PHYSICAL REVIEW D 108, 014005 (2023)

Analogies between hadron-in-jet and dihadron fragmentation
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We describe the formal analogies in the description of the inclusive production in hard processes of
hadron pairs (based on dihadron fragmentation functions) and of a single hadron inside a jet (based on
hadron-in-jet fragmentation functions). Since several observables involving dihadron fragmentation
functions have been proposed in the past, we are able to suggest new interesting observables involving
hadron-in-jet fragmentation functions, in lepton-hadron deep-inelastic scattering and hadronic collisions.
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I. INTRODUCTION

Investigation of the partonic structure of hadrons is based
on the crucial method of factorization, which makes it
possible to split the cross section of a given process in a
perturbative calculable hard cross section (describing the
underlying elementary process at the partonic level) and
one or more nonperturbative functions (describing the
distribution of partons inside hadrons and/or their frag-
mentation into detected hadronic final states). Although
factorization has been established for many hard processes
in the collinear framework, where transverse momenta of
all partons are integrated, this is not the case for transverse-
momentum dependent partonic functions (TMDs).

For certain processes involving two hadrons in the initial
state and with observed hadronic final states, e.g., inclusive
production of hadrons in hadronic collisions A + B —
C+ D + X, TMD factorization can be explicitly broken
because the strongly interacting particles are entangled by a
complicated color flow [1,2]. Because of this, it is not
possible to describe these processes in terms of the TMDs
that appear in other processes, like the inclusive production
of a hadron C in deep-inelastic scattering (DIS) [semi-
inclusive DIS (SIDIS), denoted as £ +A — ¢ + C + X]
[3,4] or the inclusive production of two hadrons C, D in
electron-positron annihilations (e* + e~ — C+ D + X)
[5] or the Drell-Yan process [6]. Even neglecting factori-
zation-breaking contributions, the TMDs involved in
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hadron-hadron collisions would be different from the ones
in the other processes, an effect that has been referred to as
generalized universality [7-10].

The most familiar example where this problem occurs is
the study of the Collins effect [11]. The so-called “Collins
function” can be used as an analyzer of the transverse
polarization of the fragmenting quark. It can appear in
SIDIS in combination with the chiral-odd TMD parton
distribution function (PDF) h,, called “transversity,” and
in the et + ¢~ — C + D + X process [12-14]. However,
because of TMD factorization breaking, it is not possible to
rigorously study the Collins function in hadronic collisions.

An alternative option to the Collins effect is represented by
the inclusive production of two hadrons coming from the
fragmentation of a single parton. In this case, the analyzer of
the transverse polarization of the fragmenting quark is
represented by the transverse component of the relative
momentum of the hadron pair [15]. The advantage is that this
correlation survives the integration over parton transverse
momenta and can be analyzed in the collinear framework.
Hence, in the SIDIS process £ + A" — 7' + (C,C,) + X
the transversity h; can be extracted as a collinear PDF
through the chiral-odd partner HY, the dihadron fragmenta-
tion function (DiFF) that describes the fragmentation of a
transversely polarized quark into the hadron pair [16—18] and
is also called an interference fragmentation function (IFF)
[16,17]. As for the Collins function, the H}* can be inde-
pendently extracted from azimuthal asymmetries in the
production of two opposite dihadron pairs in e™e™ annihi-
lations, in the collinear framework [19-22]. This last remark
makes the crucial difference. First of all, it allows one to
cross-check the universality of both #; and H7' in hadronic
collisions of the type A + B — (C,C,) + X [23]. Secondly,
it makes it possible to extract the chiral-odd PDF £, from a
global fit of SIDIS, e*e™ and hadronic collision data in the
same theoretically rigorous way as it is usually done for the
other unpolarized f; and helicity g; PDFs [24].
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Another intriguing option is represented by the inclusive
production of a hadron inside a jet. In fact, for a collision
process like A + B — (Jet C) + X the cross section can
be factorized in a hybrid form [25]: it involves collinear
PDFs in the initial collision, but the final state is repre-
sented by a new function, the jet TMDFF (JTMDFF) that
depends on the jet kinematics. The formalism for the
fragmentation of a hadron inside a jet was introduced in
the collinear framework in Ref. [26] and later generalized
to include the dependence on the transverse momentum of
the hadron with respect to the jet axis [27]." The JTMDFF
can be matched onto the same TMD FF of hadron C which
appears in SIDIS and eTe™ cross sections in the TMD
framework [28].2 It is then possible to access TMD FFs
even for that class of processes where factorization in the
TMD framework is not available. When one of the two
colliding hadrons is transversely factorized, say B!, the
fragmentation of the transversely polarized quark is
described by the polarized jTMDFF ‘Hi that can be
matched onto the Collins function H lL [29]; this
“Collins-in-jet” effect makes it possible to check the
universality of the Collins function and gives an alternative
option to access the transversity h; in a rigorously
factorized framework.

The hybrid factorization for the hadron-in-jet inclusive
production has been shown to work also for the SIDIS cross
section [30-32]. Hence, it comes natural to consider the
formal similarities between the inclusive production of
dihadrons and of hadrons inside a jet, i.e. between DiFFs
and jTMDFFs. In this way, we are able to transfer the
knowledge acquired on one mechanism to the other one,
and suggest new channels to investigate the partonic
structure of hadrons. We stress that the correspondence
we propose is derived at leading order (LO) in the strong
coupling ag. Inclusion of higher-order corrections will lead
to different evolution equations for the two types of
functions. Nevertheless, these differences will not affect
the number and type of fragmentation functions nor the
observables that can be constructed with them.

The paper is organized as follows. In Sec. II, we recall
the formalism for describing the inclusive dihadron pro-
duction in unpolarized proton-proton collisions. In Sec. III,
we illustrate the formulas for the inclusive hadron-in-jet
production in the same process. In Sec. IV, we generalize
the formalism to the case of collisions with one transversely
polarized hadron. In Sec. V, by comparing the cross
sections for the two mechanisms we establish a general
set of correspondence rules. In Sec. VI, we use these rules
to extend the study of two processes: (a) the inclusive
production of two back-to-back hadrons-in-jet in

'In Ref. [27], the JTMDEFF is called generalized fragmenting
jet function (FJF).

’In Ref. [28], the jJTMDFF is called semi-inclusive TMD
fragmenting jet function (siTMDFIJF).

unpolarized proton-proton collisions, which could give
access to jets initiated by linearly polarized gluons;
(b) the inclusive production of a hadron-in-jet in SIDIS
up to subleading twist, which could give access to the
chiral-odd PDF e(x) related to the nucleon scalar charge.
Finally, in Sec. VII we conclude and give some future
perspectives.

II. FRAGMENTATION INTO A PAIR OF HADRONS

We consider the fragmentation of an unpolarized
quark ¢, with 4-momentum p and mass m, into two
unpolarized hadrons inside the same jet, with 4-momenta
P, P, and masses M, M,, respectively. We define the total
4-momentum P = P + P, and relative 4-momentum R =
(P, — P,)/2 of the pair, where P> = M3, is its invariant
mass. We choose the Z axis along the direction of the jet
axis. At LO, we identify the jet axis with the direction of the
3-momentum p. We choose the so-called “collinear”
kinematics where the 3-momentum P is pointing along
p- The transverse components of R with respect to 7 are
denoted by R, with R2 = —R2 (see Fig. 1)

The hadron pair is inclusively produced from a hard
process in a deep-inelastic regime. When specifying the
kinematics on the light cone, the dominant components
P7, P53, p~ can be used to define the following invariants
[18,21,34,35],"

P~ P+ P;
Ip=——="—_—"=u+t2
V4 V4
2R~z -
C:F:u, (1)
Zhh

which represent the fraction of the fragmenting quark
momentum carried by the hadron pair and how this fraction
is split inside the pair, respectively.

The fragmentation is described starting from the quark-
quark correlator [18,34]

Ap.PB) =3 [ e O PR
X
% (X. P, RIg(0)[0). )

where y is the quark field operator and the sum runs over
all possible final states |X, P, R) containing a hadron pair
with total and relative momenta P, R, respectively. At
leading twist, the fragmentation of an unpolarized quark

’In the following, we adhere to the conventions adopted in
Ref. [33]: the fragmenting quark momentum is denoted by p,
the transverse component of hadron and quark vectors with
respect to each other is denoted by the | subscript, in all other
cases with the 7 subscript.

