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Masses of positive-parity and negative-parity diquarks are investigated at finite temperature with a quark
chemical potential. We employ the three-flavor Nambu-Jona-Lasinio model, in order to delineate chiral
properties of the diquarks, in particular, the mass degeneracy of chiral partners under extreme conditions.
We focus on the effects of U(1), axial anomaly on manifestation of the chiral-partner structures. We find
that, in the absence of anomaly effects to the diquarks, the mass degeneracies in all [ud], [su], and [sd]
diquark sectors take place prominently above the pseudocritical temperature of the chiral restoration. On
the other hand, the anomaly effects are found to hinder the [ud] diquark from exhibiting the mass
degeneracy, accompanied by a slow reduction of the 55 condensate, while the [su] and [sd] diquarks are not
much affected. Our present investigation will provide useful information on the chiral-partner structure
with the anomaly effects of diquarks for heavy-ion collision experiments of singly heavy baryons and
doubly heavy tetraquarks, and for future lattice simulations of the diquarks.
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I. INTRODUCTION

The light diquark, a cluster made of two light quarks (,
d, and s quarks), is not a direct observable due to the color
confinement but is known as a useful ingredient of hadrons.
For instance, the mass spectrum and decay properties of
singly heavy baryons (SHBs) which consist of one heavy
quark (c or b quark) and two light quarks (i.e., one diquark)
can be understood from the diquarks dynamics of order
Aqcp. the typical energy scale of quantum chromodynam-
ics (QCD), since the heavy quark whose mass is larger than
Aqcp is regarded as a spectator [1,2]. Similarly, the diquark
is also expected to play an important role in dynamics of
delineating doubly heavy tetraquarks such as 7.

Light diquarks contain only light flavors, so that it is
useful to classify them from an appropriate chiral-
symmetry representation. Focusing on this fact, effective
models of diquarks from the viewpoint of chiral symmetry
have been constructed [3], and accordingly, investigation of
SHBs based on the chiral models have been promoted from
field-theoretical approaches with both linear and nonlinear
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representations [4-11] and from diquark-heavy-quark
potential description [12-14].

Employing the linear representation of chiral symmetry,
we can describe not only ground states but also orbitally
excited states carrying opposite parities, known as chiral
partners, in a consistent manner. For diquarks as well, the
existence of chiral partners are expected, and theoretically,
for instance, properties of A.(1/27) as a chiral partner of
the ground-state A.(2286) is being explored [9]. However,
no candidate of such A.(1/27) has been observed [15] and
the quest for finding such an excited state is left as an
important task.

The mass splitting between the chiral partners is
supposed to be generated by the spontaneous breakdown
of chiral symmetry. Thus, at extreme conditions such as
high temperature and/or density where chiral symmetry
may be restored, the masses of the chiral partners
will become degenerate [16]. As a precursor phenomenon,
it is expected that the masses of the chiral partners may
move towards the degeneracy at finite temperature and/or
density. If such reduction of the mass splitting of
A, (1/27) and A.(2286) is realized in hot and/or dense
matter which can be produced in, for example, heavy-ion
collision (HIC) experiments, we expect to observe a
suppression of the A.(1/27) decay.

Thus far, chiral-partner structures of light mesons
[16-23], nucleons [24-28] and heavy-light mesons [29-32]
have been theoretically investigated. In addition, the partner
structures of diquarks and mesons in cold and dense
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two-color QCD, where the diquarks become color-singlet
baryon, have been examined [33], motivated by the
applicability of lattice simulations at density [34,35].

In addition to chiral symmetry, QCD possesses another
prominent symmetric properties: the U(1), axial anomaly
[36]. That is, a conservation law of the U(1), axial charge
is violated by quantum effects induced by external gluons,
which may be understood by instanton effects [37]. Chiral
effective models demonstrate that, at zero temperature
and density, the anomaly triggers the inverse mass hier-
archy of negative-parity diquarks [7]; a mass of non-
strange diquarks [ud]_ becomes larger than that of strange
diquarks [su]_ or [sd]_. Such a peculiar inversion indicates
that the U(1), anomaly effects have a significant influence
on the chiral-partner structure of the diquarks in the
medium.

In light of the above symmetric properties of QCD, in
the present study we examine diquark mass changes at
finite temperature with a quark chemical potential to see
the chiral-partner structures and roles of the U(1), axial
anomaly for them. In particular, we employ the three-flavor
Nambu-Jona-Lasinio (NJL) model incorporating six-point
interactions responsible for the U(1), axial anomaly effects
[38—42]. In hot QCD matter, our present investigation is
expected to provide useful information on SHBs and
doubly heavy tetraquarks from the viewpoint of chiral
symmetry and the U(1), axial anomaly for future HIC
experiments and lattice simulations. Meanwhile, in cold
and dense regime, further understandings of the onset of
color superconducting phase [43,44] and roles of the U(1)
axial anomaly there, which is related to the continuous
transition from hadron to quark phases [45,46], are
expected.

This article is organized as follows. In Sec. 11, our three-
flavor NJL model containing meson and diquark channels
is introduced, and in Sec. III our strategy to evaluate the
diquark masses in medium and our regularization tech-
nique are explained. Based on them, we present numerical
results of the diquark masses at finite temperature and
chemical potential in Sec. IV. In Sec. V, we discuss the
SHB spectrum at finite temperature expected from our
results on the diquark masses, and artifacts induced by our
regularization. Finally, Sec. VI is devoted to concluding
our present study.

II. MODEL

In this section, we present our NJL model toward
investigation of diquark masses at finite temperature with
a quark chemical potential.

Our NJL Lagrangian is separated into three parts of

Ly = Log + Lag + LG (1)

The first part £, includes kinetic and mass terms of
dynamical quarks as

Loy = y(ig + pyo — Mw, (2)
where w = (u,d,s)" is a three-flavor quark multiplet.
The quantities ¢ and M are a quark chemical potential
and a mass matrix of the current quarks, respectively.
Under SU(2), isospin symmetry M takes the form
of M = diag(m,, m,, my).

