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In the phenomenology of strong interactions most physical states acquire a substantial width, and thus
can only be defined in a model-independent way by pole positions and residues of the S-matrix. This
information is incorporated in the Källén-Lehmann representation, whose spectral function characterizes
the shape of the resonance and can be constrained by the dominant decay channels. Here, we argue that
similar effects become important whenever beyond-the-Standard-Model particles possess a sizable decay
width—as possible for instance in cases with a large branching fraction to a dark sector or strongly coupled
scenarios—and show how their widths can be incorporated in the calculation of loop observables. As an
application, we consider the anomalous magnetic moment of the muon, including both the direct effect of
new physics and the possible indirect impact of a broad light Z0 on eþe− → hadrons cross sections.
Throughout, we provide results for a general spectral function and its reconstruction from the one-loop
imaginary part, where the latter captures the leading two-loop effects.
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I. INTRODUCTION

While the existence of physics beyond theStandardModel
(BSM) is established by experimental observations, in
particular of neutrinomasses anddarkmatter at cosmological
scales, the properties of the required new particles and
interactions remain unclear. Therefore, these observations
are insufficient to construct the fundamental theory super-
seding the SM. Anomalies in precision experiments, see,
e.g., Refs. [1–3] for recent reviews, suggest certain patterns
for the novel interactions, most notably the violation of
lepton-flavor universality, but only the ratio of couplings over
masses can be accessed and the widths of the new states
remain elusive. Nonetheless, for a given fixed effect in low-
energy observables, the couplings must increase with the
mass, leading unavoidably to larger widths of the new states.
In fact, bounds on the couplings of new particles from
perturbativity and unitarity have been derived in this context
[4–6]. Importantly, even below these bounds thewidth of the
new particles is sizable and such large widths were used in
several models to avoid or weaken collider bounds [7–9], in
particular by decays to invisible final states [10–21].

Examples include eþe− → μþμ− þ invisible, eþe− → γ þ
invisible searches [22] as well as monophoton and monojet
searches at the LHC [23–25]. Therefore, the question arises
how to properly include broadwidth effects—in particular in
strongly coupled regimes, as arise naturally in composite
[26,27] or extradimensional [28–30] models—into the cal-
culation of low-energy observables. In fact, this problem has,
to the best of our knowledge, so far not been addressed in the
context of BSM physics.
Here we argue that this outstanding problem can be

solved via the application of the Källén-Lehmann (KL)
spectral representation [31,32], which describes the general
form of a time-ordered two-point function of an interacting
quantum field theory. It can be derived on general grounds
by inserting a complete set of states and using Lorentz
invariance, with a result that makes the analytic structure of
the two-point function manifest. The KL representation for
a scalar particle is given by

Δϕðp2Þ ¼
Z

∞

0

ds
ρϕðsÞ

p2 − sþ iϵ
; ð1Þ

where the propagator of the free theory with squared mass s
is convolved with a general spectral density ρϕðsÞ [subject
to the normalization condition

R
dsρϕðsÞ ¼ 1 and positivity

constraint ρϕðsÞ ≥ 0]. A one-particle state corresponds to
an isolated pole in ρϕðsÞ, multiparticle states to a branch cut
starting at the respective threshold sth, and bound states to
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additional poles below sth (see Fig. 1).While the existence of
such spectral representations is a general nonperturbative
result, a practical application concerns the incorporation of
width effects in the phenomenology of strong interactions,
e.g., by improving Breit-Wigner (BW) parametrizations [33]
through variants with good analytic properties [34–36],
which can then be used in loop calculations without gen-
erating spurious imaginary parts. As an added benefit, the
denominator of the KL representation can be efficiently
integrated in higher-order computations as it resembles the
standard Feynman propagator with s ¼ M2, so that merely
the final result has to be convolvedwith the spectral function.
In general, once a resonance is located deep in the

complex plane—the f0ð500Þ [37–41] and the K�
0ð700Þ

[42,43] being typical examples—only a description in
terms of the pole position and its residues is viable.
However, for moderate widths—such as the ρð770Þ, with
Γρ=Mρ ≃ 20%—a KL representation with spectral function
derived from the main decay channels (potentially supple-
mental by centrifugal-barrier factors [44,45] to dampen the
high-energy behavior) is often phenomenologically suc-
cessful, with resonance properties close to the actual pole
parameters [39,46,47]. In particular, representations of the
form (1) can be used to implement resonance effects in loop
observables without introducing unphysical imaginary
parts below the respective thresholds [36,48].
The main point of this article is that a similar strategy can

also be applied to physics beyond the SM, whenever the new
particles acquire a sizable width. In general, the results are
formulated in terms of a spectral function that needs to be
determined from experiment—a prime example in the SM
beinghadronic vacuumpolarization (HVP). In the absenceof
data, the spectral function can still be constrained from the
perturbative imaginary part once a given decay channel is
assumed, especially, the threshold behavior and the func-
tional form in the vicinity of the resonance, and systematic
improvements are possible by going to subleading orders in
perturbation theory [49–51]. In the following, we will first
present the general formalism, including the explicit form of
the one-loop spectral functions for different quantum num-
bers of all particles involved, before turning to the application

to the exemplary case of the anomalous magnetic moment of
the muon.

II. SPECTRAL FUNCTIONS AND
KÄLLÉN-LEHMANN REPRESENTATION

While the form of the KL representation in Eq. (1) holds
in general for a scalar particle, for practical applications the
spectral function is required. In principle, in the case of a
broad resonance its form can be extracted experimentally,
e.g., from scattering processes involving the decay products
that give rise to the continuum in Fig. 1, but already for
hadronic reactions a complete measurement of spectral
functions is complicated. However, useful approximations
to ρðsÞ can be obtained for instance by analytically
improved versions of BW parametrizations [34–36], in
which case the energy dependence can be constrained via
the imaginary part of the self-energy, matching the imagi-
nary part of Eq. (1) to the imaginary part of the resummed
Dyson series. The result for the decay of a scalar ϕ with
massM, derived in Appendix A, can be written in the form

ρϕðsÞ ¼
Z
π

ffiffiffi
s

p
ΓðsÞ

ðs −M2Þ2 þ s½ΓðsÞ�2 ;

