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We investigate the preservation of unitarity in a Lorentz and CPT-violating QED model containing
higher-order operators. In particular, we consider modifications in the fermion sector with dimension-five
operators. The higher-order operators lead to an indefinite metric and a pseudo-unitarity relation for the
S-matrix. However, we show that the pseudo-unitarity condition can be promoted to a genuine unitarity
relation by (i) restricting the energies to the effective region far below the Planck mass and (ii) considering
stable particles to have a positive metric. In the context of the optical theorem, we focus on the one-loop
Bhabha and Compton scattering processes. We show that no ghost states get propagated through the cuts,
thus satisfying the unitarity condition. Further, we show that discontinuities of propagators are equivalent to
replacing physical Dirac functionals in the cutting equation. The physical Dirac functionals are defined to
select only mode solutions of stable particles. The provided extension of the Cutkosky rule may be helpful
for analyzing perturbative unitarity in higher-order diagrams.
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I. INTRODUCTION

Over the past two decades, significant progress has been
made in studying the possible breakdown of CPT and
Lorentz invariance in extension to quantum field theories
(QFT) and gravity. The combined efforts of theory, phe-
nomenology, and ultrahigh precision experiments have
allowed one to shape a robust effective framework known
as the Standard-Model Extension (SME) [1,2]. The SME is
an effective framework that accommodates the most general
parametrizations of CPT, local Lorentz, and diffeomor-
phism symmetry violations, extending both the standard
model of particles and gravity. The SME has established
stringent limits on Lorentz violations and has identified the
most promising sectors for detecting low-energy signatures
of quantum gravity [3].
Extensions in QFTare typically achieved by introducing

a privileged tensor that couples to both derivatives and
fields. The effective terms are kept small by a high degree
of suppression of the Planck scale. On the other hand, in

gravity, the breaking of local Lorentz symmetry and
diffeomorphism has been searched more with the mecha-
nism of spontaneous symmetry breaking. In the case of
spontaneous symmetry breaking, the background fields
acquire dynamics and introduce extra ingredients, such as
massless excitations or Nambu-Goldstone modes [4,5].
The two mechanisms have been called explicit and
spontaneous symmetry breaking, respectively. In both
cases, a background field with or without dynamics
may arise by a nontrivial vacuum in a more fundamental
theory such as strings [6,7].
The effective field theories of the SME can be classified

according to the mass dimensions of the operators intro-
duced to describe Lorentz symmetry breaking. Specifically,
they can be divided into a minimal sector with operators of
mass dimensions up to four, and a nonminimal sector with
higher-order operators. Higher-order dimension operators
have been a natural extension to include effects at higher
energies in the effective framework. The exploration with
nonrenormalizable operators are given in several sectors of
the nonminimal SME: photons [8], fermions [9], and
neutrinos [10], and also in linearized gravity [11]. Several
works study radiative corrections [12–14], vacuum
Cherenkov radiation [15,16], and explicit diffeomorphism
breaking in gravity [17–19] to mention some.
A potential drawback of higher-order operators is that

they may lead to the nonconservation of probability and to
the loss of unitarity of the S-matrix [20]. However, it has
been shown that there is no inherent contradiction in
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having unitarity conserved, as certain prescriptions intro-
duced by Lee and Wick can be followed [21,22]. The basic
idea of the Lee-Wick prescription is to restrict the
asymptotic indefinite complex vector space, so as to
consider only positive metric particles to be stable. In this
work, we discuss the main ingredients and the principal
assumption under which an indefinite metric arises and how
it leads to the modification of the unitarity equation for the
S-matrix, sometimes called the pseudo-unitarity relation. In
recent years, many approaches have been developed to deal
with the issue of unitarity conservation in Lorentz and CPT
violating theories [23–25]. Using similar cutting techniques
it has been possible to factorize amplitudes for hadronic
processes; see [26]. The connection between the preserva-
tion of unitarity and Lorentz violation has been around for
many years. A few years after the works of Lee and Wick,
Nakanishi pointed out that a modification in the contour of
integration in Feynman diagrams may lead to the loss of
covariance [27,28]. This may result since momentum
remains real, while in some regimes, the energy can become
complex. Some further discussions on this context can be
found in [29].
Recently the C-even part of the Myers and Pospelov

model [30] has been studied for testing perturbative
unitarity at tree level [31]. Considering the Compton
scattering process at tree level, it was shown that unitarity
is preserved. Here we extend the analysis to include the
next natural step, which is to study perturbative unitarity at
one-loop order. To implement the generalization, we focus
on two diagrams contributing to the one-loop Bhabha and
Compton scattering processes. We take advantage and use
several expressions that have been derived, including the
dispersion relation, their mode, and eigenspinor solutions
in [31].
The organization of this work is as follows. In Sec. II, we

obtain the Myers-Pospelov timelike model starting from the
generalized mass dimension fermion model of the SME. In
Sec. III, we recall the dispersion relation, their mode, and
spinor solutions that we have found previously in [31]. We
discuss the interaction term and use it to compute the matrix
elements of the S-matrix. Further, we provide a closed
formula for the pseudo-unitarity relation in the presence of
an indefinite metric. In Sec. IV, we focus on the one-loop
Compton and Bhabha scattering diagrams to study the
preservation of unitarity. We use the perturbative tool of the
optical theorem and check that no ghost degrees of freedom
are propagated through the cuts of amplitude diagrams.
Section V contains some further comments and a summary
of our results.

II. MODIFIED FERMION SECTOR

Our starting point is the Lagrangian density of the
fermion sector of the SME [9,10]

LSME ¼ ψ̄ðibΓμ
∂μ − bMÞψ ; ð1Þ

where all possible minimal and nonminimal contributions
that break CPT and Lorentz symmetry can be expanded in
terms of the 16 Dirac matrices

bΓμ ¼ γμ þbcαμγα þ bdαμγ5γα þbeμ þ ibfμγ5 þ 1

2
bgκλμσκλ ð2aÞ

and

bM ¼ mþ bmþ ibm5γ5 þ baμγμ þ bbμγ5γμ þ 1

2
bHμνσμν; ð2bÞ

where the effective derivative operators bcαμ, bdαμ, bm, bm5; bHμν

are CPT even, while beμ bfμ bgκλμ baμ, bbμ are CPT odd.
We are interested in making the connection with the

Myers and Pospelov (MP) model [30], which contain
dimension-five operators. Hence, we turn off several
effective terms and retain

bΓμ ¼ γμ; ð3aÞ

bM ¼ mþ bað5Þμγμ þ bbð5Þμγ5γμ; ð3bÞ

with

bað5Þμ ≔ −
η1
mPl

ðn · ∂Þ2nμ; ð3cÞ

bbð5Þμ ≔ η2
mPl

ðn · ∂Þ2nμ: ð3dÞ

Considering the operators (3a) and (3b) and replacing in
Eq. (1), we arrive at the fermion MP Lagrangian density

LMP ¼ ψ̄ði=∂ −mÞψ þ ψ̄

mPl
ðη1=nþ η2=nγ5Þðn · ∂Þ2ψ ; ð4Þ

where nμ is a preferred four-vector responsible to break
Lorentz symmetry, mPl is the Planck mass, and η1, η2 are
coupling constants. Also one can show that η1 is charge
conjugation odd and η2 charge conjugation even.
The free equation of motion is�

i=∂−mþ 1

mPl
ðη1=nþη2=nγ5Þð∂ ·nÞ2

�
ψðxÞ¼ 0: ð5Þ

Using the plane wave ansatz ψðxÞ ¼ R d3kψðkÞe−ik·x the
dispersion relation becomes

ðp2 −m2 − 2g1ðn · pÞ3 þ n2ðg21 − g22Þðn · pÞ4Þ2
− 4g22ðn · pÞ4Dðn; pÞ ¼ 0; ð6Þ
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where we define g1 ≔
η1
mPl
, g2 ≔

η2
mPl
, and Dðn; pÞ ≔

ðn · pÞ2 − p2n2.
In this work we utilize the chiral representation for Dirac

matrices, i.e.,

γμ ¼
�

0 σμ

σ̄μ 0

�
; γ5 ¼

�−12 0

0 12

�
; ð7Þ

with σμ ¼ ð12; σ⃗Þ, σ̄μ ¼ ð12;−σ⃗Þ, and 12 the 2 × 2 identity
matrix. For the metric signature in Minkowski spacetime
we employ the mostly minus sign convention ðþ;−;−;−Þ.

