PHYSICAL REVIEW D 108, 014014 (2023)

Entanglement entropy of the proton in coordinate space
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We calculate the entanglement entropy of a model proton wave function in coordinate space by
integrating out degrees of freedom outside a small circular region A of radius L, where L is much smaller
than the size of the proton. The wave function provides a nonperturbative distribution of three valence
quarks. In addition, we include the perturbative emission of a single gluon and calculate the entanglement
entropy of gluons in A. For both quarks and gluons, we obtain the same simple result:
S =— [ N;2(x) log[N 2 (x)], where a is the UV cutoff in coordinate space and Ax is the longitudinal
resolution scale. Here Ng(x) is the number of partons (of the appropriate species) with longitudinal
momentum fraction x inside an area S. It is related to the standard parton distribution function by

Ng(x) == AxF(x), where A, denotes the transverse area of the proton.
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I. INTRODUCTION

Rapid advent of quantum science in recent years
provides strong motivation for asking new types of ques-
tions in many areas of inquiry, including high energy
nuclear and particle physics. In particular, there is an
ongoing vigorous discussion about the relevance of entan-
glement (and the associated entanglement entropy) in the
context of particle production in high energy hadronic
collisions [1-25].

The initial discussion by Kharzeev and Levin [8] is
framed in the context of entanglement of the degrees of
freedom inside a small area of the proton actually probed in
a deep inelastic scattering (DIS) experiment, with the rest of
the degrees of freedom in the proton wave function and, in
particular, with soft modes of the gluon field responsible
for confinement. It was suggested that the entropy of this
entanglement translates into the Boltzmann entropy of
particles produced in the collision. Some model calculations
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have been performed to probe this picture [9,12-15], and
it has also been subjected to an experimental test [26].
However, no direct calculation of entanglement entropy in
coordinate space has so far been reported in the literature.
The aim of this manuscript is to fill this gap.

Of course, such a calculation requires knowledge of the
wave function of the proton, and needless to say, the exact
proton wave function is not known. Nevertheless, several
simple model wave functions that provide the distribution
of valence quarks at large x and low resolution Q2 have
been used in QCD phenomenology over the years with
reasonable success, e.g. Refs. [27-30]. These quark wave
functions can be improved by including a perturbative
gluon component, as described in Ref. [31], and used
in Ref. [32] to compute DIS structure functions at
high energy, and in Ref. [22] to study entanglement of
momentum-space degrees of freedom over the whole area
of the proton. In this paper our main goal is to derive
expressions for the density matrix and entropy of a small
“hole” in the proton in such a setup. For numerical
estimates we will use one specific light-cone valence quark
model wave function from Refs. [27,28].

The idea of our calculation is very straightforward. We
divide the transverse area of the proton into a small disk A
and its complement A, and integrate out all degrees of
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freedom in A. The result is the reduced density matrix p;
which contains complete information for the calculation of
any observable localized in A. We then calculate the von
Neumann entropy of pj.

Even before including the perturbative gluon component,
the result is nontrivial. The entropy in this case is associated
with different numbers of quarks that can reside inside A.
Note that the total number of valence quarks in the model
wave function is fixed (three), nevertheless the wave
function carries finite probabilities of finding different
numbers of quarks inside A. Integrating over A therefore
generates a reduced density matrix which spans Hilbert
subspaces with different occupation numbers n. The von
Neumann entropy arises precisely due to nonvanishing
eigenvalues of p; in subspaces with different n.

Note that, in the simple case when the total number of
partons is fixed, the reduced density matrix is diagonal in
the particle number basis by fiat. This follows immediately
since in reducing the density matrix we trace over A, and
thus calculate matrix elements between states which have
equal numbers of partons in A. For wave functions that do
not preserve the number of partons we expect, in general,
that p; would not be diagonal in the n basis. Thus,
including a perturbative gluon emission may lead to such
a nondiagonal pz. As it turns out, in the first order of
perturbation theory this does not happen due to the fact that
in the valence part of the wave function the color and spatial
degrees of freedom are not entangled with each other.

We first perform the calculation in the way described
above for the valence wave function that contains three
quarks only. We next include a one gluon state which is
generated by the first order perturbative correction. Here,
for simplicity, we modify our procedure somewhat, i.e. we
trace over the quark degrees of freedom in the whole wave
function, and only then do we generate p; by reducing over
the gluon degrees of freedom in A. We then calculate the
entanglement entropy of the resulting density matrix, which
now has the meaning of entropy of gluons inside A.

This paper is structured as follows. In Sec. II we prepare
our tools for performing the calculation in coordinate space
and describe the model wave function for valence quarks.
In Sec. IIl we calculate the reduced density matrix p; and
the entropy for a small disk A in this model. Here “small”
means small relative to the nonperturbative scale which
determines the spatial size of the model wave function. We
discuss the dependence of the entropy on the area of A in
this regime. In Sec. IV we include an additional perturba-
tively emitted gluon in the wave function, and again
calculate the reduced density matrix (in the way described
above) and discuss its properties. The entanglement
entropy is also calculated in Sec. V. In both cases (quarks
and gluons) the entanglement entropy can be written in a
very suggestive form in terms of the parton distribution
function (PDF) of the appropriate parton species, Eq. (94).

Finally, in Sec. VI we discuss our results and their possible
relation to the suggestion of Ref. [8].

II. LAYING THE GROUNDWORK

In the following we denote any three vector p as
p = (p*,p), where p* and p are longitudinal and trans-
verse components of the vector, respectively. We will be
using a mixed representation for the wave function where
coordinate space is used to represent the transverse degrees
of freedom, and momentum space is used for the longi-
tudinal ones.

In this mixed representation we denote a state of the
proton at c.m. position R = 0 and longitudinal momentum
Pt by |[R=0,P"). This convoluted notation does not
reference the wave function for the internal degrees of
freedom, i.e. the coordinates, color and spin states of the
constituents, which we will specify in a short while.

The coordinate space proton state vector is related to the
momentum-space state vector through (see e.g. Ref. [33])

IR, P+) = N/ eiPR|p, pt), (1)
P

where P is the transverse momentum of the proton, and the
integration measure is

f=J ®

The normalization factor is determined from the condition
INW|? [3 =1. A proton centered at R = 0 is then

B =0,P" :N/B|13,P+>. 3)

We employ the standard normalization of the momentum-
space states,

(K|P) = 162°P*§(PT —KT)8*(P—K),  (4)

which leads to the following normalization of the mixed
space state vector:

(R=0,P'"|R=0,P") = 4zP*5(P* - P'*). (5)
The density operator for this state is
p=|R=0,PHR=0P"| (6)

In the following we will be calculating matrix elements of p
between states of the partonic (Fock) Hilbert space

par = (@R =0.PYR=0.P* ). (7)
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where a denotes a collection of “labels” (such as the light-
cone (LC) momentum fractions x;, coordinates and color
indices) assigned to the basis vectors of the Fock space.

A. The valence quark Fock state

We start with considering states that contain three
valence quarks only. In the model described below the
color and spatial degrees of freedom are not entangled, i.e.
the wave function is a direct product of the color and spatial
state vectors. In this case, for the spatial wave function
a = {x;,7;} refers to the quark LC momentum fractions
and their transverse coordinates.

The state vector |P*,P) of a proton made of N.
“valence” quarks is written as

Z[H / K]k ) }v

X Z €. ‘in, |plvllvh1"";prichhN()a (8)
..

lN(

where
dx;
=6(1- ; —, 9
< sz) i 2% ®
- d*k
d’k;] =(2n)*s k; 10
#4)=Cero( S8 ) [T 00)
Here k; = (k" l;,) denote the momenta of the ith quark in

the transverse rest frame of the proton, and p; = l_c)i + x,~1—5.
The space-helicity wave function W(k;, h;) is symmetric
|

under exchange of any two quarks while the state is
antisymmetric in color space. In what follows we will
mainly focus on the spatial wave function and trace out
spin-flavor and color degrees of freedom.

We can now write the proton state in terms of the quark
Fock space states

R=0.0=n [ [lan] [ @1 lpipaips). (1)

where we have omitted the quark (and proton) spins, for
simplicity. Summing up, we integrate over the Galilean-
invariant “internal” quark transverse momenta subject to
the constraint that they add up to zero, and then over the

c.m. transverse momentum 1_5, which is also the momentum
of the proton.

