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We calculate the branching ratios and CP violations for B → Kπ decays in a modified perturbative QCD
approach based on kT factorization. The resummation effect of the transverse momentum regulates the end-
point singularity. Using the Bmeson wave function that is obtained in the relativistic potential model, the soft
contribution cannot be suppressed effectively by the Sudakov factor. Soft scale cutoff and soft BK, Bπ,
and Kπ form factors have to be introduced. The most important next-to-leading-order contributions from
the vertex corrections, the quark loops, and the magnetic penguins are also considered. In addition, the
contribution of the color-octet hadronic matrix element is included which is essentially of long-distance
dynamics. Our predictions for all the branching ratios and most CP violations are well consistent with the
experimental data. Especially the theoretical result of the dramatic difference between the CP violations of
Bþ → Kþπ0 and B0 → Kþπ− is in good agreement with the experimental measurement; therefore, the Kπ
puzzle in B decays can be resolved in our way of the modified perturbative QCD approach.

DOI: 10.1103/PhysRevD.108.013003

I. INTRODUCTION

Over the past 20 years, there has been a great deal of
interest in B → Kπ decays. From B factory experiments, a
large amount of data about B decays has been collected. The
precise data revealed a significant difference between
experiment measurements and theoretical predictions. For
B → Kπ decays, the expected CP violations of Bþ →
Kþπ0 and B0 → Kþπ− decays are roughly equal from
the theoretical point of view [1,2]. The branching ratios and
CP violations of B → Kπ decays measured by experiment
are [3]

BðBþ → K0πþÞ ¼ ð2.37� 0.08Þ × 10−5;

BðBþ → Kþπ0Þ ¼ ð1.29� 0.05Þ × 10−5;

BðB0 → Kþπ−Þ ¼ ð1.96� 0.05Þ × 10−5;

BðB0 → K0π0Þ ¼ ð9.9� 0.5Þ × 10−6; ð1Þ

and

ACPðBþ → K0πþÞ ¼ −0.017� 0.016;

ACPðBþ → Kþπ0Þ ¼ 0.037� 0.021;

ACPðB0 → Kþπ−Þ ¼ −0.083� 0.004;

ACPðB0 → K0π0Þ ¼ 0.00� 0.13: ð2Þ

One can obtain ΔACP ≡ ACPðBþ → Kþπ0Þ − ACPðB0 →
Kþπ−Þ ¼ 0.120� 0.021 from the data given in Eq. (2).
The difference deviates from zero by more than 5σ. The
understanding of the experimental data of branching ratios
ofB → Kπ decays is also puzzling [4]. This is what is called
the B → Kπ puzzle.
The B → Kπ puzzle attracted a lot of interest from the

theoretical point of view. Theoretical analysis shows that
the B → Kπ puzzle may indicate a significant enhancement
of electroweak (EW) penguin and/or color-suppressed tree
contributions [4–6].
The original predictions for branching ratios and CP

violations of B → Kπ, ππ decays in the perturbative QCD
(PQCD) approach can be found in Refs. [7–9]. To solve the
Kπ puzzle in B decays, the next-to-leading-order QCD
corrections have been taken into account in the PQCD
approach in Refs. [2,10]. A soft factor that enhances the
nonfactorizable amplitudes has been introduced based on the
analysis of soft divergences that appear in higher-order loop
corrections in QCD and used to solve the Kπ puzzle in
Refs. [11–13]. The authors of Ref. [14] made an effort to
understand the puzzling problem in the QCD factorization
(QCDF) approach [15–17] by considering scattering and
annihilation contributions. There are also works where
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new physics effects are considered to solve the Kπ
puzzle [18–23]. All of these works can reduce the discrep-
ancy between theoretical prediction and experimental data,
and show positive signals to understand the puzzle, but there
is still a possibility to further study theKπ puzzle with a new
point of view.
In this work we study B → Kπ decays in a modified

PQCD approach, with which B → ππ decays have been
studied very recently in Ref. [24], where both the branching
ratios and CP violations in three B → ππ decay modes
are well consistent with experimental data. It is found
that, using a B meson wave function that is obtained by
solving the bound-state equation in a relativistic potential
model [25–29], the suppression to the soft contribution
from the Sudakov factor is not large enough. A soft
truncation has to be introduced in an appropriate momen-
tum scale μc. When the momentum transfer is larger than
this critical momentum scale μc, the contributions to B → π
and B → K transition form factors can be calculated
perturbatively. And soft form factors need to be introduced
to include soft contributions with the momentum transfer
lower than the momentum scale of cutoff. With the soft
cutoff and soft form factors, the calculation of B → π and
B → K transition form factors becomes more reliable.
The branching ratios and CP violations of B → Kπ

decays are calculated in this work. The amplitudes are
treated perturbatively when the momentum transfer is larger
than the soft cutoff scale. We also consider the important
next-to-leading-order contributions of the hard part from the
vertex corrections, the quark loops, and the magnetic
penguins. As for the soft part with a momentum transfer
lower than the cutoff scale, we introduce the BK and Bπ
transition, as well as the Kπ production soft form factors.
These factors are nonperturbative input parameters. To
improve the consistency between theoretical calculation
and experimental data, we find that the nonzero color-octet
matrix element hKπjðs̄TaqÞðq̄TabÞjBi, which is derived
from the analysis of the color structure of quark-antiquark
current operators, is necessary. With the appropriate input
parameters, our prediction of branching ratio and CP
violation is well consistent with experimental data.
The paper is organized as follows. The perturbative

calculations of leading-order contributions of B → Kπ
decays are presented in Sec. II. The important next-to-
leading-order contributions are considered in Sec. III. The
contributions of nonperturbative parameters are investigated
in Secs. IV and V. The numerical results are shown in
Sec. VI. We conclude the analysis in Sec. VII.

II. THE HARD AMPLITUDES OF
LEADING-ORDER CONTRIBUTIONS

IN PERTURBATIVE QCD

When the momentum transfer in the transition process is
larger than the cutoff scale μc, which is used to separate the
contributions of hard and soft parts, the decay amplitude can

be treated perturbatively. Typically, the critical scale μc can
be approximately taken to be 1.0 GeV. In the perturbative
QCD approach, if B meson decays into two light mesons,
the process is dominated by one hard gluon exchanged
diagrams. The decay amplitudes can be arranged as the
convolution of the hard scattering process and meson wave
functions

M ¼
Z

d3k1

Z
d3k2

Z
d3k3ΦBðk1; μÞCðμÞ

×Hðk1; k2; k3; μÞΦπðk2; μÞΦKðk3; μÞ; ð3Þ
where H contains the hard scattering dynamics which is
calculable using perturbation theory, CðμÞ’s are Wilson
coefficients, and ΦðxÞB;π;K are meson light-cone distribu-
tion amplitudes that absorb nonperturbative interactions
related to meson states.
For the b → s transition, the effective Hamiltonian is

given by [30]

Heff ¼
GFffiffiffi
2

p
"
VuðC1Ou

1 þ C2Ou
2Þ

− Vt

 X10
i¼3

CiOi þ C8gO8g

!#
; ð4Þ

where Vu ¼ VubV�
us and Vt ¼ VtbV�

ts are Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements, GF ¼
1.16639 × 10−5 GeV−2 Fermi constant, and the Ci’s are
Wilson coefficients. The operators Oi in the effective
Hamiltonian are

Ou
1 ¼ ðs̄αγμð1 − γ5ÞuβÞðūβγμð1 − γ5ÞbαÞ;

Ou
2 ¼ ðs̄αγμð1 − γ5ÞuαÞðūβγμð1 − γ5ÞbβÞ; ð5Þ

O3 ¼ ðs̄αγμð1 − γ5ÞbαÞ
X
q0
ðq̄0βγμð1 − γ5Þq0βÞ;

O4 ¼ ðs̄αγμð1 − γ5ÞbβÞ
X
q0
ðq̄0βγμð1 − γ5Þq0αÞ;

O5 ¼ ðs̄αγμð1 − γ5ÞbαÞ
X
q0
ðq̄0βγμð1þ γ5Þq0βÞ;

O6 ¼ ðs̄αγμð1 − γ5ÞbβÞ
X
q0
ðq̄0βγμð1þ γ5Þq0αÞ; ð6Þ

O7 ¼
3

2
ðs̄αγμð1 − γ5ÞbαÞ

X
q0
eq0 ðq̄0βγμð1þ γ5Þq0βÞ;

O8 ¼
3

2
ðs̄αγμð1 − γ5ÞbβÞ

X
q0
eq0 ðq̄0βγμð1þ γ5Þq0αÞ;

O9 ¼
3

2
ðs̄αγμð1 − γ5ÞbαÞ

X
q0
eq0 ðq̄0βγμð1 − γ5Þq0βÞ;

O10 ¼
3

2
ðs̄αγμð1 − γ5ÞbβÞ

X
q0
eq0 ðq̄0βγμð1 − γ5Þq0αÞ; ð7Þ
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O8g ¼
gs
8π2

mbs̄ασμνð1þ γ5ÞTa
αβG

a
μνbβ; ð8Þ

where α and β are the color indices. The summation of q0
runs through u, d, s, c, and b quarks.
The matrix element h0jq̄βðzÞ½z; 0�bαð0ÞjB̄i can be used to

define the B meson wave function

h0jq̄βðzÞ½z; 0�bαð0ÞjB̄i ¼
Z

d3kΦB
αβðk⃗Þ expð−ik · zÞ; ð9Þ

where ½z; 0� represents the path-ordered exponential

½z; 0� ¼ P exp

�
−igsTa

Z
1

0

dαzμAa
μðαzÞ

�
: ð10Þ

We use the B wave function that is obtained by solving the
bound-state equation in the QCD-inspired relativistic
potential model [25–28], where the mass spectrum and
decay constants of the b-flavored meson system calculated
simultaneously with the wave functions are consistent with
experimental data.
In the rest frame of the B meson, the spinor wave

function ΦB
αβðk⃗Þ is given by [28]

ΦB
αβðk⃗Þ ¼

−ifBmB

4
Kðk⃗Þ

×

�
ðEQ þmQÞ

1þ =v
2

��
kþffiffiffi
2

p þmq

2

�
=nþ

þ
�
k−ffiffiffi
2

p þmq

2

�
=n− − kμ⊥γμ

�
γ5

− ðEq þmqÞ
1 − =v
2

��
kþffiffiffi
2

p −
mq

2

�
=nþ

þ
�
k−ffiffiffi
2

p −
mq

2

�
=n− − kμ⊥γμ

�
γ5

�
αβ

; ð11Þ

whereQ and q represent the heavy and light quarks in the B
meson ðbq̄Þ, respectively. v is the four-speed of the B
meson which satisfies pμ

B ¼ mBvμ and vμ ¼ ð1; 0; 0; 0Þ,
and k is the momentum of the light quark in the rest frame
of the meson. k� and k⊥ are defined by

k� ¼ Eq � k3ffiffiffi
2

p ; kμ⊥ ¼ ð0; k1; k2; 0Þ: ð12Þ

nμ� are two lightlike vectors with nμ� ¼ ð1; 0; 0;∓ 1Þ, and
Kðk⃗Þ is the function proportional to the B-meson wave
function

