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Scattering versus forbidden decay in dark matter freeze-in
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It is generically believed that the two-body scattering is suppressed by higher-order weak couplings with
respect to the two-body decay. We show that this does not always hold when a heavy particle is produced
by a forbidden decay in a thermal plasma, where the scattering shares the same order of couplings with the
decay. We find that there is a simple and close relation between the forbidden decay and the same-order
scattering. To illustrate this point, we consider the freeze-in production of heavy dark matter via a light
scalar mediator. We point out that when the Boltzmann (quantum) statistics is used, the forbidden decay can
contribute to the dark matter relic density at 5%—24% (10%—39%) with a weak thermal coupling, while the
contribution from the scattering channel can be several orders of magnitude larger than from the forbidden
decay if the thermal coupling is much smaller. Such a relative effect between the scattering and the
forbidden decay could also exist in other plasma-induced processes, such as the purely thermal generation
of the right-handed neutrino dark matter, or of the lepton asymmetry in leptogenesis.
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I. INTRODUCTION

In many theories beyond the Standard Model (SM) of
particle physics, a heavy species can be usually produced
by a light particle in a thermal plasma. This kind of
production, which is kinematically forbidden in vacuum
but opened at finite temperatures due to plasma effects, has
been studied in a wide range of phenomena, such as the
dark matter (DM) production [1-8], the production of
neutrinos from plasmon decay in stellar cooling [9-13], and
the thermally induced baryon asymmetry in the early
Universe [14-25].

In the scenarios of forbidden decay, the two-body
scattering mediated by the light particle can also be
significant and even dominate the production. A known
example is the neutrino chirality-flipping process v, — vg
in the relativistic QED plasma, where the contribution from
the z-channel scattering e + v; — e + v; was found to be
much larger than from the plasmon decay y* — 7y + vg,
since the latter is suppressed by a higher-order electro-
magnetic coupling agy [26-29]. A similar effect is also
found recently in the electron chirality-flipping process
[30,31]. For a nonthermal DM produced via the freeze-in
paradigm [32-36], it has been shown that the forbidden
two-body decay can be the dominant mechanism (see, e.g.,
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Refs. [1,5,37]) and in some cases, be the unique channel to
account for the DM relic density [6,8].

The two-body scattering is generically expected to be
suppressed by higher-order weak couplings, which results
in the two-body decay being the dominant channel for most
situations. However, when the decay channel is a purely
plasma-induced effect, the two-body scattering associated
with the very forbidden decay can carry the same order of
coupling constants. To see this, we show an example in
Fig. 1 with the scalar forbidden decay to fermions via the
Yukawa interaction y,yy¢. For a vacuum mass condition
my < 2m,, the scalar decay ¢ — y + y is kinematically
forbidden in vacuum but opened at temperatures above
some critical point T, = 2m,/k as the light scalar ¢
acquires temperature-dependent thermal mass m,(T) =
kT from, e.g., the Yukawa interaction y,pw¢. Here, k
characterizes the correction factor from the thermal plasma,
which is encoded in the red blob of Fig. 1. Since a nonzero
k is induced by the resummed self-energy in the red blob, it
points out that the scattering w + w — y + y mediated by
the light scalar also exists when the forbidden decay is
opened. This can be seen by cutting the red blob in the
forbidden decay diagram such that the loop particles go on
shell while the scalar becomes off shell. With such a cut, the
scattering channel is said to be hinted from the forbidden
decay diagram.

As will be derived in this paper, both the scattering and
forbidden decay rates can carry the same order of coupling
prefactor o yZyz. It differs from the usual vacuum sit-
uations where the scattering carries higher-order weak
couplings and also from the chirality-flipping processes
where the scattering channel carries a lower-order
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FIG. 1. The scattering channel  + y — } + y associated with
the forbidden decay ¢ — y + y at the same order of coupling
prefactor y2y2, where k~y, is generically expected when
the thermal correction (red blob) to ¢ dominantly arises from
a self-energy topology similar to the red one.

electromagnetic coupling as mentioned above. Without the
suppression (enhancement) of higher (lower)-order weak
couplings in the scattering channel, it could be nontrivial to
see the relative effect of the plasma-induced decay and the
scattering. In particular, whenever nonthermal DM pro-
duction with a light thermal mediator is concerned, it would
be tempting to know the portion from mediator forbidden
decay when the conventional scattering via a light mediator
is considered [38]. On the other hand, whenever the
forbidden decay from a light mediator can account for
the DM relic density [1,5,6,8,37], it would be necessary to
check if the scattering effect is indeed suppressed.