Analogously, the three-quark coordinate space state with
the quarks located at 7; and carrying LC momentum
fractions x; is constructed as

|x1, 713X, 7o} X3, 73>

:N//[dz%]e_iz(aiﬂiém|xiv‘7;'+xié>- (12)
0

Equation (12) can be extended to four (and more) particles
simply by adding labels for momentum fraction and
transverse position/momentum of the additional particle
to the state vector and including the momentum of the
additional particle in the integration measure Eq. (10).
The overlap of the proton state with the state of three
quarks localized at fixed transverse coordinates is given by

(R=0,P"|x;,7;) = |N|2LQ/[d)’i]/[dzki]/[dz%‘]e_iZ(‘?"JFX’Q)'?"T*()’i,E)H@n’zi+)’iﬁ|xi,ﬂ7i+xié>

i

:|N|2(2n)35<1—z > (Zxr>/d2ql ST (x,, ), (13)

where we used Egs. (4), (9), and (10). Note that the overlap does not vanish only for states with c.m. located at the origin,
> x;7; = 0, just as for the proton, c.f. Eq. (11) in [33]; or Ref. [34] for the analogous case of a ¢g dipole. Also, the LC
momentum fractions of the quarks must sum up to one. Since only such states contribute to the proton density matrix, and
we included the constraints on the longitudinal momentum fractions/the transverse momenta in the integration measure (9)
and (10), a matrix element of the properly normalized density matrix is given by

(R =0,P"|d)

(a|R =0, PT)

Pod = INP2r)5(1 = 32 x)s( 47 INP2r)6(1 — 3 x)3(3 xi75)

_/[dzqi}eizgi'7i/[dz e 20T (), )W, ) (15)

=W (x}, F)W(x;, 7)),

"
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where a={x, 7> x;=1> x7=0} and o =
{X, 71> X =1, xiF, =0} denote two sets of LC
momentum fractions and transverse quark positions. Here
in the last step we used the definition (B4) of Ref. [33] for
the coordinate space LC wave functions,

W(xi.T) = / @) TSI ). (17)

The normalization of the coordinate space wave function
will be obtained later in Eq. (31) from the requirement that
the trace of the density matrix trp = 1.

For the model wave function considered here (see below)
the color degrees of freedom of the above density matrix
could be restored simply by multiplying by the normalized
color space matrix 3;€;

1iai3 €1 i1 -

B. A model wave function

Our main goal here is to obtain general expressions for
the reduced density matrix in a transverse region A of the
proton and to estimate the entropy associated with this
density matrix (which we do in Sec. III B). For this we
require an explicit expression for the three-quark wave
function W,

We employ a simple model due to Schlumpf and
Brodsky [27,28],

-

k7 -+ m?
W(x;, k) ~ Xz e M Mzzz—mq- (18)
X

i

Here M? is the invariant mass squared of the noninteract-
ing three-quark system [35], i.e. the sum of the quark LC
energies multiplied by P*. The nonperturbative parameters
my, =026 and B =0.55GeV have been fixed in
Refs. [27,28] to match empirical properties of the proton
at low energy and low resolution. Note that f is of order
N. =3 times the root-mean-square valence quark trans-
verse momentum in the proton.

This Gaussian wave function can be easily transformed
to position space. One obtains (up to normalization)

W(x;, 7;) ~ F(x1, x5, X3)e 2913 s ¢ 72003773 b T T (19)

b= X1X). (20)

One can easily verify that this is symmetric under the
exchange of any two quarks, (x;,7;) <> (x;, ?j); i, j=1,
2, 3.

III. THE REDUCED DENSITY MATRIX
AND ENTANGLEMENT ENTROPY
OF A THREE-QUARK SYSTEM

We can now construct a reduced density matrix by
tracing over a subset of degrees of freedom. Here we are
interested in the reduced density matrix that determines
observables localized to a small circle in the center of
the proton. To find this density matrix we have to trace over
the region A of the proton which is the outside of the circle
in question. In other words we have to integrate over the
transverse positions and LC momentum fractions of all
quarks located in A.

A. The density matrix for a small disk

First we note that the Hilbert space inside the disk A is a
direct sum of Hilbert spaces of zero, one, two and three
particles. In addition, it is obvious that since we are tracing
over A, the reduced density matrix does not contain off
diagonal elements that connect states with different particle
numbers. The reduced density matrix therefore can be
represented as a block diagonal matrix of the form

oo 0 0 0
0 pp 0 0

Pi= . (21)
0 0 p 0
0 0 0 ps

Note that the various blocks along the diagonal are density
matrices over Hilbert spaces of different dimensionality.
To calculate p, we place all quarks in A,

Po = /[dxi]/[dzri]®A(?l)®A(?2)®A(73)|\P(xh7i)|2-
(22)
Here,
@r] = Endndrs(Yuh),  (23)

and ©4(7) =1 if 7 € A and 0 otherwise. This is a pure
dimensionless [by the normalization condition in Eq. (31)
below] number giving the probability that in our wave
function no quarks reside in A.

The second block p; of (21) is the probability density
that only one of the quarks is localized in A while the other
two are localized in A. Tracing over A we have to set 7| =
7, € Aand 7, =7, € A, so by virtue of the c.m. constraint
we also have 73 = 7, with 73 € A, so p; is diagonal in
coordinate space,

014014-4
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(P1)aa= ;xw?;; <1‘Z’C)
< [ @ndrs(3n) 07O 7L
(7 €A). (24)

The matrix indices here are @ = {x3, 73}, defined over the
domain 0 < x3 < 1 and 75 € A.

Clearly, the dimensionalities of p; and p, are different.
While pg is dimensionless and has the meaning of prob-
ability, p; has dimension 1/r? and has the meaning of
probability density. To construct a probability from p; we
would have to multiply it by the “lattice spacing” in the
transverse coordinate space a’ and in fact also by the
elementary length in the longitudinal momentum space Ax.
If we take this route, the integration over the coordinate 7
and the momentum fraction x3 will have to be performed
with the dimensionless measure d?r;/a® dx;/Ax.

For the discussion of the density matrix itself this is not
crucial since a calculation of the average of any observable
involves integration over x and r; and the minimal area
cancels in the product of the probability density and the
integration measure. However, when we calculate von
Neumann entropies Sg this becomes important, since we
need to define a dimensionless probability in order to take
its logarithm. In fact it is also crucial to work with a
dimensionless density matrix when we calculate the trace
of any nontrivial (not first) power of p. Since the index on
p1 is continuous, the density matrix is infinitely dimen-
sional. We therefore expect its individual matrix elements
to vanish in the strict continuum limit (for vanishing a* and
Ax) as the first power of a’>Ax. When calculating trp, this
smallness of the matrix elements is compensated by the
integration over 73, x3. However, when we calculate trp},
the diagonal matrix elements now vanish as (a*>Ax)", while
there is still only a single integral over 73, x; involved in
calculating the trace. Therefore trp) —, 2, 0(a?Ax)N™!
and it is imperative to keep the lattice spacing finite in order
to obtain any physical information about trp) beyond the
trivial fact that it vanishes in the continuum limit. We will
therefore introduce the lattice spacing in the definition of
the density matrix and will forthwith work with

dx,dx
—3Axd? #5(1_2 )
(pl)(za Xa /8x1x2x3 Xi

< [ @ridras(Yn )Ou(FenE) ¥ 7P
(i3 €A), (25)

with the understanding that the trace is taken with respect to

the measure %%9 5(73). Furthermore, we included the

x3-dependent part of the integration measure (9), i.e. the
factor 1/x3, in the definition of p, so that the trace is given

by the x;-independent integration measure %. One can
easily understand why this is necessary by considering the
classical Shannon entropy of a probability density distri-
bution, see Appendix A.

The third block p, corresponds to the configuration
where two of the quarks are located in A while the third one
is located in A,

*(a’,x3, ?3) \P(a7 X3, 73)

ZAX 2 ,
(Pt =300 S

(26)

witha = {x, 71, x5, 7} and & = {x|, 7}, x5, 7, }. Note that
there is no integral over the coordinate of the third quark in
this equation. This is due to the fact that the c.m. constraint
rigidly determines 73, x3 for given coordinates and longi-
tudinal momenta of the first two quarks as

y=1l-x—x=1-x] —x,

3 = —=(XF + x27) /x3 = —(017) + x075) /x5, (27)
The matrix indices a,a are defined over the domain
where these relations are satisfied with 0 <x3 <1 and
P, Ty, P, 5 € A, 73 € A. We have again introduced the
lattice spacing into the definition of a matrix element of p,
to make it dimensionless. The factor 3 in (26) arises since
either one of the three quarks can reside in A.

The trace of p, on the subspace with two particles is
defined as

dx, dx, [d?r, d’r,

P2 = / mdx) & &
X ®A(73)(/)2)aa

=3 [an) [ [€]04(7:)05 (7)08 () (i, )

(28)

0;(71)01(72)0(x3)

where the lattice spacing cancels between the matrix
element and the integration measure. Once again, the trace
operation does not involve any Jacobians which depend on
X1 and X7.

Finally, the fourth block corresponds to all three quarks
in A,

(a*Ax)? 1

X3 \/ 8 xhxdy x3/8x1200x3

(,03)

W (x5, 7P (x;, 7).