‘In Refs. [17,19,20,36,37], the less symmetric definition
E=(+1)/2=12z/z=1-2z/z was adopted.
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FIG. 1. Collinear kinematics for the fragmentation of a quark
with 3-momentum p (and transverse polarization s | ) into a pair of
hadrons with total 3-momentum P = P; + P, pointing along p,
namely with P, = 0. The Z axis is along the same direction of
p and P.

into two unpolarized hadrons can be parametrized in terms
of a single DiFF according to [34]

Dy (zjy, &, R%) = 4x Tr[A(zp,, & R )77), (3)

where

A s ,R2 _—Zhh/dp /d A ,P,R .
(Zhh Z.: ) 32 P (p ) =Pz
( )

In fact, the full dependence of the correlator in Eq. (2) is
reduced to the one in Eq. (4) by considering that [36]

(i) in Eq. (4) we integrate over the light-cone sup-
pressed variable p* and over p, with the condi-
tion p~ = P~ /zp;

(i1) our choice of frame and kinematics implies no
dependence on P ;

(iii) the following kinematical relations hold [18]:

p? :M%lh’
o MIEME M3, (M- 3P
2 4 4M%h
1[(1=-¢)(1+¢)
- (1=0M7 = (1+)M3|. (5)
It is useful to recall also that [18]
M2 — M2 — S M2 2 2
p-R="1TT2 700y (PTPL b Ry (6)

22

from which we deduce that in general DiFFs depend only
on the relative angle between p, and R, .

A. Cross section for dihadron production
in proton-proton collisions

If the hadron pair is inclusively produced from the
collision of two unpolarized protons with momenta P,
and Pp, we can identify the reaction plane as the plane

SBTI

FIG. 2. Kinematics for the collision of a proton with
3-momentum P, and a (transversely polarized) proton with
momentum Py (and polarization Sp7), inclusively producing
two unpolarized hadrons with total and relative momenta
P=P, +P, and R= (P, —P,)/2. The plane formed by P
and R is oriented by the azimuthal angle ¢, around P with
respect to the reaction plane formed by P, and P.

formed by P4 and P. The azimuthal orientation around P of
the plane formed by P; and P, with respect to the reaction
plane is described by the azimuthal angle ¢ (see Fig. 2 and
Ref. [38] for a formal definition). The transverse compo-
nent of P with respect to P4 is denoted by Pr. Its modulus
represents the hard scale of the process, namely we assume
that |Py| > M,,,, M|, M,. For simplicity, in the following
the dependence of DiFFs on |P;| is understood.

At leading order in 1/|Py|, the differential cross section

for the process A+ B — (C,C,)+X reads (see
Appendix A and Eq. (15) of Ref. [38])
dGUU /dxAdethhC b
A — (x4 f7 (x
dnd|PrldldR. ~ 5= ] xuxpic Hxa) i (xs)

|PT|§ daab—»cd
2rs  di
x D (zpnc» €. RY), (7)

86(8 +1+ i)

where f{ and f' ’1’ are the usual parton distribution functions
in the proton for partons a, b with fractional momenta x,,
X, respectively, and 7 is the pseudorapidity of the hadron
pair with respect to P,:

L PO+ P,
=_log——-=.
T=3°¢p0 _p

Z

(8)

The elementary cross section dé describes the scattering of
partons a and b into partons ¢ (with momentum P/z;,,¢)
and d, which is not detected. The partonic Mandelstam
variables §, 7, i are related to the external ones by
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The 6 function in Eq. (7) expresses the momentum
conservation in the partonic scattering, and it can be
rewritten as [38]

3‘5(3‘ + 2 + Ift) = Zhhcé(zth - Zhh>7 (10)
where
_ |PT|er_'7+xBe’7
= BrifAf T AT 11
Zhh \/E XAXp ( )

In Eq. (7), the sum runs upon all possible combinations of
parton flavors. The elementary cross sections dé6,,_,.4 for
the independent combinations are listed in the Appendix
of Ref. [38].

III. HADRON-IN-JET FRAGMENTATION

We now consider the distribution of a hadron with
4-momentum P; and mass M, inside a jet with radius r,
initiated by a unpolarized quark g with 4-momentum p and
mass m. Following Ref. [28], we denote by j, the trans-
verse momentum of the hadron inside the jet (see Fig. 3).
The latter is defined with respect to the standard jet axis
(rather than using a recoil-free algorithm) because only in
this case a direct connection to the TMD FF can be made
[28]. As in the dihadron case, the Z axis is chosen along the
standard jet axis and at LO it is identified with the direction
of p.

When the jet is produced in a hard process in a deep-
inelastic kinematical regime, the large light-cone compo-
nents of quark, jet, and hadron vectors are denoted by p~,
J~, and P;, respectively. They are used to define the
following invariants:

J- Py

ZJ:;7 Zh:J_f7 (12)
which represent the fraction of the fragmenting quark
momentum carried by the jet and the fraction of jet
momentum carried by the hadron inside the jet,

A

y
A
X

FIG. 3. Fragmentation of a unpolarized hadron with 3-momentum
P, inside a jet of radius r initiated by a quark with 3-momentum p
(and transverse polarization s | ). The transverse component of P},
with respect to the standard jet axis is denoted by j, [28]. For the
sake of simplicity, p and the jet axis are approximately taken
along the same direction.

Ph

TSLp

r

respectively. The J~ is related to the transverse momentum
of the reconstructed jet in the hard process, whose size is
denoted as |Py| and represents the hard scale of the process
itself.

The fragmentation is described starting from the quark-
quark correlator

Mp.t.P) =Y [ e OIS, P

X (X, J, Py|(0)[0). (13)
where, as before, y is the quark field operator and the sum
runs over all possible final states |X,J, P,) containing a
hadron P, inside a jet J. At leading twist, the object
describing the observed hadron inside the produced jet can
be parametrized in terms of a JTMDFF according to [28]

D (ZJ’Zh’jJ_; Pr|, |Pr|r)

[A(zy znd 1 [P, [Pr|r)y],

4N (14)

where N, is the number of quark colors, |P7|r is the typical
momentum scale of the jet [28], and

A(zy, Zpad 13

’) = / dp*A(p.J. Py)

-z
Vfl\ |Pr \//
=P

(15)

QCD nonperturbative scale Agcp, the JTMDEFF of Eq. (14)
can be expressed in different factorized forms. Here, we are
interested in the kinematical region Agcp < |71 | < |Pr|r
where collinear radiation within the jet and soft radiation of
order |j, | are relevant, while harder radiation is allowed
only outside the jet and it does not affect the distribution of
the hadron transverse momentum |, |. In this regime, a
factorized form for D; is given in Ref. [28] in terms of a
hard matching function (related to the hard out-of-jet
radiation) and a convolution of a usual TMD FF and a
soft function (accounting for the soft radiation inside the
jet). It is obtained by initially evolving the TMD FF in the
usual Collins-Soper-Sterman (CSS) scheme up to the jet
scale |Py|r, then matching to the calculable hard function
describing the out-of-jet radiation, and finally evolving to
the hard scale by using the standard timelike DGLAP
equations. All calculations in Ref. [28] are performed at
NLO. At LO, the direction of the quark momentum p
coincides with the standard jet axis and its transverse
component is equal to the transverse momentum of the
reconstructed jet in the hard process, |p7|~ |Pr|. In this
approximation, the JTMDFF D{ for the fragmentation of a
quark ¢ into a hadron inside the jet reduces to

014005-4
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Pr[r)|Lo
= Z‘S(l ~27)84iD' (zn, J3: IPrl)
i

); (16)

D(II(Z/, T J1s |PT

El

=6(1 —z5)DY(zy, j5: |Pr

where D{ is the standard single-hadron TMD FF that can
be isolated also in e*e™ annihilations or in semi-inclusive
deep-inelastic scattering.

dO-UU - 27T|PT|
dnd|Prldz,dj, s

ab,c,d XaXpZjc

dx,dxpdz .
Z /AiszCf?(XA)f?(XB)Hgchde(ch,Zh,Jb|PT

A. Cross section for hadron-in-jet fragmentation
in proton-proton collisions

We consider the same situation as in Sec. Il A, namely
the collision of two unpolarized protons with momenta P,
and Pp. The final state is now described by the inclusive
production of a jet where a hadron is identified inside it
with transverse momentum j; with respect to the standard
jet axis. Following Ref. [29], the factorization theorem for
the process A + B — (Jet C) + X can be written as

Pr|r5c8(zc —25),  (17)

9’

where Z; is given as in Eq. (11) and HY, __, describes the elementary hard process a + b — ¢ + d from which the parton ¢

initiates the reconstructed jet.

As detailed in Appendix B, the Hgb_,cd of Ref. [29] can be reconnected to the dé,;,_,.; of Eq. (7) by

§ dﬁab—»cd

Hepca T e & (18)
The cross section of Eq. (17) can then be cast in the form
do dxdxpdz;c a b \P7[3d6,pcq - .
- = _— 2 ~ 5 - DC bl ’ a P El P
dnd|Pyldzndf, a;d/ XAXBZ% Fi(xa)f7 (xp) s a4 2;c6(z5c = 27)Di(zscs zns J 13 1P|, [Pr|T)
dx,dxgdz Prl35d6,peqg i~ . .
=D / Loadtodsse o) ot (ep)o P Lot 55 54 ) DE (20,2 s el IPAD), (19)
by XAXpZje s dt

where we used Eq. (10) adapted to the case of hadron-in-jet
fragmentation, i.e., by replacing z,,c with z;c for the
fragmenting parton ¢ and using the pseudorapidity of the jet
with respect to P,.