In this paper, we consider a close relation between the
renormalizable forbidden decay and the associated scatter-
ing channel in freeze-in DM production via a light
mediator. To illustrate the key formulation for comparing
the scattering with the forbidden decay, we consider in the
remainder of this paper, a light scalar mediator shown in
Fig. 1, where the nonthermal fermion y is a DM candidate
having a direct freeze-in channel from the scalar forbidden
decay ¢ — y + y. The close relation to be shown can be
simply characterized by the dominant coupling that helps
the mediator to equilibrate with the thermal plasma.
Moreover, the simple relation allows us to estimate the
relative contribution of the forbidden decay and scattering
in producing the observed DM relic density.

As will be shown below, the scattering effect can
dramatically modify the forbidden decay scenarios of
DM production at finite temperatures. In particular, the
ratio of the relic density from the scattering to that from the
forbidden decay has a simple scaling ~1/y,, in the weak-
coupling limit y,, < 1. It implies that the contribution from
the forbidden decay can only become significant for a large
thermal coupling, and if not, the scattering contribution will
be orders of magnitude larger than from the pure decay
channel.

We expect that the close relation can also exist in a wide
range of scenarios, such as the millicharged DM [39,40]
generated from the plasmon decay [5], the right-handed
neutrino DM [41,42] from a thermal scalar decay [3], or
even the nonthermal DM production from a hidden thermal
plasma [43,44]. We further expect that it could modify the
pattern of leptogenesis when the out-of-equilibrium gen-
eration of lepton asymmetries results from forbidden decay
in the early Universe [14,22-25]. The investigation pre-
sented here complements the widely studied plasma-
induced effects at finite temperatures where the two-body
decay and the scattering generically carry different powers
of coupling prefactors.

II. RELATIVE RATES OF FORBIDDEN DECAY
AND SCATTERING

Let us first point out that the scattering effect at high
temperatures could be already comparable to the forbidden
decay rate. The heavy DM y can be produced by a light
thermal scalar ¢ which establishes thermal equilibrium
with a light fermion yw in the plasma. The relevant
interaction is characterized by

L=y,jxd+y,owe. (1)

We consider the situation where thermal particles ¢, y are
much lighter than the nonthermal y at zero temperature so
that the nonrelativistic gy annihilation to y is kinematically
forbidden in vacuum. In practice, the subsequent calculations
are approximately obtained by taking m, (T = 0) = 0. It
should be mentioned, however, when the vacuum masses of
the thermal particles are compatible with m,, significant
corrections could arise. For simplicity, we further assume that
the dominant thermal correction to ¢ can be well encapsu-
lated by the ¢ interaction. Including other comparable
corrections opens additional scattering channels associated
with the forbidden decay. While we are not devoted to
specific scenarios, it it noteworthy that realistic models can
already be constructed from (1). For example, the scalar is a
SM singlet and couples to a light Majorana neutrino y which
can readily equilibrate with the SM plasma via neutrino
oscillation [45,46].

A special exception that the scattering channel hinted
from the forbidden decay diagram may be suppressed is the
A¢* theory, which generates k « v/4 at leading order [47].
The A¢* interaction can also induce a ¢* vertex Avy when
¢ develops a nonzero vacuum expectation value v,. Then,
besides the additional dependence on v, the collision rate
from the scattering ¢ + ¢ — 7 + y has a higher-order A
prefactor than from the forbidden decay ¢ — 7 + y and
would be suppressed by small 1. Nevertheless, when 4 is
small, the scattering comparable with the forbidden decay
can still be opened from, e.g., a gauge scalar-vector-vector
B, B¢ or a trilinear-scalar ¢®? interaction. Therefore, the

015014-2



SCATTERING VERSUS FORBIDDEN DECAY IN DARK MATTER ...