A

(29)

Here @ = {x,, 71, x», 7, } and similarly for «’. These indices
are defined over the domain 0 < xy,xp,x}, x5, <1 with
O0<x3=1-x-x<10<x;=1-x{—-x,<1; and
with 73 = —(x171 -+ X2?2)/X3,
We have again introduced the

A A ] =

P, P, Ty, 1y, 13,15 €A,
= /2 /2 /
Fy = = (X7} + x5375) /x5

014014-5
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lattice spacing in this definition so that the elements of ps
are dimensionless, although these factors cancel in the trace
of an arbitrary power of p3. To take the trace in this block
we calculate

dx,dx, [d?r dr . .
wpy = [ [ e)es(0x()
X GA(?3)(p3)aa

- / ] [@r][¥e 7) P T] 037, (30)

Putting this all together we obtain that the total trace of the
density matrix is
trpz = po + trpy + trpy + trps

- / )RR =1 (1)

The normalization of the coordinate space wave function is
determined from this relation.

In Appendix B we present expressions for calculating
traces of powers of p which illustrate explicitly the need to
introduce the lattice spacing in our calculation.

B. Entanglement entropy

We now discuss the von Neumann entropy associated
with tracing the pure state |[R = 0, P")(R = 0, P*| over the
area A,

t Nl+e _ 1
S = —lim TP =1
e—0 €

(32)

Because we performed a partial trace over a pure state, this
entropy represents a measure for the entanglement of the
degrees of freedom remaining in A with those from region
A, which have been traced out. We discuss the nature of
entanglement in more detail in the following Sec. III C.

Using the expressions from Appendix B for N =1 4 ¢
and expanding to linear order in € this gives

=S = polog py + trps log trps + 3 /[dxi] [d?r,]05(73) O (F1) O (7o) W (x;, 7)|?

< log (3Axa2 [ 051565, = 7215055 = 300,510 6:) ¥y, w)

+3/[dxi][dzri]®A(73)®A(7l)®A(72)|lp(xiv?i)|2

tog (38507 [ 011051605, = F3(x, = 5104 (51105 62) 0. 5)F ). (33)
|
where we used trp; = 1. aS((I)\; o
This is a rather formal expression, and to understand az oL 2zL / dxI(x) (for L —0) (34)

some of its properties we will consider the dependence of
the entropy on the area A of the cutout.

When the region A shrinks to a point we, of course,
expect the entropy to vanish.? Indeed, all the terms in
Eq. (33) vanish, except py which approaches 1: for vanish-
ingly small area the probability to find zero particles inside
is unity. Taking the area as small but nonvanishing, for a
circular cutout with radius L, we have

'Note that on account of the permutation symmetry of
the wave function, the following equality holds when multiplied
by |W(71,7,,73;)|* under the integral: @,(7;)04(75)O,(73)+
30, (71)04(r2)04(73) +30,4(r1)0;(r2)04(r3) +©;4(r1)O; (r2)
@A (73) =1.

*The same is true if A encompasses the entire transverse
space.

I(x) = 3/[dyi]5(y3 _x)/d2r1d2r25(x1?1 +x27)

-

x [Py, 71;y2,72;y3,0)|2- (35)

For the model wave function from Sec. II B we obtain the
numerical estimate

(0)
10S,x
——Y =2xLpB-0.534(1). 36
SO = 2aLp-0534() (36)

There is an additional contribution of order ~L2 to the
entropy. It is due to the third term in Eq. (33) which

originates from p,. Again, for a circular cutout A of radius
L centered at the origin, we have

014014-6
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(1)
asl) 1
Y™ =2zL [ dxI(x)log————
a " / () log s )

For small lattice spacing a the logarithm in this expression
is large, and this is in fact the dominant contribution to the
derivative of the entropy with respect to L. For example, for
the model wave function from Sec. II B, and for a fairly
coarse resolution of transverse position and longitudinal
momentum, Ax(af)? =0.1, we obtain the numerical
estimate

, (forL—0). (37)

(1)
198
Ba—ZN: 2zLB - 1.21(1). (38)

Thus, for small L? the leading contribution to the entropy is
S = L2 / dx I(x) logla>(Ax)I(x)].  (39)

This can be rewritten in a more transparent way if we notice
that 7(x) as defined in (35) is nothing but the density of
quarks with longitudinal momentum x in the proton
I(x) = F(x)/A,, where A, is the transverse area of the
proton and F(x) is the quark PDF. We then have

2

dx F(x) log L‘;— (Ax)F(x)} . (40)

2

 _ _7L

SN = =5
Ap

The dependence of the entropy on the lattice spacing is
easily understood. Since p; is a matrix with continuous
index, we expect its eigenvalues to be small, i.e. of order a2,
while the number of nonvanishing eigenvalues is large
O(1/a?). For such a matrix with a large number of small
eigenvalues, the entropy is indeed proportional to the
logarithm of the inverse eigenvalue, and this is what we
see in (37). The area scaling of the entropy is also quite
natural, since at small L the number of degrees of freedom
in the reduced density matrix is proportional to the area of
the cutout.

C. What is entangled here?

We would now like to comment on the nature of
entanglement that produces the entanglement entropy that
we calculated. It is somewhat different from the naive picture
of entanglement we are used to in a vacuum state of a
quantum field theory (QFT). In the QFT setting one divides
space into two regions A and A and considers the wave
function of local field degrees of freedom in the two regions
®(x € A) and ®(y € A). The entanglement is then under-
stood in terms of nonfactorizability of the wave function
P[P (x), D(y)] # ¥, [®(x)]¥,[®(y)], and the entanglement
entropy is associated with this nonfactorizability.

In our case the nature of entanglement is somewhat
different. It is not that some internal degree of freedom of

quarks in A, like color or helicity, is entangled with quarks
in A. In fact, we do not have to consider several quarks with
internal degrees of freedom at all to understand our result.
Let us imagine having just one quark in the proton area.
This quark can be either in A or in A. We can write the total
wave function of the quark in terms of the basis states in the
Hilbert spaces H, and Hj. For simplicity, we will even
forget about different transverse coordinates in A and A.
The wave function of our quark can then be written as

¥ =al0), x [1); + b[1), x 103, (41)

where |a|? is the probability that the quark is in A and |b|*> =
1 — |af* is the probability that it is in A. Tracing over A
removes the relative phase of ¢ and b and we generate the
reduced density operator pz = [|al?|1)(1] + |b|*|0){0|]s.
This is a mixed state over A and carries the entanglement
entropy. Thus, the entanglement in our calculation is
between the quark being (or not being) in A and the same
quark being (or not being) in A. These states are maximally
entangled since the total number of quarks is fixed to be
exactly one. This is a quantum mechanical rather than QFT
type entanglement, very similar to the “Schrodinger cat”
thought experiment [36,37], where one should read one
quark in A as “the cat is alive” and no quark in A as
“radioactive nucleus intact”; also no quark in A should be
read as “the cat is dead” and the quark is in A as “radioactive
nucleus decayed.”

IV. INCLUDING THE |gqqg) FOCK STATE

We now add the |ggqg) Fock states into our calculation.
In perturbation theory, such states have nonvanishing
probability at order g°>. We write the proton state sche-
matically in the form

|P) ~ W 00€iiinis| 90, 2i Qi) + Paqagl(t?) i, €i1inis| 9791, 9i, 9a)
= (i) < i) = (i) < i3)]. (42)

In the leading perturbative order the three-quark wave
function W, includes the O(g*) virtual corrections, and
W 440 18 the (3 quarks + 1 gluon) spatial wave function at
order O(g).

In the two components the quarks are in different
representations of color SU(3): they are in the color singlet
in the |gqq) state and in the color octet in |ggqg).

In the following we will calculate the entanglement
entropy for the same geometry as in the previous section.
To simplify the calculations, however, we will trace the
density matrix over the colors of the quarks. The pure state
(42) is described by a density operator which, in principle,
contains off diagonal matrix elements in the particle
number basis
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|P)(P|~¥
+¥
+¥

gaag(1) i €iriniy Vg

*
9aa€irinis ¥ gaqq(t°

However, the off diagonal matrix elements vanish after
tracing over quark colors precisely due to the fact that the
three quarks are in the color singlet state in ¥, and in the
color octet state in ¥,,,,. The reduced (over the quark
color) density operator is diagonal in particle number and
has the form

tr ggq—colors? ~ 3% 404 Y4aq1999) (994l
+ 6 400 Vigaola999) (aqqg).  (44)

P Pro = [105] [@hiantt) T2 3 [ S0

J1J2J3

O(x; —x,)
X |:<ta)mj1 Txgl//q—n]g(l)l’pl
g9
O(x; — x,)
+ (ta)mjz Txgy/q—)qg(pﬁpZ
O(x; — x,)
+(ta>mj3 TWq—»qg(p% P3—

The integration measures here, [dx;] and [d?k;], pertain to
coordinates of the parent quarks. We have cut off the
integration over the light-cone momentum fraction of the
gluon x, by Ax to regularize the soft singularity in QCD.
That is, we prohibit gluon emission into the lowest “bin” of
X

The light-cone gauge Fock space amplitude for the gg
state of a quark in the soft gluon approximation in D = 4
dimensions is

X P
Wq—»qg(p’ kq’ g) 2 W[l“ kg *€gs (46)
g9

(alP*,R = 0)¢(,

X Z[eﬁzlg(

+ €411, (1)1, /P gqq (k15 ks ks + kg ).

qqqg(

)/ €
iy

+ W g0t )ji1€i|i2i3q’qqq€i’1i;ig|61jf1i2q1'39a><61i'161i’ﬂig|-

=200 (1= Yo L fuengesh

ta)i,jqjqqq(kl =+ kg; k2; k3) + €i1ji3(ta)i2jlpqqq(kl; kz + kg; k3)

qqqeilizigqjqqqen i |qu12qh><QI q12q13|
)’ i€l i |LIJQ12(’I13911><QJ qz Q1 9d |

17273
19:,9i,9:,)(47 491,91, 94|
(43)

A. \quqg

Our first order of business is to calculate the perturbative
wave function. For simplicity, we restrict ourselves to the
soft gluon approximation, i.e. we assume that the gluon
longitudinal momentum is much smaller than the typical
longitudinal momentum of a quark.

