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Topology and generalized symmetries in the SU(N)/Z gauge theory are considered in the continuum
and the lattice. Starting from the SU(N) gauge theory with the 't Hooft twisted boundary condition, we give
a simpler explanation of the van Baal’s proof on the fractionality of the topological charge. This description
is applicable to both continuum and lattice by using the generalized Liischer’s construction of topology on
the lattice. Thus we can recover the SU(N)/Zy principal bundle from lattice SU(N) gauge fields being
subject to the Zy-relaxed cocycle condition. We explicitly demonstrate the fractional topological charge,
and verify an equivalence with other constructions reported recently based on different ideas. Gauging the
Zy 1-form center symmetry enables lattice gauge theories to couple with the Z, 2-form gauge field as a
simple lattice integer field, and to reproduce the Kapustin-Seiberg prescription in the continuum limit. Our
construction is also applied to analyzing the higher-group structure in the SU(N) gauge theory with the

instanton-sum modification.
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I. INTRODUCTION AND BRIEF REVIEW
OF COUPLING TO HIGHER-FORM
GAUGE FIELDS

To study the dynamics of gauge fields has been a
profound problem for a long time. A traditional gauge
principle arises from the localization process of a global
symmetry for phases (or elements of group) of matters
[1]; this procedure is called gauging. A global symmetry
in quantum field theory may be gauged as a probe, and
then there is an 't Hooft anomaly when such a gauge
symmetry is anomalous [2]. The 't Hooft anomalies in
low and high energies should be matched because of its
invariance under the renormalization group flow, which
restricts the phase structure of strongly coupled gauge
theories.

In the last decade, the concept of symmetry has been
generalized [3,4]. This so-called generalized global sym-
metry has been vigorously studied in not only particle
physics but also condensed matter physics [5—7]. The
important ingredients are as follows:
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(i) higher-form symmetry: when a theory has sym-
metries acting on not only local operators but also a
p-dimensional charged object, such a symmetry is
called the p-form symmetry;

(i) higher-group symmetry: a categorical structure
between some higher-form symmetries is realized
[8,9], where each symmetry cannot be gauged
individually';

(iii) noninvertible symmetry: a symmetry, which cannot

be represented by a symmetry group, is given by

a fusion rule between topological defects [11—16]2

so that there exist no inverse topological operators;
etc. The recent developments in line with these symmetries
provide a quite different paradigm.

It is well known that the SU(N) gauge theory has the
Zy 1-form center symmetry. In order for non-Abelian
gauge theories to couple with Zy 2-form gauge fields
associated with such 1-form symmetries, we can use the
following procedure by Kapustin and Seiberg [3,4,22]: Leta
topological field theory be described by a Z p-form gauge
field. To represent this explicitly, introducing a (p — 1)-form
compact scalar B(’~!) which satisfies B?~") ~ B(P=1) 4 27,

'E.g., for O-form and 1-form symmetries, the 2-form gauge
field associated to the 1-form symmetry transforms under not
only the 1-form gauge transformation but also the 0-form gauge
transformation. If those symmetries are continuous, this is
nothing but the Green-Schwarz mechanism [10].

*For recent works related to our approach in this paper, see also
Refs. [17-21].
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a U(1) p-form field B(?), and a Lagrange multiplier y, we
write the Lagrangian3

2 A (NBP) —dBP=1), (1.1)
The corresponding charged object behaves as
o Z P en ez (1)

Thus, the Z,; gauge field is written by the pair (B(?), B(P~—1),
Note that the SU(N) gauge field A is blind to such a Z
2-form gauge field (B®), B()) because A (also the field
strength F) is traceless. Now, let us promote A to a U(N)
gauge field A. In the same way above, we constrain its U(1)
part as

7 A (TrF —dBW). (1.3)

This indicates that U(1) is broken to Zy, that is, U(N) =
%;U(l) — SU(N). Further, by replacing F — F — B®?),
the SU(N) gauge field can couple to the Z, 2-form gauge
field; we have the SU(N)/Zy gauge theory.

This recent prescription based on higher-form symmetries
could be described equivalently by the SU(N)/Zy gauge
theory where the SU(N) gauge fields obey the twisted
boundary condition with the ’t Hooft flux [23]. It is then
known that the topological charge becomes fractional; in
terms of the 2-form gauge field B?), we see easily

/ dXTr(F = BO) A (F — BO)
= / d*xTrF A F - N / d*xB@ A B®,  (1.4)

where the first term gives rise to an integer in the topological
charge, and the second term can provide a fractional part

because fz-cycle B® e %V—”Z. The proof of the fractionality

under the twisted boundary condition was done by van
Baal [24], where the author constructs the transition function
with the Zy-center-valued cocycle condition and then
identifies the topological classification of the SU(N) prin-
cipal bundle structure.

Liischer proved [25] that the SU(N) principal bundle can
be constructed from the SU(N) lattice gauge theory (see
also Refs. [26,27]), while the topological structure on the
lattice is nontrivial because the discretization of the
spacetime breaks its continuity. We can recover this
“continuity” by Liischer’s construction, and then, classify
the integer topological charges. Recall that quantum field

*We can regard y as the vacuum expectation value (VEV) of a
charge-N Higgs field H, and the compact scalar as the phase of
H. If we take the y — oo limit (or infinite Higgs VEV), we have
the same structure.

theory, a physical system with an infinite number of
degrees of freedom, would be mathematically not well-
defined as it stands, and the lattice regularization is the most
well-developed nonperturbative framework. This work is
quite awesome since it provides a solid foundation on our
understanding of topological classifications, which enrich
the nontrivial dynamics of gauge fields (e.g., the index
theorem [28,29] and so on).

