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Extracting the hadron-quark phase transition
chemical potential via astronomical observations
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We propose a scheme to identify the region for the hadron-quark phase transition in cold dense strong
interaction matter (neutron star matter) to take place with astronomical observations. To study the property
of the first-order phase transition in the matter, we take the sound speed as the interpolation objective to
construct the equation of state of the matter involving the hadron and quark coexisting phase. We show the
feature of the sound speed in the matter with two conservation charges and a first-order phase transition.
With the maximum mass, the tidal deformability and the radius of neutron stars being taken as calibration
quantities, the baryon chemical potential region for the phase transition to occur is constrained to a narrow
range, and the most probable value of the phase transition chemical potential is found.
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I. INTRODUCTION

Research on the phase structure of strong interaction
matter has attracted great attention for decades. It is generally
believed that at low temperature and density, the basic degree
of freedom of strong interaction matter is the color-singlets,
i.e., hadrons, while at high temperature and/or high density,
the quarks deconfine from hadrons and become the basic
degree of freedom. The phase transition from hadron to quark
matter is usually referred to as hadron-quark phase transition,
or simply QCD phase transition.

At low density and high temperature, the QCD phase
transition has been understood well both theoretically and
experimentally. On theoretical side, the lattice QCD, the
Dyson-Schwinger (DS) equation approach, the functional
renormalization group (FRG) approach and many effective
models have made great progress which shows that the
phase evolution in case of the physical quark mass is in fact
a crossover but not finite-order phase transition (see, e.g.,
Refs. [1-11]). On the experimental side, one can generate

*baizhan@pku.edu.cn

"Present address: Institute of Theoretical Physics, Chinese
academy of Science, Beijing 100081, China.

*Corresponding author.
yxliu@pku.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2023,/108(1)/014018(14)

014018-1

such kind of matter with relativistic heavy ion collisions
(RHICs) in laboratory.

However, for the QCD matter in low temperature and high
density (i.e., cold dense matter), the theoretical situation is
more severe, since the first-principle lattice QCD simulation
is not adaptable because of the notorious sign problem,
and reliable experimental data are required to calibrate the
calculations in the framework of the DS equation approach
and the FRG approach. The density and chemical potential
for the phase transition to take place is then still not known.
There are even debates on whether there exists a phase
transition. Although DS equation, FRG and effective model
calculations indicate that there should be a first-order phase
transition in the region [3,5,6,9,10,12—15], there are also
arguments that the transition should be a smooth crossover,
i.e., no phase transition at all [16-18]. And on experimental
side, the corresponding density is far beyond the capability of
current terrestrial experiments.

A complementary method besides the RHIC experiments
is the observation of dense astronomical objects, especially
those for compact stars. Neutron star is one of the most
compact object in the universe, and it is very likely that the
density inside neutron star is so large that there exists a
hadron-quark phase transition [17,19-22]. When the phase
transition occurs inside neutron stars, the equation of state
(EoS) of the matter will be changed, and so do the mass-
radius relation and the maximum mass of the stars. There
have already been several neutron stars with large mass
observed [23-31], which requires that the EoS should be
stiff. The gravitational wave from binary neutron star
merger also provides important information about the
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EoS [32-34]. From the gravitational wave, it is found that
the tidal deformability of the star should be small, and
hence the EoS should be rather soft. Also, recent NICER
provides significant information for the profile of the
neutron star [30,31,35,36]. These indicate that astronomical
observations have provided strict constraints on the EoS.
For example, in Refs. [37,38], the EoS from nyz = 1.1n, to
up < 2.6 GeV have been constrained to a rather narrow
range, where n; is the nuclear saturation density. We then
take these recent observation data to identify the phase
transition and the chemical potential (density) region for
the phase transition to occur.

Because of the lack of fundamental approach to provide
the EoS of the matter involving the hadron-quark phase
transitions, one usually take the way that describes the
hadron matter and the quark matter separately via respec-
tive approach, and combine them together to get the
complete EoS in the whole density region (with hadron
matter, hybrid matter, quark matter, separately). It has been
known that the most widely used construction schemes are
the Maxwell construction and the Gibbs construction [19].
Both of these schemes describe a first-order phase tran-
sition. The Maxwell construction gives a violent phase
transition with a density gap, i.e., the EoS is not continuous.
The Gibbs construction, on the other hand, gives first-order
phase transition with two conservation charges, and the
phase transition is milder. Under Gibbs construction, the
EoS is continuous but not smooth.

In order to describe a crossover, the 3-window construc-
tion was proposed [17,39—42], and the corresponding EoS is
expected to be continuous and smooth. The 3-window
construction can also help reduce the uncertainties of hadron
and quark models in the phase transition region, as will be
discussed in detail in Sec. II B.

Apart from those constructions with models, there have
been schemes which directly construct EoS without con-
cerning the underlying model, for example the segmented
polytropic EoS [37].

It has also been known that the sound speed (SS) is
closely related to the EoS, and has been used in the study on
neutron stars. For example, the phase transition signal in
neutron star oscillations is studied with SS [43-45], and
neutron star measurements have been taken to provide
insights of the SS in intermediate density [46]. The SS can
then serve as a significant criterion for the phase transition.
For example, under Maxwell construction, there will be a
density range with vanishing SS, and there will be
discontinuities in SS under Gibbs construction. Under
3-window construction, however, the SS should be con-
tinuous and smooth everywhere.

There have already been studies which construct the SS
in cold dense matter. In Refs. [47-49], the authors used
a “constant speed of sound construction” which assumes
that the SS for quark matter is a constant, and the phase
transition is described with a density gap of the EoS.

This corresponds to a violent first-order phase transition
similar to the Maxwell construction. In Refs. [50,51], the SS
is constructed using a smooth Gaussian function, which
indicates a crossover, similar to the 3-window construction.
The SS can also be constructed using piecewise linear
function, which includes the most possibilities, as has been
done in Refs. [38,52]. In this way, the SS is continuous but
not smooth, which means that the phase transition is neither
first-order nor crossover. However, if the number of seg-
mentations is large enough, this construction can approach to
crossover. Also, as argued in Ref. [38], this construction
scheme can mimic the Maxwell construction closely enough.