Let us begin with ¥, .. The emission of a gluon from
one of the quarks generates the following O(g) correction’
to the momentum-space proton state |P):

at order g and ¥, at order g

m

k k)‘mJ?l

g Ky - kg§j27P2;J'3,P3>

kg, g)|Jl,P1,m P2 = kg§j3,l73>

ks kg)jts P13 Jas P2sm. p3 = ky) | @ la, kg, x,,0). (45)

|
where x, = p*/P*, and A? is a regulator for the collinear
singularity. Physically, the regularization is provided by the
finite size of the color singlet state which the emitter is a
part of. Thus the magnitude of the regulator A is of order
Aqcp or, in our case, of the order of the inverse size of the
model proton wave function set by the parameter f. It is
much smaller that the inverse radius squared of the
cutout A.

Projecting on the Fock space state |a), where a denotes a
set of four momentum fractions x;, transverse positions 7;
and colors iy, i5, i3, a, we obtain

%

(47)

*We are following the notation and expressions from Refs. [22,31].
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To properly account for probability conservation we also
need to include the O(g?) virtual corrections to Wyy,. There
are two types of such corrections. The first one arises due to
emission and reabsorption of a gluon by one of the quarks
and amounts to multiplying the momentum-space quark
state vectors in Eq. (11) by the wave function renormaliza-
tion factor

(Z4(x1)Z4(x2)Zy (x3))"/?

= 1 2(Cy0) + Cyle) + Cylxs)). (48)

with

2
g-C I dz
C,(xy) = F/A —Ao(Az),

x/x; <
d’n 1
AO(AZ) = 4ﬂ/(27)2m (49)

Again, a cutoff Ax on the momentum fraction of the gluon
was introduced here. We regulate Ay(A?) in the UV by a
Pauli-Villars type regulator

|

AgE (N A%) = Ag(A%) = Ap(A?)

d*n 1 1
=4 2 | =2 ) 2
(2z)* (" 4+ A* n*+ A
2

A
where A% is a UV cutoff. Then,
2 2
e g CF X1 A
ng(xl) = 47[2 logA—xlOgP (51)

We were forced to introduce the momentum UV regulator
in the present calculation in order to regulate gluon
emissions at short transverse distances. Recall that earlier
we had to introduce a similar (coordinate space) regulator a
in order to define probabilities and entropy for a continuous
system, e.g. in (25). The two regulators, of course, should
not be considered independent. In the following we take
them to be related as A?> = 1/a?, in the same way as we
took the regulator of the soft divergence to be equal to the
lattice spacing in the longitudinal momentum space Ax.

The second virtual correction to Wy, is due to the
exchange of a gluon between any pair of quarks. Let quark
1 emit and quark 2 absorb the gluon in |P); we then have
(again for x;, — 0)

|P+vﬁ>}92(gz) = /[dxi] /[d k} qqq(kl’kZ’k3 \/— Zejljzh

X @ 3 () () /

o,a,n,m

L
x x—zl,quﬁq(pz, kgi P2+ ky)|m, py

J1j2J3

Here, the amplitude for the absorption of a gluon by a quark is

Wagq(kgs kg P) =

We can now sum over gluon polarizations, ", k, - €, k, -
we obtain

|P+ P 12

dx, dzk 1
. 2xg (2 ) l//q—>q(](pl P11 — kq’ k(])
— kg, py + kg3 3, p3)- (52)
k,-E,
g€ 53
e+ a2 G3)

= k2 Changing variables, kl - kl + k and k2 - k2 k

492/ /d2 \/_Ze,lmz o, () nj,

J1J2J3

dx, d%k, .
X 2_x (2 ) quqq(k] +kg,k2

k2
(k2 + Az)

— kyik3) 5 |m, pisn, pa; js, pa)- (54)
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Adding analogous contributions corresponding to gluon exchanges between quarks 1, 3, and 2, 3 we finally have

, dy, &k, K -
PR =000, = =45 [lax] [0 52> [ S [@njeXhn s

Jriais anm
X (1), (1) 01, Paqq (ky + kgs ky — ks k3)|m, xp, Fisn, o, a3 3, X3, 73)
A+ (1) ), (1) 0, Paqq (ki + kg3 ko3 k3 — ko) [m, X1, 713 o, Xp, Fos 11, X3, 73)
+ (1), (1), Paaq (k13 Ko + kg k3 — k) 12 X1, F1im, Xy, Toi 0, X3, 73)]. (55)

Projecting this onto the three-quark Fock state (j;, x;, 7;| gives

42|'/\/’|2

:_QW ( Z )(27135(2)”’)/

x Z |: €iyiyjs (t Jlll(ta)lez\quq(xl’QI + kg’x2 q2 kg;X3, 63)

i1ipi;

. - 3 i T dx( dzk k2
s AP RO T R

< 2x, (27) (K2 + A?)?
1 a a - 7 - - 7
+% €i iy (1) 1, (1) 11ty Waag (X15 G1 + kg3 X2, G5 X3, G3 — k)
1 . . - . -
+7661',1‘21‘3(fa)jQiz(f“)j3i3quqq(x1»611§x29 Gr + kg3 x3, 93 — kg):| . (56)

Alternatively, in terms of the position space wave function,

AR dx, d’k, k2
= D01 ) e (St ) [ S

<ji’xiv7i|P+’R:O>O( A

1 T 1 Lo
—iko(F— ik (F—
2 § |:76 €iirjs (ta)hi] (ta>jzize ) 4 %61'1]2530“)]-”1 (t”)]m o lhi7)

i1iyi3

1 o
g S (1) i, (l“)jgige'lk”'(“'”)} : (57)

B. First perturbative correction to the density matrix  (2x,)dx;/(2x3)8(1 — >, x;)dx,/(2x,)d*rd*ryd?ry2nd?r,

We are now in a position to calculate the perturbative
correction to the density matrix.

As already mentioned at the beginning of this section,
Eq. (44), after tracing over the colors of the quarks the
density matrix takes the form

pi1 0
p :< 0 9999 ) (58)
P

Note that since p999 and p9999 are probability densities
on subspaces with different numbers of particles, they
have different dimensions. The trace operations over the
two entries are given by dx;/(2x;)dx,/(2x;)dx;3/(2x3)
S(1=30x)dr d*ryd*r38(30x;75)  and dxy /(2x)dxy/

5> x;7;), for p949 and p?999, respectively. Hence, if one is
interested in probabilities given by p (or its purity, entropy,
etc.) one must multiply p?999 by 2za’Ax/ 2x,, as we did in
the previous sections.

Let us now compute the matrix (58). We begin with p?74
which gives the probability density on the three-quark state
Hilbert space and includes O(g?) virtual corrections. The
first correction is to multiply the O(1) nonperturbative
density matrix from Eq. (14) by six wave function
renormalization factors, [[ Z'/%(x;) = 1 = > Cg%(x;)/2.

Second, we add a term similar to Eq. (14) where we replace
one of the three-quark states of the proton by the O(g?)
virtual correction due to the exchange of a gluon by two
quarks, Eq. (56). We also trace over the quark colors. In all,
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1 e, 0 1( I * - -
PZZJq = |:1 _E(C g( ) + C (xZ) + Ceg(x3) + Ceg(xl) + Ceg( ) + Ceg( )):| lI"qqq(xg" r;)quqq(xi’ ri)

dx d2k K2
2¢°C d? / B —
+ 29 F/[ Qz] szx (2”) (k2+A2) {

2 r\Pziqq( i) [quq (xl"il +kg?X2,Z]2 - kg;x3753>

+¥yqq (Xl, g + kg X2, Go3 X3, G5 — kg) +%eqq (-xh G13 X2, G + kg3 x3. G5 — kg):|

+ e_izq"r"‘l’qqq(xn i) [Téqq (x,p Gi + kg3 x5, Gy — ki x5, 53) + ¥agq (xll’ G1 + kgi Xy, G235, G5 — kg)

o Wi (%1313, 30 + i 35 - K, )| (59)
1 1e! e reg (& () s * = d
= (1= S50 + CE0) + O () 4 CR () + C0) + C) | Wi 0 ) W57
dx, dzk K2
1 242CY )W, (x5 T / A —
9° Cr¥qq (X 7) Wagq (xi. 7;) szx'( ) (k2 + A%)?
» [e-iiég-(a—?z) 1 ok (Fi=73) o ik (Fa=Ts) 4 ik (F=7) 1 ik (7=74) 4 eii?g-(wz—a)] (60)

Here, asinEq. (16),a = {x;, 7;| > x; = 1,>_x;7; = 0}and o = {x[,7}| >_ x} = 1, > x}F, = 0} denote two sets of quark LC

momentum fractions and transverse positions.

l’l

Now we proceed to p?999. We trace it over quark and gluon colors, and, in addition, for simplicity over the gluon

polarizations. Using Eq. (47) in the definition (14) we obtain

pgz/qg _ Zgch/[dzk][dzk’] le Fi— ¢Zk’ 7

(k5 + A?) (k7 + A7)

X {2(Wigq (K + Kb K3 k) g (K1 + Ky Ko ks) 4 Wigq (K K 4 K K5) Pqq (i3 ko + kys k3)

+ ¥§

- ‘quq(kl + k ;kz; kg,)lpaqq

(kysky + kg k3) Wy

qqq 999

Here, a={x, 7> x;=1> x7 =0} and o =
{X, 7> X = 1,5 X7, = 0} denote two sets of quark
and gluon momentum fractions and transverse positions.

