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We extend the discussion of the recently discovered “anomaly poles” in QCD Compton scattering.
We perform the complete one-loop calculation of the Compton amplitude using momentum transfer t as the
regulator of collinear divergences. In the gluon channel, we confirm the presence of poles 1=t in both the
real and the imaginary parts of the amplitude. In the quark channel, we find unexpected infrared single 1=ϵ
and double 1=ϵ2 poles. We then perform the one-loop calculation of the leading-twist quark generalized
parton distributions (GPDs) for quark and gluon external states with the same regulators and find that all
these singular terms can be systematically absorbed into the GPDs, showing that QCD factorization is
restored to this order. Having established this, we discuss the fate of the 1=t poles. We argue that they
become the nonperturbative building blocks of GPDs that encode the chiral and trace anomalies of QCD, in
a way consistent with the known constraints these anomalies impose on the nucleon axial and gravitational
form factors. The scope of research on GPDs can therefore be expanded to address the manifestation and
implications of quantum anomalies in high-energy exclusive processes.
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I. INTRODUCTION

The past several years havewitnessed significant progress
in the higher-order calculation of deeply virtual Compton
scattering (DVCS). In the flavor-nonsinglet channel, the
three-loop evolution equation for the generalized parton
distributions (GPDs) has been derived [1] together with the
two-loop coefficient functions [2]. In the flavor-singlet
channel, the two-loop coefficient functions for DVCS have
recently been calculated [3] and even higher-order resum-
mation effects have been studied [4]. These developments
are on a steady path toward achieving the next-to-next-to-
leading order accuracy inDVCS that is required for precision
GPD studies at the future Electron-Ion Collider (EIC) [5].
Meanwhile, in a previous paper [6], we have explored a

new approach to compute the NLO corrections in DVCS,
following an earlier suggestion in polarized deep inelastic
scattering (DIS) [7,8]. The key ingredient is to usemomentum

transfer t ¼ ðP1 − P2Þ2 as an infrared cutoff to regulate the
collinear divergence, instead of the usual dimensional regu-
larization. Previously in the calculation of the Compton
amplitude in the Bjorken limit, the variable t had always
been neglected when computing partonic amplitudes.
Naively, one would expect that the only new effect of
introducing nonzero t would be to generate higher twist
corrections of order jtj=Q2 ≪ 1 where Q2 is the photon
virtuality. However, our explicit calculations with nonzero t
have revealed “anomaly poles” 1=t which had not been
detected in the previous calculations performed at t ¼ 0
[9–13], but are consistent with the result in [7]. Moreover,
these poles are accompanied by certain twist-four GPDs but
without an expected suppression factor 1=Q2. (Rather, 1=Q2

has been replaced by 1=t.) In fact, they can be interpreted as
the manifestations of the QCD chiral [7,8,14] and trace [6]
anomalies in high-energy scattering. The finding thus points
toward a novel connection between the study of GPDs and
phenomenaassociatedwith quantumanomalies suchas chiral
symmetry breaking and confinement.
At face value, the emergence of poles is in apparent

contradiction with the QCD factorization theorem [9,15]
which states that the QCD Compton scattering amplitude
factorizes into the perturbatively calculable coefficient
functions and the nonperturbative twist-two GPDs up to
higher-twist corrections of order 1=Q2. However, we have
already suggested in [6] that the poles found in the one-loop
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calculation may be absorbed into the twist-two GPDs as a
part of the infrared subtraction procedure. The purpose of
this paper is to fully demonstrate that this is indeed the case.
We first perform a complete calculation of the Compton
amplitude with nonzero t at one loop, in both the quark and
the gluon channels, in both the polarized and the unpolar-
ized sectors, and for the real and the imaginary parts of the
amplitude. (In [6], we only calculated the imaginary part in
the gluon channel.) In the gluon channel, we find 1=t poles
also in the real part. Surprisingly, in the quark channel, we
find uncanceled infrared single 1=ϵ and double 1=ϵ2 poles.
We next perform the corresponding one-loop calculation of
the unpolarized and polarized quark GPDs for free quark
and gluon external states at finite t and show that all the
singular terms can be systematically absorbed.
Therefore, at least to one loop, the emergence of 1=t

poles does not contradict the QCD factorization theorem.
The calculation with nonzero t may be regarded as an
alternative factorization scheme. Having established this,
we shift our focus to the fate of the 1=t poles absorbed into
the twist-two GPDs. It is well known that the chiral and
trace anomalies impose constraints on the nucleon axial and
gravitational form factors, respectively. Since these form
factors are certain moments of the twist-two GPDs, there
must be corresponding constraints directly on GPDs [6].
A preliminary discussion of this has already been presented
in [6]. Our extended treatment here will lend more support
to the idea that this new scheme can uniquely address such
profound aspects of QCD in GPD studies.

II. COMPTON SCATTERING

The amplitude for QCD Compton scattering off a proton
target, γ�ðq1ÞpðP1Þ → γ�ðq2ÞpðP2Þ, is given by

Tμν ¼ i
Z

d4yeiq·yhP2jTfjμðy=2Þjνð−y=2ÞgjP1i; ð1Þ

where jμ ¼ P
q eqψ̄qγ

μψq is the electromagnetic current

and qμ ¼ qμ
1
þqμ

2

2
is the average of the incoming and outgoing

photon momenta. The momentum transfer is denoted as
t ¼ l2 where lμ ¼ Pμ

2 − Pμ
1 ¼ qμ1 − qμ2. We introduce the

generalized Bjorken variable xB and the skewness param-
eter ξ,

xB ¼ Q2

2P · q
; ξ ¼ q22 − q21

2P · q
≈ −

lþ

2Pþ ; ð2Þ

whereQ2 ¼ −q2 is the photon virtuality and Pμ ¼ Pμ
1
þPμ

2

2
. In

DVCS, q22 ¼ 0 and xB ≈ ξ, but we shall keep general xB
and ξ throughout the paper.
In the generalized Bjorken limit Q2, 2P · q → ∞ with

xB, t fixed and Q2 ≫ jtj, the Compton amplitude can be
expanded as [16,17]

Tμν ¼ gμν⊥
2Pþ ūðP2Þ

�
γþHþ iσþνlν

2M
E
�
uðP2Þ

− i
ϵμν⊥
2Pþ ūðP2Þ

�
γþγ5H̃þ γ5lþ

2M
Ẽ
�
uðP2Þ þ � � � ; ð3Þ

where M is the proton mass. gμν⊥ and ϵμν⊥ are transverse
projectors such that gij⊥ ¼ −δij and ϵij⊥ ¼ ϵij for transverse
indices i, j ¼ 1, 2 and the other components are zero. Our
convention is γ5 ¼ iγ0γ1γ2γ3 and ϵ0123 ¼ ϵ−þ12 ¼ ϵ12 ¼ 1.
The ellipses in (3) stand for the contributions from the
(generalized) longitudinal structure function and the so-
called gluon transversity GPD. As observed in [6], they are
not sensitive to anomalies and are thus left for future work.
According to QCD factorization, the Compton form

factors H, E, H̃, and Ẽ can be written as convolutions of
nonperturbative GPDs and partonic hard-scattering ampli-
tudes. The latter are commonly calculated in dimensional
regularization in d ¼ 4 − 2ϵ dimensions, with ϵ regulariz-
ing both ultraviolet (UV) and infrared (IR) divergences. We
shall also work in d dimensions, since individual diagrams
contain UV divergences. But we regularize the collinear
singularity by introducing the physical variable t at the
partonic level. Such a calculation is safely justified whenffiffiffiffiffijtjp

≫ ΛQCD (still keeping Q ≫
ffiffiffiffiffijtjp
),1 but we shall

eventually be interested in the region
ffiffiffiffiffijtjp

∼ ΛQCD. The
result of the one-loop calculation can be summarized in
the form

�
HðxB; ξ; tÞ
EðxB; ξ; tÞ

�
¼

X
q

e2q

Z
1

0

dx

��
C0ðx; xBÞ þ

αs
2π

Cq
1ðx; xB; ξÞ

��
Hqðx; ξ; tÞ −Hqð−x; ξ; tÞ
Eqðx; ξ; tÞ − Eqð−x; ξ; tÞ

�

þ αs
2π

Cg
1ðx; xB; ξÞ

�
Hgðx; ξ; tÞ
Egðx; ξ; tÞ

�
þ αs
2π

M2

t
Aðx; xB; ξÞ

�
F ðx; ξ; tÞ
−F ðx; ξ; tÞ

��

þOð1=Q2Þ þOðα2sÞ; ð4Þ

1We consider large but finite
ffiffiffiffiffijtjp
, so we are still in the generalized Bjorken limit jtj ≪ Q2 → ∞ and the usual factorization in terms

of the twist-two GPDs is expected. This is different from so-called wide angle Compton scattering (see, e.g., [18]) where Q ¼ 0 and
s ∼ −t ∼ −u. In our calculation, s ∼Q2 and we systematically neglect terms of order t=Q2 ∼ t=s.
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�
H̃ðxB; ξ; tÞ
ẼðxB; ξ; tÞ

�
¼

X
q

e2q

Z
1

0

dx

��
C̃0ðx; xBÞ þ

αs
2π

C̃q
1ðx; xB; ξÞ

��
H̃qðx; ξ; tÞ þ H̃qð−x; ξ; tÞ
Ẽqðx; ξ; tÞ þ Ẽqð−x; ξ; tÞ

�

þ αs
2π

C̃g
1ðx; xB; ξÞ

�
H̃gðx; ξ; tÞ
Ẽgðx; ξ; tÞ

�
þ αs
2π

M2

t
Ãðx; xB; ξÞ

�
0

F̃ ðx; ξ; tÞ

��
þOð1=Q2Þ þOðα2sÞ; ð5Þ

where the notations for the twist-two quark and gluon
GPDs Hq;g, Eq;g, H̃q;g, Ẽq;g are standard [16,17]. [The
gluon GPDs are normalized as HgðxÞ ¼ xGðxÞ and
H̃gðxÞ ¼ xΔGðxÞ in the forward limit, where G and ΔG
are the unpolarized and polarized gluon PDFs.] Note that
(4) and (5) are still in their “unsubtracted” forms in the
sense that some of the coefficients contain divergences in
the formal limit t → 0. Their subtraction is rather uncon-
ventional, and to elaborate on this is one of the main
objectives of our paper.
The leading-order coefficient functions are well known:

C0ðx; xBÞ ¼
1

x − xB þ iϵ
þ 1

xþ xB − iϵ
;

C̃0ðx; xBÞ ¼
1

x − xB þ iϵ
−

1

xþ xB − iϵ
: ð6Þ

The one-loop corrections, Cq
1, etc., have the following

generic structure:

Cq
1ðx; xB; ξÞ ¼

CF

x

�
κqqðx̂; ξ̂Þ ln

Q2

−l2
þ δCq

1ðx̂; ξ̂Þ
�
;