The second part in Eq. (1), £4,, describes four-point
interactions among the quarks

8
Lag=GYy_[(wpy) + (wirsiiy )
Af

H Y WKy Crsiat vl (3)
AA'=257

In this Lagrangian, /1? and 14" are the Gell-Mann matrices

for flavor and color spaces, respectively, and C = iy?y? is
the charge-conjugation Dirac matrix. As for the H term in
Eq. (3), we have included only A,A’ =2, 5, 7 channels
which are antisymmetric with respect to both the flavor and
color indices, since these combinations can generate the
most attractive forces in between the two quarks [43]. At
first glance, symmetric properties of the two terms in
Eq. (3) are obscure because they are written in terms of
parity-eigenstate bases. In order to see the properties more
clearly, we introduce the following quark bilinear fields:

¢i; = Wr)§(wL)i,
()¢ = eie™ (W) CyL)s,
(1r)f = eije™ (wi)hClwr);- (4)

In these fields, yg) =
handed) quark, and the subscript “i, j, ...” and superscript
“a,b,...” represent flavor and color fundamental indices,
respectively. Under U(3); x U(3)g chiral transformation,
yw; and g transform as y; — gy, and ywrp — grWr,
where g; € U(3), (gr € U(3)g), and accordingly, chiral
transformation laws of ¢, 1; and 7y read

- gbgy. o mgy. Nk~ nggye (5)

Meanwhile, one can easily derive identities

=3[

A=0

1

7 2
AA=257

+ Iy Crsipatul?], (6)

Wy)? + (wiyshiw) ]

OOI'—*

g, + iy = [IwTCl?ﬂ?/wlz
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and hence, the four-point interaction Lagrangian (3) is
rewritten into

Ly, = 8Gtr[gp" ] + 2H (nin; + ngng)- (7)

Equation (7) clearly shows U(3), x U(3); chiral sym-
metry of the interactions. Moreover, (global) SU(3), color
symmetry is also manifest since 7, and 5 belong to 3
representation of SU(3), color group.

The third part of Eq. (1), £&™, is of the form

Lomom = —8K (det + det ')

+ K'(nf dmy + ngd'n; ). (8)

This Lagrangian is again left unchanged under SU(3), x
SU(3)g chiral and SU(3), color transformations but is not
invariant under U(1), axial transformation. That is, Eq. (8)
is responsible for leading contributions from the U(1),
axial anomaly. In particular, the K term is often referred to
as the Kobayashi-Maskawa-’t Hooft (KMT) determinant
term which plays an essential role in generating a large
mass of #/ meson [38-41]. The K’ term captures direct
contributions of the anomaly effects to diquarks through
interactions with mesons [42].

When we derive the four-point interactions in Eq. (3)
from a one-gluon exchange vertex, the Fierz transformation
yields H/G = 3/4 [43]. Similarly, one obtain K'/K = 1/1
from the Fierz transformation of the instanton vertex
for the anomalous six-point interactions in Eq. (8)
[42,47]. However, in the present study, we regard all of
them as free parameters based on our effective-model
description.

In the vacuum, i.e., at zero temperature and density, it is
well known that (approximate) SU(3), x SU(3), chiral
symmetry is spontaneously broken by emergence of chiral
condensates such that quarks acquire their dynamical
masses. Under an assumption of SU(2), isospin symmetry,
the chiral condensates are described by vacuum expectation
values (VEVs) of ¢ as (¢) = 1diag((q). (7q). (5s)). In
cold and dense regime, VEVs of #7; and 573 can also become
nonzero which represents emergence of the color super-
conducting phase [43,44]. However, in our present study,
we mainly focus on hot medium so that we do not take into
account such condensates.

In order to evaluate fluctuations of diquark modes at the
one-loop level of quarks, we make use of the following
linearization of multi-quark couplings with the help of the
Wick’s theorem:

XY - XY +(X)Y + (V)X — (X)(Y),
XYZ - (X)YZ+ (Y)XZ + (Z)XY + (X)(Y)Z
+N©2)X + (2)X)Y =2(X)(Y)(Z).  (9)

Within this approximation, from NJL Lagrangian (1)
dynamical masses of ¢(= u, d) and s quarks incorporating
the chiral condensates are read off as

M, = m, —4G(qq) + 2K(3q)(5s),
M, = m; —4G(5s) + 2K{Gq)?, (10)

respectively. The mass formula (10) indicates that the
nonanomalous G term generates (gq) ((Ss)) contributions
to M, (M). Meanwhile, the anomalous K term generates
(55) ({(gq)) contributions to M, (M), that is, the latter term
mixes different flavor contents. Besides, Eq. (10) indicates
that the modification of M, is strongly controlled by the
change of (gq) regardless of the value of K since (gq)
appears in both the G and K terms, while that of M is not.
These noteworthy features play important roles for temper-
ature dependences of M, and M, as will be explained in
Sec. IVA.

III. FLUCTUATIONS OF DIQUARKS

Diquark masses within the NJL. model can be evaluated
by pole positions of the corresponding Bethe-Salpeter (BS)
amplitudes. In this section, we show our strategy to
compute the BS amplitude.

A. BS amplitude

In this subsection, we provide explanations how to
evaluate pole positions in the BS amplitudes for diquark
channels [48].

The BS amplitude 7 is evaluated by infinite scatterings
of the quarks as

T =K+KIK+KIKIK + - --
=K +KJT, (11)

namely,
T=(1-KJ)'K, (12)

where /C is the interaction kernel and 7 is a loop function
generated by quarks. In our present analysis, the kernels are
read off from effective four-point interactions of quarks in
Eq. (1) with the approximation (9). When we take parity
eigenstates of the diquarks as

1 1
()i = 7 (nr —nL)f = ﬁﬂjwabcl/ﬁr’bc}’swi,
1 1
(n-)f = 7 (ng + 1) = \ﬁeijkeabclﬂ/r’bc’//i’ (13)
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the kernel /C’s for respective diquark channels read

K/

K:ﬁ]bq = I(ZH —7<§S>)5ab,
. K

Kily. = l(2H‘z<q‘1>>5""’

K/
]Cﬁ]bq = l<2H+7<§S>>5ab,

K/
K :i<2H+7<Qq>)5“b. (14)

In these expressions, the subscripts [gg], and [sq].
represent (174);_3 and (#.),_,, channels, respectively,
where the former is made of u and d quarks while the
latter is of u and s (or d and s) quarks. The color factor §%?
guarantees the conservation of color charges. One sees that
the K’ term incorporates the chiral condensates so as to
induce the mass differences of the positive- and negative-
parity diquarks.

As for the loop functions, within the present quark one-
loop approximation, J’s for scalar diquark channels are
given by

Tty (@) = 4T / tr[r5S0 (Pr585,) ()]
T (g _216””TZ / 227 ysS<s)(p’)ysqu>(p)
+ 758 (P’ )VSS(CS)( ) , (15)
and those for pseudoscalar diquark channels are by
7ty @) =4y [ Sl 0)5, o)
Tty (@) =267y /5 ’)’ St ()85, (p)
s@(p')s;;)(p)}, (16)

with p’ = p 4+ ¢. In these equations, we have defined
propagators of ¢ quark by

A(’I)
S(q)(p) = F.T.(0[Tq(x)g(0)|0) = i Y 47(’(’2)
{=paPo—nc€; (P)
A(ﬂ),b’(p)
SC :FTOTCX_COO:I Ci
(p(P) (0ITg"(x)g*(0)[0) §apo+n§e">(p)
(17)

where the symbol “F.T.” stands for the Fourier trans-
formation. In Eq. (17), we have introduced a propagator
of the charge-conjugated quark field ¢¢ = Cg’ so as to

perform the Dirac trace of the one loops straightforwardly.