ΓðsÞ ¼
X

K¼ϕ1ϕ2;F1F2

Γϕ→K
γϕ→KðsÞ
γϕ→KðM2Þ θðs − sKÞ; ð2Þ

with total width Γ ¼ Γϕ→ϕ1ϕ2
þ Γϕ→F1F2

. The energy
dependence is described by

γϕ→ϕ1ϕ2
ðsÞ ¼ λ1=2ðs;M2

1;M
2
2Þ

s3=2
;

γϕ→F1F2
ðsÞ ¼ λ1=2ðs;m2

1; m
2
2Þ

s3=2

× ðs −m2
1 −m2

2 − 2ξϕm1m2Þ; ð3Þ

with the Källén function λða; b; cÞ ¼ a2 þ b2 þ c2−
2ðabþ acþ bcÞ, massesMi (mi) for the scalar (fermionic)
decay products ϕi (Fi), and a parameter ξϕ ¼ ½ðCϕ

SÞ2 −
ðCϕ

PÞ2�=½ðCϕ
SÞ2 þ ðCϕ

PÞ2� ∈ ½−1; 1� that describes the chi-
rality of the couplings, see Appendix B. The thresholds
are sϕ1ϕ2

¼ ðM1 þM2Þ2, sF1F2
¼ ðm1 þm2Þ2. Finally, the

parameter Z is to be determined from the normalization
condition

R
dsρϕðsÞ ¼ 1, and Eq. (2) generalizes accord-

ingly when further decay channels contribute. In the form
of Eq. (2), mass and width of the resonance (together with
branching fractions and masses of the decay products) need
to be provided as input. If the width is sizable but not too
large, it can also be calculated perturbatively, see Eq. (B8),
in which case inserting the KL representation into a one-
loop diagram captures the leading two-loop effect, and
similarly at subleading orders [49–51].

FIG. 1. Generic form of the KL spectral function ρðsÞ. Single-
particle poles show up as δ functions at the respective mass,
s ¼ M2, while multiparticle states lead to a continuum that starts
at some threshold sth, below which bound states are possible
(indicated by the narrow lines).
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For nonchiral fermions the KL representation generalizes
to [52]

ΔFðpÞ ¼
Z

∞

0

ds
pρ1ðsÞ þ ρ2ðsÞ
p2 − sþ iϵ

; ð4Þ

involving two spectral functions with positivity conditions
for ρ1ðsÞ and

ffiffiffi
s

p
ρ1ðsÞ − ρ2ðsÞ as well as the normalizationR

ds ρ1ðsÞ ¼ 1. The determination of the spectral function
in terms of the imaginary part of the self-energy is accurate
up to terms of second order Oððs −m2Þ2Þ in the expansion
around the resonance mass m. At the same level of
precision we find that ρ1ðsÞ ¼ ρ2ðsÞ=

ffiffiffi
s

p ≡ ρFðsÞ, while
the generalization to chiral fermions, given in Appendix A,
can potentially introduce a first-order correction. The result
for a broad fermion F with decays to fermion (F0) and
scalar (ϕ0) or vector (X0) becomes

ρFðsÞ ¼
Z
π

mΓðsÞ
ðs −m2Þ2 þm

ffiffiffi
s

p ½ΓðsÞ�2 ;

ΓðsÞ ¼
X

K¼F0ϕ0;F0X0
ΓF→K

γF→KðsÞ
γF→Kðm2Þ θðs − sKÞ; ð5Þ

with total width Γ ¼ ΓF→F0ϕ0 þ ΓF→F0X0 , thresholds sF0ϕ0 ¼
ðmF0 þMϕ0 Þ2, sF0X0 ¼ðmF0 þMX0 Þ2, and energy dependence

γF→F0ϕ0 ðsÞ¼ λ1=2ðs;m2
F0 ;M2

ϕ0 Þ
s3=2

× ðsþm2
F0 −M2

ϕ0 þ2ξϕ0mF0
ffiffiffi
s

p Þ;

γF→F0X0 ðsÞ¼ λ1=2ðs;m2
F0 ;M2

X0 Þ
s3=2

½λðs;m2
F0 ;M2

X0 Þ
þ3M2

X0 ðsþm2
F0 −M2

X0 −2ξX0mF0
ffiffiffi
s

p Þ�; ð6Þ

where ξϕ0 ¼ðC02
S −C02

P Þ=ðC02
S þC02

P Þ, ξX0 ¼ ðC02
V −C02

A Þ=
ðC02

V þC02
A Þ again determine the chirality of the couplings

(see Appendix B) and Z follows from the normaliza-
tion

R
ds ρFðsÞ ¼ 1.

Finally, the generalization of the KL representation to the
spin-1 case becomes complicated by the presence of
unphysical degrees of freedom in the covariant formulation,
and thus the need to specify the choice of gauge [52]. In
Feynman gauge, the Goldstone part can be evaluated using
Eq. (2), while the spectral function for the transverse
component

Δμν
X ðpÞ ¼ gμν

Z
∞

0

ds
ρXðsÞ

p2 − sþ iϵ
ð7Þ

takes the form

ρXðsÞ ¼
Z
π

ffiffiffi
s

p
ΓðsÞ

ðs −M2
XÞ2 þ s½ΓðsÞ�2 ;

ΓðsÞ ¼
X

K¼ϕ1ϕ2;F1F2

ΓX→K
γX→KðsÞ
γX→KðM2

XÞ
θðs − sKÞ; ð8Þ

with

γX→ϕ1ϕ2
ðsÞ ¼ λ3=2ðs;M2

1;M
2
2Þ

s5=2
;

γX→F1F2
ðsÞ ¼ λ1=2ðs;m2

1; m
2
2Þ

s5=2
½−λðs;m2

1; m
2
2Þ

þ 3sðs −m2
1 −m2

2 þ 2m1m2ξXÞ�; ð9Þ

and ξX ¼ ½ðCX
VÞ2 − ðCX

AÞ2�=½ðCX
VÞ2 þ ðCX

AÞ2�.
In the application of the preceding expressions in loop

integrals, one additional subtlety concerns the high-energy
behavior. To ensure the required decoupling limit for large
momenta, Eq. (1) needs to behave asΔϕðp2Þ ∼ 1=p2, which
reproduces the normalization condition