C̃q
1ðx; xB; ξÞ ¼

CF

x

�
κ̃qqðx̂; ξ̂Þ ln

Q2

−l2
þ δC̃q

1ðx̂; ξ̂Þ
�
; ð7Þ

Cg
1ðx; xB; ξÞ ¼

2TR

x2

�
κqgðx̂; ξ̂Þ ln

Q2

−l2
þ δCg

1ðx̂; ξ̂Þ
�
;

C̃g
1ðx; xB; ξÞ ¼

2TR

x2

�
κ̃qgðx̂; ξ̂Þ ln

Q2

−l2
þ δC̃g

1ðx̂; ξ̂Þ
�
; ð8Þ

where CF ¼ 4
3
and TR ¼ 1

2
are the usual color factors. We

have introduced the partonic variables x̂ ¼ xB
x and ξ̂ ¼ ξ

x,
and we set the MS renormalization scale to be

4πe−γEμ2 ¼ Q2. The logarithm ln Q2

−l2 originates from the
collinear singularity and replaces the − 1

ϵIR
pole in the usual

calculation in dimensional regularization with t ¼ 0. The
coefficients κ and κ̃ are fixed by the evolution equation of
GPDs and must agree with the known results in the
literature. On the other hand, the coefficient functions
δCq

1, δC
g
1, δC̃

q
1 , and δC̃g

1 are potentially scheme dependent.
The results in the MS scheme can be found in [9–11,17].
Note that, somewhat at variance with the previous liter-
ature, we have used the reflection symmetry in x to restrict
the x-integral to the region 0 < x < 1. Namely, C̃0, C̃

q
1 , C

g
1,

Hg, Eg are even functions and C0, C
q
1 , C̃

g
1 H̃g, Ẽg are odd

functions, respectively, under x → −x. This is convenient
for the discussion below.
Equations (4) and (5) resemble the usual structure

dictated by the QCD factorization theorem except for
the “anomaly pole” terms proportional to 1=t. These poles
are accompanied by the twist-four gluon GPDs F and F̃
defined as [7,19–22]

F ðx; ξ; tÞ≡ −4xPþ

M

Z
dz−

2π
eixP

þz−

×
hP2jFμνð−z−=2ÞWFμνðz−=2ÞjP1i

ūðP2ÞuðP1Þ
; ð9Þ

F̃ ðx; ξ; tÞ≡ iPþ

M

Z
dz−

2π
eixP

þz−

×
hP2jFμνð−z−=2ÞWF̃μνðz−=2ÞjP1i

ūðP2Þγ5uðP1Þ
; ð10Þ

whereW is the straight Wilson line between ½−z−=2; z−=2�.
We have changed the normalization with respect to [6] in
order to make these distributions dimensionless. Despite
involving twist-four GPDs, these terms are not suppressed
by 1=Q2 and apparently cause problems in the forward
limit t → 0. As discussed in [6] and will be further
elaborated later, the emergence of poles and their fate
may shed new light on the nonperturbative structure of
GPDs, connecting to deep issues such as chiral symmetry
breaking and the origin of hadron masses.

III. CALCULATIONS

In this section, we outline our calculation of the
perturbative corrections to Compton scattering at one-loop
order. The relevant Feynman diagrams for the subprocess
initiated by the gluons are shown in Fig. 1, and the ones
initiated by the quarks are shown in Fig. 2. For the latter
case, we choose to work in Feynman gauge. (We have also
worked in a general covariant gauge and confirmed that the
final results are independent of the gauge as it should be.)
As in Ref. [6], we parametrize the incoming and outgoing
momenta as

q1¼qþ l
2
; q2¼q−

l
2
; p1¼p−

l
2
; p2¼pþ l

2
: ð11Þ
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We also define the partonic versions of the Bjorken and
skewness variables (2) as

x̂ ¼ Q2

2p · q
¼ xB

x
; ξ̂ ¼ ξ

x
¼ −x̂

q · l
Q2

: ð12Þ

The incoming and outgoing partons are assumed to be
massless, p2

1 ¼ p2
2 ¼ 0, which leads to the conditions

p2 ¼ −l2=4 and p · l ¼ 0. The virtuality of the photons
can be written as

q21 ¼ −Q2
x̂þ ξ̂

x̂
þ l2

4
; q22 ¼ −Q2

x̂ − ξ̂

x̂
þ l2

4
: ð13Þ

Wewill abbreviate the polarization vectors for the gluons in
Fig. 1 as ϵμðp1Þ≡ ϵμ1 and ϵ�μðp2Þ≡ ϵ�μ2 .
The collinear singularity in the above diagrams will be

regularized by t ¼ l2. We emphasize that, in the present
“handbag” approximation, t ¼ ðp2 − p1Þ2 ¼ ðP2 − P1Þ2 is
the same at the hadronic and partonic levels. However, we
still have to work in d ¼ 4 − 2ϵ dimensions because the
individual diagrams will contain UV divergences in the real
part. At the same time, working in d dimensions also helps
to check if there are any leftover IR divergences that are not
regularized by nonzero t alone. This point will be relevant
for the quark-channel diagrams in Fig. 2. Our convention is
that, if ϵ is used for the UV divergences, then ϵ → ϵUV > 0,
while if it is used for the IR divergences, then ϵ → ϵIR < 0.
In the following, we shall refer to the two terms in (3)

as the symmetric and antisymmetric parts of the Compton

amplitude, respectively. The symmetric part can be
extracted with the help of the projector

gμν⊥ ¼gμνþ 1

q2ð1þγ2Þ
�
qμ−

q2

p ·q
pμ

��
qν−

q2

p ·q
pν

�
−
qμqν

q2
;

γ2¼−
p2q2

ðp ·qÞ2¼
l2q2

4ðp ·qÞ2 ; ð14Þ

such that

gμ⊥μ ¼ d−2¼ 2ð1− ϵÞ; H;E∼
1

2ð1− ϵÞg
⊥
μνTμν: ð15Þ

For the antisymmetric part, we use the projector
ϵαpμν ≡ ϵαβμνpβ.
We evaluate the above diagrams with the help of the

Mathematica package PACKAGE-X [23]. Below we first
discuss the main features of our results specific to the gluon
and quark channels. The complete results will then be
presented in Sec. IV.

A. Gluon channel

Our results feature (i) a 1=l2 pole and (ii) a logarithm
lnðQ2= − l2Þ, both arising from the first and third diagrams in
Fig. 1. For the symmetric case, the UV poles from the first
and third diagrams add up to cancel the one arising from the
second diagram. For the antisymmetric case, the UV poles
from the first and third diagrams cancel. There are no leftover
1=ϵIR divergences, meaning that l2 ≠ 0 functions as a
genuine regulator of collinear divergences.

FIG. 2. Diagrams for the subprocess γ�q → γ�q in Compton scattering. Diagrams with photon lines crossed are not shown.

FIG. 1. Diagrams for the subprocess γ�g → γ�g in Compton scattering.
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In the symmetric case, the result for the one-loopCompton
scattering amplitudewith external gluon polarization vectors
ϵ1, ϵ�2 (Fig. 1) has the following generic structure:

− ϵ1 · ϵ�2

�
A ln

Q2

−l2
þ B

�
þ C
l2
ϵ1 · lϵ�2 · l

¼ −ϵ1 · ϵ�2

�
A ln

Q2

−l2
þ B −

C
2

�

þ C
l2

�
ϵ1 · lϵ�2 · l −

ϵ1 · ϵ�2
2

l2
�
; ð16Þ

where A, B, C are coefficients that depend on x̂ and ξ̂. In the
asymmetric case, we find instead

iϵαpϵ
�
2
ϵ1

�
Ã ln

Q2

−l2
þ B̃

�
þ C̃

lα

l2
iϵϵ1ϵ

�
2
lp; ð17Þ

where ϵϵ1ϵ
�
2
lp ≡ ϵμνρλϵ1μϵ

�
2νlρpλ. The first terms in (16) and

(17) can be interpreted as the usual one-loop corrections
to the Compton amplitude ∼Cg

1Hg, C̃g
1H̃g through the

identifications

−ϵ1 · ϵ�2 ∼
hp2jFþμFþ

μ jp1i
1 − ξ̂2

;

iϵþpϵ�
2
ϵ1 ∼

hp2jiFþμF̃þ
μ jp1i

1 − ξ̂2
: ð18Þ

However, the second terms in (16) and (17) cannot be
attributed to twist-two GPDs. Their structures can only arise
from the twist-four operators FμνFμν and FμνF̃μν,

ϵ1 · lϵ�2 · l −
ϵ1 · ϵ�2
2

l2 ∼ hp2jFμνFμνjp1i;
2iϵϵ1ϵ

�
2
lp ∼ hp2jiFμνF̃μνjp1i; ð19Þ

and this is how the twist-four GPDs (9) and (10) come into
play. It should be mentioned, however, that the present
argument only concerns the two-partonmatrix element of the
operators FF and FF̃. Further justifications from other
approaches are desirable.

B. Quark channel

In this case, our results do not contain any terms 1=l2. This
is consistent with the expectation that the anomalies, being
of purely gluonic nature, should not affect the quark sector,
at least at this order. Quite unexpectedly though, we find
(i) double IR poles 1=ϵ2IR, (ii) single IR poles 1=ϵIR, apart
from (iii) a logarithm lnðQ2= − l2Þ. Besides, we also find
(iv) UV poles 1=ϵUV. It is interesting to discuss the origin of
these poles. The UV poles arise from all the diagrams in
Fig. 2 excluding the first. To cancel them,we need to include
the square root of the self-energy corrections 0 ¼ 1

ϵUV
− 1

ϵIR
on

the incoming and outgoing (massless) quark lines. This
converts the UV poles into single IR poles that add to the

ones in (ii). The double IR poles arise from the first diagram
while the single IR poles arise from all diagrams except the
fourth. It is interesting to note that, in inclusive DIS, the
second and third diagrams also give rise to double poles,
canceling the one from the first diagram, but in the present
case they do not because the quark lines (after the reab-
sorption of gluons) are massive. Another interesting feature
is that, in the usual MS scheme, one obtains the evolution
kernel ofGPDs as the coefficient of single IRpoles forwhich
all the aforementioned diagrams contribute. In our case, we
reproduce the kernel as the coefficient of the logarithm
(iii) for which only the first diagram contributes.
In the antisymmetric case, we project the result onto

ūðp2Þγþγ5uðp1Þ in order to extract the twist-two component.
This makes it necessary to specify the treatment of the
Dirac matrix in d ≠ 4 dimensions. We have used both the
“naive” fully anticommuting γ5 and the 't Hooft-Veltman-
Breitenlohner-Maison (HVBM) scheme [24,25]. For the
latter we have computed the Dirac traces using the
Mathematica package TRACER [26]. The HVBM scheme
provides the preferred scheme [27,28] because, unlike the
one with the fully anticommuting γ5, it is known to be
algebraically consistent.Remarkably, however, in thepresent
case the result is the same for both schemes.The reason is that
all 1=ϵ pole terms we find enter with a part of the Dirac trace
that manifestly gives the same answer for both treatments of
γ5. All further collinear singularities are regularized by the
logarithm lnðQ2= − l2Þ, so that this part of the calculation can
essentially be carried out in four dimensions where, of
course, both schemes coincide. The same is true for the
gluonic coefficient function that has no poles in 1=ϵ and can
be obtained in four dimensions. Hence there are no ambi-
guities related to the Levi-Civita tensor being an entirely
four-dimensional object. The issue of the scheme never-
theless will show up later when we discuss the one-loop
calculation of the GPDs.