However, in the above-mentioned progress on the SS
construction, there is no attempt to mimic the phase
transition with two conservation charges, i.e., the phase
transition described by Gibbs construction. For Gibbs
construction, there should be two discontinuities in the
SS as a function of density, and SS is not vanishing between
these two discontinuities. Some examples of such SS can
be found in Fig. 4 of Ref. [53] and Fig. 6 of Ref. [44].

We then in this paper develop a scheme to construct the
SS and the EoS of the matter involving hadron-quark phase
transition and two conservation charges, and make use of
them to calculate the properties of compact stars. The
construction takes the baryon chemical potential (density)
as the parameter to label the phase transition. In this way,
the uncertainties of hadron and quark approaches in phase
transition region can be absorbed into the uncertainties of
the phase transition chemical potential. With the mass, the
radius and the tidal deformability of the stars being taken as
calibrations to exclude the inappropriate parameters, we
extract then the most probable baryon chemical potential
region for the hadron-quark phase transition to happen in
the cold dense matter with two conservation charges.

The paper is organized as follows. In Sec. II, we describe
our new method to construct the EoS of the cold compact
star matter involving the hadron-quark phase transition,
where in Sec. II A, we introduce the basic feature of the
phase transitions with two conservation charges, and talk
about the necessity to develop a new construction scheme
in Sec. II B. The detail of our new construction scheme
is described in Sec. II C. In Sec. III, we implement our
proposed construction to calculate the property of compact
star, and take the astronomical observations to constrain the
EoS of the matter as well as the possible range for the phase
transition to take place. In Sec. IV, we give a summary and
remark.

II. CONSTRUCTING THE HADRON-QUARK
PHASE TRANSITION IN HYBRID STAR MATTER

A. First-order phase transition with
two conservation charges

In hybrid star matter, there are two conservation charges,
namely the baryon number and the electric charge number.

014018-2



EXTRACTING THE HADRON-QUARK PHASE TRANSITION ...

PHYS. REV. D 108, 014018 (2023)

Therefore, we need two chemical potentials to identify the
state of the matter, which are usually referred to as the
baryon chemical potential up and the charge chemical
potential yy. In hadron phase, we have ppg = pu, and
Mo = —H., Where w,, p, is the chemical potential for
neutron, electron, respectively. In quark phase, we have
Ug = p, + 2u,, where p,,, u, is the chemical potential of u,
d quark, respectively.

Since the pressure of the matter is governed by two
chemical potentials, it appears as a surface in p — yup — i,
space, for both the hadron phase and the quark phase. It has
been known that the relativistic mean field model (RMF)
[54,55] is a successful theory in describing the properties of
hadron matter in the density region relevant in compact stars
[19,20]. And the Dyson-Schwinger (DS) equation approach,
almost uniquely, the scheme which includes both confine-
ment and chiral symmetry breaking [56], is successful in
describing hadron properties and QCD phase transitions
(see, e.g., Refs. [2-6,57-60], especially for the high density
(baryon chemical potential) region where the lattice QCD
simulation does not work well due to the so-called “sign
problem” [61]. Details of the description of the hadron and
the quark approaches are represented in the Appendix. We
then take the RMF with TW-99 parametrization [62] (with-
out the inclusion of hyperons) to calculate the hadron
surface, and implement the DS equation approach of
QCD described in Refs. [63,64] with ¢ = 2 to describe
the quark surface. The obtained results are shown in Fig. 1 as
an illustration of the hadron and the quark surfaces.

It is well known that, as the phase transition happens, the
Gibbs condition should be satisfied, i.e., the chemical

FIG. 1. Calculated function surface of the pressure in terms of
the two chemical potentials of the hadron phase without including
hyperons (pink) and that of the quark phase (green). The red
dotted line on the pink surface corresponds to charge neutral
hadron matter states, and the solid orange line on the green
surface corresponds to charge neutral quark matter states. The
blue solid line is the cross line of the two surfaces, and the two
blue balls correspond to the points where the blue line intersects
with the red dashed line and the solid orange line, respectively.

potentials (15, p,) and the pressure (p) should be the same
in the two phases. Therefore, the phase transition should
only happen on the cross line of the two surfaces, which
corresponds to the blue solid line shown in Fig. 1. At low
and high baryon chemical potential, since the hybrid star
matter should be charge neutral, the hadron and the quark
surfaces degenerate to the charge neutral lines. On the blue
line, however, the hadron and the quark matter can be both
charged as long as their charges could be canceled.

Fig. 1 shows distinctly that, with the increasing of baryon
chemical potential, the pressure of the matter changes along
the red dotted line, until the red dotted line intersects with
the blue line, and the phase transition begins. The pressure
then changes along the blue line. As the blue line intersects
with the orange line, the phase transition ends, and the
pressure changes along the orange line of quark matter.

On these lines, both the p and the y, can be represented
by pp, and the first order derivative of the pressure is

dp _ op
dup  Oup

dp du, (1)
e dup

At the intersection point of the red dotted line and the blue
line (denoted by blue balls in Fig. 1), the derivative
du,/dug is not continuous since the connection of the
two lines is not smooth. However, since dp/du, is zero on
the red line because of the charge neutral requirement, the
first order derivative of the pressure is continuous on this
cross point. The second order derivative d” p/du%, however,
is not continuous on the phase transition point, and the
square of the sound speed

2= dp _ %’ (2)
de  ppd”p/dug

is not continuous at this point. The same goes for the
intersection point of the blue and orange lines. The general
characteristic of the sound speed squared as a function of
baryon chemical potential can be shown in Fig. 2.