In Appendix C we show that the density matrix is indeed
properly normalized.

V. ENTANGLEMENT ENTROPY OF THE
PERTURBATIVE DENSITY MATRIX

In this section we calculate the entanglement entropy of
the density matrix which includes one perturbatively
emitted gluon. We will change our strategy somewhat to
simplify the calculation. Integrating all degrees of freedom
in A and calculating the entanglement entropy turns out to
be rather awkward as there are many degrees of freedom in
A. Instead we choose to reduce the density matrix to a
partial set of degrees of freedom in the whole proton wave
function, and only then do we integrate over A. We will
follow two different routes.

daa (k1> K3 K =+ k) Wogq (K13 ka3 ks 4 ky))
(K Kys K + k)
(ks Kys K + k)
— Woaq (ks ko ks 4 k) Wiaq (K15 K5 + ki k5) 3.

- \quq(kl 5 k2 + kq, k3)“1"*
- ‘quq(kl;kz;k_o, -+ k )“P*

~ Waga ki + Ky Kot k) W (K Ky + K K)
(kY + ks Ky kS

(K, + Kbs Ky k)

999

999
(61)

In Sec. V A we reduce the density matrix calculated above
by tracing over the gluon degrees of freedom in the whole
space. The resulting quark density matrix is then traced over
A and the associated entanglement entropy is calculated.
Note that already after integrating over the gluon degrees of
freedom the quark density matrix does not describe a pure
state and therefore in all probability carries a nonvanishing
entropy (which we do not calculate here). Thus the entropy
we calculate is not exactly the entanglement entropy
between the two spatial regions A and A, but instead
measures entanglement of quarks in A with the rest of the
proton wave function* (quarks in A and gluon anywhere).

“Quantum correlations of regions A and A could be analyzed
using entanglement measures other than the von Neumann
entropy, which apply also to mixed states. One such example
is entanglement negativity [38,39] which has been used recently
to study two-quark azimuthal correlations in the light-cone wave
function of the proton [23].
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In Sec. V B we perform a complementary procedure: we p = pl99 + tr p9999. (62)
integrate over the quark degrees of freedom in the whole
space, and then reduce the resulting gluon density matrix
over A and calculate the entanglement entropy. Again, this ~ The first term pqqq is glven in Eq. (60). To trace p?%% over
entropy measures entanglement of gluons in A with the rest  the gluon we set 7, = r in Eq. (61) and integrate with the
of the proton wave function. measure dx,,/ (2xg)2ﬂd2rg. In principle, the upper limit of
x4 in each term of (61) is different. However, in the small-x,
approximation which we are employing here, only the
Let us construct the three-quark density matrix by tracing  leading log 1/x contribution is important and we may
out the gluon degrees of freedom in the whole space.  replace the upper limits by a typical quark momentum
Integrating over the gluon leads to the density matrix fraction (x,). We then obtain
|

A. Entanglement entropy of quarks

d2k 1 iS K F= S K
Wohad” = 292CF/ 2xg/ 27r)3 k? +A2/[d2ki][d2k;]e 2 RTi) K "Wiqq (K1) Wagq (k)

% {2<e—tk_,]-(rl—rl) 1 ek () 4 e-ii?g-<73-?3)) _ ik (i=7y) _ iy (F1—7)

_ ik (Fam7) _ ik (Fa=7y) _ ik (s=T)) _ e—ik_,,m—?fz)}_ (63)

This can be written in terms of the position space wave functions (17),

&k 1 —iky(F, =7, —ik,(Fy =7, —ik,(F3—7,
0o g = 297 Cp'¥qq (X7, 1) Pagq (¥ /A 2x, / )g {(k2+A2 k2+A2>2<e k(=) 4 @ik (7o) 4 @iky (s 3)>
X 9
1 o o . o o
—7](2 A [e"k (71=7) + e~ tky (=73) + e~ iky (P21 + e~ iky (F2=1%) + e~ iky(F3=1) 4 e—zkg-(r_z—?z)} }’ (64)
9

where we have reinstated the UV regulator A’
Let us now discuss the entropy of the density matrix (62). Both terms in (62) are proportional to the leading order (LO)
density matrix p=O = Wi, (x], 7)Woqq(x;. 7;) discussed in Sec. I A,

Pl = F(a,d)pt9, tr,pd01 = G(a, a)p-9, (65)
with
dr, [ &k, 1
Flaw) =1 =30 + 200 | 5 [ Gt

X {e—iz(](?]—?_) 1e —lk (F1=73) —I—e"k (Fy=73) +elk (7, _r)—i-elkJ (7 =7) +esz (7 r)}

2¢°C o - o - -
Cas / SR, = Tala) + Kol[Fy = 7518) + Kol[72 = 710)
4 szx

+Ko (|7 —r2|A + Ko(|7 |A)+K0(| —73]A)}
G =2¢*C dqu ! 2 =ik (Fi=F}) —iky(F—7) —ik, (F3—7;)
(0! a g°Cr N 2x ) k2 n A2 k2 A2 (e 9 1)+ ey 2) 4 ey 3 )

k§+A2

=1-3Cy%((x,)) +

The dependence on the IR cutoffs Ax and A2, and on the UV regulator A%, cancels when Eq. (62) is traced over the quark degrees of
freedom, as shown in Appendix C.
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29°Cy [ dx oL oL L o
=F/A S A2Ko (171 = 71[A) = Ko([F1 = P A)] 4 2[Ko(|7, = 75 |A) = Ko([7, = 75 [A)]

4’ Jax2x,
+2[Ko (|75 = 75|A) = Ko (|75 — 75| A)]=Ko([7) = F|A) = Ko([7) = F3|A) = Ko (|7, = 71 [A)
—Ko(|F, = 74]A) = Ko(|F3 — 71[A) — Ko(|F3 = 75[A) ). (66)

Interestingly, the diagonal matrix elements are unaffected by the presence of the gluon in the wave function, since F(a, a) +
G(a,a) =1 due to real-virtual cancellations. Also note that integration over the gluon reinstates the center of mass
constraint for the coordinates of the three quarks.

After tracing over region A both terms become block diagonal in the quark number basis, since the integration over the
gluon results in a reduced density matrix with fixed number of particles. The sub-blocks correspond to 0, 1, 2, 3 quarks in A,
like in Sec. III,

A0 0 o A7 0 0 0
(F) (©)
0 0 0 0 0
try pd9e = Pi . , try tr, pi999 = Pi . (67)
0o A7 0 o s 0
o o o p 0o 0o o p°

Recall from Sec. III that the p, and p; matrices are not diagonal in coordinate space [and their off diagonal elements do get
modified at O(g?)] but that p, is, due to the c.m. constraint. In the limit of small L, p,, and p; give the leading contribution
~L? to the entropy.

For py all quarks are in the region A that we trace over, so 7; = 7; and only the diagonal matrix elements of the density
matrix (62) contribute. Since F(a, a) + G(a, a) = 1, the constant p, remains equal to its value at LO, for any L. Hence, the
derivative of S© for L — 0 remains 05°) /0L ~ L with the same numerical coefficient as in Eq. (36).

Now we consider p;. Since this block is diagonal in the quark indices, we only need to consider

dx;dx,

(pl)(m = 3Axa2
X1X2X3

5(1-30x) [ @ndno(30 57 )0atOsF ) + GG 7P (68)

Here @ = {x3,73 € A}. The perturbative correction again cancels as the sum F(7;) + G(7;) = 1, and we return to the
expression from Sec. IIL. The trace [ [(dx;/Ax)(d*r;/a*)®(73)] vanishes at L = 0 so there is no contribution to S(L = 0).
For L > 0,

s = -3 /[dxi} [d2r;]@;(73)04(71)®A () [F(7;) + G(F)] ¥ (x;. 7))

< log (3Ax @ [y 55, = 75)o(es = 1510471 (. 3,->|2). (69)

The derivative of SV with respect to L for L — 0 is
proportional to L with the coefficient given in Eq. (38).