Recently, in Refs. [30,31], by generalizing this, the
nonsimply connected U(1)/Zy or SU(N)/Zy principal
bundle has been constructed in the lattice theory coupled
with the Z 2-form gauge field, and the fractionality of the
topological charge on the lattice is proved. These studies
have achieved the fully regularized framework on the
modern viewpoint of quantum field theories with general-
ized symmetries.

The proof in Ref. [31] is given in a sophisticated way
based on the principle of the locality, SU(N) gauge
invariance, and Z, 1-form gauge invariance, while this
idea looks different from that for the U(1) case in Ref. [30]
and the construction is quite complicated. Thus, from the
analytical viewpoint in lattice gauge theory, it may be hard
to explicitly demonstrate the traditional knowledge on the ’t
Hooft twisted boundary condition, and recent develop-
ments of non-Abelian gauge theories with higher-form
symmetries. Also the relation between the Kapustin—
Seiberg prescription by the U(1) fields and the lattice
construction by the 2-form integer lattice field is not
obvious; it is puzzling how to take the continuum limit
of an integer field on the lattice so that its field configu-
ration is smooth.

In this paper, we reconstruct the SU(N)/Zy principal
bundle from the lattice SU(N) gauge theory with the
twisted boundary condition. First, we start from the
continuum theory following van Baal [24], on which the
construction of the U(1)/Zy principal bundle [30] is
based. We can make his discussions much simpler owing
to the extension of SU(N) to U(N) like as the Kapustin-
Seiberg prescription. Actually, the original proof seems to
be incompatible with interpolated transition functions
written by lattice SU(N) gauge fields, but the above
description is applicable to both continuum and lattice.
Next, we give the lattice realization of it, by using the
generalized Liischer’s construction [31]. We can then show
how to establish an equivalence between the constructions
in this paper and Refs. [30,31]. The distinguishing feature
is that our construction provides concrete expressions for F
and B® defined on the lattice while those are not defined in
Ref. [31]. That is, this point is not necessary to prove the
fractionality of the topological charge, but we can see the
fractional structure as an explicit form and apply this
construction to some related issues.

As an important perspective from our construction, we
perform the U(1) 1-form gauge transformation, to which
the gauged Z, I-form center symmetry is promoted.
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We then directly reproduce the Kapustin-Seiberg prescrip-
tion in terms of lattice fields. Also we apply our expressions
to analyzing the higher-group structure in the SU(N) gauge
theory with the so-called instanton-sum modification [32],
which is a restriction of the topological sectors to the
instanton numbers characterized by an integer without
violating the locality [33—36]. We expect that the procedure
in this paper is applicable broadly as an underlying fully
regularized framework.

II. A REVISION OF THE SU(N) GAUGE
THEORY WITH TWISTED
BOUNDARY CONDITION

At first, we review how the topological charge becomes
fractional in the SU(N) gauge theory with a twisted
boundary condition on a torus. The original proof by
van Baal [24] is modified in a simpler way, in accordance
with the recent viewpoint on non-Abelian gauge theories
coupled with Zy gauge fields [22].

A four-dimensional periodic torus with the size L is
give by

T*={xeR*0<x, <L forallu} (2.1)

1
0= @lﬂ d*x Z €po TT[F ()

HVp,0

with the identification x, + L ~ x,, where p runs over 1, 2,
3, and 4. We impose the twisted boundary condition for the
gauge field A,(x) € 3u(N),

Aﬂ('xl/ + L’xi;év) = hv(x)_lAﬂ(x)hu(x)

—ih(x) 0, (x),  (22)

with the Zy-relaxed cocycle condition

h,(x, =0,x, = L,x#ﬂ,y)_lhy(xﬂ =x,= O,JC,#I,,D)_1

X hy,(x, = x, = 0,x,2,,)h,(x, = L,x, = 0,x,2,,)

2ri
= exp (Wz,w) EZy.

Here z,, € Z, which is antisymmetric as z,, = —z,,,, stands
for the 't Hooft flux [23].

The topological charge is specified by the transition
function £, (x). We see the Lemma proved by van Baal and
Liischer [24,25] as follows:

Lemma. Subject to the twisted boundary condition
(2.3) (or the periodic one with z,, = 0), the topological
charge is written, in terms of £, (x), by

(2.3)

()]

1 _ _
- _Tﬂz Z eﬂblltf{g / dx/)dxo’Tr[(hﬂa/)hﬂl)x”:xb:()(hu laﬁhv)x”:L.x,,ZO]

HVp.0

+/ﬁ@&ﬂ@ﬂﬂ@%ﬁﬁ@j%@xmwmﬁhﬂ}

If we have no twists (z,, = 0), Q € Z characterizes the
homotopy type z3(SU(N)) = Z. On the other hand, turn-
ing on gz, we can see that Q becomes fractional by
considering an appropriate fiber bundle structure due to the
first homotopy group 7, (SU(N)/Zy) = Zy on T*. To see
this, for simplicity, we consider the bundle structure of T2
as depicted in Fig. 1. Letting U; with ¢ > 0 and 6 > 0
be a covering of T2, h; ; and g;; are transition functions at
x € U;nU; such that A,(U;) = A,(U;) in the positive
and negative x directions, respectively. In the limit of € — 0
and 6 — 0, the patches Uy, shrink and the nontrivial
transition indicates that A,(U,) — A,(U,) = A,(Uy),
that is, A,(x, +L,x;z) > A,(x). Therefore, on T*,
we have h, = hoﬂga,,l with an appropriate assignment of
indices.