R
ds ρϕðsÞ ¼ 1 as a

superconvergence relation [53]. However, the exchange of
limits here is delicate, and in general subtractions may be
necessary [54]. Given that our derivation of the spectral
functions ρϕ, ρF, ρX is only accurate up to terms
Oððs −M2Þ2Þ in the first place, a convenient way to ensure
convergence is based on the observation that multiplication
by the factor

½ξðsÞ�n ¼
�
2M

ffiffiffi
s

p
sþM2

�
n

¼ 1þOððs −M2Þ2Þ; ð10Þ

changes the high-energy behavior, without affecting the
resonance physics at the claimed accuracy. Similar relations
have already been used in the derivation of Eq. (5), see
AppendixA, so that in this case the superconvergence relation
is already well defined, while for the bosonic cases n ¼ 1 is
sufficient to ensure convergence. Physically, the necessity to
introduce modifications of the high-energy behavior as in
Eq. (10) originates from the momentum factors associated
with higher spins. In hadronic physics, the same effect can be
achieved by adding centrifugal-barrier factors [44,45], but, in
either case, ultimately the behavior of the spectral function off
the resonance needs to be extracted from experiment.
The expressions presented here determine the amount of

information that can be gleaned from resumming the 1-loop
self-energy diagrams, most importantly, the correct thresh-
old behavior of the spectral function. We illustrate the
spectral functions for scalars and spin-1 particles for the
minimal integer n required to achieve convergence in
Fig. 2, but emphasize that the formalism is much more
general, and becomes most powerful in cases in which the
spectral function can be constrained from experiment.
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III. ANOMALOUS MAGNETIC MOMENT
OF THE MUON

Broad new states will also leave their imprint in low-
energy precision observables. As a specific and very
relevant example we consider here the anomalous magnetic
moment of the muon aμ (see, e.g., Refs. [55–67] for the
analysis of generic BSM scenarios). In Appendix C we give
the expressions for BSM effects in aμ [56], generalized to
the case of sizable widths using the KL representation.
Depending on the size of the width such effects could
significantly alter the parameter space required to explain
the current 4.2σ discrepancy between experiment [68–72]
and the prediction in the SM [73–97] when HVP is derived
from eþe− → hadrons cross section data. In fact, in this
data-driven evaluation a KL representation is used to
implement, in a model-independent way, the effect of
hadronic resonances.
The leading-order HVP contribution to aμ can be

represented by the master formula [98,99]

aHVPμ ¼
�
αmμ

3π

�
2
Z

∞

sth

ds
K̂ðsÞ
s2

RhadðsÞ;

RhadðsÞ ¼
3s

4πα2
σðeþe− → hadronsðþγÞÞ; ð11Þ

where K̂ðsÞ is an analytically known kernel function and
the integration threshold sth ¼ M2

π0
is determined by the

π0γ channel. Its derivation starts from a dispersion relation
for the subtracted vacuum polarization function

Π̄ðk2Þ ¼ k2

π

Z
∞

sth

ds
ImΠðsÞ
sðs − k2Þ ; ð12Þ

which amounts to a KL representation for the two-point
function of two electromagnetic currents with a spectral
function determined by the imaginary part

ImΠðsÞ ¼ −
α

3
RhadðsÞ: ð13Þ

The kernel function K̂ðsÞ is obtained by performing the
Feynman-parameter integral in aμ, but the derivation via
Eq. (12) also admits a spacelike master formula

aHVPμ ¼ α

π

Z
1

0

dxð1 − xÞΠ̄ðsxÞ; sx ¼ −
x2m2

μ

1 − x
: ð14Þ

In this form, Eq. (14) can be formally evaluated for any
polarization function Π̄ðsÞ regardless of its analytic proper-
ties without running into obvious inconsistencies, but the
numerical result can be altered dramatically. As an exam-
ple, the calculation of the π0γ contribution from Ref. [100]
using an asymptotic expansion misses the correct value by
a factor 10, which can be traced back to the assumed form
of Π̄ðsÞ that does not fulfill the dispersion relation (12).
This illustrates the importance of working with a repre-
sentation of the two-point function with good analytic
properties, see Appendix D for a more detailed analysis. In
particular, the π0γ example shows that the mistake incurred
when violating analyticity properties is not always sup-
pressed by the width of the states, since in this case the
correct imaginary part actually scales with the inverse of the
small width of the ω, which ultimately produces the sizable
enhancement of the π0γ contribution.
A simple example for a broad new state in aμ is a neutral

gauge boson (Z0). In particular, an Lμ − Lτ symmetry
[101–104] constitutes an anomaly-free extension of the
SM and is known to be capable of explaining the tension in
aμ [105–108] while avoiding the bounds related to elec-
trons (e.g., from ðg2Þe and eþe− → eþe−). Furthermore, it
can serve as a portal to dark matter [109–115], which at the
same time weakens collider bounds by introducing decays
into invisible final states. In fact, a Z0 with such a sizable
invisible width was also studied in the literature as a
possible solution to the b → slþl− anomalies [10–21].
We therefore consider

LZ0 ¼ CXg0χ̄γμχZ0
μ þ H:c:; ð15Þ

with a generic mass MZ0 , as an example to illustrate
the impact of a large width.1 As can be seen from Fig. 3,
the contribution to aμ decreases compared to the narrow-
width limit, with the amount of the suppression depending
on themass of the decay products and the assumption for the
high-energy behavior of the spectral function.
Another possible application concerns the determination

of the HVP contribution itself, given that the global 2.1σ
tension between eþe− data and the lattice-QCD calculation

FIG. 2. Spectral functions for the decay of scalars and spin-1
particles to a pair of fermions or scalars with mass m=M ¼ 0.4
and a width Γ=M ¼ 0.2 for ξX;ϕ ¼ �1.