To summarize, we find that, due to real-virtual cancel-
lations in gluon emission, the leading (at small L) term in
the entanglement entropy of quarks is identical to that for
the initial nonperturbative three-quark wave function.

Let us now take a look at p, (two quarks inside the circle
separated by a typical distance of order L). It is given by the
LO expression, Eq. (26), times F(7(, 75, 3; 7|, 75, F3)+
G (71,7, 733 7|, 75, 73). Due to the c.m. constraint x;7| +
XoTy =X\ F| + X575 = —x373, and x| +x, =x] +x5=1—x;,

so that there is in fact no integral over the coordinates
of the quark in A (73 or x3) as those are completely
determined by the coordinates and momentum fractions of
the two quarks in A.

We need F + G for 73 = 7, and we shall use the position
space (Bessel function) form of these functions from
Eq. (66). In the limit 7, — 73 we have that 2K (|73 — 7% |A) —
2K (|5 —75|A) —>log’A\—§. Furthermore, we  consider
Ko(|7; = F{|A) and K,(|F, —75|A) to be exponentially
small since generically |F| —F||,|F =7} ~L and
LA > 1. With that, and noting that LA < 1, we can write

014014-13



DUMITRU, KOVNER, and SKOKOV

PHYS. REV. D 108, 014014 (2023)

22
F+G~1-
812

PCr. x,  A? ngF/ dx, 1 1 1
log—log— —= |1 1 2log————
T N B A o S G A SR e

1 1
2log—————1 -1 70
208 s 08 O 70
2°Cp, X gCr, X, (7 =) —7)
~ - log-Llog L?A? +°—"log~*1 : ! 71
4 CBAx BN T g O O R TR R ) (70
2¢°Cr . X
~1 - log—Llog L*A2. 72
4r? B Ay B (72)
The equality here is valid with leading logarithmic accuracy, since in the second step, logm and logﬁ were
1 1 1% rz

replaced by log ﬁ; and in the last step an O(1) (nonlogarithmic) term was dropped.

With these simplifications F' 4 G is just a number, i.e. it does not modify the matrix structure of p, relative to the leading
order, but only multiplies the entire matrix by a numerical prefactor. Its contribution to the entropy S is given by the last
term in Eq. (33) with the substitution |¥(x;,7;)|* = (F + G)|¥(x;, 7;)|?,

2
$@ = -3 (1 _29Cr

< log <3Axa2 [ 51565, = )50 - 35003605 (21 ¥(, 3,->|2).

Here, with leading logarithmic accuracy we have omitted
the factor F' 4+ G under the logarithm.

Note that, as opposed to the entropy associated with py,
this contribution to the entropy does receive corrections
from gluon emission. This arises because the two quarks
may be at different positions in the amplitude (1, 2) and the
conjugate amplitude (1°, 2”). The mismatch between these
positions is generically of order L, cf. Fig. 1. For such
configurations the contribution of the “real” diagrams, i.e.
the diagrams where a quark exchanges a gluon with itself
across the cut, is proportional to logﬁ rather than logﬁ—i
as is the case for the “virtual” diagrams (where the gluon is
exchanged in the amplitude or the complex conjugate
amplitude). Thus the real-virtual cancellation is incomplete

FIG. 1.

X - - - -
2P log (Log 2 ) [106][0r]0,(7)04 ()04 (72190, 7P

(73)

and leads to the logarithmic correction in (73). The real-
virtual cancellation essentially only occurs when the gluon
is emitted outside A but not inside A. Also note that the
perturbative correction to S® is negative, suggesting
stronger correlations between quarks when perturbative
gluon emission is included.

We note again that S() is subleading for small L?> and
thus only provides a small correction to the quark entan-
glement entropy.

B. Entanglement entropy of the gluon

We now integrate over the quark degrees of freedom in
the whole space. The resulting density matrix for the gluon
has the general structure

Left (virtual correction): the transverse position of the gluon emitting and gluon absorbing quark is the same; hence here the

gluon transverse momentum is integrated up to A, and we obtain a contribution ~ log 2—; Right (real emission): here there is a mismatch
of order L in the transverse positions of quarks 1, 1” across the cut, and the diagram is only ~ log ﬁ
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trgep? 0
o (T 0, -
0 P

The first block is just a number which is equal to the probability that no gluons are present in the wave function. It is given
by the integral of the diagonal of Eq. (60) over [dx;] and [d*r;],

) d2k
g0 = 136 (0x)) 47 [lax) [t [ 5[ G
X [coslzg-('r'l —7) +coslzg-( —Fs)+COSk (72 —r%)} (75)

For the second block we return to Eq. (61) and integrate the diagonal in the three-quark space (x; = x; and 7, = 7; for the
three quarks) over [dx;] and [d*r;]. % Note that since we have traced out the quarks in the whole space, the c.m. constraint
forces 7, = 7}, and the gluon density matrix is diagonal,

&k, [ &K k, -k
g g g g g lk 7, lk r 2 2\ 2
=20 [ o2 [ T [ ) ¥ . )
aa (27[)3 (2”)3 (ké + Az)(k'gz + AZ) qqq
% {2 (ei(/?g—ma 1 iBR) T ei(/?;,—/g,)»a) _ pikyFamiky Ty _ iy =ik Ty _ ik Tk Ty _ ik Tsmik, Ty
— ety Ti=iky Ty _ eil?;/-Vz—iEg-a}. (76)

Here, a = {x,,7,} and & = {x},7/}. As before the gluon propagators have to be regularized in the UV by the Pauli-
Villars regulator. This entails substituting ot AZ kg +‘ FTE
expression somewhat, noting that the UV divergence only resides in the first term in the curly brackets in (76), since in the

— A2 and the same for kj. We can simplify the resulting

second term both integrations, over Eg and l:/g are already regulated by the phase factors, while in the first term the phase
factors only regulate the integration over k, — kj. Also, it is sufficient to regulate only one of the propagators in the product

to eliminate the UV divergence, but this regularization has to be done symmetrically between l_gg and l_é; Thus, we substitute

1 1 1 1 1
- -= + 77
(kg + A2)(k7 +A%)  (kj+ A%) (k4 A%) 2 [(kf] + A (kZ +A?) (k2 + A (K7 + A2)] (77)

in the first term in the curly brackets of (76). We also use the symmetry of the quark wave function and the integration
measure to rename coordinates in some terms. The resulting UV regular density matrix then is

- -

d%k &2k, k, - k, . e e o e e m o o
=128y [ ot | o a iy | Wy PR Lo 07—
&k, [ &k, k- K, k, -k e
-6 2C 9/ g g /dx d2 1y "—" 2 t(kg—kg)-(rl—rg).
J F/(2ﬂ)3 e BTk T2 e s e s a7 ) Bl il ¥a e
(78)

Note that, when calculating trace of p, the regulator simply adds the term

&k, 1
192
12¢*Cp / ( 27:)3 +A2 (79)

®In principle, these are integrations over the LC momentum fractions and transverse coordinates of the three quarks with c.m.
constraints which include the gluon, since the density matrix in Eq. (61) was defined over the domain Z?:l x; =1, Z?:r x;7; = 0.
However, when x, is very small, the presence of the gluon will not significantly restrict the integrations over quark x;, 7;, and we can
approximate x, ~ 0 in the 5-functions for the c.m. constraints.
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which (up to powers of A%/A?) cancels the similar term that
arises from the regulator in Cy® in (75). Thus, our Pauli-
Villars regularization preserves the trace of the density
matrix.

On the other hand, trp? by itself has the meaning of the
probability to find one gluon in the proton wave function.
The trace [27z [d?r, [dx,/(2x,)] is given by

g2 1085, g2

B 64°Cr. (xq> A?
log—— |1
A2

x /[dxu Wi PO PK (T2 =1 |A) | (80)

where Ax as before is the IR cutoff on possible longitudinal
momenta and the integral over x, is cut off at (x,)
consistently with the soft gluon approximation. In the
second term the integral is dominated by |7, — 7| of order
of the collinear regulator A~! so the second term is
negligible.

Equation (80) can be related to the gluon PDF of the
proton. To leading order in perturbation theory [see for
example Eq. (65a) in Kovchegov and Mueller [40]],

(ISCF d

AT p xG,(x, %) (81)

is the gluon PDF of a quark. Thus, for a proton consisting of
three quarks we identify the gluon PDF as

392CF/dk2 1 _ 1
4r? K+ A% K+ A

392CF10 A2
T a2 B2

— xG(x, A?). (82)

Hence, we have
dx
trp? = /—x G(x,, A?) /dx G(x,, A?).  (83)
X
g
Ax

Indeed this is just the total number of gluons at the
resolution scale of the UV cutoff A. The fact that the
UV cutoff appears in this quantity is not surprising, since
here we are dealing with the density matrix of the entire
proton wave function rather than the part of it probed by a
DIS probe. If we were to calculate the density matrix of
only those degrees of freedom that participate in a DIS
process, we expect that the UV cutoff would be substituted
by the external resolution scale A> — Q? provided by the
virtual photon.