IV. FRAGMENTATION OF TRANSVERSELY
POLARIZED QUARKS

We extend our study to the case of a fragmenting quark
with transverse polarization s, . We first consider the frag-
mentation in a pair of unpolarized hadrons (see Fig. 1). In
the kinematic conditions described in Sec. II, the leading-
twist correlator of Eq. (4) can be expanded as [34]

1
Az, & R2) = Ton {Dl (zmn- S RO

+ H G £ ) Rk (20)

where Hi describes the probability density for a trans-
versely polarized quark to fragment into a pair of unpo-
larized hadrons with total momentum collinear with the
quark momentum. The H' can be extracted by the
following projection,

[
(SL XRL)'P

L H o RY) = 4 TrA (. R i ).

(1)

where 6 = i[y*, y"]/2 and its spatial index i points in the
direction of s .

Similarly, if the transversely polarized quark fragments
into a hadron inside a jet in the kinematical conditions
described in Sec. III (see Fig. 3), we can project out the
“Collins-in-jet” function Hi from the correlator in
Eq. (15) as

(s0xji)-p .

S S (2, 2 s WP 1P| )
My
z . i

= L Te[A(z), 24, jis IPr), [P |P)icys],  (22)
4N,

where again the spatial index i of ¢** points in the direction
of 5.

In the following section, for the two fragmentation
scenarios we analyze the contributions that arise in the
cross section for proton-proton collisions when one of the
two protons is transversely polarized.
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FIG. 4. Kinematics for the collision of a proton with
3-momentum P, and a transversely polarized proton with
momentum Py (and polarization Sgzr), inclusively producing
inside a jet a hadron with 3-momentum P, and transverse
component j, with respect to the jet axis J. The plane formed
by J and P,, is oriented by the azimuthal angle ¢, around J with
respect to the reaction plane formed by P, and J.

A. Transversely polarized proton-proton collisions

For the process A+ B! — (C,C,) + X depicted in
Fig. 2, the polarized part of the cross section reads (see
Appendix A and Eq. (16) of Ref. [38])

dUUT

— |SBT| Sin(¢s
dnd|PT|dCdRLd¢SB !

Ar P _¢R)

/ dxAdethhC
ab,c,d

f1(xa)

|PT’SdAG bT—wTd

xAxBZhhc

x hf (xp)

X HY (zpnes ¢, RY), (23)
where S is the transverse polarization of the colliding
proton with orientation ¢g, with respect to the reaction
plane, and h’l’ is the transversity distribution for the

dUUT
d’ld|PT|thdde¢sB

ab.cd

x dAaabT—wTd l]J_ |

= HL(zyes 2hs 1S
di M, ( JC> T J 1

. dx,dxgdz
qwmm;mZ/AB’C

xAxBZ]C

ab,c,d

[j.l .
X EHILC(ZJC,Z}:,JJ_;

. dx,dxpdz
= Surlsin(s, — ) Y [ A

xAxBZJC

r).

transversely polarized parton b with fractional momentum
xp. The elementary cross sections dA6 ;1 _, .+, describe the
scattering of parton a and b with transfer of the transverse
polarization of the latter to parton ¢ while summing on the
undetected fragments from parton d. All the possible
independent flavor combinations are listed in the appendix
of Ref. [38].

The corresponding process A + B! — (Jet C) + X is
displayed in Fig. 4. A hadron with 3-momentum P, is
inclusively produced inside a jet with standard axis J from
the collisions of a proton with 3-momentum P, and a
transversely polarized proton with 3-momentum Pp and
polarization Sp7. The azimuthal angles ¢, and ¢, describe

the orientation of Sy and of the plane formed by P, and J,
respectively, with respect to the reaction plane formed by
P, and J. The polarized part of the cross section reads [291°

S ~ L
=|S
dnd|Pr|dz,dj des, Spr|sin(gs, —dn) ——
dxAdedZJC
x> | TS )
a,b,c,d/ xaxpzie A

il
X hzl) (xB>HSISPEde M,

x Hi(z5cs znod 13 [Py, |Pr|r)

X 25¢8(z5c — 27), (24)

where HCO™, s the cross section for the transfer of
transverse polarization in the elementary hard process
a+b" -t +d, and H{¢ is the polarized jTMDFF
describing the hadron inside the jet produced by the
transversely polarized fragmenting parton c.

By extending the relation (18) to the polarized case
involving HS'™, ~ of Ref. [29] and dA6,1_.1,4 of
Ref. [38] (and exchanging 7 <> @i to account for the fact
that the transversely polarized parton in Ref. [29] is al
while in Ref. [38] is b"), we finally get

A

FiCeanl () 28 2)

ZJC5(ZJC -

r)

P|s dAc ) A
9(x4)ht (xp) | HTJ ‘;2*”%5(3 +i+

=
~—

(25)

The expression in Eq. (24) differs from Ref. [29] by a 1/z,, term because of a definition of the Collins function inherited from

Ref. [25] which does not adhere to the Trento conventions [39].
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V. CORRESPONDENCE BETWEEN DIHADRON
AND HADRON-IN-JET FRAGMENTATION

We are now in the position to compare the cross sections
forthe A+ B(") — (C,C,) + X and A + BN — (Jet C) +
X processes. We deduce that

(i) from Eq. (12), the combination z;z, =P} /p~

describes the fraction of fragmenting quark momen-
tum carried by the hadron inside the jet; hence, it can
be mapped onto z,;, of Eq. (1);

(i) by comparing the same two equations, we can map
z;, onto {z,, = 21 — 2o, the relative fractional mo-
mentum carried by the hadron pair; thus, for both
hadronic final states (dihadron and hadron inside jet)
the light-cone kinematics can be described by a pair
of invariants and we can establish a correspondence
between these pairs, namely (z;,;,¢) <> (27, 24);
along the same line, we can map the transverse
momentum j,; of the hadron inside the jet with
respect to the standard jet axis onto the transverse
component R of the hadron pair relative momen-
tum with respect to the direction of the pair total
momentum, which in collinear kinematics coincides
with the standard jet axis; obviously, the same map-
ping holds for their azimuthal angles, i.e., ¢, <> ¢g;
by directly comparing Eqs. (7) with (19) and
Egs. (23) with (25), the jJTMDFF can be mapped
onto the corresponding DiFF according to

(iii)

(iv)

’

Pr

Prr)

); (26)

4”H1Lq<ZJ7Zh»J'¢; P, |Pr|r)
— H" (2. (. R%; [Py )).

4xD1 (25, zpoJ 13 |1Pr

— D{(zj. ¢ RY;

(27)

We remark that the above correspondence is derived at
LO in ay. In fact, DiFFs have been extracted so far only
|

dO-UU

_ IPerliPor| 5~
dncd|PcrldlcdRc, dnpd|Ppr|dlpdRp, 87 ab

through a LO analysis of inclusive dihadron production in
eTe™ annihilation [21], in combined e*e~ and SIDIS
processes [22], and in a global fit of ete™, SIDIS, and
hadron-hadron collision data [24]. The formalism of
jTMDFFs is available instead up to NLO, but only in
the unpolarized case [28,29]. The inclusion of higher order
corrections (NLO, NNLO, etc.) would expose sharp
differences in the scale dependence of the two categories
of functions; in particular, DiFFs would not incorporate any
rapidity divergence, like all collinear objects following
DGLAP evolution equations. However, the structure of the
quark-quark correlators and, consequently, of the cross
sections will remain independent of evolution effects.

The correspondence expressed in Eqgs. (26) and (27)
represents the main result of this paper. It has been derived
by considering the case of proton-proton collisions but it
can be extended to all hard processes where collinear
factorization holds, like inclusive dihadron production in
e" e annihilations [19-21] and SIDIS. In the following, we
outline some interesting applications involving proton-
proton collisions and the SIDIS process.

VI. OPPORTUNITIES WITH HADRON-IN-JET
FRAGMENTATION

In this section, we mention two possible applications of the
above correspondence where results known for dihadron
inclusive production can be formally translated into the cross
section for hadron-in-jet fragmentation, opening up new
channels for investigating the partonic structure of hadrons.

A. Inclusive production of two dihadrons and back-to-
back hadron-in-jets in proton-proton collisions

For the process A+ B — (C,Cy)c+ (D1Dy)p + X
depicted in the left panel of Fig. 5, after summing over
the polarizations of initial hadrons the leading-twist cross
section reads (see Appendix A and Egs. (20-22) in Ref. [38])

dxsdxgdzp,cdzpnp
2 2 f?(xA)fll’(xB)
ZhhCZhhD
n P, P )2 P
x 38(5 +1+ ﬁ)(s(@ - @> 6(xAPAZ — xgPg, ——% - ﬂ)
ZhhC ZhhD ZhhCc  ThhD

(5l

c,d

dA&ab—»chT |RCL |

D$(zpne. Sc  RE ) D (zpnp - Cp. RY) ) + cos(¢r. — Pr,)

di

+ cos(2r, — 2¢r,,)

Rp. |’
M3,

X

Mc

Hfg(zthﬂ CD?R2DJ_)}7

IRp . |
Hi(zpne. S RE ) M—DHfd(Zth, (. R%))

dA&ab—»ngT |RCL |2

d’t‘ M% Hfg(zthV CCaR%‘L)

(28)
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¢RD

FIG. 5.

