 2g223M̂0 < Δ̂, (ii) Z4 ≲ 5.3 leading to the
smaller values of M̂0 ≲ 850 GeV, (iii) now M̂0 is pushed

up by the factor 1þ g223M̂0=2Δ̂ since Δ̂ > 0, and (iv) Mð1Þ
Z4

provides the excellent approximation for MZ4
. Otherwise,

we confirm again that we have fully figured out the physics
origins relevant for the mass scale of heavy Higgs bosons
also in this case.
To conclude, for a given value of g223, the upper limit on

the average mass scale M ¼ ðMH� þMH2
Þ=2 is given by

FIG. 6. CDF: Behaviors of Z4 (upper-left), 4Δþ 2δ (upper-right), M̂0 (middle-left), andMZ4
andMð1Þ

Z4
(middle-right) according to the

variation of g223 and comparisons of MZ4
and M (lower) for the 23C (left) and C23 (right) hierarchies with the magenta lines for

MZ4
¼ M. Note thatMZ4

andMð1Þ
Z4

are given by Eq. (51) and Eq. (53), respectively. The combined UNIT ⊕ BFB ⊕ ELW95% constraints
are imposed and M > 500 GeV is required.
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the maximum value of MZ4
which could be approximated

by Mð1Þ
Z4

when g223 ≲ 0.05:

M ≲maxðMZ4
Þ ≃max½Mð1Þ

Z4
�; ð54Þ

and then

MH2
¼ M þ Δ=2≲max½Mð1Þ

Z4
� þ Δ=2;

MH� ¼ M − Δ=2≲max½Mð1Þ
Z4
� − Δ=2; ð55Þ

for the both 23C (Δ < 0) and C23 (Δ > 0) hierarchies. In
this section, taking theCDF values given in Eq. (28), we find

max½Mð1Þ
Z4
� ¼maxðM̂0Þ≃

�
1050 GeV for 23CðΔ< 0Þ
850 GeV for C23ðΔ> 0Þ ;

ð56Þ

in the alignment limit which precisely reproduces the
highest masses of the heavy neutral and charged Higgs
bosons shown in Fig. 4 together with jΔjM¼maxðMÞ ≃
100 GeV, see Eq. (34). Note that the 23C hierarchy leads
to the heavier spectrum.

V. DISCUSSION

The specific values for the S and T parameters given in
Eq. (28) are subject to changes depending on the details of

the available ELW precision data and how to collect and fit
them. In this section, taking PDG and CDF as the two
extreme limits, we discuss how the upper limit on the
heavy-Higgs mass scale M changes by varying the values
for the S and T parameters between PDG and CDF. More
precisely, we vary the central values of the S and T
parameters as

T̂0 ¼ 0.22tEW þ 0.05; Ŝ0 ¼ 0.15tEW ð57Þ

with the parameter tEW scanned between 0 and 1. For σS,
σT , and ρST , we take the CDF values as in Eq. (28). Now,
the heavy Higgs masses squared are scanned up to
ð3 TeVÞ2 since we expect the smaller mass splitting jΔj
with T̂0 < 0.27 which might lead to the upper limit on M
larger than 1 TeV. Further we take γ ¼ η ¼ 0 because MZ4

takes its maximum value in the alignment limit, see the
middle frames in Fig. 6. Otherwise, the parameters are
scanned as described at the end of Sec. II.
The left panel of Fig. 7 are for the scatter plots for T̂0

versus tEW (upper left) and T̂0 versus Ŝ0 (upper right)
according to Eq. (57). The lower-left frame is for T versus
S obtained by imposing the combined UNIT ⊕ BFB ⊕
ELW95% constraints. Comparing with Fig. 2, we observe
that the scattered dots are more centered around S ¼ 0
with T > 0. The lower-right frame is for Δ versus δ with
the magenta lines for jΔj ¼ δ. The colored dots are for
tEW > 0.05 (blackþ redþ blue), tEW > 0.5 (redþ blue),