It is known that, when the baryon chemical potential is
barely beyond the proton mass, the matter is in hadron
phase, and the SS increases monotonically with the
increasing of baryon chemical potential. At some critical
chemical potential y (e.g., here yy = 1.23 GeV), the quark
matter begins to appear, and the sound speed squared
gets discontinuous. At another critical chemical potential
u; (e.g., here u; = 1.63 GeV), the SS involves another
gap where hadron matter disappears completely and the
hadron-quark phase transition ends. And in case of the
chemical potential y > p;, the 2 increases monotonously
and approaches the conformal limit 1/3. As for the ¢?(ug)
in the region uy < up < u;, one still does not have any
concrete knowledge. It is just what we take as the objective
to construct the EoS of the matter involving the hadron-
quark phase transition.
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FIG. 2. General behavior of the sound speed squared as a
function of baryon chemical potential. The hadron matter
(composing of protons, neutrons and leptons) is described with
the TW-99 model in the RMF theory, the quark matter is
described with the DS equation of QCD with a = 2. The ¢?
of the mixed phase is obtained with Eq. (2) whose input is the
EoS gained with the Gibbs construction.

B. Maxwell, Gibbs and 3-window constructions

In order for the hadron-quark phase transition described
above to happen, the hadron surface and the quark surface
must have a cross line, and the intersection line must also
intersect with the charge neutral lines on both surfaces.

In practice, it is not necessary (and in many cases, not
possible) to calculate the whole p — up — u, surfaces. What
we need to calculate are the charge neutral lines for both
hadron and quark phases, and project the obtained results
onto the p-up plane. In Fig. 3, we present an example for
such a projection.

It has been well known that, at low density, hadron phase
is the stable phase. The pressure of the hadron phase should
then be larger than that of the quark phase. At high density,
the quark phase should have larger pressure to be more
stable. Therefore, for the phase transition to happen, there
must be a cross point for the p — up curves of the two
phases. The cross point, (pg,pupg), is just the phase
transition point in Maxwell construction.

Under the Maxwell construction, the matter with baryon
chemical potential up < pp can be consequently described
by hadron model, while the matter with g > 5 can be
described by quark model. To manifest the phase transition,
one usually take into account the following Eq. (3).

p = p"0(ugo —ug) + p2O(ug — pgo).
e=e"0(upo— up) +€20(up — upyp). (3)

where p', el is the pressure, the energy density for hadron
matter, and p?, ¢ is the pressure, the energy density for
quark matter, respectively. The 6(x) is the usual step
function.

0.8 T T T T T T T
mmm= hadron N
0.7F = = hadron NY E
p = quark ]
0.6F mix
«‘/w\ 0.5F 7/ E
/
= : ’ ]
= 0.4 //
> 03f R ]
% 0.2f L ]
0.1f Z 3
0.0 3
—0.1 L L L L L L L
1.0 1.1 12 13 14 15 16 1.7 18
up(GeV)
FIG. 3. Calculated pressure as a function of baryon chemical

potential for different phases. The black solid line corresponds to
the hadron matter where only proton and neutron (and lepton) are
included, the gray dahsed line corresponds to the hadron matter
which includes also hyperons, and the blue solid line corresponds
to the quark matter. The red dotted line is the projection of the
cross line in Fig. 1. The model we use are all described in the
Appendix.

However, if we look at the p — up — u, space in Fig. 1
more carefully, the Maxwell construction corresponds to a
sudden jump from the charge neutral line of hadron phase
to the charge neutral line of quark phase, i.e., the electron
chemical potentials of the two phases are not the same at
Up o and the phase transition condition (equal pressure and
equal chemical potential) is actually not satisfied.

In order for the phase transition condition to be satisfied,
the phase should evolve along the cross line of the hadron
and quark surfaces in Fig. 1, which is projected as the red
dotted line in Fig. 3. This red dotted line then describes the
mixed phase where hadron matter and quark matter coexist.
We notice that this mixed phase is exactly the same as we
get from usual Gibbs construction, except that instead of
the whole hadron and quark surfaces, only the points on
the cross line are included. The usual equation for Gibbs
construction reads:

P (s pe) = P (g o),

(1= y)nf (ug.p.) = —xn€ (up.pe). (4)

where n’/, ng is the charge density for hadron matter, quark
matter, respectively. y is the quark volume fraction to be
determined. Then, the energy density of the mixed phase is:

e=(1—y)et + ye2. (5)

Both Maxwell and Gibbs constructions have been widely
used and succeeded in constructing hybrid stars which satisfy
astronomical constraints (see, e.g., Refs. [19,20,53,65-67]
and many others). However, there are cases where they are
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not adaptable. For example, in Fig. 3, the gray dashed line
corresponds to the hadron matter with the inclusion of
hyperons, and it does not intersect with the quark line in
the cases pp < 1.6 GeV. A naive speculation by eye seems to
suggest that there will be a cross point at larger chemical
potential, but the hadron model, such as the RMF, will break
down at such a large density and there will be no physical
solution to the equations.

This problem should not be regarded as a flaw of the
construction, but instead is due to the inappropriate
application. One knows well that hadron models are
calibrated by experiment at low density, and are unreliable
at high densities. Similarly, the quark models should only
be adopted in high density region, and approach the
asymptotic freedom with the increasing of the density.
They should then not be implemented at low densities. At
intermediate density where the phase transition takes place,
both the hadron model and quark approach lose their
accuracy. Therefore, even if the p(up) curves of the two
phases do not intersect, it does not mean that the phase
transition will be prohibited.

In order to overcome the above-mentioned inaccuracy
problem, the 3-window construction was proposed
[17,39-42]. In the spirit of 3-window construction, one
can get the EoS of the matter in the middle density region
for the two phases to coexist by interpolating the results of
the hadron and the quark models. There have been several
ways to do the interpolation. For example, in Ref. [39], the
energy density is interpolated with weight function f:

e=f_el +f €2

fi= % <1 + tanh (”Br_ ”)) (6)

where np is the baryon number density, 7 and I" is the
parameter for the weight function. The pressure and
chemical potential can then be derived with general
thermodynamical relations.

However, these interpolation schemes assume that the
transition from hadron to quark matter is a crossover, and
have not yet taken into account the characteristics of the
first—order phase transition which has been proposed to
happen in cold dense strong interaction matter with con-
tinuum field theory of QCD (see, e.g., Refs. [3—6,9,10] and
others). Since the 3-window construction can be viewed as a
generalization of Gibbs construction, where the quark
volume fraction is actually a special kind of weight function,
it is possible to find a way which combine the advantages of
both the methods.

