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Using standard mathematical methods for asymptotic series and the large-β0 approximation, we define a
minimum distance between the fixed-order perturbative series and the contour-improved perturbative series
in the strong coupling αs for finite-energy sum rules as applied to hadronic τ decays. This distance is
similar, but not identical, to the asymptotic separation of Hoang and Regner, which is defined in terms of
the difference of the two series after Borel resummation. Our results confirm a nonzero nonperturbative
result in αs for this minimum distance as a measure of the intrinsic difference between the two series, as
well as a conflict with the operator product expansion for contour-improved perturbation theory.
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I. INTRODUCTION AND MOTIVATION

The determination of αs from an analysis of the hadronic
τ decay has a very long and successful history, which is
linked to the use of finite energy sum rules (FESRs) [1–9].
These FESRs rely on the analyticity of the vector (and
axial) two-point correlator to relate integrals of the spectral
function to complex contour integrals of perturbation
theory supplemented by the nonperturbative contribution
from the operator product expansion (OPE). Because the
mass of the τ lepton is not much larger than the scale of
QCD, one of the problems that one has to face is that of
the (non)convergence of the perturbative series, a property
associated with renormalons [10]. Even the OPE as a
whole has been recognized as constituting a nonconvergent
expansion, and this property is at the origin of (quark-
hadron) duality violations [11–18].
Although the QCD perturbative series is expected to be

only asymptotic, multiple ideas have been explored to
compensate for this lack of convergence by a reorganiza-
tion of the terms in the series in order to help approach the
final result at the fastest possible rate [19–20]. Two of these
organizations of the perturbative series have been predomi-
nant in analyses of the hadronic τ decay: fixed-order

perturbation theory (FOPT) and contour-improved pertur-
bation theory (CIPT) [21–22].
The essential difference between FOPT and CIPT is in

the choice of the renormalization scale μ2 which is present
in any perturbative calculation. Usually the natural choice
for a QCD correlator with an external scale s0 has been to
take μ2 equal to this external scale to minimize the
contribution of the ubiquitous logarithms of the form
logðs0=μ2Þ appearing in the perturbative series. This is
the choice made in FOPT. However, the existence of the
contour of integration in the complex plane in the FESRs
also allows the possibility to make the choice μ2 ¼ z to kill
the logarithmic contribution of the form logðz=μ2Þ along
the whole contour of integration in the z complex plane,
and this latter choice is the one made in CIPT.
The proponents of CIPT defend their position by arguing

that this choice resums the perturbative series along the
whole complex contour, resulting in a series which, at least
for the lowest orders that have been calculated in τ decay so
far, seems to be better behaved, i.e., with smaller term-by-
term contributions. However, apart from its unique appli-
cation,1 the partial resummation carried out by CIPT is
potentially suspect. As mentioned above, the QCD pertur-
bative series is asymptotic and it turns out that this partial
resummation disrupts a cancellation between the leading
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1To the best of our knowledge, a choice like CIPT has never
been made in any QCD analysis apart from its use in FESR
analyses. It is far from obvious whether the CIPT αs is the same
coupling as that extracted from an observable for which there
exists no contour to consider.
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perturbative orders from the Adler function and the orders
originating from the contour of integration. In fact, in the
large-β0 approximation this cancellation is exact [23].
Recently, the seminal work of Ref. [24] has substantially

contributed to a clarification of the difference between
FOPT and CIPT. These authors have pointed out that
the Borel transform which generates the CIPT series is
different from that of the FOPT series, resulting in a
irreducible difference, of Oðe−c=αsÞ (with αs the strong
coupling and c some positive constant), which they refer
to as the “asymptotic separation” (AS). Since the renor-
malon structure of the FOPT series, and in particular its
associated ambiguities, match the contributions from the
OPE as expected,2 this extra nonperturbative contribution
present in the CIPT series is in conflict with the OPE or, at
least, with its standard version [25], in that it suggests the
existence of nonperturbative terms which go beyond
the OPE.
However, in spite of this, in some analyses it has been

standard practice to assume the same OPE for FOPTand for
CIPT, taking an average of the results obtained for αs in
both cases, and taking the difference as some sort of
systematic error [26]. In view of the results of Ref. [24],
this procedure now has turned out to be inconsistent.
What makes sense, once the source for this irregular

behavior of the CIPT series has been identified, is to design
a cure for it. Reference [27] has presented a scheme to bring
CIPT into agreement with the OPE, and the results obtained
largely confirm the results obtained with the FOPT method.
The purpose of the present note is to discuss the difference

between fixed-order perturbation theory (FOPT) and con-
tour-improved perturbation theory (CIPT), following the
analysis of Hoang and Regner [24]. However, in contrast to
the approach of Ref. [24], which considers this difference at
the level of a Borel transform of the contour integration
generally used in τ-decay analyses, in this work we will
consider the asymptotic series which results after the
integration over this contour is carried out, order by order,
at the level of the perturbative series expansion. The result of
this analysis confirms that there is a nonperturbative differ-
ence between the FOPT and CIPT asymptotic series, as
pointed out inRef. [24], andwe agreewith themainmessage
of that reference, namely, that this nonperturbative differ-
ence is at odds with the OPE. In addition, we show how to
reproduce the results of Ref. [24] in a different way, at least
in the large-β0 approximation. However, our new result for
the difference at the level of the series is not the same as the
AS obtained at the level of Borel sums in Ref. [24].
In this work we will limit ourselves to the large-β0 case.