III. THE TIMELIKE MODEL

In this section, we provide the basic properties of the
fermion timelike MP model. We take advantage of the
dispersion relations, their modes’ solutions, and the eigens-
pinors presented in [31]. We additionally discuss the
interaction term in our modified QED model and present
a detailed derivation of the unitary equation satisfied by the
S-matrix in an indefinite metric theory.

A. Dispersion relation and spinors

We set the background four-vector in the pure timelike
direction nμ ¼ ð1; 0; 0; 0Þ and turn off the charge conju-
gation odd sector with η1 ¼ 0. With these choices, the
Lagrangian (4) takes the form

L MP
C-even

¼ ψ̄ði=∂ −mÞψ þ g2ψ̄γ0γ5ψ̈ : ð8Þ

The dispersion relation can be found from Eq. (6) to be

ðp2
0 − jp⃗j2 −m2 − g22p

4
0Þ2 − 4g22p

4
0jp⃗j2 ¼ 0: ð9Þ

Let us introduce the quantities

Λ2þðpÞ≕p2
0 − jp⃗j2 −m2 − g22p

4
0 − 2g2p2

0jp⃗j; ð10aÞ

Λ2
−ðpÞ≕p2

0 − jp⃗j2 −m2 − g22p
4
0 þ 2g2p2

0jp⃗j: ð10bÞ

In terms of these quantities the dispersion relation can be
written as

Λ2þðpÞΛ2
−ðpÞ ¼ ðp2

0 − jp⃗j2 −m2 − g22p
4
0Þ2 − 4g22p

4
0jp⃗j2:

ð11Þ

The solutions of the equation Λ2þðpÞ ¼ 0 are

ω1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2g2jp⃗j −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2g2jp⃗jÞ2 − 4g22E

2
p

q
2g22

vuut
;

W1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2g2jp⃗j þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2g2jp⃗jÞ2 − 4g22E

2
p

q
2g22

vuut
; ð12aÞ

and the solutions of the equation Λ2
−ðpÞ ¼ 0 are

ω2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2g2jp⃗j −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2g2jp⃗jÞ2 − 4g22E

2
p

q
2g22

vuut
;

W2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2g2jp⃗j þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2g2jp⃗jÞ2 − 4g22E

2
p

q
2g22

vuut
: ð12bÞ

We also have the negative mode solutions −ω1;−W1;
−ω2;−W2, where Ep ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗j2 þm2

p
. In [31], we have

shown that modes�W1;2 correspond to heavy ghost modes
while �ω1;2 can be associated with perturbative modes of
standard particles.
In Sec. IV, we study the unitarity of the model and will

need to examine the modes in the complex p0-plane. The
poles ω1 and W1 exhibit a peculiar momentum-dependent
behavior. As the magnitude of spatial momenta jp⃗j
increases, ω1 moves in the positive direction of the real
axis, while W1 moves in the opposite direction. The two
modes coincide at

jp⃗jmax ¼
1 − 4g22m

2

4g2
; ð13Þ

where they both take the value 1
2g2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4g22m

2
p

, and for
higher momenta, they start to have an imaginary compo-
nent. For complex ω1 and W1, the first solution moves
downward in the imaginary axis, while the latter heavy
modeW1 moves upward (see Fig. 2). The solutions ω2 and
W2 remain real for all momentum values. The negative
modes behave similarly, with the only difference being that
when they become complex, the solution −ω1 moves
upward, while −W1 moves downward.
We can write the dispersion relation (11) as

Λ2þðpÞΛ2
−ðpÞ ¼ g42ðp2

0 − ω2
1Þðp2

0 −W2
1Þðp2

0 − ω2
2Þ

× ðp2
0 −W2

2Þ ¼ 0: ð14Þ

The positive-energy eigenspinors for Λ2þðpÞ ¼ 0 are

uð1ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 − g2p2
0 − jp⃗j

p
ξðþÞðp⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 þ jp⃗j

p
ξðþÞðp⃗Þ

!
p0¼ω1

; ð15aÞ

Uð1ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 − g2p2
0 − jp⃗j

p
ξðþÞðp⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 þ jp⃗j

p
ξðþÞðp⃗Þ

!
p0¼W1

; ð15bÞ

and for Λ2
−ðpÞ ¼ 0 are

uð2ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 − g2p2
0 þ jp⃗j

p
ξð−Þð−p⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 − jp⃗j

p
ξð−Þð−p⃗Þ

!
p0¼ω2

; ð16aÞ
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Uð2ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 − g2p2
0 þ jp⃗j

p
ξð−Þð−p⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 − jp⃗j

p
ξð−Þð−p⃗Þ

!
p0¼W2

: ð16bÞ

The negative-energy eigenspinors for Λ2þðpÞ ¼ 0 are

vð1ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ g2p2
0þjp⃗j

p
ξð−Þð−p⃗Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0− g2p2

0− jp⃗j
p

ξð−Þð−p⃗Þ

!
p0¼ω1

; ð17aÞ

Vð1ÞðpÞ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þg2p2
0þjp⃗j

p
ξð−Þð−p⃗Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0−g2p2

0− jp⃗jp
ξð−Þð−p⃗Þ

!
p0¼W1

; ð17bÞ

and for Λ2
−ðpÞ ¼ 0 are

vð2ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 − jp⃗j

p
ξðþÞðp⃗Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0 − g2p2

0 þ jp⃗j
p

ξðþÞðp⃗Þ

!
p0¼ω2

; ð18aÞ

Vð2ÞðpÞ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0 þ g2p2
0 − jp⃗j

p
ξðþÞðp⃗Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0 − g2p2

0 þ jp⃗j
p

ξðþÞðp⃗Þ

!
p0¼W2

: ð18bÞ

Above we have introduced the bispinors ξð�Þðp⃗Þ, given by

ξðþÞðp⃗Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jp⃗jðjp⃗j þ p3Þ

p � jp⃗j þ p3

p1 þ ip2

�
; ð19Þ

ξð−Þðp⃗Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jp⃗jðjp⃗j − p3Þ

p �
p1 − ip2

jp⃗j − p3

�
; ð20Þ

which satisfies the properties

ðp⃗ · σ⃗Þξð�Þðp⃗Þ ¼ jp⃗jξð�Þðp⃗Þ;
ðp⃗ · σ⃗Þξð�Þð−p⃗Þ ¼ −jp⃗jξð�Þð−p⃗Þ; ð21Þ

and the orthogonality relations

ξðþÞ†ðp⃗ÞξðþÞðp⃗Þ ¼ ξð−Þ†ðp⃗Þξð−Þðp⃗Þ ¼ 1;