Besides, Aé‘” is a projection operator with respect to the

positive-energy and negative-energy contributions of the ¢
quark

E¥v0 +n:(M,—p-7)
2E!

with Ey) = /p> + M2 and 5, = +1 (7, = —1). The

charge-conjugated projection operator is simply given by
interchanging the subscripts p and a as

AP = AT p) AT ) = AT ). (19)

The single-quark dispersion relations affected by the
chemical potential u read

A (p) = : (18)

e (p) = B —nep. (20)

In the same way, propagators of the s quark are defined.
It should be noted that, in Egs. (15) and (16), we have
replaced p, integrations by the Matsubara summations
iT> ., with py = iw,, =i(2m + 1)zT (m € Z) being the
Matsubara frequencies in order to access hot matter [49].

As for the one-loop functions in Eqgs. (15) and (16),
kinetic contributions stemming from spin couplings among
quarks and diquarks are evaluated by the Dirac trace
formulas (f, /' = g or s)

’ ¢ ’ /. — MM
tr[/\g)(p/)/\c’(f)(p)]:1+’7§]7C(p p f f)

EOED
p
: f neng(p'-p+ MpM;)
tr[ysf\g)(P')J’sAg(f)@)]:_1 = 7 (f)f ’
EVEy

(21)

In addition, medium effects describing occupation proba-
bilities of the quarks are incorporated by the Matsubara
summation formula [49]

1
sz: (i + 0y — &) iy — &)
/
_ f{’_(€p> /fF(ep/) , (22)
10, = €y +€
with w,, = (2m + 1)zT and @, = 2nxT (m,n € Z), where
fr(e) = 1/(e/T + 1) is the Fermi-Dirac distribution func-
tion. The retarded one-loop functions in our real-time world
are obtained by the analytic continuation of i@, — ¢ + i0
in the denominator of Eq. (22).
With the help of Egs. (21) and (22), the one-loop
functions in Egs. (15) and (16) can be evaluated.

014030-4
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B. Regularization

In making use of the formula (22), one encounters
ultraviolet (UV) divergences when either ¢/, or € 18
negative, which must be regularized. In the present study,
we employ a three-dimensional proper-time regularization
including not only a UV cutoff Ayy but also an infrared
(IR) cutoff ur [48,50]. This treatment is implemented by

the following replacement:

1 R(qo — 61’,, +¢€p) )
-
do— €, +€ +i0 gy —¢, +€,+10°
where the function R(x) is defined by
bl it
'R(x) =¢e AV —e MR, (24)

In this regularization, real and imaginary parts of Eq. (23)
are read off by the Cauchy principal-value integral

Rlgo—€, +6) PR(qO — €y +6) i
qo — €y + € + 10 qdo—¢€, +6
x 8(qo — eI’,, +¢€,)R(q0 = e;, +€p).
(25)
Thus, the remaining p integration yields a relation

90
part, and using a property R(0) = ¢

- 61/]/ + ¢, = 0 from the delta function for the imaginary

0 — 0 = 0 one can find

R(q0 — €, +¢€p)
qo — €, + € + i0

Im

(26)

Equation (26) implies that all imaginary parts of the loop
function J’s are removed when both the UV and IR cutoffs
Ayy and pr are introduced [48,50]. Therefore, when
focusing on diquarks in medium, the regularization (23)
allows us to remove physical processes of the Landau
dampings such as ¢ — [gq] + g as well as those of the pair
creations (annihilations) such as [gq] > ¢+ ¢q (¢ + q —
[¢q]). Hence, the present regularization method enables us to
define the masses of diquarks properly with no influence
from imaginary parts. Intuitively speaking, disappearance of
the physical processes implies that diquarks are doped into
color-singlet matter and cannot discriminate colorful quarks
in medium, while they indeed feel the medium effects. In
this sense, diquarks are “confined” in our present study.'
Therefore, our present treatment is expected to be useful
for delineating modifications of SHBs and 7. in medium
where the diquarks are well confined in the hadrons. The
existence of the IR cutoff in QCD is suggested by, e.g., the
usefulness of inclusion of a bare gluon mass which represents
nonper’[urbatlve nature of QCD both in the vacuum [51] and
in medium [52,53].> We note that the disappearance of
imaginary parts shown in Eq. (26) follows a cancellation of
UV and IR regulator parts in Eq. (24), so that the imaginary
parts are left finite when the IR cutoff is not included. We also
note that R(x) — 1 is recovered when we take Ayy — oo
and ppr - 0.

C. Loop functions

We are now ready to get rather concrete analytic
expressions of the loop functions. That is, using
Egs. (21) and (22) together with the regularization (23),
the loop function 7’s of the diquarks at rest ¢ = 0 read

7ty (av) =i [ L2 L7 qq]+<p><""+€*(’);’f’;”[l—2fF<e£"><p>>}—TLZ%)%[1—2fF<e£q><p>>}},
@)
7ty ta ~ 4 [ S {1 ) ;Z“_‘egf{:p(’)’)_‘egffzp(’)’” (1= 1)) = 1 (e )]
+TH () Rfl"_‘(izg):(() Zp”;” (o 0)) - (el )]
~ 7l >Rfl":((>zp<’;>_‘((> Zp“;” (el 0)) - £o(e )]
-1 ) :‘fe; (;’;):6?; (,,Q;)) (1= 120D - (e )] . 9

"It was shown that not only imaginary parts but also poles of the BS amplitudes in the physical region disappear, when including the

next-to-leading order of the rainbow approximation. In Ref. [48],

the authors used the term “confinement” from these two observations.

The massive-gluon description for chiral dynamics in low-energy QCD was discussed in, e.g., Refs. [54,55].
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3
7ty () =aio [ 22 L)

q0 - 2¢5" (p))
g0 = 2¢," (p)

[1 =272 9))]

+ 2T[51‘I] (p) R(qo — 61() >(I7)

)
S ) [ () - £ (6! )]

g0 — e (p) + el (p)

Rlgo + 269 (p))

— T (p)

and

g0+ 26 (p)

()~ (p))

[1 ~ 2fF<e£f”<p)>} } (29)

’ —€
jfl;’q]f(%) —4i5“b/(;i”) { rlal- ) R(qo — €p

0—€p

R(qo — €y’ (p) + el (p))

) - e (p)

+ 75 (p) 5

90— (p) + et (p)
Rlqo + . () — € (p))

T ()

- T3 (p)

g0 + ¢t (p) — e (p)
Rgo + € (p) + 2 (0))

where we have defined the kinetic contributions stemming
from spin-coupling properties by

T’ () = T (p) =2,
N + S + p +M MS
T (p) = Tul" (p) = 1+ +t—a 5
Ep Ep
2
N + N + p +M MS
o (p) = T (o) = 1 = (D)
Ey"Ep
for positive-parity diquarks and
_ _ 2p’
TH ) =T ) = s
P
2M?
1) = —h
(Ep")
2
sq|_ sq]_ p -M Mx
TI[DI;]] (p) = Te[laq] p)=1+ ) CZS) ’
Ep Ep
2
sq|_ sq_ p -M Ms
Tl () =T () = 1 -—=. (32)
Ly Ep

for negative-parity diquarks. The differences of these
quantities between the chiral partners are proportional to

g0 + ¢’ (p) + e (p)

1= fee! ) - Frled) )]

Fre”®)) = (e )]
(el ) = (el )]

1= 7?0 - 110 (30

M sothatthey vanishinalimitof M, — 0,e.g., T +(p)

T () 2 and TS (p) = T (p) = 1+ pl/E9
which reflects a fact that all diquarks examined in this work
contain at least one g quark.

