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We present a measurement of the differential shapes of exclusive B — D*#D, (B = B~,B’ and £ = e, 1)
decays with hadronic tag-side reconstruction for the full 711 fb~! Belle dataset. We extract the Caprini-
Lellouch-Neubert (CLN) and Boyd-Grinstein-Lebed (BGL) form factor parameters and use an external
input for the absolute branching fractions to determine the Cabibbo-Kobayashi-Maskawa matrix element
and find |V |con = (40.2 £ 0.9) x 1073 and |V |ggr, = (40.7 £ 1.0) x 1073 with the zero-recoil lattice
QCD point F(1) = 0.906 + 0.013. We also perform a study of the impact of beyond zero-recoil lattice
QCD calculations on the |V,| determinations. Additionally, we present the lepton-flavor universality
ratio R,, = B(B — D*ep,)/B(B — D*up,) = 0.993 +0.023 £ 0.023, the electron and muon forward-
backward asymmetry and their difference AAzz = 0.028 £ 0.028 £ 0.008, and the electron and muon D*
longitudinal polarization fraction and their difference AF?" = 0.030 4 0.025 + 0.007. The uncertainties
quoted correspond to the statistical and systematic uncertainties, respectively.
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particle physics [1,2]: its value constrains the amount of
CP-violating effects in the quark sector [3] and is needed to
predict branching fractions of rare decay processes [4,5].
Semileptonic decays into charmed hadrons offer a clean
avenue to determine |V,|; the decay rate of such proc-
esses is theoretically better understood than purely had-
ronic decays, and measurements of fully leptonic B,
decays will only be possible at future experimental
facilities [6]. Indirect determinations with reasonable
precision via loop processes are also possible [7].
Existing determinations of |V .,| with semileptonic decays
focus either on inclusive decays [8,9] or on exclusive final
states, with B — D*¢v, being the exclusive channel with
the most precise results [10]. The obtained values of |V, |
are, however, only marginally compatible between inclu-
sive and exclusive determinations, exhibiting a tension of
about 30 [11].

In this paper, measurements of normalized differential
distributions of B®—D**£v, and B~ — D*°¢, are pre-
sented.! These distributions provide the necessary exper-
imental input to determine the nonperturbative form factors
governing the strong decay dynamics of the process.
Knowledge of the functional form of the form factors in
combination with information from lattice QCD or other
nonperturbative methods on their absolute normalization,
allow the determination of |V, | using

Verl = \/TBF(B - D*(D,) (1)

Here B denotes an externally measured branching fraction
of the process, I is the predicted decay rate omitting the
CKM factor |V,|%, and 75 is the B meson lifetime.

To maintain a high resolution in the kinematic quantities
of interest and a high signal purity, we make use of the
improved hadronic tagging algorithm of Ref. [12]. This
algorithm hierarchically reconstructs the accompanying
B, meson in the Y(4S) — Bg,By,, decay in O(10000)
exclusive hadronic decay channels and selects candidates
based on a multivariate method. With this the signal B,
kinematic properties are accessible, allowing for the
direct calculation of the four-momentum transfer squared,
q* = (pg — pp+)?, with the B (D*) meson momentum pp
(pp+), and the three angular relations necessary to describe
the full B - D*¢v, decay cascade (illustrated in Fig. 1).
Due to the challenges of determining absolute efficiencies
when using algorithms such as that of Ref. [12], we only
focus on measuring normalized differential shapes. To
determine |V,,| we make use of external inputs for the
branching fraction. We report one-dimensional (1D) pro-
jections of the decay angles and hadronic recoil parameter
w, which are fully corrected for detector effects and

'Charge conjugation is implied and Z = e, p.

FIG. 1. Visualization of the decay angles in B - D*¢v,. For
definitions see text.

efficiencies, and we provide the correlations to allow for
a simultaneous analysis of the decay angles and w in all
considered decay modes.

This paper is organized as follows: Sec. II provides a
brief overview on the theory of B — D*/fD, decays,
including definitions for the measured angular relations
and the hadronic recoil parameter. Sections III and IV
summarize the dataset, event reconstruction, and selection.
Section V describes the background subtraction fit and
Sec. VI the unfolding of detector resolution effects. In
Sec. VII an overview of the evaluated systematic uncer-
tainties is given. Section VIII presents our results and our
conclusions are presented in Sec. IX.

II. THEORY OF B — D*¢v, DECAYS

In the SM, semileptonic B — D*¢/v, decays are medi-
ated by a weak charged current interaction. The dominant
theory uncertainty in predicting the semileptonic decay
rate arises in the description of the hadronic matrix
elements. These matrix elements can be represented in
terms of four independent form factors /4, __ y in the heavy
quark symmetry basis [13]:

(D*|cy*b|B)
\/ Mg p+
(D*|ey*r°b|B)

/M pM p«

= ihye" e vl (2)

= hy (W 1) — hy (e - v)v*
— hy, (€ - v)v'. (3)

Here w=v-1v = (m}+m%. —q*)/(2mgmp.) is the
hadronic recoil parameter, which can be expressed as
the product of the two four-velocities v = py/mp and
v = pp-/mp-. Further, ¢* denotes the D* polarization
vector and £”“? is the Levi-Civita tensor. The form factors
are functions of ¢?, or equivalently w. For # = e, u the
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B — D~ transition can be fully described by the form factor
h,, and the two form factor ratios,

hy + rhy
Ry(w) = #’ (4)
1

hy

R, (w) =-—

1( ) hAl ’
with r* = mp:/mg.

An alternative common choice to describe the B — D*
decay transition is to represent the decay with form factors
g, f, Fy [14,15], which are related to the form factors of the
heavy quark symmetry basis as

f S
h = h = *7 5
A my\/r (w4 1) Vg ®)
F

hy(w=1"=(W=1)R,y) =

iy

The functional forms of the form factors have to be
obtained using fits to differential distributions and/or
to input from nonperturbative methods such as lattice
QCD [16,17]. There are various theoretical approaches
used to parametrize the B — D* form factors.

The BGL parametrization [14,15] makes use of disper-
sive bounds and applies a conformal transformation to
approximate the form factors as a series expansion. The
conformal transformation maximizes the statistical power
of the data by ensuring a fast convergence of the expansion.
Following Refs. [18,19] we introduce the conformal
variable

Zziw (7)
Vw1 +v2

and parametrize the form factors in terms of {a,,b,,c,}
expansion coefficients

n,—1

1

9(z) = P02 ; a,z", (8)
1 n,—1

f(z) :W;bnz ) )
1 n.—1

Fl(z> = PF] (Z>¢F1 (Z) HZ:; ann' (10)

Here n,;,,. denotes the truncation order of the expansion.
Note that ¢ and b are not independent, but are related via

. (mB_mD*)¢F1(O)
C°‘< $,0) )bO' (1)

Further, P;(z) (j = g. f,F,) are Blaschke factors, which
remove poles for the region ¢?/c* < (m3 + m3.), and
¢;(z) are the outer functions [18].

The CLN parametrization [20] applies dispersive bounds
and incorporates quark model inputs from QCD sum rules
to obtain a prediction for a z expansion of hy , with
coefficients depending only on a slope parameter p?, and
normalizations R;>(1). The parametrization incorporates
corrections to R;,(w) up to second order in (w — 1):

ha, (2) = hy, (w=1)(1 = 8p%z + (53p* — 15)22
— (231p* = 91)2%), (12)

Ri(w) =R(1)=0.12(w—1) +0.05(w—1)2,  (13)
Ry(w) = Ry(1) +0.11(w = 1) = 0.06(w — 1)2.  (14)

In the following both of these parametrization are used
to determine |V ;| from our measurements of the one-
dimensional hadronic recoil and decay angle projections
of the B - D*¢v, decay rate. The decay rate is fully
parametrized in terms of w and the three angles introduced
in Fig. 1:

(i) cos@,: The angle between the lepton and the direc-
tion opposite the B meson in the virtual W-boson
rest frame.

(i) cos@y: The angle between the D meson and the
direction opposite the B meson in the D* rest frame.

(iii) y: The azimuthal angle between the two decay

planes spanned by the W — ¢ and D* — D systems
in the B meson rest frame.

III. THE BELLE DETECTOR AND DATASET

We analyze the full Belle dataset of (772 4 10) x 10°
B meson pairs, produced at the KEKB accelerator complex
[21] with a center-of-mass energy of /s = 10.58 GeV at
the Y(4S) resonance. In addition, we use 79 fb~! of
collision data recorded 60 MeV below the T (4S) resonance
peak to derive corrections and carry out cross-checks.

The Belle detector is a large-solid-angle magnetic
spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber (CDC), an array
of aerogel threshold Cerenkov counters (ACC), a barrel-
like arrangement of time-of-flight (TOF) scintillation
counters, and an electromagnetic calorimeter comprised
of CsI(TI) crystals (ECL) located inside a superconducting
solenoid coil that provides a 1.5 T magnetic field. An iron
flux return located outside of the coil is instrumented to
detect K9 mesons and to identify muons (KLM). A more
detailed description of the detector, its layout and perfor-
mance can be found in Ref. [22] and in references therein.

Charged tracks are identified as electron or muon
candidates by combining information from multiple sub-
detectors into a lepton identification likelihood ratio, £; 1p.
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For electrons the identifying features are the ratio of the
energy deposition in the ECL with respect to the recon-
structed track momentum, the energy loss in the CDC, the
shower shape in the ECL, the quality of the geometrical
matching of the track to the shower position in the ECL,
and the photon yield in the ACC [23]. Muon candidates are
identified from charged track trajectories extrapolated to
the outer detector. The identifying features are the differ-
ence between expected and measured penetration depth as
well as the transverse deviation of KLM hits from the
extrapolated trajectory [24]. Charged tracks are identified
as pions or kaons using a likelihood classifier, which
combines information from the CDC, ACC, and TOF
subdetectors. In order to avoid large systematic uncertain-
ties from the efficiencies of reconstructing K mesons, they
are not explicitly reconstructed in what follows. Photons
are identified as energy depositions in the ECL without an
associated track.