1While we are assuming that the related Uð1Þ0 symmetry is
broken spontaneously, the details of the scalar sector are not
relevant for our purpose.
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by BMWc [116] has now been confirmed at the level of
about 4σ for the intermediate window in Euclidean time
[117] by several lattice collaborations [118–122]. While
independent lattice-QCD calculations of the entire HVP
integral will require more time, some first conclusions can
be drawn about the energy range in which changes to the
eþe− → hadrons cross section would need to occur; first,
the changes cannot occur too high in center-of-mass
energy, otherwise serious tensions in the global electroweak
fit would arise via the hadronic running of the fine-structure
constant [123–126], and this condition is confirmed by
direct lattice-QCD calculations of the hadronic running
itself [116,127]. On the other hand, the deviation in the
intermediate window shows that not all modifications can
occur below 1 GeV [128], suggesting a more complicated
pattern. In particular, already for the leading 2π channel
large changes beyond the quoted experimental uncertain-
ties would be required, and much larger relative changes for
the subleading hadronic channels. In this situation, one
could be inclined to entertain a BSM solution [129,130].
However, arguably the most promising candidate, a broad
Z0 interfering destructively with the SM signal, was shown
to be excluded by other observables in Ref. [129], assuming
a modification of the eþe− → πþπ− cross section accord-
ing to

σSMþNP
ππ

σSMππ
¼
����1þ ϵZ0s

s −M2
Z0 þ iMZ0ΓZ0

����
2

; ð16Þ

where ϵZ0 ¼ g0eV ðg0uV − g0dV Þ=e2 collects the Z0 couplings
[129]. Since the interference before and after the resonance
is opposite in sign (and cancels in the limit of a narrow
resonance), the required net destructive interference mostly
relies on the energy dependence of σSMππ and the kernel
function in Eq. (11). This effect can be enhanced by
replacing the standard Z0 propagator via a KL representa-
tion. An example is shown in Fig. 4, which illustrates how

the asymmetry induced by increasing the threshold or
changing the functional form above can substantially
increase the change Δaμ for the same set of couplings.
We emphasize that the constraints derived in Ref. [129]
remain severe (see Appendix E for the pion mass difference
and Appendix F for LEP bounds), so that one would likely
have to push the Z0 mass beyond 1 GeV (including the
effect on a variety of hadronic channels), introduce a large
width, and tune the energy dependence of its spectral
function to try and find a viable model.

IV. CONCLUSIONS

In this work we presented a general framework how
sizable width effects of new resonances can be consistently
and efficiently incorporated into loop calculations. In
particular, we showed how the underlying Källén-
Lehmann representation can be matched to the Dyson
series to constrain the properties of the spectral function
from the perturbatively calculated one-loop self-energy,
capturing the leading two-loop effect in the case of a broad
resonance. We calculated these spectral functions for
several cases and showed how the calculation needs to
be modified if new particles in one-loop diagrams acquire a
large width, giving the general results for aμ as an example.
As a concrete application, we discussed how the effect of a
broad Z0 could be included both directly in the calculation
of aμ and indirectly via its impact on the eþe− → hadrons
cross section. Our results are applicable in quite general
circumstances, reducing the calculation to the narrow-
width limit for general masses together with a subsequent
convolution with the spectral function, and can therefore be
applied to a wide class of processes.

FIG. 3. Relative effect of taking into account a nonzero width,
compared to the case in which it is neglected, of a Z0 boson in aμ
for MZ0 ¼ 1 GeV as a function of ΓZ0=MZ0 for different powers
(n ¼ 1, 2) in Eq. (10).

FIG. 4. Shift Δaμ due to a BSM effect in HVP for MZ0 ¼
0.8 GeV, ΓZ0 ¼ 0.2 GeV, and ϵZ0 ¼ 0.02, as a function of M1,
for spectral functions with γZ0 ðsÞ ¼ ðs − 4M2

1Þr=2=s. The case
r ¼ 3, see Eq. (9), requires n ¼ 1 in Eq. (10), while the other
variants, illustrating the impact of modifying the threshold
behavior, converge for n ¼ 0. The reference point for a constant
width as in Eq. (16) (dashed line) should be treated with care due
to the spurious imaginary parts below threshold.
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APPENDIX A: DYSON SERIES AND KL
REPRESENTATION

Writing the one-particle-irreducible self-energy of a scalar
particle with bare massM0 as Σðp2Þ, the resummation of all
self-energy insertions into a geometric series gives

iΔDðp2Þ ¼ i
p2 −M2

0 þ Σðp2Þ : ðA1Þ

To recast this resummation into a KL representation (1), one
can proceed as follows: absorbing the real part of the self
energy into the mass renormalization (up to quadratic
corrections) by means of a Z factor defined by

p2 −M2
0 þ ReΣðp2Þ ¼ Z−1ðp2 −M2Þ þO½ðp2 −M2Þ2�;

ðA2Þ

one finds the well-known expression

iΔDðp2Þ ¼ iZ
p2 −M2 þ iZ ImΣðp2Þ ðA3Þ

for the resummed propagator in terms of the on shell
renormalized mass M, which is valid up to higher orders
in the expansion around the pole.2 Equation (A3) reproduces
a BWparametrization [33] once the energy-dependent width
ΓðsÞ is identified via Z ImΣðsÞ ¼ ffiffiffi

s
p

ΓðsÞ. The key idea in
deriving the spectral function from such BW parametriza-
tions is that, while the analytic properties of the resummed
result (A3) are at odds with the KL representation (1), the
imaginary part does provide a useful approximation as long
as the resonance does not become too broad. Matching the
imaginary parts then gives

ρϕðsÞ ¼
Z
π

ffiffiffi
s

p
ΓðsÞ

ðs −M2Þ2 þ s½ΓðsÞ�2 ; ðA4Þ

whereZ can be determined from the normalization conditionR
dsρϕðsÞ ¼ 1. In particular, ρϕðsÞ vanishes below the first

threshold sth starting at which a nonvanishing imaginary part
is generated in the self energy, as required by analyticity, and

the correct threshold behavior is inherited from ImΣðsÞ as
well. In the limit of a narrow resonance, ΓðsÞ ¼ Γ → 0,
Eq. (A4) collapses to a δ function,