In this paper, by inspiration of the Maxwell, Gibbs and
3-window construction, we propose a new construction
scheme which describes a first-order phase transition with
two conservation charges, while avoiding using the hadron
and quark model in intermediate density region where they
are not reliable enough.

C. Sound speed construction

In the spirit of 3-window construction, we propose a new
scheme to interpolate the EoS in the phase transition region.
Using this method, the large uncertainties of hadron and
quark theories will be absorbed into the uncertainties of the
construction parameters. We will see that the chemical
potentials labeling the phase transition region can be taken
as the construction parameters. Then, it will be easier to
constrain the phase transition chemical potentials directly
from astronomical observations, instead of constraining
them indirectly through the constraints on hadron/quark
theory parameters.

In order to address the first-order phase transition with
two conservation charges, we make use of the variation
feature of the SS to construct the EoS. It has been known
that the speed of sound in hadron matter at low density and
that in quark matter at high density can be calculated with
quite high precision via the respective approach. In this
work, we take the RMF model for hadron matter, and DS
equation approach of QCD for quark matter. Inspired by the
result obtained via the Gibbs construction, illustrated in
Fig. 2, we construct the square of SS in the middle density
region for the hadron and quark phases to coexist with a
polynomial function:

N
Kilup) =D auup, (7)
n=0

where {a, } are parameters to be fixed. The phase transition
region is denoted as py < up < py, where p, pt; correspond
to the beginning, the ending of the phase transition,
respectively.

After constructing the SS as a function of baryon
chemical potential we can calculate the EoS of the matter
by solving the ordinary differential equations (ODEs):

ong  ng oap
o=, 5 =N (8)
oup  ppcs(up) Oup

which are just simply the thermodynamic relations. The
initial condition is

ng(po) = ng (o), P(to) = pu(Ho) )

where ny and pp is the baryon number density and the
pressure calculated via the hadron model.

Similarly, concerning the phase equilibrium condition,
we have another boundary condition:

P(Ml)IPQ(Ml)» ng(uy) :nQ(ﬂl)’ (10)

where py and n, is the pressure, the baryon number
density of the quark matter, respectively. The construction
requires N + 3 parameters (N + 1 for the polynomial
function, and 2 for the boundary chemical potentials).
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After taking Eq. (10) to constrain the parameters, only N + 1
parameters are independent.

Instead of directly using {a, }, we choose a set of sound
speed squared ci (i) A8 free parameters. Each sound speed

squared corresponds to a certain chemical potential, ,ug>,
where i =1,...,N — 1. We require that ﬂg) be evenly
distributed in the range (g, pt;). For example, for N = 2,
ﬂé” = (up +p1)/2, and for N =3, we have ,ug) =

2
po + 3 (1 — o), and /45;) = o +3 (1 — po). Therefore,

the free parameters are: yi, ; and ci(l), ci(N_l).

In our calculation, the ranges of these parameters are set as:
0.938<pp<1.5GeV, 1.2GeV <pu; £2.0GeV, OSCi(i) <
1.0. The range of the sound speed squared is set with the
causality and stability (see, e.g., Refs. [46,50,53]). The lower
bound of y, is proposed by considering naively the appear-
ance of nuclear matter. The other bounds of the chemical
potential are preset arbitrarily, but we will see later that these
ranges are irrelevant since they will be further narrowed
down by astronomical observations. We randomly choose
these parameters from their corresponding ranges and con-
struct the sound speed squared, then integrate Eq. (8) to get
the EoS in each case. We do this for 200000 times, and get the
values for the SS and EoS for each set of parameters.

Before applying astronomical restrictions, some param-
eter sets should be automatically abandoned. The parameter
sets with py > u; will not be used, since it is physically
meaningless. Also, it is necessary to require that at chemical
potential o and p, the SS of mixed phase is smaller than that
of the hadron phase, the quark phase, respectively, as shown
in Fig. 2. The parameter sets which do not satisfy this
requirement will be abandoned. The reason can be seen from
Fig. 3. In order for the mixed phase to be favored, it must have
a larger pressure than both hadron and quark phase in the
range py < pp < p;. Since the pressure p and its first order
derivative dp/dup is continuous at the phase transition
chemical potentials, the mixed phase must have a larger
second order derivative to have a larger pressure. Then, from
Eq. (2), we can see that this larger second order derivative will
lead to a smaller sound speed squared.

III. NUMERICAL CALCULATION,
RESULTS, AND DISCUSSIONS

After having the energy density ¢ and pressure p of the
cold dense matter, we can calculate the mass-radius relation
of the compact star by solving the TOV equation (see, e.g.,
Ref. [19])

dp __me(1+p/e)(l +4xr3p/m)

dr r? 1—-m/r ’
d
d—’j = 4nrle,

where we have taken the G = 1 unit.

The tidal deformability A of the star can be related to the
star’s mass M and radius R as

2 R\5
A=Zh (2
3k2<M>’

where k, is the tidal love number of the compact star, which
can be calculated as [68,69]

8
ky = gﬁSZ[6ﬁ(2 = yg) + 6% (Syg — 8) + 447 (13 = 11yg)
+4p*(3yr —2) + 86°(1 + yg) + 3zIn(1 = 28)] 7",
where f = M/R is the compactness parameter,

2= (1-28)22-yr+28(r - 1)).

and ygz = y(r = R) where y(r) is calculated by solving the
equation

dy  y* y-—6
dr r r—=2m rQ,
with
— 2
0 =4y Ot O+ Vp+ (et p)/es
1-2m/r
3 2
_ [2m +4nrp)|* (n
r(r—2m)

Since astronomical observations have provided the
maximum mass, the tidal deformability and other informa-
tion of the stars, we then take these observations to
constrain our constructed EoS.

Since neutron stars with masses over 2M, have been
observed (see, e.g., Refs. [23,24] and others), we should
exclude the constructed EoSs which result in a maximum
mass less than 2M . The detection of gravitational wave
also sets the upper limit of the maximum mass of neutron
stars, so we require that the maximum mass is not larger
than 2.16M [30,31,70-72].