Kðk⃗Þ ¼ 2NBΨ0ðk⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EqEQðEq þmqÞðEQ þmQÞ

p ; ð13Þ

with the normalization constant NB ¼ 1
fB

ffiffiffiffiffiffiffiffiffiffiffiffi
3

ð2πÞ3mB

q
and the

B meson wave function

Ψ0ðk⃗Þ ¼ a1ea2jk⃗j
2þa3jk⃗jþa4 ; ð14Þ

where the parameters are [28]

a1 ¼ 4.55þ0.40
−0.30 GeV−3=2;

a2 ¼ −0.39þ0.15
−0.20 GeV−2;

a3 ¼ −1.55� 0.20 GeV−1;

a4 ¼ −1.10þ0.10
−0.05 : ð15Þ

In B → Kπ decays, the mass difference of B and final
state mesons is large. The momenta of the outgoingK and π
mesons are large, so the wave functions of light mesons can
be defined on the light cone [31–33]

FIG. 1. Diagrams that contribute to the B → Kπ decays.
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hπðpÞjq̄δðxÞq0γð0Þj0i

¼
Z

dud2kq⊥Φπ
γδ exp ½iðup · x − x⊥ · kq⊥Þ�; ð16Þ

with the spinor wave function Φπ
γδ being

Φπ
γδ ¼

ifπ
4

�
=pγ5ϕπðu; kq⊥Þ − μπγ5ϕ

π
Pðu; kq⊥Þ

þ μπγ5σ
μνpμzν

ϕπ
σðu; kq⊥Þ

6

�
γδ

; ð17Þ

where fπ is the pion decay constant and μπ is the chiral
parameter with

μπ ¼ m2
π=ðmu þmdÞ: ð18Þ

ϕπ , ϕπ
P, and ϕπ

σ are the twist-2 and twist-3 light-cone
distribution amplitudes. In momentum space, the pion
wave function can be expressed as

Φπ
γδ ¼

ifπ
4

�
=pγ5ϕπðu; kq⊥Þ − μπγ5ϕ

π
Pðu; kq⊥Þ

þ μπγ5iσμν
pμp̄ν

p · p̄

ϕ0π
σ ðu; kq⊥Þ

6

− μπγ5iσμνpμ

ϕπ
σðu; kq⊥Þ

6

∂

∂kq⊥ν

�
γδ

; ð19Þ

where ϕ0π
σ ðu; kq⊥Þ ¼ ∂ϕπ

σðu;kq⊥Þ
∂u , p̄ is the momentum with the

moving direction opposite to that of the pion, and the
energy is the same. For the wave function of the K meson,

one can get it by just replacing the distribution amplitudes
of the pion with that of the kaon [33].
There are eight diagrams contributing to B → Kπ decays

in leading order (LO) in QCD which are shown in Fig. 1.
During the calculation, we keep the transverse momentum of
quarks and gluons. At the end-point region, i.e., when the
momentum fraction of parton x → 0, the transverse momen-
tum cannot be neglected. We encounter double logarithm
divergence such as αsðμÞln2ðk⊥=μÞ when soft and collinear
divergences overlap. These large double logarithms should
be resummed into the Sudakov factor [34,35]. In addition,
there are other double logarithms such as αsðμÞ ln2 x from
the QCD corrections of the weak vertex. This double
logarithm can also be resummed into the threshold factor
[36]. The Sudakov factor and threshold factor suppress the
end-point singularity and improve the reliability of the
calculation of B decays in the PQCD approach. For
convenience, we perform the calculation of the decay
amplitudes in b-space where b is the conjugate variable
of transverse momentum k⊥.
Figures 1(a) and 1(b) are factorizable diagrams.

Figures 1(c) and 1(d) are nonfactorizable diagrams, 1(e)
and 1(f) are nonfactorizable annihilation diagrams, and 1(g)
and 1(h) are factorizable annihilation diagrams. The symbol
of the circled times in these diagrams stands for the four-
quark operator insertions which are given in Eqs. (5)–(8).
First, we calculate the diagrams in Figs. 1(a) and 1(b). If

the meson that is factorized out is kaon in diagrams 1(a)
and 1(b), the contribution with the ðV − AÞðV − AÞ oper-
ators inserted is

Fe ¼ 2π2fBfπm2
B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx3

Z
∞

0

b1db1b3db3

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1Þ
n
αsðt1eÞ

h
ððx3 − 2ÞEq − x3k31Þϕπðx3; b3Þ þ rπðð1 − 2x3ÞEq þ k31Þϕπ

Pðx3; b3Þ −
1

6
rπ

× ðð1 − 2x3ÞEq þ k31Þϕ0π
σ ðx3; b3Þ

i
heðx1; 1 − x3; b1; b3ÞStðx3Þ exp½−SBðt1eÞ − Sπðt1eÞ� þ αsðt2eÞ2rπ

× ð−Eq þ k31Þϕπ
Pðx3; b3Þheð1 − x3; x1; b3; b1ÞStðx1Þ exp½−SBðt2eÞ − Sπðt2eÞ�

o
: ð20Þ

The contribution related to the ðSþ PÞðS − PÞ operators that come from Fierz transformation of ðV − AÞðV þ AÞ operators is

FP
e ¼ 2π2fBfπm2

B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx3

Z
∞

0

b1db1b3db3

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1Þ2rK
n
αsðt1eÞ

h
−ðEq þ k31Þϕπðx3; b3Þ þ rπððx3 − 3ÞEq þ ð1 − x3Þk31Þϕπ

Pðx3; b3Þ þ
1

6
rπ

× ððx3 − 1ÞEq − ð1þ x3Þk31Þϕ0π
σ ðx3; b3Þ

i
heðx1; 1 − x3; b1; b3ÞStðx3Þ exp½−SBðt1eÞ − Sπðt1eÞ�

þ αsðt2eÞ2rπð−Eq þ k31Þϕπ
Pðx3; b3Þheð1 − x3; x1; b3; b1ÞStðx1Þ exp½−SBðt2eÞ − Sπðt2eÞ�

o
: ð21Þ

If the meson factorized out is a pion in diagrams 1(a) and 1(b), the contributions from these two diagrams with the
ðV − AÞðV − AÞ and ðV − AÞðV þ AÞ operators inserted are
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FeK ¼ 2π2fBfKm2
B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2

Z
∞

0

b1db1b2db2

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1Þ
n
αsðt1eKÞ

h
ððx2 − 2ÞEq þ x2k31ÞϕKðx2; b2Þ þ rKðð1 − 2x2ÞEq − k31ÞϕK

Pðx2; b2Þ −
1

6
rK

× ðð1 − 2x2ÞEq − k31Þϕ0K
σ ðx2; b2Þ

i
heðx1; 1 − x2; b1; b2ÞStðx2Þ exp½−SBðt1eKÞ − SKðt1eKÞ� þ αsðt2eKÞ

× 2rKð−Eq − k31ÞϕK
Pðx2; b2Þheð1 − x2; x1; b2; b1ÞStðx1Þ exp½−SBðt2eKÞ − SKðt2eKÞ�

o
; ð22Þ

and

FP
eK ¼ −FeK: ð23Þ

There are also factorizable annihilation diagrams 1(g) and 1(h), where the B meson is factored out. The results of diagrams
1(g) and 1(h) are

Fa ¼ 2πfKfπm2
B
CF

Nc

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3
n
αsðt1aÞ

h
x3ϕKðx2; b2Þϕπðx3; b3Þ þ 2rKrπð1þ x3ÞϕK

Pðx2; b2Þ

× ϕπ
Pðx3; b3Þ −

1

3
rKrπð1 − x3ÞϕK

Pðx2; b2Þϕ0π
σ ðx3; b3Þ

i
hað1 − x2; x3; b2; b3ÞStðx3Þ exp½−SKðt1aÞ − Sπðt1aÞ�

þ αsðt2aÞ
h
−ð1 − x2ÞϕKðx2; b2Þϕπðx3; b3Þ − 2rKrπð2 − x2ÞϕK

Pðx2; b2Þϕπ
Pðx3; b3Þ −

1

3
rKrπx2ϕ0K

σ ðx2; b2Þ

× ϕπ
Pðx3; b3Þ

i
haðx3; 1 − x2; b3; b2ÞStðx2Þ exp½−SKðt2aÞ − Sπðt2aÞ�

o
; ð24Þ

FP
a ¼ 4πfKfπm2

B
CF

Nc
χB

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3
n
αsðt1aÞ

h
−rπx3ϕKðx2; b2Þϕπ

Pðx3; b3Þ þ
1

6
rπx3ϕKðx2; b2Þ

× ϕ0π
σ ðx3; b3Þ − 2rKϕK

Pðx2; b2Þϕπðx3; b3Þ
i
hað1 − x2; x3; b2; b3ÞStðx3Þ exp½−SKðt1aÞ − Sπðt1aÞ� þ αsðt2aÞ

×
h
−2rπϕKðx2; b2Þϕπ

Pðx3; b3Þ − rKð1 − x2ÞϕK
Pðx2; b2Þϕπðx3; b3Þ −

1

6
rKð1 − x2Þϕ0K

σ ðx2; b2Þϕπðx3; b3Þ
i

× haðx3; 1 − x2; b3; b2ÞStðx2Þ exp½−SKðt2aÞ − Sπðt2aÞ�
o
: ð25Þ

As for the nonfactorizable diagrams 1(c)–1(f), the amplitudes involve all three meson wave functions. The integral over b
using the δ function is necessary. The amplitudes of the nonfactorizable emission diagrams 1(c) and 1(d) are