PHYS. REV. D 108, 015014 (2023)

same-order scattering associated with the forbidden decay
can be a generic result when the dominant thermal
correction arises from a self-energy diagram similar to
the red bubble in Fig. 1.

From (1), the squared amplitude in the forbidden decay
¢ — y + y reads

MGy = 25 (K°T? = 4m3). (2)

The Boltzmann equation for the evolution of y number
density is given by

h}( + 3Hn;( = 27/(;—>2)(9 (3)

where the Hubble parameter reads H = 1.66\/g_/,T2 /Mp,
with Mp = 1.22 x 10" GeV the Planck mass and g, the
effective degrees of freedom for the energy density. The
factor of 2 results from the y-pair production. The collision
rate from Eq. (2) reads

4)

3.2 2\ 3/2
KyiK, (k) 4m
7/()—>2;( = £ 5 T4v

1673 K272

where K;(x) is the modified Bessel function with
K (k) ~ 1/k. Note that in obtaining the collision rate in
the Boltzmann equation, we apply the Boltzmann distri-
bution f = e F/7 for the thermal particles, and the Pauli-
blocking effect from the nonthermal DM y is neglected. To
make a comparison between the Boltzmann approximation
and the full quantum statistics for the thermal particles, we
will perform the analysis of the full quantum statistics
whenever relevant in the subsequent discussions. For the
moment, it suffices to take the Boltzmann distribution as an
approximation to analyze the relative effect of the scattering
and forbidden decay channels.

The scattering production for the nonthermal DM y
occurs through the s channel w +yw — 7 + . With the
usual treatment in vacuum, the cross section without the
spin average of y is simply given by

2.0 2\ 3/2
ViV 4m
Ody—2y = o (1 _—1> . (5)

Ars K

The resulting collision rate with the Boltzmann statistics
then reads [48]

T o0
y21//—>2)( ~ WA ) dso_2w—>2;(s3/2K1 (\/E/T) (6)

my

It can be seen that, the scattering rate in this vacuum
treatment can already be comparable to the forbidden decay
rate if « is at O(y, ). Explicitly, using x = y,,/ V6 to be
derived below, we have the approximate relation,

Tw=% 03, (7)

7/¢—>2)(

in the high-temperature limit m,/T < 1. Note that, how-
ever, if the full quantum statistics is used, i.e., Fermi-Dirac
distribution for the thermal fermion y and Bose-Einstein
distribution for the thermal scalar ¢, the ratio in Eq. (7)
becomes 0.13. This suppression arises from the Pauli-
blocking effects for y and Bose enhancement for ¢.
Thus far, the cross section is only computed in the limit of
s > mg(T), where the effect near the pole s = my(T) is not

taken into account properly. Since the cross section may be
enhanced near the pole and both y,_,, and y,,_,,, have
the same prefactor dependence, the effect from such an
s-channel enhancement could further increase the ratio given
by Eq. (7). The resonant enhancement appears when the
momentum transfer is at O(x7T'). This soft-scattering transfer
can come either from the soft yy pair with momenta at
O(kT), or from the collinear yy pair with hard momenta at
O(T) but with a small angle at O(x) between the py
momenta [49,50]. Under the perturbative hard-thermal-loop
(HTL) technique [51-53] (see also, e.g., Refs. [47,54]), the
thermal correction to y for hard yy pair is of higher order,
while for soft yy pair, both the thermal correction to y and
the resummed ¢ vertex should be included to obtain a
consistent result at leading order. Here, we consider the hard
Wy pair since a thermal relativistic particle has an averaged
momentum at O(T).

Following the effective treatment in Ref. [49], we
compute the cross section by including the leading-order
thermal correction in the internal ¢ propagator and treating
the external hard yy pair effectively massless. The cross
section reads

i (s —4m2)3/?