We do this because this case is considerably simpler while
at the same time containing the essential ingredients,

allowing for a clearer discussion of the main results.
Therefore, let us define the variable α as

α ¼ 1

2
β0αs; ð1:1Þ

with (using μdαs=dμ ¼ −β0α2s)

β0 ¼
1

π

�
11Nc

6
−
Nf

3

�
: ð1:2Þ

The renormalization group equation in terms of α
simply reads

−z
d
dz

αðzÞ ¼ α2ðzÞ: ð1:3Þ

For future reference, let us note that Nf ¼ 3 and αs ¼ 0.3
(the approximate value of αs at the τ mass) correspond to
α ≃ 0.2, which is the relevant value in the analysis of the
hadronic decay of the τ lepton. This is why in some
examples we will use α ¼ 1=5.

II. FOPT FOR THE ADLER FUNCTION AND
ARBITRARY MOMENT xm

The Adler function, DðzÞ possesses a renormalon
structure [10] which admits a Borel representation given by

DðzÞ ¼ −z
dΠðzÞ
dz

¼
Z

∞

0

dωBðωÞe− ω
αð−zÞ

¼
Z

∞

0

dωBðωÞ
�
−z
μ2

�
−ω
e
− ω
αðμ2Þ ð2:1Þ

in terms of the Borel function, BðωÞ, whose singularities
closest to the origin are located at integer values of ω. The
second equation in Eq. (2.1) follows from Eq. (1.3). In
Eq. (2.1), ΠðzÞ stands for the scalar function associated
with the vacuum polarization tensor of the two-point vector
correlator.
One distinguishes the ultraviolet (UV) renormalons, as

those singularities located at negative values of ω, and the
infrared (IR) renormalons, with singularities located at
positive values of ω. In most of this work we will
concentrate on the IR renormalons, as they will turn out
to be mainly responsible for the FOP-CIPT difference, but
we will also comment on the UV renormalons and clarify
their role, if any, in regard to this difference.
In general, these singularities are branch points but, in

the large-β0 approximation, the IR renormalons are simply
poles in the Borel function BðωÞ: a simple pole at ω ¼ 2
plus an infinite sequence of double poles at ω ¼ 3; 4; 5;….
Therefore, we may concentrate on the contribution of an
individual pole to the Adler function by considering the
integral

2Any ambiguity generated by the perturbative series is ex-
pected to be cured by a contribution from the OPE, since the
combined result should be unambiguous.
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DðzÞjp ¼
Z

∞

0

dω

�
−z
μ2

�
−ω 1

ðp − ωÞγ e
− ω
αðμ2Þ: ð2:2Þ

where, as we have discussed, γ ¼ 1 or 2 in the large-β0
approximation.
At this level the distinction between FOPT and CIPT lies

in the choice for the scale μ. In FOPT, this choice amounts
to taking μ2 ¼ s0, where s0 is a typical external Euclidean
scale in the problem which, in the particular case of the
hadronic τ decay, may be simply identified with m2

τ .
Because the τ mass is not much larger than the hadronic
scale, analyses of the decay of the τ lepton traditionally use
the so-called finite energy sum rules (FESRs), which
consist of moments, Amðs0Þ, of contour integrals of radius
jzj ¼ s0 around the origin of the complex plane. Therefore,
we will study integrals of the type

Amðs0Þ ¼ −
1

2πi

I
jxj¼1

dx
x
xmDðxs0Þ: ð2:3Þ

Upon inserting (2.2) into (2.3), and using the identity

−
1

2πi

I
jxj¼1

dx
x
xmð−xÞ−ω ¼ sinðπωÞ

πðm − ωÞ ; ð2:4Þ

one easily obtains that

Amðs0Þ ¼ −
1

2πi

I
jxj¼1

dx
x
xmDðs0xÞ

¼ 1

π

Z
∞

0

dω

�
sinðπωÞ

ðm − ωÞðp − ωÞγ
�
e−

ω
αðs0Þ: ð2:5Þ

The case γ ¼ 1 is particularly simple as this integral is well
defined for all values of m except m ¼ p, for which it
diverges. For m ≠ p, the integrand in Eq. (2.5) is analytic
everywhere in the complex ω plane and has an infinite
radius of convergence in ω. This allows the integration to
be carried out even after expanding the expression in
parenthesis in powers of ω, resulting in a convergent power
expansion in α for the integral, whose radius of conver-
gence we show to be equal to 1=π in Appendix A. In this
case, the Borel transform of FOPT in Eq. (2.5) defines an
analytic function which we will assume to be the exact
answer. This will be sufficient for our purposes.3 The
situation will be different in the CIPT case, which is key to
the arguments of Ref. [24] and this paper.
In the general case, the pole at ω ¼ p is not simple but

double (i.e., γ ¼ 2), or even a branch point if one goes
beyond the large-β0 approximation. In these cases, even
FOPT needs to be regulated and it is common practice to do

so according to the principal value prescription, defined as
the average with respect to an�iϵ shift in both singularities
at ω ¼ p and ω ¼ m, taking the limit ϵ → 0 at the end. The
fact that the result has a finite limit when ϵ → 0 means that
we are defining the Borel integral by analytic continuation.
The FOPT series, being an expansion in powers of α, can

therefore be obtained as

Amðs0Þ ¼ −
1

2πi

I
jxj¼1

dx
x
xmDðs0xÞ

¼ 1

π

Z
∞

0

dω

�
sinðπωÞ

ðm − ωÞðp − ωÞγ
�
T
e−

ω
αðs0Þ; ð2:6Þ

where the symbol ½HðωÞ�T denotes the Taylor expansion of
the function HðωÞ around ω ¼ 0, integrated term by term.
To study the difference between FOPT and CIPT and

make contact with the asymptotic separation defined in
Ref. [24], it will prove convenient to split the sinðπωÞ ¼
1
2i ðeiπω − e−iπωÞ, and integrate each term in the difference
separately. This requires the poles atω ¼ p andω ¼ m to be
regulated and we will do so using the common principal
value prescription mentioned above.