ξðþÞ†ðp⃗Þξð−Þð−p⃗Þ ¼ ξð−Þ†ð−p⃗ÞξðþÞðp⃗Þ ¼ 0; ð22Þ

together with

ξð�Þðp⃗Þξð�Þ†ðp⃗Þ ¼ 1

2

�
1þ σ⃗ · p⃗

jp⃗j
�
; ð23Þ

ξð�Þð−p⃗Þξð�Þ†ð−p⃗Þ ¼ 1

2

�
1 −

σ⃗ · p⃗
jp⃗j
�
: ð24Þ

The modified propagator is found to be

SFðpÞ ¼
iFðpÞ
Dp

; ð25Þ

where

FðpÞ ¼ M̄ðpÞNðpÞN̄ðpÞ; ð26Þ

Dp ¼ Λ2þðpþ iϵÞΛ2
−ðpþ iϵÞ; ð27Þ

with

M ¼ =p −m − g2p2
0γ0γ5; ð28aÞ

M̄ ¼ =pþm − g2p2
0γ0γ5; ð28bÞ

N ¼ =pþmþ g2p2
0γ0γ5; ð28cÞ

N̄ ¼ =p −mþ g2p2
0γ0γ5: ð28dÞ

By taking into consideration the iϵ prescription in (10a)
and (10b) the pole structure is described by

Λ2þðpþ iϵÞ ¼ −g22ðp0 þ ω1 − iεÞðp0 − ω1 þ iεÞ
× ðp0 þW1 − iεÞðp0 −W1 þ iεÞ; ð29aÞ

Λ2
−ðpþ iϵÞ ¼ −g22ðp0 þ ω2 − iεÞðp0 − ω2 þ iεÞ

× ðp0 þW2 − iεÞðp0 −W2 þ iεÞ: ð29bÞ

Note that negative and positive solutions are placed above
and below the real axis, respectively, in the complex p0-
plane. We also have the identities

2ðp2−m2− g22p
4
0Þp0¼ω1

¼−g22ðω2
1−ω2

2Þðω2
1 −W2

2Þ; ð30aÞ

2ðp2−m2− g22p
4
0Þp0¼ω2

¼−g22ðω2
2−ω2

1Þðω2
2 −W2

1Þ: ð30bÞ

In Sec. IV we use the expressions

uð1ÞðpÞūð1ÞðpÞ ¼ Fðω1; p⃗Þ
g22ðω2

1 − ω2
2ÞðW2

2 − ω2
1Þ
; ð31aÞ

uð2ÞðpÞūð2ÞðpÞ ¼ −
Fðω2; p⃗Þ

g22ðω2
1 − ω2

2ÞðW2
1 − ω2

2Þ
; ð31bÞ

vð1ÞðpÞv̄ð1ÞðpÞ ¼ −
Fð−ω1;−p⃗Þ

g22ðω2
1 − ω2

2ÞðW2
2 − ω2

1Þ
; ð31cÞ

vð2ÞðpÞv̄ð2ÞðpÞ ¼ Fð−ω2;−p⃗Þ
g22ðω2

1 − ω2
2ÞðW2

1 − ω2
2Þ
: ð31dÞ

The demonstration of the above relations are not difficult;
however, we proceed to prove the first one with the other
ones following similarly. From (28c) and (28d) we find

NN̄ ¼ p2 −m2 − g22p
4
0 þ 2g2p2

0piγ
iγ0γ5; ð32Þ

and evaluated in the mode ω1
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ðNN̄Þp0¼ω1
¼ 2g2ω2

1jp⃗j
�
1þ piγ

iγ0γ5
jp⃗j

�
: ð33Þ

From (23) we have

ðNN̄Þp0¼ω1
¼ 4g2ω2

1jp⃗jξðþÞðp⃗ÞξðþÞ†ðp⃗Þ: ð34Þ

On the other hand, working directly with the eigenspinors,
we can prove that

uð1ÞðpÞūð1ÞðpÞ ¼ ðMÞp0¼ω1
ξðþÞðp⃗ÞξðþÞ†ðp⃗Þ; ð35Þ

and hence replacing (34) above and using ðp2 −m2 −
g22p

4
0Þp0¼ω1

¼ 2g2ω2
1jp⃗j and (30a), we have the relation

uð1ÞðpÞūð1ÞðpÞ ¼ ðMNN̄Þp0¼ω1

g22ðω2
1 − ω2

2ÞðW2
2 − ω2

1Þ
: ð36Þ

A detailed derivation of the previous expressions,
including the eigenspinors, the propagator, and the con-
sistency of the pole prescription can be found in [31].

B. The QED model

Consider the higher-order Lorentz-violating QED that
arises by performing the minimal coupling substitution in
the modified MP fermion Lagrangian (4) and coupling to
the Maxwell Lagrangian

LQED ¼ ψ̄ði=D −mÞψ þ 1

mPl
ψ̄ðη1=nþ η2=nγ5ÞðD · nÞ2ψ

−
1

4
FμνFμν; ð37Þ

where Dμ ¼ ∂μ þ ieAμ and Fμν ¼ ∂μAν − ∂νAμ is the usual
field strength tensor. The local gauge invariance of the
Lagrangian (37) can be checked by using the gauge
transformations of the fields

A0
μðxÞ ¼ AμðxÞ þ ∂μλðxÞ; ð38aÞ

ψ 0ðxÞ ¼ e−ieλðxÞψðxÞ; ð38bÞ

and the induced transformations for the derivative terms

Dμψ
0 ¼ e−ieλDμψ ; ð38cÞ

DαDμψ
0 ¼ e−ieλDαDμψ : ð38dÞ

We can always choose to work in the axial gauge where the
gauge field is imposed to fulfill the relation A · n ¼ 0. This
choice is advantageous, since we arrive at the usual QED
interaction, and so is the one we use throughout this work.

Considering the restricted C-even part and timelike fermion
sector produces the modified QED Lagrangian

L0
QED ¼ ψ̄ði=∂þ e=A−mÞψ þ g2ψ̄γ0γ5ψ̈ −

1

4
FμνFμν: ð39Þ

C. Indefinite metric theories

Here we briefly discuss the general aspects of the unitarity
of theories that have regular and indefinite metric η.
Consider a complex vector space F with vector basis

fjαig ∈ B and metric

ηαβ ≔ hαjβi: ð40Þ

We assume the metric not to be positive definite, so in
principle each element ηαβ may have a positive or neg-
ative value.
A representation of the identity operator is

I ¼
X
α;β∈B

jαiη−1αβ hβj: ð41Þ

The matrix elements of an arbitrary linear operator U are
defined as eUαβ ≔ hαjUjβi, and the unitarity condition for U
is the requirement that the linear transformation leaves the
inner product invariant, i.e.,

hαjβi ¼ hUαjUβi ¼ hαjU†Ujβi; ð42Þ

or in terms of the matrix elements written as [21,22]

ηαβ ¼
X
α0;β0

hαjU†jα0iη−1α0β0 hβ0jUjβi

¼
X
α0;β0

eU†
αα0η

−1
α0β0
eUβ0β; ð43Þ

where we have used (41). In matrix notation, we have the
expression

eU†η−1eU ¼ η ð44Þ

for the pseudo-unitarity condition in the presence of an
indefinite metric η. For a theory with an indefinite metric
we should expect to have an evolution operator eU to have
this property. However, the inner product cannot be
interpreted as a probability amplitude, as it can only have
a meaningful interpretation in the positive metric sector.
Then, if U stands for the time evolution, we can write