Jco

Kinematics for the collision of two unpolarized protons with 3-momenta P, and Py along the Z axis. Left panel: inclusive

production of two back-to-back hadron pairs with total momenta P = P + P, and P, = Pp, + Pp,, and back-to-back projections
P, and Ppy on the transverse plane (¢ = ¢p + ), respectively; the planes containing the momenta of each pair form the azimuthal
angles ¢pg,. and ¢, with the reaction plane containing P, and Pc. Right panel: inclusive production of two back-to-back jets with axis

Jc, Jp, and back-to-back projected momenta Py and Ppy on the transverse plane (¢pc = ¢, + ), respectively; in each jet a hadron is
detected with 3-momentum P), . (P, ) and transverse componentjc, (jp ) with respect to the jet axis J c J p); the planes containing J C

P, and J p» Py, form the azimuthal angles ¢; ., ¢;, with the reaction plane containing P, and J c-

C

where the momenta and the angles of the second hadron
pair are defined in complete analogy with the first pair by
replacing the labels ¢, C with d, D. The delta functions
describe in the elementary process the conservation of
energy and of momentum both along the longitudinal
direction of the 7 axis (identified with P,, see Fig. 5)
and in the transverse plane.

In Eq. (28), the elementary cross sections dAG,,_, .t
involve only quarks for the final partons ¢, d, while
dAG,,_ 4,1 contain only final gluons linearly polarized

in the transverse plane. Hence, the H fg function describes
the fragmentation of such linearly polarized gluons into
pairs of unpolarized hadrons.’ For both cases of final

|

dGUU
dﬂCd|PCT|thCdiCLd’7Dd‘PDT|thDdiDL

x 88(8+71+ )5<| cr|
Zjc 2Jp

do—ab—»cd
—DC > k) B P P
* {;[ di (zsc znes JeisWPerl IPerlre)

dAG 1t el .
+cos(d;. — ;) (Z’t e M, HE(2sc. 2nes Jous
C
dAG g [jei P 1 .
+cos(2¢;,. — 99 =C Hy (250 2nes Jous

2¢j D ) i M%

*The H}'Y corresponds to the notation G of Ref. [38].

= 20Perl oy [ et

P P,
_ DT')é(xAPAZ — xpPp, ——£—
Zjc

polarized quarks and gluons, all nonvanishing combina-
tions are listed in the appendix of Ref. [38].

Therefore, by disentangling specific asymmetries in the
azimuthal orientation of the planes containing the momenta
of the two dihadrons one can access the DiFFs Hf“’ and
H fg for the fragmentation of transversely polarized quarks
and linearly polarized gluons, respectively, without con-
sidering any polarization in the initial hadronic collision
[38]. Because of the correspondence described in Sec. V, it
is interesting to explore the same possibility for the process
A+ B — (Jet C) + (Jet D) + X, as depicted in the right
panel of Fig. 5. Using the same rules of correspondence as
in the single hadron-pair production, we get

dxAdedZ/CdZ/D f‘l’(xA)flf(xB)

JCZJD

@)
ZJD

d(Zwyth,J‘;zu; \Ppr|. [Ppr|rp)

lipLl

D . )
M, ! ]

1d
Hi*(2sps Znp Jp1s

|JDJ_|
)

i f

Hng (21p+ Zn» .]DJ_’
(29)
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FIG. 6. Kinematics for the semi-inclusive deep-inelastic scattering of a lepton with initial momentum ¢ and final momentum ¢’ on a
hadronic target with transverse polarization S; oriented along ¢ ¢ with respect to the scattering plane formed by # and ¢’. The final state
can be either a pair of unpolarized hadrons with momenta P; and P, with azimuthal orientation ¢, and total momentum P = P; + P,
(left panel), or a hadron with momentum P, and azimuthal orientation ¢, inside a jet with standard axis J (right panel). In both cases, the
parallel kinematics is considered where P and J are along the momentum transfer ¢ = # — ¢/, which identifies the 2 axis.

where ¢; . and ¢; are the azimuthal angles with res-
pect to the reaction plane of the transverse momenta
Jci, jpi of hadrons inside the jets with radius r- and
rp, respectively. All other variables are defined in
complete analogy with the single hadron-in-jet case,
identifying each corresponding jet by using the labels
¢, C and d, D.

From Eq. (29), we deduce that the cos(¢;. —¢;,)
asymmetry in the azimuthal distribution of the two
hadrons inside the two back-to-back jets is generated
by two “Collins-in-jet” effects, one per each jet. This
asymmetry allows one to isolate back-to-back jets pro-
duced by the fragmentation of back-to-back transversely
polarized quarks, giving an alternative option to access the
Collins function of each hadron inside the corresponding
jet. Similarly and even more interestingly, extracting the
cos(2¢;. — 2¢;,) Fourier component in the azimuthal
distribution allows one to isolate back-to-back jets pro-
duced by the fragmentation of back-to-back linearly
polarized gluons, giving access to a new class of frag-

mentation functions: the Hng describe the inclusive
production of hadrons inside jets by the fragmentation
of linearly polarized gluons, where the hadron transverse
momentumj; with respect to the jet axis becomes the spin
analyzer of the gluon linear polarization in the trans-
verse plane.

do B 20 y?
dxdydzp,dgsdR  dl — xyQ* 2(1-¢)

B. Semi-inclusive deep-inelastic scattering
up to subleading twist

The left panel of Fig. 6 describes the kinematics for the
£+ A - ¢+ (CC,y)+ X process, namely for the inclu-
sive production of a hadron pair with momenta P; and P,
by the scattering of a lepton with 4-momentum ¢ off a
hadronic target with momentum P4, mass M, and polari-
zation §, leading to a final lepton with 4-momentum ¢’
The azimuthal orientations of the transverse polarization S
and of the hadron pair plane [represented by R, = (P}, —
P, )/2] are given by ¢5 and ¢y, respectively, and they are all
measured with respect to the scattering plane identified by #
and ¢'. The hard scale of the process is given by
Q* = —q* = —(¢ - ¢")* > M > 0. The collinear kinemat-
ics is realized by integrating over the transverse components
of the hadron-pair total 3-momentum P = P; + P, or,
equivalently, by taking P collinear with ¢, which identifies
the 7 axis.

The expressions of the LO cross section for various com-
binations of polarization of lepton probe and proton target are
listed in Egs. (44)—(49) of Ref. [34] up to subleading twist. A
slightly different notation was employed in Ref. [40], where
the cross section was described in terms of structure
functions, based on the analogous expression in Ref. [41].
Here, we limit ourselves to reproducing the terms that are
more interesting for our discussion:

{Fuur+ -+ IS7|lesin(gp + g Fpp ) -]

+ 8.1 2e(1 + &) sin g Fn % - ]
+21/2e(1 — &) sin g F5n0% 4. |S714[...]}. (30)

where a is the fine structure constant, x = Q*/2P, - ¢ ~ k' / P} is the fraction of target momentum carried by a parton with
4-momentum k and fractional charge e,, y = P, - q/P, - ¢ ~ (E, — E};)/E, is the fraction of beam energy transferred to
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the hadronic system, 4 is the beam helicity, S; is the target longitudinal polarization, ¢ is the ratio of longitudinal and

transverse photon flux, and

2
y 1, y
~(1- - , ~(1-y), 31
T ( y+2y> o) (1-y) (31)
2
Y
21 =9) 2e(l+e)= (2-y)/1 -y, e) xR y\/1 - (32)
The structure functions of interest can be written in terms of PDFs and DiFFs in the following way:
P04 = oSk g M o € ), (33)
v 4]'[ q Mh !
i 2M 1 Ry | < Mhh Uz & RT 1)
Fsm(/)R _ 2 H q RZ q , 34
LU Q477.' Zthh 1 (zmns € RT) + f() o (34)
sin M1 Ry | My, Gz § RY)
P =5 i i, | (o € RE) + SR () =R, (35)

Equation (33) represents the standard way to address in a
collinear framework the chiral-odd transversity PDF £ (x).
The integral of A;(x) is the tensor charge, which might
represent a possible portal to new physics beyond the
Standard Model [42] since it is relevant for explorations of
new possible CP-violating couplings [43] or effects
induced by tensor operators not included in the Standard
Model Lagrangian [44]. The tensor charge can be com-
puted in lattice QCD with very high precision [45]. Future
facilities will have a large impact on the current uncertainty
on the tensor charge extracted from phenomenological
studies [46-48].