Me ¼ 2π2fBfKfπm2
B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b2db2

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1ÞϕKðx2; b2Þ
n
αsðt1dÞ

h
−x2ðEq þ k31Þϕπðx3; b1Þ þ rπð1 − x3ÞðEq − k31Þϕπ

Pðx3; b1Þ þ
1

6
rπð1 − x3Þ

× ðEq − k31Þϕ0π
σ ðx3; b1Þ

i
hdðx1; x2; 1 − x3; b1; b2Þ exp½−SBðt1dÞ − SKðt1dÞ − Sπðt1dÞjb3→b1 � þ αsðt2dÞ

×
h
ðð2 − x2 − x3ÞEq − ðx2 − x3Þk31Þϕπðx3; b1Þ − rπð1 − x3ÞðEq þ k31Þϕπ

Pðx3; b1Þ þ
1

6
rπð1 − x3ÞðEq þ k31Þ

× ϕ0π
σ ðx3; b1Þ

i
hdðx1; 1 − x2; 1 − x3; b1; b2Þ exp½−SBðt2dÞ − SKðt2dÞ − Sπðt2dÞjb3→b1 �

o
; ð26Þ
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MP
e ¼ 2π2fBfKfπm2

B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b2db2

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1ÞrK
n
αsðt1dÞ

h
−x2ðEq þ k31ÞϕK

Pðx2; b2Þϕπðx3; b1Þ − rπðð1þ x2 − x3ÞEq − ð1 − x2 − x3Þk31Þ

× ϕK
Pðx2; b2Þϕπ

Pðx3; b1Þ −
1

6
rπð−ð1 − x2 − x3ÞEq þ ð1þ x2 − x3Þk31ÞϕK

Pðx2; b2Þϕ0π
σ ðx3; b1Þ þ

1

6
x2

× ðEq þ k31Þϕ0K
σ ðx2; b2Þϕπðx3; b1Þ þ

1

6
rπð−ð1 − x2 − x3ÞEq þ ð1þ x2 − x3Þk31Þϕ0K

σ ðx2; b2Þϕπ
Pðx3; b1Þ

þ 1

36
rπðð1þ x2 − x3ÞEq − ð1 − x2 − x3Þk31Þϕ0K

σ ðx2; b2Þϕ0π
σ ðx3; b1Þ

i
hdðx1; x2; 1 − x3; b1; b2Þ

× exp½−SBðt1dÞ − SKðt1dÞ − Sπðt1dÞjb3→b1 � þ αsðt2dÞ
h
ð1 − x2ÞðEq þ k31ÞϕK

Pðx2; b2Þϕπðx3; b1Þ þ rπ

× ðð2 − x2 − x3ÞEq − ðx2 − x3Þk31ÞϕK
Pðx2; b2Þϕπ

Pðx3; b1Þ þ
1

6
rπð−ðx2 − x3ÞEq þ ð2 − x2 − x3Þk31Þ

× ϕK
Pðx2; b2Þϕ0π

σ ðx3; b1Þ þ
1

6
ð1 − x2ÞðEq þ k31Þϕ0K

σ ðx2; b2Þϕπðx3; b1Þ þ
1

6
rπð−ðx2 − x3ÞEq

þ ð2 − x2 − x3Þk31Þϕ0K
σ ðx2; b2Þϕπ

Pðx3; b1Þ þ
1

36
rπðð2 − x2 − x3ÞEq − ðx2 − x3Þk31Þϕ0K

σ ðx2; b2Þ

× ϕ0π
σ ðx3; b1Þ

i
hdðx1; 1 − x2; 1 − x3; b1; b2Þ exp½−SBðt2dÞ − SKðt2dÞ − Sπðt2dÞjb3→b1 �

o
; ð27Þ

MeK ¼ 2π2fBfKfπm2
B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b3db3

�
1

2
mB þ

jk1⊥j2
2x21mB

�
Kðk⃗1Þ

× ðEQ þmQÞJ0ðk1⊥b1Þϕπðx3; b3Þ
n
αsðt1dKÞ

h
−x3ðEq − k31ÞϕKðx2; b1Þ þ rKð1− x2ÞðEq þ k31ÞϕK

Pðx2; b1Þ

þ 1

6
rKð1− x2ÞðEq þ k31Þϕ0K

σ ðx2; b1Þ
i
hdðx1; x3;1− x2; b1; b3Þ exp½−SBðt1dKÞ− SKðt1dKÞjb2→b1

− Sπðt1dKÞ� þ αsðt2dKÞ
h
ðð2− x2 − x3ÞEq − ðx2 − x3Þk31ÞϕKðx2; b1Þ− rKð1− x2ÞðEq − k31ÞϕK

Pðx2; b1Þ

þ 1

6
rKð1− x2ÞðEq − k31Þϕ0K

σ ðx2; b1Þ
i
hdðx1;1− x3;1− x2; b1; b3Þ exp½−SBðt2dKÞ− SKðt2dKÞjb2→b1 − Sπðt2dKÞ�

o
; ð28Þ

MP
eK ¼ 2π2fBfKfπm2

B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b3db3

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1Þ

× ðEQ þmQÞJ0ðk1⊥b1Þϕπðx3; b3Þ
n
αsðt1dKÞ

h
ðð1 − x2 þ x3ÞEq þ ð1 − x2 − x3Þk31ÞϕKðx2; b1Þ − rK

× ð1 − x2ÞðEq − k31ÞϕK
Pðx2; b1Þ þ

1

6
rKð1 − x2ÞðEq − k31Þϕ0K

σ ðx2; b1Þ
i
hdðx1; x3; 1 − x2; b1; b3Þ

× exp½−SBðt1dKÞ − SKðt1dKÞjb2→b1 − Sπðt1dKÞ� þ αsðt2dKÞ
h
−ð1 − x3ÞðEq − k31ÞϕKðx2; b1Þ þ rKð1 − x2Þ

× ðEq þ k31ÞϕK
Pðx2; b1Þ þ

1

6
rKð1 − x2ÞðEq þ k31Þϕ0K

σ ðx2; b1Þ
i
hdðx1; 1 − x3; 1 − x2; b1; b3Þ

× exp½−SBðt2dKÞ − SKðt2dKÞjb2→b1 − Sπðt2dKÞ�
o
: ð29Þ

The amplitudes of the nonfactorizable annihilation diagrams 1(e) and 1(f) are
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Ma ¼ 2π2fBfKfπm2
B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b2db2

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1Þ
n
αsðt1fÞ

h
−x3ðEq − k31ÞϕKðx2; b2Þϕπðx3; b2Þ − rKrπðð1 − x2 þ x3ÞEq þ ð1 − x2 − x3Þk31Þ

× ϕK
Pðx2; b2Þϕπ

Pðx3; b2Þ þ
1

6
rKrπðð1 − x2 − x3ÞEq þ ð1 − x2 þ x3Þk31ÞϕK

Pðx2; b2Þϕ0π
σ ðx3; b2Þ −

1

6
rKrπ

× ðð1 − x2 − x3ÞEq þ ð1 − x2 þ x3Þk31Þϕ0K
σ ðx2; b2Þϕπ

Pðx3; b2Þ þ
1

36
rKrπðð1 − x2 þ x3ÞEq þ ð1 − x2

− x3Þk31Þϕ0K
σ ðx2; b2Þϕ0π

σ ðx3; b2Þ
i
h1fð1 − x2; x3; b1; b2Þ exp½−SBðt1fÞ − SKðt1fÞ − Sπðt1fÞjb3→b2 �

þ αsðt2fÞ
h
ð1 − x2ÞðEq þ k31ÞϕKðx2; b2Þϕπðx3; b2Þ þ rKrπðð3 − x2 þ x3ÞEq þ ð1 − x2 − x3Þk31Þ

× ϕK
Pðx2; b2Þϕπ

Pðx3; b2Þ þ
1

6
rKrπðð1 − x2 − x3ÞEq − ð1þ x2 − x3Þk31ÞϕK

Pðx2; b2Þϕ0π
σ ðx3; b2Þ

−
1

6
rKrπðð1 − x2 − x3ÞEq þ ð3 − x2 þ x3Þk31Þϕ0K

σ ðx2; b2Þϕπ
Pðx3; b2Þ þ

1

36
rKrπðð1þ x2 − x3ÞEq

− ð1 − x2 − x3Þk31Þϕ0K
σ ðx2; b2Þϕ0π

σ ðx3; b2Þ
i
h2fð1 − x2; x3; b1; b2Þ exp½−SBðt2fÞ − SKðt2fÞ − Sπðt2fÞjb3→b2 �

o
; ð30Þ

MP
a ¼ 2π2fBfKfπm2

B
CF

Nc

Z
k1⊥dk1⊥

Z
xu
1

xd
1

dx1

Z
1

0

dx2dx3

Z
∞

0

b1db1b2db2

�
1

2
mB þ jk1⊥j2

2x21mB

�
Kðk⃗1ÞðEQ þmQÞ

× J0ðk1⊥b1Þ
n
αsðt1fÞ

h
rπx3ðEq þ k31ÞϕKðx2; b2Þϕπ

Pðx3; b2Þ þ
1

6
rπx3ðEq þ k31ÞϕKðx2; b2Þϕ0π

σ ðx3; b2Þ − rK

× ð1 − x2ÞðEq − k31ÞϕK
Pðx2; b2Þϕπðx3; b2Þ þ

1

6
rKð1 − x2ÞðEq − k31Þϕ0K

σ ðx2; b2Þϕπðx3; b2Þ
i

× h1fð1 − x2; x3; b1; b2Þ exp½−SBðt1fÞ − SKðt1fÞ − Sπðt1fÞjb3→b2 � þ αsðt2fÞ
h
rπðð2 − x3ÞEq þ x3k31Þ

× ϕKðx2; b2Þϕπ
Pðx3; b2Þ þ

1

6
rπðð2 − x3ÞEq þ x3k31ÞϕKðx2; b2Þϕ0π

σ ðx3; b2Þ − rKðð1þ x2ÞEq − ð1 − x2Þk31Þ

× ϕK
Pðx2; b2Þϕπðx3; b2Þ þ

1

6
rKðð1þ x2ÞEq − ð1 − x2Þk31Þϕ0K

σ ðx2; b2Þϕπðx3; b2Þ
i
h2fð1 − x2; x3; b1; b2Þ

× exp½−SBðt2fÞ − SKðt2fÞ − Sπðt2fÞjb3→b2 �
o
: ð31Þ

In Eqs. (20)–(31), we have defined

rK;π ¼ μK;π=mB ¼ m2
K;π=½ðms;u þmdÞmB�: ð32Þ

CF ¼ 4=3 and Nc ¼ 3 are color factors. The function h’s
are derived from the Fourier transformation of hard
amplitudes. SB;K;πðtÞ are Sudakov factors and StðxÞ is
the threshold factor. They are all given in Appendix A. The
expressions of b-space wave functions ϕMðx; bÞ, ϕM

P ðx; bÞ,
and ϕM

σ ðx; bÞ (M ¼ K, π) can be found in Appendix B.
Particularly, the factor χB in Eq. (25) is defined by

χB ¼ π

Z
dk1⊥k1⊥

Z
xu
1

xd
1

dx1

�
1

2
mB þ jk1⊥j2

2x21mB

�

× Kðk⃗1Þ½ðEq þmqÞðEQ þmQÞ þ jk⃗1j2�; ð33Þ

which comes from the B to vacuummatrix element with the
(S − P) operator inserted.
To decrease the high-order corrections, the renormaliza-

tion scales t are taken as the largest virtualities in the decay
amplitudes

t1e ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x3
p

mB; 1=b1; 1=b3


;

t2e ¼ max
	 ffiffiffiffiffi

x1
p

mB; 1=b1; 1=b3


; ð34Þ
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t1eK ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x2
p

mB; 1=b1; 1=b2


;

t2eK ¼ max
	 ffiffiffiffiffi

x1
p

mB; 1=b1; 1=b2


; ð35Þ

t1a ¼ max
	 ffiffiffiffiffi

x3
p

mB; 1=b2; 1=b3


;

t2a ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x2
p

mB; 1=b2; 1=b3


; ð36Þ

and

t1d ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1ð1 − x3Þ
p

mB;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x3Þ

p
mB; 1=b1; 1=b2



;

t2d ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1ð1 − x3Þ
p

mB;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x2Þð1 − x3Þ

p
mB; 1=b1; 1=b2



; ð37Þ

t1dK ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1ð1 − x2Þ
p

mB;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x2Þx3

p
mB; 1=b1; 1=b3



;

t2dK ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1ð1 − x2Þ
p

mB;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x2Þð1 − x3Þ

p
mB; 1=b1; 1=b3



; ð38Þ

t1f ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − x2Þx3
p

mB; 1=b1; 1=b2


;

t2f ¼ max
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − x2Þx3
p

mB;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 þ x2x3

p
mB; 1=b1; 1=b2



: ð39Þ

In the language of the above matrix elements for
different diagrams, i.e., Eqs. (20)–(31), the decay ampli-
tudes for B → Kπ decays can be written as