We carry out the entire analysis in the Belle II analysis
software framework [25]. The recorded Belle collision data
and simulated Monte Carlo (MC) samples are converted
using the software described in Ref. [26]. MC samples of
B meson decays and nonresonant processes are simulated
using the EvtGen generator [27]. The MC sample sizes
correspond to approximately ten and six times the Belle
integrated luminosity for B meson and continuum decays,
respectively. The interactions of particles traversing the
detector are simulated using GEANT3 [28]. Electromagnetic
final-state radiation (FSR) is simulated using the PHOTOS
[29] package. The efficiencies from the MC simulation
are corrected using data-driven methods. In particular, the
slow pion efficiency, which impacts the slope of the form
factor and the determination of |V,| was determined in
bins of the slow pion momentum, using B — D*z data. We
update the branching fractions for the B — D"**)¢p,
decay modes and the subsequent D*) decays to the latest
values in Ref. [3]. The branching fraction gap between the
inclusive B — X .Zv, decays and the sum-of-exclusive
decays is filled with B — D®)y/5, and B - DWzntp,
decays. The differential distributions for B — D£v, decays
are updated by reweighting the simulated data to the BGL
form factor parametrization obtained from fits provided in
Ref. [30], and for B — D*/v, decays to the form factor
parameters given in Ref. [31]. The decay model for B —
D**¢v, decays is updated to Ref. [32].

IV. EVENT RECONSTRUCTION AND SELECTION

We select a sample of B — D*/v, events with which we
determine the distributions of the kinematic variables w,
cos 6, cos 8y, and y. In the following, B — D*¢D, refers to
all the decay channels considered. When we refer to any
specific decay, the charge of the B or D*) meson is explicitly
stated. We consider both charged and neutral B mesons
with the decay chains B® — D**¢0,, D** — D%z and

Dt - Dtz and B~ — D¢y, with D0 — D%z0,
respectively. The decay D*® — D% has a different
Lorentz structure resulting in different angular distributions,
requiring a dedicated analysis, and is therefore omitted. We
reconstruct the following decays of the D mesons:
Dt > K ntat, Dt > K ztat®, Dt - K ntatntn,
D' - Kizt, DY > Kdn2°, D > Kdz'tnta, DY -
KYK*, D* - K*K-z*, D° - K=z*, D’ - K z*z",
D> K- ztatn~, D°—> K n'ntna’ D°— K3z
D° - K8zta, D’ - Kinxtz~ 2", and D° - K-K*.

Primary charged tracks are required to have impact
parameters dr < 2 cm and |dz| < 4 cm, which are defined
perpendicular to, and along the beam-axis, respectively.
In addition to selecting the primary charged tracks to be
consistent with the interaction point (IP), a transverse
momentum of py > 0.1 GeV/c is required for these tracks.
Muons, electrons, charged pions, kaons and protons are
identified using information from the particle identification
subsystems. Electron (muon) tracks are further required
to have a momenta in the lab frame p'®® > 0.3 GeV/c
(p"® > 0.6 GeV/c). The momenta of particles identified
as electrons are corrected for bremsstrahlung by adding
photons within a 2° cone defined around the electron track
at the point of closest approach to the IP.

Photons are selected with energies of E, > 100, 150, and
50 MeV in the forward endcap (covering the polar angle
(12° < 0 < 31°), backward endcap (132° < 6 < 157°) and
barrel (32° < 6 < 129°) part of the calorimeter, respec-
tively. The z° candidates are reconstructed from photon
pairs and required to have reconstructed invariant mass in
the range 104 MeV/c? to 165 MeV/c?. Additionally, the
difference of the reconstructed z° mass from the nominal
mass of m, = 135 MeV/c? has to be smaller than 3o,
where o is the estimated mass resolution.

K9 mesons are reconstructed from two oppositely
charged tracks and selected with a multivariate method
and within a reconstructed invariant mass window of
398 MeV/c? and 598 MeV/c?. The difference of the
reconstructed K2 mass from the nominal value of m K =

498 MeV/c? has to be smaller than 3¢ of the estimated
mass resolution. A description of the multivariate method
can be found in Ref. [33].

D meson candidates are reconstructed in the sixteen
decays listed above, with mass window selection criteria
depending on the final state particles involved. The z°
daughter particles from these D meson candidates must
have a center-of-mass momentum pSGMS > 0.2 GeV/c,
except for the final state D° — K~z* 7+ 7~ 7°, where this
selection is not applied. To reduce the combinatorial
background, we rank the reconstructed D mesons by the
absolute difference of the reconstructed mass to the
nominal mass (mp+=1.87GeV/c?, mpo = 1.86 GeV/c?)
and select up to ten candidates with the lowest mass
difference.

012002-4



MEASUREMENT OF DIFFERENTIAL DISTRIBUTIONS OF ...

PHYS. REV. D 108, 012002 (2023)

D* mesons are reconstructed in three different decay
channels: D** - D% ., D** - D"z ,, and D*"—
Dz .. We require charged slow pions to have a center-
of-mass momentum smaller than 0.4 GeV/c, and a mass
difference AM(D,D*) = Mp- —Mp to be smaller than
0.155 GeV/c? (0.160 GeV/c?) for D** (D*°) mesons.

We reconstruct By, candidates with the selected D*
candidates and lepton candidate and only impose a loose
selection at this stage and require that the reconstructed
invariant mass lies in the interval [1.0,6.0] GeV/c? to
reduce combinatorial background. We perform a global
decay chain vertex fix using the TreeFitter [34]
implementation, to retrieve a quality indicator for our
candidate particles in the form of the p-value of the vertex
fit, which is used at a later stage. Events that cannot be
fitted successfully are rejected.

JLdt = 71100

MC normalized to data

Entries / (0.06)
Entries /(0.2)

By, mesons candidates are reconstructed using the Full
Event Interpretation (FEI) [12]. We select candidates with a
beam-constrained mass

MyE = \/s/2 = Pag > 5.27 GeV/c?,

and energy difference AE,, = Ey, —/s/2 within the
interval

(15)

—0.15 GeV < AE,, < 0.10 GeV, (16)
with piy = (Epg. Prag) denoting the 4-momentum of the
B, in the center-of-mass frame. Exploiting the clean
environment provided by e*e™ collisions, we impose a
completeness constraint on the event by recombining
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FIG. 2. The differential distributions of the kinematic variables describing the differential decay rate of B - D*#D, are shown in our
four decay modes. The MC expectation was normalized to the number of observed events in data.
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the Y(4S) candidate from a tag- and signal B meson
and require that no additional charged particles are present
in the event. The Y(4S) candidates are reconstructed
of BY,Bug> BliyBuigs BiigBtag> BligBuag» BligBiag combina-
tions and their charge conjugates. The reconstructed
invariant mass of the Y(4S) candidate must be in the
range M) € [7.0,13.0] GeV/c?.

Continuum events are suppressed using event shape
variables, such as the magnitude of the thrust of final-state
particles from both B mesons, the reduced Fox-Wolfram
moment R,, the modified Fox-Wolfram moments [35], and
CLEO Cones [36]. These variables are combined using a
multivariate classifier with an optimized implementation of
gradient-boosted decision trees [37].

We apply a final best candidate selection on all candi-
dates, to reduce the number of candidates in each event to a
single one. We select the candidate with the lowest Egcy,
which is the sum of unassigned photon clusters in the full
event reconstruction. Subsequently, if there is more than
one such candidate, we select the candidate with the
smallest |AE,,|. If this selection remains inconclusive,
we select a random candidate.

V. RECONSTRUCTION OF KINEMATIC
QUANTITIES AND SIGNAL EXTRACTION

After our requirements are applied, the distributions of
the kinematic variables describing the decay are shown
in Fig. 2.

We perform background subtraction with binned like-
lihood fits to the missing mass squared distribution defined as

Mrzniss = p%niss = (pe+e’ — Puag — Pp* — Pf)z, (17)

where the momenta of the colliding e* e~ -pair, the recon-
structed tag side B, the reconstructed signal side D*, and the
signal lepton are denoted as p,+,-, Pug, Pp+» and pg,
respectively.

The resolution of the signal events is underestimated
in the MC and corrected for by smearing the M2,
distribution in the vicinity of the peak close to zero
GeV?/c?. This is achieved by convolving the MC M2,
distribution with an asymmetric Laplace distribution,
whose parameters are optimized to minimize data and
MC disagreements. This procedure increases the root-
mean-square of the MC distribution in the vicinity of the
peak (=0.5 GeV?/c* < M2, < 0.5 GeV?/c*) by approx-
imately 2.8% from 0.197 GeV?/c* to 0.203 GeV?/c* and
behaves similarly for B and B~ decays. The inclusive
distribution after the correction for the B° and B~ modes is
shown in Fig. 3.

Likelihood fits are carried out separately for B® and B~
candidates, and for e and x modes, in bins of w and the
decay angles in order to determine the B — D*£v, signal
yields in the chosen bins by subtracting the background
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FIG. 3. The reconstructed M.  distribution after our final

miss
selection for the B’ — D**£p, (top) channel and the B~ —
D*%¢p, (bottom) channel. In this plot we average over the
electron and muon modes. The gray dotted vertical lines indicate
the binning used for the signal extraction described in the text.

yields. We choose ten equidistant bins with a width of 0.05
for w € [1, 1.5] and widen the last bin to recover all events
outside of the physical region due to resolution effects and
to be insensitive to lepton mass effects. The ten bins in each
of the three angular variables cos 8,, cos 8y, and y are also
chosen with equidistant binning. In total 4 x 40 = 160
separate fits are carried out.