Let us now construct the reduced density matrix after
tracing over A. It is of the form

I+p) 0
p:( 0 g>, (84)
0 P1

where [ = tr 0?99 for brevity. The first entry is the

999 _
probability that there are no gluons in A and is, of course,

a pure number,

ph = /A g2ﬂ/d2r 04 (7y)pla- (85)

The lower block is a diagonal (in coordinate space)
matrix

pi(F) = p?(F)®x(7), (86)

with p? from Eq. (78). Like for quarks, we need to scale p{
with the transverse-longitudinal lattice spacing and with the
factor 27/2x, that accompanies the integration measure
dxgd2 rq- We will not do it explicitly here, but instead restore
these factors directly in the expression for the entropy.

For L =0, as already mentioned, 7 + pg =1. We are
interested in the nontrivial small-L regime, A~! > L >
A" or LA< 1< AL. In this regime we expect
I+ p{ ~1—O(L?). The contribution to the entropy asso-
ciated with this single eigenvalue of the density matrix
should be S ~ O(Lz) The matrix /)] on the other hand,
has small eigenvalues, for the same reason discussed
previously. All the eigenvalues should be of order
(Ax)a*A?, due to the dimensionality of pf. Thus, we
expect the contribution from p{ to the entropy to contain
an additional enhancement by a logarithm of (Ax)a?

/szngH/dzr ®A )

x log (m o (p"’)aa>. (87)

This therefore is the leading contribution to the entropy and
we will calculate it first.

Let us examine (p9)
in (78) is

d’k d*q 1
e [ 2584,
T5r ] @ay ) @ap &+ g7 + a2

-

ky-q
+ =5 o <l
(ky + A ((k, + §)* + A?)
X /[dxi“dzri”q'qqq(xn7i>|2{€iw‘ _ei/?g'(7z—71)+if7'?2}_
(88)

ao

for |F,| < L < A™". The first term

—iq-ry
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The integrals over the quark positions basically result
in a “smeared S-function” in ¢ with width A, so |g| ~ A
That means that the phase e"s ~1 since LA < 1.
Furthermore, the denominator of the second rational factor
is essentially constant (independent of the direction of g)
both for small and large l_ég; hence, it gives zero after
integration over the directions of g. Finally, the second
phase factor in the curly braces would restrict |§g\ ~A
which results in a subleading contribution. In all, we
simplify the above to

2 2
lngCF/dkgql /dq
Q) K2 4 a%) (22)°

x / Q[0 [Wg (. 7) 267

2 2
~12920FA— ikgml N
27)*k + A

(89)

We have assumed in these estimates that the nonperturbative
scale entering the gluon propagator (A2?) and the non-
perturbative scale appearing in the quark wave function
(the average quark transverse momentum squared ~/3%) are
of the same order.

The second term in (78) gives a similar expression, but
with A replaced by A, and with the opposite sign. In all, for
|7, < L,

A? log—. (90)

This has a simple interpretation. We are calculating the
probability density of a gluon to be emitted at point 7 inside
A. Since the region inside A is small compared to the proton
(L < 1/A) the emission probability does not depend on 7.
It is given (with the appropriate prefactor) by the integral of
the intensity of the Weizséicker-Williams field of a quark,
integrated over the coordinate of the quark weighted with
the square of the quark wave function. With logarithmic
accuracy this is simply [, - 2 d2rrl2, which is precisely
the logarithm in (90).
Using this in Eq. (87) we obtain

<P <A~

S = —[2A2 /A ) dx,G(x,, A*/A?)

a’A?
x log ( . (Ax)G(xg,A2/Az)>

_—LZAZ/A dx,G(x,, A*/A?)

x log (% (Ax)G(x,, A2/A2)). (91)

Once again, (A%/x)G(x,, A*/A?) is the density of gluons
per unit transverse area.

Since the density matrix (84) is normalized, we infer
from (90)

332C d
T+pl=1- ZHFLZM/A To1og A2/02,  (92)

)ng

and the associated entropy is

50 =37k 20 [ S0 0200
4
ﬂ' Ax xg

=L?A? | dx,G(x,.A?/A?%). (93)

Ax

This is the gluon density per unit transverse area multiplied
by the area of the cutout. As expected, this is a subleading
correction to (91) and can be neglected.

Thus our final result for the gluon entanglement entropy
in the limit of small area of the cutout is given in Eq. (91).

VI. DISCUSSION

To summarize, we calculated the entanglement entropy
of subsets (in several variations) of partonic modes in the
model proton wave function inside a small disk of radius L
by integrating all the other modes in the rest of the wave
function. The area was taken small relative to the total area
of the proton (a soft, nonperturbative scale) L?> < 7/AZ,
but greater than the inverse UV cutoff L > 1/A°.

We now want to comment on these results. Let us
consider the two expressions (40) and (91). Equation (40)
gives the entanglement entropy of quarks at leading order
in the model wave function, while Eq. (91) is the
entanglement entropy of gluons at next to leading order.
They have almost identical structure and are reminiscent of
the form of Boltzmann entropy of a system of noninter-
acting particles. The PDFs that enter (40) and (91) (F in the
former and G in the latter) are the total numbers of quarks
and gluons in the proton. Defining the number of partons
(at a given x) inside an area S, in the longitudinal
momentum interval Ax, as Ng(x) = (Ax)F (x) for

quarks and Ng(x) = (SA?/x)(Ax)G(x) for gluons, both
equations can be written as

_/%NLz(x) log[N .2 (x)]. (94)

This expression is quite natural. For small a® and Ax, one
can only have either one or no partons inside the
elementary cell a’Ax. The average number of partons
N _(x) is then just the probability that the cell contains a
single parton. Equation (94) then is just (the leading term
of) the Shannon entropy of this distribution multiplied by
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the total area (or rather L?/a’*—the number of independent
elementary cells in the area of the cutout) and integrated
over x with the appropriate measure. The fact that the
entropy is proportional to the area L?> is a trademark
property of an extensive quantity. Of course, the entangle-
ment entropy is not, strictly speaking, extensive—the
proportionality to area only holds when the area of the
cutout is small. Were we to take the area of the cutout to be
equal to the area of the proton we would have to obtain
vanishing entropy as we would not be integrating out any
degrees of freedom. So, the dependence of entropy on area
should follow some sort of a Page curve which could be
obtained numerically from Eq. (33), for example.

The one significant difference between Eqgs. (40)
and (91) is that in the latter the number of particles is
defined with the resolution scale A2, as is appropriate in the
QCD improved parton model, while in the former there is
no need to specify a resolution scale.

Does the entropy calculated here have direct physical
meaning? One should remember, of course, that the
calculation presented here does not refer to any particular
physical process, but rather to the properties of the proton
wave function per se. As such, it is not observable directly.
We can try, however, to interpret this result from the point
of view of a DIS or jet production process. In this type of
process there is a physical resolution scale, the momentum
transfer Q7 to the electron or the transverse momentum of a
produced jet. A naive physical picture is then that this scale
should determine the size of the area of the proton measured
by the probe, as well as the resolution with which one
measures the parton number. Taking L? ~ a> ~ 1/Q?, A =

ﬂAéCD and fixing the value of x as appropriate for DIS,

we then may hope to define a more physical quantity. For
gluons that would be

SE(Q% x) = =N g2 (x) log[N -2 (x)]

Ajep
= o (A6 (x. )

2
x log (AS? (Ax)G(x, Q2)> . (95)

It is not entirely clear to us what should be taken as the
“longitudinal resolution scale” Ax. The inclusive DIS cross
section does not provide for a scale of this sort. However, if
one measures the spectrum of produced particles, perhaps
Ax should be related to the width of the rapidity bin in
which the particles are measured.

Finally, it would be interesting to compare our results
with those of Ref. [8]. This may not be entirely straight-
forward for the following reason. Our expressions apply

to the “dilute regime” when the entropy is dominated by
: e A2
states with one parton within the cutout area, SSD (Ax)

G(x, Q%) < 1. On the other hand, Ref. [8] focused on the

saturation regime where the number of particles in the
cutout is assumed to be O(1/a;). Still, the actual derivation
of Ref. [8] only requires that the rapidity is large enough so
that the exponential growth of the gluon density in rapidity
has taken hold. This in itself does not imply saturation, but
rather the presaturation Balitsky-Fadin-Kuraev-Lipatov-like
regime, so that the gluon density is still small but low-x
evolution already has to be resummed.