From Egs. (27) and (29), for instance, one can see that
variations of the loop functions between the chiral partners
are solely incorporated by the kinetic contributions (31) and
(32). This is easily understood since [gq], and [gq]_
diquarks differ by only their spin structures; the former
is 1S, while the latter is *P,, in a quark-model sense, with the
same color and flavor contents. Similar structures are found
n [sq], and [sg]_ sectors from Eqs. (28) and (30).

The loop functions of antidiquarks [g g], and [5 g],. are
simply evaluated by changing the variable g, to —¢, in the
corresponding J’s as

‘7[@6 (90) = j[qq (=40), j[sq (90) =

C7sﬂ+( 490)
T (00) =T gy (=a0). Ty (a0) =T,

b (=qp).
(33)

due to the charge-conjugation properties.

IV. NUMERICAL RESULTS

In this section, we present our numerical results of mass
changes of the diquarks in medium.

014030-6
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A. Inputs

Before showing the results, in this subsection we explain
our strategy to fix the model parameters.

Our NJL model contains eight parameters: the current
quark masses m, and m, four-point couplings G and H,
six-point couplings responsible for the U(1), axial
anomaly K and K’, the UV cutoff Ayy and the IR cutoff
ur- Since H and K’ do not affect pseudoscalar meson
properties in our treatment, first we fix the remaining m,,
my, G, K, Ayy, and pr from the meson sector.

As for inputs from the pseudoscalar sector, we adopt
vacuum values of a pion mass, a kaon mass, a pion decay
constant, and a kaon decay constant as [15]

m, = 0.138 GeV,
f.=0.0921 GeV,

my = 0.496 GeV,
fx=0.110 GeV. (34)

These inputs allow us to determine the four parameters m,,
mg, G, K for a given set of Ayy and pr. The latter two
parameters are fixed so as to derive a reasonable temper-
ature dependence of the chiral condensates (gg) and (5s) at
u =0, where lattice simulations already explored [56].
Evaluations of m,, mg, f,, and fg in our present NJL
model are not concise and not our main aim of the pre-
sent work, so we leave them to Appendix A. The
chiral condensates (gg) and (5s) at finite 7 and u are
computed by

3
@q) = -3ty [ %tr[s@ (p)

&p R(e" (p) + e’ (p))
—12M /( €<> )+ D)
< [1= (e @) - e @))].  39)

and

3
(5s) = —3iTZ / %u[s@(p)]

¢ Ri&' ) + p)
M / +eg)(P)
< 1= felef <p>>—fF<e£S><p>>}, (36)

respectively.
When we take

Ayy = 1.6 GeV,  pg =0.45GeV,  (37)

and determine the model parameters

m, = 0.00258 GeV,
G = 1.15 GeV~2,

m; = 0.0761 GeV,
K =103 GeV—, (38)

from fitting the inputs (34), the resultant 7 dependence of
the chiral condensates is obtained as depicted in the top
panel of Fig. 1. This figure indicates that the condensates
do not change significantly until 7 ~ 0.1 GeV, and around
T ~0.15 GeV they are abruptly suppressed to exhibit the
partial restoration of chiral symmetry at higher temperature.
In other words, our parameters (37) and (38) yield the
pseudocritical temperature of

Ty ~0.15 GeV, (39)

where T, is defined by the temperature at which the chiral
susceptibility y;, = 0°Q/om has a peak. Here, Q is a
thermodynamic potential evaluated from the Lagrangian
(1) at the quark one-loop level with the mean fields.
Although reduction of (5s) at finite temperature is slightly
slow compared to lattice results, the pseudocritical temper-
ature for (gq) is close to the lattice estimation [56,57]. For
this reason, we conclude that the parameters (37) and (38)
are capable of capturing the behavior of chiral symmetry in
medium well, and in what follows we adopt those param-
eters to unvell mass modifications of the diquarks at high
temperature.”

As seen from Eq. (10), M, is proportional to (gg) when
ignoring the current quark mass m, which is indeed small.
Hence, at finite temperature M, drops substantially above

T, ~0.15 GeV in accordance w1th the sufficient reduction
of (gq), as depicted in the bottom panel of Fig. 1. On the
other hand, M| is generated by the comparably large m;
and (5s) contributions, so M, does not decrease promi-
nently even above Tpc. In Sec. IV B, we find that the former
fast reduction of M, significantly affects the mass degen-
eracy of the chiral partners of diquarks above 7',.. We note
that M, = 0.263 GeV and M, = 0.407 GeV are obtained
in the vacuum with the parameters (37) and (38).

One of our aims in this work is to examine the U(1),
axial anomaly effects to the chiral-partner structures of
diquarks in medium. For this reason, as for the parameters
in terms of diquarks, we regard K’ as a free parameter and

determine the remaining H from a lattice result: m'[ztg]ce =
.

0.725 GeV [58]. In particular, we use two parameter sets
with no anomaly effects (K’ = 0) and with significant
effects (K’ = 15 GeV ™). The determined H and diquark
masses in the vacuum with those values of K’ are tabulated

3t should be noted that the values of the cutoffs (37) play
significant roles to reproduce Eq. (39). In fact, when we take the
smaller value of y1g from Eq. (37) the resultant T’y shifts to lower
temperature, since the Pauli-blocking effects on lower modes of
the quarks, represented by the distribution function f, work
unnecessarily in the integrations in Egs. (35) and (36).

014030-7



DAIKI SUENAGA and MAKOTO OKA

PHYS. REV. D 108, 014030 (2023)

© o 9
A O 00

Condensates

o
N

0.0 . ; ; . :
0.00 0.05 0.10 0.15 0.20 0.25 0.30

T [GeV]

Masses [GeV]
© o o
N w BN

©
—

0.0 - - - - -
0.00 0.05 010 0.15 020 025 0.30
T [GeV]

FIG. 1. Temperature dependences of the chiral condensates
(gq) and (5s) normalized by their vacuum values (top), and those
of the dynamical quark masses M, and M, (bottom), at vanishing
quark chemical potential y = 0.

in Table I. It should be noted that we employ K’ =
15 GeV™ as a typical value of K’ such that the mass of
chiral-partner A.(1/27) reads M[A.(1/27)] =2.99 GeV.
The detailed discussion in terms of the A, baryons is
provided in Sec. VA.