U ¼ I þ iT ; ð45Þ

or in terms of matrix elements, by projecting the previous
equation on hαj and jβi
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eUαβ ¼ ηαβ þ ieTαβ; ð46Þ

where the eT is the transition matrix (or S matrix) for a
dynamically evolving state. So, the condition of the
invariance of the inner product becomes, in terms of matrix
elements,

−iðeT − eT†Þ ¼ eT†η−1eT: ð47Þ

The diagonal part of this matrix equation can be written as

2ImðeTÞαα ¼ ðeT†η−1eTÞαα; ð48Þ

which is the pseudo-unitarity version of the optical
theorem.
Now, let us write all in terms of a basis buildup of

physical particles and ghost states, where any state of the
basis is of the form

jαi ¼ jp1; r1i ⊗ jp2; r2i ⊗ � � � ⊗ jpN; rNi
⊗ jeq1; s1i ⊗ jeq2; s2i ⊗ � � � ⊗ jeqM; sMi; ð49Þ

where pi, ri are momentum and other quantum numbers of
physical particles and eqj, sj are momentum and other
quantum numbers of ghost. Impose one-particle and ghost
states being orthogonal,

hpi; rijpj; rji ¼ Niδ
3ðpi − pjÞδrirj ; ð50Þ

heqi; sijeqj; sji ¼ −N iδ
3ðeqi − eqjÞδsisj ; ð51Þ

and

hpi; rijeqj; sji ¼ 0; ð52Þ

with Ni andN i positive normalization constants. From this
basis, it is easy to build up the matrix elements of η. The
choice of Ni ¼ N i ¼ 1 simplifies the expressions because
in this case we have that ηαα ¼ �1 and then, η−1 ¼ η. In the
rest of this section, we use this choice for simplicity.
Following the Lee-Wick prescription, only states with

particles will be considered as asymptotic states. So, it is
convenient to split the space of states, F , in two orthogonal
subspaces,

F ¼ Vþ ⊕ V−:

The first one, the sector spanned by the physical particle
states, which we call the physical sector, Vþ, is generated
by the basis Bþ,

Bþ ¼ fjp1; r1i ⊗ jp2; r2i ⊗ � � � ⊗ jpN; rNigpi;ri;M; ð53Þ

and the unphysical space, V−, its orthogonal complement,
which is spanned by B−, is given by ghost particle states.
The interpretation of probability amplitudes of the inner

product is meaningful only for the physical sector Vþ. So,
pseudo-unitarity of time evolution is compatible with
probability conservation if restricted to the physical sector
where one has the standard unitarity relation

2Imðhphys → physiÞ ¼ jhphys → any physij2: ð54Þ
Our pseudo-unitarity condition, however, restricted to
physical state α ∈ Vþ is

2ImðTα→αÞ ¼
X
β∈Bþ

jTα→βj2 þ
X
γ∈B−

ηγγjTα→γj2; ð55Þ

which is just the standard optical theorem if the last term
vanishes. So the conclusion is that probability is conserved if
and only if the transitions between physical states and
nonphysical states always vanish. In this case, the proba-
bility is well defined and unitarity can be realized in the
theory.

IV. ONE-LOOP DIAGRAMS

As demonstrated in the previous section, the physical
S-matrix evolves unitarily if the last term in Eq. (55) is
zero. In the following section, we investigate whether this
condition can be satisfied in our modified QED (39). We
focus on the two relevant 2 → 2 scattering processes being
the one-loop Bhabha and Compton reactions. In particular,
we focus on the diagrams depicted in Figs. 1 and 3. It is
worth noting that in the forward scattering processes under
consideration, the corresponding diagrams in the t-channel
have zero imaginary part. This is because the virtual
momenta involved are proportional to the difference
between incoming and outgoing momenta, which is zero
in our forward scattering case. As a result, there is no
branch cut singularity in the spatial integral. A similar
result can be obtained in the self-interacting λϕ4 model in
the u and t channels [32].
It is important to note, however, that there are additional

contributions to the optical theorem from diagrams involv-
ing more photons and fermions internal lines in both the
Bhabha and the Compton processes. For the present

FIG. 1. The one-loop Bhabha scattering process eþe− → eþe−
and the cut diagram of the right-hand side of Eq. (55) indicated
with the vertical segmented line.
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analysis, we will not consider these contributions and leave
them for future work.

A. One-loop Bhabha scattering

We start with the electron and positron forward scattering
reaction e−ðp1; sÞ þ eþðp2; rÞ → e−ðp1; sÞ þ eþðp2; rÞ
(see Fig. 1).
The amplitude is given by

iMð1Þ
F ¼ ð−1Þðv̄rðp2Þð−ieγμÞusðp1ÞÞ

�
−iημν
p2 þ iϵ

�
×
Z

d4q
ð2πÞ4 Tr½ð−ieγ

ρÞSFðq − pÞð−ieγνÞSFðqÞ�

×

�
−iηρσ
p2 þ iϵ

�
ðūsðp1Þð−ieγσÞvrðp2ÞÞ: ð56Þ

In terms of the propagator in (25), and the currents

Jμ1ðp1; p2Þ ≔ v̄rðp2Þγμusðp1Þ; ð57aÞ

Jμ2ðp1; p2Þ ≔ ūsðp1Þγμvrðp2Þ ¼ ½Jμ1ðp1; p2Þ��; ð57bÞ

we write

Mð1Þ
F ¼ ie4

ðp2þ iϵÞ2 J
μ
1ðp1;p2ÞJν2ðp1;p2Þ

×
Z

d3q⃗
ð2πÞ4

I
Cð1Þ

dq0Tr

�
γν
Fðq−pÞ
Dq−p

γμ
FðqÞ
Dq

�
: ð58Þ

The poles in the complex q0-plane are dominated by the
quantities

1

Dq
¼ 1

g42

Y
s¼1;2

�
1

ðq0 þ ωs − iϵÞðq0 − ωs þ iϵÞ

×
1

ðq0 þWs − iϵÞðq0 −Ws þ iϵÞ
�

ð59aÞ

and

1

Dq−p
¼ 1

g42

Y
s¼1;2

�
1

ðq0 − p0 þ ωs − iϵÞðq0 − p0 − ωs þ iϵÞ

×
1

ðq0 − p0 þWs − iϵÞðq0 − p0 −Ws þ iϵÞ
�
;

ð59bÞ

where we introduce the notation x ¼ xðq⃗ − p⃗Þ. Let us focus
on the last integral in (58)

Ið1Þμν ¼
I
Cð1Þ

dq0Tr½γνFðq − pÞγμFðqÞ�
1

Dq−pDq
: ð60Þ

To compute the integral we close the contour of integration
in the lower half-plane with the curve Cð1Þ enclosing the
eight poles

q1 ¼ ω1 − iϵ;

q2 ¼ W1 − iϵ;

q3 ¼ ω2 − iϵ;

q4 ¼ W2 − iϵ; ð61Þ

and the displaced ones

q5 ¼ p0 þ ω1 − iϵ;

q6 ¼ p0 þW1 − iϵ;

q7 ¼ p0 þ ω2 − iϵ;

q8 ¼ p0 þW2 − iϵ; ð62Þ

as indicated in Fig. 2.
The integral is

Ið1Þμν ¼−2πi
X8
i¼1

Tr½γνFðq−pÞγμFðqÞ�q0¼qi
ResðqiÞ; ð63Þ

FIG. 2. The poles in the lower half-plane are displaced with
the −iϵ prescription, while those in the upper half-plane are
displaced with the iϵ prescription. According to the explanation as
part of Eq. (13) the poles q1, q2 and q5, q6 take an imaginary
component beyond the momentum value jp⃗jmax and jq⃗ − p⃗jmax,
respectively. At these values, the poles q1, q5 move downwards
and the poles q2, q6 move upwards parallel to the imaginary axis as
indicated in the zoom region.
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where we denote ResðqiÞ the residue at qi of the singular
part 1