ρϕðsÞ → δðs −M2Þ; ðA5Þ
where we used that the normalization determines Z ¼ 1 in
this case, and Eq. (1) reduces to the free propagator with
mass M.
In the spin-1=2 case, the KL representation generalizes

to Eq. (4). To derive expressions for the spectral functions
ρ1=2ðsÞ from the imaginary part of the self energy we again
start from the Dyson series

iΔDðpÞ ¼
i

p −m0 þ p Σ1ðp2Þ þ Σ2ðp2Þ ; ðA6Þ

where we separated the self-energy, ΣðpÞ¼pΣ1ðp2Þþ
Σ2ðp2Þ in analogy to the spectral function. Up to higher
orders in the expansion around the renormalized massm this
gives

iΔDðpÞ ¼
iZ

p −mþ iZðp ImΣ1ðp2Þ þ ImΣ2ðp2ÞÞ ; ðA7Þ

where thenarrow-width limit suggests the identificationof an
energy-dependent width ΓðpÞ ¼ p Γ1ðp2Þ þ Γ2ðp2Þ with
Γ1ðsÞ ¼ 2Z ImΣ1ðsÞ, Γ2ðsÞ ¼ 2Z ImΣ2ðsÞ. Neglecting
higher orders in the ΓiðsÞ, this gives the matching relations

ρ1ðsÞ ¼
Z
π

sþm2

2
Γ1ðsÞ þmΓ2ðsÞ

ðs −m2Þ2 þ s½ΓðsÞ�2 ;

ρ2ðsÞ ¼
Z
π

msΓ1ðsÞ þ sþm2

2
Γ2ðsÞ

ðs −m2Þ2 þ s½ΓðsÞ�2 ;

s½ΓðsÞ�2 ¼ sþm2

2
ðs½Γ1ðsÞ�2 þ ½Γ2ðsÞ�2Þ

þ 2msΓ1ðsÞΓ2ðsÞ: ðA8Þ
In particular, in the limit s ¼ m2 one can read off Γ ¼
mΓ1ðm2Þ þ Γ2ðm2Þ to make the identification with the
constant width of the resonance. The positivity constraints
translate to

sþm2

2
Γ1ðsÞ þmΓ2ðsÞ ≥ 0;
ffiffiffi
s

p
Γ1ðsÞ − Γ2ðsÞ ≥ 0; ðA9Þ

and Z can again be determined from the normalization
condition for ρ1ðsÞ. For ΓðsÞ ¼ Γ → 0, Eq. (A8) reduces to

ρ1ðsÞ → δðs −m2Þ; ρ2ðsÞ → mδðs −m2Þ; ðA10Þ
where Z ¼ 1 follows from the normalization of ρ1ðsÞ. In the
narrow-width limit one thus has

ffiffiffi
s

p
ρ1ðsÞ − ρ2ðsÞ ¼ 0 and

Eq. (4) reduces to the free propagator with mass m.

2At higher orders in perturbation theory additional subtleties
arise in the definition of the resonance parameters, see
Refs. [49–51] for the W and Z propagators in the SM.
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For the case of chiral fermions, Eq. (4) generalizes to

ΔFðpÞ ¼
Z

∞

0

ds
p ½PRρ

R
1 ðsÞ þ PLρ

L
1 ðsÞ� þ ρ2ðsÞ

p2 − sþ iϵ
; ðA11Þ

where the spectral functions follow from the matching
relations

ρR=L1 ðsÞ¼Z
π

sþm2

2
Γ̄1ðsÞ∓ s−m2

2
ΔΓ1ðsÞþmΓ2ðsÞ

ðs−m2Þ2þ s½ΓðsÞ�2 ;

ρ2ðsÞ¼
Z
π

msΓ̄1ðsÞþ sþm2

2
Γ2ðsÞ

ðs−m2Þ2þ s½ΓðsÞ�2 ;

s½ΓðsÞ�2¼ sþm2

2
ðs½Γ̄1ðsÞ�2þ½Γ2ðsÞ�2Þ

þ2msΓ̄1ðsÞΓ2ðsÞþ
sðs−m2Þ

2
½ΔΓ1ðsÞ�2; ðA12Þ

with

Γ̄1 ¼
1

2
ðΓR

1 ðsÞ þ ΓL
1 ðsÞÞ;

ΔΓ1 ¼
1

2
ðΓR

1 ðsÞ − ΓL
1 ðsÞÞ; ðA13Þ

decomposing Σ1ðsÞ and Γ1ðsÞ into their left- and right-
handed components accordingly. This results shows that, as
long as Γ1 is replaced by the mean of left- and right-handed
contributions, the chirality difference enters always sup-
pressed by a kinematical factor s −m2, so that its effect
vanishes on the resonance. For most situations with
moderate widths in which a KL representation with spectral
functions reconstructed from the self energy applies, it
should therefore be sufficient to work with Eq. (4).
By the same argument, we can reexamine the relations

(A8). If corrections that scalewith ðs −m2Þ2 are ignored, e.g.,

sþm2

2
ðs½Γ1ðsÞ�2 þ ½Γ2ðsÞ�2Þ þ 2msΓ1ðsÞΓ2ðsÞ

¼ m
ffiffiffi
s

p ½ ffiffiffi
s

p
Γ1ðsÞ þ Γ2ðsÞ�2

þ s½Γ1ðsÞ�2 þ ½Γ2ðsÞ�2
2ð ffiffiffi

s
p þmÞ2 ðs −m2Þ2; ðA14Þ

the spectral functions simplify to

ffiffiffi
s

p
ρ1ðsÞ ¼ ρ2ðsÞ ¼

Z
π

m
ffiffiffi
s

p
ΓðsÞ

ðs −m2Þ2 þm
ffiffiffi
s

p ½ΓðsÞ�2 ;

ΓðsÞ ¼ ffiffiffi
s

p
Γ1ðsÞ þ Γ2ðsÞ; ðA15Þ

where again the constant width is identified as Γ ¼
Γðm2Þ ¼ mΓ1ðm2Þ þ Γ2ðm2Þ, and both positivity con-
straints are automatically fulfilled as long as ΓðsÞ ≥ 0.