The likelihood function for a given fit is constructed
from the product of individual Poisson distributions P and
nuisance-parameter (NP) constraints Gy,

bins systematics

L= HP(n,-;vi) < I 95 (18)
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FIG. 4. The postfit M2

miss

in the 1 <w < 1.05 bin.

distribution in the B — D*ep, mode,

with n; denoting the number of observed data events

and v; the total number of expected events in a given

bin i. The treatment of the systematics with nuisance
parameters is discussed in detail in Sec. VII. We divide
the M2. . spectrum into 5 bins with the bin edges at

[-1.0,-0.25,0.25,0.75, 1.25,2.0] GeV?/c*. This coarse

binning is chosen to reduce the sensitivity to resolution

effects in the peak region to negligible level.
We split the simulated data into two categories to define
the templates used in the fit:

— Signal is defined to be a MC truth matched lepton
originating from a semileptonic B — D*(v,,0 = e, p
decay. The D* meson does not have to be correctly
reconstructed for the B to be considered a signal
candidate, but it has to decay into a Dz final state.

— Background includes: B — D*(— Dy)lp, with [ = e, p
decays, B — DIy, with [ = e, u, v decays, B — D*tm,
decays, B — D**¢v, decays, hadronic background
where the reconstructed lepton is a misidentified kaon
or pion, other processes from B decays, and continuum.

The number of expected events in a given bin, v;, is

estimated using MC simulation,

processes

Vi = Z Skt (19)

k

with 7, the total number of events from a given template
k = {Signal, Background} with the fraction f; of such
events being reconstructed in the bin i. The likelihood
Eq. (18) is numerically maximized using IMINUIT [38,39] to
fit the number of expected events in the two categories, 7;,
using the observed events.

An example fit is shown in Fig. 4 for the 1 <w < 1.05
bin. The goodness-of-fit of likelihoods can be calculated in
the large sample limit [40] with

Belle

T x2/ndf=2.06/4 — U1

] = Post-Fit
40
» 30
@ ]
e ]
Y0 1
10
0

0.0 0.2 0.4 0.6 0.8 1.0

p Value
FIG. 5. The p-value distribution for the 160 fits performed in

different decay channels and kinematic regions. The distribution
is compatible with the expected uniform behavior.

xp =2

N
i=0

(n,. log 24 p, — n,.), (20)
vi

where 7; is the estimated number of events in bin i. The
p-value is calculated as

" £ (el = 3)dx, (21)

1p

with k =3 degrees of freedom and f,. denoting the I a
distribution. The corresponding p-value distribution for all
160 fits is shown in Fig. 5 and is compatible with the
expected uniform behavior.

We determine the statistical correlation between the
marginalized distributions of the full four-dimensional rate
by considering:

(1) The statistical correlation of the data.

(2) The sample overlap in the MC distributions and

the systematic uncertainties on the signal and back-

ground shapes on M2 . This is used to correlate
the fit shape uncertainties between measured bins
associated with the finite sample size of the MC
simulation.

(3) Other systematic shape uncertainties, discussed
further in Sec. VII, are negligibly small and we
treat them as fully correlated between individually
measured bins.

The statistical correlation of the data between different
bins of different observables is determined by sampling
with replacement from the selected recorded data and
repeated fits to resolve Pearson correlation coefficients
as small as rg,, =~ 0.01. For cases without statistical over-
lap, e.g. neighboring bins in the same marginal distribution,
we set the correlation to zero.

We further determine the expected correlation in the MC
distributions by using the sample overlap
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n

xy
'mMc = (22)

/Ty
in the peak region —0.25GeV?/c*<M2. <0.25GeV?/c*.

Here, n,, refers to the number of events in a given bin of an
observable x,y = w, cos 6, cos Oy, y and n,, refers to the
events that are in both bins of both observables under
consideration.

VI. UNFOLDING OF DIFFERENTIAL YIELDS

Detector resolution and mis-reconstructed D* mesons
causes migrations of events into neighboring bins in the
kinematic distributions. These effects must be taken into
account in order to compare the measured distribution with
a theoretical distribution. We proceed by unfolding our
measured spectrum, but also provide all components
necessary to forward fold a theoretical distribution.

The migrations can be quantified by determining a
detector response matrix R, which encodes the probability
P of an event within a generated bin to migrate into a
reconstructed bin,

R;; = P(reco bini|generated bin j). (23)

These matrices are determined for each of the four decay
modes individually using simulated events, and illustrated
for the B" — D*e, decay mode in Fig. 6. The response
matrices are dominated by diagonal entries and exhibit a
similar structure in each of the four modes.

We unfold the signal yields determined in Sec. V using
matrix inversion. This produces the best linear unbiased
maximum likelihood estimator given by

=R, (24)

with 7 being our estimated background subtracted yields.

We correct for acceptance effects, and reverse the impact
of FSR photons from PHOTOS on the measured distribu-
tions. The acceptance functions for all modes are shown
in Fig. 7.

We find the shapes in the kinematic quantities, shown in
Fig. 8 and tabulated in Table I, after correcting our back-
ground subtracted yields for the migration and acceptance.

The self-consistency of the measurements are checked
by calculating averages of pairs of distributions, and by
comparing all four distributions, taking their covariance
matrices into account. The averaged spectrum j is calcu-
lated using a y* defined as

= ((%:)m—ﬁ)c;p((%f)m—ﬁ)T, 5)

with the measured normalized partial decay rates (Af/ rm
in bins of w and the helicity angles. We ignore the effects of
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FIG. 6. Migration matrices for the B® — D*ep, mode, for the
four marginal distributions: w, cos,, cos 8y, y. These matrices
transform the reconstructed to the generated quantity.
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FIG. 7. Acceptance functions for the four decay modes. As
expected there are differences for charged and neutral B mesons,
due to the charged and neutral slow pion reconstruction. The
uncertainty on the acceptance is statistical only and calculated
using normal approximation intervals. Additional systematic
uncertainties are considered, for details see the text.

the different B° and B~ masses, which are significantly
smaller than the measured uncertainties on our shapes.
We calculate the average of the electron and muon modes
for the neutral (charged) decay mode B’ — D**¢p,
(B~ — D*%¢1,), the neutral and charged B meson modes
for the electron (muon) decay mode B~ — D*(+0¢p,
(B - D**0up,), and for all decay modes B —
D*¢,. Details (y*/ndf and p-values) are listed in Table II.

VII. SYSTEMATIC UNCERTAINTIES

For the M2, fits we studied uncertainties originating
from the branching fractions and form factor parametriza-
tions of the B — D*¢v, and B — D¢v, decays in our
simulated events, the uncertainty from the overall limited
MC statistics, the lepton identification efficiency, the

efficiencies for reconstruction of tracks, neutral pions, slow

w cos 6, cos 6
0.25 ' v X

V 60" te,
@ 8%D i,
@ B--D"ei,
8

B~ -D"Oub,

0.20 1

0.15 1 #

*:*g " gJ{ Al

(M) 1/rdr/dx

FIG. 8. Shapes for the four decay modes using matrix inversion
to correct for the migrations and applying the acceptance
correction.

pions, and Kg mesons, and the uncertainties of the
parameters describing the resolution smearing function.
The numerical values for the individual contributions of
the uncertainties to the normalized shapes are listed in
Appendix A.

The effect of systematic uncertainties is directly incor-
porated into the likelihood function in Eq. (18). For this we
introduce a vector of nuisance parameters, 8,, for each fit
template k. Each vector element represents one bin. The
nuisance parameters are constrained in the likelihood using
multivariate Gaussian distributions G, = G(0;6,, %),
with X; denoting the systematic covariance matrix for a
given template k. The systematic covariance is constructed
from the sum over all possible uncertainty sources affecting
a template £, i.e.

error sources
Zk = Z stv (26)

A

with X, the covariance matrix of error source s.

The impact of nuisance parameters is included in
Eq. (19) as follows. The fractions f;; for all templates
are rewritten as

e e (14 0y)
fik - MC - MC 1 0 ’ (27)
DM o (L+65)

to take into account shape uncertainties. Here 6, represents
the nuisance parameter vector element of bin i and n?ﬁc the
expected number of events in the same bin for event type k
as estimated from the simulation. The systematic effects on
the shape of M2 have a small impact on the yields in
M2, . with the largest uncertainty from the finite sample
size of the simulated MC templates.

For the unfolding and acceptance correction procedure
we consider uncertainties originating from the D decay
branching fractions, the B — D*¢v, form factors, the
limited MC statistics, the lepton identification efficiency,
and the efficiencies for reconstruction of tracks, neutral
pions, slow pions, and Kg mesons. The impact of these
systematic effects on the unfolding and acceptance cor-
rection is determined by varying the MC sample used
to determine the migration matrices and acceptance
function within the uncertainty of the given systematic
effect, and repeating the unfolding and acceptance cor-
rection procedure.

The calibration factors for the FEI are determined from a
study of hadronically tagged inclusive B — X .£7, decays.
The study is performed in bins of the FEI signal probability,
which indicates the assigned quality of reconstruction for
each By,, candidate by the algorithm and in individual tag-
side channels. In total 34 groups of channels are calibrated
with a channel-dependent granularity of the FEI signal
probability ranging from 1 to 19 depending on the number
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TABLE I. Normalized partial branching ratios AI" in the observed bin Ax and the corresponding uncertainties for all channels and
projections.