O2y—2y — )
WU 4x /s [s — Rell2)? + [ImITZ)2

(8)

where H% is the resummed retarded self-energy amplitude
of ¢. In the real-time formalism of thermal field theory

[55,56], the real part of Hﬁ is given by

Rertf, =22 [ 4 b4 s 9

ity =2 [ daf, @) o). )
where f, (w) = (e?/T +1)7! is the Fermi-Dirac distribu-
tion function for w with @ =|qy| and k is the four-
momentum of ¢ with s = k. In the HTL approximation,
k?/|G|* ~ O(y2) is of higher order. We neglect these high-
order terms in the integral and obtain Rell% ~ y;,T?/6. The
dispersion relation of the thermal scalar ¢ is determined by
the pole k% —Rell% = 0, leading to k = ¥,/ V6. On the
other hand, the imaginary self-energy amplitude is given by
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kK

ImIT} = yi
T

d4‘][1 - ZJCI//(C‘))}‘SkJrqéq7 (10)

where the two Dirac & functions &, = 8[(k + ¢)*] and
8, = 8(q?) dictate that the loop particles go on shell.

Since the scattering has an s-channel resonance, the
collision rate in the Boltzmann equation should be calcu-
lated without double counting [49]. There are several
methods to remove the double counting [14,50,57-63].
Here, we follow Refs. [57,59,62] with a real-intermediate-
state subtraction by splitting the Breit-Wigner form of the
scalar propagator as

i

iG,/,(Pz) = 2= mé +imyT,
_ i -my) myly
RGRT T M T T T
= iGyoir(P?) + Gyon(P?), (11)

where I'y is the decay width of the thermal scalar. In
practice, we use the thermal scalar mass, mé = ReHﬁ and
take T, = ImITy(k> = mg)/my to estimate the damping
rate of the thermal scalar from the simplified Lagrangian
(1). For off shell scattering, the scalar propagator is given
by the off shell term G, ;. The off shell part from Eq. (8) is
given by

2

v s(s—my)

dr [(s = mg)> + myl5]*

(12)

Oy —2y.0ff =

with g = (1 —4m2/s)3/?, which is then substituted into
Eq. (6) to obtain the collision rate in the Boltzmann
approximation.
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The comparison between the forbidden decay and the
scattering is shown in Fig. 2. In the Boltzmann approxi-
mation, the ratio given in Eq. (7) at T > T, is kept for
y, = 107107 but enhanced to be v, ., ot & 0.81y,_,
for y,, = 0.1. Therefore, the relation in Eq. (7) can be lifted
up by a factor of O(1) for a large thermal coupling y,,. With
alarge y,,, the thermal correction included in the propagator
can partially compensate for the suppression of additional
phase-space factors in the two-body scattering. When the
full quantum statistics is used for the initial thermal
particles, we found that yy,_,, o & 0.13y,4_,, for y, =
10~*-10~!, which is the same as in the vacuum case as
discussed below Eq. (7). It implies that the enhancement of
the ratio y,,_2, oft /7 p—2, due to large thermal corrections
of the mediator propagator becomes less significant when
the Pauli-blocking effects of the two thermal fermions and
the Bose enhancement of the thermal scalar are accounted
for in the collision rates.

When T evolves down to the threshold point 7, =
2m, /x (the vertical dotted lines), the kinematic space for
the forbidden decay tends to close, thereby exhibiting a
sudden drop in the left panel of Fig. 2. Nevertheless, the
scattering continues until 7" drops below m,, after which the
scattering rate will carry a Boltzmann suppression factor
e~"/T as shown by the drop of the collision curves.

Besides a potential O(1) enhancement near the reso-
nance region, there is a more important effect after the
decay channel closes. As seen in the left panel of Fig. 2,
there is a period of y production from the pure scattering
channel while the duration of the forbidden decay depends
on the thermal coupling y,. For smaller y,, the decay
duration is shorter and hence, less y production. This is
explained by the fact that smaller y, dictates a higher
threshold temperature 7 ., consequently leading to a shorter
duration of the forbidden decay in the early Universe.
This observation implies that the contribution from the

T T T T T
100 S
z | :
¢ 10 ]
; | J
>
> =
X
>
g i
X
=
b - - - - scattering
forbidden decay
1 1 1

0.01 1

Ty = my /T

FIG. 2. Left: comparison of collision rates between the forbidden decay and the off shell scattering. The collision rates are normalized
to the squared DM coupling yf( and the quartic temperature 7. Right: comparison of DM yields Y, by factoring out the dependence on

the DM mass m, and the DM coupling y,.
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scattering can be much larger than from the forbidden
decay if the pure scattering lasts sufficiently long in the
expansion history of the Universe. We show in the right
panel of Fig. 2 a complementary plot for the DM yield
Y, =n,/ssu as a function of x, =m,/T. It can be seen
that the generation of Y, ends at the critical temperature
(the vertical dotted lines) in the forbidden decay channel
but continues below 7. in the scattering channel. It points
out clearly that the final abundance from the forbidden
decay channel can become comparable to the scattering
channel when the thermal coupling y,, becomes large.