IV. RESULTS

A. One-loop evolution kernels

The coefficients of the logarithm lnðQ2= − l2Þ in (7)
and (8) are dictated by the evolution of the twist-two GPDs
and therefore must agree with the known results in the
literature [9–11]. We find that this is indeed the case,
meaning that the physical parameter t does the job of
regularizing the collinear singularity associated with GPDs.
For completeness, here we reproduce the results:

κqqðx̂; ξ̂Þ ¼
3

2ð1 − x̂Þ þ
x̂2 þ 1 − 2ξ̂2

ð1 − ξ̂2Þð1 − x̂Þ ln
x̂ − 1

x̂

þ ðx̂ − ξ̂Þð1 − x̂2 − 2x̂ ξ̂−2ξ̂2Þ
ð1 − x̂2Þξ̂ð1 − ξ̂2Þ ln

x̂ − ξ̂

x̂

þ ðx̂ → −x̂Þ; ð20Þ
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κ̃qqðx̂; ξ̂Þ ¼
3

2ð1 − x̂Þ þ
x̂2 þ 1 − 2ξ̂2

ð1 − ξ̂2Þð1 − x̂Þ ln
x̂ − 1

x̂

−
ðx̂ − ξ̂Þð1þ x̂2 þ 2x̂ ξ̂Þ

ð1 − x̂2Þð1 − ξ̂2Þ ln
x̂ − ξ̂

x̂

− ðx̂ → −x̂Þ; ð21Þ

κqgðx̂; ξ̂Þ ¼
1 − 2x̂þ 2x̂2 − ξ̂2

ð1 − ξ̂2Þ2 ln
x̂ − 1

x̂

þ ðx̂ − ξ̂Þð1 − 2ξ̂ x̂−ξ̂2Þ
ξ̂ð1 − ξ̂2Þ2 ln

x̂ − ξ̂

x̂

þ ðx̂ → −x̂Þ; ð22Þ

κ̃qgðx̂; ξ̂Þ ¼
2x̂ − 1 − ξ̂2

ð1 − ξ̂2Þ2 ln
x̂ − 1

x̂
− 2

x̂ − ξ̂

ð1 − ξ̂2Þ2 ln
x̂ − ξ̂

x̂

− ðx̂ → −x̂Þ; ð23Þ
where as before x̂ ¼ xB

x , ξ̂ ¼ ξ
x. Note that x̂ and ξ̂ are always

positive because we restricted to 0 < x < 1 in (4) and (5).
Also, an infinitesimal, negative imaginary part is under-
stood in x̂, namely, x̂ → x̂ − iϵ and

lnðx̂ − 1Þ ¼ lnð1 − x̂Þ − iπ: ð24Þ

B. Coefficient functions

The “coefficient functions” in (7) and (8) are given as
follows:

δCq
1ðx̂; ξ̂Þ ¼ −

ðQ2

−l2Þ
ϵIR

ϵ2IRð1 − x̂Þ −
3ðQ2

−l2Þ
ϵIR

2ϵIRð1 − x̂Þ þ
1 − 2x̂ − 2x̂2 þ 3ξ̂2

2ð1 − x̂Þð1 − ξ̂2Þ ln
x̂ − 1

x̂
þ ðx̂ − ξ̂Þð−1þ x̂2 þ 3x̂ ξ̂þ3ξ̂2Þ

ð1 − x̂2Þð1 − ξ̂2Þξ̂ ln
x̂ − ξ̂

x̂

þ 1þ x̂2 − 2ξ̂2

2ð1 − x̂Þð1 − ξ̂2Þ ln
2
x̂ − 1

x̂
þ x̂

2ð1 − ξ̂2Þξ̂ ln
2
x̂ − ξ̂

x̂
þ −1 − x̂2 þ 2ξ̂2

2ð1 − x̂2Þð1 − ξ̂2Þ ln
x̂ − ξ̂

x̂
ln
x̂þ ξ̂

x̂
þ π2 − 54

12ð1 − x̂Þ

þ x̂

ð1 − ξ̂2Þξ̂Li2
−2ξ̂
x̂ − ξ̂

þ 1þ x̂2 − 2ξ̂2

ð1 − x̂Þð1 − ξ̂2Þ

�
Li2

1 − ξ̂

1 − x̂
þ Li2

1þ ξ̂

1 − x̂

�
þ ðx̂ → −x̂Þ; ð25Þ

δC̃q
1ðx̂; ξ̂Þ ¼ −

ðQ2

−l2Þ
ϵIR

ϵ2IRð1 − x̂Þ −
3ðQ2

−l2Þ
ϵIR

2ϵIRð1 − x̂Þ þ
−1þ 2x̂ − 4x̂2 þ 3ξ̂2

2ð1 − x̂Þð1 − ξ̂2Þ ln
x̂ − 1

x̂
þ ðx̂ − ξ̂Þð1þ 2x̂2 þ 3x̂ ξ̂Þ

ð1 − x̂2Þð1 − ξ̂2Þ ln
x̂ − ξ̂

x̂

þ 1þ x̂2 − 2ξ̂2

2ð1 − x̂Þð1 − ξ̂2Þ ln
2
x̂ − 1

x̂
þ ξ̂

2ð1 − ξ̂2Þ ln
2
x̂ − ξ̂

x̂
−

x̂ð1þ x̂2 − 2ξ̂2Þ
2ð1 − x̂2Þð1 − ξ̂2Þ ln

x̂ − ξ̂

x̂
ln
x̂þ ξ̂

x̂
þ π2 − 54

12ð1 − x̂Þ

þ ξ̂

1 − ξ̂2
Li2

−2ξ̂
x̂ − ξ̂

þ 1þ x̂2 − 2ξ̂2

ð1 − x̂Þð1 − ξ̂2Þ

�
Li2

1 − ξ̂

1 − x̂
þ Li2

1þ ξ̂

1 − x̂

�
− ðx̂ → −x̂Þ; ð26Þ

δCg
1ðx̂; ξ̂Þ ¼ −

1 − 2x̂þ 2x̂2 − ξ̂2

ð1 − ξ2Þ2 ln
x̂ − 1

x̂
þ 1 − 2x̂þ 2x̂2 − ξ̂2

2ð1 − ξ̂2Þ2 ln2
x̂ − 1

x̂

−
ðx̂ − ξ̂Þð1 − 2x̂ ξ̂−ξ̂2Þ

ξ̂ð1 − ξ̂2Þ2 ln
x̂ − ξ̂

x̂
þ x̂ð1þ ξ̂2Þ
2ξð1 − ξ̂2Þ2 ln

2
x̂ − ξ̂

x̂
−
1þ 2x̂2 − ξ̂2

2ð1 − ξ̂2Þ2 ln
x̂ − ξ̂

x̂
ln
x̂þ ξ̂

x̂

þ x̂ð1þ ξ̂2Þ
ξ̂ð1 − ξ̂2Þ2 Li2

−2ξ̂
x̂ − ξ̂

þ 1 − 2x̂þ 2x̂2 − ξ̂2

ð1 − ξ̂2Þ2
�
Li2

1 − ξ̂

1 − x̂
þ Li2

1þ ξ̂

1 − x̂

�
þ ðx̂ → −x̂Þ; ð27Þ

δC̃g
1ðx̂; ξ̂Þ ¼ −

2x̂ − 1 − ξ̂2

ð1 − ξ̂2Þ2 ln
x̂ − 1

x̂
þ 2x̂ − 1 − ξ̂2

2ð1 − ξ̂2Þ2 ln2
x̂ − 1

x̂

þ 2
x̂ − ξ̂

ð1 − ξ̂2Þ2 ln
x̂ − ξ̂

x̂
þ ξ̂

ð1 − ξ̂2Þ2 ln
2
x̂ − ξ̂

x̂
−

x̂

ð1 − ξ̂2Þ2 ln
x̂ − ξ̂

x̂
ln
x̂þ ξ̂

x̂

þ 2ξ̂

ð1 − ξ̂2Þ2 Li2
−2ξ̂
x̂ − ξ̂

þ 2x̂ − 1 − ξ̂2

ð1 − ξ̂2Þ2
�
Li2

1 − ξ̂

1 − x̂
þ Li2

1þ ξ̂

1 − x̂

�
− ðx̂ → −x̂Þ; ð28Þ
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where Li2 is the dilogarithm function. As mentioned
before, in the quark channel, we find single 1=ϵIR and
double 1=ϵ2IR infrared poles. Note that, since ϵIR < 0,
ðQ2= − l2ÞϵIR → 0 if one takes the l2 → 0 limit first.
However, if one keeps l2 finite and expands in ϵIR, the
first term 3

2ð1−x̂Þ in (20) and (21) gets canceled. We discuss

below how these problematic terms eventually disappear.

As we also mentioned, the result (26) is independent of the
scheme for γ5.