B - D**ep, B® > D** b, B~ — D*%ep, B~ - D*up,

Projection Bin AT’/ Ax c AT’/ Ax c AT’/ Ax 1 AT’/ Ax c
w [1.00, 1.05) 0.059 0.010 0.053 0.010 0.066 0.006 0.056 0.005
[1.05, 1.10) 0.094 0.015 0.108 0.015 0.097 0.008 0.089 0.007
[1.10, 1.15) 0.108 0.014 0.084 0.013 0.112 0.009 0.143 0.009
[1.15, 1.20) 0.126 0.013 0.122 0.013 0.131 0.010 0.132 0.009
[1.20, 1.25) 0.120 0.012 0.125 0.011 0.099 0.010 0.117 0.009
[1.25, 1.30) 0.126 0.012 0.110 0.011 0.124 0.011 0.111 0.010
[1.30, 1.35) 0.104 0.010 0.117 0.010 0.099 0.010 0.098 0.010
[1.35, 1.40) 0.093 0.010 0.089 0.009 0.086 0.010 0.084 0.009
[1.40, 1.45) 0.097 0.009 0.092 0.010 0.107 0.011 0.093 0.011
[1.45, 1.51) 0.073 0.008 0.101 0.010 0.079 0.009 0.075 0.011
cos b, [-1.00, —0.80) 0.034 0.008 0.038 0.009 0.038 0.006 0.039 0.006
[-0.80, —0.60) 0.061 0.009 0.041 0.012 0.061 0.007 0.061 0.008
[—0.60, —0.40) 0.072 0.012 0.069 0.013 0.093 0.010 0.087 0.010
[-0.40, —0.20) 0.108 0.014 0.097 0.014 0.074 0.011 0.109 0.011
[-0.20, 0.00) 0.116 0.015 0.114 0.015 0.117 0.013 0.083 0.011
[0.00, 0.20) 0.088 0.015 0.112 0.015 0.112 0.013 0.132 0.012
[0.20, 0.40) 0.141 0.015 0.126 0.015 0.130 0.013 0.139 0.012
[0.40, 0.60) 0.128 0.015 0.143 0.014 0.134 0.013 0.109 0.011
[0.60, 0.80) 0.123 0.013 0.126 0.012 0.126 0.011 0.121 0.009
[0.80, 1.00) 0.129 0.010 0.134 0.010 0.116 0.008 0.121 0.008
cos Oy [—1.00, —0.80) 0.128 0.009 0.132 0.009 0.142 0.012 0.151 0.011
[—0.80, —0.60) 0.122 0.010 0.102 0.009 0.119 0.013 0.105 0.014
[—0.60, —0.40) 0.090 0.010 0.105 0.011 0.092 0.014 0.093 0.013
[-0.40, —0.20) 0.092 0.012 0.065 0.011 0.078 0.016 0.093 0.014
[-0.20, 0.00) 0.091 0.014 0.094 0.013 0.083 0.016 0.078 0.014
[0.00, 0.20) 0.064 0.014 0.061 0.012 0.075 0.017 0.058 0.014
[0.20, 0.40) 0.092 0.016 0.077 0.016 0.082 0.017 0.087 0.015
[0.40, 0.60) 0.099 0.017 0.096 0.018 0.084 0.016 0.086 0.016
[0.60, 0.80) 0.072 0.019 0.123 0.020 0.117 0.016 0.114 0.015
[0.80, 1.00) 0.150 0.020 0.144 0.020 0.128 0.013 0.136 0.013
X [0.00, 0.63) 0.093 0.014 0.078 0.012 0.100 0.014 0.065 0.013
[0.63, 1.26) 0.084 0.013 0.081 0.012 0.087 0.014 0.091 0.014
[1.26, 1.88) 0.104 0.013 0.123 0.013 0.128 0.015 0.122 0.014
[1.88, 2.51) 0.119 0.013 0.095 0.013 0.086 0.014 0.110 0.014
[2.51, 3.14) 0.065 0.011 0.080 0.012 0.098 0.015 0.092 0.013
[3.14, 3.77) 0.106 0.012 0.096 0.011 0.086 0.015 0.101 0.013
[3.77, 4.40) 0.114 0.013 0.109 0.013 0.084 0.014 0.095 0.014
[4.40, 5.03) 0.113 0.013 0.131 0.014 0.151 0.015 0.124 0.014
[5.03, 5.65) 0.104 0.013 0.112 0.014 0.092 0.014 0.103 0.014
[5.65, 6.28) 0.098 0.014 0.094 0.014 0.088 0.015 0.097 0.014

TABLE II. The compatibility of the measurements from the different decay modes determined with the statistical and systematic
covariance matrix and the statistical covariance matrix only. All modes agree well with each other.

7 /d.of. p X /d0.f. Pstat
B — D*¢p, 96.3/108 0.78 102.1/108 0.64
B = D*¢p, 26.2/36 0.89 27.7/36 0.84
B~ — D*¢5, 31.4/36 0.69 33.0/36 0.61
BO-) o D*+0)ep, 27.0/36 0.86 28.7/36 0.80
BO-) = pr+-0p, 42.2/36 0.22 44.8/36 0.15
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of tag candidates. The calibration factors are defined as the
ratio of expected and measured number of events in each
bin. The expected number of events are determined using
the latest PDG average of the inclusive branching fraction
B(B — Xt¢v,) = (10.1 £ 0.4)% and B(B~ — X%¢0,) =
(10.8 £0.4)% [3]. The absolute efficiency of the FEI
cancels in the measurement of the shapes. The impact of
the FEI on the measured shapes is determined by weighting
the events after removing FEI calibration factors and
determining the difference after applying unfolding and
acceptance correction. We treat this uncertainty as fully
correlated.

VIIL. DETERMINATION OF THE FORM FACTORS
AND IMPLICATIONS ON |V,,|

We use the averaged B — D*¢D, shapes to fit the BGL
and CLN form factor parametrizations to the data. We
minimize the > defined by

= ((AT\™ (AT
- ((v) - (vw)
)(2 — gchlpgr + (cht _ l—'p()—c’))Z/G(Fext)Z
+ (R () = ) Crbep (B (%) = 13 *P),

(28)

with the measured (predicted) normalized partial decay

rates (AT'/T")™(®) in bins of w and the helicity angles, where
the predicted rate is a function of the form factor coefficients
X and |V,,|. The rate is calculated assuming the meson
masses of mp = 5.28 GeV and mp- = 2.01 GeV, and the
lepton as massless. The quantity TPX) is the predicted
(externally measured) absolute rate. We rely on an externally
measured absolute rate due to the challenges of determining

absolute efficiencies of the FEI. The predicted (LQCD)

form factors hg)((LQCD) depend on the fit scenario and are

discussed in more detail below. Cey, (Crocp) is the covari-
ance matrix of the experimental (lattice) data.

We rely on external branching fractions provided by
HFLAV [11] to determine |V |:

B(B~ — D*¢5,) = (558 £0.22)%.  (29)

B(B® - D**¢p,) = (4.97 £ 0.12)%. (30)
We combine these branching fractions assuming isospin
and by using the B*/0 lifetimes 75 = 1.520 ps and 75 =
1.638 ps from Ref. [3]. Expressing this average as a B°
branching fraction we find

B(B® — D**¢0,) = (5.03+£0.10)%.  (31)

The form factor normalization is constrained at zero
recoil with iy = hy (1) = 0.906 £ 0.013 using the result

w cos 6, cos By X

2.00

BGLs3, (LQCD)
CLN
1.754 BGLis

® B-D'Iy

BGLyz Fit CLN Fit
X/ ndf =452/33 X2/ ndf = 46.6 / 33
p=008 p =006

BGLs32 LQCD
Xx?/ ndf = 46.0/ 36
p=012

(M) 1/rdr/dx
o o =
v ~ o
o w o
=
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S
S
o
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{ ]
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FIG. 9. The fitted shapes for both BGL,; (blue) and CLN
(orange) parametrization. The subscript in the BGL fit denotes
the number of free parameters n,, n,, and n, — 1. Both para-
metrizations are able to explain the data, and are compatible with
each other. Note that the BGL (blue) band almost completely
overlays the CLN (orange) band. The green band is the prediction
using BGL coefficients from lattice QCD calculations in [16].

from MILC in Ref. [17] for our nominal-fit scenario. For
the BGL form factor fit, we truncate the series based on the
result of a nested hypothesis test (NHT) [41] with the
additional constraint that the inclusion of additional coef-
ficients do not result in correlations larger than » = 0.95.
This leads to the choice of n, =1, n, =2, n. =2,
resulting in four free parameters due to the constraint for
¢o defined in Eq. (11). More details about the NHT can be
found in Appendix B. For the CLN type parametrization we
determine three coefficients: p?, R;(1), and R,(1).

Both form factor parametrizations are able to describe
the data with p-values of 8% and 6% for BGL and CLN,
respectively, and the extracted |V ;| values of both deter-
minations are compatible. The fitted shapes are shown in
Fig. 9 (red and blue bands) and the numerical values for the
coefficients and |V ,| are listed in Tables III and IV for
BGL and CLN, respectively. In the figure we also show the
recent beyond zero-recoil prediction of MILC in Ref. [16]
as a green band. Its agreement with the measured spectra
has a p-value of 12%. We also perform fits to our measured
B and B~ shapes separately, with the corresponding
external branching fraction input. The results are compat-
ible with each other, and the individual extracted |V |

TABLE III.  Fitted BGL,; coefficients and correlations.
Value Correlation

ag x 103 2592+149 1.00 024 -0.23 0.27 -0.30

by x 103 13.11+£0.18 024 1.00 -0.01-0.02 -0.60

b, x 10> —8.72+13.48-0.23 —-0.01 1.00 0.30 -0.51

¢ x 103 -1.20£1.03 0.27 -0.02 030 1.00 —0.52

[V x 103 40.67 £0.95 -0.30 —0.60 —0.51 =0.52  1.00
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TABLE IV. Fitted CLN coefficients and correlations.

Value Correlation
p? 1.22£0.10 1.00 0.57 —0.88 0.40
R (1) 1.37+£0.09 0.57 1.00 -0.66 —0.02
R,(1) 0.89 £0.07 —-0.88 —0.66 1.00 -0.15
|V | % 100 40204+0.88 040 -0.02 -0.15 1.00

TABLE V. Extracted |V,| x 10 values with our fitted form
factor coefficients to the averaged B~ — D*#v, B* — D*#v, and
B — D*¢v, shapes, with the external input for the absolute

branching fractions described in the text, and our nominal
scenario for the lattice input: /14, (1) = 0.906 £ 0.013 from [17].

BGL,, CLN
B~ — D*¢p, 423+13 418412
B > D**¢1, 38.6+13 383+ 1.1
B — D*¢i, 40.7 +0.9 402 +0.9

values are listed in Table V. We observe a discrepancy
between the |V,,| values from the charged- and neutral-
only fits (p = 4%). Using the averaged branching ratio in
Eq. (31) as input for the individual fits, instead of the
respective charged and neutral branching ratios, and com-
paring the full set of BGL coefficients and |V, | we recover
a p-value of 18%.