Equation (34) is particularly interesting because it contains
the contribution of the twist-3 chiral-odd PDF e(x), which
contains crucial information on quark-gluon-quark correla-
tions (see, e.g., [49]). The integral of e(x) is the scalar charge
of the nucleon and is related to the so-called ¢ term, which
plays an important role in understanding the emergence of
nucleon mass from chiral symmetry breaking [50] and its
decomposition in terms of contributions from quarks and
gluons [51-54]. The nucleon scalar charge can be important
also for the search of physics beyond the Standard Model,
since it probes scalar interactions and can be relevant for dark
matter searches (see, e.g., Refs. [44,55]). The nucleon scalar
charge and the ¢ term have been computed in lattice QCD
(for a review, see Ref. [56] and references therein). The e(x)
has been studied in several nonperturbative models of hadron
structure [57-65]. It can be extracted from the TMD
framework by considering the beam spin asymmetry that
isolates the do;; cross section for inclusive single-hadron
production, where the chiral-odd partner is represented by
the Collins function H f— [66—68]. However, this observable
contains three other contributions [69—-71]. Moreover, each

|

term is represented by an intricate convolution upon trans-
verse momenta. Therefore, it may be more convenient to
work in the collinear framework and isolate the e(x) through
the simple product with its chiral-odd partner represented by
the DIiFF H7, as shown in Eq. (34).

In order to reach this goal, we need to deal with the
second contribution in Eq. (34), which depends on the
unknown twist-3 DiFF G<. Calculations in the spectator
model show that G< turns out to be small, and possibly
with opposite sign to H;' [72]. The extraction of e(x) from
CLAS and CLASI12 data projected onto the x dependence
was performed assuming that the M, dependence of G is
the same as H7' but rescaled by a constant factor [73]. A
possible strategy to overcome this problem could be to
study the ratio do;y/doy; [35]. In fact, if the term
proportional to G would be negligible, using the flavor
symmetries of H;' [21-24,37,74-77] the ratio should not
exhibit any dependence on (zj;,, M},;,), since the latter
should cancel out between numerator and denominator.
On the contrary, any observed dependence would hint at a
non-negligible contribution from twist-3 DiFF, making the
extraction of e(x) more challenging.

In this perspective, collecting more information on these
observables from other channels should give more insight.
Hence, it might be useful to consider the £ +A — ¢’ +
(Jet C) + X process depicted in the right panel of Fig. 6,
namely the SIDIS on a (polarized) hadron target where a
hadron with momentum P;, is inclusively produced inside a
jet with transverse momentumj,; with respect to the jet axis
J taken parallel to the 2 = ¢ axis. The cross section of this
process has the same structure as Eq. (30). By using the
correspondence of Sec. V, the structure functions in
Egs. (33)-(35) become
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FEn ) _ |
uT xzq:eq M,

h(ll(x)Hf_q<ZJ7 Zhnji;Q’ Qr)7 (36)

Si ; 2M j o M1 GLQ Z ’Z ’jz;Qa Qr
Fit 2 S 2 Wl i mb oy, 2,25 0, 0r) + 22 o e 13001 (37)
P M, M Zh
sng,  2M j . M GH9(zy, 2475 Q, OF
Fint =2 g ezt 0,00 + g L 20T 0.2 &
q 1

where Qr is the typical scale of the jet with radius r.
Equation (36) indicates a new way to address the collinear
transversity PDF £ (x), namely through the “Collins-in-jet”
effect in the SIDIS process. Equations (37) and (38) show
that in the same framework of the SIDIS “Collins-in-jet”
effect one can address also the twist-3 collinear PDFs e(x)
and A (x), provided that the remaining contribution given
by Ql is small. The QL is a new twist-3 jJTMDEFF that
corresponds to the above twist-3 DiFF G<. As in the
dihadron case, by using the current knowledge on the
“Collins-in-jet” effect one could predict the dependence of
the ratio do; ;/doy;, on the kinematic variables of the final
state. The analysis of any possible deviation of data from
these predictions would indicate if the contribution of the

twist-3 QL would or would not be negligible.

VII. CONCLUSIONS

Transverse-momentum-dependent factorization gives
the possibility of measuring many interesting signals and
accessing many intriguing features of the structure of
hadrons. However, one of its shortcomings is that it cannot
be applied to hadronic collisions with observed hadronic
final states, like, e.g., the process A+ B - C+ D + X.

Two alternative mechanisms have been proposed to
recover part of the versatility of TMDs while preserving
the applicability to hadronic processes: the inclusive
production of dihadrons, or of a hadron inside a jet.
The inclusive production of dihadrons, namely of two
hadrons originating from the fragmentation of the same
parton, can be usefully studied in the collinear framework,
where transverse momenta of all partons are integrated; it
involves universal collinear dihadron fragmentation func-
tions. The inclusive production of a hadron inside a jet,
namely the inclusive production of a jet with a detected
substructure, can be studied in a hybrid factorization
approach involving collinear partonic functions in the
initial state and TMD hadron-in-jet fragmentation func-
tions in the final state.

In this paper, we have explored similarities between
the two formalisms of dihadron and hadron-in-jet
production, and we have established a set of correspon-
dence rules between DiFFs and jTMDFFs. We have
used this correspondence to transfer to the jJTMDFF case

|

some interesting results obtained with DiFFs, in par-
ticular for inclusive production of two back-to-back
dihadrons in unpolarized proton-proton collisions, and
for inclusive production of a dihadron in semi-inclusive
deep-inelastic scattering.

In unpolarized proton-proton collisions with the inclu-
sive production of two back-to-back jets where one hadron
is detected inside each jet, the cross section contains
specific modulations that can distinguish if the hadron is
detected inside a jet generated by a quark or by a gluon.
Moreover, one of the two modulations is sensitive to a
polarized JTMDEFF directly linked to the TMD fragmenta-
tion function of a linearly polarized gluon.

In semi-inclusive deep-inelastic scattering, the cross
section for an unpolarized lepton probe and transversely
polarized proton target offers a new channel to extract the
chiral-odd transversity collinear parton distribution func-
tion /1 (x), which is connected to the puzzling proton tensor
charge. The cross section for a longitudinally polarized
lepton and unpolarized proton contains a term proportional
to the chiral-odd subleading-twist collinear parton distri-
bution function e(x), which is connected to the well-known
nucleon ¢ term and to the physics of QCD chiral symmetry
breaking.

The above examples illustrate how useful the formal
comparison between DiFFs and jTMDEFFs can be. The
inclusive production of dihadrons has already been mea-
sured in hadronic colliders [78-80], eTe™ colliders [81],
and fixed-target experiments [82-85]. The inclusive pro-
duction of hadrons in a jet has been measured only in
hadronic colliders [86,87]. Both channels will be (abun-
dantly) available at the future Electron-Ion Collider [47,48].
Therefore, we think it is worth exploring the above-
mentioned possibilities and to push further the analysis
of the consequences of the correspondence rules set in
this paper.

APPENDIX A: CROSS SECTION FOR INCLUSIVE
DIHADRON PRODUCTION

In Ref. [38], Eq. (15) shows the unpolarized cross
section for the process A + B — (C,C,) + X. After inte-
grating over the azimuthal orientation ¢y, of the polariza-
tion of hadron B, it reads
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dUUU
dnd|Pr|d cos OcdM3, deg

P dxdxgdz _ . d6g, .
| T| / AZBEERAC £ (x0) £2 (%8) 2hned(Zhne — Znn) 5 “L DS (zpes €08 O, M3,)
abed Zth 3
[Pz T| / dxAdethhc b 2eim | a1 ayABapca
= o t ———— DS (2pnc, cos Oc, Al
s Py P 1 (xa)f7(x5)8°6(3 + 17+ i) 4 {(Znne o M3,), (A1)

where 7, and ¢y are defined in Sec. Il A, and 6 is the polar angle between P and the direction of the back-to-
back emission of the two hadrons in their center-of-mass (c.m.) frame (see Fig. 3 of Ref. [18]).

It turns out that { = a + b cos @, with a, b functions of only the invariant mass M, [18]. Therefore, the Jacobian of the
transformation is d¢ = 2|R|/M,;,d cos O with [38]

1
RI =5/ M3, = 2(M} + M3) + (M3 — M3/ M3, (A2)

Using the kinematic relations in Eq. (5) and the obvious definition R, = (|R | |cos ¢, |R | sin ¢g), we can compute the
Jacobian of the transformation dM3,d¢r = dR8/(1 — ¢?). The cross section in Eq. (A1) can be conveniently rewritten as

doyy /dxAdethhC b |PT|Sd6ab—>ch "A A
Yovy _ _ GXAGXBILKC £a — A2 55(5 4 1+ 1) DS (zpne € R?), A3
dnd|PrldCdR, ~ 4= | " xuxpic Frea)fys) 5o g S0 + 1+ B)D(zme, & R ) (A3)
where
D¢ 2 _ |R| 1_52 c 2
(Zthv cos ¢, Mhh) 2Mhh 3 D1(Zhhc, Z:,RJ_) (A4)

takes into account the above Jacobians.
In a similar way, Eq. (16) of Ref. [38] describes the polarized cross section for the process A + B' — (C,C,) + X

doyr Py

=—18 i -
d}’ld|PT|dCOS ech%lhd¢Rd¢SB 4”2 | BT| Sln(¢SB ¢R)u;d

dx,dxpdz Z
/ A B th fa(x A)h’l’(xB)Zhhcé(Zth_Zhh)

Zth
« P80 ~cta IR]
dx,dxgdz I,

_| T| |SBT|SIH(¢SB ®r) Z/ ATTBTINNE pa(x, ) hE (xp)528(8 4+ 7+ @)

a.b.c.d xAxBZth

sin OcHY“ (2nc, €08 Oc, hh)

dAaabT —cld |RJ_ |

di My, H<C<ZthvCOS QC,Mhh) (AS)

where Sy is the transverse polarization of the colliding proton with orientation ¢, with respect to the reaction plane, and
h’l’ is the transversity distribution for the transversely polarized parton » with fractional momentum xp. The elementary
cross sections dAé6 1 _, .1, describe the annihilation of parton a and b with transfer of the transverse polarization of the latter
to parton ¢ while summing on the undetected fragments from parton d. All the possible independent flavor combinations are
listed in the appendix of Ref. [38].