Based on the information provided by the gravitational
wave detection for the tidal deformability A, we require
A4 < 800 for a 1.4M 4 neutron star according to Ref. [32],
and Ay 4 > 120 according to Ref. [37].

The radius of the neutron star is closely related to their
tidal deformability. However, the possible radius can still
vary in a large range for some given A [73]. Therefore, we
also take the radius to constrain our construction. Since
we still do not have the model independent result for
the neutron star radius, and neither the observations, we
implement R € (9.9,13.6) km for 1.4M, neutron star
according to Ref. [37] to constrain the EoS.

After constraining the mass, radius and tidal deform-
ability, the baryon chemical potential region for the
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hadron-quark phase transition to occur can be constrained
by the astronomical observations.

A. For quadratic construction

We first take a quadratic function to construct the sound
speed squared, that is, taking N = 2 in Eq. (7).

In Fig. 4, we show the y, dependence of the number of
the EoSs satisfying several kinds of astronomical con-
straints. The hadron matter is described with the RMF
model with the inclusion of hyperons, the quark matter is
described with the DS equation approach of QCD, and the
mixed phase region is constructed using the SS interpola-
tion introduced in Sec. II C with a quadratic function. We
show the number of the EoSs without any astronomical
constraints with red bars, those satisfying the requirement
120 < A4 < 800, R4 € (9.9,13.6) km with blue bars,
those with further constraint M, > 2M, with yellow
bars, and the ones with much further requirement 2M 4 <
M. < 2.16Mg in green bars. Although the parameters
are taken randomly in the corresponding ranges, the red
bars which label the number of the EoSs without any
astronomical constraint shown in Fig. 4 is not uniformly
distributed. This is because when y is too large, there are
possibilities for y > p;, or the construction cannot satisfy
the boundary condition in Eq. (10).

From Fig. 4, one can find easily that, although the
constraints on the tidal deformability and the radius reduce
the number of the EoSs for different values of the y, they
do not change the range of the p,. Meanwhile, the lower
limit of the maximum mass reduces the upper limit of the
1o, but the upper limit of the maximum mass does not
change the range of u.

4000

T
- fit
. ALL
B 120 <A 4<800,99<R 4<136

Mipae/Mey > 2,120 < A1 4 < 800,9.9 < Ry 4 < 13.6
B 2 < My /Mo < 216,120 < Ay 4 < 800,9.9 <Ry 4 < 13.6 ]

1000 f ‘||| 1

500 I 1

3500

1500 f

Number of EoS

FIG. 4. Calculated p dependence of the number of constructed
EoSs with several kinds of astronomical constraints. In the
construction, the hadron matter is described with the TW-99
model in the framework of the RMF with nucleons and hyperons,
and the quark matter is described via the DS equation approach of
QCD with a = 2.

After taking into account all the astronomical
constraints, the range of pu, is constrained to be
o < 1.12 GeV, which corresponds to a baryon number
density ny < 3.16n,, where n; = 0.153 fm™ is the satu-
ration nuclear matter density. However, the lower limit of
Ho 1s only 0.938 GeV, corresponding to nearly zero baryon
number density which is consistent with the DS equation
result given in Ref. [5].

Since our initial parameters are randomly distributed in
their corresponding ranges, the number of the EoSs should be
proportional to the probability distribution. The distribution
of the green bar is very similar to the normal distribution,
except that there is no data points for g, < 0.938 GeV.

The normal distribution has the form:

pu<x<p+du)

2
Ef(/l;E, g)d,u = 2€Xp |:— u] du, (12)

2062

210

where p(u < x < u + du) is the probability for a data to be
in the range (u, u + du), E and o is the expectation value
and the standard deviation, respectively.

By integrating the normal distribution function, we get
the probability for a data to be in the range (—oo, u):

P(x<p) = /_:f(x;E,G)dx :% [1 +erf<ﬂ\éf>}
=F(i; E, 0). 1)

Since we need to neglect all the data with
x < p. =0.938 GeV, we should then reformulate the
function as:

F(u) = F(u.)

= Fa) =F(p). (14)

P(ue <x<p)=

Using function F to fit the dataset of 4, we can get E and
o with the least square fitting. The distribution function
then follows f(ug; E,o) which is defined in Eq. (12)
(except for the cutoff).

The fitted f(ug; E, o) is displayed in Fig. 4 with pink
dashed line. The most probable value of the g, is
(o) = E = 1.00 GeV, with the standard fitting error being
5.3 x 107 GeV. This most probable chemical potential
corresponds to a baryon number density 1.64n, at which
the nucleons in the matter begin to overlap with each
other [74].

Similar analysis has been carried out on y;, the baryon
chemical potential corresponding to the ending of the
hadron—quark phase transition. The obtained y; dependence
of the number of EoSs is shown in Fig. 5. As can be seen from
the figure, after applying the astronomical constraints, the
range of the p; is assigned as 1.42 <u; < 1.65 GeV,
corresponding to a baryon number density range
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4000 = T T T T T T T T
- fit
I ALL
3500 I oy 120 < A4 <800,9.9 < Ry < 13.6 1
Myan/Mey > 2,120 < Ay 4 <800,9.9 < Ry 4 < 13.6
3000 I 2 < My /Mo < 2.16, 120 < Ap4 < 800,9.9 < Ry 4 < 13.6 1
K
g 2500 F .
[
3]
5 2000 | .
E
5 1500 | .
Z
1000 | .
500 | - .
FIG. 5. The same as Fig. 4 except that this is for the
dependence.

6.13 < n;/n, < 11.14. As the same as done for y, we fit
the distribution of EoSs with a normal distribution function,
and find that the most probable chemical potential is
(1) = 1.53 GeV, where the standard fitting error is
2.7 x 107> GeV. This chemical potential corresponds to
baryon density (n;) = 8.22n,.

We have shown above that astronomical observations
can constrain the chemical potential region of the phase
transition. However, the values of the astronomical observ-
ables, e.g., the mass, the tidal deformability and the radius
have not yet been fixed concretely in observations, and
different studies give distinct results. Therefore, we repeat
the above described analyzing process with different
astronomical constraints, and for each set of the constraints,
we consider two different cases: hyperons appear or do not
appear in the hadron matter. The obtained main character-
istics of the results are listed in Table L.