FIG. 7. Between PDG and CDF: T̂0 ¼ 0.22tEW þ 0.05 and Ŝ0 ¼ 0.15tEW with 0 ≤ tEW ≤ 1 taking the CDF values for σS ¼ 0.08,
σT ¼ 0.06, and ρST ¼ 0.93. The alignment limit of γ ¼ η ¼ 0 has been taken, the heavy Higgs masses squared are scanned up to
ð3 TeVÞ2, and the other parameters are scanned as described at the end of Sec. II. The combined UNIT ⊕ BFB ⊕ ELW95% constraints
have been imposed. (Left) The magenta lines in the lower-right frame are for jΔj ¼ δ and the colored dots are for tEW > 0.05
(blackþ redþ blue), tEW > 0.5 (redþ blue), and tEW > 0.9 (blue). (Right) The vertical magenta lines in the upper frames denotes the
position tEW ¼ 0.05 and the magenta curve in the lower-right frame represents the case M ¼ 240=T̂0 þ 140 GeV.
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and tEW > 0.9 (blue). First of all, we note that the
nonvanishing mass splitting jΔj is required if T̂0 deviates
from 0 by more than 1σT ¼ 0.06 or, equivalently,
tEW > 0.05. And, as expected, the larger mass splitting
jΔj is needed to accommodate the larger value of T̂0. We
note that jΔj ≃ 100 GeV when δ ¼ 0 in the CDF limit of
tEW ¼ 1. When Δ < 0, jΔj > δ resulting in the 23C
hierarchy independently of tEW and M.
In the upper frames of the right panel of Fig. 7, we show

the scatter plots for Z4 versus tEW (upper left) and 4Δþ 2δ
versus tEW (upper right). From tEW ≃ 0.05 denoted by the
vertical magenta lines, the region around jZ4j ¼ 0 starts to
be excluded and j4Δþ 2δj begins to deviate from 0
implying that the upper limit on M emerges. Note that
the allowed regions of the quartic coupling Z4 are almost
independent of tEW once it is larger than 0.05. In the lower-
left frame, we show the scatter plot for M̂0 versus M for
tEW > 0.05. We observe that the scattered points are
distributed along the M̂0 ¼ M line with jM̂0 −Mj <
20 GeV for M > 1 TeV14 implying that the mass scale of
heavy Higgs bosons originates from the UNIT ⊕ BFB
constraint on the quartic coupling Z4 and the mass splittings
among the heavy Higgs bosons. In the lower-right
frame, taking tEW > 0.05, we show the scatter plot for M
versus T̂0 for the 23C hierarchy (Δ < 0) which predicts the
heavier mass spectrum compared to the C23 hierarchy with
Δ > 0.We observe that the heavyHiggs bosons should exist
below 2.5(1.3) TeV if T̂0 > 0.1ð0.2Þ. Incidentally, we find
that

M ≲
�
240

T̂0

þ 140

�
GeV; ð58Þ

as denoted by the magenta curve in the lower-right frame.
This empirical relation could be used to derive the
conservative T̂0-dependent upper limit on M more
conveniently.
Last but not least, for the searches of heavy Higgs bosons

at future colliders such as the high luminosity option of the
LHC (HL-LHC) and a 100 TeV hadron collider, we
propose some benchmarking scenarios in which the masses
of the heavy Higgs bosons saturate their upper limits for a
given value of T̂0, see Table I. In the proposed saturating
scenarios, the heavy neutral Higgs bosons are almost
degenerate. The heavier spectrum is predicted for the larger
value of T̂0 and we note that the heavy Higgs bosons are
lighter than 3 TeV for T̂0 > 0.09. When T̂0 ≳ 0.21, the
heavy Higgs bosons weighing around 1 TeV and the on-
shell W boson coming from the decay of the charged
Higgs boson (23C) or the heavy neutral Higgs bosons
(C23) might be signatures of the scenarios with

jgH2;3H�W∓ j ≃ 1 [54]. For T̂0 ≲ 0.15, the heavy Higgs
bosons are located above 1.5 TeV and the mass difference
between the charged and neutral Higgs bosons is smaller
than 60 GeV. They might be out of the reach of the HL-
LHC but well within the reach of a 100 TeV hadron
collider [55,56].