Additionally, we tested explicitly the impact of the
d’Agostini bias [42] on the reported results. The impact
of this bias on our quoted values of |V_,| and the form
factor parameters is approximately a factor of 30 smaller
than the quoted uncertainties and we thus do not apply an
additional correction.

We also test the impact of the lattice results from MILC
that constrain the B — D* form factors beyond zero recoil
of Ref. [16] using two scenarios:

(1) Inclusion of i4, beyond zero recoil: hy=h, (w), and

(2) Inclusion of the full Ilattice information: hy =

hx(w) = {ha, (W), Ry (w), Ry(w)},
where we consider the points at w = {1.03, 1.10, 1.17} and
use the provided correlations between the lattice data
points. We translate the lattice data points and propagate
their uncertainty and correlation into predictions of
Ry(w) = (w+ 1)mpmp-g(w)/f(w) and Ry(w) = (w —r)/
(w=1) = Fi(w)/(mp(w —1)f(w)) with r = mp- /mp.

Including lattice points for /1, beyond zero-recoil results
in a good fit (pggL = 11%, pcin = 9%) compatible with
our nominal scenario. Including the full lattice information
results in a poor fit (pggL = 2%, pcin = 2%), where the
disagreement is predominantly generated in R,(w). The
extracted |V | values in the different lattice scenarios are
compatible with each other, as shown in Table VI. We also
investigate the beyond zero-recoil lattice data for an
equivalent number of BGL coefficients n, = 3, n, = 3,

TABLE VI. Extracted |V | x 103 values with our fitted form
factor coefficients to the averaged B — D*/v, shape, with the
external input for the absolute branching fractions described in
the text, and different scenarios for the lattice input.

BGL,5, CLN
I, (1) 40.7 +0.9 40.2 +0.9
hy, (W) 403+ 1.0 40.0 0.9
ha, (W), Ry(w), Ry(w) 39.4+0.8 39.5+0.9

n. = 3 as used in Ref. [16]. We find a much higher value of
|Vep| = (42.78 £ 1.00) x 1073 with a p-value of 6%. The
full details of the fit can be found in Appendix C.

Using on our measured cos 8, shapes we determine the
forward-backward asymmetry over the full w phase space,

cos, cos, — [, dcos, cos,

[l dcos,dr/d 0, dcos, dI'/d

~ [Tdcos, cos, + [ dcos, cos,’
Tdcos, dI'/d 0 dcos, dI'/d

AFB (32)

by summing the last five and first five bins in the measured
shape of cos 8, considering the correlations of the uncer-
tainties. We also determine the differences

AApy = Apg — Afp- (33)

The numerical values are tabulated in Tables VII and VIII
for Apg and AAgg, respectively.

Using our measured cos6y, shapes we determine
the longitudinal polarization fraction FP" by fitting the
relation [43]

TABLE VIL.  The forward-backward asymmetries for the four
decay modes and B°B~ averages. The first uncertainty is
statistical and the second uncertainty is systematic.

Arp
BY —» D**ep, 0.218 +0.030 £ 0.009
B’ > D**up, 0.281 4+ 0.032 £ 0.007
B~ — D¥%p, 0.234 £+ 0.026 £ 0.006
B~ — D*O;u?” 0.243 £ 0.026 + 0.006
B0-) = p*(+0ep, 0.227 £ 0.020 = 0.006
BO-) D*(“’),uz?# 0.256 £ 0.020 £ 0.005

TABLE VIII. The difference of the forward-backward asym-
metries for the B and B~ modes, and for the B’B~ averages. The
first uncertainty is statistical and the second uncertainty is
systematic.

AAgg
BY - D** ¢, 0.063 +0.044 £ 0.012
B~ — D¢, 0.008 £+ 0.037 £ 0.009
B — D*¢v, 0.028 4 0.028 £ 0.008
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FIG. 10. A representative fit of the longitudinal polarization
fraction to the cos @y shape of the average spectrum B — D*£1,.
The green band is the prediction using the BGL coefficients from
lattice QCD calculations from [16]. The blue band is our fit result.
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I"'dcos 6y 2( L cos™Cy +

L sin? 9V>. (34)

The fit to the fully averaged spectrum, together with the
expectation from LQCD (green band) using Ref. [16], is
shown in Fig. 10. We also determine the differences

AF, = F! — F¢. (35)

The numerical values are tabulated in Tables IX and X for
F; and AF; respectively.
Finally, we determine the lepton-flavor universality ratios

B(B — D*ev,)

R, = B2 )
“#  B(B— D*ub,)

(36)

where we assume that the efficiency from the tag side
reconstruction fully cancels in the ratio. The numerical
values are tabulated in Table XI.

TABLE IX. The longitudinal polarization fractions for the four
decay modes and various averages. The first uncertainty is
statistical and the second uncertainty is systematic.

D
Fr

BY - D**ep, 0.471 4 0.024 4+ 0.007

BY — D**up, 0.504 £ 0.023 £ 0.007
B~ — D*%p, 0.505 £ 0.027 £ 0.006
B~ — D*O,m?ﬂ 0.522 +0.025 £ 0.007

0.485 £ 0.018 £ 0.005
0.515 £ 0.017 £ 0.005

BO7) — p+0ep,
B - p*0yp,

BY - D** ¢, 0.487 £ 0.017 £ 0.005
B~ — D*¢p, 0.514 £ 0.018 £ 0.005
B — D*¢i, 0.502 £ 0.012 + 0.004

TABLE X. The difference of the longitudinal polarization
fractions for the B® and B~ modes, and for the BB~ averages.
The first uncertainty is statistical and the second uncertainty is
systematics.

AFY
B - D**¢p, 0.033 £0.033 £ 0.010
B~ - D*%¢p, 0.017 £ 0.037 = 0.009
B — D*¢v, 0.030 £ 0.025 £+ 0.007
TABLE XI.  The lepton-flavor universality ratios for the B® and

B~ modes, and for the B’B~ average. The first uncertainty is
statistical and the second uncertainty is systematic.

R,
BY - D** ¢, 1.011 £0.035 £ 0.024
B~ - D¢, 0.976 +0.029 £ 0.023
B — D*¢v, 0.993 +0.023 £ 0.023

IX. SUMMARY AND CONCLUSIONS

We presented measurements of differential distributions
of B — D*¢, decays probing both B® and B~ modes. In
total, we measure the signal yield in 160 differential bins,
characterizing the 1D projections of the hadronic recoil
parameter w, and the angles cos@,, cosfy, and y. In
addition, the full experimental correlations between the
projections were determined, allowing for a simultaneous
analysis of all bins. The Ilattice QCD calculation of
Ref. [17] (MILC Collaboration) at zero recoil was used
for the |V,,| extraction. The value of the CKM matrix
element |V, | was determined using external input for the
branching fraction and we find for our fit with the CLN
parametrization and the BGL parametrization, with the
number of floating BGL parameters determined using a
nested-hypothesis test,

Vo lon = (40.2 £ 0.9) x 1073, (37)
|V(,‘h|BGL — (407 i 10) X 10_3, (38)

in agreement with the two currently most precise |V.,|
determinations from inclusive determinations [8,9] and the
latest HFLAV average of exclusive determinations [44]. A
study of the recent lattice QCD calculations from Ref. [16]
was performed, and the impact on |V, | is shown in Fig. 11,
together with other determinations of |V ]

The measured differential distribution of cos €, is used to
determine the forward-backward asymmetry Apg for elec-
tron and muon final states, as well as their difference. We
find values that are compatible with the prediction from
lattice QCD from Ref. [16], the prediction based on heavy
quark effective theory from Ref. [45], and the experimental
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—_— Excl. BGL121 W/ ha,(1)
—_———— Excl. CLN W/ hay(1)
—_— Excl. BGLi21 W/ ha,(w)
P Excl. CLN W/ ha,(w)
—_——— Excl. BGLi21 W/ ha,(w), Ri(w), Rz (w)
—_— Excl. CLN  w/ ha,(w), R1(w), Rz2(w)
—_— Excl. CLN HFLAV Summer 2021
Incl. E;, mx Moment —
Incl. g2 Moment — o——
CKM Unitarity —_—
37 38 39 40 a 42 43 a4 45
|Vep| x 103
FIG. 11. Our extracted |V.,| values using the lattice input

from Ref. [17] (black) and Ref. [16] (blue), together with the
latest exclusive HFLAV average [44] (purple), determinations
from inclusive approaches [8,9] (orange), and from CKM
unitarity (gray).

value from Ref. [46] determined in Ref. [47]. Similarly the
longitudinal D* polarization fraction can be determined
from the measured distribution of cos 8y, and we find good
agreement with Refs. [16,45,47]. Finally, we obtain the
lepton-flavor universality ratio

B(B — D*er,)

R, =————=
*  B(B— D*ub,)

=0.993 £0.023 £+ 0.023, (39)

which is in good agreement with Refs. [45,47].
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APPENDIX A: SYSTEMATIC TABLES

Tables XII-XV, provide the individual contributions of
each uncertainty to the normalized shape of B® — D*er,,
B’ - D*up,, B~ — D*eb,, and B~ — D*ub,. The col-
umns in the tables are the total uncertainty, the uncertainty
from the M2.__ fits, from the B — D*¢v, form factors, from

miss
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TABLE XII. Uncertainties in % for the B — D*ei, channel.