III. CIPT FOR THE ADLER FUNCTION AND
ARBITRARY MOMENT xm AND THE

ASYMPTOTIC SEPARATION OF
HOANG AND REGNER

Unlike in the case of FOPT, the CIPT choice for the scale
μ2 in the contour moment (2.3) corresponds to taking μ2 ¼
z in Eq. (2.2). This leads to

DðzÞ ¼
Z

∞

0

dω

�
1

ðp − ωÞγ
�
T
e−

ω
αð−zÞ

¼
X∞
n¼0

n!
Bð−γ; nÞ
pnþγ αnþ1ð−zÞ; ð3:1Þ

where Bð−1; nÞ ¼ 1, Bð−2; nÞ ¼ nþ 1.
To obtain Amðs0Þ in CIPT, we again use the identity (2.4)

and obtain

Amðs0Þ ¼
1

π

Z
∞

0

dω

�
1

ðp − ωÞγ
�
T

sinðπωÞ
m − ω

e−ω=αðs0Þ; ð3:2Þ

for its corresponding series expansion. This amounts to
carrying out the contour integration of Eq. (3.1) term by

term, because sinðπωÞ
m−ω is an analytic function everywhere in

the complex plane, and thus equals its Taylor expansion
everywhere. There is thus no need to deform the contour, as
was done in Ref. [24], where the series was Borel
resummed first.
We note the difference between the FOPT series in

Eq. (2.6) and the CIPT counterpart in Eq. (3.2).
Resumming the series in Eq. (3.2) by removing the symbol

3Even when a convergent power expansion defines an analytic
function in α, this function might differ from the exact solution by
terms Oðe−1=αÞ.
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½�T immediately reproduces the FOPT result in Eq. (2.5).
Why are these two series different then? In the particular
case of a simple pole, γ ¼ 1, one can easily see where the
difference comes from: The expansion of 1

p−ω in powers ofω
and consequent integration term by term is a mathematically
illegal operation since this expansion converges only for
jωj ≤ p, whereas ω is integrated all the way to infinity. This
causes the series (3.2) to be asymptotic, unlike the FOPT
result in Eq. (2.6) since sinðπωÞ=ððm − ωÞðp − ωÞÞ has no
singularity in ω for m ≠ p, and therefore, an infinite radius
of convergence in a power expansion in ω. This leads to the
finite radius of convergence of the FOPT expansion in
powers of α found in Appendix A.
As an asymptotic expansion, CIPT in Eq. (3.2) will

approach a certain value, in general different from Eq. (2.5),
before it diverges. In Ref. [24], a Borel sum for the CIPT
expansion was defined, and an explicit expression for the
difference between the CIPT and FOPT Borel sums, the
“asymptotic separation” (AS) was obtained.
In order to calculate this AS we will follow a slightly

different route from Ref. [24] which, in our opinion,
requires less mathematical complexity and may clarify
some aspects of the final result, at least in the large-β0
approximation. To do this, it is useful to split the sinðπωÞ in
Eq. (3.2) into two exponentials and consider the following
difference (γ ¼ 1; 2):

Δðα; p;m; γ; ϵ; kÞ

¼ 1

2iπ

Z
∞

0

dω
1

ðpþ iϵ − ωÞγ
e−

ω
αð1−ikπαÞ

mþ iϵ − ω

−
1

2iπ

Z
∞

0

dω

�
1

ðp − ωÞγ
�
T

e−
ω
αð1−ikπαÞ

mþ iϵ − ω
; ð3:3Þ

where α≡ αðs0Þ and k ¼ �1. Notice how the poles now
need to be regulated with the addition of an iϵ (ϵ > 0), as
the sinðπωÞ function is absent in the numerator. It is
intuitively clear that a nonzero difference has to be due
to the position of the pole at ω ¼ pþ iϵ and that, in physics
terms, it should be nonperturbative with respect of the
coupling α, the expectation being a behavior of the
form Δ ∼Oðe−p=αÞ.
To arrive at a result for Δ in Eq. (3.3), we will first study

a slightly simpler example. Consider the difference

Δ̃ ¼ 1

2iπ

Z
∞

0

dω
e−

ω
αð1−iπαÞ

pþ iϵ − ω

−
1

2iπ

Z
∞

0

dω

�
1

p − ω

�
T
e−

ω
αð1−iπαÞ: ð3:4Þ

The second integral need not be regulated with an iϵ
because, due to the implicit series expansion in ω, the
integrand has no pole.