From the table, one can see that, for positive-parity
diquarks, m,,) < mj, follows as naively expected since
the s quark mass is larger than the g quark mass. For
negative-parity diquarks, m,, > m, which is often
referred to as the inverse mass hierarchy is realized when
significant anomaly effects enter [7], while the normal mass
hierarchy m,, < my, is obtained when the anomaly
effects are absent.

TABLE I. Determined values of H and the diquark masses for
two parameter sets with K’ = 0 and K’ = 15 GeV~>. The aste-
risk () stands for an input from the lattice simulation.

K H Miggl, Mgl Misq, Misq).
[GeV-3] [GeV~2] [GeV] [GeV] [GeV] [GeV]
Set(I) 0 177 0725 0840 0.777 0931
Setd) 15 153 0725° 143 0854 138

B. T dependence of the diquark masses

Here, we present our numerical results on temperature
dependences of the diquark masses at a given yu, and see
their chiral-partner structures together with effects from the
U(1), axial anomaly. We note that, in the present paper, we
define the diquark masses including the shifts from pu.

Depicted in Fig. 2 is the resultant temperature depend-
ences of the diquark masses at ¢ = 0 for the parameter
Set (I) with no anomaly effects and Set (II) with signi-
ficant anomaly effects in Table I. Mass differences between
the chiral partners, Am,=m,, —mj,, and Am,=
M5y —M, . are also displayed to see the chiral-partner
structures more clearly.

The left panels of Fig. 2 indicate that the normal mass
hierarchy for both the positive and negative-parity diquarks
is observed at any temperature when the anomaly effects
are absent. Besides, the mass difference between the chiral
partners always satisfies Amjy, > Amy,,. In the absence of
the anomaly effects, the kernels for [gq|, and [gq]_ ([sq],
and [sg|_) are identical, and only the kinetic contributions
in the loop functions (31) and (32) generate different effects
to the two diquarks. As explained below Eqgs. (31) and (32),
such differences are proportional to M, which sufficiently
drops above T, for both the [gg] and [s¢] diquark sectors.
Therefore, the mass degeneracy of the chiral partners takes
place prominently above T, and as a result the chiral-
partner structures are clearly seen at high temperature.

On the other hand, from the right panels of Fig. 2, one
can see that the inverse hierarchy for the negative-parity
diquarks is always realized accompanied by the significant
anomaly effects. Moreover, the mass difference reads
Amygy > Amyg, at any temperature when the anomaly is
switched on, and the reduction of Amy,, at high temper-
ature is tempered whereas Amy, is sufficiently suppressed
similarly to with K’ = 0. The former tempered reduction is
understood as follows. When K’ = 15 GeV >, the kernels
Ki4q, and Ky, are significantly affected by the (3s)
contributions in addition to the constant H, signs of which
are opposite for [gg|, and [gg]_ channels as seen from
Eq. (14). Besides, the suppression of (3s) at finite temper-
ature is hindered compared to (gg) as in Fig. 1. Hence, the
difference between K., and Ky, is left sizable even at
T ~0.3 GeV and the resultant Am,, also reads consid-
erably large, although J,, and J,, become approxi-

mately identical. Meanwhile, the sufficient reduction of
Amyg, is straightforwardly understood from the fast decre-
ment of (g) above T, since the difference between Ky,
and Ky, induced by K’ contributions is proportional to
(gq) and the situation is similar to with K’ = 0 at such high
temperature.

As for behaviors of the diquark masses at temperature,
particularly from the top-left panel of Fig. 2, one can see

that m and my,, once decrease around T, but they

q4)- sq)-
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FIG. 2. Temperature dependence of the diquark masses for the parameter Set (I) (left) with no anomaly effects and Set (II) (right) with
significant anomaly effects at u = 0. The mass differences are defined by Am ) = myy — myyy and Amgy = my, —myg .

turn to the increment above T',.. Such nonlinear temper-
ature dependences are driven by the abrupt reduction of
(@q), namely, chiral-symmetry restoration. In fact, when
we neglect effects from chiral-symmetry restoration, it can
be shown that diquark masses exhibit monotonic incre-
ments as the system is heated owing to thermal effects [49].
Reflecting such a thermal-mass property, at sufficiently
high temperature where chiral symmetry is mostly restored
the diquark masses monotonically increase.

In order to see effects from a quark chemical potential y
to diquark masses at finite temperature, in Fig. 3 we also
depict the resultant diquark masses and mass differences as
a function of 7" at 4 = 0.2 GeV. The figure indicates that at
T = 0 all the diquark masses are reduced by 2 = 0.4 GeV
since the diquarks carry the quark number +2. Besides,
mass degeneracies of the chiral partners take place at a
lower temperature compared to Fig. 2, reflecting the fact
that the pseudocritical temperature T, decreases at finite
quark chemical potential. Except for these points, temper-
ature dependences of the diquark masses are qualitatively
similar to the ones at y = 0.

Aty = 0.2 GeV, diquark and antidiquark masses differ
due to the breakdown of charge-conjugation symmetry.
Thus, in order to quantify such violation it is worth
investigating temperature dependences of the antidiquark
masses as well. The resultant temperature dependences are
displayed in Fig. 4. In contrast to the results for the diquark
masses in Fig. 3, the masses of antidiquarks carrying the

quark number —2 are increased by 2u = 0.4 GeV atT = 0.
Besides, at higher temperature where the mass degeneracies
of the chiral partners occur substantially, increment of
the antidiquark masses is tempered compared to those of
the diquark masses. Those are major consequences of the
violation of charge-conjugation symmetry. Meanwhile,
the temperature dependences of mass differences between
the partners, Am g4 =mzg_ —Mgg, and Ampzg = mzg —
57, are similar to those of Am, and Amj,,
respectively.

ny

C. u dependence of the diquark masses

In Sec. IV B, the temperature dependences of the diquark
masses have been examined and we have succeeded in
getting deeper insights into the chiral-partner structures of
the diquarks and U(1) , axial anomaly effects to them in hot
matter. In this subsection, we investigate y dependences of
the diquark masses at 7 = 0 in order to see the chiral-
partner structures and anomaly effects in cold dense matter.