APPENDIX B: SELF-ENERGIES

For the decay of a scalar particle ϕ according to

Lϕ ¼ Aϕϕϕ1ϕ
†
2 þ F̄1ðCϕ

S þ Cϕ
Pγ5ÞF2ϕþ H:c:; ðB1Þ

the imaginary part of the self-energy is given by

ImΣϕ ¼ q
8π

ffiffiffi
s

p ð4ðCϕ
SÞ2½s − ðm1 þm2Þ2�

þ 4ðCϕ
PÞ2½s − ðm1 −m2Þ2� þ 2A2

ϕÞ; ðB2Þ

with center-of-mass momentum

q ¼ λ1=2ðs;m2
1; m

2
2Þ

2
ffiffiffi
s

p ðB3Þ

for the decay into particles with masses m1, m2, and step
functions θðs − sthÞ, sth ¼ ðm1 þm2Þ2 implied in Eq. (B2)
and the following. Since we are mainly interested in the
energy dependence, as input for Eq. (2), we only give a
minimal variant of Eq. (B2) for distinguishable complex
scalars ϕ1, ϕ2 and Dirac fermions F1, F2; symmetry factors
may need to be added for other cases.
For the fermion Lagrangian

LF ¼ F̄½C0
Vγ

μ þ C0
Aγ

μγ5�F0X0
μ

þ F̄½C0
S þ C0

Pγ5�F0ϕ0 þ H:c:; ðB4Þ

we get

Im Σ̄F
1 ¼ q

8π
ffiffiffi
s

p
�
C02
V

�
1þ ð ffiffiffi

s
p

−mF0 Þ2
2M2

X0

�
sþm2

F0 −M2
X0

s

þ C02
S

sþm2
F0 −M2

ϕ0

2s

�

þ fC02
V → C02

A ; C
02
S → C02

P ;mF0 → −mF0g;

ImΣF
2 ¼ q

8π
ffiffiffi
s

p
�
C02
V

�ð ffiffiffi
s

p
−mF0 Þ2
M2

X0
− 4

�
þ C02

S

�
mF0

þ fC02
V → C02

A ; C
02
S → C02

P ;mF0 → −mF0g; ðB5Þ

where the spin-1 contribution has been evaluated in
Feynman gauge together with the appropriate Goldstone-
boson contributions. We checked explicitly in general Rξ

gauge that the linear combination
ffiffiffi
s

p
Im Σ̄F

1 ðsÞ þ ImΣF
2 ðsÞ,

which enters in Eq. (A15), is indeed gauge invariant.
Finally, for the decay of a spin-1 particle we use the

Lagrangian

LX ¼ iCXðϕ1∂μϕ
†
2 − ϕ†

2∂μϕ1ÞXμ

þ F̄1ðCX
Vγ

μ þ CX
Aγ

μγ5ÞF2Xμ þ H:c:; ðB6Þ

leading to
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ImΣX ¼ q
8π

ffiffiffi
s

p
�
8

3
q2C2

X þ 8m1m2½ðCX
VÞ2 − ðCX

AÞ2� þ 4½ðCX
VÞ2 þ ðCX

AÞ2�
�
s −m2

1 −m2
2 −

4

3
q2
��

; ðB7Þ

where ΣX is defined by the coefficient of the gμν term, as required for the calculation in Feynman gauge. The spectral
function for the Goldstone-boson contribution can be derived as for the scalar case above.
For completeness, we also provide the explicit perturbative expressions for the partial decay widths as they arise in the

narrow-width approximation

Γϕ→ϕ1ϕ2
¼ λ1=2ðM2

ϕ;M
2
1;M

2
2Þ

8πM3
ϕ

A2
ϕ;

Γϕ→F1F2
¼ λ1=2ðM2

ϕ; m
2
1; m

2
2Þ

4πM3
ϕ

ððCϕ
SÞ2½M2

ϕ − ðm1 þm2Þ2� þ ðCϕ
PÞ2½M2

ϕ − ðm1 −m2Þ2�Þ;

ΓF→F0ϕ0 ¼ λ1=2ðm2
F;m

2
F0 ;M2

ϕ0 Þ
16πm3

F
ðC02

S ½ðmF þmF0 Þ2 −M2
ϕ0 � þ C02

P ½ðmF −mF0 Þ2 −M2
ϕ0 �Þ;

ΓF→F0X0 ¼ λ1=2ðm2
F;m

2
F0 ;M2

X0 Þ
16πm3

FM
2
X0

ðC02
V ½λðm2

F;m
2
F0 ;M2

X0 Þ þ 3M2
X0 ððmF −mF0 Þ2 −M2

ϕ0 Þ�

þ C02
A ½λðm2

F;m
2
F0 ;M2

X0 Þ þ 3M2
X0 ððmF þmF0 Þ2 −M2

ϕ0 Þ�Þ;

ΓX→ϕ1ϕ2
¼ λ3=2ðM2

X;M
2
1;M

2
2Þ

24πM5
X

C2
X;

ΓX→F1F2
¼ λ1=2ðM2

X;m
2
1; m

2
2Þ

12πM5
X

ððCX
VÞ2ð2M2

X þ ðm1 þm2Þ2ÞðM2
X − ðm1 −m2Þ2Þ

þ ðCX
AÞ2ð2M2

X þ ðm1 −m2Þ2ÞðM2
X − ðm1 þm2Þ2ÞÞ; ðB8Þ

where again symmetry factors may need to be applied for
cases other than distinguishable complex scalars ϕi and
Dirac fermions Fi.

APPENDIX C: GENERAL EXPRESSIONS
FOR ðg− 2Þμ

General expressions for aμ have been derived in
Ref. [56] for new interactions of the form

L ¼ μ̄½CVγ
μ þ CAγ

μγ5�FXμ

þ μ̄½CS þ CPγ5�Fϕþ H:c:; ðC1Þ

including new fermions F, (pseudo)scalars ϕ, and (axial-)
vectors Xμ, with masses mF, Mϕ, MX, respectively. For
completeness, we reproduce the result

aμ ¼
−QFm2

μC2
V

4π2

Z
1

0

dx

Δð1Þðx;m2
F;M

2
XÞ

�
xð1 − xÞ

�
xþ 2Δ

mμ

�
þ x2Δ2

2M2
X

�
1 − xþmF

mμ

��

þQXm2
μC2

V

4π2

Z
1

0

dx

Δð2Þðx;m2
F;M

2
XÞ

�
x2
�
1 − xþ 2Δ

mμ

�
þ xð1 − xÞΔ2

2M2
X

�
xþmF

mμ

��

−
QFm2

μC2
S

8π2

Z
1

0

dx

Δð1Þðx;m2
F;M

2
ϕÞ

x2
�
1 − xþmF

mμ

�
þQϕm2

μC2
S

8π2

Z
1

0

dx

Δð2Þðx;m2
F;M

2
ϕÞ

xð1 − xÞ
�
xþmF

mμ

�

þ fC2
V → C2

A; C
2
S → C2

P;mF → −mFg; ðC2Þ

where
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Δð1Þðx;m2
F;M

2Þ ¼ m2
μx2 þ ðm2

F −m2
μÞxþM2ð1 − xÞ;