Now, following the van Baal’s prescription [24], we
introduce the loop factor &,(x) in terms of the Cartan
subalgebra of SU(N),

(2.4)
a=ep (-0 =) e
= v 1) :
" N = L
where T is a generator of SU(N),
T, =diag(l,1,....1,-N +1). (2.6)

Then we find

g‘u(xu = vau = LJ#;;,V)_I?V(% =X, = vaﬂ:ﬁﬂ,v)_l

X & (x, =x, = 0,%2,,)8,(x, = L,x, = 0,x;,,)

2ri
= exp (WZMU> (S ZN'

This cocycle condition is identical to that of &, (x) (2.3),
and thus, Z,(x) possesses the same nontrivial “winding”
modulo 1 as the original system.

(2.7)
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FIG. 1.
boundary at x, = L, and Uj is the corner.

Theorem. Given V h,(x), we can write

hy(x) = hO;tgaﬂl = h()y&/tf]aﬂl’ (28)
where we have introduced
éﬂ = ljl()ﬂgal’ ]:\l()ﬂ = hOﬂ]j[aﬂl’ g()y = gOyg(;ﬂl’ (29)

and fzoﬂ, 9oy are defined in terms of the transition function
izﬂ (x) = floﬂggﬂl obeying the periodic boundary condition.
Corollary. Let Q-] be a mapping from a transition

function to the topological charge given by the above
Lemma. Then, we have

O[h] = Q[g] + Q[h]. (2.10)

The proof being given in Ref. [24], we can then show that
Q¢] € 4 Z and Q[h] € Z. Thus the total topological charge
on the SU(N)/Zy principal bundle can be fractional.

The above original construction is quite complicated
because its description enjoys the SU(N) structure at any
stage of computations. Also, lattice gauge theory as we will
describe later seems to be incompatible with the above theo-
rem. If such a difficulty of SU(N) keeps us in mind of the
recent development about the generalized symmetry [22],

|

Z Y Y Y —
SN Z GHVPGZWZ/’” - 4 N z €l4l//)0 M]/dx dx TI’ a hzz)xﬂ:L.x,,:O - (hvao—hul)x,‘:x,,:()] + Q

HV.p,C WV P>,

Z 6 Z Z C :
uvpe<uv<po
8N/4,z/,p.o'

The structure of the fiber bundle of the base space 72. {U; } is a set of patches of 72, where U, is the main region, U, is near the

one may begin with the loop factor ¢,(x) € U(1) rede-
fined by

2rxi ZuXy
c,(x) = exp (_WZ”T)’

v>pu

(2.11)

and the U(N) structure which is combined with ¢, (x)
into SU(N)-valued results. This definition of ¢,(x)

again satisfies the cocycle condition (2.7). By using
¢,(x) € U(1), let us define

lvzﬂ(x) =¢,(x)"'h,(x) € UN).

Then, we immediately find that

(2.12)

fvzﬂ(x =0,x, = L,x#ﬂwy)_liz (x =x,= O,x,l;éﬂ’y)_1

x h WX, = x, O,x#u,y)fl (x, =L,x,=0,x4,,) = 1.

(2.13)

h ,(x) denotes the transition function of the “U(N) principal
bundle” with an integer 2nd Chern number.

Substituting £, (x) = ¢, (x)}vlﬂ (x) to the expression of the
topological charge, and using the integer topological charge
Q by fvl” (x) instead of /,,(x) in the above expression of N
we have

v

(2.14)

*“This integer topological charge for the U(N) gauge field, f TrF A F, is somewhat different from the definition of the 2nd Chern

class, [(TrF A F —TrF A TrF), up to integers.
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In the last line, we have used, for y < v,

0 = Tr(h;'9,h,) = —zm% +Te(i'0,h,).  (2.15)

The first term in Q is fractional, that is, it is proved that
Qe %Z; the fractional part and QeZ are naturally
decomposed.

III. LATTICE SU(N) GAUGE THEORY WITH
TWISTED BOUNDARY CONDITION

A. Setup as a lattice formulation

It would be difficult to consider the topological structure
in lattice gauge theories, where the spacetime is discretized
into a set of lattice points and then its continuity is broken.
We can recover this feature by the Liischer’s construction of
the SU(N) principal bundle from the lattice SU(N) gauge
theory [25]. Quite recently, this construction has been
generalized to non-Abelian gauge theories coupled with
Zy gauge fields [31]. Let us demonstrate the SU(N)/Zy
principal bundle in line with the van Baal’s proof in the
previous section.

The lattice A,

A={nez*0<n, <L forallu}, (3.1)
divides T* into hypercubes c(n) as
c(n)={xeRY0< (x,—n,) <1 forallu}. (3.2)

We also define the boundary of two hypercubes, called
the face,

fnop) = {x € cln)lx, = m} = cln—p) ne(n).  (33)
where fi is a unit vector in the positive p direction, and
a two-dimensional plaquette as the intersection of four
hypercubes, ¢(n), ¢(n—f), c¢(n—"0), and ¢(n — g — D):

plnpr)={xecm)y, =nox,=n} (u#v).  (3.4)
Our lattice setup is summarized in Fig. 2.