MðB− → K̄0π−Þ ¼ −Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fKFe − Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fKFP

e −
Vt

Nc

�
C3 −

1

2
C9

�
Me

−
Vt

Nc

�
C5 −

1

2
C7

�
MP

e þ 1

Nc
½VuC1 − VtðC3 þ C9Þ�Ma −

Vt

Nc
ðC5 þ C7ÞMP

a

þ
�
Vu

�
C1

Nc
þ C2

�
− Vt

�
C3

Nc
þ C4 þ

C9

Nc
þ C10

��
fBFa − Vt

�
C5

Nc
þ C6 þ

C7

Nc
þ C8

�
fBFP

a ; ð40Þ

ffiffiffi
2

p
MðB− → K−π0Þ ¼

�
Vu

�
C1

Nc
þC2

�
−Vt

�
C3

Nc
þC4 þ

C9

Nc
þC10

��
fKFe −Vt

�
C5

Nc
þC6 þ

C7

Nc
þC8

�
fKFP

e

þ
�
Vu

�
C1 þ

C2

Nc

�
−
3Vt

2

�
−C7 −

C8

Nc
þC9 þ

C10

Nc

��
fπFeK þ 1

Nc
½VuC1 −VtðC3 þC9Þ�Me

−
Vt

Nc
ðC5 þC7ÞMP

e þ
1

Nc

�
VuC2 −

3Vt

2
C10

�
MeK −

Vt

Nc

3

2
C8MP

eK þ 1

Nc
½VuC1 −VtðC3 þC9Þ�Ma

−
Vt

Nc
ðC5 þC7ÞMP

a þ
�
Vu

�
C1

Nc
þC2

�
−Vt

�
C3

Nc
þC4 þ

C9

Nc
þC10

��
fBFa

−Vt

�
C5

Nc
þC6 þ

C7

Nc
þC8

�
fBFP

a ; ð41Þ

MðB̄0 → K−πþÞ ¼
�
Vu

�
C1

Nc
þ C2

�
− Vt

�
C3

Nc
þ C4 þ

C9

Nc
þ C10

��
fKFe − Vt

�
C5

Nc
þ C6 þ

C7

Nc
þ C8

�
fKFP

e

þ 1

Nc
½VuC1 − VtðC3 þ C9Þ�Me −

Vt

Nc
ðC5 þ C7ÞMP

e −
Vt

Nc

�
C3 −

1

2
C9

�
Ma −

Vt

Nc

�
C5 −

1

2
C7

�
MP

a

− Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fBFa − Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fBFP

a ; ð42Þ
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−
ffiffiffi
2

p
MðB̄0 → K̄0π0Þ ¼ −Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fKFe − Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fKFP

e −
�
Vu

�
C1 þ

C2

Nc

�

−
3Vt

2

�
−C7 −

C8

Nc
þ C9 þ

C10

Nc

��
fπFeK −

Vt

Nc

�
C3 −

1

2
C9

�
Me −

Vt

Nc

�
C5 −

1

2
C7

�
MP

e

−
1

Nc

�
VuC2 −

3Vt

2
C10

�
MeK þ Vt

Nc

3

2
C8MP

eK −
Vt

Nc

�
C3 −

1

2
C9

�
Ma −

Vt

Nc

�
C5 −

1

2
C7

�
MP

a

− Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fBFa − Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fBFP

a ; ð43Þ

with Nc ¼ 3.
The decay width is calculated by

ΓðB → KπÞ ¼ G2
Fm

3
B

128π
jMðB → KπÞj2: ð44Þ

And the expressions of branching ratios and direct CP
violations are

BrðB → KπÞ ¼ ΓðB → KπÞ=ΓB; ð45Þ

ACPðB0ðBþÞ → KπÞ

¼ ΓðB̄0ðB−Þ → KπÞ − ΓðB0ðBþÞ → KπÞ
ΓðB̄0ðB−Þ → KπÞ þ ΓðB0ðBþÞ → KπÞ : ð46Þ

The Sudakov factor suppresses nonperturbative contri-
butions and makes the PQCD approach applicable [34,35].
However, the suppression effect of the Sudakov factor
depends on the end-point behavior of wave functions. With
the Bmeson wave function obtained by solving the bound-
state equation in the relativistic potential model [25–29],
we find the suppression of the Sudakov factor to the soft
contribution is not strong enough. To restore the reliability
of perturbative calculation, we introduce the momentum
cutoff and soft form factor under a critical scale μc ¼
1.0 GeV, which corresponds to the strong coupling con-
stant αs=π ¼ 0.165. The contributions lower than the
cutoff scale μc are removed and replaced by the relevant
soft form factors. The effect of the soft form factor will be
investigated in Sec. IV.

III. THE NEXT-TO-LEADING-ORDER
CORRECTIONS

To improve the results, the most important next-to-
leading-order (NLO) corrections to the decay amplitudes
from the vertex corrections, the quark loops, and the
magnetic penguins are included. These contributions have

been considered in the PQCD approach in Ref. [2]. It turns
out that the NLO corrections affect the amplitudes by
changing the Wilson coefficients. For simplicity, we define
the combinations of Wilson coefficients

a1ðμÞ ¼ C2ðμÞ þ
C1ðμÞ
Nc

;

a2ðμÞ ¼ C1ðμÞ þ
C2ðμÞ
Nc

;

aiðμÞ ¼ CiðμÞ þ
Ci�1ðμÞ
Nc

; ð47Þ

with i ¼ 3–10. When i is odd (even), the plus (minus) sign
is taken.

A. Vertex corrections

At first, we consider the vertex corrections. Since the
corrections of nonfactorizable diagrams are negligible and
the annihilation diagrams themselves do not contribute
much to the amplitudes, we concentrate on the vertex
corrections of the factorizable emission diagrams, i.e.,
Figs. 1(a) and 1(b). The vertex corrections modify the
Wilson coefficients as [2,15–17]

a1ðμÞ → a1ðμÞ þ
αsðμÞ
4π

CF
C1ðμÞ
Nc

V1ðMÞ;

a2ðμÞ → a2ðμÞ þ
αsðμÞ
4π

CF
C2ðμÞ
Nc

V2ðMÞ;

aiðμÞ → aiðμÞ þ
αsðμÞ
4π

CF
Ci�1ðμÞ
Nc

ViðMÞ; ð48Þ

with i ¼ 3–10, and M represents the meson emitted from
the weak vertex. For V1;4;6;8;10,M is a kaon and for V2;3;5;7;9,
M is a pion. In the naive dimensional regularization (NDR)
scheme ViðMÞ are given by [15]

ViðMÞ ¼

8><
>:

12 lnðmb=μÞ − 18þ R 10 dxϕA
MðxÞgðxÞ; for i ¼ 1 − 4; 9; 10;

−12 lnðmb=μÞ þ 6 −
R
1
0 dxϕA

MðxÞgð1 − xÞ; for i ¼ 5; 7;

−6þ R 10 dxϕP
MðxÞhðxÞ; for i ¼ 6; 8;

ð49Þ
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where ϕA
MðxÞ and ϕP

MðxÞ are the twist-2 and twist-3 meson
distribution amplitudes and x is the parton momentum
fraction. The functions gðxÞ and hðxÞ are defined by

gðxÞ ¼ 3

�
1 − 2x
1 − x

ln x − iπ

�
þ
�
2Li2ðxÞ − ln2x

þ 2 ln x
1 − x

− ð3þ 2iπÞ ln x − ðx ↔ 1 − xÞ
�
; ð50Þ

hðxÞ ¼ 2Li2ðxÞ− ln2x− ð1þ 2iπÞ lnx− ðx↔ 1− xÞ: ð51Þ

B. Quark loops

For the B → Kπ decays, the effective Hamiltonian of the
virtual quark loops is given by [2]

Heff ¼ −
X

q¼u;c;t

X
q0

GFffiffiffi
2

p VqbV�
qs
αsðμÞ
2π

CðqÞðμ; l2Þ

× ðs̄γρð1 − γ5ÞTabÞðq̄0γρTaq0Þ; ð52Þ

where l2 is the invariant mass of the gluon. The functions
CðqÞðμ; l2Þ are

CðqÞðμ; l2Þ ¼
�
GðqÞðμ; l2Þ − 2

3

�
C2ðμÞ; ð53Þ

for q ¼ u, c, and

CðqÞðμ; l2Þ ¼
�
GðsÞðμ; l2Þ− 2

3

�
C3ðμÞ

þ
X

q00¼u;d;s;c

Gðq00Þðμ; l2Þ½C4ðμÞ þC6ðμÞ�; ð54Þ

for q ¼ t. The function GðqÞðμ; l2Þ shown in Eqs. (53)
and (54) for the loop of the quark q is given by

GðqÞðμ; l2Þ ¼ −4
Z

1

0

dxxð1 − xÞ lnm
2
q − xð1 − xÞl2 − iϵ

μ2
;

ð55Þ

where mq is the quark mass.
Because the topological structure of quark loops is

similar with the penguin diagrams, its effect can be
absorbed into the Wilson coefficients a4 and a6 by

a4;6ðμÞ→ a4.6ðμÞþ
αsðμÞ
9π

X
q¼u;c;t

VqbV�
qs

VtbV�
ts
CðqÞðμ;hl2iÞ; ð56Þ

where hl2i is the mean virtual gluon-momentum squared in
the decay process. In our numerical calculations of B → Kπ
decays, hl2i ¼ m2

b=4 is taken as an average gluon momen-
tum squared, which is a reasonable value in B decays.

C. Magnetic penguins

Then, we investigate the correction from the magnetic
penguin. The effective Hamiltonian of the magnetic pen-
guin contains the b → sg transition

Heff ¼ −
GFffiffiffi
2

p VtbV�
tsC8gO8g; ð57Þ

and the magnetic penguin operator is

O8g ¼
gs
8π2

mbs̄iσμνð1þ γ5ÞTa
ijG

aμνbj; ð58Þ

with the color indices i and j. Considering the similar
topological structure of the magnetic penguin and quark
loop, we can also absorb the contribution of the magnetic
penguin operator into the Wilson coefficients [2]

a4;6 → a4;6 −
αsðμÞ
9π

2mBffiffiffiffiffiffiffiffi
hl2i

p Ceff
8g ðμÞ; ð59Þ

with the effective Wilson coefficient Ceff
8g ¼ C8g þ C5 [30].