DqDq−p
. A direct calculation gives

Resðq1Þ ¼
1

2g42ω1ðω2
1 −W2

1Þðω2
1 − ω2

2Þðω2
1 −W2

2Þ

×

�
1

Dq−p

�
q0¼q1

; ð64aÞ

Resðq2Þ ¼
1

2g42W1ðW2
1 − ω2

1ÞðW2
1 − ω2

2ÞðW2
1 −W2

2Þ

×

�
1

Dq−p

�
q0¼q2

; ð64bÞ

Resðq3Þ ¼
1

2g42ω2ðω2
2 − ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ

×

�
1

Dq−p

�
q0¼q3

; ð64cÞ

Resðq4Þ ¼
1

2g42W2ðW2
2 − ω2

1ÞðW2
2 − ω2

2ÞðW2
2 −W2

1Þ

×

�
1

Dq−p

�
q0¼q4

; ð64dÞ

and

Resðq5Þ ¼
1

2g42ω1ðω2
1 −W2

1Þðω2
1 − ω2

2Þðω2
1 −W2

2Þ

×

�
1

Dq

�
q0¼q5

; ð65aÞ

Resðq6Þ ¼
1

2g42W1ðW2
1 − ω2

1ÞðW2
1 − ω2

2ÞðW2
1 −W2

2Þ

×

�
1

Dq

�
q0¼q6

; ð65bÞ

Resðq7Þ ¼
1

2g42ω2ðω2
2 − ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ

×

�
1

Dq

�
q0¼q7

; ð65cÞ

Resðq8Þ ¼
1

2g42W2ðW2
2 − ω2

1ÞðW2
2 − ω2

2ÞðW2
2 −W2

1Þ

×

�
1

Dq

�
q0¼q8

; ð65dÞ

where we have eliminated the iϵ where it is not relevant.
We consider p0 to be positive, and hence the last

four terms above do not contribute to the amplitude’s
discontinuity or imaginary part. Decomposing in a partial
fraction the relevant contributions come from

�
1

Dq−p

�
q0¼q1

¼ 1

g42

Y
s¼1;2

ζðω1Þ
ðp0 − ω1 þ ωsÞðp0 − ω1 þWsÞ

;

ð66aÞ
�

1

Dq−p

�
q0¼q2

¼ 1

g42

Y
s¼1;2

ζðW1Þ
ðp0 −W1 þ ωsÞðp0 −W1 þWsÞ

;

ð66bÞ
�

1

Dq−p

�
q0¼q3

¼ 1

g42

Y
s¼1;2

ζðω2Þ
ðp0 − ω2 þ ωsÞðp0 − ω2 þWsÞ

;

ð66cÞ
�

1

Dq−p

�
q0¼q4

¼ 1

g42

Y
s¼1;2

ζðW2Þ
ðp0 −W2 þ ωsÞðp0 −W2 þWsÞ

;

ð66dÞ

with

ζðxÞ ¼ 1

ðω1−W1Þðω1−ω2Þðω1−W2Þðp0−x−ω1þ iϵÞ
þ 1

ðW1−ω1ÞðW1−ω2ÞðW1−W2Þðp0−x−W1þ iϵÞ
þ 1

ðω2−ω1Þðω2−W1Þðω2−W2Þðp0−x−ω2þ iϵÞ
þ 1

ðW2−ω1ÞðW2−W1ÞðW2−ω2Þðp0−x−W2þ iϵÞ :

ð67Þ

Let us consider the identity

1

x� iϵ
¼ P

�
1

x

�
∓ iπδðxÞ; ð68Þ

where P denotes the principal value. The contributions to
the imaginary part of the scattering amplitude are

Im

�
1

Dq−p

�
q0¼q1

¼−
π

g42

�
δðp0−ω1−ω1Þ

2ω1ðω2
1−W2

1Þðω2
1−ω2

2Þðω2
1−W2

2Þ

þ δðp0−ω1−W1Þ
2W1ðW2

1−ω2
1ÞðW2

1−ω2
2ÞðW2

1−W2
2Þ

þ δðp0−ω1−ω2Þ
2ω2ðω2

2−ω2
1Þðω2

2−W2
1Þðω2

2−W2
2Þ

þ δðp0−ω1−W2Þ
2W2

2ðW2
2−ω2

1ÞðW2
2−W2

1ÞðW2
2−ω2

2Þ
�
;

ð69aÞ
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Im

�
1

Dq−p

�
q0¼q2

¼−
π

g42

�
δðp0−W1−ω1Þ

2ω1ðω2
1− W̄2

1Þðω2
1− ω̄2

2Þðω2
1−W2

2Þ

þ δðp0−W1−W1Þ
2W1ðW2

1−ω2
1ÞðW2

1−ω2
2ÞðW2

1−W2
2Þ

þ δðp0−W1−ω2Þ
2ω2ðω2

2−ω2
1Þðω2

2−W2
1Þðω2

2−W2
2Þ

þ δðp0−W1−W2Þ
2W2ðW2

2−ω2
1ÞðW2

2−W2
1ÞðW2

2−ω2
2Þ
�
;

ð69bÞ

Im

�
1

Dq−p

�
q0¼q3

¼−
π

g42

�
δðp0−ω2−ω1Þ

2ω1ðω2
1−W2

1Þðω2
1−ω2

2Þðω2
1−W2

2Þ

þ δðp0−ω2−W1Þ
2W1ðW2

1−ω2
1ÞðW2

1−ω2
2ÞðW2

1−W2
2Þ

þ δðp0−ω2−ω2Þ
2ω2ðω2

2−ω2
1Þðω2

2−W2
1Þðω2

2−W2
2Þ

þ δðp0−ω2−W2Þ
2W2ðW2

2−ω2
1ÞðW2

2−W2
1ÞðW2

2−ω2
2Þ
�
;

ð69cÞ

Im

�
1

Dq−p

�
q0¼q4

¼−
π

g42

�
δðp0−W2−ω1Þ

2ω1ðω2
1−W2

1Þðω2
1−ω2

2Þðω2
1−W2

2Þ

þ δðp0−W2−W1Þ
2W1ðW2

1−ω2
1ÞðW2

1−ω2
2ÞðW2

1−W2
2Þ

þ δðp0−W2−ω2Þ
2ω2ðω2

2−ω2
1Þðω2

2−W2
1Þðω2

2−W2
2Þ

þ δðp0−W2−W2Þ
2W2ðW2

2−ω2
1ÞðW2

2−W2
1ÞðW2

2−ω2
2Þ
�
:

ð69dÞ

In principle, some contributions depend on deltas involv-
ing ghost modes, as seen in (69a)–(69d). However, these
contributions demand an energy of the order 1=g2, which
lies far beyond the region of validity of the effective
theory. Hence, the deltas involving a W1;2 or W1;2 mode
vanish; in other words, the initial p0 ¼ ωs þ ωr cannot
balance the energetic restriction given by these deltas so
we disregard them. In this way, we are left with the
contributions