Suppose that the link variable U(n, u) € SU(N), which
lives on the link connecting n and n + ji, obeys the twisted

boundary condition,

Un + Loop) = g,(n) " Un.pw)g, (n + ). (3.5)
The cocycle condition is given by
u(n+ L)~ g,(n)" g,(n)g, (n + L)
2ri
= eXp <N Z;w) (S ZN' (36)

This represents the 't Hooft flux on the lattice.
To rewrite the link variable U(n,u) in terms of the
periodic one, we assume that U(n,u) is defined on

0<ny <L and 0<n, <L-1. We then define the

periodic variable U(n,u) by

v

U(n,pu)g,(n) forn,=L-1,
Uln,p) = { . g . (3.7)
U(n,pu) otherwise.
One can find that
gu(n,=L-1)U(n,=L,n,=L~-1,v)
xU(n,=L—-1,n,=L,u)"g,(n,=L—-1)"
2ri .
= exp (—%ZZW> U(nﬂ =0,n,=L—-1,v)
xU(n,=L—-1,n,=0,u)" (3.8)

This shows that, as depicted in Fig. 2, the plaquette
P(n,u,v),

P(n,p,v) = U(n,p)U(n + p,v)U(n+0,u) "' U(n,v) 7",
(3.9)

o= % f(n,p) o

’
’

,x;@].,,_,/)% -~

o (n, 1, v)

2mi

= e” WAt P, p,v)

FIG. 2. Lattice setup and plaquettes for the twisted and periodic link variables. To illustrate generic variables, we use a lattice field

2u(n) = 2,0, 110, 11 as we will define later.
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can be written by P(n, pu,v) = e‘%zwp(n, U, V) up to gauge
functions if this Wilson loop passes the corner of the lattice,
where P(n,u,v) is the plaquette constructed by U(n, u);
otherwise, P(n,pu,v) = 15(n,,u, v). In what follows, we
simply say P(n,u,v) = e‘%zuvi’(n,,u,v) as this meaning.

B. SU(N)/Zy principal bundle and fractionality
on the lattice

Let us apply the Liischer’s construction of the transition
function to U(n, u) and U(n, u), whose transition functions
are denoted by v, ,(x) and ¥, ,(x), respectively. We aim to
write v, ,(x) in terms of ¥, ,(x). A transition function
Gnp(u; x) for a link variable u(n,u) at Vx € f(n,pu) is
defined by, in terms of the Liischer’s interpolation function
Sy, (u; x) [25] (for explicit formulas, see the Appendix),

G (10:.%) = Sil (%) 7 g, (15 1) S (3 x)
= Sﬁ;ﬁ(u;x)_lw”‘ﬂ(u;n)w”(u;n)‘lSZ’”(u;x),

(3.10)

where the standard parallel transporter w"(u;x) at the
corners of f(n,u) is given by

w(u;x) = u(n, 4 u(n + ya4, 33 u(n + ya4 + y33,2)
u(n + ygd+y33 + 3,2, 1)

fory,=x,-n,=0 or 1. (3.11)

Theni we naively define v, ,(x) = g, ,(U;x) and 9, ,(x) =
9nu(UsX). v, ,(x) obeys the twisted boundary condition,

(g, (n).  (3.12)

Un,ﬂ(x + LI;) = gv(n _ﬁ)_
while ¥, ,(x) is periodic.

To obtain the well-defined interpolation Sy, (U;x), we
should impose an admissibility condition. Here, for sim-
plicity, we consider the SU(2) gauge theory (we can
generalize discussions below to any compact gauge
group).” First note that, to make the lattice action density
small, the plaquette P is in a neighborhood of 1, and P is
e or 1. S, (U;x) is a function with respect to the
plaquettes P, and has a structure such as PY with0 <y <1
(see the Appendix). Then, P = —1 is ill-defined and so
such configurations are called exceptional. Supposing all
combinations in S}, (U;x) are well defined, we have the

admissibility condition

> Admissible configurations should be close to those at the
minimum in the classical continuum limit. Thus, such configu-
rations are topologically on a disk. Since SU(2) is topologically a
sphere, removing simply one point on it, we have a desired
admissibility.

Tr[l - P] <e. (3.13)
In Ref. [31], it is proved that there exists € > 0 for V N. On
the other hand, for S%(U ;x), the situation is more
complicated because we cannot easily choose a branch
of (P)? ~ (¢¥<w ). To this end, let us construct sm(U;x)
from S}, (U;x). That is, since P can be rewritten as

2mi, ¥
e~ " P, we can define

(e—%zmi))y — e—%(zw+NM#,,)y(e2m'MmP)y’ (3'14)
where
{OSZW—I—NMW<N for p < v, (3.15)
2w +NM,, = -z, —NM,, foru>v. '

Also for a product of k plaquettes,

k y
i, ¥
=1

k y
_ e_% ;ZI(Zf+NMf)y (62”i 22:1 M H Pf) s (316)
=1

where z,=z,, with Eq. (3.15). Note that |>,(z,+
NM,)| < Nk. In what follows, we redefine z,, +NM,,
as 7, so that 0 < z,, < N for u < v. Again, P = W x
(—1) is not defined, and thus we have the same admis-
sibility condition given by

Tr[l — e % P] < e. (3.17)

We should mention that %, ,(x) is an element of U(N).
This is because (P)* ~ e%% € U(1). On lattice sites, that
is, at y = 0 or I, this factor becomes Zy so 7,, € SU(N).
When we write v,, ,(x) in terms of ¥, ,(x), the extra factor
of z,, in v, ,(x) appears from Egs. (3.14) and (3.16), which
is similar to ¢,(x) in the continuum theory. This factor,
e~ %Y, is also an element of U(1). These U(1) factors,
(i’)y and e %Y, cancel out by construction, that is,
1 ~ e %Y (P)Y = P* € SU(N); so v,,(x) € SU(N) is
kept intact.