By applying the same transformation of variables from d cos 8 .dM hhdqﬁR to d{dR |, we get

doyr [Serl /dxAdethhc \Pr|SdAG 1 oty norn  n o
- - f(xa)h} ab = dss(s+1
dnd|Pr|dCdR dps,  4n° sin(ds, ¢R)a;d XAXBZ2 e STy (ep) = o se(s+1+a)
R :
thllec(Zth7z:aRi)’ (A6)
hh
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where

R 1-¢ .
M]hTHf‘(Zhhc,é',Ri)-
1

H{(zpne- €08 QC,M%D =2 (A7)

We generalize the above formulas to the case of the inclusive production of two dihadrons. In Ref. [38], from
Egs. (20)—(22) the unpolarized cross section for the process A + B — (C,C;) + (DD;), + X reads (after integrating on

the polarizations of initial hadrons)

dGUU
dﬂCd|PCT|d Ccos gch%vd¢RCd7’]Dd|PDT|dCOS HDdM%)dqﬁRD

_ \Pcr||Ppr| Z dxsdxgdzppcdzpp
N 82

2 2
Zhhe<hnD

di

2
ZhhC<ppp 5

I (xa) 4 (xp)xp8(xp — X8) 2hncd(Znne = Znne) mo P 5(2pnp — Zinp)
\Pcr|IPpr

a6,
» {Z[ ab Cde(Zth,COSQC,M%)Df(Zth’COSQD’ M%)

c,d

dAG,, .10 IR
+ cos(¢r, — dr,) Bbapciat [Rel

sin GCHT( C(Zhhc, COS 6’C, M%) M

R
IRy sin @pH 4 (z4p, c0s O, M%)]

di M D
dAa-a —(q' g R 2 q R 2
+cos(2¢r. — 2¢r,) bogly! | C2| sin?0cH 7Y (zune» cos O, M%) | Dz| sin?0p H Y (2np» €08 Op, M%) ¢, (A8)
¢ P dt Mz M,
|
where the momenta and the angles of the second hadron P B\ _ <
+np +log— ) = xpd(xp — Xp),
pair are defined in complete analogy with the first pair by (”C 1 ng sl = Xp)
replacing the labels ¢, C with d, D. The additional delta Xp = x,eceD. (A10)

functions are due to momentum conservation in the
elementary ab — cd process both in the longitudinal
direction of the Z axis, identified with P4, and in the
transverse plane.

In collinear kinematics, the conservation in the trans-
verse plane is trivially Pcy/znc = —Ppr/znp- This
implies that the above cross section is integrated in the
azimuthal angles of P~y and Ppy with the condition ¢ =
¢p + 7 and that the moduli are constrained by [8]

|PCT| |PDT) Z%,hDZth _
o - = 5<Zhh — Zhn )
(Zhhc ZhiD \Pcr|IPpr P P

|Ppr| e + e

ZhhD = \/E X,

(A9)

The conservation along the Z axis in the c.m. frame of the
annihilation reads x4 Py, —xgPg. = Pc./Zunc + Pp2/Znnp-
Using the previous delta function, after some manipulation
it can be rewritten as

Finally, the third delta function is the analog of Eq. (10).
Because of Eq. (A10), it can be rewritten as

$6(3 +1+ 1) = zwncd(Zhne = Znnc)s
_ |Por| xqe™c + xgellc  |Per|elc + e'r
e = Vs XAXp N Vs XA
(A11)
In Eq. (A8), the elementary cross sections dAG,,_, .1 gt

involve only quarks for the final partons ¢, d, while
dA6 + contain only final gluons linearly polarized

in the transverse plane. Hence, the H;"? function describes
the fragmentation of such linearly polarized gluons into
pairs of unpolarized hadrons. For both cases of final
polarized quarks and gluons, all nonvanishing combina-
tions are listed in the Appendix of Ref. [38].

By introducing the same transformation of variables
used for the inclusive production of a single hadron pair, the
cross section of Eq. (A8) can be rewritten as

ab—»ng
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_ ‘PCT||PDT| /dxAdeththZth

FH(xa)f7 (xg)

2 2
ZhhCLhhD

dO'UU
dnCd‘PCT|d§CdRCLd’7Dd|PDT|d§DdRDi )
o P P P P
A5(§+t+ ) <| CT| | DT|>5<XAPAz_xBPBz_ Cz Dz)
ZhhC ZhhD

ab—>cd

A

ZhhC  ZhhD

DS (zpncs$o RE ) DY (2 Ep- R 1)

dAo Sctat R . R
ool = ) S B e, LR ) B B R
dAG 1t |Rcy P Ry, |?
+ cos(2¢g, — 2¢r,) ZZ? i'd'| Aflﬂ Hfg(zthCC’chlﬂ AZﬂ Hfg(Zth,CD,R%)L)}. (A12)
c D
|
APPENDIX B: ELEMENTARY HARD CROSS 2P| Z dxAdedzc a(x,) f2 (xg)
SECTION FOR a+b — c+d dnd\p [ TAP 2 [T i 1
We compare the elementary cross section used in d&ToCa .
Refs. [29,38] and in the relevant literature for inclusive %W( +1+)Dy(z¢)- (B3)

production of a hadronic final state in hadron-hadron
collisions.

In Refs. [88,89], the cross section for the process A +
B — C + X reads

Ecdﬁ
dP,

dx,dxpd
/ & XB Zcfa(xA)fb(xB)

ab,c.d

dBapcd qorn | 5 | n
%s&(s +7+i)D(zc).

(B1)
The same structure of cross section can be obtained in
Ref. [90] after making the transformation of variables ? =
1+17/5 and W= —0i/(§ +17), but obtaining the above
elementary cross section multiplied by 5. By labeling the
dé of Refs. [88,89] as d6T°C? and the one of Ref. [90] as

d6"C8C, we get
ACGG ~ToC
daab—»cd d al?—:icd B2
7 7 (B2)

Equation (B1) can be further integrated in the angle
of P; and made differential in the pseudorapidity # of the
final hadron through the transformation 2z |Pr|d|Py|dP,/
E — 27x|Py|d|Pr|dn:

This expression is formally identical to the cross section
for the A+ B — (C;C,) + X process of Eq. (Al) after
integrating over dcos ., d¢r and using Eq. (10) (apart
from the dependence on the dihadron invariant mass M,
through the unpolarized DiFF D,, which does not affect the
argument about the elementary cross section). By labeling
the dé of Eq. (A1) as d6P'FF, we get

~ACGG ~ToC DiFF
ds ab—>cd d al?—:icd a dga;—wd B4
di i 4 (B4)

The above relation can be cross-checked by inspecting the
elementary cross sections of various partonic channels in
the appendix of Refs. [90,38], respectively.

By recalling the relations (9) and (10), Eq. (17) has the
same structure as Eq. (B3) (apart for the dependence on the
variables (z;.j,) describing the jet substructure through
the unpolarized jTMDFF D;, which does not affect the
argument about the elementary cross section) provided that

~ToCa
nZjc 40 _ dé,p=y (BS)
3 ab—cd dt

Because of Eq. (B4), the above relation leads to Eq. (18).

[1] T.C. Rogers and P.J. Mulders, Phys. Rev. D 81, 094006
(2010).

[2] J. Collins and J.-W. Qiu, Phys. Rev. D 75, 114014 (2007).

[3] J.C. Collins and A. Metz, Phys. Rev. Lett. 93, 252001
(2004).

[4] X.Ji,J.-P. Ma, and F. Yuan, Phys. Rev. D 71, 034005 (2005).

[5] J. C. Collins and D. E. Soper, Nucl. Phys. B193, 381 (1981).

[6] J.C. Collins, D. E. Soper, and G. Sterman, in Perturbative
Quantum Chromodynamics, edited by A. H. Mueller (World
Scientific, Singapore, 1989).

014005-14


https://doi.org/10.1103/PhysRevD.81.094006
https://doi.org/10.1103/PhysRevD.81.094006
https://doi.org/10.1103/PhysRevD.75.114014
https://doi.org/10.1103/PhysRevLett.93.252001
https://doi.org/10.1103/PhysRevLett.93.252001
https://doi.org/10.1103/PhysRevD.71.034005
https://doi.org/10.1016/0550-3213(81)90339-4

ANALOGIES BETWEEN HADRON-IN-JET AND DIHADRON ...

PHYS. REV. D 108, 014005 (2023)

[7] C.J. Bomhof, P.J. Mulders, and F. Pijlman, Phys. Lett. B
596, 277 (2004).