Depicted in Fig. 5 is the resultant x dependences of the
diquark masses for the parameter Set (I) (top) and Set (II)
(bottom) at 7' = 0. At lower u regime, u < 0.28 GeV, all
the diquark masses are simply evaluated by linear functions
as Mgy, = m[V‘;‘;]i —2p and myy,), = m{f"‘qc]i — 2u, since in
this region medium effects do not enter and the diquark
masses are diminished by the chemical potential solely.
Beyond u~0.28 GeV the diquark masses behave
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FIG. 5. Quark chemical potential dependence of the diquark
masses for the Set (I) (top) and Set (I) (bottom) at 7 = 0. The
dotted vertical line corresponds to the critical chemical potential
u* at which my,,; =0 is satisfied.

nonlinearly as u increases accompanied by the medium
effects, but soon they reach a critical chemical potential y*
at which m,, =0 is satisfied. Within our present NJL
model, the u* represents the onset of the two-flavor color
superconductivity (2SC) phase as explicitly shown in
Appendix B [43,44].4 In the 2SC phase, for instance, a
positive-parity diquark (17, )¢= defined in Eq. (13) creates
a Bose-Finstein condensate (BEC), and accordingly, the
original baryon (quark) number symmetry is violated such
that the rotated baryon (quark) number symmetry becomes
realized alternatively. As a result, mixings among diquarks
and mesons sharing the identical quantum numbers, e.g., f
mesons (scalar and isoscalar mesons), [¢g], diquark and

“In two-color QCD where diquarks become color-singlet
baryons, similarly to our present work, it is shown that the
critical chemical potential x* which denotes the onset of
emergence of the diquark condensates (i.e., the onset of the
baryon superfluidity phase) is determined at which the O
diquark mass vanishes [33,59-61]. Moreover, it is supported
by the lattice QCD simulations numerically [62—-64].

(g ], antidiquark, occur [65,66]. Thus, although the
realization or indication of chiral-partner structures at
u =z u* seems to be shown in Fig. 5, they may include
ambiguities. We leave investigation of the chiral-partner
structures in cold and dense matter including the 2SC phase
to future studies.

V. DISCUSSIONS
A. Decay of A.(1/27) at finite temperature

So far, we have focused on the masses of diquarks in
medium which are not direct observable due to the color
confinement. Useful testing grounds to see the diquark
dynamics are color-singlet hadrons composed of a diquark
and heavy quarks, such as SHBs and doubly heavy
tetraquarks. In this section, we examine the masses and
decay widths of the SHBs based on the analysis done for
the diquarks in Sec. IV.

The singly charmed baryons composed of [gq], are the
ground-state A.(2286) and its chiral partner A.(1/27).
Experimentally, the chiral partner A.(1/27) has not been
identified, while the ground-state A.(2286) is well-
established [15]. One possible reason why the A.(1/27)
is still missing could be a too large decay width caused by a
comparably large mass of A.(1/27). Based on this specu-
lation here we particularly focus on the mass and decay
width of A.(1/27) at finite temperature.

We here assume the masses of A.(1/2%) are given
simply by the sum of the constituent ¢ quark mass m, and
the corresponding diquark ones my,,. as [7]

M[A(1/2%)] = mgy + m (40)

941>
based on the heavy-quark effective theory. From the
particle data group (PDG) we find M[A.(1/27)] =
2286 GeV [15]. Hence, when we assume m,, =
0.725 GeV in the vacuum as shown in Table I, the value
of mo is fixed to be mo = 1.56 GeV. With this value,
M[A.(1/27)] in the vacuum is evaluated to be
M[A.(1/27)] =2.99 GeV when we take the Set (I) in
Table 1. The estimated mass is sufficiently larger than
MI[A.(1/27)], which seems to be suitable for the demon-
stration in this section. For this reason, in the following
analysis we will employ the Set (II) to study the mass and
decay width of A (1/27).

Under an assumption that the value of m, and inter-
actions between the heavy quark and the diquark do not
change in a medium, the temperature dependence of the
masses of A.(1/2%) is simply evaluated by that of Mgql., -
Depicted in Fig. 6 is the resultant temperature dependences

SAs for the mass of A.(1/27), for instance, the nonrelativistic
quark model predicts M[A.(1/27)] = 2.89 GeV [67]. Within the
present chiral-model approach such a mass value is obtained when
the inverse mass hierarchy is realized as with the Set (II).
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FIG. 6. Temperature dependence of the masses of A.(1/2")
and A,(1/27) for p = 0 with the Set (II).

of M[A.(1/2%)] for u = 0 with the Set (II). The depend-
ences are essentially identical to those of [gg], as in the
top-right panel of Fig. 2, implying that the mass of
A.(1/27) increases while that of A.(1/27) decreases as
the system is heated.

The main decay mode of A.(1/27) is A.(1/27) —
A.(1/27)y due to SU(2), isospin symmetry. In the
previous analysis based on the linear representation of
SU(3); x SU(3)r chiral symmetry, which is basically
equivalent to our present approach [9], it was found that
couplings of A.(1/27) = A.(1/2%) —#n are given by a
generalized Goldberger-Treiman relation as

2i 1
Linw=———|Mp, | cosOp +—=sind
t \/gfﬂ |: Bl < P \/E P>

+ Mpg,(cosOp— \@sinep)} nA(1/27)A(1/27).
(41)

Here, My, and My, are evaluated by mass differences
between the chiral partners as

oy ABMz — AM,,
-
My =2 )
with
AM,, = MIA(1/27)] = MIA(1/2°)],
MMz, = MIE(1/2)] - ME(/2)). @3)

and the mixing angle 6p = —11.3° appears due to the
n — 1 mixing. The dimensionless constant A in Eq. (42)
quantifies a violation of SU(3);  , flavor symmetry, which
is estimated in our present approach as A = (2fx — f,)/
fr=1.39. We note that M[Z.(1/2%)] in Eq. (43) is the

0.8 . . - - :
p=>0
< 0.6} Ao(1/27) — A (1/2)n
)]
© o4 Set (1)
£ (w/ anomaly)
S
= 0.2}
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FIG. 7. Temperature dependence of the decay width of

A (1/27) = A (1/2+)y for u = 0 with the Set (II).

masses of E.(1/2%) composed of a ¢ quark and a [sq],
diquark, which is defined similarly to M[A.(1/2%)].

From the coupling (41) the decay width of A.(1/27) —
A (1/27)n is computed, and the resultant temperature
dependence of the width is displayed in Fig. 7. In obtain-
ing the figure, the value of # mass is fixed to be m, =
0.548 GeV [15]. Besides, any thermal effects such as the
broadening effect are neglected, and only the changes of
M[A.(1/2%)] and M[Z.(1/2%)] at finite temperature are
incorporated through Eq. (42). The figure indicates that
the decay width vanishes above T}, since the threshold is
closed (AM, < m,) although the width is exceedingly
large in the vacuum (AM, > m,).

Our demonstration in this section implies that, even
though it is difficult to observe A.(1/27) in the vacuum due
to its too large decay width, there would be a possibility of
observing A.(1/27) when focusing on finite-temperature
system by e.g., HICs or lattice simulations. Toward a
realistic evaluation, thermal effects such as the broadening
effects are unavoidable, and we leave inclusion of such
effects for a future study.