At any rate, one expects the same elements to appear in
the expression for entropy both in Ref. [8] and in our
calculation. Indeed, the parton density is the basic physical
quantity that appears, and in this respect the two results are
similar. However, there are some significant differences
between the two. In particular, according to Ref. [8] the
entropy is given by the logarithm of xG(x). This is
somewhat perplexing since xG(x) has the meaning of
the longitudinal momentum carried by the partons and not
the parton number. Equation (95), on the other hand,
AéCD

QZ
of partons in the area of the cutout (and in the rapidity
interval Ax), which appears to be the natural basic element
for quantifying the entropy. Whether the number of partons
at high energy is somehow supplanted by the longitudinal
momentum fraction carried by the partons is an interesting
question which should be answered by an explicit
calculation.

contains (Ax)G(x, Q%) which is precisely the number
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APPENDIX A: SHANNON ENTROPY
OF A PROBABILITY DENSITY FUNCTION
FOR A CONTINUOUS DEGREE OF FREEDOM

In this appendix we review the definition of the entropy
associated with a classical probability density function over
a continuous degree of freedom. We discuss the extension
to a quantum mechanical density matrix at the end.

First, recall the expression for the classical Shannon
entropy for a set of discrete outcomes of a random draw,
with probabilities P;,
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H({P;}) = _ZPi log P;. (A1)

If the set of possible outcomes is continuous, e.g. x € R™,
their distribution is given by a normalized, integrable
(including possibly the o-function measure) probability
density function p(x) > 0,

/dxp(x) = 1.

Note that if x is dimensional then dim(p) = [dim(x)]™".
Also, that the integration measure does not involve any
x-dependent Jacobians, all of which must be absorbed into
p(x) for it to be a valid probability density with respect to
the integration measure dx.

To apply Shannon’s formula here, we first discretize the
continuous set of outcomes by introducing (equal size) bins
Ax > 0. An outcome x falls into bin i = |x/Ax]|. The
probability P; for an event in bin i is

(A2)

(i+1)Ax

/ dx p(x) = p;Ax,

iAx

P = (ieNy). (A3)

In the last step we defined the binned density p; as the
average of the probability density p(x) over bin i.
We now have

(i+1)Ax

Hp ==Y [ arp() togpian). (a4
! iAx

If p(x) is a continuous function then

H{p) = - / drp(x) log(p(x)Ax).  (AS)

tep = (tr o) = [ [axlerion)es )05 7). 7

and the entropy does not have a finite Ax — 0 limit. (Even
so, the relative entropy for two such probability densities
does converge.) If, on the other hand, p(x) is given by a
sum of Dirac d-functions then Eq. (A4) does converge since
this basically recovers the case of discrete outcomes.

Along similar lines, let p, denote a density matrix
describing a continuous degree of freedom. By postulate,
its trace is normalized,

dx
trp:/dxpxxz/A—x(AX)pm= 1.

Once again we stress that the trace measure must be dx,
with any x-dependent Jacobians absorbed into p. The von
Neumann entropy S is given by the Shannon entropy of the
vector of dimensionless eigenvalues of (Ax)p. Upon
binning the eigenvalue distribution, it is given by

(A6)

(i+1)A2

S:—Z / dip(A) log(p:Ad).

iAL

(A7)

APPENDIX B: CALCULATING TRACES
OF POWERS OF p

Gearing up for the calculation of the von Neumann
entropy, we write expressions for the trace of powers of the
density matrix, tr(pz)" (which, if desired can be used to
determine the Rényi entropy).

Since our density matrix is block diagonal in the particle
number basis, the different blocks do not talk to each other
and can be considered separately.

In the zero particle subspace p, is a number and thus

trpy = pp - (B1)

It is easy to see that in the three particle subspace we
simply have

' (B2)

Note that in both (B1) and (B2) the lattice spacing a does not appear.

Consider now the single particle subspace,

(p%)aa = (pl )tm(pl )aa
dxlde
X1 X2X3

=3Axda?

(1 —=x; —x, —x3)/d2rld2r25(x17] + X375 4 X373) O, (F1) O () ¥ (x1, i3 X2, Pas X3, 75) 2

dy,dy - - - - - .-
x3Axa2/125(1—y1 —Y2—x3)/d2S1 25, 8(y151 + y252 +x373)04 (51)O4 (52)[W (1. 513 2. 23 %3. 73) 2.

8y 1y2X3

(B3)
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Taking the trace,

dxy [ d3r .
trpi :/rj/T;GA(rz)

dx;dx - - - - - - - -
X 3Axa2/#2xz35(1 — X — X —x3)/d2r1d2r25(x1r1 + X275 + X373) O (F1)O4 (F2) W (X, Fiixa, Pas x5, 73) 2
1

dy;dy - R - R - IR - -
X 3Axa2/m5(l —Yi—» —x3)/d281d2S25()’1S1 + ¥255 + X373) 04 (51)O4 (52) ¥ (y1. 513 y2. 525 x3.73) 2

/dX3/d27’3 0;(73) [3Axa /[dyz] (v3 —x3)/[d2s,-]5(§3 _73)®A(§1)®A(§2)|‘P(Yiv3i)|2r. (B4)

For an arbitrary N we obtain

wi= [92 [Cre 0x(7)[3ava® [yt - x0) [ P10, - Fo0AEOAE W05 . (B)

As noted in the main text of this paper, the lattice spacing does not cancel in this expression, and formally this expression
vanishes, for N > 1, in the “continuum limit” Ax, a — 0.

Now consider traces of powers of p,. We have

. . Y(x;, 7)) Pr(xiL7)
2 /:9Axa23/didzs,~®-s 0;(5,)8 5(55 = 73) [P (v, 5:) ]2 L Ll B6
(P2)aw = 9(Axa®)’ [ [dyi][d*s;]05(51)05(52)8(xs — y3)5(53 — 73) [ (i 8;)] Tyt /AT (B6)
In this expression 73 = —(x|7| + Xp75)/x3 =1} = (xlr1 +x57) /x5, while x3=1—-x—x; =x;=1-x] —x2

Recall, also, that here the indices a = {xi,7|,x, 72}, o = {x|, 7, x5, 7}, are defined over the domain 7,7,
7,7 EA, T3 EA.
The trace, defined with the measure dx;dx,d>r;d?r,0(x3)04(73)0;(7,)0(7,)/(a*Ax)?, is

wpd = 3 / (A (0210, ()04 (71 ) @3 (7) ¥ (x,. )2
x 3Axa? /[dyi} [dzsi]®A(31)®A(§2)5(x3 - y3)5(§3 - ?3)|‘P(yi7 Ei)|2- (B7)

Note that this is actually identical to Eq. (B4) for trp? with A <> A, as it should be.
For general power N,

twp) / dx; / ﬂwra){smaz / Ayl dsi18(xs — 3)3(5, — F2)Ox (501 (5[ ¥ 5P| . (B8

Again we see that the lattice spacing does not disappear in this expression and formally leads to its vanishing for a — 0
and N > 1.

APPENDIX C: CHECKING TRACES

Here we check the normalization of the density matrix (58).
First let us take the trace of p?9¢, which amounts to setting x; = x;, ¥: = 7, and integrating over [dx;] and [d*r;]. The first
line gives

/ ([ d2r](1 = 3CE (1)) Wi (o T2 = 1 = 3 /[dx}[dz] E (o)) Wi (1. 7). (c1)

where we used the normalization condition (31) for the three-quark wave function. From the rest of Eq. (59) we get
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dx, d*k k2
24°C /dx,- dr; / S a g P (X )
g CLF [ ][ ] szxg (271,)3 (k§+A2)2| qqq( )l

X [e_ikg'(?l_?Z) + e_i]zg'(?l_?ii) + e_ilz_q'(??._?ii) + C.C.:| . (C2)

Now let us take the trace of the matrix (61). To do this set
xi = x;, 7. = 7, and integrate over all degrees of freedom,
including the momentum fraction of the gluon with the
measure dx, / 2x,, and its transverse position with the
measure 27d? r4. This is done by performing the following
steps: (i) extract the integrations over dx,/2x,, d’k,/(27)*,
and d*k},/(2x)? from [dx;], [d*k;], and [d*k(]; (ii) perform
the integration over d*r, which produces a (27:)25(1% - l?g);
and (iii) shift the quark momenta (as needed) by —%g SO
that the arguments of the ¥y, functions no longer involve

ﬁg; note that this also changes 5(1_51 + l_éz + l% + ﬁg) -
5(/?1 ks + 123), and similar for the primed momenta. The
first three terms of Eq. (61) then give (taking A> — 0 where

possible)

X1 dxg

3.482C, / (A2, [ g () /

Ax 2Xg
X/ d*k, 1
312 2
(27)° k; + A

This cancels against the O(g?) correction in Eq. (C1), after
regularization of the UV divergence, (ki + A%)™' —
(kg + A%~ = (kg + A%)7

The remaining terms of (61) give

(C3)

dx, d*k, K2
ax2x, (27)3 (k2 + A%)?

e / ][] ¥ g (- 7) P

-

y [e—ikm—ra) 1ok (Fi=73) ik (P27 +C'C'} . (C4)

This cancels against (C2). The cancellations of the pertur-
bative corrections in the trace ensure that it remains = 1,
and independent of the coupling ¢* and the IR (collinear
and soft) and UV cutoffs.
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