C. Anomaly pole terms

The coefficients of the “anomaly poles” 1=t in (4) and (5)
are found to be

Aðx; xB; ξÞ ¼
2TR

x

�
1þ x̂ð1 − x̂Þ ln x̂−1

x̂ þ x̂ðx̂ − ξ̂Þ ln x̂−ξ̂
x̂ þ ðx̂ → −x̂Þ

1 − ξ̂2

�
; ð29Þ

Ãðx; xB; ξÞ ¼
8TR

x

ð1 − x̂Þ ln x̂−1
x þ ðx̂ − ξ̂Þ ln x̂−ξ̂

x̂ − ðx̂ → −x̂Þ
1 − ξ̂2

: ð30Þ

The imaginary parts of these expressions agree with our results in [6]. Clearly, there are 1=t poles also in the real part of the
Compton amplitude.2 While (29) and (30) look unfamiliar and complicated, remarkably the x-integrals in (4) and (5) can be
exactly rewritten in the following form:

Z
1

0

dxAðx; xB; ξÞF ðx; ξ; tÞ ¼ 2TR

Z
1

0

dxC0ðx; xBÞ
�Z

1

x

dx0

x0
K

�
x
x0
;
ξ

x0

�
F ðx0; ξ; tÞ − θðξ − xÞ

Z
1

0

dx0

x0
L

�
x
x0
;
ξ

x0

�
F ðx0; ξ; tÞ

�

≡ 2TR

Z
1

0

dxC0ðx; xBÞCanom ⊗ F ðx; ξ; tÞ; ð31Þ
Z

1

0

dxÃðx; xB; ξÞF̃ ðx; ξ; tÞ ¼ 2TR

Z
1

0

dxC̃0ðx; xBÞ
�Z

1

x

dx0

x0
K̃

�
x
x0
;
ξ

x0

�
F̃ ðx0; ξ; tÞ − θðξ − xÞ

Z
1

0

dx0

x0
L̃

�
x
x0
;
ξ

x0

�
F̃ ðx0; ξ; tÞ

�

≡ 2TR

Z
1

0

dxC̃0ðx; xBÞC̃anom ⊗ F̃ ðx; ξ; tÞ; ð32Þ

where

Kðx; ξÞ ¼ xð1 − xÞ
1 − ξ2

; Lðx; ξÞ ¼ xðξ − xÞ
1 − ξ2

; ð33Þ

K̃ðx; ξÞ ¼ 4ð1 − xÞ
1 − ξ2

; L̃ðx; ξÞ ¼ 4ðξ − xÞ
1 − ξ2

: ð34Þ

That is, the leading-order kernels C0 and C̃0 can be factored
out. The resulting convolutionCanom ⊗ F agrees with what
was anticipated in [6] following the general argument
in [29] where actually the same integral (31) can be found.
We now have the corresponding result with ξ ≠ 0 in the
polarized sector. As mentioned already in [6], the two terms
in Canom and C̄anom come from the first and third diagrams
in Fig. 1. The latter is nonzero only when the outgoing
photon becomes timelike, q22 > 0; see (13).

The identities (31) and (32) guarantee that, if the 1=t
poles are canceled in the imaginary part of the Compton
amplitude [6], the same cancellation automatically occurs
in the real part as well.

V. GPD AT ONE LOOP

We have seen that the Compton scattering amplitudes at
one loop contain three types of singular behaviors: (i) log-
arithms lnð−tÞ, (ii) anomaly poles 1=t, and (iii) single 1=ϵ
and double 1=ϵ2 infrared poles (only in the quark channel).
The logarithms are as expected, but the other two are
unusual and potentially cause problems with factorization.
We now demonstrate that all these singular structures can
be absorbed into the quark GPDs in the leading-order terms
of (4) and (5). Specifically, we compute the unpolarized
and polarized quark GPDs3

2In Ref. [6] we computed only the imaginary part of the
Compton amplitude by directly extracting the discontinuity
across the variables s ¼ ðpþ qÞ2 and q22. In this paper, we
compute the full amplitude. We have checked that the imaginary
parts of (29), (30), and all the other results in this paper are
consistent with the corresponding results in [6].

3The variables x and ξ in this section (and also in the Appendix)
should better be written as x̂ and ξ̂ to be more consistent with
the notation in the previous sections. We, however, abbreviate
x̂; ξ̂ → x; ξ for simplicity.
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fqðx; ξ; tÞ ¼
Z

dz−

4π
eixP

þz−hp2jq̄ð−z=2ÞWγþqðz−=2Þjp1i;

ð35Þ

f̃qðx;ξ;tÞ¼
Z
dz−

4π
eixP

þz−hp2jq̄ð−z=2ÞWγþγ5qðz−=2Þjp1i;

ð36Þ

to one loop for on-shell p2
1 ¼ p2

2 ¼ 0 quark and gluon
external states, keeping t ¼ ðp2 − p1Þ2 ≠ 0. We need to
separately consider the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) region 0 < ξ < x ≤ 1 and the
Efremov-Radyushkin-Brodsky-Lepage (ERBL) region
0 < x < ξ [16]. We work in d ¼ 4 − 2ϵ dimensions to
regularize the UV divergences and any leftover IR
divergences. As before, they are distinguished by 1=ϵUV
and 1=ϵIR, respectively. The MS scale is denoted by
μ̃2 ¼ 4πe−γEμ2.

A. Quark matrix element

The divergent part of the quark matrix element in the
DGLAP region ξ < x < 1 is, omitting the common pre-
factor αsCF

4πpþ ūðp2Þγþuðp1Þ or αsCF
4πpþ ūðp2Þγþγ5uðp1Þ,

ð μ̃2−l2Þ
ϵ

ϵUV

�
1þ x2 − 2ξ2

ð1 − ξ2Þð1 − xÞþ
þ
�
3

2
− lnð1 − ξ2Þ

�
δð1 − xÞ

�

− δð1 − xÞ
�

1

ϵ2IR
þ 3

2

1

ϵIR

��
μ̃2

−l2

�
ϵ

: ð37Þ

The derivation is outlined in the Appendix. The same result
holds for both the unpolarized and the polarized GPDs.
Note the double and single infrared poles. Similar
“Sudakov” double poles have been previously encountered
in the one-loop gluon matrix element of the twist-four
GPDs (9) and (10) [21,22]. After convoluting with C0 and
C̃0, which can be done trivially using the delta function
δð1 − xÞ, they exactly match the double and single poles in
(25) and (26). In other words, the poles in (25) and (26) can
be absorbed into the GPDs. The finite terms are given by

−
1þ x2 − 2ξ2

1 − ξ2

�ln ð1−xÞ2
1−ξ2

1 − x

�
þ

−
1 − x
1 − ξ2

−
1

2
δð1 − xÞ

�
ln2ð1 − ξ2Þ − π2

6

�
ð38Þ

in the unpolarized case. In the polarized case, interestingly
the result depends on the scheme for γ5 in contrast to what
we observed with the coefficient function (26). If one uses
the “fully anticommuting γ5,” the result is the same as (38).
If, on the other hand, one uses the HVBM scheme, one
finds an additional term

4
1 − x
1 − ξ2

: ð39Þ

TheOðϵÞ difference between the two schemes now leaves a
finite contribution because of the presence of the UV
pole 1=ϵUV.
In the ERBL region, the divergent terms read

ð μ̃2−l2Þ
ϵ

ϵUV

xþ ξ

ð1þ ξÞ
�

1

1 − x
þ 1

2ξ

�
ð40Þ

in both the unpolarized and the polarized cases. The finite
terms are rather cumbersome. In the unpolarized case,
we find

1

2ξð1 − xÞð1 − ξ2Þ
�
ðx − 1Þðxþ ξÞðξþ 1Þ lnðξ2 − x2Þ

þ 2ξx2 ln
1þ ξ

ðxþ ξÞð1 − xÞ þ 2ξ3 ln
xþ ξ

ξ − x

þ 2ξ ln
ð1þ ξÞðξ − xÞ

1 − x
þ 4ξ3 ln

1 − x
1þ ξ

þ 2ð1 − xÞðxþ ξ2Þ lnð2ξÞ
�
−

xþ ξ

2ξð1þ ξÞ ; ð41Þ

and in the polarized case there is an additional term

4
xþ ξ

2ξð1þ ξÞ ð42Þ

in the HVBM scheme.
The coefficients of the UV pole in (37) and (40)

constitute the q → q evolution kernel of the GPDs. After

expanding ð μ̃2−l2Þ
ϵ ¼ 1þ ϵ ln μ̃2

−l2 and convoluting with C0

and C̃0, we recover (20) and (21). In other words, the
logarithmic terms in (7) can be absorbed into the GPDs, as
expected. The same comment applies to the g → q evolu-
tion kernel below.

B. Gluon matrix element, unpolarized

For the gluon matrix elements hp2ϵ2j � � � jp1ϵ1i of the
quark GPD (35) and (36), we find it convenient to work in
the light-cone gauge ϵþ1 ¼ ϵþ2 ¼ 0. The result for the
unpolarized GPD in the DGLAP region is

fq ¼
αsTR

2π

�
−ð1 − ξ2Þϵ1 · ϵ�2

�ð μ̃2−l2Þ
ϵ

ϵUV

2x2 − 2xþ 1 − ξ2

ð1 − ξ2Þ2

−
ð2x2 − 2xþ 1 − ξ2Þ ln ð1−xÞ2

1−ξ2 þ 2xð1 − xÞ
ð1 − ξ2Þ2

�

−
4

l2
xð1 − xÞ
1 − ξ2

�
ϵ1 · lϵ�2 · l −

l2

2
ϵ1 · ϵ�2

��
; ð43Þ
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where we have factored out the structure that represents the twist-two GPD; see (18). Note the anomaly pole 1=l2 which was
absent in the quark matrix elements. Its coefficient matches K in (33). [The factor of 4 is from (9).]
In the ERBL region, we find, omitting the prefactor αsTR

2π ,

− ð1 − ξ2Þϵ1 · ϵ�2
ð μ̃2−l2Þ

ϵ

ϵUV

ðxþ ξÞð1þ ξ − 2xÞ
2ξð1þ ξÞð1 − ξ2Þ −

�
ϵ1 · lϵ�2 · l −

l2

2
ϵ1 · ϵ�2

�
1

l2
2xðxþ ξÞ
ξð1þ ξÞ − ðx → −xÞ: ð44Þ

The first term comes from the same ladder diagram as in (43). The x → −x term comes from a diagram in which the gluon
legs are crossed. The latter contributes only in the ERBL region. The finite terms read, including the x → −x contribution,

− ð1 − ξ2Þϵ1 · ϵ�2
1

ξð1 − ξ2Þ2
�
−xð1þ ξ2Þ ln ξ

2 − x2

4
− ξð1þ 2x2 − ξ2Þ ln ðxþ ξÞð1 − xÞ

ðξ − xÞð1þ xÞ

þ 2xðξ lnð1 − x2Þ − 2ξ lnð1þ ξÞ þ ξ2 − ξþ ð1þ ξ2Þ ln ξÞ
�
: ð45Þ

The coefficient of the anomaly pole is thus

1

l2

�
2xðxþ ξÞ
ξð1þ ξÞ −

2xðx − ξÞ
ξð1þ ξÞ

�
¼ 4

l2
x

1þ ξ
: ð46Þ

This agrees with

Kðx; ξÞ − Lðx; ξÞ ¼ x
1þ ξ

; ð47Þ

which is the relevant linear combination in the ERBL region; see (31). These results, together with the observation (31),
show that the 1=t pole in (4) can be absorbed into the unpolarized quark GPDsHq and Eq in the leading order as a part of the
infrared subtraction procedure.