[8] A. Bacchetta, C.J. Bomhof, P.J. Mulders, and F. Pijlman,
Phys. Rev. D 72, 034030 (2005).

[9] M. G. A. Buffing, A. Mukherjee, and P.J. Mulders, Phys.
Rev. D 86, 074030 (2012).

[10] M. G. A. Buffing, A. Mukherjee, and P.J. Mulders, Phys.
Rev. D 88, 054027 (2013).

[11] J. C. Collins, Nucl. Phys. B396, 161 (1993).

[12] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, F.
Murgia, A. Prokudin, and C. Tiirk, Phys. Rev. D 75, 054032
(2007).

[13] M. Anselmino, M. Boglione, U. D’Alesio, S. Melis, F.
Murgia, and A. Prokudin, Phys. Rev. D 87, 094019 (2013).

[14] M. Anselmino, M. Boglione, U. D’Alesio, J. O. Gonzalez
Hernandez, S. Melis, F. Murgia, and A. Prokudin, Phys.
Rev. D 92, 114023 (2015).

[15] J. C. Collins, S. F. Heppelmann, and G. A. Ladinsky, Nucl.
Phys. B420, 565 (1994).

[16] R. L. Jaffe, X. Jin, and J. Tang, Phys. Rev. Lett. 80, 1166
(1998).

[17] M. Radici, R. Jakob, and A. Bianconi, Phys. Rev. D 65,
074031 (2002).

[18] A. Bacchetta and M. Radici, Phys. Rev. D 67, 094002
(2003).

[19] D. Boer, R. Jakob, and M. Radici, Phys. Rev. D 67, 094003
(2003).

[20] H. H. Matevosyan, A. Bacchetta, D. Boer, A. Courtoy, A.
Kotzinian, M. Radici, and A. W. Thomas, Phys. Rev. D 97,
074019 (2018).

[21] A. Courtoy, A. Bacchetta, M. Radici, and A. Bianconi,
Phys. Rev. D 85, 114023 (2012).

[22] M. Radici, A. Courtoy, A. Bacchetta, and M. Guagnelli,
J. High Energy Phys. 05 (2015) 123.

[23] M. Radici, A. M. Ricci, A. Bacchetta, and A. Mukherjee,
Phys. Rev. D 94, 034012 (2016).

[24] M. Radici and A. Bacchetta, Phys. Rev. Lett. 120, 192001
(2018).

[25] F. Yuan, Phys. Rev. Lett. 100, 032003 (2008).

[26] M. Procura and 1. W. Stewart, Phys. Rev. D 81, 074009
(2010); 83, 039902(E) (2011).

[27] A. Jain, M. Procura, and W. J. Waalewijn, J. High Energy
Phys. 04 (2012) 132.

[28] Z.-B. Kang, X. Liu, F. Ringer, and H. Xing, J. High Energy
Phys. 11 (2017) 068.

[29] Z.-B. Kang, A. Prokudin, F. Ringer, and F. Yuan, Phys. Lett.
B 774, 635 (2017).

[30] X. Liu, F. Ringer, W. Vogelsang, and F. Yuan, Phys. Rev.
Lett. 122, 192003 (2019).

[31] M. Arratia, Z.-B. Kang, A. Prokudin, and F. Ringer, Phys.
Rev. D 102, 074015 (2020).

[32] Z.-B. Kang, K. Lee, D. Y. Shao, and F. Zhao, J. High Energy
Phys. 11 (2021) 005.

[33] D. Boer, M. Diehl, R. Milner, R. Venugopalan, W.
Vogelsang et al., arXiv:1108.1713.

[34] A. Bacchetta and M. Radici, Phys. Rev. D 69, 074026
(2004).

[35] S. Pisano and M. Radici, Eur. Phys. J. A 52, 155 (2016).

[36] A.Bianconi, S. Boffi, R. Jakob, and M. Radici, Phys. Rev. D
62, 034008 (2000).

[37] A.Bianconi, S. Boffi, R. Jakob, and M. Radici, Phys. Rev. D
62, 034009 (2000).

[38] A. Bacchetta and M. Radici, Phys. Rev. D 70, 094032
(2004).

[39] A. Bacchetta, U. D’Alesio, M. Diehl, and C. A. Miller,
Phys. Rev. D 70, 117504 (2004).

[40] S. Gliske, A. Bacchetta, and M. Radici, Phys. Rev. D 90,
114027 (2014); 91, 019902(E) (2015).

[41] A. Bacchetta, M. Diehl, K. Goeke, A. Metz, P.J. Mulders,
and M. Schlegel, J. High Energy Phys. 02 (2007) 093.

[42] A. Courtoy, S. Baessler, M. Gonzalez-Alonso, and S. Liuti,
Phys. Rev. Lett. 115, 162001 (2015).

[43] D. Dubbers and M. G. Schmidt, Rev. Mod. Phys. 83, 1111
(2011).

[44] T. Bhattacharya, V. Cirigliano, S. D. Cohen, A. Filipuzzi, M.
Gonzalez-Alonso et al., Phys. Rev. D 85, 054512 (2012).

[45] M. Constantinou et al., Prog. Part. Nucl. Phys. 121, 103908
(2021).

[46] S.]J.Brodsky et al., Int. J. Mod. Phys. E 29, 2030006 (2020).

[47] R. Abdul Khalek ef al., Nucl. Phys. A1026, 122447 (2022).

[48] R. Abdul Khalek et al., arXiv:2203.13199.

[49] A. Efremov and P. Schweitzer, J. High Energy Phys. 08
(2003) 006.

[50] R. L. Jaffe and X. Ji, Phys. Rev. Lett. 67, 552 (1991).

[51] X.-D. Ji, Phys. Rev. Lett. 74, 1071 (1995).

[52] X. Ji, Nucl. Phys. B960, 115181 (2020).

[53] C. Lorcé, Eur. Phys. J. C 78, 120 (2018).

[54] C. Lorcé, A. Metz, B. Pasquini, and S. Rodini, J. High
Energy Phys. 11 (2021) 121.

[55] J.R. Ellis, K. A. Olive, and C. Savage, Phys. Rev. D 77,
065026 (2008).

[56] Y. Aoki et al. (Flavour Lattice Averaging Group (FLAG)),
Eur. Phys. J. C 82, 869 (2022).

[57] R. Jaffe and X.-D. Ji, Nucl. Phys. B375, 527 (1992).

[58] M. Wakamatsu, Phys. Lett. B 509, 59 (2001).

[59] P. Schweitzer, Phys. Rev. D 67, 114010 (2003).

[60] C. Cebulla, J. Ossmann, P. Schweitzer, and D. Urbano, Acta
Phys. Pol. B 39, 609 (2008), https://inspirehep.net/literature/
764352.

[61] A. Mukherjee, Phys. Lett. B 687, 180 (2010).

[62] H. Avakian, A.V. Efremov, P. Schweitzer, and F. Yuan,
Phys. Rev. D 81, 074035 (2010).

[63] C. Lorcé, B. Pasquini, and P. Schweitzer, J. High Energy
Phys. 01 (2015) 103.

[64] B. Pasquini and S. Rodini, Phys. Lett. B 788, 414 (2019).

[65] S.Bastami, A. V. Efremov, P. Schweitzer, O. V. Teryaev, and
P. Zavada, Phys. Rev. D 103, 014024 (2021).

[66] P.J. Mulders and R. D. Tangerman, Nucl. Phys. B461, 197
(1996); B484, 538(E) (1997).

[67] A.V. Efremov, K. Goeke, and P. Schweitzer, Phys. Rev. D
67, 114014 (2003).

[68] H. Avakian et al. (CLAS Collaboration), Phys. Rev. D 69,
112004 (2004).

[69] A. Bacchetta, P.J. Mulders, and F. Pijlman, Phys. Lett. B
595, 309 (2004).

[70] F. Yuan, Phys. Lett. B 589, 28 (2004).

[71] L. P. Gamberg, D. S. Hwang, and K. A. Oganessyan, Phys.
Lett. B 584, 276 (2004).

[72] W. Yang, X. Wang, Y. Yang, and Z. Lu, Phys. Rev. D 99,
054003 (2019).