IV. THE CONTRIBUTION OF THE SOFT BK, Bπ
TRANSITION AND Kπ PRODUCTION

FORM FACTORS

With Eqs. (20)–(31), we calculate the eight topological
diagrams shown in Fig. 1 numerically, and find that soft
contributions associated with diagrams 1(a), 1(b), 1(g),
and 1(h) are not negligible. For the diagrams 1(a), 1(b), 1(g)
and 1(h), there are more than 40% contributions in the
range of αs=π > 0.2 which are not in a good perturbative
region. In contrast, the soft contributions are only a few
percent in diagrams 1(c)–1(f). To improve the reliability of
the perturbative calculation, we introduce the momentum
cutoff and soft form factors for scales lower than the critical
scale μc ¼ 1.0 GeV. That means we treat the contributions
with the scale μ < μc as nonperturbative quantities and
replace them with phenomenological soft form factors. The
soft contributions are absorbed into two kinds of soft form
factors, the BK, Bπ transition form factors and the Kπ
production form factor.
With the soft transition form factors, we can express the

B → K and B → π transition form factors as

FBK
0 ¼ hBK0 þ ξBK;

FBπ
0 ¼ hBπ0 þ ξBπ; ð60Þ

where hBK0 and hBπ0 represent the hard contributions that can
be evaluated perturbatively in the PQCD approach, and ξBK

and ξBπ are soft BK, Bπ transition form factors. As a result,
the amplitudes in Eqs. (40)–(43) should be modified by
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MðB → KπÞ → MðB → KπÞ − 2CπðμcÞVCKMfπξBK

− 4rπC0
πðμcÞVCKMfπξBK

− 2CKðμcÞVCKMfKξBπ

− 4rKC0
KðμcÞVCKMfKξBπ; ð61Þ

where VCKM represents the relevant CKM matrix elements,
rK;π the parameters related with mesons kaon and pion that
have been defined in Sec. II, Cπ and C0

π the appropriate
combinations of Wilson coefficients for the diagrams with
pion emitted out and with ðV − AÞðV − AÞ and ðSþ PÞ
ðS − PÞ operators inserted, respectively, and CK and C0

K are
Wilson coefficients for kaon emitted diagrams. These
Wilson coefficients are taken at the cutoff scale μc, which
is the critical separation scale of hard and soft contributions.
Furthermore, we also introduce the soft Kπ production

form factor ξKπ to absorb the soft contribution in the
factorizable annihilation Figs. 1(g) and 1(h). The Kπ form
factor can be defined by the matrix element of scalar current

hKπjSj0i ¼ −
1

2

ffiffiffiffiffiffiffiffiffiffi
μKμπ

p
FKπþ ; ð62Þ

where μK;π ¼ m2
K;π=ðms;u þmdÞ. Considering the soft part,

the Kπ production form factor can be written as

FKπþ → hKπ þ ξKπ; ð63Þ

where hKπ is the hard part that can be calculated perturba-
tively according to the factorizable annihilation diagrams
and ξKπ is the soft part of the Kπ production form factor.
With the soft Kπ production form factor ξKπ, the ampli-
tudes are changed as

MðB → KπÞ → MðB → KπÞ
− 2

ffiffiffiffiffiffiffiffiffi
rKrπ

p
CðμcÞVCKMχBfBξKπ; ð64Þ

where fB is the decay constant of the B meson, χB is the
parameter defined in Eq. (33), and rK;π ¼ μK;π=mB.

V. THE CONTRIBUTION OF COLOR-OCTET
MATRIX ELEMENT

To improve the consistency between the theoretical
calculation and experiment data, we take into account
the contribution from the hadronic matrix element of color-
octet operators. By considering the relation for the gen-
erators of the color SU(3) group

Ta
ikT

a
jl ¼ −

1

2Nc
δikδjl þ

1

2
δilδjk; ð65Þ

we can decompose the four-quark operators with any Dirac
spinor structure into color-singlet and color-octet operators

ðq̄1iq2jÞðq̄3jq4iÞ ¼
1

Nc
ðq̄1iq2iÞðq̄3jq4jÞ

þ 2ðq̄1iTa
ikq2kÞðq̄3jTa

jlq4lÞ; ð66Þ

where the first and second terms correspond to color-singlet
and color-octet operators, respectively, and the specific
Dirac spinor structure is omitted for simplicity.
To make clear how to obtain the contribution of color-

octet operators, let us take the contribution of the tree
operatorsOu

1 andO
u
2 to the decay amplitude of B̄0 → K−πþ

at leading order as an example. The contribution of Ou
1 and

Ou
2 is

A ¼ hK−πþjC1Ou
1 þ C2Ou

2jB̄0i
¼ C1hK−πþjðs̄iγμð1 − γ5ÞujÞðūjγμð1 − γ5ÞbiÞjB̄0i
þ C2hK−πþjðs̄iγμð1 − γ5ÞuiÞðūjγμð1 − γ5ÞbjÞjB̄0i;

ð67Þ

where the quarks that form the first meson in the final state
are always moved to the first current in the above equation.
If the quarks that form the same meson are not in the same
current in the original Hamiltonian, a Fierz transformation
should be performed. The quark pair in the first current in
the second term of Eq. (67) can form K− directly at leading
order in QCD, but the first term is not the case. So Eqs. (65)
and (66) should be used for the currents in the first term,
and then Eq. (67) becomes

A¼
�
C1

Nc
þC2

�
hK−πþjðs̄iγμð1− γ5ÞuiÞ

× ðūjγμð1− γ5ÞbjÞjB̄0i þ 2C1hK−πþjðs̄γμð1− γ5ÞTauÞ
× ðūγμð1− γ5ÞTabÞjB̄0i: ð68Þ

The last term is the color-octet contribution, which is
usually dropped previously as a hadronic matrix element of
long-distance quantity, because the mesons should be in
color-singlet states. Note that no hard gluon exchange
between color-octet quark-antiquark pairs should be further
considered in the color-octet matrix element in Eq. (68)
because such a matrix element is a quantity dominated by
long-distance dynamics. Hard gluons can only be trans-
ferred at a short distance, which is higher-order corrections
in perturbative QCD as shown by the nonfactorizable
diagrams in Fig. 1, where the quark-antiquark pairs in
the final state are color-singlet. The results of the short-
distance calculation given in Eqs. (20)–(31) do not include
the contribution of the color-octet matrix element. Only the
contribution of color-singlet quark pairs at the hadronic
level should be contained in these equations.
The color-octet hadronic matrix element is defined as a

nonperturbative quantity at the hadronic level, where only a
soft gluon can exchange between the color-octet quark-
antiquark pairs.
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The above procedure can be done in a different way; i.e.,
we can treat the Hamiltonian by using Eqs. (65) and (66) at
first, and then use it to decay at the hadronic level. The tree-
level Hamiltonian operator is

C1Ou
1 þ C2Ou

2 ¼ C1ðs̄iγμð1 − γ5ÞujÞðūjγμð1 − γ5ÞbiÞ
þ C2ðs̄iγμð1 − γ5ÞuiÞðūjγμð1 − γ5ÞbjÞ:

ð69Þ

Using Eqs. (65) and (66) to decompose the color nonsinglet
operator in the above equation into singlet and octet
operators, then it becomes

C1Ou
1 þ C2Ou

2

¼
�
C1

Nc
þ C2

�
ðs̄iγμð1 − γ5ÞuiÞðūjγμð1 − γ5ÞbjÞ

þ 2C1ðs̄γμð1 − γ5ÞTauÞðūγμð1 − γ5ÞTabÞ: ð70Þ

The effective Hamiltonian operator in the above form is
only different from the original one by different operator
bases. If we use Eq. (70) to B̄0 → K−πþ decay again, we
can obtain exactly the same result as what is given in
Eq. (68). So the color-octet contribution of the hadronic
matrix element actually stems from the relevant color-octet
operator contained in the original Hamiltonian. It is not
difficult for this discussion to be extended to penguin
operators in the effective Hamiltonian and operators with
which Fierz transformation needs to be performed.
Therefore, the treatment for the color-octet contribution
will not cause confusion or double counting.
For the B → Kπ decays, at the leading-order approxi-

mation, the hadronic matrix element of the color-singlet
operator can be written as

T0
Kπ ¼ hKπjðs̄γμð1 − γ5ÞqÞðq̄γμð1 − γ5ÞbÞjB̄i

≈ −ifKm2
BF

Bπ
0 ð0Þ;

TSP0
Kπ ¼ hKπjðs̄ð1þ γ5ÞqÞðq̄ð1 − γ5ÞbÞjB̄i

≈ −ifKrKm2
BF

Bπ
0 ð0Þ; ð71Þ

where q ∈ fu; dg and S and P stand for scalar and
pseudoscalar currents. Up to now there is no reliable
way to estimate the value for the color-octet hadronic
matrix elements, which are defined as

T8
Kπ ¼ hKπjðs̄Taγμð1 − γ5ÞqÞðq̄Taγμð1 − γ5ÞbÞjB̄i;

TSP8
Kπ ¼ hKπjðs̄Tað1þ γ5ÞqÞðq̄Tað1 − γ5ÞbÞjB̄i: ð72Þ

In Eqs. (71) and (72), the quarks in the first current make up
the first meson in the final state and the quarks in the second
current involve the meson in the initial state and the second
meson in the final state. Actually there should also be

TðSPÞ0
πK matrix elements in the calculation, but considering

fKFBπ
0 ð0Þ ≈ fπFBK

0 ð0Þ, the difference between TðSPÞ0
Kπ and

TðSPÞ0
πK can be safely neglected.
The color-octet hadronic matrix elements are usually

dropped previously in the literature, because the hadronic
states should be color-singlet. However, color-octet quark-
antiquark states can change to be color-singlet states by
exchanging soft gluons at a distance of the hadronic scale.
Therefore, the contribution of the color-octet hadronic
matrix element may not be zero from the theoretical point
of view. In this work, we take the color-octet contributions
into consideration. With the approximation in Eq. (71), one
can define the color-octet parameter δ8 and δSP8 through the
color-octet hadronic matrix elements in the following way:

T8
Kπ ¼ −ifKm2

BF
Bπ
0 ð0Þδ8;

TSP8
Kπ ¼ −ifKrKm2

BF
Bπ
0 ð0ÞδSP8 ; ð73Þ

so that δ8 and δSP8 can be viewed as a measure of how large
the color-octet matrix element is compared to the color-
singlet matrix element.
In the treatment of the color-octet contribution in the

above, no hard-gluon exchanging effect between the out-
emitting quark-antiquark system and the remaining quark
system is considered. This corresponds to only considering
the color-octet contribution from the factorizable diagrams
in Figs. 1(a) and 1(b). Actually we can consider the color-
octet contributions of both the factorizable and nonfactor-
izable diagrams in Fig. 1 in a consistent way by separating
the color-singlet and color-octet components in the calcu-
lation of the diagrams in Fig. 1 by a procedure described in
the following. Here we consider the case that the initial B
meson is in the color-singlet state and only the light quark-
antiquark pairs that form the final mesons of pion and kaon
can be in the color-octet state, and treat the momentum-
distribution of the quarks in the color-octet system the same
as that in the pion and kaon; i.e., we define the color-octet
quark-antiquark pair in a state similar to the pion and kaon.
Then the wave functions of the color-octet quark-antiquark
pair are defined in a similar way to Eq. (16) by

hπ8; K8ðpÞjq̄δðxÞTaq0γð0Þj0i

¼
Z

dud2kq⊥Φπ;K
γδ exp ½iðup · x − x⊥ · kq⊥Þ�; ð74Þ

where hπ8; K8ðpÞj denote the color-octet state of the quark-
antiquark system that are finally transferred to pion and
kaon, and the spinor wave function Φπ;K

γδ is taken to be the
same thing as that of the color-singlet case in Eq. (17). For
the case of kaon, the wave functions of the pion should be
replaced by that of the kaon.
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The effect of the color-octet quark-antiquark system
transferring to the color-singlet state by exchanging soft
gluons is considered by introducing a multiplying param-
eter Y8. In the numerical treatment, we find two parameters
are needed to explain the experimental data of B → Kπ
decays, Y8

F and Y8
M, which are relevant to the factorizable

and nonfactorizable diagrams in Fig. 1, respectively. The
relation between the parameters δ8 and Y8

F can easily be
obtained by considering the color-octet contribution of the
factorizable diagrams of Figs. 1(a) and 1(b) in these two
different ways. In the following analysis, we treat the color-
octet effect in terms of the parameters Y8

F and Y8
M.