Total M2 fit Unfolding and acceptance

miss

MC FEI

Projection Bin FF(B—D*¢v,) B(D-X) statistics €(7go,) €(LID) €(n°) e(Tracking) e(K%) shape
w [1.00, 1.05) 17.50 16.65 1.48 1.04 4.91 0.85 0.32  0.19 0.09 0.02 0.81
[1.05, 1.10) 16.27 15.76 0.63 1.01 3.78 0.64 020 0.14 0.07 0.01 046

[1.10, 1.15) 13.38 13.08 0.46 0.40 2.74 0.20 0.15 0.10 0.04 0.01 0.21

[1.15, 1.20) 10.54 10.09 0.52 0.16 2.98 0.12 0.09  0.02 0.00 0.02 0.31

[1.20, 1.25) 10.01 9.69 0.52 0.17 243 0.17 0.04  0.01 0.00 0.00 0.29

[1.25, 1.30) 942  9.11 0.59 0.23 2.29 0.17 0.05 0.05 0.03 0.01 0.18

[1.30, 1.35) 9.87  9.50 0.41 0.40 2.57 0.24 0.10  0.08 0.02 0.01 041

[1.35, 1.40) 10.33 10.05 0.23 0.45 2.28 0.25 0.18  0.08 0.03 0.01 041

[1.40, 1.45) 9.62  9.33 0.61 0.40 2.19 0.29 021 0.10 0.03 0.01 0.06

[1.45, 1.50) 10.86 10.58 1.43 0.60 1.86 0.34 0.25  0.09 0.04 0.02 0.01

cosb, [-1.00, —0.80) 24.22 23.61 2.19 0.23 4.79 0.17 0.89  0.04 0.01 0.01 0.73
[-0.80, —0.60) 15.05 14.63 0.58 0.15 3.37 0.09 0.81  0.05 0.01 0.00 0.27

[-0.60, —0.40) 16.92 16.39 0.40 0.11 4.06 0.09 0.80  0.02 0.00 0.01 0.48

[-0.40, —0.20) 1297 12.64 0.30 0.09 2.84 0.06 047 0.03 0.00 0.00 0.07

[-0.20, 0.00) 12.97 12.60 0.35 0.12 2.85 0.10 0.16 0.01 0.01 0.01 0.97

[0.00, 0.20) 17.44 16.88 0.46 0.12 4.15 0.08 0.33  0.00 0.02 0.01 1.19

[0.20, 0.40) 10.94 10.64 0.41 0.13 2.46 0.03 0.32  0.05 0.01 0.00 0.38

[0.40, 0.60) 11.57 11.24 0.32 0.06 2.71 0.07 0.37 0.01 0.01 0.01 0.31

[0.60, 0.80) 10.51 10.11 0.39 0.10 2.80 0.04 0.34  0.05 0.00 0.01 0.25

[0.80, 1.00) 8.00 7.64 1.02 0.06 2.11 0.06 0.34 0.01 0.00 0.00 0.01

cos Oy [-1.00, —0.80) 6.66  6.44 0.41 0.50 1.54 0.33 0.12  0.09 0.04 0.00 0.02
[-0.80, —0.60) 8.24  7.88 0.74 0.39 2.22 0.28 0.06  0.05 0.04 0.00 0.24

[-0.60, —0.40) 11.30 10.97 0.69 0.48 2.56 0.27 0.04  0.07 0.03 0.00 0.08

[-0.40, —0.20) 1297 12.54 0.47 0.31 3.26 0.24 0.02  0.04 0.03 0.01 0.01

[-0.20, 0.00) 14.95 14.43 1.16 0.26 3.72 0.16 0.17  0.08 0.02 0.01 0.25

[0.00, 0.20) 21.68 21.01 1.14 0.17 5.20 0.20 0.08 0.06 0.02 0.01 021

[0.20, 0.40) 17.48 16.95 0.52 0.30 4.21 0.16 0.14  0.05 0.00 0.02 0.35

[0.40, 0.60) 17.02 16.44 0.79 0.16 4.32 0.23 0.02  0.02 0.02 0.01 0.28

[0.60, 0.80) 26.78 26.30 0.41 0.56 5.00 0.43 0.08  0.10 0.05 0.01 0.35

[0.80, 1.00) 13.60 13.19 0.33 0.92 3.08 0.58 0.12  0.20 0.06 0.01 0.02

X [0.00, 0.63) 1548 15.11 0.34 0.23 3.36 0.10 0.09  0.02 0.00 0.01 0.17
[0.63, 1.26) 15.11 14.67 0.27 0.23 3.61 0.08 0.01  0.00 0.01 0.01 043

[1.26, 1.88) 12.66 12.34 0.41 0.15 2.79 0.05 0.04 0.01 0.01 0.01 0.24

[1.88,2.51) 10.54 10.21 0.18 0.09 2.54 0.06 0.01  0.02 0.00 0.01 0.58

[2.51, 3.14) 16.15 15.70 0.55 0.20 3.69 0.06 0.05 0.07 0.01 0.01 0.58

[3.14,3.77) 1141 11.02 0.58 0.16 2.89 0.06 0.09 0.01 0.03 0.01 0.20

[3.77,4.40) 11.74 11.40 0.17 0.05 2.83 0.10 0.01  0.01 0.00 0.00 0.01

[4.40,5.03) 11.70 11.32 0.35 0.10 2.95 0.07 0.01 0.03 0.00 0.00 0.31

[5.03,5.65) 12.11 11.83 0.29 0.10 2.57 0.06 0.04 0.00 0.01 0.00 0.04

[5.65, 6.28) 14.07 13.63 0.31 0.08 3.44 0.10 0.05  0.00 0.02 0.00 0.21
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TABLE XIII. Uncertainties in % for the B — D*up, channel.

Unfolding and acceptance

Total M2, fit
MC FEI
Projection Bin FF(B-D*¢v,) B(D — X) statistics €(7yoy) €(LID) €(z°) e(Tracking) e(K%) shape
w [1.00, 1.05) 18.17 17.54 1.52 0.99 4.29 0.64 0.19 0.23 0.07 0.02 0.54
[1.05, 1.10) 13.83 13.25 0.62 1.01 3.68 0.64 0.08 022 0.08 0.01 0.36
[1.10, 1.15) 15.46 1497 0.52 0.52 3.73 0.33 020 0.09 0.05 0.01 0.64
[1.15, 1.20) 1031  9.96 0.56 0.09 2.58 0.13 0.05 0.01 0.01 0.00 0.14
[1.20, 1.25) 9.22 895 0.61 0.17 2.14 0.13 0.01 0.04 0.02 0.00 0.12
[1.25,1.30) 9.73 942 0.61 0.27 2.32 0.16 0.01 0.05 0.02 0.01 0.11
[1.30, 1.35) 8.81 8.57 0.38 0.34 1.99 0.24 0.06 0.05 0.02 0.01 0.11
[1.35, 1.40) 10.62 10.25 0.28 0.38 2.74 026 0.13 0.07 0.02 0.01 0.31
[1.40, 1.45) 10.62 10.25 0.61 0.51 2.57 028 0.10 0.11 0.04 0.00 0.56
[1.45,1.50) 10.10 9.81 1.30 0.50 1.93 0.33 0.14 0.12 0.03 0.01 0.14
cosb, [-1.00, —0.80) 24.18 23.33 2.15 0.46 5.91 0.38 0.05 0.12 0.02 0.01 0.73
[-0.80, —0.60) 28.25 27.62 0.64 0.36 5.87 0.16 0.08 0.08 0.03 0.01 0.02
[-0.60, —0.40) 18.36 17.95 0.39 0.22 3.82 0.08 0.05 0.05 0.01 0.01 0.32
[-0.40, —0.20) 14.41 14.01 0.34 0.14 3.36 0.12 0.05 0.03 0.02 0.00 0.23
[-0.20, 0.00) 12.87 12.51 0.38 0.13 2.98 0.07 0.08 0.01 0.02 0.00 0.04
[0.00, 0.20) 13.21 12.85 0.48 0.12 3.03 0.04 0.02 0.00 0.00 0.01  0.00
[0.20, 0.40) 11.78 11.51 0.42 0.08 2.49 0.06 0.04 0.03 0.00 0.01 0.15
[0.40, 0.60) 9.95 9.64 0.29 0.20 2.46 0.04 0.03 0.07 0.01 0.01 0.01
[0.60, 0.80) 9.86 9.54 0.36 0.21 2.44 0.05 0.03 0.00 0.01 0.00 0.33
[0.80, 1.00)  7.53  7.19 1.01 0.14 1.96 0.06 0.13 0.02 0.00 0.00 0.22
cos Oy [-1.00, —0.80) 6.65 6.42 0.44 0.49 1.55 033 0.04 0.11 0.04 0.01 0.15
[-0.80, —0.60) 9.29  8.99 0.72 0.48 2.17 0.30 0.02 0.08 0.03 0.00 0.17
[-0.60, —0.40) 10.18  9.78 0.62 0.51 2.69 0.29 0.07 0.11 0.03 0.00 0.18
[-0.40, —0.20) 16.52 15.85 0.44 0.23 4.63 0.23 0.02 0.00 0.03 0.02  0.08
[-0.20, 0.00) 13.85 13.33 1.14 0.30 3.57 025 0.05 0.06 0.03 0.01 0.31
[0.00, 0.20) 20.53 19.89 1.08 0.20 4.92 0.19 0.07 0.03 0.02 0.01 044
[0.20, 0.40) 20.71 19.95 0.48 0.17 5.50 0.20 0.06 0.07 0.02 0.02 043
[0.40, 0.60) 18.42 17.76 0.72 0.25 4.71 0.19 0.12 0.07 0.01 0.03 0.95
[0.60, 0.80) 16.06 15.43 0.55 0.39 4.35 0.36 0.01 0.12 0.03 0.01 0.52
[0.80, 1.00) 13.64 13.20 0.24 0.92 3.27 0.56 0.02 0.14 0.06 0.01 0.12
X [0.00, 0.63) 1590 15.44 0.27 0.15 3.79 0.18 0.12 0.01 0.02 0.01 0.11
[0.63, 1.26) 15.17 14.64 0.26 0.19 3.95 0.10 0.02 0.08 0.01 0.01 0.12
[1.26, 1.88) 10.93 10.50 0.35 0.15 3.03 0.06 0.01 0.03 0.02 0.01 022
[1.88,2.51) 13.29 12.84 0.19 0.16 3.40 0.06 0.06 0.00 0.01 0.01 0.08
[2.51, 3.14) 14.36 13.81 0.62 0.23 3.82 0.08 0.05 0.03 0.00 0.00 0.54
[3.14,3.77) 11.45 11.06 0.59 0.11 2.88 0.10 0.03 0.06 0.00 0.01 0.02
[3.77, 4.40) 12.01 11.63 0.15 0.09 3.01 0.08 0.05 0.07 0.00 0.01 0.21
[4.40, 5.03) 10.40 10.03 0.37 0.08 2.74 0.05 0.02 0.02 0.00 0.01 0.04
[5.03, 5.65) 12.66 12.15 0.31 0.11 3.57 0.07 0.03 0.03 0.01 0.01 0.13
[5.65, 6.28) 14.49 14.06 0.33 0.15 3.47 0.09 0.11 0.03 0.03 0.01 0.25
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TABLE XIV. Uncertainties in % for the B~ — D*ev, channel.