The first set of Table I gives the result we have just
described above. The notation Nq, NYq refers to the case

TABLE L

that the hadron matter sector does not include, or includes
hyperons, respectively. Comparing the results with and
without hyperons, one can observe that the upper limit of
the po decreases after including hyperons. The second set
lists the result when a larger upper limit of the maximum
mass of a star is taken. It is evident that, the lower limit of
the y; reduces a lot, no matter whether hyperons are
included. The third set shows the result under a larger
lower limit of the tidal deformability. It manifests clearly
that the upper limits of the y; is reduced. Meanwhile, the
upper limit of the g is also reduced when hyperons are
included. The fourth set shows the result under a smaller
radius range. One can notice from the data that the upper
limit of the p; is reduced, but the change is smaller
comparing to the second and the third set. This means
that the constraints from the mass and the tidal deform-
ability is more stringent.

The obtained result under the most strict astronomical
constraints is given in the last set of Table I. It is apparent
that the regions of the p, and the u; are narrowed down
correspondingly. Furthermore, under these constraints, the
most probable beginning and ending chemical potentials
are (ug) = 1.09 GeV, (i) = 1.50 GeV in the case without
hyperons, and (yg) = 0.99 GeV and (u;) = 1.50 GeV
when hyperons are included. It indicates that the chemical
potential corresponding to the ending of the hadron—quark
phase transition is not influenced much by the inclusion of
hyperons under such an astronomical circumstance, but the
chemical potential corresponding to the beginning of the
phase transition is reduced obviously by hyperons.

B. For cubic construction

In previous subsection, we have shown the results with
the EoS which generates the SS with a quadratic function in
the mixed phase region, i.e., taking N = 2 in Eq. (7), and
find the most probable value for the phase transition to take
place. To further verify our result, we will consider the

Constrained quantities featuring the hadron-quark phase transition under different astronomical observations. The

composition Nq, NYq refers to the case that the hadron matter sector does not include, or includes hyperons, respectively. The baryon
chemical potentials are in the unit of GeV, and the baryon number densities are in the unit of n;.

Astronomical observations

Constrained Range of the quantities

M yox (M) Ay Ry 4 (km) Composition  fomax Momax  (Ho) (M0) M1 min Himax M1 min Mimac () (1)
22061080936 W ) Sie t0 137 142 16 613 di4 15 822
22351080 99936 W 1Ty 306 099 138 131 165 436 1114 150 759
2206 MAUSH00 9936 \Yo {05 231 099 135 142 1 613 o5 149 79
221610800 0612806 Y 1Ty 306 fol ey 142 163 613 1072 152 807
2216 MSOUT) 041918 o {55 330 099 136 143 158 636 924 150 753
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TABLE II. A comparison between the obtained results of the
(o), {(u1) and their errors (in unit GeV) via the quadratic and
cubic interpolation functions. The astronomical constraints
implemented are: 2.0 <M <2.16M,, 120 <A <800 and
9.9 <R <13.6 km. The “err” columns list the standard error
for the fitting of truncated normal distribution.

Composition Construct () erT. Uy (1) err. y;
N Quadratic 1.00 3.7x 10™* 1.52 2.7x107°
Cubic 099 4.1x10* 1.54 22x107°
NY Quadratic 1.00 54 x 1075 1.53 2.7x107°
Cubic  1.00 54x1075 1.54 2.0x107°

cubic interpolation function for the SS in the mixed phase
region, i.e., taking N = 3 in Eq. (7) in this subsection.

Taking the same technique described in Sec. III A, we
can find the most probable values of the baryon chemical
potential region for the hadron-quark phase transition to
happen under the cubic SS interpolation. The obtained
results and the comparison with those via the quadratic
interpolation are shown in Table II.

From the Table II, one can observe evidently that the
most probable values labeling the baryon chemical poten-
tial region for the phase transition to take place is only very
slightly changed by increasing the power of the interpolat-
ing function. This fact indicates that with our construction
scheme, the region of the baryon chemical potential for the
hadron-quark phase transition to take place (i.e., for the two
phases to coexist) can be totally determined by astronomi-
cal observations, regardless of the detail of the construction.

IV. SUMMARY AND REMARKS

In this paper, we propose a scheme to interpolate the
hadron and the quark models to construct a complete EoS
for the compact star matter involving hadron-quark phase
transition. We show the characteristic of the SS in the
matter with two conservation charges and a first-order
phase transition, and take it as the objective to be
interpolated. To describe the hadron matter we take the
RMF model with the TW-99 parameters, and for the quark
matter we implement the DS equation approach of QCD.

With the astronomical observations such as the maximum
mass of the neutron star, the radius and the tidal deformability
of the star with M = 1.4M being taken as calibrations, the
baryon chemical potentials which correspond to the begin-
ning and the ending of the hadron-quark phase transition are
constrained to a quite small range. Meanwhile, the distribu-
tion of the phase transition chemical potentials can be fitted
with the normal distribution, and the most probable values of
the phase transition chemical potential and baryon number
density are found. The obtained results agree with the ones
given via effective field theory of QCD very well.

We have also looked over the effect of the maximum
mass, the radius, and the tidal deformability on the phase

transition chemical potentials by varying the calibration
ranges of the observables. It shows that a narrower range
of the astronomical values indeed leads to a narrower range of
the phase transition chemical potential. With the most strict
observation constraints, the most probable values of the
hadron-quark phase transition chemical potential and the
baryon density are: (iy) = 0.99 GeV and (;) = 1.50 GeV,
ie., (nyg) = 1.36n, and (n;) = 7.53n,.

In order to verify the interpolation scheme, we compared
the results obtained with the quadratic and the cubic
interpolation functions. The results agree with each other
excellently, indicating that our construction scheme is
reliable.

Even though the phase transition chemical potentials
have not yet been constrained to concrete values exactly
now due to the astronomical observations having not
provided exact values for the calibration quantities, we
have shown that the presently proposed scheme to deter-
mine the baryon chemical potential region for the hadron-
quark phase transition to occur is efficient and found the
most probable values. With future detections, the maximum
mass, the tidal deformability, and the radius of neutron stars
can be measured with higher accuracy, the range of the
phase transition chemical potentials can be determined
more precisely.