C. Gluon matrix element, polarized

In the polarized case (36), we find

f̃q ¼
αsTR

2π

�
ð1 − ξ2Þiϵþpϵ�

2
ϵ1

�
2x − 1 − ξ2

ð1 − ξ2Þ2
�ð μ̃2−l2Þ

ϵ

ϵUV
− ln

ð1 − xÞ2
1 − ξ2

�
− 2

1 − x
ð1 − ξ2Þ2

�
þ 2ilþϵϵ1ϵ�2lp

l2
1 − x
1 − ξ2

�
; ð48Þ

in the DGLAP region. A simplified version of this result (with a different UV prescription) was already reported in [6]. The
coefficient of the pole agrees with K̃ in (34). Note that the pole is proportional to lμ¼þ, meaning that it contributes to a shift
in the GPD Ẽq. In the ERBL region, the singular terms are, omitting the prefactor αsTR

2π ,

xþ ξ

2ξð1þ ξÞ
�
ð1 − ξ2Þiϵþpϵ�

2
ϵ1
ð μ̃2−l2Þ

ϵ

ϵUV

−1
1þ ξ

þ 2ilþϵϵ1ϵ�2lp

l2

�
þ ðx → −xÞ

¼ ð1 − ξ2Þiϵþpϵ�
2
ϵ1
ð μ̃2−l2Þ

ϵ

ϵUV

−1
ð1þ ξÞ2 þ

2ilþϵϵ1ϵ�2lp

l2
1

1þ ξ
; ð49Þ

where again the x → −x term comes from the crossed-leg diagram. The finite terms are, including the x → −x contribution,

ð1 − ξ2Þiϵþpϵ�
2
ϵ1

1

ð1 − ξ2Þ2
�
−2ξ lnðξ2 − x2Þ þ ð1þ ξ2Þ lnð1 − x2Þ − 2x ln

ð1 − xÞðxþ ξÞ
ð1þ xÞðξ − xÞ

− 2ð1þ ξ2Þ lnð1þ ξÞ þ 4ξ lnð2ξÞ þ 2ξ − 2

�
: ð50Þ
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The coefficient of the UV pole −1
ð1þξÞ2 is the correct evolution

kernel in the ERBL region as can be seen by taking the
imaginary part of (23):

2x − 1 − ξ2

ð1 − ξ2Þ2 −
2ðx − ξÞ
ð1 − ξ2Þ2 ¼

−1
ð1þ ξÞ2 : ð51Þ

Again the coefficient of the anomaly pole agrees with

K̃ðx; ξÞ − L̃ðx; ξÞ ¼ 4

1þ ξ
ð52Þ

from (34). With the help of (32), we can absorb the 1=t pole
in (5) into the polarized quark GPD Ẽq.

D. Relation to the MS scheme

We have thus shown that all the singular structures 1=t,
lnð−tÞ, 1=ϵIR, and 1=ϵ2IR in the “unsubtracted” expressions
(4) and (5) can be systematically absorbed into the
twist-two GPDs in the leading order. Since the matrix
elements (35) and (36) contain nonsingular terms, one
might choose to perform this subtraction also for the finite
terms (25)–(28). An interesting question then arises as to
whether, after such a subtraction, (25)–(28) reduce to the
known coefficient functions in the MS scheme.4 Here we
partially address this question by explicitly performing
the subtraction in the imaginary part of the Compton
amplitude.
Let us first consider the DGLAP region 0 < ξ < x. For

simplicity, we assume x < 1 to avoid the delta function
δð1 − xÞ. The imaginary part of (25) is

1 − 2x − 2x2 þ 3ξ2

2ð1 − xÞð1 − ξ2Þ þ 1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
1 − ξ2

xð1 − xÞ ; ð53Þ

where we used

ImLi2
1� ξ

1 − xþ iϵ
¼ −π ln

1� ξ

1 − x
: ð54Þ

On the other hand, the finite terms in the unpolarized quark
GPD are, from (38),

−
1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
ð1 − xÞ2
1 − ξ2

−
1 − x
1 − ξ2

: ð55Þ

The convolution with the leading-order kernel (6) is trivial
for the imaginary part since ImC0 ∝ δð1 − xÞ. We just need
to subtract (55) from (53) to obtain

1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
1 − x
x

þ 3ð1 − 2xþ ξ2Þ
2ð1 − xÞð1 − ξ2Þ

→ 2þ x −
3

2ð1 − xÞ þ
1þ x2

1 − x
ln
1 − x
x

þ 1 − x; ð56Þ

where we have set ξ ¼ 0 on the right-hand side. This agrees
with the imaginary part of the q → q coefficient function in
the MS scheme [9–13]. In particular, the right-hand side is
the familiar q → q coefficient function for the F1 structure
function in DIS [30] for x < 1. Similarly, the imaginary part
of (26) reads

−1þ 2x − 4x2 þ 3ξ2

2ð1 − xÞð1 − ξ2Þ þ 1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
1 − ξ2

xð1 − xÞ : ð57Þ

The finite terms in the polarized quark PDF depend on the
scheme adopted for the treatment of γ5. In the HVBM
scheme, we find from (38) and (39)

−
1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
ð1 − xÞ2
1 − ξ2

þ 3
1 − x
1 − ξ2

: ð58Þ

After the subtraction,

−7þ 14x− 10x2 þ 3ξ2

2ð1− xÞð1− ξ2Þ þ 1þ x2 − 2ξ2

ð1− xÞð1− ξ2Þ ln
1− x
x

→ 2þ x−
3

2ð1− xÞ þ
1þ x2

1− x
ln
1− x
x

− 4ð1− xÞ; ð59Þ

in agreement with the q → q coefficient function for the g1
structure function in the HVBM prescription. As was
discussed in Refs. [28,31], it is necessary to subtract this
term in order to avoid a conflict with helicity conservation
and with the known first-order correction to the Bjorken
sum rule. Incidentally, in the present case, the result
obtained after this finite subtraction coincides with that
found for a fully anticommuting γ5. Either way, instead
of (59) the correct result becomes

1 − 2x − 2x2 þ 3ξ2

2ð1 − xÞð1 − ξ2Þ þ 1þ x2 − 2ξ2

ð1 − xÞð1 − ξ2Þ ln
1 − x
x

→ 2þ x −
3

2ð1 − xÞ þ
1þ x2

1 − x
ln
1 − x
x

: ð60Þ

As for the g → q coefficients, the imaginary part
of (27) is

1 − 2xþ 2x2 − ξ2

ð1 − ξ2Þ2
�
ln

1 − ξ2

xð1 − xÞ − 1

�
: ð61Þ

From this, we subtract the finite terms in (43),4We thank Vladimir Braun for raising this question.
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−
1 − 2xþ 2x2 − ξ2

ð1 − ξ2Þ2 ln
ð1 − xÞ2
1 − ξ2

−
2xð1 − xÞ
ð1 − ξ2Þ2 ; ð62Þ

to obtain

1 − 2xþ 2x2 − ξ2

ð1 − ξ2Þ2 ln
1 − x
x

þ −1þ 4x − 4x2 þ ξ2

ð1 − ξ2Þ2

→ ð1 − 2xþ 2x2Þ
�
ln
1 − x
x

− 1

�
þ 2xð1 − xÞ: ð63Þ

This agrees with the g → q coefficient function for the F1

structure function in the MS scheme. Finally, the imaginary
part of (28) is

2x − 1 − ξ2

ð1 − ξ2Þ2
�
ln

1 − ξ2

xð1 − xÞ − 1

�
: ð64Þ

Subtracting from this the finite terms in (48),

−
2x − 1 − ξ2

ð1 − ξ2Þ2 ln
ð1 − xÞ2
1 − ξ2

−
2ð1 − xÞ
ð1 − ξ2Þ2 ; ð65Þ

we find

2x − 1 − ξ2

ð1 − ξ2Þ2 ln
1 − x
x

þ 3 − 4xþ ξ2

ð1 − ξ2Þ2

→ ð2x − 1Þ
�
ln
1 − x
x

− 1

�
þ 2ð1 − xÞ; ð66Þ

in agreement with the MS g → q coefficient function for
the g1 structure function. It is interesting to recall that the
last term 2ð1 − xÞ ⊗ ΔGðxÞ in (66) caused a lot of
discussion (see, e.g., [32,33]) in the wake of the proton
“spin crisis” in the late 1980s. In the standard MS
calculation in the forward limit t ¼ 0, this term arises
from the IR region of the loop diagram, and therefore does
not seem to qualify as a part of the “hard” coefficient. In our
calculation of the Compton amplitude, this term is replaced
by the pole term 1

l2 ð1 − xÞ ⊗ F̃ ðxÞ and gets absorbed into
the GPD Ẽq. Nevertheless, the 2ð1 − xÞ term is restored
after the subtraction because the polarized GPD (36)
generates it from the UV region of the loop momentum.
Therefore, even though the final result (66) is the same,
from our perspective the term 2ð1 − xÞ is legitimately
considered a hard contribution.
We have further performed the subtraction of the con-

stant terms (41), (45), and (50) in the ERBL region x < ξ
from the imaginary part of (25)–(28) and observed con-
sistent agreement with the MS coefficient functions [17].
We have thus partially verified that the “off-forward”
regularization is equivalent to the MS scheme after the
subtraction of finite terms is made. Extending this to the
real part of the Compton amplitude is left for future work.

On the other hand, since the treatment of finite terms is a
matter of scheme choice, one can choose to subtract only
the singular terms. Equations (25)–(28), with the single and
double poles omitted, are then the coefficient functions in
such a scheme.

VI. IMPRINTS OF ANOMALIES ON GPD

Let us discuss the implications of our results.
Superficially, it may seem as if nothing has happened in
the end. After absorbing all the singular terms into the
twist-two GPDs, the Compton amplitude will be given by
the usual factorized form with possibly different coefficient
functions due to a different scheme choice. The common
attitude is that one does not care about these singular terms
once they have been “discarded” into a parton distribution,
as they will be taken care of by the nonperturbative QCD
dynamics. One can also take the view that the 1=t poles
should disappear in the limit t → 0, because nonperturba-
tive effects must intervene when

ffiffiffiffiffijtjp
∼ ΛQCD. However,

from the point of view of factorization, technically speak-
ing one is allowed to choose any infrared regulator that can
isolate the collinear divergences, as long as they can
eventually be absorbed into parton distributions when
the latter are computed with the same IR regulator. In this
sense, the use of t is no different from other regulators such
as the current quark massmq and the dimensionality d ≠ 4.
One may even argue that it is a more physical scheme, since
t ≠ 0 in actual experiments and naturally cuts off collinear
divergences.
Technicalities aside, the real reason we are pursuing the

off-forward calculation with nonzero t is that this approach
has the potential to uncover nonperturbative connections
between GPDs and QCD anomalies. Indeed, the very idea
that twist-four GPDs are absorbed into twist-two GPDs is
quite nonstandard and needs to be investigated further,
rather than dismissed as a routine infrared subtraction
procedure. This is all the more so because, as discussed
in [6,8] and elaborated further below, the results we shall
get are consistent with what we know about the axial and
gravitational form factors that are certain moments of the
twist-two GPDs.