The color-octet contribution according to each diagram
of Fig. 1 can be calculated by considering the quark-
antiquark pairs in the final states in the color nonsinglet,
which includes both the color-singlet and the color-octet
components. The color-octet component can be separated
from the color-singlet one by analyzing the color factors in
each diagram. To show the analyzing procedure clearly, we
draw the diagrams of Figs. 1(a) and 1(b) again in Fig. 2
with the color indices i, i0, j, k, and l for each quark shown
explicitly in it. As an example, let us consider the case with
the operator ðq̄ibjÞðq̄0jq0iÞ inserted in the diagrams, where i
and j are the color indices, and the current can be either
(V � A) or (S� P), which are not shown explicitly. The
color indices of the quark pairs in the final state are ði0; jÞ,
ði; kÞ in Fig. 2(a) and ði; jÞ, ðk; lÞ in Fig. 2(b), respectively.
All the color indices are summed in the calculation because
they should be summed for both the color-singlet and the
color-octet states for the quark pairs in the initial and final
states.
In the calculation of the hard amplitude according to

Figs. 2(a) and 2(b), the momentum convolutions are just
the same as that for the color-singlet cases given in
Eqs. (20)–(31); the only difference is for the color factors.
So we need only to analyze the color factors in the case that
the quark pairs in the final state are in the color nonsinglet
state. For Fig. 2(a), the color factor becomes

X
ijkl

Ta
jlT

a
lk ¼

X
ijk

CFδjk ¼
X
ijki0

CFδjkδii0

¼
X
ijki0

CF

�
1

Nc
δji0δik þ 2Ta

ji0T
a
ik

�
; ð75Þ

and for Fig. 2(b) the color factor is

X
ijkl

Ta
liT

a
jk ¼

X
ijkl

�
−

1

2Nc
δliδjk þ

1

2
δlkδji

�

¼
X
ijkl

�
−

1

2Nc

�
1

Nc
δlkδji þ 2Tb

lkT
b
ji

�
þ 1

2
δlkδji

�

¼
X
ijkl

�
CF

Nc
δlkδji −

1

Nc
Tb
lkT

b
ji

�
; ð76Þ

where the first terms with two delta factors correspond to the
color-singlet contribution, while the second terms corre-
spond to the color-octet contribution. The first terms give
exactly Fe and FP

e given in Eqs. (20) and (21) but with an
extra color-suppression factor 1=Nc. The second terms in
Eqs. (75) and (76) will give the contribution for the quark
pairs in the final state being in the color-octet state. After
the parameters Y8

F and Y8
M are introduced that describe the

effect of changing the quark pair of the color-octet into the
color-singlet state by exchanging soft gluons, the color-octet
contribution of each diagram can be obtained. The con-
tributions of Figs. 2(a) and 2(b) for ðV − AÞðV − AÞ and
ðSþ PÞðS − PÞ operators are

Y8
FF

ðPÞ8
e ; ð77Þ

where

FðPÞ8
e ≡ 2N2

cF
ðPÞa
e −

Nc

CF
FðPÞb
e : ð78Þ

The contribution of the color-octet component in the other
diagrams in Fig. 1 with operator insertion of all kinds of
currents are

Y8
MM

ðPÞ8
e ; Y8

MM
ðPÞ08
e ; Y8

MM
ðPÞ8
a ; Y8

FF
ðPÞ8
a ; ð79Þ

where

MðPÞ8
e ≡ 2N2

cM
ðPÞc
e −

Nc

CF
MðPÞd

e ;

MðPÞ08
e ≡ N2

c

CF
MðPÞ

e ; MðPÞ8
a ≡ −

Nc

CF
MðPÞ

a ;

FðPÞ8
a ≡ −

N2
c

CF
FðPÞ
a : ð80Þ

Here the parameter Y8
FðMÞ is the parameter that describes the

effect of the color-octet state transferring into the color-

FIG. 2. Factorizable diagrams with operator insertion of
ðq̄ibjÞðq̄0jq0iÞ, where the explicit current type such as (V � A)
or (S� P) is omitted. The quark-antiquark pairs in the final state
are in nonsinglet color states. The symbols i, i0, j, k, and l are all
color indices.
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singlet by exchanging soft gluons for the factorizable

(nonfactorizable) diagrams. The quantities FðPÞa
e , FðPÞb

e ,

MðPÞc
e , and MðPÞd

e are the convolution functions for the
diagrams in Figs. 1(a)–1(d), which will not be given here for
simplicity, while MðPÞ

e , MðPÞ
a , and FðPÞ

a have been given in
Eqs. (24)–(31).
From Eq. (77), it is known that the color-octet contri-

bution to the amplitude corresponding to Figs. 2(a) and 2(b)
with the operator insertion of the ðV − AÞðV − AÞ current is

Y8
FF

8
e; ð81Þ

where a common factor i GFffiffi
2

p m2
B
2
, fK , the CKM matrix

element, and Wilson coefficients are omitted. The same

quantity can be expressed in terms of the color-octet
hadronic matrix element T8

Kπ in Eq. (73), too, which is

�
i
m2

B

2
fK

�
−1
2T8

Kπ ¼ −4FBπ
0 ð0Þδ8: ð82Þ

The quantities of Eqs. (81) and (82) can be identified as the
same, so the relation of Y8

F and δ8 can be obtained as

Y8
FF

8
e ¼ −4FBπ

0 ð0Þδ8: ð83Þ

Including the color-octet contributions, the amplitudes in
Eqs. (40)–(43) are modified by

MðB− → K̄0π−Þ → MðB− → K̄0π−Þ þ
�
−Vt

�
C3 −

1

2
C9

�
fKF8

e − Vt

�
C5 −

1

2
C7

�
fKFP8

e

þ
�
Vu

�
C1

Nc
þ C2

�
− Vt

�
C3

Nc
þ C4 þ

C9

Nc
þ C10

��
· fBF8

a − Vt

�
C5

Nc
þ C6 þ

C7

Nc
þ C8

�
fBFP8

a

�
Y8
F

þ
�
−Vt

�
C3 −

1

2
C9

�
M8

e − Vt

�
C4 −

1

2
C10

�
M08

e − Vt

�
C5 −

1

2
C7

�
MP8

e − Vt

�
C6 −

1

2
C8

�
MP08

e

þ ½VuC1 − VtðC3 þ C9Þ�M8
a − VtðC5 þ C7ÞMP8

a

�
· Y8

M; ð84Þ

ffiffiffi
2

p
MðB− → K−π0Þ →

ffiffiffi
2

p
MðB− → K−π0Þ þ

�
½VuC1 − VtðC3 þ C9Þ�fKF8

e − VtðC5

þ C7ÞfKFP8
e þ

�
VuC2 −

3Vt

2
ð−C8 þ C10Þ

�
fπF8

eK

�
Y8
F þ

�
½VuC1 − VtðC3 þ C9Þ�M8

e þ ½VuC2

− VtðC4 þ C10Þ�M08
e − VtðC5 þ C7ÞMP8

e − VtðC6 þ C8ÞMP08
e þ

�
VuC2 −

3Vt

2
C10

�
M8

eK

þ
�
VuC1 −

3Vt

2
C9

�
M08

eK −
3Vt

2
C8MP8

eK −
3Vt

2
C7MP08

eK þ ½VuC1 − VtðC3 þ C9Þ�M8
a

− VtðC5 þ C7ÞMP8
a

�
Y8
M; ð85Þ

MðB̄0 → K−πþÞ → MðB̄0 → K−πþÞ þ
�
½VuC1 − VtðC3 þ C9Þ�fKF8

e − VtðC5 þ C7Þ

· fKFP8
e − Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fBF8

a − Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fBFP8

a

�
Y8
F

þ
�
½VuC1 − VtðC3 þ C9Þ�M8

e þ ½VuC2 − VtðC4 þ C10Þ�M08
e − VtðC5 þ C7ÞMP8

e

− VtðC6 þ C8ÞMP08
e − Vt

�
C3 −

1

2
C9

�
M8

a − Vt

�
C5 −

1

2
C7

�
MP8

a

�
Y8
M; ð86Þ
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−
ffiffiffi
2

p
MðB̄0 → K̄0π0Þ → −

ffiffiffi
2

p
MðB̄0 → K̄0π0Þ þ

�
−Vt

�
C3 −

1

2
C9

�
fKF8

e − Vt

�
C5 −

1

2
C7

�
fKFP8

e

−
�
VuC2 −

3Vt

2
ð−C8 þ C10Þ

�
fπF8

eK − Vt

�
C3

Nc
þ C4 −

1

2

C9

Nc
−
1

2
C10

�
fBF8

a

− Vt

�
C5

Nc
þ C6 −

1

2

C7

Nc
−
1

2
C8

�
fBFP8

a

�
Y8
F þ

�
−Vt

�
C3 −

1

2
C9

�
M8

e − Vt

�
C4 −

1

2
C10

�
M08

e

− Vt

�
C5 −

1

2
C7

�
MP8

e − Vt

�
C6 −

1

2
C8

�
MP08

e −
�
VuC2 −

3Vt

2
C10

�
M8

eK

−
�
VuC1 −

3Vt

2
C9

�
M08

eK þ 3Vt

2
C8MP8

eK þ 3Vt

2
C7MP08

eK − Vt

�
C3 −

1

2
C9

�
M8

a

− Vt

�
C5 −

1

2
C7

�
MP8

a

�
Y8
M: ð87Þ

The value of color-octet parameters Y8
F;M can be deter-

mined from experiment data. It is reasonable that the
magnitude of them should not be too large.