Unfolding and acceptance

Total M2, fit
MC FEI
Projection Bin FF(B—D*¢v,) B(D-X) statistics €(7go,) €(LID) €(n°) e(Tracking) e(K%) shape
w [1.00, 1.05) 933 891 1.50 0.14 2.24 0.44 029 0.02 0.01 0.01 0.31
[1.05, 1.10) 838 8.13 0.65 0.07 1.88 0.35 024 0.03 0.01 0.01 0.16
[1.10, 1.15) 8.38 8.18 0.33 0.12 1.76 0.23 0.16 0.01 0.00 0.00 0.01
[1.15, 1.20)  7.84  7.65 0.57 0.09 1.63 0.11 0.12  0.03 0.00 0.01 0.03
[1.20, 1.25) 1042 10.17 0.56 0.12 2.22 0.10 0.02  0.02 0.00 0.00 0.13
[1.25, 1.30) 8.48 8.25 0.63 0.07 1.86 0.16 0.03 0.01 0.01 0.01 0.24
[1.30, 1.35) 10.01 9.71 0.36 0.03 242 0.18 0.07  0.00 0.01 0.00 0.04
[1.35, 1.40) 11.89 11.65 0.23 0.07 2.32 0.24 0.10 0.00 0.00 0.01 0.10
[1.40, 1.45) 1027  9.99 0.65 0.12 2.24 0.23 0.25 0.00 0.00 0.00 0.26
[1.45, 1.51) 11.03 10.70 1.38 0.09 2.21 0.27 0.35 0.06 0.01 0.01 0.32
cosb, [-1.00, —0.80) 15.61 15.15 2.27 0.16 2.88 0.10 0.64 0.00 0.02 0.00 0.44
[-0.80, —0.60) 12.36 12.03 0.56 0.06 2.70 0.08 0.76  0.03 0.00 0.00 0.00
[-0.60, —0.40) 11.24 10.95 0.25 0.13 2.44 0.09 0.62 0.05 0.00 0.00 0.03
[-0.40, —0.20) 14.29 14.01 0.20 0.16 2.75 0.09 041 0.00 0.00 0.01 0.13
[-0.20, 0.00) 10.70 10.53 0.32 0.13 1.89 0.04 0.03 0.01 0.00 0.01 0.17
[0.00, 0.20) 11.63 11.38 0.38 0.14 2.35 0.05 0.25 0.04 0.01 0.00 0.31
[0.20, 0.40) 9.91 9.60 0.33 0.20 243 0.05 0.28 0.05 0.01 0.01 0.04
[0.40, 0.60) 9.38 9.14 0.36 0.13 2.04 0.03 0.25 0.04 0.01 0.01 0.01
[0.60, 0.80) 8.69 848 0.27 0.08 1.82 0.08 0.28 0.01 0.01 0.01 0.22
[0.80, 1.00)  7.10  6.93 0.64 0.05 1.35 0.06 022 0.02 0.00 0.01 0.11
cos Oy [-1.00, —-0.80) 8.11  7.88 0.34 0.07 1.84 0.43 0.09 0.03 0.00 0.00 0.03
[-0.80, —0.60) 11.03 10.68 0.47 0.15 2.70 0.40 0.04 0.01 0.01 0.00 0.13
[-0.60, —0.40) 1542 15.07 0.70 0.15 3.17 0.34 0.04 0.03 0.01 0.01 0.13
[-0.40, —0.20) 19.97 19.42 0.22 0.18 4.60 0.43 0.04 0.04 0.00 0.01 0.16
[-0.20, 0.00) 19.21 18.67 0.73 0.28 4.44 0.19 0.15 0.00 0.01 0.00 0.04
[0.00, 0.20) 21.98 21.51 0.68 0.43 4.45 0.30 0.22  0.08 0.02 0.00 0.06
[0.20, 0.40) 20.46 20.02 0.20 0.50 4.21 0.20 0.02 0.09 0.02 0.00 0.12
[0.40, 0.60) 19.17 18.77 0.63 0.10 3.79 0.34 0.05 0.01 0.00 0.00 0.36
[0.60, 0.80) 13.46 13.12 0.43 0.12 2.96 0.46 0.04 0.05 0.01 0.01 0.19
[0.80, 1.00) 10.29 10.01 0.29 0.08 2.21 0.83 0.14 0.03 0.01 0.00 0.04
X [0.00, 0.63) 14.24 13.93 0.17 0.17 2.97 0.09 0.02 0.03 0.03 0.00 0.03
[0.63, 1.26) 16.44 16.05 0.25 0.12 3.53 0.10 0.08 0.00 0.03 0.00 043
[1.26, 1.88) 1191 11.61 0.11 0.08 2.64 0.07 0.06 0.01 0.01 0.00 0.28
[1.88,2.51) 16.54 16.13 0.30 0.10 3.64 0.09 0.01 0.03 0.01 0.00 0.20
[2.51, 3.14) 15.07 14.78 0.20 0.15 291 0.12 0.05 0.04 0.00 0.01 0.18
[3.14,3.77) 17.07 16.72 0.18 0.14 3.44 0.09 0.01 0.05 0.00 0.00 0.34
[3.77,4.40) 17.25 16.90 0.27 0.12 3.47 0.10 0.05 0.01 0.01 0.01 0.14
[4.40, 5.03) 10.08 9.77 0.13 0.08 243 0.06 0.01 0.00 0.00 0.00 0.28
[5.03,5.65) 15.55 15.23 0.24 0.08 3.12 0.09 0.01 0.03 0.00 0.01 0.11
[5.65, 6.28) 1694 16.53 0.18 0.18 3.68 0.09 0.01 0.07 0.02 0.00 0.07
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TABLE XV. Uncertainties in % for the B~ — D*up, channel.

Unfolding and acceptance

Total M2, fit
MC FEI
Projection Bin FF(B—D*¢v,) B(D-X) statistics €(7go,) €(LID) €(n°) e(Tracking) e(K%) shape
w [1.00, 1.05) 9.22 882 1.53 0.06 2.10 0.40 0.07 0.00 0.01 0.01 045
[1.05, 1.10) 790 7.64 0.69 0.08 1.89 0.32 0.07 0.02 0.01 0.01 0.11
[1.10, 1.15) 6.20  5.93 0.32 0.11 1.76 0.21 0.04 0.02 0.00 0.02  0.02
[1.15,1.20)0 7.05 6.76 0.59 0.11 1.89 0.09 0.03 0.00 0.01 0.01 0.12
[1.20, 1.25) 7.88  7.62 0.54 0.04 1.92 0.09 0.03 0.02 0.01 0.01 0.12
[1.25, 1.30) 8.73 8.47 0.60 0.09 2.04 0.12 0.01  0.00 0.00 0.01 0.13
[1.30, 1.35) 10.07  9.83 0.35 0.10 2.17 0.15 0.01 0.01 0.01 0.00 0.10
[1.35, 1.40) 10.99 10.70 0.23 0.06 2.49 0.21 0.05 0.01 0.01 0.01 0.18
[1.40, 1.45) 1152 11.22 0.60 0.07 2.52 0.26 0.13  0.03 0.01 0.01 0.09
[1.45, 1.51) 1423 13.90 1.28 0.13 2.72 0.28 0.11  0.02 0.01 0.01 0.26
cosb, [-1.00, —0.80) 16.00 15.41 2.45 0.32 3.50 0.14 0.12  0.07 0.01 0.01 0.19
[-0.80, —0.60) 13.95 13.45 1.06 0.11 3.54 0.11 0.04 0.03 0.01 0.00 0.10
[-0.60, —0.40) 11.91 11.60 0.33 0.07 2.65 0.12 0.08 0.00 0.02 0.01 0.29
[-0.40, —0.20) 10.17  9.96 0.28 0.06 2.07 0.04 0.02 0.04 0.01 0.01 0.07
[-0.20, 0.00) 13.82 13.50 0.34 0.15 2.89 0.05 0.03 0.05 0.03 0.01 0.21
[0.00, 0.20) 9.31 9.02 0.42 0.06 2.27 0.08 0.02  0.00 0.02 0.00 0.26
[0.20, 0.40) 8.58 8.31 0.40 0.05 2.12 0.04 0.03 0.03 0.01 0.01 0.07
[0.40, 0.60) 9.67  9.29 0.42 0.08 2.66 0.06 0.02  0.00 0.00 0.01 0.10
[0.60, 0.80) 7.69  7.46 0.32 0.06 1.82 0.08 0.02  0.00 0.00 0.01 0.11
[0.80, 1.00)  6.28  6.03 0.59 0.11 1.64 0.05 0.07 0.01 0.01 0.01 0.11
cos Oy [-1.00, —=0.80) 7.45 7.17 0.38 0.08 1.94 0.42 0.02 0.03 0.00 0.01 0.05
[-0.80, —0.60) 13.10 12.53 0.40 0.30 3.75 0.39 0.10 0.03 0.02 0.01 0.02
[-0.60, —0.40) 14.52 14.03 0.61 0.18 3.66 0.32 0.05 0.07 0.00 0.01 0.01
[-0.40, —0.20) 14.75 14.22 0.27 0.19 3.89 0.31 0.03 0.03 0.02 0.00 0.26
[-0.20, 0.00) 17.37 16.70 0.66 0.16 4.72 0.27 0.02  0.02 0.03 0.01 0.16
[0.00, 0.20) 24.57 23.80 0.65 0.33 6.03 0.25 0.01 0.04 0.00 0.01 0.36
[0.20, 0.40) 17.57 17.06 0.18 0.16 4.14 0.29 0.05 0.00 0.00 0.00 0.52
[0.40, 0.60) 18.88 18.33 0.68 0.14 4.42 0.33 0.01 0.01 0.01 0.01 0.26
[0.60, 0.80) 13.11 12.71 0.47 0.28 3.11 0.45 0.06 0.04 0.01 0.01 0.26
[0.80, 1.00) 9.83  9.57 0.33 0.10 2.08 0.79 0.03 0.02 0.01 0.01  0.00
X [0.00, 0.63) 20.04 19.45 0.26 0.16 4.73 0.26 0.01 0.12 0.03 0.00 0.90
[0.63, 1.26) 1546 15.14 0.25 0.09 3.14 0.13 0.02 0.04 0.00 0.00 0.10
[1.26, 1.88) 11.24 10.90 0.13 0.11 2.72 0.05 0.03  0.00 0.01 0.01 0.17
[1.88,2.51) 12.76 12.36 0.22 0.11 3.16 0.08 0.04 0.03 0.02 0.01 0.08
[2.51,3.14) 1473 14.22 0.28 0.18 3.79 0.21 0.03 0.01 0.00 0.01 0.09
[3.14,3.77) 1291 12.58 0.18 0.18 2.87 0.15 0.02  0.00 0.00 0.00 0.05
[3.77, 4.40) 14.18 13.72 0.18 0.10 3.54 0.05 0.06 0.01 0.01 0.01 0.47
[4.40,5.03) 11.57 11.09 0.11 0.15 3.27 0.07 0.04 0.02 0.00 0.01 041
[5.03,5.65) 1326 12.80 0.21 0.07 3.45 0.05 0.02 0.01 0.00 0.01 0.19
[5.65, 6.28) 14.52 14.01 0.22 0.15 3.82 0.10 0.01 0.03 0.01 0.02 0.05