III. RELATIVE DM RELIC DENSITY

To see the relative contribution of the scattering and the
forbidden decay to the DM relic density, we solve the
Boltzmann equation of the DM number density yield from

© 2y, © 2
le/ Y -2y dT—l—/ Yoy 20t 4 (13)
7, SsmHT 0 ssmHT

where sqy = g,222T3/45 is the SM entropy density with
g, the effective degrees of freedom, and 5,5, of is the off
shell scattering rate. We have used the symbol = above to
highlight that the yield is approximately obtained in the
limit of m,, , (T = 0) = 0. The forbidden decay is closed at
T.=2m,/x, and the scattering essentially ends around
T ~m, but using T = 0 as the lower limit in Eq. (13) does
not cause significant difference. In the following, we will
not distinguish the small difference between g, and g,, and
simply set g, =g, =106.75 which becomes a good
approximation if the freeze-in temperature is well above
the GeV scale [64].
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FIG. 3.

To compare the relic densities produced from the
forbidden decay and the scattering, we integrate the
temperature analytically for y,_,, and numerically for
Y2y—2y.0ff» Where the analytic relic density from the decay
channel can be written as

a2 m034( ) (22 14
P—2y ~ m 10—9 ( )

in the limit of a generically weak coupling y,, < 1 and the
Boltzmann approximation.

Note that Q_,, « y; while y,_,, & yz. The additional
power dependence on the thermal coupling y,, comes from
the fact that the freeze-in DM production is IR dominated,
and both the decay ¢ — y + y and the annihilation y +
v — y + y are kinematically forbidden at zero temperature,
making the yield Y, depend on the inverse threshold
temperature and the heavy DM mass scale. It can then
be found that both Qg ,, and €, ., . are basically
independent of the DM mass. However, for the vacuum
mass condition m,, > m,, the annihilation 2y — 2y is
opened at zero temperature and the yield ¥, would not
have the simple 1/m, dependence. This is the case for the
sub-MeV or lighter DM production from the nonrelativistic
electron-positron annihilation [5,37].

Independent of the DM mass, the ratio of €2, o t0
,_.,, can then be simply estimated by the thermal coupling
Yy» Which is shown in the left panel of Fig. 3. Approximately,
we find that the ratio in the Boltzmann statistics can be
fitted as

921,/—>2)(,off

~ -1
o ~ 0.8y, + 1.8y,' +0.5, (15)
=2
Boltzmann Statistics |
10-%F — — Quantum Statistics [T
>
I~
g
o= -7 -
= 10
=
Q
[5)
2 109k N
a 10
107"
N PRI EPETTTT EEEPETTITS BRI EEPEITTY |
107° 104 0.001  0.010  0.100 1

thermal coupling vy,

Left: the relic density ratio of off shell scattering to forbidden decay. The selected points are obtained from full numerical

results, while the solid lines are obtained from the fitted formula (15). Right: the correlation between the DM coupling y, and the
thermal coupling y,, for the observed DM relic density obtained from the forbidden decay only and the sum of the forbidden decay
and scattering channels, respectively. The results from the Boltzmann approximation and the full quantum statistics are shown as

a comparison.
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while the ratio in the full quantum statistics is approximately
a factor of 2 smaller than in the Boltzmann statistics.
For smaller thermal coupling y,,, the ratio basically scales
as 1/y,,. Taking y,, = 1073 for example, we can see that the
DM relic density produced through the off shell scattering
channel is a factor of 1800 larger than that through the
forbidden decay; however, the ratio decreases below O(10)
foran electroweak gauge coupling. When y,, = 1, theratioin
Eq. (15) gives Q5,2 off /42, = 3.1. It indicates that the
contribution to the DM relic density from the forbidden
decay becomes significant when the thermal coupling is
large. Typically, we expect a portion of 5%—24% (10%—39%)
from the forbidden decay in the weak-coupling regime 0.1 <
¥y < 1 when the Boltzmann (quantum) statistics is used.
We can also see from the right panel of Fig. 3 the
correlation between the nonthermal DM coupling y, and
the thermal coupling y, when the observed DM relic