If we could remove the symbol ½�T in the second term of
(3.4) (which of course we cannot, because of the pole at
ω ¼ p which would then appear), the result for the
difference would be clearly zero. Instead, before we remove
this symbol, we move away from the real axis.
The Taylor expansion of the second term does not

contain the pole at ω ¼ p and, consequently, the second
integral can actually be taken along any path which does
not touch the positive real axis, Γ, going from ω ¼ 0 to
ω ¼ ∞ in the first quadrant of the complex ω plane. For
definiteness, we will take Γ to be a straight line with a finite
angle between 0 and π=2 with respect to the real axis. We
then have

Δ̃¼ 1

2iπ

Z
∞

0

dω
e−

ω
αð1−iπαÞ

pþ iϵ−ω
−

1

2iπ

Z
Γ
dω

�
1

p−ω

�
T
e−

ω
αð1−iπαÞ:

ð3:5Þ

If we now define a resummation by removing the symbol
½�T , regulating the pole with the same prescription as in the
first term, the expression becomes

Δ̃ ¼ 1

2iπ

Z
∞

0

dω
e−

ω
αð1−iπαÞ

pþ iϵ − ω
−

1

2iπ

Z
Γ
dω

e−
ω
αð1−iπαÞ

pþ iϵ − w

¼ 1

2iπ

I
dω

e−
ω
αð1−iπαÞ

pþ iϵ − ω
; ð3:6Þ

which immediately shows the presence of the pole at p ¼ ω
with the help of the residue theorem (the contribution from
the circular arc at infinity connecting the positive real axis
and Γ vanishes). This procedure defines a Borel sum for the
2nd term and yields for this difference

Δ̃ ¼ ð−1Þpþ1e−
p
α: ð3:7Þ

As we will see below, this result for Δ̃ previews the AS
defined in Ref. [24] for this case of Eq. (3.4). Figure 1
shows

FIG. 1. Left panel: real part of Eq. (3.8) for α ¼ 1=10 and
p ¼ 1, as a function of the order, n, multiplied by 105. The dashed
line is the result of Δ̃, Eq. (3.7). Right panel: same for the
imaginary part, with ImΔ̃ ¼ 0.
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Δ̃n ¼
1

2iπ

Z
∞

0

dω
e−

ω
αð1−iπαÞ

pþ iϵ − ω

−
1

2iπp

Z
∞

0

dω
Xn
k¼0

�
ω

p

�
k
e−

ω
αð1−iπαÞ ð3:8Þ

as a function of n. The resummed Δ̃ of Eq. (3.6) is purely
real even though both integrals in Eq. (3.6) are complex.
This means that the real and imaginary parts of Eq. (3.8)
behave very differently. Indeed one can see on the left panel
that the real part approaches a nonzero value, given
approximately by the expression in Eq. (3.7) before it
diverges, whereas the imaginary part in the right panel
oscillates around zero before diverging. If we had chosen to
regulate the pole with −iϵ instead, the pole at ω ¼ p − iϵ
would not be encircled by the contour in Eq. (3.6) and the
result would be zero. This choice of iϵ prescription would
lead to a plot like that in the right panel of Fig. 1, but now
for both the real and the imaginary part: The series
oscillates around the result and there is no asymptotic
separation.4

We are now ready to calculate the AS for the difference
of FOPT in Eq. (2.5) and CIPT in Eq. (3.2). To this end, it is
convenient to define the integrals5

Iðα;p;m;γ;ϵ;kÞ¼ 1

2iπ

Z
∞

0

dω
1

ðpþ iϵ−ωÞγ
e−

ω
αð1−iπαkÞ

mþ iϵ−ω
;

ð3:9Þ

and

ITðα; p;m; γ; ϵ; kÞ

¼ 1

2iπ

Z
∞

0

dω

�
1

ðpþ iϵ − ωÞγ
�
T

e−
ω
αð1−iπαkÞ

mþ iϵ − ω
: ð3:10Þ

The result for the FOPT moment Amðs0Þ in Eq. (2.5) may
be expressed as

AFOPT
m ðs0Þ¼

1

2
½Iðα;p;m;γ;ϵ;k¼ 1Þþ Iðα;p;m;γ;−ϵ;k¼ 1Þ

− Iðα;p;m;γ;ϵ;k¼−1Þ
− Iðα;p;m;γ;−ϵ;k¼−1Þ�; ð3:11Þ

where the ϵ → 0 limit at the end is understood.6 The
equivalent CIPT version, ACIPT

m ðs0Þ is obtained from the

above expression using the integral IT instead of I.
Repeating the same steps which led to the result of Δ̃ in
Eq. (3.6), we get (ϵ > 0):

ΔASðα;p;m;γÞ

¼1

2
½Δðϵ;1ÞþΔð−ϵ;1Þ−Δðϵ;−1Þ−Δð−ϵ;−1Þ�; ð3:12Þ

where for simplicity we omit the arguments α, p, m and γ
and

Δðϵ; kÞ ¼ 1

2iπ

Z
∞

0

dω
1

ðpþ iϵ − ωÞγ
e−

ω
αð1−iπαkÞ

mþ iϵ − ω

−
1

2iπ

Z
Γk

dω
1

ðpþ iϵ − ωÞγ
e−

ω
αð1−iπαkÞ

mþ iϵ − ω

− kΘðkϵÞRes
�

1

ðpþ iϵ − ωÞγ
e−

ω
αð1−iπαkÞ

mþ iϵ − ω
;

ω ¼ mþ iϵ

�
ð3:13Þ

¼ kΘðkϵÞRes
�

1

ðpþ iϵ−ωÞγ
e−

ω
αð1−iπαkÞ

mþ iϵ−ω
;ω¼pþ iϵ

�
:

ð3:14Þ

Here Γk is a straight line from ω ¼ 0 to ω ¼ ∞ in the first
quadrant if k ¼ 1 and in the fourth quadrant if k ¼ −1. The
function ΘðxÞ ¼ 1 for x > 0 and ΘðxÞ ¼ 0 for x < 0,
which implies that Δð−ϵ; 1Þ ¼ Δðϵ;−1Þ ¼ 0 because no
pole is encircled in these cases. Therefore, Eq. (3.12)
simplifies to the sum of two separate contour integrals
along two closed contours (one counterclockwise in the
first quadrant when k ¼ 1 and one clockwise in the fourth
quadrant when k ¼ −1) and we find as the final result

ΔASðα; p;m; γÞ ¼ Res
�

1

ðp − ωÞγ
e−

ω
α cosðπωÞ
m − ω

;ω ¼ p
�
;

ð3:15Þ

where we have already taken the limit ϵ → 0. This result
immediately shows why the IR renormalons are the ones
responsible for the AS. UV renormalons, on the other hand,
do not contribute as their poles are located outside of both
integration contours and, correspondingly, their residues
vanish.
We may now list a couple of explicit results:

ΔASðα; p;m; 1Þ ¼ ð−1Þp e−p=α

p −m
;

ΔASðα; p;m; 2Þ ¼ ð−1Þpe−p=α
�

1

ðp −mÞ2 þ
1

α

1

p −m

�
;

ð3:16Þ

4The behavior shown in the right panel of Fig. 1 is reminiscent
of the case where p (the position of the pole in the Adler function)
is the same as m (the position of the pole generated upon
contour integration of the moment). See Sec. IVA below.

5As before, we choose ϵ>0 in what follows but choosing ϵ<0
leads to the same result.

6When γ ¼ 1 this limit is trivial due to the sinðπωÞ function in
Eq. (2.5).
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in agreement with the results found in Ref. [24].7

This shows the equivalence of both methods, at least
for the large-β0 approximation considered here. Clearly,
the case m ¼ p is special as the above expressions for
ΔASðα; p; p; γÞ are ill defined. In this case, Hoang and
Regner in Ref. [24] choose to defineΔAS to be zero because
the CIPT series shows in this case a behavior similar to
that in the right panel of Fig. 1. This is a situation where
CIPT crosses the FOPT result between two consecutive
orders in the expansion, even though in general there is no
single order for which the CIPT series agrees with the
FOPT result.

IV. THE MINIMUM DISTANCE (MD) BETWEEN
THE FOPT AND THE CIPT SERIES

In this section we would like to discuss another possible
approach to the FOPT-CIPT difference which, unlike that
of Ref. [24], is based on the CIPT series for the contour
moments Amðs0Þ themselves rather than on its Borel
resummation. After all, it is the series one considers in
the actual analyses of hadronic τ decays in practice.
The starting point of this discussion is the fact that the

difference between the FOPT Borel representation in
Eq. (2.5) and the sum of the first n − 1 terms of the CIPT
series expansion in Eq. (3.2) can be written as (γ ¼ 1, 2)

ΔSERðα;p;m;γ;nÞ¼ 1

π

Z
∞

0

dω
e−ω=α sinðπωÞ

ðm−ωþ iϵÞðp−ωþ iϵÞγ

×

�
ω

p

�
n
�
pþnðp−ωÞ

p

�
γ−1

; ð4:1Þ

where the limit ϵ → 0 will always be taken in the end. The
series ΔSERðα; p;m; γ; nÞ constitutes an asymptotic series
as a function of the order n and, as such, it comes within a
minimum distance of zero for some value of n ¼ n�, where
it stabilizes for a few orders before it diverges. The value of
this minimum distance at the order n ¼ n� is the difference
between the FOPT Borel result and the CIPT series,
ΔSERðα; p;m; γ; n�Þ, we are interested in. General proper-
ties of asymptotic expansions suggest that we should
expect this value of n� to be of Oð1=αÞ, and this minimum
distance of Oðe−p=αÞ.
In order to verify that this is indeed the case, we carry out

a saddle point approximation and express ΔSER as

ΔSERðα;p;m;γ;nÞ¼ 1

π

Z
∞

0

dω
eΦðω;nÞ sinðπωÞ

ðm−ωþ iϵÞðp−ωþ iϵÞγ

×

�
pþnðp−ωÞ

p

�
γ−1

; ð4:2Þ

where

Φðω; nÞ ¼ −
ω

α
þ n log

ω

p

≈ −
ω0

α
þ n log

ω0

p
−
n
2

ðω − ω0Þ2
ω0

2
; ð4:3Þ

and ω0 ¼ nα is the value at which the derivative vanishes,
Φ0ðω0; nÞ ¼ 0. Setting ω0 ¼ nα, and imposing the asymp-
totic stability condition Φðω; n�Þ ∼Φðω; n� þ 1Þ leads to
n� ¼ p=α and, consequently, ω0 ¼ p.8 The exponential
factor in (4.2), therefore, becomes

eΦðω;n�Þ ≈ e−
p
αe−

1
2

ðω−pÞ2
pα ; n� ¼ p

α
; ð4:4Þ

which yields a nonperturbative correction Oðe−p
αÞ, as

expected, times a Gaussian centered at ω ¼ p with a
narrow width of Oð ffiffiffiffiffiffi