the D branching fractions, from the limited MC statistics,
from the slow pion efficiency, from the lepton identifica-
tion, on the 79 efficiency, from the tracking efficiency, and
from the K9 efficiency.

APPENDIX B: NESTED HYPOTHESIS TEST

We perform a nested hypothesis test (NHT) to determine
the optimal number of coefficients in the BGL form factor

expansion. Starting point for the NHT is N, = 1, N, = 1,
and N, = 1 to allow at least one degree of freedom to each
contributing form factor. To truncate the series, we reject
hypotheses with Ay?> < 1 when moving from N to N + 1
free parameters in the fit. Additionally, we reject hypotheses
that introduce correlations over 95% in the free parameters
to avoid blind directions in the fit. The NHT converges to the
choiceof N, = 1, N, = 1, and N. = 1. For our nominal fit
scenario we choose the fit one order higher to estimate
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TABLE XVI. The result of the NHT without the unitarity bound
on the coefficients a,,, b,, and c,. The p,,.x columns is the largest
off-diagonal correlation coefficients and used to reject hypothesis
if pmax > 0.95. Highlighted in bold is the expansion order used in
the main text.

TABLE XVII. The result of the NHT when enforcing the
unitarity bound given in Eq. (B1) on the coefficients a,, b,,,
and c,,. The p,, columns is the largest off-diagonal correlation
coefficients and used to reject hypothesis if p .« > 95. High-
lighted in bold is the expansion order used in the main text.

|Vcb| )(2 d.o.f. N |pmax‘ |Vcb| )(2 d.o.f. N |pmax|
BGL,, 404+08 456 34 3 070  BGL,, 404+08 456 34 3 0.70
BGL,;, 409 +0.9 434 33 4 0.98 BGL,, 409+0.9 43.4 33 4 0.98
BGL 40.7+0.9 452 33 4 0.60 BGL 40.7 + 0.9 452 33 4 0.60
BGL 5, 415+ 1.1 423 32 5 098  BGLy 415+1.1 423 32 5 0.98
BGL,, 381417 417 32 5 098  BGLy3 400+09 436 32 5 0.59
BGL 3, 39.0+1.6 375 31 6 098  BGL,3, 409 + 1.1 40.2 31 6 0.98
BGL,;, 30.7+£1.0 42.7 33 4 0.99 BGL,; 39.7+1.0 42.7 33 4 0.99
BGL,;, 404+1.0 39.3 32 5 0.99 BGL,, 404 +£1.0 39.3 32 5 0.99
BGL,y, 371+ 1.2 37.7 32 5 0.99 BGL,,, 38.6 £0.9 39.9 32 5 0.65
BGL,», 379420 375 31 6 1.00  BGLyy, 393+1.0  38.0 31 6 0.98
BGL,;, 372418 377 31 6 099  BGL,s, 382+1.6  39.8 31 6 0.99
BGL,3, 388+17 372 30 7 098  BGL,s, 387+ 1.1 37.6 30 7 0.97
BGL3, 385+09  40.1 32 5 095  BGL,y, 396+1.0 427 32 5 0.99
BGL;), 39.9+ 1.1 36.9 31 6 098  BGL;, 404+10 392 31 6 0.99
BGLsy, 373+ 1.2 37.3 31 6 0.97 BGL3), 38.6 £ 0.9 39.9 31 6 0.61
BGL3y, 389+2.1 36.5 30 7 0.99 BGL3», 393+£1.0 38.0 30 7 0.98
BGL33, 39.6 £2.3 36.3 30 7 099  BGLsy 382+1.6 39.8 30 7 0.99
BGL;3, 40.14+23 359 29 8 099  BGLs, 387+ 1.1 37.6 29 8 0.97

truncation related uncertainties. The fit with N, =1,
N, =2,and N, = 1 is the only N + 1 hypothesis that does
not introduce larger than 95% correlations. The full set of
NHT results are tabulated in Table XVI.

We also perform the NHT as a cross-check by enforcing
unitarity bounds of the form

N

Y laf <1,

n=0

N
ST UbaP + feaP) < 1.

n=0

(B1)

on the coefficients a,,, b,,, and c,,. The NHT results with the
unitarity bound are tabulated in Table XVII.

TABLE XVIIIL.

APPENDIX C: BGL33, BEYOND
ZERO-RECOIL FITS

In this fit we directly incorporate the lattice data in the
form of constraints on the coefficients in the BGL33, form
factor expansion as provided by Ref. [16]. We use the
values provided solely based on the lattice calculation,
without any further experimental inputs. The corresponding
term in the y? functions is modified to

Xicop = (Froep = X)Crgep (¥Loep —X)  (C1)
with X = (ag, ay, ay, by, by, by, ¢y, ¢;) and the correspond-
ing covariance matrix Cpqocp. The fitted coefficients are
listed in Table X VIIIL. The fitted differential shape, together
with our fits from the main text, are compared in Fig. 12.
We also compare the fitted form factors /4 , Ry, and R, in
Figs. 13-15, respectively.

Fitted BGL33, coefficients and correlations with the constraint on the coefficients from Ref. [16].

Value Correlation
ag x 103 32.08 £ 1.11 1.00 —-0.42 —0.07 0.21 —0.05 0.01 0.07 —0.01 —-0.24
a, x 103 —202.06 + 46.52 -0.42 1.00 -0.47 0.04 024  -0.17 0.18 -0.13 -0.18
a x 103 —799.65 + 954.41 -0.07 -0.47 1.00 0.06 -0.01 —-0.08 0.02 —-0.06 -0.02
bo x 10° 1241 £0.22 0.21 0.04 0.06 1.00 —0.16 0.10 -0.05 0.01 -0.70
by x 10° 736+ 11.34 —0.05 0.24 -0.01 -0.16 1.00 -0.75 0.74 —0.63 -0.26
by x 103 189.45 + 329.62 0.01 -0.17 -0.08 0.10 -0.75 1.00 —0.60 0.54 0.06
¢y x 103 —5.41 +2.18 0.07 0.18 0.02 -0.05 0.74  —0.60 1.00 -0.91 —0.34
cy x 103 99.18 + 40.53 —0.01 -0.13 —0.06 0.01 —-0.63 0.54 -0.91 1.00 0.21
[V x 10° 42.78 +1.00 -0.24 —0.18 -0.02 -0.70 —0.26 0.06 -0.34 0.21 1.00
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FIG. 12. The fitted shape for our nominal BGL,,; (blue)
scenarios from the main text using the zero-recoil point only.
The result of the BGL33, fit with the constraints from Ref. [16] on
the BGL coefficients is shown in red. The green band is the
prediction using BGL coefficients from Ref. [16].
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FIG. 13. The fitted hy, form factor for our nominal BGL,,
(blue) and CLN (orange) scenarios from the main text using the
zero-recoil point only. The result of the BGLjsj3, fit with the
constraints from Ref. [16] on the BGL coefficients is shown in
red. The black data point is the zero-recoil data point from
Ref. [17], the green data points are the beyond zero-recoil data
points from Ref. [16].
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FIG. 14. The fitted R; form factor for our nominal BGL,;
(blue) and CLN (orange) scenarios from the main text using the
zero-recoil point only. The result of the BGLsj3, fit with the
constraints from Ref. [16] on the BGL coefficients is shown in
red. The green data points are the beyond zero-recoil data points
from Ref. [16].
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FIG. 15. The fitted R, form factor for our nominal BGL,;

(blue) and CLN (orange) scenarios from the main text using the
zero-recoil point only. The result of the BGLsj3, fit with the
constraints from Ref. [16] on the BGL coefficients is shown in
red. The green data points are the beyond zero-recoil data points
from Ref. [16].
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