VI. NUMERICAL RESULT AND DISCUSSION

In addition to the parameters in B meson, pion, and kaon
wave functions, there are several other numerical param-
eters in the calculation, which are the soft BK, Bπ transition
form factors ξBK and ξBπ, the soft Kπ production form
factors ξKπ , and the color-octet matrix element parameters
Y8
F and Y8

M.
The hard part of the BK and Bπ transition form factors

hBK0 and hBπ0 can be calculated directly in perturbative QCD
with the momentum cutoff in scale μ > μc ¼ 1.0 GeV,
which is relevant to the diagrams in Figs. 1(a) and 1(b). The
results of hard transition form factors are

hBK0 ¼ 0.29� 0.02;

hBπ0 ¼ 0.23� 0.01: ð88Þ

For the total BK and Bπ transition form factors, we take

FBK
0 ¼ 0.33� 0.04;

FBπ
0 ¼ 0.27� 0.02: ð89Þ

For the form factor FBK
0 at the large recoil limit, several

calculations of lattice QCD (LQCD) can be found in the
literature [37,38], which are shown in Table I. The values in

the first two columns are from calculations of LQCD, and
the third one is from the light-cone sum rule (LCSR) [39] for
comparison. The value of FBK

0 given in Eq. (89) is the
average of the two results of LQCD. Here only two effective
digits are kept for accuracy consistence in this work.
The value of FBπ

0 is taken by considering both the result
of LQCD in [40], which is FBπ

0ðLQCDÞ ¼ 0.27� 0.11, and the

experimental data on the differential branching fraction of
B → πlν decay around q2 ¼ 0 [41], where q2 is the
invariant mass of the lepton pair. We only take 0.02 as
the variation of the theoretical input in our numerical
calculation without taking the large error given in [40],
because most of the form factor within the large error band
will make the semileptonic decay branching ratio exceed
the experimental upper limit. The value of FBπ

0 given in
Eq. (89) is consistent with the experimental data in
Ref. [41] when it is used to calculate the semileptonic
decay branching ratio with the CKMmatrix elements given
in PDG [3].
Using Eqs. (60), (88), and (89), we can obtain the

following result for the soft part of the transition form
factors:

ξBK ¼ 0.04� 0.02;

ξBπ ¼ 0.04� 0.01: ð90Þ

As for the color-octet parameters Y8
F and Y8

M, there is not
a systematical way to evaluate the values of them up to now.
We will treat them as free parameters and determine them

TABLE I. The value of B → K form factor FBKþ ðq2 ¼ 0Þ ¼ FBK
0 ðq2 ¼ 0Þ.

LQCD-HQPCD [37] LQCD-FNAL [38] LCSR [39]

FBKþ ðq2 ¼ 0Þ 0.332(12) 0.335(36) 0.331� 0.041
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by experimental data. The nonperturbative parameters Y8
F,

Y8
M, and ξKπ can be written in the following form:

ξKπ ¼ d1 expðiϕ1Þ;
Y8
F ¼ d2 expðiϕ2Þ;

Y8
M ¼ d3 expðiϕ3Þ; ð91Þ

where d1;2;3 and ϕ1;2;3 are the magnitudes and phases of
these parameters, respectively. For B → Kπ decays, there
are data for branching ratios and CP violations of four
decay modes, which can be used to determine these
parameters. By fitting to the experimental data, we find
the values of parameters are

d1 ¼ 0.10þ0.01
−0.01 ; ϕ1 ¼ ð0.47þ0.05

−0.03Þπ;
d2 ¼ 0.12þ0.01

−0.02 ; ϕ2 ¼ ð1.00þ0.03
−0.04Þπ;

d3 ¼ 0.05þ0.03
−0.03 ; ϕ3 ¼ ð0.93þ0.17

−0.14Þπ; ð92Þ

where the uncertainties come from the constraint of
experimental data. With the value of Y8

F in the above
two equations and using Eq. (83), we can get

δ8 ¼ 0.27þ0.02
−0.05 expð1.00þ0.03

−0.04 iπÞ; ð93Þ

which shows that the absolute value of the color-octet
hadronic matrix element is indeed not large compared with
the case of the color-singlet one.
Using the parameters given in Eqs. (91) and (92),

the predictions of B → Kπ branching ratios and CP
violations are

BðBþ → K0πþÞ ¼ 24.3þ4.5þ2.4
−4.7−2.3 × 10−6;

BðBþ → Kþπ0Þ ¼ 12.6þ2.3þ1.1
−2.5−1.0 × 10−6;

BðB0 → Kþπ−Þ ¼ 20.0þ3.4þ1.3
−3.7−1.2 × 10−6;

BðB0 → K0π0Þ ¼ 9.4þ1.7þ0.8
−1.8−0.8 × 10−6;

ACPðBþ → K0πþÞ ¼ 0.012þ0.001þ0.001
−0.001−0.001 ;

ACPðBþ → Kþπ0Þ ¼ 0.041þ0.034þ0.012
−0.028−0.015 ;

ACPðB0 → Kþπ−Þ ¼ −0.084þ0.035þ0.044
−0.038−0.049 ;

ACPðB0 → K0π0Þ ¼ −0.112þ0.050þ0.036
−0.055−0.040 ; ð94Þ

where the first uncertainty comes from the uncertainties of
the nonperturbative parameters in Eqs. (90) and (92), and
the second one from the uncertainties of the parameters
in the meson wave functions.
The contributions of each theoretical component and the

total results for the branching ratios and CP violations are
listed in Table II. The experimental data are also presented
in the last column for comparison. In Table II, the column
“LO” means the hard contribution of leading order in QCD
with leading-order Wilson coefficients being used,
“LONLOWC” the LO results with NLO Wilson coefficients
being used, “NLO” the hard contribution up to next-to-
leading order in QCD, “þξBKðπÞ” the contribution of NLO
plus the contribution of the soft transition form factor ξBK

and ξBπ , “þξKπ” the contribution of NLO plus the con-
tribution of soft production form factor ofKπ, “þY8

FðMÞ” the
contribution of NLO plus color-octet matrix element in
factorizable (nonfactorizable) diagrams, and “þξBKðπÞþ
ξKπ þ Y8

F;M” the total contribution of NLOþ ξBKðπÞþ
ξKπ þ Y8

F;M. The difference of the columns labeled by
LO and LONLOWC is only caused by the difference of
LO and NLO Wilson coefficients. The branching ratios
increase much because of the penguin enhancement effect
of NLO Wilson coefficients, which is consistent with what
has been found in [2]. The difference of the column “NLO”
and “LONLOWC” reflects the effects of NLO contributions of

TABLE II. B → Kπ branching ratios and CP violations.

Mode LO LONLOWC NLO þξBKðπÞ þξKπ þY8
F þY8

M þξBKðπÞ þ ξKπ þ Y8
F;M Data [3]

BðBþ → K0πþÞ × 10−6 8.5 13.4 13.8 20.8 14.0 22.9 11.2 24.3þ4.5þ2.4
−4.7−2.3 23.7� 0.8

BðBþ → Kþπ0Þ × 10−6 6.0 9.0 8.4 12.0 7.6 12.5 6.8 12.6þ2.3þ1.1
−2.5−1.0 12.9� 0.5

BðB0 → Kþπ−Þ × 10−6 8.8 13.7 13.2 18.8 11.5 21.4 11.5 20.0þ3.4þ1.3
−3.7−1.2 19.6� 0.5

BðB0 → K0π0Þ × 10−6 2.9 4.9 5.2 7.9 5.2 9.6 4.7 9.4þ1.7þ0.8
−1.8−0.8 9.9� 0.5

ACPðBþ → K0πþÞ −0.006 −0.004 0.010 0.013 0.013 0.006 0.010 0.012þ0.001þ0.001
−0.001−0.001 −0.017� 0.016

ACPðBþ → Kþπ0Þ −0.185 −0.153 −0.039 −0.001 0.073 −0.032 −0.003 0.041þ0.034þ0.012
−0.028−0.015 0.037� 0.021

ACPðB0 → Kþπ−Þ −0.239 −0.175 −0.107 −0.063 0.025 −0.195 −0.126 −0.084þ0.035þ0.044
−0.038−0.049 −0.083� 0.004

ACPðB0 → K0π0Þ 0.004 0.018 −0.036 −0.040 −0.048 −0.147 −0.094 −0.112þ0.050þ0.036
−0.055−0.040 0.00� 0.13
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the vertex correction, quark-loop, and magnetic penguin in
QCD expansion. The branching ratios are only slightly
changed by these NLO contributions, which show the
efficiency of the perturbative expansion in the modified
PQCD approach. Table II also shows that the branching
ratios of the only hard calculation up to next-to-leading
order are much smaller than experimental data. By intro-
ducing the soft BK and Bπ transition form factors ξBK and
ξBπ , the branching ratios are increased greatly, but CP
violations still deviate significantly from experimental data.
The soft Kπ production form factor ξKπ has a small impact
on the branching ratio, but it causes a change in the sign of
the CP violation in Bþ → Kþπ0. The contribution of the
color-octet matrix element in factorizable diagrams Y8

F
significantly increases the branching ratios of all four decay
channels, and the color-octet matrix element in nonfactor-
izable diagrams Y8

M increases the CP violation of the Bþ →
Kþπ0 channel. They are essential for explaining the
experimental data. By comparing the last two columns of
Table II, we can find that the theoretical results of all the
branching ratios and most of the CP violations for B → Kπ
decays are consistent with the experiment data.CP violation
for Bþ → K0πþ is very close to the data considering both
the experimental and the theoretical uncertainties.
A few comments are given here.
(1) As soft quantities, it is possible that ξM1M2 and

Y8
F;MðM1M2Þ, where M1M2 may be any possible

final states such as ππ and Kπ, depend on the
mesonic final states. The values ξππ and δππ8 obtained
in the study of B → ππ decays in Ref. [24] are shown
to be different from the values of ξKπ and δKπ8
obtained in this work. One possible explanation is
that the soft production form factors may depend
on the center-of-mass energy of the meson pair,
the inner relative moving state between them, and the
wave functions of the mesons. If any one of the
dependences is sensitive, then the soft form factors
can apparently be different between ππ and Kπ final

states. So is the hadronic color-octet matrix element
Y8
FðMÞ used in this work. To make the method used in

this work predictive, one way is to study these soft
quantities independently by a completely nonpertur-
bative method, or to try to find relations between the
soft quantities with different final states in a phe-
nomenological way, which is beyond the scope of
this paper. But we hope this can be achieved in the
near future.

(2) The soft transition form factors defined in this work
depend on the critical scale that separates the soft
and hard interactions. In principle, such a critical
scale cannot be fixed with an exact value. It can only
be known that it is around 1 GeV in QCD from the
phenomenological point of view. It is indeed needed
to study the behavior of the physical results varying
with the value of the critical scale μc. We study this
effect by slightly varying the value of μc around
1 GeV with fixing the physical Bπ, BK transition
form factors, the total Kπ production form factor,
and the scale independence of the contribution of the
color-octet hadronic matrix element. The result is
shown in Table III. It is shown in the table that the
decay branching ratios and CP violations are not
changed very much when varying μc from 0.9 to
1.3 GeV. The change becomes apparent only when
μc > 2.0 GeV, where the soft contribution has been
pushed to a scale of too high. Therefore, μc ¼
1.0 GeV is an acceptable choice for phenomeno-
logical study. Certainly, it can be varied slightly
around 1 GeV.