Moreover, other decay modes of A.(1/27) are expected.
As a primary mode among them, A.(1/27) would decay
into the ground-state A.(1/2%) by emitting two pions
sequentially via X. resonances [9]. However, such proc-
esses break heavy-quark spin symmetry so that those
channels are rather suppressed. In addition, in Ref. [14]
it was predicted that masses of X.’s decrease in accordance
with the partial restoration of chiral symmetry, which leads
to a closing of X, - A.(1/2%)z channel. Therefore, we
expect that the sequential decays of A.(1/27) - X7 —
A.(1/27)zx do not generate sizable widths even at finite
temperature.

B. Artifacts from of the proper-time regularization

As shown in Sec. III B, in our present analysis the three-
dimensional proper-time regularization including UV and
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IR cutoffs is employed so as to evaluate the mass of
diquarks in a transparent way by removing the imaginary
parts. In this section, we discuss the appearance of artifacts
which would break chiral symmetry in the chiral limit.

From Eq. (A7), the pion decay constant in the chiral limit
£, is evaluated to be

- - &Fp 1
fn' - 3 ZZ”M‘] / —3——
(27)° E,
2B, 2B, I _Z& | _2p
e Auv — e AR me UV—ae HIR
= =
ZEI, Ep

X (1= fr(&Pp)) - frEP))l. (44)

by taking a limit of m, — 0. In Eq. (44), we have defined
the dynamical quark mass M ¢ and dispersion relations
€:(p) in the chiral limit as

M, = -4G(qq) +2K(qq)’. (45)

and
é(p) = Ep —nep, (46)
respectively, with E, = /p* + M2. It should be noted that

(qq) in Eq. (45) is the chiral condensate evaluated in the
chiral limit. The quantity Z, in Eq. (44) is the renormal-
ization constant for the pion in the chiral limit, which is
expressed as

N 2 2 I —fﬂ | e
Z;' = 3/ e (e e L A
2y E,\ 2E: E,
L _ﬂ>
— e MV ——¢e MR
AIZJV ﬂIZR

x (1= frEP) - frEP)] (47)

from Eq. (A9). That is, within our proper-time regulariza-
tion scheme the decay constant and the dynamical quark
mass are related as

J_Cn: = \/EZ;l/qu + 5?71% (48)
with
_ - dp (1 b 1 h
5f,,=—3 2ZﬂMq/W(ATWe —IEG >
x [1 = fr(ey” (p)) = fr(el” (p))]. (49)

On the other hand, we know that those quantities must
satisfy f, = V2Z;' g from the Glashow-Weinberg
relation due to exact chiral symmetry [68], and thus the

existence of Eq. (49) implies an artificial violation of chiral
symmetry. Such a troublesome contributions stem from
pion mass dependences in the exponents of Z,, in Eq. (A9),
which is obviously induced by the use of the proper-time
regularization. However, the artifact (49) is proportional to
M ¢ as the first term in Eq. (48), so that the diquark masses
at sufficiently high temperature where the chiral-symmetry
restoration takes place well are not affected by the artificial
violation significantly. Thus, our qualitative conclusion in
this paper does not change. Besides, while (5s) is not
prominently reduced above T, as in Fig. 1, the violation of
chiral symmetry is dominantly triggered by the presence
of the current s quark mass mg, and again it is expected
that our main results are not affected by the artifact (49).
Although our regularization breaks the Glashow-Weinberg
relation, we note that the massless nature of a pion in the
chiral limit can be checked as it should be.

We emphasize that the artifacts are not obtained as a
direct consequence of the inclusion of IR cutoff . In fact,
the artifacts remain finite when we take pr — O keeping
Ayy finite in Eq. (49). Moreover, even the widely-used
four-dimensional proper-time regularization with obvious
Lorentz covariance in the vacuum suffers from similar
artifacts.

VI. CONCLUSIONS

In this paper, we have investigated diquark masses at finite
temperature and chemical potential based on the three-flavor
NJL model from the viewpoint of the (partial) restoration of
chiral symmetry and the U(1), axial anomaly. In particular,
we have focused on the mass degeneracies of the positive-
parity and negative-parity diquarks at high temperature to
see the chiral-partner structure. As a result, we have found
that the inverse mass hierarchy caused by the U(1), axial
anomaly for the negative-parity diquarks remains valid at
finite temperature. We have also found that the mass
degeneracies take place clearly in all [ud], [su] and [sd]
diquark sectors in the absence of anomaly effects to the
diquarks. On the other hand, the anomaly effect defers the
mass degeneracy in [ud)] sector, reflecting the slow reduction
of (5s) at finite temperature, whereas those in [su] and [sd]
sectors are manifestly realized reflecting the fast reduction of
(nu) and (dd). Those findings are expected to provide future
lattice simulations with useful information on the chiral-
partner structure for the diquarks together with the magni-
tude of the U(1), axial anomaly.

As for low-temperature and high-density regimes,
our analysis indicates that the emergence of the color
superconducting phase, especially the two-flavor super-
conductivity, is unavoidable toward delineation of the
chiral-partner structures of diquarks. Thus, we leave
examination of diquarks in the color superconducting phase
for a future study.
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Besides, based on the temperature dependence of
diquark masses, we have discussed decay widths of
A.(1/27), the chiral partner of A.(2286) which has not
been experimentally observed, at finite temperature. As a
result, we have found that the decay channel of A.(1/27) is
closed accompanied by the partial restoration of chiral
symmetry, which would demonstrate a possibility of
observing the missing A.(1/27) in future HIC experi-
ments. To check such a feasibility, more realistic evalua-
tions including the broadening effects are inevitable and we
leave such study for future publication.
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APPENDIX A: EVALUATION
OF my, mg, .fn ANDfK

In this appendix we give explanations as to how
to evaluate the pion mass m,, kaon mass mg, pion decay
constant f,, and kaon decay constant fx in the vacuum.

First, we calculate the pion mass m, and kaon mass m.
Similarly to the diquark masses given in the main text,
those masses are also evaluated by pole positions of the

corresponding BS amplitudes
T=>01-KJ)"! (A1)

Kernels for pion and kaon channels are read off from
effective four-point interactions of quarks in Eq. (1) with
the approximation (9), yielding

K,=1i(4G —

2K (55)),

2K(qq)). (A2)

respectively. Besides, the respective loop functions read
d'p .

To =3 [ G eiirsS o ()irsSio 0]
d'p .. "

Jg=-3 W“[%S(q)(l’ )ivsS(s)(p)]- (A3)

Then, using the Dirac trace formula (21) and performing
the g, integral, we arrive at

7.(q0) = 6i &p [R(go-2E,") _ Rlgo+2E")
e o\ gy—2E 2E)
qo—2Ep qo+2Ep
(A4)

and
[ & 2+ MM
j"("(’):3’/(2 1)93 <1+p ) 5@ q)
T EP EP
y {R(q - >—E§>>_R<qo+E,S“‘>+E,§‘“>}
QO—E;IS)_EI(I(]) ‘IO+EI(75>+EI(’II)

(AS)

at rest frame ¢ = 0. In Egs. (A4) and (AS5) we have
employed the same regularization technique as the diquark
loop functions so as to maintain the chiral symmetric
consistency. Inserting the kernels (A2) and the loop
functions (A4) and (A5) into the BS amplitude (A1), m,
and my are computed.