Following the above construction, we can rewrite the
transition function v, ,(x) in terms of a z,,, dependent factor
and 7,,(x). We obtain the transition function by, for
x € f(n,p),

(3.18)

@y, (%) 0y, (X)g,(n—ft) forn,=L,
= { 20

@y (%) 0y 4 (%) otherwise,

where the loop factor @, ,(x) is defined by
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exp (% Zzlwvan,,.L—l> for x, = Omod L,

@y, (X) = v>u

1 otherwise.
(3.19)

The transition functions provide the cocycle condition
given by, at x € p(n,pu,v),

Vnetgu () U (X) 0 (X) M0 (1) =1, (3.20)

bn—i/.ﬂ(x)bn,u(x)'\Dn,/d(x)_l bn—fd v(x)_l =1, (321)
wn—f/,ﬂ (x) Dpy (x) wﬂ,/d ()C)_] a)n—fl,u (x)_l

_Jexp (%zﬂy) x, =x,=0mod L, (3.22)

1 otherwise.

Note that v, ,(x) is nontrivial because of the Zy
twisted boundary condition of it (3.12) though its cocycle
condition is not relaxed by Zy. If one use 7,,(x) =
@, ,(x)0,,(x) obeying the periodic boundary condition,
we find

i}n—ﬁ,/d (X) vn,v (x) T)n,ﬂ (x)_l in—ﬁ,v (x)_l

exp (%Z;w) x, =x,=0mod L,

(3.23)
1 otherwise.

Substituting v,, , (x) into the topological charge Q [24,25]

1
Q = - W Z Z e;wpa{3 / dzx’rr[(vn,/dap”;,}t)(U;iﬁ.uaa”n—ﬁ.u)]
7 p(npp)

neA pv.p,c

T /f ( )d3xTr[<v;,},abvn,,,><v,:,}la,,vn,,4><v;.Laﬂvn,ﬂ>]},
n.u

we have

1 .
Q= > CwpeZunipn + ©. (3.25)

Hv.p.0

where Q is the topological charge with respect to the
periodic variable U, and we have used the similar identity
to Eq. (2.15) for the cross terms. The first term is a
fractional part with ﬁ Z, and one finds Q € Z thanks to the
cocycle condition (3.21).

C. Remarks on the relation with other constructions

We make remarks on other constructions based on
different ideas from ours: v, ,(x) is similar to the transition
function %, ,(x) defined in Ref. [31] when we consider a
specific 't Hooft flux at the corner. The different point is
that v, ,(x) is periodic. Thus, v, ,(x) = 7,,(x)g,(n — ft)
for n, = L.

Our definition of ¥, ,(x) cannot be realized as g,w(lvl ;)
any longer without any other information. Actually, it is
not necessary to be based on the underlying periodic variable
U(n.p). As an alternative way, we can define ¥, ,(x) as
vy, (x) divided by the loop factor at the minimum, as defined
in the continuum by ¢, (x) in Sec. II. The discussions in the
paper can be also considered in this sense.

We ask how the definition of #, ,(x) is related to that
defined for the U(1) lattice gauge theory in Ref. [30].
The idea is, as an other prescription, to replace the plaquette

(3.24)

[

by it to the Nth power; that is, P* — (PV)¥/N to impose the
Zy 1-form gauge symmetry as we will define later. This
simple prescription removes the branch ambiguity above,
but is quite subtle and in fact not rigorous. We first
recognize that, because (e~ vwP)¥ = PV, we lose any
information on the Z center, and then ¥, ,(x) = v, ,(x)
with the “stronger” admissibility ¢/N. On the contrary, it

looks like e~ %% (PN )¥/N and then, the information on the
branch would be guessed from the first factor thanks to the
Zy 1-form gauge invariance. Therefore, though this pre-
scription is not a sure way, it could hold up on a robust
principle of the 1-form gauge symmetry.

IV. 1-FORM GAUGE INVARIANCE
ON THE LATTICE

A. Gauging the Zy 1-form symmetry on the lattice

We have started with the similar procedure to that in the
continuum by van Baal, and obtained the fractional
topological charge with the 't Hooft flux at the corner of
A. Actually, it is known that the structure of the SU(N)/Zy
principal bundle from lattice theories is much more general
and robust, whose most important principle is based on the
locality, SU(N) gauge invariance, and Z, 1-form gauge
invariance. In this section, let us consider the Zy 1-form
gauge invariance [3,8,22], which plays a crucial role in this
robustness [31].