pα
p Þ. In fact, for α small enough,

the Gaussian is so narrow that, when the integrand in
Eq. (4.2) is well defined at ω ¼ p (as it is the case for γ ¼ 1
andm ≠ p), this gaussian may be replaced by a Dirac delta,
i.e., ∼δðω − pÞ. In particular when p ¼ −jpj is a negative
integer, as it is the case of UV renormalons, the iϵ
prescription is not necessary since the integrand is regu-
lated by the sinðπωÞ and the integral (4.1) vanishes like
sinðπωÞδðω − jpjÞ=ðp − ωÞ. If the Gaussian is not approxi-
mated by the Dirac delta, it will still be very much
suppressed relative to the natural scale Oðe−jpj=αÞ. The
net result is that UV renormalons are not the main cause for
the FOPT-CIPT difference, in agreement with the con-
clusion based on the AS criterion of Ref. [24] and our
discussion in the previous section.
We have checked the results (4.4) in a number of cases

and the agreement for small α is very good, being optimal
when the value of n� ¼ p=α is employed in the initial
integral ΔSER in Eq. (4.1) rather than using the alternate
expression obtained using the approximation (4.3) in
Eq. (4.2). A possible exception appears to be the double
pole in the Adler function for the case with m ¼ p, for
which, as we will see below, the subleading terms in n� ¼
p=αþ… are not negligible.
In what follows, we will compare in a few cases the

“minimum distance” (MD), defined as ΔSERðα; p;m; γ; n�Þ
with n� ¼ p=α, with ΔSERðα; p;m; γ; nÞ as a function of n,
and also with the corresponding result for the AS
of Ref. [24].

A. The case p ≠ m

An interesting case in this category is the case p ¼ 2 and
γ ¼ 1, since that represents the simple pole corresponding
to the first IR renormalon [28] (see also Ref. [10]). In this

7Note that Ref. [24] defines the moments with ð−xÞm, so that
their expressions differ by ð−1Þm from ours. 8The factor pþnðp−ωÞ

p is equal to one for ω ¼ ω0 ¼ p.
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case we can easily obtain an analytic expression for the MD
with the help of the Dirac delta approximation for the
exponential in Eq. (4.4),

e−
1
2

ðω−pÞ2
pα ≈

ffiffiffiffiffiffiffiffiffiffiffi
2pπα

p
δðω − pÞ; ðα → 0Þ; ð4:5Þ

which, when inserted into Eq. (4.2), yields for the MD

ΔSERðα;p;m;1;n�Þ≈ð−1Þp
ffiffiffiffiffiffiffiffiffiffiffi
2pπα

p e−p=α

p−m
; ðα→0Þ: ð4:6Þ

This result should be compared to the expression for the AS
in the first of Eq. (3.16).
In general, however, instead of the Dirac delta approxi-

mation, it is better to use the value of n� ¼ p=α in the
expression (4.2). Choosing m ¼ 1 for example, Fig. 2
shows a comparison of the MD with the result for
ΔSERðα; p;m; γ; nÞ as a function of n for α ¼ 1=5 and for
α ¼ 1=40. From the figure one sees that the AS of Ref. [24]
does well for a value of α ¼ 1=5, as theMD does too, but for
a value of αmuch smaller, such as, e.g., α ¼ 1=40 (deeper in
the asymptotic regime), the MD gives a better description of
the FOPT-CIPT difference.
Double poles in the Adler function at large-β0 start at

p ¼ 3 for which the exponential suppression in Eq. (4.4)
makes the contribution very small. For illustration, we may
instead look at a double pole at p ¼ 2. Again, choosing
m ¼ 1, Fig. 3 shows the result of this comparison. For α ¼
1=5 the AS and the MD fare well but for α ¼ 1=20 the MD
again describes the FOPT-CIPT difference better.

B. The special case p=m

This case requires special attention as the result for
the AS (3.16) is ill defined for p ¼ m. In Ref. [24] the
authors define the FOPT-CIPTasymptotic separation in this
case to be zero. Although it is true that the difference
ΔSERðα; p; p; γ; nÞ crosses zero at some intermediate real
number between two consecutive integers, n and nþ 1, in
general this intermediate value does not coincide with any
integer n and, therefore, there is no order in the expansion
where one would really expect to find a vanishing result.

A similar thing happens with the well-known Stieltjes
asymptotic expansion

IðαÞ ¼
Z

∞

0

dt
e−t=α

1þ t
≈
XN
n¼0

ð−1Þnn!αnþ1 ð4:7Þ

which criss-crosses the exact result for this integral at
multiple values ofN around the asymptotic valueN� ¼ 1=α.
However, the minimum distance between the series and the
exact integral is not zero but

ffiffiffiffiffiffi
πα

2

r
e−1=α; ð4:8Þ

as is well known [29].
In Fig. 4 we show the comparison for the simple pole at

p ¼ m ¼ 2 between the absolute value jΔSERðα; 2; 2; 1; nÞj
and the corresponding MD at n� ¼ 2=α for two values of α,
α ¼ 1=5 and α ¼ 1=30. Showing the absolute value of
ΔSER emphasizes the point at which the distance between
FOPT and CIPT is a minimum. Although the MD at n� is
small on the scale of e−p=α, it is not zero.
Finally, in Fig. 5 we show similar results for a double

pole at p ¼ m ¼ 2, ΔSERðα; 2; 2; 2; nÞ, again in absolute
value, and for α ¼ 1=5 and α ¼ 1=30. Again, the minimum
value of jΔSERj is nonzero. However, as the figure shows, in
this case the asymptotic estimate n� ¼ p=α is not suffi-
ciently accurate to exactly reproduce the minimum value of
ΔSER represented by the lower points. We have checked

FIG. 3. Left panel: comparison between ΔSERð1=5; 2; 1; 2; nÞ in
units of e−

p
αð¼ e−10Þ as a function of n (blue dots), the MD, i.e.,

the same function evaluated at n� ¼ p=α (black dashed), and the
AS result of Ref. [24] (red dashed). Right panel: same for α ¼
1=20 in units of e−

p
αð¼ e−40Þ.