Δð2Þðx;m2
F;M

2Þ ¼ m2
μx2 þ ðM2 −m2

μÞxþm2
Fð1 − xÞ;

Δ ¼ mF −mμ; ðC3Þ

and the charges QF, QX, Qϕ, are given in conventions in
which Qμ ¼ QF þQX ¼ QF þQϕ ¼ −1. In Ref. [56]
these relations were derived in unitary gauge for the
(axial-) vector contribution, but in the form given in

Eq. (C2) it is straightforward to read off how the full result
emerges from summing the spin-1 part in Feynman gauge
and the additional (pseudo)scalar contribution proportional
to Δ2 (for QX > 0 there are also mixed diagrams with both
spin-1 and Goldstone-boson propagators). The matching of
the couplings, C2

S ¼ C2
VΔ2=M2

X, can be derived independ-
ently by demanding that the tree-level μ–F scattering
amplitude be gauge independent.
As a first generalization we consider the case in which

the fermion width is neglected. This gives

aμ ¼
−QFm2

μC2
V

4π2

Z
ds

Z
1

0

dx

Δð1Þðx;m2
F; sÞ

�
xð1 − xÞ

�
xþ 2Δ

mμ

�
ρXðsÞ þ

x2Δ2

2s

�
1 − xþmF

mμ

�
ρGðsÞ

�

þQXm2
μC2

V

4π2

Z
ds dt

Z
1

0

dxLð2Þ
st ðx;m2

FÞ
�
x

�
1 − xþ 3Δ

2mμ

�
ρXðsÞρXðtÞ þ

xΔ
2mμ

ρXðsÞρGðtÞ

þ ð1 − xÞΔ2

2
ffiffiffiffi
st

p
�
xþmF

mμ

�
ρGðsÞρGðtÞ

�
−
QFm2

μC2
S

8π2

Z
ds ρϕðsÞ

Z
1

0

dx

Δð1Þðx;m2
F; sÞ

x2
�
1 − xþmF

mμ

�

þQϕm2
μC2

S

8π2

Z
ds dtρϕðsÞρϕðtÞ

Z
1

0

dxð1 − xÞ
�
xþmF

mμ

�
Lð2Þ
st ðx;m2

FÞ þ fC2
V → C2

A; C
2
S → C2

P;mF → −mFg; ðC4Þ

where

Lð2Þ
st ðx;m2

FÞ ¼
log Δð2Þðx;m2

F;sÞ
Δð2Þðx;m2

F;tÞ
s − t

; ðC5Þ

and ρX, ρG, ρϕ are the respective spectral functions (ρG
denotes the Goldstone-boson part). As a final step, we
provide the general result when also a finite width in the
fermion propagators is admitted,

aμ ¼
−QFmμC2

V

4π2

Z
ds dt du

Z
1

0

dxfð1 − xÞLð1Þ
tu ðx; sÞ½mμðx − 2ÞρF1 ðtÞρF1 ðuÞ þ 2ρ̄tu�ρXðsÞ

þ xΔtΔu

2s
½mμð1 − xÞρF1 ðtÞρF1 ðuÞ þ ρ̄tu�Lð1Þ

tu ðx; sÞρGðsÞ þ
ΔtΔu

2s
Δρtu½Δ̄ð1Þ

tu ðsÞLð1Þ
tu ðx; sÞ − x�ρGðsÞg

þQXmμC2
V

4π2

Z
ds dt du

Z
1

0

dxLð2Þ
st ðx; uÞ

�
x
�
3

2
ρF2 ðuÞ −mμ

�
xþ 1

2

�
ρF1 ðuÞ

�
ρXðsÞρXðtÞ þ

xΔu

2
ρF1 ðuÞρXðsÞρGðtÞ

þ ð1 − xÞΔ2
u

2
ffiffiffiffi
st

p ðmμxρF1 ðuÞ þ ρF2 ðuÞÞρGðsÞρGðtÞ
	

−
QFmμC2

S

8π2

Z
ds ρϕðsÞ

Z
dt du

Z
1

0

dxfx½mμð1 − xÞρF1 ðtÞρF1 ðuÞ þ ρ̄tu�Lð1Þ
tu ðx; sÞ þ Δρtu½Δ̄ð1Þ

tu ðsÞLð1Þ
tu ðx; sÞ − x�g

þQϕmμC2
S

8π2

Z
ds dtρϕðsÞρϕðtÞ

Z
du

Z
1

0

dxð1 − xÞðmμxρF1 ðuÞ þ ρF2 ðuÞÞLð2Þ
st ðx; uÞ

þ fC2
V → C2

A; C
2
S → C2

P; ρ
F
2 → −ρF2 g; ðC6Þ

with fermionic spectral functions ρF1 , ρ
F
2 , Δs ¼

ffiffiffi
s

p
−mμ, as well as
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Lð1Þ
tu ðx; sÞ ¼

log Δð1Þðx;t;sÞ
Δð1Þðx;u;sÞ
t − u

;

Δ̄ð1Þ
tu ðsÞ ¼

1

2
ðΔð1Þðx; t; sÞ þ Δð1Þðx; u; sÞÞ;

Δρtu ¼
ρF1 ðtÞρF2 ðuÞ − ρF1 ðuÞρF2 ðtÞ

t − u
;

ρ̄tu ¼
1

2
ðρF1 ðtÞρF2 ðuÞ þ ρF1 ðuÞρF2 ðtÞÞ: ðC7Þ

APPENDIX D: π0γ CONTRIBUTION TO HVP

In a vector-meson-dominance (VMD) picture, the cross
section for eþe− → π0γ can be expressed as

σðeþe− → π0γÞ ¼ 2π2α3

3

�
1 −

M2
π0

s

�
3

jFπ0γ�γðs; 0Þj2;

Fπ0γ�γðs; 0Þ
Fπ0γ�γð0; 0Þ

¼ 1þ 1

2

X
V¼ρ;ω

s
M2

V − s − iMVΓV
;