A. Axial and gravitational form factors

1. Isovector axial form factors

To motivate our discussion, let us first recall the familiar
example of the isovector axial current Jα5a ¼

P
q qγ

αγ5
τa

2
q

where τa¼1;2;3 are the Pauli matrices. Its nucleon matrix
element is parametrized by the axial form factors

hP2jJα5ajP1i ¼ ūðP2Þ
�
γαγ5FAðtÞ þ

lαγ5
2M

FPðtÞ
�
τa

2
uðP1Þ:

ð67Þ
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In QCD with nf ¼ 2 massless flavors, the current is
exactly conserved, ∂αJα5a ¼ 0, due to chiral symmetry.
This imposes a constraint among the form factors

2MFAðtÞ þ
tFPðtÞ
2M

¼ 0: ð68Þ

Clearly, FPðtÞ has a pole at t ¼ 0:

FPðtÞ ≈
−4M2gð3ÞA

t
ðt → 0Þ; ð69Þ

where gð3ÞA ¼ FAð0Þ ≈ 1.3 is the isovector axial coupling
constant. The pole is generated by the exchange of the
massless pion which is the Nambu-Goldstone boson of
spontaneously broken chiral symmetry. This requirement
leads to the well-known Goldberger-Treiman relation

gð3ÞA ¼ fπgπNN

M
; ð70Þ

where fπ is the pion decay constant and gπNN is the pion-
nucleon coupling. Now recall that FPðtÞ is the first moment
of the isovector GPD Ẽ,

FPðtÞ ¼
Z

1

−1
dxðẼuðx; ξ; tÞ − Ẽdðx; ξ; tÞÞ: ð71Þ

Barring an unlikely possibility that the pole 1=t is generated
by the x-integral, the GPDs themselves hence have a
massless pole at t ¼ 0:

Ẽuðx;ξ; tÞ− Ẽdðx;ξ; tÞ∼θðξ− jxjÞg
ð3Þ
A

t
ðt→ 0Þ: ð72Þ

Indeed, such a pole has been discussed in the GPD
literature (see, e.g., [34]) where it has been argued that
the pole exists only in the ERBL region ξ > x where GPDs
probe the mesonic degrees of freedom inside the nucleon.
In actual QCD with massive quarks, the pole is shifted to
the physical pion mass, 1

t →
1

t−m2
π
.

2. Isoscalar axial form factors

The story is more complicated for the singlet axial
current Jα5 ¼

P
q q̄γ

αγ5q. The associated form factors gA
and gP, appearing in the nucleon matrix element via

hP2jJα5jP1i ¼ ūðP2Þ
�
γαγ5gAðtÞ þ

lαγ5
2M

gPðtÞ
�
uðP1Þ; ð73Þ

are related to the flavor-singlet polarized GPDs as

gAðtÞ ¼
X
q

Z
1

−1
dxH̃qðx; ξ; tÞ

¼
X
q

Z
1

0

dxðH̃qðx; ξ; tÞ þ H̃qð−x; ξ; tÞÞ; ð74Þ

gPðtÞ ¼
X
q

Z
1

−1
dxẼqðx; ξ; tÞ

¼
X
q

Z
1

0

dxðẼqðx; ξ; tÞ þ Ẽqð−x; ξ; tÞÞ: ð75Þ

In contrast to the isovector current above, Jα5 is not
conserved due to the chiral [UAð1Þ] anomaly,

∂αJα5 ¼ − nfαs
4π

FμνF̃μν: ð76Þ

This leads to the following exact relation:

2MgAðtÞ þ
tgPðtÞ
2M

¼ i
hP2j nfαs4π FF̃jP1i
ūðP2Þγ5uðP1Þ

: ð77Þ

We see that, in the absence of the anomaly (i.e., if the right-
hand side were zero), gPðtÞ would have a pole at t ¼ 0,

gPðtÞ
2M

≈ −
2MΔΣ

t
ðt → 0Þ; ð78Þ

where ΔΣ ¼ gAð0Þ is the quark helicity contribution to the
nucleon spin. Such a pole can be interpreted as due to the
exchange of the massless ninth Nambu-Goldstone boson,
the “primordial” η0 meson. Moreover, Eq. (75) suggests
that already the flavor-singlet GPD

P
q Ẽq would have a

pole 1=t, just as (72).
In reality, however, the UAð1Þ axial symmetry is

explicitly broken due to the anomaly, and gPðtÞ exhibits
a pole at the physical η0 meson mass t ¼ m2

η0 . The exact
mechanism behind this scenario was a great debate in the
late 1970s culminating in the works of Witten [35] and
Veneziano [36]. In a nutshell, η0 acquires mass via a
resummation [36]

1

t
þm2

η0

t2
þm4

η0

t3
þ�� � ¼ 1

t−m2
η0
¼−

�
1

t

m2
η0

m2
η0 − t

−
1

t

�
; ð79Þ

due to its coupling with the gluonic topological fluctuations
m2

η0 ∝ hðFF̃Þ2i. On the right-hand side, we have deliber-
ately expressed the resulting propagator as the difference of
two poles at t ¼ 0. Now let us compare this with (77) which
can be identically rewritten in the form

BHATTACHARYA, HATTA, and VOGELSANG PHYS. REV. D 108, 014029 (2023)

014029-12



gPðtÞ
2M

¼ 1

t

�
i
hP2j nfαs4π FF̃jP1i
ūðP2Þγ5uðP1Þ

− 2MgAðtÞ
�

¼ 1

t

�
i
hP2j nfαs4π FF̃jP1i
ūðP2Þγ5uðP1Þ

− i
hP2j nfαs4π FF̃jP1i
ūðP2Þγ5uðP1Þ

����
t¼0

�

þ 2M
gAð0Þ − gAðtÞ

t
: ð80Þ

We neglect the last term assuming gAðtÞ ≈ gAð0Þ ¼ ΔΣ to
be varying only slowly with t.5 The right-hand side can then
be interpreted as a cancellation of two poles at t ¼ 0, just as
(79), between the “anomaly pole” (first term) and the naive
pole (78) from the massless η0 meson exchange (second
term). Equations (79) and (80) are actually identical in the
single-pole approximation where (80) is saturated by

gPðtÞ
2M

≈
2MΔΣ
m2

η0 − t

i
hP2j nfαs4π FF̃jP1i
ūðP2Þγ5uðP1Þ

≈ 2MΔΣ
m2

η0

m2
η0 − t

: ð81Þ

In the context of polarized DIS, the cancellation of poles
just described had been originally envisaged in [14] and
further elaborated in [8] to resolve issues with the g1
structure function. Compton scattering and GPDs offer a
more general setup to explore the physics of the anomaly to
its full extent.

3. Gravitational form factors

We now point out that one can repeat the same story for
the QCD energy momentum tensor Θαβ and its nucleon
matrix element that defines the gravitational form factors,

hP2jΘαβjP1i ¼ ūðP2Þ
�
AðtÞP

αPβ

M
þðAðtÞþBðtÞÞP

ðαiσβÞλlλ
2M

þDðtÞ l
αlβ − gαβt

4M

�
uðP1Þ; ð82Þ

where aðμbνÞ ¼ 1
2
ðaμbν þ aνbμÞ. Taking the trace, we find

an exact constraint among the form factors:

hP2jðΘÞααjP1i ¼ M
�
AðtÞ þ BðtÞ

4M2
t −

3DðtÞ
4M2

t
�
ūðP2ÞuðP1Þ

¼ hP2j
βðgÞ
2g

FμνFμνjP1i: ð83Þ

The right-hand side, on which βðgÞ is the QCD beta
function, is the trace anomaly that signifies the explicit
breaking of conformal symmetry. If one naively neglects it,
one finds a massless pole in DðtÞ at t ¼ 0:

3DðtÞ
4

≈
M2

t
ðt → 0Þ; ð84Þ

where the conditions Að0Þ ¼ 1 and Bð0Þ ¼ 0 have been
used [so that one can omit tBðtÞ as t → 0]. By analogy with
the massless η0 pole in (78), one might interpret the pole
in (84) as due to the exchange of spin-0 glueballs, which
would couple to the operator Θαβ and which would have
been massless in the absence of the trace anomaly [6]. In
reality, however, the anomaly modifies (84) to

3DðtÞ
4

≈
M2

t

�
AðtÞ −

hP2j βðgÞ2g F2jP1i
MūðP2ÞuðP1Þ

�

¼ −
M
t

�hP2j βðgÞ2g F2jP1i
ūðP2ÞuðP1Þ

−
hP2j βðgÞ2g F2jP1i
ūðP2ÞuðP1Þ

����
t¼0

�

þM2
AðtÞ − Að0Þ

t
: ð85Þ

Note the similarity to (80). The DðtÞ-form factor can be
interpreted as the difference of two poles at t ¼ 0, between
the anomaly pole (first term in the brackets) and the naive
glueball pole (84) (second term in the brackets). As a result
of this cancellation, the pole inDðtÞ is shifted from t ¼ 0 to
physical glueball masses t ¼ m2

G presumably in a way
similar to (79). However, unlike the situation in (80), in the
present case the last term AðtÞ − Að0Þ of (85), which is
related to spin-2 glueballs [6], is likely important at least
from the large-Nc perspective. Since the trace anomaly
cannot be turned off in the large-Nc limit, the masses of
2þþ and 0þþ glueballs are both OðN0

cÞ. Moreover, the
analysis in [37] suggests that the single pole approximation
[cf. (81)] may not be a good approximation. TheDðtÞ-form
factor thus exhibits “glueball dominance”

DðtÞ ¼
X0þþ

i

ai
m2

Gi
− t

þ
X2þþ

j

bj
m2

Gj
− t

; ð86Þ

where the two contributions come from the hF2i and AðtÞ
terms in (85), respectively. Incidentally, by taking the t → 0
limit of (85), one finds [38]

3Dð0Þ
4

¼ −M
d
dt

hP2j βðgÞ2g F2jP1i
ūðP2ÞuðP1Þ

����
t¼0

þM2
dAðtÞ
dt

����
t¼0

: ð87Þ

The slope of a form factor at t ¼ 0 defines a “radius” of the
hadron. Equation (87) shows that the D-term Dðt ¼ 0Þ is

5A partial justification of this comes from the large-Nc
approximation where mη0 ∼Oð1= ffiffiffiffiffiffi

Nc
p Þ is considered as small,

at least parametrically, compared to the singlet axial vector meson
masses mA ∼OðN0

cÞ. Thus, as long as one is interested in the
region jtj ∼m2

η0 , the variation of gAðtÞ ∼ 1=ðt −m2
AÞ can be

neglected. In practice, however, the η0ð957Þ is only slightly
lighter than the f1ð1285Þ.
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related to the difference between two radii, one defined by
the scalar form factor hF2i (related to the 0þþ glueball
masses) and the other by the A-form factor (related to the
2þþ glueball masses); see recent discussions in [37,39–41].
As we have seen in the above three examples, the

existence or not of a massless pole in form factors
teaches us fundamental insights into the nonperturbative
dynamics of QCD. However, despite the known connec-
tions between form factors and GPDs, the corresponding
discussion at the GPD level has been limited to the
isovector sector (72) in the literature (see, however, [42]).
Our main purpose is to extend this argument to the singlet
sector.