Next, we present analytic expressions of the decay
constants f, and fgx. The decay constants are defined
through matrix elements of

Olpyrys(A4/ 2y’ (q)) = =ifq* (a=b=1=3),

(Olgr*ys(A3/2)w|K"(q)) = —ifxkq" (a=b=4-7)
(A6)
and in our present normalization they are computed as
_3ivZ,
fﬂ = \/—q ( ) trMy5 (p+Q)ySS( )( )”qoim,{,qio
3\/22 M, / (R(m,,—2E )
ny, —2E,(,q)
(4)
2E,
m, +2E,’
and
31\/Z
K=~ K tI‘ ﬁ}/SS (p +q)ySS(x) (p)] |q0=mK,q=0
_ 3v K 3P <ﬁ M >
Vamg) Qe \g¥  EY)
« {R(mK By -E)  Rimg+Ey +E§f)>}
mg _EI(;I) _EI()S) mK+E1<1q> +EI(’S>

(A8)

In these expressions Z, and Zg are renormalization
constants for pion and kaon wave functions, respectively,
which are defined by

Z_1 — Lajﬂ(QO)
zmn' aflo

_i/ &p
- om, ) (2x)

qo=my

[F(my = 2E5) = F(my, +2E57)),

(A9)
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and
Z_l _ i ajK(qO)
L= K0
2mK aLI() Go="mk
3 &*p pP+MM,
= amg ) G\ T g0
K Ey, E,
X AF e = B! = B") = Fmic + B+ By},
(A10)
with
I b
0 (e v —e R
=5 (7
A e e_»% 1 e_/\‘é‘
e MR — e Auv . Aoy v
= . All
2 T o (Al1)

At first glance, the function F(x) seems to yield a
discontinuity at x = 0 originating from derivatives of |x|
with respect to x. However, one can easily show

1 1

lim F(x) = lim F(x) = —5— — —5-,
20y 2ui

x—=+40 x——0

(A12)

and no such discontinuities emerge. Therefore, the renorm-
alization constants are well defined in our treatment.

APPENDIX B: EMERGENCE OF THE 2SC PHASE

Here, we analytically show that the onset density of 2SC
phase is estimated when my,, becomes zero within our
present model.

‘1‘1]+

The 2SC phase is defined by emergence of diquark
condensates made of u and d quarks. In particular, the
condensates are S-wave, flavor-singlet, and color anti-
triplet [43,44], so that the diquark gap takes the form
of, e.g.,

_ 1
Apgc = \/§<(W+)?;33> =73 <CITC}’ST%”’1%Q>’ (B1)

where r? is the Pauli matrix acting on two-flavor g =

(u,d)T space. Including the diquark condensate (B1) in
addition to the chiral condensates (gg) and (5s), at mean-
field level the Lagrangian (1) is reduced to

Lyie = q(ig + pyo — My)q + 5(ig + pyo — My)s
K
- (H - <ss>> (A3scq"774:Crsq + Hee.)
—2G(2(qq)* + (55)%) — 4H|Agsc|?

+4K(qq)*(5s) + 2K'| Agsc|*(5s), (B2)

where dynamical quark masses can be now affected by the
diquark condensate A,qc as

M, = m, —4G(qq) + 2K(qq)(5s),

M, = m; —4G(5s) +2K(qq)* + K'|Aosc[>.  (B3)

From the mean-field Lagrangian (B2), a thermodynamic
potential per volume V is evaluated to be (f = 1/T)

& ~(4) ~(q) " i
g/v:—s/( b [ep b) | & (p)+T1n(1+e‘ﬂ€é)(”>)—|—T1n(1+e_ﬂeiq>(”))}

213 | 2 2

3 (9) (9)
_ 4/ (d p rp ?) | & ®) | 1o (1 4 e 4" ®) 4 Tin(1 + e—ﬁfﬁq)w)}

2| 2 2

& (s) gf) s s
-6 P |€p (p) _|_€ (p) + Tln(1 _l_e—ﬂeé)(p) + TlIn(1 _l_e_/jea(\)(p)
2f | 2 2
/3

+2G(2(qq)* + (55)%) + 4H|Arsc|? — 4K(Gq)?(5s) — 2K'| Apsc|*(5s),

where dispersion relations of g and s quarks are given by

¢ =pa

& = £ < 9

with E,(,f) = /p* + M2, and those of quasiparticles cor-
rected by the diquark condensate read

(B4)

£9(p) = /()" + (4H — K'{55)) 2| Aasc”.

(B6)

The factors for each quark contribution in Eq. (B4)
are understood by (spin) X (flavor) x (color) degrees of
freedom.

From a stationary condition of Eq. (B4) with respect to
Aygc, a gap equation determining the value of diquark
condensate A,gc in the 2SC phase is obtained as
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0=204H K55} [ [217’;{%[1 YR

LERTRP P r)
+2qu)(p)[1 2fF( a (P))]}
3
L 6K'M, / (‘2’7’;%@{1 — Fe(e) ) - £ (p))}
—2H + K'(3s), (B7)

and thus, by taking A,qc — 0 in Eq. (B7), an identity
which holds at the onset density of 2SC phase is found
to be

3
0= 204 -K'53))” [ "”{ L af (9 (o))

(27)* 267 (p)
T [1—2fF<e§"><p>>]}
26" (p)
, dp 1 s s
+6K'M, / Wﬁ){l—fF<eé><p>>—fF<e£><p>>}
—2H + K'(3s). (BS)

This identity is further reduced; from the analytic expres-
sion of (5s) in Eq. (36), one can find that Eq. (B8) yields

|~ 2(4H - K'(55)) / (‘Z’T’)’{ L1209 ))]

&' (p)

+ e(%(p) 1~ zfp(eg‘”(pm} =0, (B9)

a

where we have used a fact that 4H — K'(5s) is always
positive to generate a bound state of [gq], [see the kernel
(14)]. Meanwhile, from the kernel (14) and the quark loop
function (27) for [¢q], diquark channel, we can see that the
pole position of the BS amplitude (12) for this channel is
determined by solving the following equation with respect
to qo:
5 = [achhjftfqh (40)

d3

p { 1
(22)" L go 26" (p)

q 1 q
<=2 ]~ =2 >cp>>1}

—0. (B10)

— 59 4 45% (4H — K'(5s)) /

Therefore, from the identity (B9), we can conclude that
Eq. (B10) has a solution when g, = 0, and it is shown that
the onset of the 2SC phase is certainly triggered when [gq] |
diquark mass becomes zero.
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