From the constant flux z,,, we introduce a lattice field
Z(n), as a Zy 2-form gauge field,
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Zm/ (n) = Zﬂl/ﬁlle—IBIlv,L—l‘ (41)

The loop factor is then given by

onalo) =exp | =i, 42

v>u

and the twisted cocycle condition is

Un—bu (x) Unw (x) Unou (x) Un—pv (x) -

2ri A
= exp {W T (n—f1— v)} . (4.3)
We give the Zy 1-form gauge transformation:
. 27i .
U(n,,u) = exp Wzﬂ(n) U(n?:u)
7,(n) € 2,0 < z,(n) <N. (4.4)

Moreover, we assume
Z;w(n) = Z/w(n) + A”ZD(H) - szﬂ(n> + NM/w(n)’ (45)

where we have defined the forward difference,
Auf(n)=f(n+p)—f(n), and M, (n) is required to
restrict the 2-form gauge field z,,(n) to

for u <v,

{ 0<z,(n) <N (4.6)

Z(n) = =z,,(n) for u>wv.
Under this 1-form transformation, P s e~ (85=A2,4+NM,u) p
by our choice of the branch.

As shown in Appendix A of Ref. [30], the consistency of
transition functions among the intersection of eight hyper-
cubes’ leads us to the flatness of the Zy 2-form gauge field
7,,(n). We can see that z,,(n) satisfies the modulo N
flatness condition,

1
EzeﬂwmAvZ/w(n) =0 mod N.

v,p,0

(4.7)

Therefore, we find that, under the Z, 1-form gauge
transformation,

®In the usual context of the fiber bundle, the cocycle condition
for the transition functions is consistency at the boundary of three
patches; the flatness condition is at the quadruple overlap [37].
On the other hand, for the square lattice, the former is defined in
the intersection of four hypercubes; the latter is in the intersection
of eight hypercubes.

a9 o exp{ = Sl 0 = 5y )
N = ), pexp 2= )| )

(4.8)

The first factor can be canceled against the transformation
of ,,(x), which depends on the gauge field z,,(n), so
we have

vy, (X) F> exp [% z,(n— ﬂ)] (). (4.9)

The fractional topological charge O

1 v
Q:_@Z Z eﬂupazyv(n)zpa(n+ﬁ+ﬁ)+ Q (410)

neAuv.p,o

is invariant under the Z, 1-form gauge transformation,

while Q is not. The shift of Q should vanish owing to the
shift of the first term (see Appendix A in Ref. [30]).

B. Reproducing the Kapustin—Seiberg prescription

To compare some properties between the lattice and
continuum theories [22], one may construct the
SU(N)/Zy principal bundle from the lattice U(N) gauge
theory. Starting from the above construction by the lattice
SU(N) gauge theory, we perform the U(1) 1-form trans-
formation given by7

U(n,u) = exp [id,(m)]U(n. ) € U(N)

A,(n) €R,0 < 4,(n) < 2. (4.11)

Now we define the U(1) 2-form gauge field

hn) = 2 ) + Ay () = A, ()

+ 27K, (n), (4.12)

where K, (n) € Z is required to restrict 4,,(n) to

for u <v,

{ 0<A,(n) <2z (4.13)

Aw(n) = =4y, (n)  for u>v.
After successive U(1) 1-form transformations, a generic
A (n) transforms as

"This procedure is analogous to the construction of weak
higher-groups from strict higher-groups. See Ref. [38] for the
U(1) gauge theory or Sec. V for the SU(N) gauge theory.
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A (1) = Ay (n) + A2, (n) = A4, (n) +-27K (). (4.14)

Then, the transition function v, ,(x) € U(N) trans-
forms as

Un,/l (x) = exp [M/J (n - /A‘)}”n,u (x)’ (415)
and satisfies the cocycle condition
Un—f/.ﬂ (.X') Un,u(x) Ul‘l,ﬂ (x)_lvn—ﬁ,v(x)_l
= exp [id, (n — i = D)]. (4.16)

We have the topological charge

v,

N N
Q = _WZ Z eﬂl/po'/’{ﬂl/(n)lﬂo'(n —l—/,t + V) + Q

neA pv.p.c

(4.17)

This is, in fact, U(1) 1-form invariant, and thus, takes the
same fractional value as before. This means that we can
regard A,,(n) as a field strength in the lattice U(1)/Zy
gauge theory; as already shown in Ref. [30], one can show
that the first term in Q is N x #Z.

The field strength is defined by

1

() =50 [P, p.0),

(4.18)

and F (1) by P(n, pu,v), in the range (or branch) that those
satisfy the admissibility condition (3.17). From P(n, u,v) =
e""luv(”)lv’(n,ﬂ,y) €SU(N),F,, = Fﬂy — A € 8u(N) and
F,, € u(N); we have

TrF,,(n) = N, (n). (4.19)
Also under the U(1) 1-form gauge transformation, the field
strength F,(n) is invariant, and F,, (n) transforms as

F(n) = F,(n)+ A4, (n) — A4, (n)

+ 27K, (n). (4.20)
These expressions provide good agreement with those in the
continuum theory by the Kapustin—Seiberg prescription [22].
Therefore, our fully-regularized construction can naturally
reproduce non-Abelian gauge theories with discrete higher-
form symmetries in the continuum limit.

We make some comments here: First, in the more
sophisticated and minimal construction given in
Ref. [31], we can define the 1-form invariant F W(n) only,
and so the relation with the coupling with higher-form
gauge fields in the continuum is not obvious. Also, if we
use the Z, 2-form gauge field z,,(n), its continuum limit
seems to be puzzling because of no smooth and integer

fields in the continuum description. This difficulty reminds
us that there is a certain procedure required for such a
coupling with a Z field in the continuum, which would be
described by a pair of U(1) gauge fields. We can describe it
by the lattice gauge field 1,,(n).