B. Anomaly poles in GPDs

Let us now return to our context. We have argued in
Sec. V that the pole 1=t in the one-loop Compton amplitude
(5) should be absorbed into Ẽq. This means that Ẽq acquires
a component related to the twist-four GPD F̃ :

X
q

ðẼqðx; ξ; tÞ þ Ẽqð−x; ξ; tÞÞ

¼ TRnfαs
π

M2

t
C̃anom ⊗ F̃ ðx; ξ; tÞ þ � � � ; ð88Þ

where C̃anom is defined in (32). Integrating over x, we
exactly reproduce the first term of (80). Moreover, Eq. (80)
suggests that there is another, primordial pole in Ẽq which
exactly cancels the 1=t pole to make Ẽq finite for all values
of x and ξ in the limit t → 0. A simple, yet ad hoc, fix
consistent with (80) is to add a “counterterm”

X
q

ðẼqðx; ξ; tÞ þ Ẽqð−x; ξ; tÞÞ

≈
TRnfαs

π

M2

t
C̃anom ⊗ ðF̃ ðx; ξ; tÞ − F̃ ðx; ξ; 0ÞÞ: ð89Þ

This may be viewed as the nonlocal version of the local
relation (80). The second added term is an analog of (72),
but interestingly, in the present case the pole is not limited
to the ERBL region x < ξ. We postulate (89) as a non-
perturbative relation between the twist-two and twist-four
GPDs mediated by the chiral anomaly.
The fate of the 1=t pole in the unpolarized sector and its

connection to the trace anomaly are more involved. This is
partly because the QCD energy momentum tensor consists
of a quark and a gluon part, Θαβ ¼ P

q Θ
αβ
q þ Θαβ

g , in
contrast to Jα5 which is purely a quark operator.
Accordingly, one can define gravitational form factors
separately for quarks and gluons [43]:

hP2jΘαβ
q;gjP1i ¼ ūðP2Þ

�
Aq;gðtÞ

PαPβ

M

þðAq;gðtÞþBq;gðtÞÞ
PðαiσβÞλlλ

2M

þDq;gðtÞ
lαlβ − gαβt

4M
þ C̄q;gðtÞMgαβ

�
uðP1Þ:

ð90Þ

They are related to the second moments of the unpolarized
quark GPDs,
Z

1

−1
dxxHqðx; ξ; tÞ ¼

Z
1

0

dxxðHqðx; ξ; tÞ −Hqð−x; ξ; tÞÞ

¼ AqðtÞ þ ξ2DqðtÞ; ð91Þ
Z

1

−1
dxxEqðx; ξ; tÞ ¼

Z
1

0

dxxðEqðx; ξ; tÞ − Eqð−x; ξ; tÞÞ

¼ BqðtÞ − ξ2DqðtÞ; ð92Þ
and similarly for the gluon GPDs. Taking the trace of (82),
we find

hP2j
X
q

ðΘqÞααjP1i

¼
X
q

M

�
AqðtÞþ4C̄qðtÞþ

BqðtÞ
4M2

t−
3DqðtÞ
4M2

t

�
ūðP2ÞuðP1Þ

¼ hP2j
βqðgÞ
2g

F2jP1i≈ hP2j
TRnfαs
6π

F2jP1i; ð93Þ

where βq
2g is the quark part of the trace anomaly that can be

systematically calculated in perturbation theory [44–47]. To
lowest order, it is simply the nf term of the beta function:

ðΘqÞαα þ ðΘgÞαα ¼
βðgÞ
2g

FμνFμν

¼ −
αs
8π

�
11Nc

3
−
4TRnf

3

�
F2 þ � � � : ð94Þ

Clearly, Eq. (93) is not as constraining as (83) because of
the new form factors BqðtÞ and C̄qðtÞ. [Note that Bqð0Þ,
C̄qð0Þ ≠ 0 although Bqð0Þ þ Bgð0Þ ¼ C̄qðtÞ þ C̄gðtÞ ¼ 0.]
Nevertheless we may try to rewrite it in a way similar to (85)

X
q

3DqðtÞ − BqðtÞ
4

¼ −
M
t

�hP2j βq2g F2jP1i
ūðP2ÞuðP1Þ

−
hP2j βq2g F2jP1i
ūðP2ÞuðP1Þ

����
t¼0

�

þM2

t

X
q

ðAqðtÞ þ 4C̄qðtÞ − Aqð0Þ − 4C̄qð0ÞÞ: ð95Þ
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Let us now discuss how the constraint (95) from the trace
anomaly is encoded in the GPDs. We have argued that the
anomaly poles in (4) should be absorbed into the unpo-
larized GPDs,

X
q

ðHqðx; ξ; tÞ −Hqð−x; ξ; tÞÞ

¼ TRnfαs
π

M2

t
Canom ⊗ F ðx; ξ; tÞ þ � � � ; ð96Þ

X
q

ðEqðx; ξ; tÞ − Eqð−x; ξ; tÞÞ

¼ −
TRnfαs

π

M2

t
Canom ⊗ F ðx; ξ; tÞ þ � � � ; ð97Þ

where Canom is defined in (31). Taking the second moment
and comparing with (91), we find

X
q
AqðtÞ

���
pole

¼ −
X

q
BqðtÞ

���
pole

¼ −
M
t

hP2j TRnfαs
6π FμνðiD↔þÞ2FμνjP1i
ðPþÞ2ūðP2ÞuðP1Þ

; ð98Þ

X
q
DqðtÞ

���
pole

¼ −
M
t

hP2j TRnfαs
6π F2jP1i

ūðP2ÞuðP1Þ
: ð99Þ

Equation (99) seems to reproduce the first term of (95)
after βq is expanded to lowest order. However, apparently
there is a factor 3

4
mismatch in the normalization. Besides,

the previous argument around (85) did not hint at the
possible existence of an anomaly pole in the Aq, Bq form
factors.
To understand these differences, we quote the one-loop

result for the energy momentum tensor matrix element
between on-shell gluon (not nucleon) states [48]:

hp2jΘαβ
q jp1i¼−

TRαs
6π

�
pαpβ

t
þ lαlβ− tgαβ

4t

�
hp2jFμνFμνjp1i

þ���: ð100Þ

A superficial comparison with (90) suggests that poles of
equal magnitude are induced in the Aq, Bq,Dq form factors

AqðtÞ ≈ −BqðtÞ ≈DqðtÞ ∼
hαsF2i

t
; ð101Þ

and the issue of the factor 3
4
goes away because 3DqðtÞ−BqðtÞ

4
≈

DqðtÞ on the left-hand side of (95). Taking the trace of
(100), we find

hp2jðΘqÞααjp1i ¼ hp2j
TRαs
6π

F2jp1i; ð102Þ

which is the correct trace anomaly relation to this order. To
obtain (102), it is important to use the on-shell condition
p2 ¼ −t=4 of the external states, so that the two terms in
(100) contribute 1

4
and 3

4
of the total anomaly, respectively.

Going from gluon to nucleon targets, we see that the way
the trace anomaly relation (93) is fulfilled among various
form factors is highly nontrivial. A different, spin-2
operator FðDþÞ2F is involved in the Aq, Bq form factor
(98) due to the convolution integral in x. Moreover, a naive
identification pαpβ → PαPβ is precarious because the
nucleon is massive P2 ¼ M2 − t=4. While the difference
is negligible when

ffiffiffiffiffijtjp
≫ M, this obscures the fate of the

poles in (98) as t gets smaller.
On the other hand, the tensor lαlβ is formally identical for

both the nucleon and the gluon targets, lα ¼ pα
2 − pα

1 ¼
Pα
2 − Pα

1. We may therefore expect that the anomaly
relation at the partonic level is better reflected in the
DqðtÞ form factor even at the hadronic level, just as the
gPðtÞ form factor which is the coefficient of lα. Indeed,
the opposite signs in (97) suggests that the pole terms
mainly feed into the so-called Polyakov-Weiss D-term [49]
of the unpolarized GPDs,

HPW
q ðx;ξ;tÞ¼−EPW

q ðx;ξ;tÞ¼θðξ− jxjÞDqðx=ξ;tÞ: ð103Þ

The distribution Dqðz; tÞ is odd in z and is solely respon-
sible for the highest power of ξ in the moments of GPDs.
To extract it, we take the nth moment of (97) with odd
integers n,

X
q

Z
1

−1
dxxnHqðx; ξ; tÞ≈

TRnfαs
π

M2

t

Z
1

0

dx
xn

ðnþ 2Þðnþ 3Þ
1− ðξxÞnþ3

1− ξ2

x2

ðF ðx;ξ; tÞ−F ðx;ξ;0ÞÞ≡Xnþ1

i¼0

X
q

hiqnξi; ð104Þ

where we have minimally subtracted the pole at t ¼ 0 as in (89). The highest power hnþ1
qn is related to

Dqðz; tÞ as
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X
q

Z
1

−1
dzznDqðz; tÞ ≈

X
q

hnþ1
qn ðtÞ

¼ TRnfαs
π

M2

t
1

ðnþ 2Þðnþ 3Þ
Z

1

0

dx
x
ðF ðx; ξ; tÞ − F ðx; ξ; 0ÞÞ

¼ −2
TRnfαs

π

M
t

1

ðnþ 2Þðnþ 3Þ
� hP2jF2jP1i
ūðP2ÞuðP1Þ

−
hP2jF2jP1i
ūðP2ÞuðP1Þ

����
t¼0

�
: ð105Þ

By definition, the n ¼ 1 moment is the gravitational form factor
R
1
−1 dzzDqðz; tÞ ¼ DqðtÞ. Inverting the Mellin

transform (105) and noting that Dqðz; tÞ is an odd function of z, we obtain

X
q

Dqðz; tÞ ≈ −
TRnfαs

π
zð1 − jzjÞM

t

� hP2jF2jP1i
ūðP2ÞuðP1Þ

−
hP2jF2jP1i
ūðP2ÞuðP1Þ

����
t¼0

�
; ð106Þ

and in particular,

X
q

DqðtÞ ≈ −
M
t

�hP2j TRnfαs
6π F2jP1i

ūðP2ÞuðP1Þ
−
hP2j TRnfαs

6π F2jP1i
ūðP2ÞuðP1Þ

����
t¼0

�
: ð107Þ

Since hPjF2jPi < 0 in QCD and the form factor
hP2jF2jP1i is a decreasing function of jtj, the right-hand
side of (106) is positive, whereas DqðtÞ is usually believed
to be negative. While we expect that eventually the leading-

order coefficient TRnfαs
6π will be replaced by βq

2g after including
higher-order corrections, according to the three-loop analy-

ses in [45–47,50], the sign does not flip βq
2g > 0. This

suggests that the other terms in (95) that were neglected in
the above minimal subtraction procedure may be numeri-
cally important as we already suspected in the argument
below (85). Note also that the sign does flip if one includes
the gluon contribution to recover the full beta function of

QCD βq
2g →

β
2g < 0.