2ImðMð1Þ
F Þ ¼ −e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

Z
d3q⃗
ð2πÞ4 ð2πÞ

2

�
Tr½γνFðω1 − p0; q⃗ − p⃗ÞγμFðω1; q⃗Þ�
2g42ω1ðω2

1 −W2
1Þðω2

1 − ω2
2Þðω2

1 −W2
2Þ

×

�
δðp0 − ω1 − ω1Þ

2g42ω1ðω2
1 −W2

1Þðω2
1 − ω2

2Þðω2
1 −W2

2Þ
þ δðp0 − ω1 − ω2Þ
2g42ω2ðω2

2 − ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ
�

þ Tr½γνFðω2 − p0; q⃗ − p⃗ÞγμFðω2; q⃗Þ�
2g42ω2ðω2

2 − ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ
�

δðp0 − ω2 − ω1Þ
2g42ω1ðω2

1 −W2
1Þðω2

1 − ω2
2Þðω2

1 −W2
2Þ

þ δðp0 − ω2 − ω2Þ
2g42ω2ðω2

2 − ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ
��

: ð70Þ

We introduce the variables k01; k
0
2 followed by delta functions as follows:

2ImðMð1Þ
F Þ ¼ −e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

Z
d3q
ð2πÞ4 ð2πÞ

2

Z
dk01

Z
dk02δðp0 − k01 − k02Þ

�
Tr½γνFð−ω1; q⃗− p⃗ÞγμFðω1; q⃗Þ�

2g42ω1ðω2
1 −W2

1Þðω2
1 −ω2

2Þðω2
1 −W2

2Þ

×
δðk01 −ω1Þδðk02 −ω1Þ

2g42ω1ðω2
1 −W2

1Þðω2
1 −ω2

2Þðω2
1 −W2

2Þ
þ Tr½γνFð−ω2; q⃗− p⃗ÞγμFðω1; q⃗Þ�
2g42ω1ðω2

1 −W2
1Þðω2

1 −ω2
2Þðω2

1 −W2
2Þ

×
δðk01 −ω1Þδðk02 −ω2Þ

2g42ω2ðω2
2 −ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ
þ Tr½γνFð−ω1; q⃗− p⃗ÞγμFðω2; q⃗Þ�
2g42ω2ðω2

2 −ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ

×
δðk01 −ω2Þδðk02 −ω1Þ

2g42ω1ðω2
1 −W2

1Þðω2
1 −ω2

2Þðω2
1 −W2

2Þ
þ Tr½γνFð−ω2; q⃗− p⃗ÞγμFðω2; q⃗Þ�
2g42ω2ðω2

2 −ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ

×
δðk01 −ω2Þδðk02 −ω2Þ

2g42ω2ðω2
2 −ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ
�
; ð71Þ

and then by using
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Z
d3q
ð2πÞ3 ¼

Z
d3k1
ð2πÞ3

Z
d3k2
ð2πÞ3 ð2πÞ

3δð3Þðp⃗ − k⃗1 − k⃗2Þ ð72Þ

and defining k⃗1 ¼ q⃗, k⃗2 ¼ p⃗ − q⃗ we write

2ImðMð1Þ
F Þ ¼ −e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

Z
d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4 ð2πÞ

4δð4Þðp − k1 − k2Þ
�

Tr½γνFð−k02;−k⃗2ÞγμFðk01; k⃗1Þ�
2g42ω1ðω2

1 −W2
1Þðω2

1 − ω2
2Þðω2

1 −W2
2Þ

×
ð2πÞ2δðk01 − ω1Þδðk02 − ω1Þ

2g42ω1ðω2
1 −W2

1Þðω2
1 − ω2

2Þðω2
1 −W2

2Þ
þ Tr½γνFð−k02;−k⃗2ÞγμFðk01; k⃗1Þ�
2g42ω1ðω2

1 −W2
1Þðω2

1 − ω2
2Þðω2

1 −W2
2Þ

×
ð2πÞ2δðk01 − ω1Þδðk02 − ω2Þ

2g42ω2ðω2
2 − ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ
þ Tr½γνFð−k02;−k⃗2ÞγμFðk01; k⃗1Þ�
2g42ω2ðω2

2 − ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ

×
ð2πÞ2δðk01 − ω2Þδðk02 − ω1Þ

2g42ω1ðω2
1 −W2

1Þðω2
1 − ω2

2Þðω2
1 −W2

2Þ
þ Tr½γνFð−k02;−k⃗2ÞγμFðk01; k⃗1Þ�
2g42ω2ðω2

2 − ω2
1Þðω2

2 −W2
1Þðω2

2 −W2
2Þ

×
ð2πÞ2δðk01 − ω2Þδðk02 − ω2Þ

2g42ω2ðω2
2 − ω2

1Þðω2
2 −W2

1Þðω2
2 −W2

2Þ
�
: ð73Þ

Now, we will relate the amplitude with the total cross section of the cutting diagram. To archive this connection, we recall
the relations (31a)–(31d) and arrive at

2ImðMð1Þ
F Þ ¼ e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

Z
d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4 ð2πÞ

4δð4Þðp − k1 − k2Þ
�
Tr½γνvð1Þðk2Þvð1Þðk2Þγμuð1Þðk1Þuð1Þðk1Þ�

2g22ω1ðω2
1 −W2

1Þ

×
ð2πÞ2δðk01 − ω1Þδðk02 − ω1Þ

2g22ω1ðω2
1 −W2

1Þ
þ Tr½γνvð2Þðk2Þvð2Þðk2Þγμuð1Þðk1Þuð1Þðk1Þ�

2g22ω1ðω2
1 −W2

1Þ
ð2πÞ2δðk01 − ω1Þδðk02 − ω2Þ

2g22ω2ðω2
2 −W2

2Þ

þ Tr½γνvð1Þðk2Þvð1Þðk2Þγμuð2Þðk1Þuð2Þðk1Þ�
2g22ω2ðω2

2 −W2
2Þ

ð2πÞ2δðk01 − ω2Þδðk02 − ω1Þ
2g22ω1ðω2

1 −W2
1Þ

þ Tr½γνvð2Þðk2Þvð2Þðk2Þγμuð2Þðk1Þuð2Þðk1Þ�
2g22ω2ðω2

2 −W2
2Þ

ð2πÞ2δðk01 − ω2Þδðk02 − ω2Þ
2g22ω2ðω2

2 −W2
2Þ

�
: ð74Þ

At this point, it is convenient to define a physical delta
where we will exclude the ghost frequencies