ACKNOWLEDGMENTS

The work was supported by the National Natural Science
Foundation of China under Contract No. 11435001,
No. 11775041, No. 12175007, No. 12247107, and
No. 12205353, China Postdoctoral Science Foundation
under Grant No. 2022M723230, and CAS Project for
Young Scientists in Basic Research (YSBRO060).

APPENDIX: APPROACHES DESCRIBING THE
HADRON MATTER AND THE QUARK MATTER

In order to study the phase transition in compact star
matter, one usually has to take approaches for hadron
matter and quark matter separately. We describe then the
approaches we take in this work in this appendix.

1. Relativistic mean field theory for hadron matter

For hadron matter, we adopt relativistic mean field (RMF)
theory [19,54,55,62]. The Lagrangian of the RMF reads:

L =Ly + Ligy + Lyt + Ling: (A1)

where L is the Lagrangian of free baryons.

In this work, we consider the baryon octet p, n, A, >+0
and Z° for baryons. The corresponding Lagrangian is
written as

014018-9



ZHAN BAI and YU-XIN LIU

PHYS. REV. D 108, 014018 (2023)

Ly = Z@i@’,ﬁ” —m;)¥;. (A2)
Ly is the Lagrangian of mesons, which reads
1 2 2y _ ] y_ L5
Ly = 5 (0,600 — mz0”) — Za)m,a)” - Emma}”a)"
1 1
- Zp/wplw - 5 mgpyp”v (A3)

where o, w,, and p, are the isoscalar-scalar, isoscalar-
vector, and isovector-vector meson field, respectively, with
Dy = aua)v - azzww Puw = aﬂpl/ - al/pﬂ‘

The L;, in Eq. (Al) is the Lagrangian describing the
interactions between baryons which are realized by
exchanging the mesons:

Lin = ZgaB@BGlPB - 90;3@37,4(0” Yp
B

- nglPBnyB : pI“PB7 (A4)
where ¢; for i =0, w, p are the coupling strength
parameters between baryons and mesons, which depend
on the baryon density.
For nucleons, the coupling constants are
gin(PB) = gin(psa) fi(x), Tfori= o, w,p,

where pp is the baryon density, p,, is the saturation density
of nuclear matter and x = pp/pg,. The density function can
be written as [62]:

1+ bix+d)?
fi(x)_ai—l—kc,»(x—i—d,»)z’
fp(x) =exp[-a,(x—1)],

for i =0, w,

where the value of parameters a;, b;, ¢;, d; and g;y (ps,) and
m; are listed in Table III.

For hyperons, we represent them with the relation
between the hyperon coupling and the nucleon coupling
as: y, = gﬁ, Ko = zw—; Xp = Z’—; On the basis of hypernuclei
experimental data, we choose them as those in

Refs. [19,79]: y, = 0.7, x,, = x, = 0.783.

TABLE III. Parameters of the mesons and their couplings
(taken from Ref. [62]).

Meson i o 0] p
m;(MeV) 550 783 763
gin(Psar) 10.72854 13.29015 7.32196
a; 1.365469 1.402488 0.515
b; 0.226061 0.172577

¢ 0.409704 0.344293

d; 0.901995 0.983955

The L, is the Lagrangian for leptons, which are treated
as free fermions:

['lep = Z‘?l(%ﬂ‘ - ml)lPl’ (AS)
1

and we include only the electron and muon in this work.

The field equations can be derived by differentiating the
Lagrangian. Under RMF approximation, the system is
assumed to be in the static, uniform ground state. The partial
derivatives of the meson fields vanish, except that the
0-component of the vector meson and the 3rd-component
of the isovector meson survive and can be replaced with the
corresponding expectation values. The field equations of the
mesons are then:

Mmoo = Z%B <@B‘I’B>’ (A6)
B
Mgy = Zng (P570¥5), (A7)
B
mlz;/’03 = ngB (¥5r0735%5). (A8)
B

where 733 is the 3rd-component of the isospin of baryon B.
The equation of motion (EoM) of the baryon is

[y”(iaﬂ - Zﬂ) - (mB - gr;BG)}lPB =0, (A9)
where

2/4 = 9wB®) + 9oBTB Py + 25
The ZE is called the “rearrange” term, which appears

because of the density-dependence of the coupling con-
stant, and reads

Ju (09uB = 99,8
= ;ﬂ ( a;B Ypr'¥po, + #WB}’I/TB p,¥p

0 -
gO'B lPB‘I‘BU) ,
dp

(A10)
where j, = Wpy, ¥y is the baryon current.

Under the EoM in Eq. (A9), the baryons behave as
quasiparticles with effective mass

My = My = G0, (Al1)
and effective chemical potential:
Wy = Mp — JuB®0 — GppT38P03 — Zi-  (Al12)
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One can then get the baryon (number) density:

- d3k k%B
pBE<‘PBYOTB> _VB/W B2’

where kpg = \/uy — mB is the Fermi momentum of the
particle, y5 = 2 is the spin degeneracy. And the scalar
density is

(A13)

&k m
22)° /12 + m?

k *
::12 |:kFB/41 —mjyIn (”m—t%ﬂ (Al14)
B

The density of a kind of leptons can be expressed as the
same as that for baryons, except that the effective mass and
the effective chemical potential should be replaced with the
corresponding mass and chemical potential of the lepton:

py = (Ps¥s) =75 /(

3
o) = Kot
7322

(A15)
where k%, = u7 —m3 for [ = e~ .

The matter in the star composed of hadrons should be in
p-equilibrium. Since there are two conservation charge
numbers: the baryon number and the electric charge
number, all the chemical potential can be expressed with
the neutron chemical potential and the electron chemical
potential:

Ot (A16)

Wi = B, —
where B and Q is the baryon number, electric charge
number for the particle i, respectively.