Fπ0γ�γð0; 0Þ ¼ Fπγγ ¼
1

4π2Fπ
; ðD1Þ

which upon insertion into Eq. (11) produces aπ
0γ

μ ≃
4.23 × 10−10, close to the full result aπ

0γ
μ ≃ 4.38ð6Þ × 10−10

[84]. In contrast, the asymptotic expansion from Ref. [100],

also based on a VMD model for Fπ0γ�γðs; 0Þ, gives aπ
0γ

μ ≃
0.37 × 10−10, an order of magnitude smaller than the correct
result. The reason for this mismatch can be traced back
to the analytic structure; the VMD model employed in
Ref. [100] does provide a realistic description in the
spacelike region, but it does not properly include the
imaginary part of the HVP function. Setting Mρ ¼
Mω ¼ MV , the VMD model produces

Π̄ðk2Þ¼−α2F2
πγγM4

V

��
M2

V

M2
V −k2

�
2

Iðk2Þ− Ið0Þ
�
;

Iðk2Þ¼
Z

1

0

dx
Z

1−x

0

dy
y

xM2
π0
þyM2

V −k2xð1−xÞ : ðD2Þ

Extracting the imaginary part from Iðk2Þ, this diagrammatic
calculation reproduces Eq. (D1) by means of Eq. (13), but,
crucially, with widths ΓV ¼ 0. The resulting function Π̄ðk2Þ
as defined by the VMDmodel, Eq. (D2), therefore cannot be
continued into the timelike region. However, good analytic
properties are important for the correct evaluation of the loop
integral, and it is therefore no surprise that the phenomeno-
logical value is severely underestimated. Indeed, plugging in
Π̄ðk2Þ from Eq. (D2) into the spacelike master formula (14)
gives a value of 0.41 × 10−10, very close to the result quoted
in Ref. [100]. As the derivation of Eq. (14) assumed the
validity of the dispersion relation (12), this illustrates how the

evaluation of loop integrals can fail if the correct analytic
structure is not respected. In this case, it is ultimately the
narrow width of the ω meson that leads to a sizable
enhancement of the π0γ contribution.

APPENDIX E: PION MASS DIFFERENCE

A key constraint on the couplings of a Z0 to the light
quarks in Ref. [129] derives from the pion mass difference.
In the SM, most of the difference [131–133]

ΔM2
π ¼ M2

πþ −M2
π0
¼ 1.26116ð13Þ × 10−3 GeV2; ðE1Þ

comes from electromagnetic interactions, with strong iso-
spin breaking suppressed by ðmu −mdÞ2. This QCD effect
can be estimated as [134]

ΔM2
πjQCD ¼ 2l7M4

π

F2
π

�
mu −md

mu þmd

�
2

¼ 0.024ð13Þ × 10−3 GeV2; ðE2Þ

where we used l7 ¼ 2.5ð1.4Þ × 10−3 [135] (in line with
Refs. [134,136]). With Mπþ −Mπ0 jQED ¼ f4.622ð95Þ;
4.534ð60g MeV obtained in Refs. [137,138], respectively,
we conclude that

ΔM2
πjZ0 ¼ ΔM2

π − ΔM2
πjQCD − ΔM2

πjQED
¼ f−0.032ð29Þ;−0.008ð21Þg × 10−3 GeV2 ðE3Þ

could still originate from aZ0 contribution. The biggest effect
forMZ0 ≲ 1 GeV comes from the elastic contribution, which
can be evaluatedwithin theCottinghamapproach [139–147].
Following Ref. [147], one has

M2
πjelQED ¼ α

8π

Z
∞

0

ds½FV
π ð−sÞ�2

�
4W þ s

M2
π
ðW − 1Þ

�

¼ 1.3ð3Þ × 10−3 GeV2; ðE4Þ

whereW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2

π=s
p

, i.e., the elastic part saturates the
observed mass difference within uncertainties. The analo-
gous formula for the Z0 contribution reads

M2
πjelZ0 ¼ ðg0uV − g0dV Þ2

32π2

Z
∞

0

ds
s

sþM2
Z0
½FV

π ð−sÞ�2

×

�
4W þ s

M2
π
ðW − 1Þ

�
; ðE5Þ

notably of the opposite sign as Eq. (E3). Allowing for a Z0
contamination at the level of the uncertainty in Eq. (E3)
produces bounds

jg0uV − g0dV j≲ 0.05…0.08; MZ0 ¼ ð0…1Þ GeV; ðE6Þ
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corroborating the estimate from Ref. [129]. The limit
becomes weaker with increasing Z0 mass according to the
decoupling with 1=ðsþM2

Z0 Þ, but in the mass range inter-
esting for eþe− → hadrons data it remains very stringent.

APPENDIX F: LEP BOUNDS FOR Z0 COUPLINGS

Including, compared to Ref. [129], the contribution from
the SM Z boson, we find for the modification of the
eþe− → qq̄ cross section due to a light Z0 at LEP [148]

σSMþNP
qq

σSMqq
¼ 1þ 2g0eV g

0q
V

e2Qq

1 − geVg
q
V

4Qqc2Ws
2
W

s
s−M2

Z

1 − geVg
q
V

2Qqc2Ws
2
W

s
s−M2

Z
þ ½ðgeV Þ2þðgeAÞ2�½ðgqVÞ2þðgqAÞ2�

ð4Qqc2Ws2WÞ2



s
s−M2

Z

�
2
; ðF1Þ

where sW ¼ sin θW , cW ¼ cos θW , and the Z-boson cou-
plings geV;A, g

q
V;A are given in the conventions of Ref. [131]

(no summation over quark flavors is implied). Assuming
again at most a 1% change in the cross section, the
Z-boson contribution tends to weaken the limits, with
jϵZ0 j ≤ 3.3ð1.7Þ × 10−3 changing to jϵZ0 j ≤ 5.1ð5.9Þ ×
10−3 for q ¼ u (q ¼ d) at

ffiffiffi
s

p
≃ 200 GeV (for smaller

center-of-mass energies probed at LEP the Z-boson
contribution becomes more important and thus the limit
weaker). Moreover, the measured cross sections are the
sum of q ¼ u, d, s, c, b, and therefore the limit is further
diluted if the Z0 does not couple in a flavor-universal way,
by a factor of 5 if only the coupling to a single flavor is
assumed.
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