δðphysÞðΛ2
sðp0ÞÞ ¼

X
phys;a

δðp0 − paÞ
jðΛ2

sÞ0ðpaÞj
; ð75Þ

for s ¼ 1, 2 with the new notation Λ2
1 ≡ Λ2þ and Λ2

2 ≡ Λ2
−

and where pa are the zeros of the function Λ2
sðp0Þ. In our

case, we have

δðphysÞðΛ2
sðp0ÞÞ ¼

δðp0−ωsÞ− δðp0þωsÞ
2ωsg22ðW2

s −ω2
sÞ

: ð76Þ

This allows us to write the left-hand side of the cutting
equation as

2ImðMð1Þ
F Þ ¼ e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

×
Z

d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4 ð2πÞ

4δð4Þðp − k1 − k2Þ

×
X

s̄;r̄¼1;2

h
Tr½γνvr̄ðk2Þv̄r̄ðk2Þγμus̄ðk1Þūs̄ðk1Þ�

× ð2πÞ2δðphysÞðΛ2
s̄ðk01ÞÞδðphysÞ

× ðΛ2
r̄ðk02ÞÞθðk01Þθðk02Þ

i
ð77Þ

and

2ImðMð1Þ
F Þ ¼ e4

p4
Jμ1ðp1; p2ÞJν2ðp1; p2Þ

×
Z

d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4 ð2πÞ

4δð4Þðp − k1 − k2Þ

×
X

s̄;r̄¼1;2

h
ūs̄ðk1Þγνvr̄ðk2Þv̄r̄ðk2Þγμus̄ðk1Þ�

× ð2πÞ2δðphysÞðΛ2
s̄ðk01ÞÞδðphysÞ

× ðΛ2
r̄ðk02ÞÞθðk01Þθðk02Þ

i
: ð78Þ

LÓPEZ-SARRIÓN, REYES, and RIQUELME PHYS. REV. D 108, 015012 (2023)

015012-10



Finally, we can recognize the scattering amplitude for the
cut diagram using the symmetry of the ðμ; νÞ indices

icMð1Þ ≔ ½vrðp2Þð−ieγμÞusðp1Þ�
�

−iημν
p2 þ iϵ

�
× ½ūs̄ðk1Þð−ieγνÞvr̄ð−k2Þ�: ð79Þ

This proves the optical theorem and the unitary evolution of
the S-matrix for the one-loop Bhabha scattering diagram

2ImðMð1Þ
F Þ ¼

X
s̄;r̄¼1;2

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4 ð2πÞ

4δð4Þðp − k1 − k2Þ

× jcMð1Þj2ð2πÞ2δðphysÞðΛ2
sðk01ÞÞδðphysÞðΛ2

r̄ðk02ÞÞ
× θðk01Þθðk02Þ: ð80Þ

B. One-loop Compton scattering

We continue with the one-loop Compton scattering
process e−ðp; sÞ þ γðkÞ → e−ðp; sÞ þ γðkÞ of Fig. 3.
We have the amplitude

iMð2Þ
F ¼ ð−1Þ½ε�ρðkÞūsðpÞð−ieγρÞ�

�
iFðp0Þ
Dp0

�
×
Z

d4q
ð2πÞ4

�
ð−ieγμÞ iFðp

0 − qÞ
Dp0−q

ð−ieγνÞ −iημν
q2 þ iϵ

�
×

�
iFðp0Þ
Dp0

�
½ð−ieγσÞusðpÞεσðkÞ�: ð81Þ

By defining the quantities

Jðp; kÞ ≔ Fðp0ÞγσusðpÞεσðkÞ
Dp0

; ð82Þ

J�ðp; kÞ ≔ ε�ρðkÞūsðpÞγρFðp0Þ
Dp0

; ð83Þ

we rewrite as

Mð2Þ
F ¼ −ie4J�ðp; kÞ

Z
d3q⃗
ð2πÞ4

×
Z

dq0
γμFðp0 − qÞγμ
ðq2 þ iϵÞDp0−q

Jðp; kÞ: ð84Þ

Consider the last integral

Ið2Þ ¼
Z
C
dq0

Fðp0 − qÞ
ðq2 þ iϵÞDp0−q

; ð85Þ

where for the singular part of the fermion propagator 1
Dp0−q

we have eight poles and for the photon part 1
q2þiϵ we have

two more (see Fig. 4).
To compute the integral, we employ the Cauchy residue

theorem and consider the contour of integration Cð2Þ that
closes from below, as shown in Fig. 4. The contour encloses
five poles, and we obtain

Ið2Þ ¼ −2πi
X5
i¼1

½Fðp0 − qÞ�q0¼qi
ResðqiÞ; ð86Þ

with

q1 ¼ jq⃗j − iϵ; ð87Þ

q2 ¼ p0
0 þ eω1 − iϵ; ð88Þ

q3 ¼ p0
0 þ eω2 − iϵ; ð89Þ

FIG. 3. The diagram representing the scattering process
γe− → γe− and the cut diagram produced by the vertical
segmented line.

FIG. 4. The contour Cð2Þ encloses the poles q1, q2, q3, q4, q5,
and at the critical energy the two poles q2 and q4 become
complex, as indicated in the figure.
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q4 ¼ p0
0 þ eW1 − iϵ; ð90Þ

q5 ¼ p0
0 þ eW2 − iϵ; ð91Þ

with the residues of the singular part 1
ðq2þiϵÞDp0−q

at x denoted

by ResðxÞ.
A calculation gives

Resðq1Þ

¼ 1

2g42jq⃗jðp0
0 − jq⃗j þ eω1Þðp0

0 − jq⃗j þ eW1Þ
×

1

ðp0
0 − jq⃗j þ eω2Þðp0

0 − jq⃗j þ eW2Þðp0
0 − jq⃗j − eω1 þ 2iϵÞ

×
1

ðp0
0 − jq⃗j − eW1 þ 2iϵÞðp0

0 − jq⃗j − eω2 þ 2iϵÞ
×

1

ðp0
0 − jq⃗j − eW2 þ 2iϵÞ ; ð92Þ

Resðq2Þ ¼
1

2g42eω1ð eW2
1 − eω2

1Þðeω2
2 − eω2

1Þð eW2
2 − eω2

1Þ
×

1

ðp0
0 þ eω1 − jq⃗jÞðp0

0 þ eω1 þ jq⃗j− 2iϵÞ ; ð93Þ

Resðq3Þ ¼
1

2g42eω2ðeω2
1 − eω2

2Þð eW2
1 − eω2

2Þð eW2
2 − eω2

2Þ
×

1

ðp0
0 þ eω2 − jq⃗jÞðp0

0 þ eω2 þ jq⃗j− 2iϵÞ ; ð94Þ

Resðq4Þ ¼
1

2g42 eW1ðeω2
1 − eW2

1Þðeω2
2 − eW2

1Þð eW2
2 − eW2

1Þ
×

1

ðp0
0 þ eW1 − jq⃗jÞðp0

0 þ eW1 þ jq⃗j− 2iϵÞ ; ð95Þ

Resðq5Þ ¼
1

2g42 eW2ðeω2
1 − eW2

2Þð eW2
1 − eW2

2Þðeω2
2 − eW2

2Þ
×

1

ðp0
0 þ eW2 − jq⃗jÞðp0

0 þ eW2 þ jq⃗j− 2iϵÞ : ð96Þ

Considering that p0
0 ≥ 0 only Resðq1Þ has poles that

contribute to the discontinuity. We use the partial fraction
decomposition for the relevant poles obtaining