014005-15


https://doi.org/10.1016/j.physletb.2004.06.100
https://doi.org/10.1016/j.physletb.2004.06.100
https://doi.org/10.1103/PhysRevD.72.034030
https://doi.org/10.1103/PhysRevD.86.074030
https://doi.org/10.1103/PhysRevD.86.074030
https://doi.org/10.1103/PhysRevD.88.054027
https://doi.org/10.1103/PhysRevD.88.054027
https://doi.org/10.1016/0550-3213(93)90262-N
https://doi.org/10.1103/PhysRevD.75.054032
https://doi.org/10.1103/PhysRevD.75.054032
https://doi.org/10.1103/PhysRevD.87.094019
https://doi.org/10.1103/PhysRevD.92.114023
https://doi.org/10.1103/PhysRevD.92.114023
https://doi.org/10.1016/0550-3213(94)90078-7
https://doi.org/10.1016/0550-3213(94)90078-7
https://doi.org/10.1103/PhysRevLett.80.1166
https://doi.org/10.1103/PhysRevLett.80.1166
https://doi.org/10.1103/PhysRevD.65.074031
https://doi.org/10.1103/PhysRevD.65.074031
https://doi.org/10.1103/PhysRevD.67.094002
https://doi.org/10.1103/PhysRevD.67.094002
https://doi.org/10.1103/PhysRevD.67.094003
https://doi.org/10.1103/PhysRevD.67.094003
https://doi.org/10.1103/PhysRevD.97.074019
https://doi.org/10.1103/PhysRevD.97.074019
https://doi.org/10.1103/PhysRevD.85.114023
https://doi.org/10.1007/JHEP05(2015)123
https://doi.org/10.1103/PhysRevD.94.034012
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1103/PhysRevLett.100.032003
https://doi.org/10.1103/PhysRevD.81.074009
https://doi.org/10.1103/PhysRevD.81.074009
https://doi.org/10.1103/PhysRevD.83.039902
https://doi.org/10.1007/JHEP04(2012)132
https://doi.org/10.1007/JHEP04(2012)132
https://doi.org/10.1007/JHEP11(2017)068
https://doi.org/10.1007/JHEP11(2017)068
https://doi.org/10.1016/j.physletb.2017.10.031
https://doi.org/10.1016/j.physletb.2017.10.031
https://doi.org/10.1103/PhysRevLett.122.192003
https://doi.org/10.1103/PhysRevLett.122.192003
https://doi.org/10.1103/PhysRevD.102.074015
https://doi.org/10.1103/PhysRevD.102.074015
https://doi.org/10.1007/JHEP11(2021)005
https://doi.org/10.1007/JHEP11(2021)005
https://arXiv.org/abs/1108.1713
https://doi.org/10.1103/PhysRevD.69.074026
https://doi.org/10.1103/PhysRevD.69.074026
https://doi.org/10.1140/epja/i2016-16155-5
https://doi.org/10.1103/PhysRevD.62.034008
https://doi.org/10.1103/PhysRevD.62.034008
https://doi.org/10.1103/PhysRevD.62.034009
https://doi.org/10.1103/PhysRevD.62.034009
https://doi.org/10.1103/PhysRevD.70.094032
https://doi.org/10.1103/PhysRevD.70.094032
https://doi.org/10.1103/PhysRevD.70.117504
https://doi.org/10.1103/PhysRevD.90.114027
https://doi.org/10.1103/PhysRevD.90.114027
https://doi.org/10.1103/PhysRevD.91.019902
https://doi.org/10.1088/1126-6708/2007/02/093
https://doi.org/10.1103/PhysRevLett.115.162001
https://doi.org/10.1103/RevModPhys.83.1111
https://doi.org/10.1103/RevModPhys.83.1111
https://doi.org/10.1103/PhysRevD.85.054512
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1142/S0218301320300064
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://arXiv.org/abs/2203.13199
https://doi.org/10.1088/1126-6708/2003/08/006
https://doi.org/10.1088/1126-6708/2003/08/006
https://doi.org/10.1103/PhysRevLett.67.552
https://doi.org/10.1103/PhysRevLett.74.1071
https://doi.org/10.1016/j.nuclphysb.2020.115181
https://doi.org/10.1140/epjc/s10052-018-5561-2
https://doi.org/10.1007/JHEP11(2021)121
https://doi.org/10.1007/JHEP11(2021)121
https://doi.org/10.1103/PhysRevD.77.065026
https://doi.org/10.1103/PhysRevD.77.065026
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://doi.org/10.1016/0550-3213(92)90110-W
https://doi.org/10.1016/S0370-2693(01)00200-3
https://doi.org/10.1103/PhysRevD.67.114010
https://inspirehep.net/literature/764352
https://inspirehep.net/literature/764352
https://inspirehep.net/literature/764352
https://doi.org/10.1016/j.physletb.2010.03.023
https://doi.org/10.1103/PhysRevD.81.074035
https://doi.org/10.1007/JHEP01(2015)103
https://doi.org/10.1007/JHEP01(2015)103
https://doi.org/10.1016/j.physletb.2018.11.033
https://doi.org/10.1103/PhysRevD.103.014024
https://doi.org/10.1016/0550-3213(95)00632-X
https://doi.org/10.1016/0550-3213(95)00632-X
https://doi.org/10.1016/S0550-3213(96)00648-7
https://doi.org/10.1103/PhysRevD.67.114014
https://doi.org/10.1103/PhysRevD.67.114014
https://doi.org/10.1103/PhysRevD.69.112004
https://doi.org/10.1103/PhysRevD.69.112004
https://doi.org/10.1016/j.physletb.2004.06.052
https://doi.org/10.1016/j.physletb.2004.06.052
https://doi.org/10.1016/j.physletb.2004.03.040
https://doi.org/10.1016/j.physletb.2004.01.054
https://doi.org/10.1016/j.physletb.2004.01.054
https://doi.org/10.1103/PhysRevD.99.054003
https://doi.org/10.1103/PhysRevD.99.054003

BACCHETTA, RADICI, and ROSSI

PHYS. REV. D 108, 014005 (2023)

[73] A. Courtoy, A. S. Miramontes, H. Avakian, M. Mirazita, and
S. Pisano, Phys. Rev. D 106, 014027 (2022).

[74] A. Bacchetta and M. Radici, Phys. Rev. D 74, 114007
(2006).

[75] S. Albino et al., arXiv:0804.2021.

[76] A. Bacchetta, A. Courtoy, and M. Radici, Phys. Rev. Lett.
107, 012001 (2011).

[77] A. Bacchetta, A. Courtoy, and M. Radici, J. High Energy
Phys. 03 (2013) 119.

[78] L. Adamczyk et al. (STAR Collaboration), Phys. Rev. Lett.
115, 242501 (2015).

[79] L. Adamczyk et al. (STAR Collaboration), Phys. Lett. B
780, 332 (2018).

[80] B.R. Pokhrel (STAR Collaboration), SciPost Phys. Proc. 8,
047 (2022).

[81] A. Vossen et al. (Belle Collaboration), Phys. Rev. Lett. 107,
072004 (2011).

[82] A. Airapetian et al. (HERMES Collaboration), J. High
Energy Phys. 06 (2008) 017.

[83] C. Adolph et al. (COMPASS Collaboration), Phys. Lett. B
713, 10 (2012).

[84] C. Adolph et al. (COMPASS Collaboration), Phys. Lett. B
736, 124 (2014).

[85] C. Braun (COMPASS Collaboration), EPJ] Web Conf. 85,
02018 (2015).

[86] L. Adamczyk et al. (STAR Collaboratio), Phys. Rev. D 97,
032004 (2018).

[87] M. Abdallah ef al. (STAR Collaboration), Phys. Rev. D 106,
072010 (2022).

[88] U. D’Alesio and F. Murgia, Phys. Rev. D 70, 074009 (2004).

[89] M. Anselmino, M. Boglione, U. D’ Alesio, E. Leader, and F.
Murgia, Phys. Rev. D 71, 014002 (2005).

[90] F. Aversa, P. Chiappetta, M. Greco, and J. P. Guillet, Nucl.
Phys. B327, 105 (1989).

014005-16


https://doi.org/10.1103/PhysRevD.106.014027
https://doi.org/10.1103/PhysRevD.74.114007
https://doi.org/10.1103/PhysRevD.74.114007
https://arXiv.org/abs/0804.2021
https://doi.org/10.1103/PhysRevLett.107.012001
https://doi.org/10.1103/PhysRevLett.107.012001
https://doi.org/10.1007/JHEP03(2013)119
https://doi.org/10.1007/JHEP03(2013)119
https://doi.org/10.1103/PhysRevLett.115.242501
https://doi.org/10.1103/PhysRevLett.115.242501
https://doi.org/10.1016/j.physletb.2018.02.069
https://doi.org/10.1016/j.physletb.2018.02.069
https://doi.org/10.21468/SciPostPhysProc.8.047
https://doi.org/10.21468/SciPostPhysProc.8.047
https://doi.org/10.1103/PhysRevLett.107.072004
https://doi.org/10.1103/PhysRevLett.107.072004
https://doi.org/10.1088/1126-6708/2008/06/017
https://doi.org/10.1088/1126-6708/2008/06/017
https://doi.org/10.1016/j.physletb.2012.05.015
https://doi.org/10.1016/j.physletb.2012.05.015
https://doi.org/10.1016/j.physletb.2014.06.080
https://doi.org/10.1016/j.physletb.2014.06.080
https://doi.org/10.1051/epjconf/20158502018
https://doi.org/10.1051/epjconf/20158502018
https://doi.org/10.1103/PhysRevD.97.032004
https://doi.org/10.1103/PhysRevD.97.032004
https://doi.org/10.1103/PhysRevD.106.072010
https://doi.org/10.1103/PhysRevD.106.072010
https://doi.org/10.1103/PhysRevD.70.074009
https://doi.org/10.1103/PhysRevD.71.014002
https://doi.org/10.1016/0550-3213(89)90288-5
https://doi.org/10.1016/0550-3213(89)90288-5