On the other hand, lattice gauge theories can be coupled
quite simply with lattice integer fields, while there are
subtleties in the continuum theory since cohomological
operations are needed such as the Pontryagin square [8,22].
The Kapusitin-Seiberg prescription gives a simplified
explanation for discrete gauge fields by embedding it to
U(1). Thus, we see the de Rham cohomology but not the
Cech cohomology; to circumvent this issue, the wedge
product in expressions as a result should be replaced by the
Pontryagin square. Such issues make some studies in
continuum apparently difficult.

V. APPLICATION: HIGHER-GROUP STRUCTURE
IN MODIFIED SU(N) GAUGE THEORY

As a simple application, let us consider the higher-group
structure in the SU(N) gauge theory modified as follows:
The insertion of the delta function in the path integral,

5(q(n) = pe(n)), (5.1)
restricts the instanton number to integral multiples of
p € Z [33-36]. Here we have defined Q =), ¢(n),
and c,,,,,;(n) is the 4-form field strength of a compact U(1)
3-form gauge field such that®

Cups () = €4 p6(11), (5.2)
and ) ,cpc(n) € Z. Thus, perturbation theory is not
affected at all and the local nature is unchanged, while
globally or topologically speaking this modification pos-
sesses a quite nontrivial structure, called the higher-group
symmetry [32].” This theory provides an application of our
construction of the SU(N)/Zy principal bundle.

Note that, to see this, it is important to introduce
a technique called the integral lift [8,22], as mentioned

in the case of the lattice U(1) gauge theory with

restricted topological sectors [38]."° This is because the
fractional part of the topological charge O possesses the

¥It was proved [39] that there exists the U(1) gauge potential
on the lattice such that F, (n)=A,A, (n)—AA,(n) for
admissible gauge configurations. Here A,(n) is constructed
by a,(n)=1lnU(n.u) and F,(n)=1InP(n,p,v), where
F,(n)=A,a,(n)+ Aya,(n) € 227, This can be immediately
generalized for U(1) higher-form gauge fields.

In topological lattice gauge theories, we can also observe
the higher-group structure; see Refs. [40,41].

"%Recently, the definition of (higher-)cup products, from which
the Pontryagin square can be constructed, on the hypercubic
lattice is given in Ref. [42]. For a torsion-free manifold, we can
also use the integral lift as another possible choice.
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NONCOMMUIALVILY, D ,en D s po CupoZuy (1) Zpe (M +A+D),
and naively seems to become 5, but it is 1 thanks to the
commutativity of the original form, ZW, p.0 CuvpoZunZpo-
Suppose that an integer field Z,, (n) is defined by z,,(n) =
Zuw(n) mod N so that 37, €,,04,7,,(n) =0. Then,
replacing z,,(n) by Z,,(n), we have the desired Q € 1 Z
for a generic Z,,(n).
Again, let us consider the constraint,
q(n) = pc(n) = 0. (5.3)
At first sight, any nontrivial configuration of z,,(n) is
forbidden, so gauging the Z, 1-form symmetry seems to be
impossible. Now, by introducing the Z,, 3-form symmetry
and gauging these two symmetries simultaneously, we have
a nontrivial theory with the 4-group structure. This can be

immediately realized by the replacement as ¢ — ¢ — W,

Np
where a 4-form field w(n) € Z; then

q(n) — pc(n) + Nv'v(n) =0. (5.4)
Because all fractional contributions from g(n) by Z,,(x)
can be absorbed into w(n), one can obtain nontrivial
configurations of Z,,(n). Note that, by construction, we

see the 3-form gauge symmetry,

w(n) > w(n) —i—% Z €poByWype (1) +NpM(n), (5.5)

WU,P,0
11 _
c(n) I—>C(I1)+N—p§ > €upolWipo(n) + M (n).  (5.6)
‘u.p,o
Here ~we assume that w,,(n)€Z satisfies

%ZnEA Zy,y,p,a A/tvaa(n) € NPZ and 0 < W/w/l(n) <
Np for u < v < A; M(n) is an integer field.

Now, we define w(n) € Z as w(n) = w(n) mod N and
0 <w(n) < Np. A new field M(n) € Z instead of M(n) is
introduced for w(n) tobe 0 < w(n) < N p under the 3-form
gauge transformation (5.5) for w(n). That is, w(n) is the
integral lift of w(n). w(n) should be regarded as the Zy,
4-form gauge field, while the original 3-form symmetry is
Z, if one ignore Z,,(n) and N. Thus, this is the (strict)
4-group structure.

As another perspective, we can consider the use of
Q(n) € R such that ¢ » ¢ — NLPQ. Then, we have

4(n) = pe(n) +-Q(n) =0,

< (5.7)

where we assume that ), .. Q(n) € Z to remove the
fractionality in the first term. We now define Q(n) € R by

O(n) = %Q(n)

1 _ _ A A
- ﬁ Z €MD[)(7Z/4U<n)Z/J(F(n +p+ V)’ (58)

HVp.O

where Y, ., Q(n) € Z. Therefore, by using Q=
> wen d(n), we find that the constraint becomes

g(n) — pc(n) +Q(n) = 0. (5.9)
From the definition of Q(n) (5.8), Q(n) is not invariant any
longer under the Z, 1-form gauge transformation, while
[g(n) + Q(n)] is invariant. One can find that, owing to the
integral lift, 3,5 Q(n) € Z holds after we perform the
I-form gauge transformation.