Resðq1Þ ¼
1

2g42jq⃗j
Y
i¼1;2

1

ðp0
0 − jq⃗j þ ω̃iÞðp0

0 − jq⃗j þ eWiÞ

�
1

ðeω1 − eω2Þðeω1 − eW1Þðeω1 − eW2Þðp0
0 − jq⃗j− eω1 þ 2iϵÞ

−
1

ðeω1 − eω2Þðeω2 − eW1Þðeω2 − eW2Þðp0
0 − jq⃗j− eω2 þ 2iϵÞ þ

1

ðeω1 − eW1Þðeω2 − eW1Þð eW1 − eW2Þðp0
0 − jq⃗j− eW1 þ 2iϵÞ

−
1

ðeω1 − eW2Þðeω2 − eW2Þð eW1 − eW2Þðp0
0 − jq⃗j− eW2 þ 2iϵÞ

�
: ð97Þ

Considering the expression (68) we have

ImðResðq1ÞÞ ¼
−π

2g42jq⃗j
�

δðp0
0 − jq⃗j− ω̃1Þ

2eω1ðeω2
1 − eω2

2Þðeω2
1 − eW2

1Þðeω2
1 − eW2

2Þ

−
δðp0

0 − jq⃗j− eω2Þ
2eω2ðeω2

1 − eω2
2Þðeω2

2 − eW2
1Þðeω2

2 − eW2
2Þ

þ δðp0
0 − jq⃗j− eW1Þ

2 eW1ðeω2
1 − eW2

1Þðeω2
2 − eW2

1Þð eW2
1 − eW2

2Þ

−
δðp0

0 − jq⃗j− eW2Þ
2 eW2ðeω2

1 − eW2
2Þðeω2

2 − eW2
2Þð eW2

1 − eW2
2Þ

�
:

ð98Þ

We apply effective theory again to consider the possible
contributions that involve intermediate states of ghost

modes. This leads us to write the left-hand side of the
optical theorem as follows:

2ImðMð2Þ
F Þ

¼ e4½J�ðp;kÞ�
Z

d3q
ð2πÞ4 ð2πÞ

2
1

2jq⃗j

×

�
γμFðeω1; p⃗0 − q⃗Þγμδðp0

0 − jq⃗j− eω1Þ
2g42eω1ðeω2

1 − eω2
2Þðeω2

1 − eW2
1Þðeω2

1 − eW2
2Þ

−
γμFðeω2; p⃗0 − q⃗Þγμδðp0

0 − jq⃗j− eω2Þ
2g42eω2ðeω2

1 − eω2
2Þðeω2

2 − eW2
1Þðeω2

2 − eW2
2Þ

�
½Jðp;kÞ�: ð99Þ

We introduce the variables k01 and k02 followed by the delta
functions as follows:
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2ImðMð2Þ
F Þ ¼ e4½J�ðp; kÞ�

Z
d3q
ð2πÞ4 ð2πÞ

2
1

2jq⃗j
×
Z

dk01

Z
dk02δðp0

0 − k01 − k02Þ

×

�
γμFðeω1; p⃗0 − q⃗Þγμδðk01 − jq⃗jÞδðk02 − eω1Þ
2g42eω1ðeω2

1 − eω2
2Þðeω2

1 − eW2
1Þðeω2

1 − eW2
2Þ

−
γμFðeω2; p⃗0 − q⃗Þγμδðk01 − jq⃗jÞδðk02 − eω2Þ
2g42eω2ðeω2

1 − eω2
2Þðeω2

2 − eW2
1Þðeω2

2 − eW2
2Þ

�
× ½Jðp; kÞ�; ð100Þ

and then by using the same previous identity (72) and
defining k⃗1 ¼ q⃗; k⃗2 ¼ p⃗0 − q⃗ we write

2ImðMð2Þ
F Þ ¼ e4½J�ðp;kÞ�½Jðp;kÞ�

×
Z

d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4

ð2πÞ4
2jk⃗1j

δð4Þðp0 − k1 − k2Þ

×

�
γμFðk02; k⃗2Þγμð2πÞ2δðk01 − jk⃗1jÞδðk02 − eω1Þ
2g42eω1ðeω2

1 − eω2
2Þðeω2

1 − eW2
1Þðeω2

1 − eW2
2Þ

−
γμFðk02; k⃗2Þγμð2πÞ2δðk01 − jk⃗1jÞδðk02 − eω2Þ
2g42eω2ðeω2

1 − eω2
2Þðeω2

2 − eW2
1Þðeω2

2 − eW2
2Þ

�
:

ð101Þ

Now using the identities (31a) and (31b) we find

2ImðMð2Þ
F Þ ¼ e4½J�ðp; kÞ�½Jðp; kÞ�

Z
d4k1
ð2πÞ4

Z
d4k2
ð2πÞ4

ð2πÞ4δð4Þðp0 − k1 − k2Þ
2jk⃗1j

×

�
γμuð1Þðk2Þūð1Þðk2Þγμð2πÞ2δðk01 − jk⃗1jÞδðk02 − eω1Þ

2g22eω1ð eW2
1 − eω2

1Þ

×
γμuð2Þðk2Þūð2Þðk2Þγμð2πÞ2δðk01 − jk⃗1jÞδðk02 − eω2Þ

2g22eω2ð eW2
2 − eω2

2Þ

�
: ð102Þ

Let us recall the physical delta definition and use the
fact that

δðk21Þθðk01Þ ¼
δðk01 − jk⃗1jÞ

2jk⃗1j
; ð103Þ

and the identity

X
Pol

εμðpÞε�νðpÞ ¼ ημν: ð104Þ

We obtain

2ImðMð2Þ
F Þ ¼ e4½J�ðp; kÞ�

X
Pol

X
r¼1;2

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4

× ð2πÞ4δð4Þðp0 − k1 − k2Þ
× ½γμuðrÞðk2Þεμðk1Þε�νðk1ÞūðrÞðk2Þγν�
× ð2πÞ2δðk21ÞδðphysÞðΛ2

rðk02ÞÞ
× θðk01Þθðk02Þ½Jðp; kÞ�: ð105Þ

Finally, we recognize the amplitude for the cut diagram as

iMð2Þ ¼ ½ε�νðk1Þūrðk2Þð−ieγνÞ�
�

iFðp0Þ
Λ2þðp0ÞΛ2

−ðp0Þ
�

× ½ð−ieγμÞusðpÞεμðkÞ�: ð106Þ

We have the optical theorem satisfied for the one-loop
Compton scattering diagram

2ImðMð2Þ
F Þ ¼

X
Pol

X
r¼1;2

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4 ð2πÞ

4

× δð4Þðp0 − k1 − k2ÞjMð2Þj2
× ð2πÞ2δðk21ÞδðphysÞðΛ2

rðk02ÞÞθðk01Þθðk02Þ:
ð107Þ

V. CONCLUSIONS

We have studied the unitarity of the S-matrix in a
Lorentz-violating theory of modified QED with higher-
order operators. As is well known, higher-order operators in
the Lagrangian density can lead to a potential loss of
unitarity, especially in loop diagrams. The reason is that
loop diagrams involve several off-shell virtual particles,
which under combination may respect momentum conser-
vation allowing high-energy modes associated with ghost
states to be propagated through the cuts in the perturbative
unitarity equation. This highly contrasts with the situation
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where conservation of momentum selects only particles to
be propagated in tree-level diagrams.
In our particular model, selecting the preferred back-

ground in the pure timelike direction leads to higher time
derivatives and implies a negative metric sector. We have
seen that the effective approach and the Lee-Wick pre-
scription can provide a unitarity theory. The Lee-Wick
prescription is implemented by imposing stable particles
to have a positive metric. A highlight of this work has been
to provide a decoupled unitarity equation restricted to the
positive metric sector. We have proved that the diagrams
under consideration are unitary since no ghost modes are
propagated through the cuts in the unitarity equation. A
generalization of the Cutkosky rule, at the one-loop order
considered, is possible by introducing physical Dirac

deltas defined to select only positive-metric solutions.
This extension can be useful in analyzing unitarity in
higher-order diagrams.
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