FIG. 2. Left panel: comparison between ΔSERð1=5; 2; 1; 1; nÞ in
units of e−

p
αð¼ e−10) as a function of n (blue dots), the MD, i.e.,

the same function evaluated at n� ¼ p=α (black dashed), and the
AS result of Ref. [24] (red dashed). Right panel: same for α ¼
1=40 in units of e−

p
α ¼ e−80.

FIG. 4. Left panel: comparison between jΔSERð1=5; 2; 2; 1; nÞj
in units of e−

p
αð¼ e−10Þ as a function of n (blue dots) and the MD,

i.e., the same function evaluated at n� ¼ p=α (black dashed).
Right panel: same for α ¼ 1=30 in units of e−

p
αð¼ e−60Þ.
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that using the value n� ¼ p=α − 1, instead, does reproduce
the minimum shown in the right panel of Fig. 5 accurately.9

So this points to a situation where the subleading terms in
n� ¼ p=αþ… are not negligible.

V. CONCLUSIONS

For many years the difference between FOPT and CIPT
has been a source of systematic uncertainty that has
plagued the determination of αs from hadronic τ decay.
Recently, the authors of Ref. [24] have pointed out that
there is a measure for this difference in terms of the
corresponding Borel transforms, which they termed the
asymptotic separation. This separation is nonperturbative,
ofOðe−1=αsÞ, and therefore in conflict with the OPE, which
makes CIPT-based results for αs inconsistent with the OPE.
For example, for m ¼ 1 the results in Eqs. (3.16) and (4.6)
show a nonperturbative result which has no OPE counter-
part as the residue theorem removes any power corrections
to the corresponding moment.10 Consequently, CIPT results
should not be included in any average for αs, at least until
schemes such as that proposed in Ref. [27], designed to fix
the problems of CIPT, lead to new determinations of αs
consistent with the OPE.
In the present work, using the large-β0 approximation,

we have confirmed the findings in Ref. [24]. Using
standard analysis tools for asymptotic series, we have
introduced a measure of the distance between the FOPT
Borel sum and the CIPT perturbative series directly, and not
in terms of a Borel sum for the CIPT series, which we
called the minimum distance. As in the case of the AS, we
have found several examples where this minimum distance
is not zero, and we believe this result to be generic. In the
large-β0 approximation employed here, there are cases
(e.g., the simple pole, γ ¼ 1 and m ≠ p) where the FOPT
series is convergent to its Borel sum and, consequently, this
sum can be taken to be the exact answer for this series.

The minimum distance characterizes the nonperturbative
difference between the FOPT and CIPT series without the
need to define a Borel sum for the CIPT series. As such,
unlike the AS, it relies on defining a Borel sum only for the
FOPT series, which is consistent with the OPE. It thus
reinforces the conclusion that the CIPT series is incon-
sistent with the OPE.
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APPENDIX A: CONVERGENCE OF THE FOPT
SERIES FOR Amðs0Þ IN α FOR γ = 1 AND p ≠ m

Here we consider the FOPT series (2.6) for γ ¼ 1 and
p ≠ m:

Amðs0Þ ¼
1

π

Z
∞

0

dω

�
sinðπωÞ

ðm − ωÞðp − ωÞγ
�
T
e−

ω
αðs0Þ; ðA1Þ

which can be rewritten as

Amðs0Þ ¼
1

πðm − pÞ ðIðs0; pÞ − Iðs0; mÞÞ;

Iðs0; pÞ ¼
Z

∞

0

dω

�
sinðπωÞ
p − ω

�
T
e−

ω
αðs0Þ: ðA2Þ

For m ≠ p there can be no cancellation between the two
terms. So, to obtain the radius of convergence, we can study
just one of them. Let us take the first integral and expand
the sinðπωÞ around ω ¼ p:

sinðπωÞ¼
X
n≥1

ð−1Þpπn sinðnπ=2Þ
n!

ðω−pÞn

¼ð−1Þpπðω−pÞ

þ
X
n≥3

ð−1Þpπn sinðnπ=2Þ
n!

ðω−pÞn; ðA3Þ

and insert this identity into Iðs0; pÞ to get (α≡ αðs0Þ)

FIG. 5. Left panel: comparison between jΔSERð1=5; 2; 2; 2; nÞj
in units of e−

p
αð¼ e−10Þ as a function of n (blue dots), and the MD,

i.e., the same function evaluated at n� ¼ p=α (black dashed).
Right panel: same for α ¼ 1=30 in units of e−

p
αð¼ e−60Þ.

9The left panel is for a too large value of α for the asymptotic
estimate to work.