VI. CONCLUSIONS

We analyze the implication of the large positive
deviation of the S and T parameters from the SM values
of zero indicated by the high-precision CDF measurement
of theW boson mass on the mass spectrum of heavy Higgs
bosons considering the most general CP-violating 2HDM
potential. We show that the mass splitting between the
charged Higgs boson and the second heaviest neutral one is
necessary to accommodate the sizable positive value of the
T parameter especially. Combining with the theoretical
constraints on the quartic couplings from the perturbative
unitarity and for the Higgs potential to be bounded from
below, we provide the comprehensive analysis why the
masses of the heavy Higgs bosons should be bounded
from above.
We further suggest the following points as the main

results of this work:
(1) We clearly demonstrate that there exist only

two rephasing-invariant CPV phases of θ1 ¼
Arg½Z6ðZ�

5Þ1=2� and θ2 ¼ Arg½Z7ðZ�
5Þ1=2� in the

CPV 2HDM Higgs potential pivoting around the
complex quartic coupling Z5. Note that the second
angle θ2 has nothing to do with the masses of Higgs
bosons and the mixing of the neutral ones.

(2) By imposing the combined UNIT ⊕ BFB ⊕
ELW95% constraints and taking the CDF values
for the S and T parameters, we find

0.1≲Z1 ≲ 2.0; 0≲Z2 ≲ 2.1; − 2.6≲Z3 ≲ 8.0;

−6.3≲Z4 ≲−0.8 ∪ 1.1≲Z4 ≲ 5.4;

jZ5j≲ 1.7; jZ6j≲ 2.4; jZ7j≲ 2.7:

TABLE I. Benchmarking scenarios in which the masses of the
heavy Higgs bosons saturate their upper limits for a given value of
T̂0. We take the four values of T̂0 from the CDF value of 0.27 to
0.09 in decrement of σT ¼ 0.06 with Ŝ0 ¼ 0.15 ðT̂0 − 0.05Þ=0.22,
see Eq. (57).

23C C23

ðT̂0; Ŝ0Þ
MH2

≃MH3

(GeV)
MH�

(GeV)
MH2

≃MH3

(GeV)
MH�

(GeV)

(0.27, 0.15) 1000 1100 900 800
(0.21, 0.11) 1100 1180 1090 1010
(0.15, 0.07) 1640 1700 1540 1480
(0.09, 0.03) 2730 2760 2630 2600

14In the alignment of g223 ¼ 0, MZ4
¼ M̂0 ¼ Z4v2=ð4Δþ 2δÞ,

see Eq. (49).
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Note that the ranges of the quartic couplings
appearing in the Higgs potential are largely inde-
pendent of the ELW constraint except that the region
with jZ4j ≲ 1 is excluded by the large value of the T
parameter.

(3) Concentrating on the heavy mass region M ¼
ðMH2

þMH�Þ=2≳ 500 GeV inwhichwe find amass
hierarchy of M ≫ MH1

∼ jΔj≳ δ with Δ ¼ MH2
−

MH� and δ ¼ MH3
−MH2

, we figure out that there
could be the following two types of mass spectrum

23C∶ MH2
< MH3

< MH� when Δ < 0 and δ < jΔj;
C23∶ MH� < MH2

< MH3
when Δ > 0 independently of δ:

When Δ < 0, note that one can achieve the hierarchy
MH3

< MH� if M ≳ 500 GeV or in the alignment limit.
(4) The upper limit on the masses of heavy Higgs bosons

becomes stronger when the effects of deviation from
the alignment limit are taken into account. In the CDF
case, we show that the upper limit onM changes from
about 1 TeV to about 700 GeVas g223 deviates from 0
to 0.05 for the 23C hierarchy.

(5) We have fully figured out the physics origins
relevant for the mass scale of heavy Higgs bosons
by showing that the heavy-Higgs mass scale M
could be excellently represented byMZ4

obtained by
solving Eq. (49) which incorporates. (i) the UNIT ⊕
BFB condition, (ii) the mass splittings among the
heavy Higgs bosons, and (iii) the deviation from the
alignment limit.

(6) When M ≲ 3 TeV, we provide the following useful
and convenient empirical T̂0-dependent upper limit:

M ≲
�
240

T̂0

þ 140

�
GeV;

obtained by varying the central values of the S and T
parameters between PDG and CDF given
by Eq. (28).

(7) We propose some T̂0-dependent benchmarking sce-
narios inwhich themasses of the heavyHiggs bosons
saturate their upper limits for a given value of T̂0, see
Table I. For the CDF values given in Eq. (28), we
propose the following two sat-CDF scenarios:

23Csat−CDF∶ MH2
≃MH3

≃ 1000 GeV; MH� ≃ 1100 GeV;

C23sat−CDF∶ MH� ≃ 800 GeV; MH2
≃MH3

≃ 900 GeV:
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