Following the procedure given in Ref. [38], we can
compel Q(n) €R to become w(n) € Z which is the
integral lift as w(n) = w(n) mod p. This is always possible
since we can throw away the real or fractional part apart
from integers in Q(n) into the gauge redundancy of c(n),
by using the continuum 3-form transformation,

~ ~ 1 ~ _
Q(n) > Q(n) +; > €upalyQupo(n) + pM(n),  (5.10)
HU,p,C

11 ~ _
c(n) > c(n) + FE > upaldiQupo(n) + M(n), (5.11)
H.U.p,6

where Q,M(n) € Rand M(n) € Z. The “Zy 1-form gauge
transformation” is redefined as the original 1-form gauge
transformation and such a 3-form transformation to be set
to integers. This theory possesses the modified “1-form”
and the discrete Z,, 3-form gauge symmetries, that is, the
(weak) 4-group symmetry.

VI. CONCLUSION

We constructed the SU(N)/Z y principal bundle from the
SU(N) lattice gauge theory with the 't Hooft twisted
boundary condition. This construction requires the appro-
priate admissibility, which is ensured by the proof based on
the principle of the locality, SU(N) gauge invariance, and the
Zy 1-form gauge invariance [31]. We provided the concrete
expressions for not only the twisted variables [e.g., v, ,(x)],
which can be equivalently described by those in Ref. [31], but
also the periodic variables [e.g., ¥, ,(x)] and the Z 1-form
gauge field z,,, (n). In our construction, the periodic variables
enjoy the structure of the U(N) principal bundle rather than
SU(N) as the continuum theory. This fact thus leads us to
explicitly reproduce the Kapustin-Seiberg prescription in
terms of the lattice fields, and quite naturally depict its
behavior in the continuum limit. Also, similarly to Ref. [31],
we can observe the mixed 't Hooft anomaly for the Zy
I-form gauge symmetry and the € periodicity, and so on.
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We further considered the instanton-sum modified SU(N)
lattice gauge theory. It was first shown that naively gauging
the Z, 1-form symmetry is impossible under the constraint of
the instanton numbers restricted to pZ. As the strict 4-group,
we introduced the Zy,, 4-form gauge field w(n) € Z asso-
ciated with the Zy,, 3-form gauge symmetry to compensate
this difficulty. Also we showed the weak 4-group (Green-
Schwarz-type) structure such that the Z,, 4-form gauge field
Ww(n) € Z transforms not only under the discrete Z,, 3-form
gauge symmetry, but also under the “mixed 1-form” gauge
symmetry that includes the original Z, 1-form and the
continuum Z,, 3-form gauge symmetries.

The noninvertible symmetry is still developing, and so
we hope to apply our approach to such recent develop-
ments. It is also interesting to consider the case with matter
fields, especially lattice fermions, whose construction is
quite nontrivial in lattice gauge theory. Also the index
theorem on the lattice is an attractive issue with the
consideration of an appropriate overlap Dirac operator.
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APPENDIX: LUSCHER’S
INTERPOLATION FUNCTIONS

We summarize the Liischer’s construction for the tran-
sition function [25,31]. First, we define new link variables
which are constructed, in terms of the parallel transport
functions w"(x) (3.11), by

ul, = w'(x)U(x, p)w" if y=x+4,
{ y () U (x, p)w" (y) 'y ﬂ (A1)
= (up)™! if y=x-a.

By these link variables, we can construct the transition
function at the corners of f(n,u),

n—ji

uxy = vl’l,ﬂ (x>u¥yvn,y (y)_17 (AZ)

Vpy = W)W (x)71 (A3)
Next, in order to calculate the topological charge (3.24), we
interpolate the transition function to Vx € f(n, u). Then,
we need to define the interpolation function S7,. We first
label the corners {s;},_, 7 of f(n, u) as follows: letting a,

Boye{1,2,3,4\{u} and a < f§ <y,

so=n, s;=n+a, s,=n+p, s3=n+7,

(A4)

ss=n+a+p+7,
s7=n+p+7.

Then, for m =n, n—j, we define the interpolation
functions,

Zl.ﬂ (xy) = (u’sr;so )y, (u??)53 u?;h M;’;Sz ugso )y,

X ug’(')SZ(ug';S7))’r, (AS)
g;;l.ﬂ(x}/) = (u?;sl)yy(u?:g ”ﬁsﬂﬁsﬁuﬂsl)yr

X ugys (ughs, )7, (A6)
th,/l('x}’) = (”’;gso)yy(ugrég”?;s:; ”?;slulsﬁso)yy

X s, (ufs)r, (A7)
knm,ﬂ(x}') = (ug’;sz)yy<u?237“§r;s4u§r;sﬁu’s?;sz)yy

X Ul (U, )7 (A8)

l;’,fﬂ(xﬁ,xy) = [f:’ll,y(xy)_l]yﬁ
X [ Ve (x, ) gt (o, )~ i () 71

: h:'zl,y (xy)[gzzu (x}/)]yﬂ’ (A9)

St Kooy ) = (W55 ) [ o (2 )PP 1 (o, ). (A10)
Here, y,=x;,—n; and 0<y,; <1 for 1=a, p, 7.
We have constructed S, (x,.xp,x,) based on the link
variable U(n,u); we simply write it as Sy, (U;x) =
Sy (Xq. x5, x,)[U] in Sec. III B.
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