density Q. #* = 0.12 [65] is accounted for by the sum of
the forbidden decay and scattering channels. Besides, we
also show the correlation when the DM relic density is only
generated by the forbidden decay. As seen from the right
panel of Fig. 3, when compared to the purely forbidden
decay channel, the strong scattering contribution with a
small thermal coupling opens up the parameter space of the
DM coupling towards smaller values. We can also observe
that the Boltzmann approximation does not lead to large
discrepancies from the full quantum statistics.

IV. DISCUSSION

While we consider a simple scalar mediator here, the
similar pattern between the scattering and the forbidden
decay can also be expected in other light mediators [50].
For instance, a fermion DM coupling to the SM via a vector
mediator (the photon) has been considered in Refs. [5,37].
It was demonstrated that the plasmon decay is the dominant
channel for sub-MeV DM production. This can in fact be
explained by Fig. 2. The effective photon thermal mass can
be estimated by a correction factor k ~ |/agy ~ O(0.1) in
the thermal plasma. For a sub-MeV DM, the threshold
temperature can reach 7. ~ 107 GeV and the sudden drop
of the decay curve in Fig. 2 can be postponed until
m,/T ~ O(0.1). When the temperature is above the elec-
tron mass m,, the contributions from the plasmon decay
and the electron-positron pair production are comparable.
However, the pair production becomes Boltzmann sup-
pressed when 7. < T < m,, and the scattering curve in
Fig. 2 would exhibit the drop prior to that in the decay
curve. In this case, the scattering contribution is suppressed
in the history of the production and the plasmon decay
becomes the dominant channel. For much heavier DM,
however, the production from the nonrelativistic electron-
positron annihilation is kinematically forbidden. In this
case, the collision rates from the plasmon decay and the
electron-positron scattering are expected to have similar
patterns shown in Fig. 2.

The relation between the scattering and the forbidden
decay can also have important consequences in the scenar-
ios of right-handed neutrino DM production [3,66]. When
the right-handed neutrino Ny is nonthermally produced by
some forbidden decay at higher temperatures, the contri-
bution from the related scattering sensitively depends on
the mediator connecting the SM and Ny. If the mediator is
the SM Higgs, which carries k =~ 0.4 [57] from gauge and
top Yukawa interactions, both the scattering and forbidden
decay could contribute to the Ny production comparably
[14]. However, if a right-handed neutrino only couples to a
thermal scalar singlet that has a weaker connection to the
SM plasma, it can be be inferred from Fig. 2 and Eq. (15)
that the contribution from the forbidden decay would be
much smaller than the scattering channel.

The out-of-equilibrium scattering production associated
with the forbidden decay can also modify the thermally
induced generation of lepton asymmetries in the early
Universe [14,22-25]. If some forbidden decay is opened to
produce Ny in a CP-violating way, the CP asymmetry
stored in Ny can be transferred to the SM one, which in the
active sphaleron epoch is partially converted into the
baryon asymmetry. If the mediator carries a thermal
parameter k < 1, the scattering channel can be readily
stronger than the forbidden decay.

V. CONCLUSION

We have illustrated a close relation between the for-
bidden decay and the associated scattering at finite temper-
atures. Instead of carrying higher- or lower-order weak
coupling constants, the two-body scattering hinted from the
forbidden decay diagram can carry the same order of
coupling constants. For a light scalar mediator discussed
in this paper, the close relation can be simply described
by the dominant thermal coupling between the plasma and
the mediator. Such a simple relation allows us to estimate
the relative contribution to the DM relic density from the
scattering and the forbidden decay. We found that the
forbidden decay becomes important and can contribute to
the total DM relic density at 5%—24% (10%—-39%) for a
thermal interaction in the weak-coupling regime and in the
Boltzmann (quantum) statistics, but the scattering effect
increases at the speed of inverse thermal coupling when the
connection between the plasma and the mediator is much
weaker.

Code and data availability. The code for obtaining the
figures is publicly available at GitHub [67].
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