(3) The introduction of soft quantities, such as the soft
form factors and color-octet contribution, changes
the power counting rule for the decay amplitudes
in B decays. It is different from both the
PQCD approach in the early stage [7–9] and the
QCDF approach [15–17]. These soft quantities
fully contribute at the soft scale μc, which are
crucial to diminish the tension between the theo-

TABLE III. B → Kπ branching ratios and CP violations varying with the critical cutoff scale μc, where the total form factors are fixed
with FBK

0 ð0Þ ¼ 0.33, FBπ
0 ð0Þ ¼ 0.27, and FKπþ ¼ 0.20 expð−0.47iπÞ.a

Mode μc ¼ 0.9 GeV 1.0 GeV 1.1 GeV 1.3 GeV 1.5 GeV 2.0 GeV Data [3]

BðBþ → K0πþÞ × 10−6 24.5 24.3 24.3 23.5 23.0 20.9 23.7� 0.8
BðBþ → Kþπ0Þ × 10−6 12.4 12.6 12.7 12.5 12.4 11.5 12.9� 0.5
BðB0 → Kþπ−Þ × 10−6 19.5 20.0 20.4 20.5 20.4 19.0 19.6� 0.5
BðB0 → K0π0Þ × 10−6 9.3 9.4 9.5 9.3 9.1 8.4 9.9� 0.5
ACPðBþ → K0πþÞ 0.012 0.011 0.011 0.010 0.009 0.008 −0.017� 0.016
ACPðBþ → Kþπ0Þ 0.055 0.041 0.031 0.012 0.001 −0.011 0.037� 0.021
ACPðB0 → Kþπ−Þ −0.055 −0.084 −0.102 −0.133 −0.150 −0.178 −0.083� 0.004
ACPðB0 → K0π0Þ −0.100 −0.112 −0.118 −0.128 −0.133 −0.148 0.00� 0.13

aThe total form factors should not vary with the critical cutoff scale. So the value of them can be obtained by adding the hard and soft
parts at any value of μc. Here FKπþ is taken by adding the values of hKπ and ξKπ at μc ¼ 1 GeV. The color-octet contributions are taken as
μc-independent quantities.
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retical predictions and experimental data on B →
Kπ decays, and the physical results showed a bit of
stability when varying the critical cutoff scale μc
around 1 GeV.

VII. SUMMARY

In this work we study the B → Kπ decays in a modified
perturbative QCD approach. With the B meson wave
function that is obtained in the relativistic potential model,
we find that the soft contribution cannot be suppressed
enough by the Sudakov factor. It is necessary to introduce
the soft scale cutoff and soft form factors. In addition, we
also introduce the hadronic color-octet matrix element
which plays an important role in explaining the dramatic
difference between the CP violations of Bþ → Kþπ0 and
B0 → Kþπ− decays. Taking appropriate values for the
input parameters, our calculated results for all the branch-
ing ratios and most CP violations of the B → Kπ decay
channels are well consistent with the experimental data,
except for the CP violation in the Bþ → K0πþ decay mode,
which is very close to the experimental data.
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APPENDIX A: FORMULAS IN THE HARD
PART CALCULATIONS

The threshold factor StðxÞ is usually parametrized as [36]

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA1Þ

with c ¼ 0.3.
The exponentials exp½−SB;K;πðtÞ� include the Sudakov

factor and single ultraviolet logarithms which are related to
the meson wave functions. The expressions of exponents are

SBðtÞ ¼ sðx1; b1; mBÞ −
1

β1
ln

lnðt=ΛQCDÞ
lnð1=ðb1ΛQCDÞÞ

; ðA2Þ

SKðtÞ ¼ sðx2; b2; mBÞ þ sð1 − x2; b2; mBÞ

−
1

β1
ln

lnðt=ΛQCDÞ
lnð1=ðb2ΛQCDÞÞ

; ðA3Þ

SπðtÞ ¼ sðx3; b3; mBÞ þ sð1 − x3; b3; mBÞ

−
1

β1
ln

lnðt=ΛQCDÞ
lnð1=ðb3ΛQCDÞÞ

: ðA4Þ

The explicit form of sðx; b;QÞ up to next-to-leading order
is [42]

sðx; b;QÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
−
Að1Þ

2β1
ðq̂ − b̂Þ þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γE−1

2

��
ln

�
q̂

b̂

�

þ Að1Þβ2
4β31

q̂

�
lnð2q̂Þ þ 1

q̂
−
lnð2b̂Þ þ 1

b̂

�
þ Að1Þβ2

8β31
½ln2ð2q̂Þ − ln2ð2b̂Þ�

þ Að1Þβ2
8β31

ln

�
e2γE−1

2

��
lnð2q̂Þ þ 1

q̂
−
lnð2b̂Þ þ 1

b̂

�
−
Að1Þβ2
16β41

�
2 lnð2q̂Þ þ 3

q̂
−
2 lnð2b̂Þ þ 3

b̂

�

−
Að1Þβ2
16β41

q̂ − b̂

b̂2
½2 lnð2b̂Þ þ 1� þ Að2Þβ22

1728β61

�
18ln2ð2q̂Þ þ 30 lnð2q̂Þ þ 19

q̂2
−
18ln2ð2b̂Þ þ 30 lnð2b̂Þ þ 19

b̂2

�

þ Að2Þβ22
432β61

q̂ − b̂

b̂3
½9ln2ð2b̂Þ þ 6 lnð2b̂Þ þ 2�; ðA5Þ

where q̂ and b̂ are defined as

q̂≡ ln ðxQ=ð
ffiffiffi
2

p
ΛQCDÞÞ; b̂≡ ln ð1=bΛQCDÞ: ðA6Þ

The coefficients βi and AðiÞ in Eq. (A5) are

β1 ¼
33 − 2nf

12
; β2 ¼

153 − 19nf
24

; ðA7Þ

and
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Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10

27
nf þ

8

3
β1 ln

�
eγE

2

�
; ðA8Þ

where γE is the Euler constant.
In Eqs. (20)–(31), the function h’s are given as

heðx1; x2; b1; b2Þ ¼ K0ð
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1Þ½θðb1 − b2ÞK0ð

ffiffiffiffiffi
x2

p
mBb1ÞI0ð

ffiffiffiffiffi
x2

p
mBb2Þ þ θðb2 − b1ÞK0ð

ffiffiffiffiffi
x2

p
mBb2ÞI0ð

ffiffiffiffiffi
x2

p
mBb1Þ�;

ðA9Þ

haðx1; x2; b1; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1Þ½θðb1 − b2ÞK0ð−i

ffiffiffiffiffi
x2

p
mBb1ÞI0ð−i

ffiffiffiffiffi
x2

p
mBb2Þ

þ θðb2 − b1ÞK0ð−i
ffiffiffiffiffi
x2

p
mBb2ÞI0ð−i

ffiffiffiffiffi
x2

p
mBb1Þ�; ðA10Þ

hdðx1; x2; x3; b1; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffi
x2x3

p
mBb2Þ½θðb1 − b2ÞK0ð

ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb1ÞI0ð

ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb2Þ

þ θðb2 − b1ÞK0ð
ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb2ÞI0ð

ffiffiffiffiffiffiffiffiffi
x1x3

p
mBb1Þ�; ðA11Þ

h1fðx1; x2; b1; b2Þ ¼ K0ð−i
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1Þ½θðb1 − b2ÞK0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1ÞI0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb2Þ

þ θðb2 − b1ÞK0ð−i
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb2ÞI0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1Þ�; ðA12Þ

h2fðx1; x2; b1; b2Þ ¼ K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 þ x2 − x1x2

p
mBb1Þ½θðb1 − b2ÞK0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1ÞI0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb2Þ

þ θðb2 − b1ÞK0ð−i
ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb2ÞI0ð−i

ffiffiffiffiffiffiffiffiffi
x1x2

p
mBb1Þ�; ðA13Þ

where J0, K0, and I0 are Bessel and modified Bessel functions.

APPENDIX B: LIGHT MESON DISTRIBUTION
AMPLITUDES

The transverse momentum dependence of ϕMðx; k⊥Þ,
ϕM
P ðx; k⊥Þ, and ϕM

σ ðx; k⊥Þ is assumed to be a Gaussian
distribution, where M ¼ π, K. When transforming the
wave function into b-space, the distribution amplitudes
become

ϕðx; bÞ ¼ ϕðxÞ exp
�
−

b2

4β2

�
; ðB1Þ

for ϕMðx; bÞ, ϕM
P ðx; bÞ, and ϕM

σ ðx; bÞ. The oscillation
parameter β can be related to the root mean square
transverse momentum by β ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
2hk2⊥i

p
[43]. The rea-

sonable value of the root mean square transverse momen-
tum for the pion is 350 MeV according to the study of the
pion form factor in Ref. [44], which is relevant to
β ¼ 4.0 GeV−1. Here we take β ¼ 4.0 GeV−1 for both
the pion and the kaon wave functions. The twist-2 and
twist-3 distribution amplitudes ϕMðxÞ, ϕM

P ðxÞ, and ϕM
σ ðxÞ

are given by [33]

ϕMðxÞ ¼ 6xð1 − xÞ½1þ aM1 C
3=2
1 ðtÞ þ aM2 C

3=2
2 ðtÞ�; ðB2Þ

ϕM
P ðxÞ ¼ 1þ aM0P þ aM1PC

1=2
1 ðtÞ þ aM2PC

1=2
2 ðtÞ

þ aM3PC
1=2
3 ðtÞ þ aM4PC

1=2
4 ðtÞ þ bM1P lnðxÞ

þ bM2P lnð1 − xÞ; ðB3Þ

ϕM
σ ðxÞ ¼ 6xð1 − xÞ½1þ aM0σ þ aM1σC

3=2
1 ðtÞ

þ aM2σC
3=2
2 ðtÞ þ aM3σC

3=2
3 ðtÞ�

þ 9xð1 − xÞ½bM1σ lnðxÞ þ bM2σ lnð1 − xÞ�; ðB4Þ

where t ¼ 2x − 1. The function C’s are Gegenbauer poly-
nomials. The coefficients aMiðP;σÞ and b

M
iðP;σÞ in Eqs. (B2)–(B4)

are

aπ1 ¼ 0; aπ2 ¼ 0.25� 0.15;

aπ0P ¼ 0.048� 0.017; aπ2P ¼ 0.62� 0.20;

aπ4P ¼ 0.089� 0.051; aπ1P ¼ aπ3P ¼ 0;

bπ1P ¼ bπ2P ¼ 0.024� 0.009;

aπ0σ ¼ 0.034� 0.014; aπ2σ ¼ 0.12� 0.03;

aπ1σ ¼ aπ3σ ¼ 0; bπ1σ ¼ bπ2σ ¼ 0.016� 0.006; ðB5Þ

for pion, and
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aK1 ¼ 0.06� 0.03; aK2 ¼ 0.25� 0.15;

aK0P ¼ 0.58� 0.23; aK1P ¼ −0.57� 0.31;

aK2P ¼ 0.79� 0.25; aK3P ¼ 0.18� 0.12;

aK4P ¼ 0.06� 0.04; ðB6Þ

bK1P ¼ 0.56� 0.22; bK2P ¼ 0.03� 0.01;

aK0σ ¼ 0.40� 0.19; aK1σ ¼ −0.13� 0.09;

aK2σ ¼ 0.12� 0.03; aK3σ ¼ 0.03� 0.01;

bK1σ ¼ 0.37� 0.14; bK2σ ¼ 0.02� 0.01; ðB7Þ

for kaon. All the above parameters are determined at the
renormalization scale μ ¼ 1.0 GeV. The Gegenbauer poly-
nomials are given by

C1=2
1 ðtÞ ¼ t;

C1=2
2 ðtÞ ¼ 1

2
ð3t2 − 1Þ;

C1=2
3 ðtÞ ¼ t

2
ð5t2 − 3Þ;

C1=2
4 ðtÞ ¼ 1

8
ð35t4 − 30t2 þ 3Þ; ðB8Þ

C3=2
1 ðtÞ ¼ 3t;

C3=2
2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C3=2
3 ðtÞ ¼ 5

2
tð7t2 − 3Þ;

C3=2
4 ðtÞ ¼ 15

8
ð21t4 − 14t2 þ 1Þ: ðB9Þ
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