VII. CONCLUSIONS

In this work, we have performed a complete one-loop
calculation of the Compton scattering amplitude using
momentum transfer t as the regulator of the collinear
singularity. Our approach differs from all the previous
calculations in the GPD literature where one typically uses
dimensional regularization to isolate the collinear singu-
larity and sets t ¼ 0 right from the start, assuming that
nonzero t only generates higher-twist corrections of order
t=Q2. In practice, the introduction of an additional variable
t makes the calculation more cumbersome and brings in
unusual features. In the gluon initiated channel, we have
found anomaly poles 1=t (29) and (30) accompanied by
twist-four GPDs (9) and (10) in both the real and the
imaginary parts of the Compton amplitude, confirming and

extending our previous finding [6]. In the quark initiated
channel, we have unexpectedly found uncanceled single
and double IR poles in the “coefficient functions” (25) and
(26). Each of these features potentially implies the violation
of factorization. However, we have also performed the one-
loop calculation of GPDs for quark and gluon states with
the same set of regulators and showed how all these poles
can be systematically absorbed into the GPDs themselves.
This shows that QCD factorization is restored at least to
this order.
This is, however, not the end of the story. We have also

explored connections between GPDs and anomalies as a
natural and necessary consequence of the known connec-
tions between form factors and anomalies. We have argued
that once the poles 1=t have been absorbed into GPDs, they
become a part of the GPDs. In other words, anomalies
nonperturbatively relate twist-two and twist-four GPDs.
Such relations, once integrated over x, are expected to
reproduce the constraints among the corresponding form
factors. This scenario seems to be working for the polarized
GPD Ẽq and its connection to the chiral anomaly. Relation
(89), partly supported by the large-Nc argument, can be
viewed as the x-dependent generalization of the form factor
relation (77). The situation is more complicated (and more
interesting) for the unpolarized GPDs Hq and Eq and their
relation to the trace anomaly. We have argued that the
anomaly mostly constrains the DqðtÞ form factor and its
GPD analog, the Polyakov-Weiss D-term. The results we
have arrived at in (106) and (107) are roughly consistent
with the anomaly relation (95), but they differ in detail.
Further investigation in this direction is necessary.
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In conclusion, we have proposed finite-t regularization
as an alternative factorization scheme that elucidates the
physics of anomalies. This is a scheme where we are able to
unravel novel connections between twist-two and twist-
four GPDs mediated by the anomalies of QCD. Admittedly,
the calculation is more cumbersome than the standard
dimensional regularization with t ¼ 0. Still, the chiral and
trace anomalies are among the most fascinating phenomena
of QCD with far-reaching consequences, and we believe
that research on GPDs is enriched by incorporating such
fundamental problems. There are a number of directions
along which the current work can be refined or extended, in
addition to the aforementioned tension between (95) and
(107). First, we strongly suspect that anomaly poles are
present in higher-order perturbation theory. Especially in
the symmetric case, we expect that each additional loop
provides the corresponding term in the expansion of the
(quark part of the) beta function. A related question is
whether there are anomaly poles in the gluon GPDs that
complement the quark ones to restore the full beta function
β ¼ βq þ βg [44]. Another important question that has not
been addressed at all in this paper is how to understand the
new relations from a renormalization group point of view.
In the present scheme, the mixing between the twist-two
and twist-four GPDs occurs as a result of a finite sub-
traction rather than the DGLAP evolution of GPDs. The
UV properties of the twist-four GPDs (9) and (10) have
been studied in [19–22], but more work is certainly needed.
Furthermore, it is well known that at twist-3 accuracy, the
amplitude for DVCS off the nucleon contains twist-3 GPDs
apart from the usual twist-2 GPDs. It is also interesting to
pursue whether there are imprints of anomalies on twist-3
GPDs and related observables. Finally, constraints from
anomalies should be implemented in the modeling of
GPDs. In particular, the specific functional form given in
(106) might be helpful to model this poorly constrained
distribution.
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APPENDIX: DERIVATION OF EQ. (37)

In this appendix we give an outline of the derivation of
(37) and (38). The other results in Sec. V can be derived
similarly. For the quark matrix elements, we work in the
Feynman gauge. The ladder diagram reads, up to a
prefactor,

μ2ϵ
Z

dk−d2−2ϵk⊥
ð2πÞ3−2ϵ ūðpþ l=2Þ γμð=kþ =l=2Þγþð=k− =l=2Þγμ

ðp− kÞ2ðk− l=2Þ2ðkþ l=2Þ2
× uðp− l=2Þ; ðA1Þ

where

kþ ¼ xpþ; lþ ¼ −2ξpþ; l− ¼ −
ξl2

4pþ ;

⃗l2⊥ ¼ ðξ2 − 1Þl2; p− ¼ −
l2

8pþ : ðA2Þ

In the DGLAP region ξ < x < 1, the k− integral can be
done by picking up the pole of ðp − kÞ2 þ iϵ ¼ 0 at

k− ¼ −
k2⊥ þ 1−x

4
l2

2ð1 − xÞpþ ; ðA3Þ

in the upper half-plane. The remaining propagators can be
combined as

1

1−x

Z
1

0

da
Aðk⊥Þ

ðk2þð1−2aÞk · lþ l2
4
Þ2

¼ 1−x
ð1−ξð1−2aÞÞ2

Z
1

0

da
A
�
k0⊥− ð1−2aÞð1−xÞ

2ð1−ξð1−2aÞÞ l⊥
	

�
k02⊥− ð1−aÞað1−xÞ2l2

ð1−ξð1−2aÞÞ2
	
2
; ðA4Þ

where in the denominator we have shifted momentum
k⊥ → k0⊥ to complete the square. In the numerator we have
projected onto the twist-two component

ūðpþ l=2Þ � � �uðp− l=2Þ→ ½ð1− ϵÞk02⊥þðB− ϵCÞl2�ūγþu
≡Aūγþu ðA5Þ

with

B ¼ ð1 − ξþ aðxþ 2ξ − 1ÞÞðx − ξ − aðx − 2ξ − 1ÞÞ
ð1 − ξð1 − 2aÞÞ2 ;

C ¼ ð1 − aÞað1 − xÞ2
ð1 − ξð1 − 2aÞÞ2 : ðA6Þ
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The terms linear in k0⊥ have been dropped in (A5) since they vanish after the k0⊥ integral:

μ2ϵ
Z

1

0

da
1 − x

ð1 − ξð1 − 2aÞÞ2
Z

d2−2ϵk0⊥
ð2πÞ2−2ϵ

ð1 − ϵÞk02⊥ þ ðB − ϵCÞl2
ðk02⊥ − Cl2Þ2

≈
�
μ2

−l2

�
ϵ Z 1

0

da
1 − x

ð1 − ξð1 − 2aÞÞ2
1

ð4πÞ1−ϵ
�ð1 − 2ϵÞΓðϵÞ

Cϵ −
BΓð1þ ϵÞ

C1þϵ

�
: ðA7Þ

The first integral gives a UV pole:

ΓðϵUVÞ
4π

�
4πμ2

−l2

�
ϵ Z 1

0

da
ð1 − xÞð1 − 2ϵÞ

ð1 − ξð1 − 2aÞÞ2Cϵ ¼
1

4π

�
μ̃2

−l2

�
ϵ
�

1

ϵUV

1 − x
1 − ξ2

−
ð1 − xÞð2 lnð1 − xÞ − lnð1 − ξ2ÞÞ

1 − ξ2

�
; ðA8Þ

while the second integral gives double and single IR poles:

�
4πμ2

−l2

�
ϵ Z 1

0

da
1 − x

ð1 − ξð1 − 2aÞÞ2
−BΓð1þ ϵÞ

C1þϵ

¼
�
μ̃2

−l2

�
ϵ 1

ð1 − xÞ1þ2ϵ

�
2ðx − ξ2Þ
1 − ξ2

1

ϵIR
−
ð1 − xÞ2 − 2ðx − ξ2Þ lnð1 − ξ2Þ

1 − ξ2
þ ϵfðxÞ

�

¼
�
μ̃2

−l2

�
ϵ
�
−δð1 − xÞ

�
1

ϵ2IR
þ lnð1 − ξ2Þ

ϵIR

�
þ 2ðx − ξ2Þ
ð1 − xÞþð1 − ξ2Þ

1

ϵIR
−
4ðx − ξ2Þ
1 − ξ2

�
lnð1 − xÞ
1 − x

�
þ

−
ð1 − xÞ2 − 2ðx − ξ2Þ lnð1 − ξ2Þ

ð1 − ξ2Þð1 − xÞþ
−
1

2
δð1 − xÞ

�
ln2ð1 − ξ2Þ − π2

6

��
: ðA9Þ

Here fðxÞ is a certain function whose value at x ¼ 1 is the only thing we need.
In Feynman gauge, there are two other diagrams, giving

Z
ddk

ð2πÞd−1 ūðpþ l=2Þ γ
þ=kγþðδðkþ − ðxþ ξÞpþÞ − δðð1 − xÞpþÞÞ

k2ðp − l=2 − kÞ2ðð1þ ξÞpþ − kþÞ uðp − l=2Þ; ðA10Þ

and the corresponding contribution for its mirror diagram. They can be similarly evaluated. The result is

�
2ðx − ξ2Þ

ð1 − ξ2Þð1 − xÞþ
þ δð1 − xÞð2 − lnð1 − ξ2ÞÞ

� ð μ̃2−l2Þ
ϵ

4π

�
1

ϵUV
−

1

ϵIR

�
: ðA11Þ

Adding also the quark self-energy diagrams on the external legs, we arrive at (37) and (38). We note that the calculation can
also be performed in Landau gauge which has the advantage that the self-energy diagrams vanish identically.
In the ERBL region ξ > x, the pole of ðkþ l=2Þ2 in (A1) moves to the upper half-plane. We thus pick up the pole of

ðk − l=2Þ2 at

k−c ¼ k2⊥ − ðxξþ 1Þ l2
4
− k⃗⊥ · ⃗l⊥

2ðxþ ξÞpþ ; ðA12Þ

in the lower half-plane. The first term in (A10) also contributes (but not its mirror diagram).
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