10This is true in the large-β0 approximation but there is no
reason to believe this does not carry over to the case of full QCD.
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Iðs0; pÞ ¼ ð−1Þpþ1παþ
X
n≥3

ð−1Þpþ1πn sinðnπ=2Þ
n!

Z
∞

0

dωe−ω=αðω − pÞn−1

¼ ð−1Þpþ1παþ e−p=α
X
n≥3

ð−1Þpþ1πn sinðnπ=2Þ
n!

αnΓðn;−p=αÞ: ðA4Þ

Given that Γðn;−p=αÞ ≈ ðn − 1Þ! as n → ∞, the radius of convergence is that of the series

X
n≥3

πn sinðnπ=2Þ
n

αn ¼
X
k≥1

ð−1Þk ðπαÞ
2kþ1

2kþ 1
¼ πα

X
k≥1

ð−1Þk ðπαÞ
2k

2kþ 1
; ðA5Þ

which results in a series in α2 which is convergent for α2 < 1=π2, or α < 1=π. Interestingly the radius of convergence does
not depend on p or m.

APPENDIX B: ANOTHER DERIVATION OF THE AS

An alternative derivation of the AS results in Eq. (3.15) is the following. For simplicity, we will consider only the simple
pole case, γ ¼ 1. Starting from the CIPT series for the moment Amðs0Þ ¼

P∞
n¼1 n!Am;nðs0Þ one has the expression

Eq. (3.11) written in terms of the IT integral in (3.10), instead of the Borel integral form I in Eq. (3.9). Making the change of
variables ω0 ¼ ωð1� iπαÞ we obtain (ϵ > 0)11

n!Am;nðs0Þ ¼
1

2iπp
1

ð1þ iπαÞnþ1

Z
Γ
dω0

�
ω0

p

�
n e−ω

0=α

ω0=ð1þ iπαÞ −m − iϵ

−
1

2iπp
1

ð1 − iπαÞnþ1

Z
Γ0
dω0

�
ω0

p

�
n e−ω

0=α

ω0=ð1 − iπαÞ −m − iϵ
; ðB1Þ

where, as a consequence of the change of variables, the integral no longer is along the positive real axis but is along a
straight line Γ0 which runs from zero to infinity making an angle − arctanðπαÞ with the positive real axis, or a contour Γ
which runs from zero to infinity making an angle arctanðπαÞ with the positive real axis.
These two contours Γð0Þ may now be rotated to the positive real axis, picking up a contribution from the pole at

ðmþ iϵÞð1� iπαÞ, and yielding:

n!Am;nðs0Þ ¼
1

2iπp
1

ð1þ iπαÞnþ1

Z
∞

0

dω0
�
ω0

p

�
n e−ω

0=α

ω0=ð1þ iπαÞ −m − iϵ

−
1

2iπp
1

ð1 − iπαÞnþ1

Z
∞

0

dω0
�
ω0

p

�
n e−ω

0=α

ω0=ð1 − iπαÞ −m − iϵ
− ð−1Þme−m=α 1

p

�
m
p

�
n
: ðB2Þ

One can now define the Borel sum by summing over n to obtain

ACIPT
m ðs0Þ ¼

X∞
n¼1

n!Am;nðs0Þ

¼ 1

2iπ

Z
∞

0

dω0

1þ iπα
1

p − ω0
1þiπα

e−ω
0=α

ω0
1þiπα −m − iϵ

−
1

2iπ

Z
∞

0

dω0

1 − iπα
1

p − ω0
1−iπα

e−ω
0=α

ω0
1−iπα −m − iϵ

−
ð−1Þm
p −m

e−m=α: ðB3Þ

Undoing the previous change of variables ω ¼ ω0=ð1� iπαÞ results in

ACIPT
m ðs0Þ¼

1

2πi

Z
Γ0
dω

e−iπω

ðpþ iϵ−ωÞðω−m− iϵÞe
−ω=α−

1

2πi

Z
Γ
dω

eiπω

ðpþ iϵ−ωÞðω−m− iϵÞe
−ω=α−

ð−1Þm
p−m

e−m=α; ðB4Þ

where we have also regulated the pole at pþ iϵ, as discussed in the main text.

11We could follow the standard rule of the principal value prescription and average over �iϵ but this is not necessary.
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It is intuitively clear that this back and forth of changing
of variables is a way to detect the difference between a
function with a pole and the same function as a power
series, through the help of the residue theorem.
We can now look at the FOPT-CIPT difference:

AFOPT
m ðs0Þ − ACIPT

m ðs0Þ

¼ 1

2πi

Z
C0
dω

e−iπω

ðpþ iϵ − ωÞðω −m − iϵÞ e
−ω=α

−
1

2πi

Z
C
dω

eiπω

ðpþ iϵ − ωÞðω −m − iϵÞ e
−ω=α

þ ð−1Þm
p −m

e−m=α; ðB5Þ

where C is the contour from 0 to ∞ and back along Γ
(which is clockwise), C0 is the contour from 0 to ∞ and
back along Γ0 (which is counterclockwise), and we regu-
lated the poles at ω ¼ p and ω ¼ m. We obtain

AFOPT
m ðs0Þ − ACIPT

m ðs0Þ ¼ ð−1Þp 1

p −m
e−p=α: ðB6Þ

One can verify that choosing ϵ < 0 gives the same result.
The contribution from the pole at ω ¼ m is canceled by the
term on the third line of Eq. (B5). This is the result in the
first Eq. (3.16).
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