Then, combining Egs. (A6)-(A8), and (A10)—(A16),
together with the charge neutral condition:

Pp + Pzt = Pe +p/f + ps- +p=-,

one can determine the ingredients and the properties of the
hadron matter with any given baryon density pp.

The EoS of the hadron matter can be calculated from the
energy-momentum tensor:

™ = L. Al7
Xba¢) - (A17)
The energy density ¢ is
00y 2 1 1
(T Zs —|— m2e> +~ ma,a)o—i—zm,,pm, (A18)

i=B.l

where the contribution of the baryon B to the energy
density is

&k
&g =1Vp / (2”)3 K2+ mzz

VB . . . Up + kpp
= ) {2/133’(1?3 - mBzﬂBkFB - mB4 In <Bm—z)] .

(A19)

The contribution of the leptons to the energy density can
be written in the similar form as baryons with a spin
degeneracy parameter y; = 2, except that the effective mass
and effective chemical potential should be replaced with
those of the leptons, respectively.

As for the pressure of the system, we can determine that
with the general formula:

P = Zﬂipi —£
i

(A20)

2. Dyson-Schwinger equation approach
for quark matter

For quark matter, we adopt the Dyson-Schwinger (DS)
equation approach of QCD (see, e.g., Refs. [2,4,6,57,80,81]).
The DSE approach is a continuum field approach of QCD
which includes both the confinement and the dynamical
chiral symmetry breaking features simultaneously [56], and
is successful in describing QCD phase transitions and hadron
properties (see, e.g., Refs. [2-6,15,57,60,82-84]).

The starting point of the DS equation approach is the
stability of the quark, the gluon and the ghost fields. The
truncated one can be written as the quark gap equation:

S(psu)™" = Zsliy - p +ira(ps +ip) + my] + Z(ps p),

(A21)

where S(p;p) is the quark propagator, X(p;u) is the
renormalized self-energy of the quark:

Z(psu)

= Zl/ (;14 )49 </")Dpa(p - q;/t)

ijﬂmMM@mm%

(A22)
where [ is the translationally regularized integral, A is the
regularization mass-scale. g(u) is the strength of the cou-
pling, D, is the dressed gluon propagator, I'g is the dressed
quark-gluon interaction vertex, A is the Gell-Mann matrix,
and m is the current mass of the quark. For simplicity, the
current mass of u and d quark is now taken to be zero, and the
current mass of s quark to be 115 MeV, by fitting the kaon
mass in vacuum [63]. Z; , are the renormalization constants.
At finite chemical potential, the quark propagator can be
decomposed according to the Lorentz structure as:
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S(p;p)~" =iy - pA(p?, pu, u?) + B(p?, pu, u?)

+ira(pa +ip)C(p*, pu.p?), (A23)
with u = (0, ix). A complete decomposition should include
another term proportional to ¢,,, but this term can be
omitted in all practical calculations, since its contribution is
extremely small.

At zero chemical potential, a commonly used ansatz for
the dressed gluon propagator and the dressed quark-gluon
interaction vertex is

Z,¢*D,,(p — q)T%(q. p)
a

=G((p—9)*)Dic(p— q) 5 T,(q.p).

5 (A24)

where

i 1 k,k
D;)rge(k =p- CI) = p (5[)0' - /;(26> ’
G(k?) is the effective interaction introduced in the model,
and I'; is the quark-gluon interaction vertex.

For the interaction part, we adopt the Gaussian type
effective interaction (see, e.g., Refs. [58,63,81,82,85,86]):

g(kZ) _ 4z°D kZe—kz/w2
K? w® ’
where D and @ are the parameters of the model. In our
present work we take @ = 0.5 GeV and D = 1.0 GeV? as
the same as in Refs. [59,63,64,87,88]. In case of finite
chemical potential, an exponential dependence of the G on
the chemical potential was introduced in Ref. [63] as:

—ap® | ? k2 e—k2 Jw?
ki

2. 2
GW5p) _ 4D 6De (A25)
w

k2

where « is the parameter controlling the rate for the quark
matter to approach the asymptotic freedom. It is evident
that, when a = 0, it is the same as that at zero chemical
potential; when @ = oo, the effective interaction is zero and
corresponds to the case of bag models. We adopt such a
model in our present calculations, and for simplicity, we
take the same interaction for each flavor of the quarks.

For the quark—gluon interaction vertex, Ref. [89] has
calculated the properties of quark matter with different
vertex models and shown that the vertex effect can be
absorbed into the variation of the parameter a. We then
in this work adopt only the rainbow approximation
I',(q,p) =7, In our previous work [64], we have shown
that when o = 2, the maximum mass of the hybrid star can
be larger than 2M . We take then now a = 2.

With the above equations, we can get the quark propa-
gator, and derive the EoS of the quark matter in the same
way as taken in Refs. [3,5,6,15,82,90].

The number density of quarks as a function of its
chemical potential is

d’p
) =6 [ 551l
where f, is the distribution function and reads

folplip) = 4171/_00 dpatrp[=yaS,(p:p)].

where the trace is for the spinor indices.
The pressure of each flavor of quark at zero temperature
can be obtained by integrating the number density:

L R

(A26)

The total pressure of the quark matter is the sum of the
pressure of each flavor of quark:

PQ(quvﬂd’:uS) = Z Pq(:uq) _BDS’ (A27)
q=u,d,s

Pyl = [ i (A28)

BDS =- Z Pq(/"q,())' (A29)

q=u.d,s

Theoretically, the starting point of the integral y,, ; can be
any value, in this work we take u, o = 0. For the value of
Bps, we adopt the “steepest-descent” approximation and
implement Bpg = 90 MeV/fm? as the same as taken in
previous works [63,82,89,91].

The quark matter in a compact star should also be in
p-equilibrium and electric charge neutral, so we have:

Ha = Py T He = Uy,
2p, = pa — Py

3 _pe_pﬂ‘:O-

And we have the baryon density and chemical potential as:

1
PB :g(ﬂu +pa+ps)s

Hp = Hy + 2Hg. (A30)
Therefore, we can calculate the properties of the quark
matter with any given baryon chemical potential pp or
baryon density pp.
In this paper, we take py = pp to denote the baryon
density in quark matter.
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